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A Note on Controllability and non-Controllability for a Rayleigh Beam with
Piezoelectric Actuator®

Yubo Baif

Abstract

In this paper, the exact controllability problem for a
Rayleigh beam with piezoelectric actuator is considered.
The main contributions of this work are to give the exact
controllability results and to give the minimal controllability
time. Controllability results show that the space of control-
lable initial data depends on the location of the actuator.
The approach to prove controllability results is based on
Hilbert Uniqueness Method and some results on the theory
of Diophantine approximation. Due to the rotary inertia
term in the Rayleigh beam equation, Rayleigh beam equa-
tion possesses finite propagation speed, and consequently the
controllability results hold when the control time surpasses
a critical time. This critical time is proved to be the mini-
mal controllability time by using the Riesz basis property of
exponential family in L?(0,T). The controllability in critical
time is still an open problem.

1 Problem statement and main results

We consider the control problem modelling the trans-
verse deflection of a Rayleigh beam which is subject to
the action of an attached piezoelectric actuator. Assum-
ing that the beam is hinged at both ends, the equation
of Rayleigh beam can be written as (see, for instance,
[7,[8]), for (x,t) in (0,7) x (0, 400),

(1.1a) wit (2, 1) — AWzt (T, 1) + Wagra (x, 1)

= u(t) 2[5, () ~ e (2),
(1.1b)  w(0,t) = w(m,t) = Wyy(0,t) = wyy(m,t) =0,
(1.1c) w(z,0) = w’(x), w(z,0) = w' ().

In the equations above w represents the transverse
deflection of the beam, o > 0 is a physical constant,
¢ and 7 stand for the ends of the actuator (0 < §{ <n <
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), and 0, is the Dirac mass at the point . The control
is given by the function u : [0,7] — R standing for the
time variation of the voltage applied to the actuator.

Our main purpose is to find the initial data that can
be steered to rest by means of the control function wu.
To give the precise definitions of exact controllability,
let us introduce for any w in R the functional space
Y, as follows. Let Yy = L?(0,7). For w > 0, let Y,
be the closure in H*(0,7) of the set of y in C*°([0, 7))
satisfying the conditions

(1.2) y(0) =y (7) =0 Vn >0.

For w < 0, let Y,, be the dual space of Y_,, with respect
to the space Yy. Then we give the precise definitions.

DEFINITION 1.1. The initial data (w®, w') in Y3 x Y7 is
exactly L2-controllable in (&, 7) at time T if there exists
u in L?(0,T) such that the solution w of satisfies
the condition w(-,T) = w(-,T) = 0.

Note that in Definition the space where the
initial data (w® w!) can be taken depends on the
well-posedness of (see Section [3). Notice that
the system is a time-reversible linear system,
so the exact controllability is equivalent to the null
controllability (see Theorem 2.41 of [0, p. 55]).

In order to state the exact controllability results,
let € > 0 and let the sets A C (0,1) and B. C (0,1) be
the sets defined in Section[2} From Section [2] the set A
is uncountable and has zero Lebesgue measure and the
Lebesgue measure of set B. is 1.

Our exact controllability results are the following.

THEOREM 1.1. Let T > 27/« and € > 0.

1. Suppose that %rf and "2—;5 belong to the set A.
Then all initial data in Yy x Y3 are ezactly L?-
controllable in (§,m) at time T.

2. Suppose that 7’2—? and 7’2—;5 belong to the set B..
Then all initial data in Yayo. X Ysio are exactly
L2-controllable in (£,m) at time T.

Theorem gives us two exact L2-controllability
results. The first result of Theorem shows that, for
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the end of the piezoelectric actuator in an uncountable
zero measure set, we have the exact L?-controllability in
space Yy X Y3. The second result of Theorem shows
that, for almost all choices of the end of the piezoelectric
actuator, we have the exact L2-controllability in more
regular Sobolev spaces than Y, x Y3.

Notice that the exact controllability results in The-
orem require T > 2w/, however, in [15], the ex-
act controllability results for Euler-Bernoulli beam have
no requirement of control time. Consequently, a huge
difference between Rayleigh beam and Euler-Bernoulli
beam is revealed and the reason lies in various dis-
tributions of their eigenvalues. More precisely, under
the same boundary condition [(1.1b)] the eigenvalues of
Rayleigh beam equation are for k in N* (see Sec-
tion while the eigenvalues of Euler-Bernoulli beam
equation are k* for k in N* (see [15]). Roughly speak-
ing, this fact implies that Rayleigh beam equation pos-
sesses finite propagation speed and that Euler-Bernoulli
beam equation possesses infinite propagation speed. For
this reason, the exact controllability results for Rayleigh
beam require T > 27/« while the exact controllability
results for Euler-Bernoulli beam hold for all T > 0 (see
[15]). Based on this fact, we give the non-controllability
result for 0 < T < 2w/

THEOREM 1.2. Let 0 < T < 2m/a and &, n in (0,7) be
arbitrary. For any e > 0, the space Yoy X Y14 contains
initial data that are not exactly L?-controllable in (&,7)
at time T'.

From Theorem we can see that T > 2w/« is
necessary for exact controllability for Rayleigh beam
equation. Therefore, minimal control time for the exact
controllability is obtained. As far as we know, this is the
first result stating a lack of controllability for Rayleigh
beam in short control time.

These two theorems characterize the exact L2-
controllability for Minimal control time is re-
vealed through these two results. The exact control-
lability with less regular control function and the other
non-controllability results are exhibited in the full ver-
sion of this paper [3]. The exact controllability in critical
time, i.e. T = 2w/, is still an open problem.

2 Preliminaries

In this section, we provide some known results on the
theory of Diophantine approximation (see [5 [10]) and
the Riesz basis property of exponential family (see [1]).

For a real number p, we denote by ||p||z the differ-
ence, taken positively, between p and the nearest inte-
ger, i.e.,

lpllz = min|p —n].

Let us denote by A the set of all irrationals p in (0, 1)
such that if [0,a1,...,a,...] is the expansion of p as a
continued fraction, then (a,) is bounded. The set A is
uncountable and its Lebesgue measure is equal to zero
(see Theorem I of [Bl p. 120]). The following property
proven in Theorem 6 of [0, p. 23] is essential for this
paper.

PRrROPOSITION 2.1. A number p is in A if and only if
there exists a constant C > 0 such that

(2.1)

C
lapllz > —
q

for all strictly positive integer q.

The next proposition, which is proved in [5] p. 120],
shows that an inequality slightly weaker than holds
for almost all points in (0,1).

PROPOSITION 2.2. For any € > 0 there exists a set
B. C (0,1) having Lebesgue measure equal to 1 and a
constant C' > 0, such that for any p in Be,

(2.2) lgpllz > e

for all strictly positive integer q.

The next proposition proven in Theorem 11.4.18 of
[, p. 109] on the Riesz basis property of exponential
family in L2(0,T) is essential to prove Theorem [1.2

PROPOSITION 2.3. Let { A, }nez be a sequence of com-
plex numbers such that

sup |ImA,| < oo,

inf [Am — An| > 0.
nez n#m

Let

N(z,r) =8{ ]z <Re\, <z +71}, z€R, r>0,

where A is the number of elements in the set A.
Assume that for some T > 0,
N T

i V@) T

T—00 T 2
holds uniformly relative to x € R. Then for any T' in
(0,7), {e*t}, ez contains a subfamily {e*ant}, o7 that
forms a Riesz basis in L?(0,T"). Moreover, if {\n}nez
s a sequence of real numbers such that A\, = —A_,,, the
subsequence {Aq, tnez satisfies Ag,, = —Aq_.,-

3 Well-posedness of [(1.1)|

The well-posedness result of [(1.1) has been proved in
[16]. We state it and show the proof here, because the
process of the proof is also used in the next section.



THEOREM 3.1. Suppose that (w® w') belongs to Yz x
Y1. For any u in L*(0,T) and for any & and n in (0, ),
the initial and boundary value problem |(1.1)| admits a
unique solution w having the reqularity

(3.1) w € C([0,T]; Y2) N CH([0, T]; Y1)

In order to prove Theorem [3.1] let us first consider
the adjoint problem of in (0,7) x (0, +00),

(323) ¢tt(x7 t) aqsa::rtt (il' t) + (b:r::vzz (.’E t) 0
(3:2b)  ¢(0,t) = &(m,t) = ¢22(0,1) = @uz(m,t) =0,
(3.2¢) d(x,0) = ¢°(x), Pr(x,0) = ¢' ().

The following lemma proved in m shows the well-
posedness of the adjoint problem |(3.2)| and one trace
regularity needed in the proof of Theorems L3 and B1]

LEMMA 3.1. For any initial data (¢°,¢%) in Yo x Y7,
there exists a unique weak solution ¢ of in the
class C([0,T];Y2) N CL([0,T);Y1). Moreover, for all x
n (0,7), ¢z(x,-) belongs to L?(0,T) and there eists
C > 0 such that

(3:3) 16206 Mz 0.1y < CUS° W 0,m) + 107 1 Z20,m)-

Proof. 1t is easy to see, by the semigroup method, that
the problem [(3.2)|is well-posed in the space Y2 x Y7 (see

[14, p. 104]).

Next we prove [(3.3)] Since the family of functions
{z — sin(kx)}ren+ is the orthogonal basis of Y7 and Y;
respectively, let

= Z ay sin(kx),

with (k2?ay) and (kbg) in [?(R). By standard computa-
tion, we have

= Z by, sin(kx)

k>1

kJQ
(34) (b(.T, t) = ;21 |:Cl]€ COs (\/mt>
bevV1+ ak? k? :
+ 2 sin <mt>] sin(kx).

Then for all T > 0, ¢.(x, ") belongs to L*(0,T) and

/ 6200, t)Pdz < O S (a2H2 + 12),

k>1

which yields d

is well-posed in Ys x Y7 for every 7 > 0 and ¢ in Y;.

—~

3.5a)
(3.5b)
(3.5¢)

Utt (xa t) — OUggtt (xa t) + Vgaa ($7 t) = 0;
v(0,t) = v(m,t) = V30(0, ) = Vpp(m,t) = 0,
U($7T) = Oa ”Ut($,7') = g(SC)

Moreover, for any y in (0, 7),

(3.6) [o2(x: L2 0.7) < Cllgllyo-

Since |(1.1a)| is linear and Lemma holds, it is

enough to consider the case w’ = w' = 0. Suppose that
g belongs to C§°(0, ), and let v be the solution of [(3.5)]
Define a linear operator £ := I —a0,,. It is well-known
that the operator £ is an isomorphism from Y5 to Yj
and an isomorphism from Y; to Y_; by Lax-Milgram
Theorem. If we multiply by v and integrate by
parts we obtain

/mer

Inequality ((3.6)| implies that

M—Azmmumw—m@ww

/ wwwAmw—vAawm4<2cmmmmmmmm,

so by [(3.7)} we obtain Lw(-, T) belongs to Yy, and hence
w(-, 7) belongs to Ys, for all 7 in [0,7]. By replacing
by 7+ h in|(3.7)| we easily get that

(3.8) w e C([0,T); Ya).

Denote R := (I —ad,,)~'. It follows from Lax-Milgram
Theorem that the operator R is an isomorphism from
Y_5 to Yy and an isomorphism from Y_; to Y;. Applying
R to both sides of yields

(3.9)

Wit (2, 1) + RWygae (2, 1) = u(t)R&[én(w) — 0¢(2)].

Regularity [(3.8)[ implies that
(3.10) RWazzzz € C([0,T]; Y0).

As w satisfies (3.9)| and belongs to Y_o for all b in
(0,7), we obtain from [(3.10)| that

(3.11) wy € L*(0,T;Yp).

Applying the intermediate derivative theorem (see The-

orem 2.3 of [I3, p. 15]) with|(3.8)|and [(3.11)] it follows

that

(3.12) w; € L*(0,T;Y7).

Proof. [Proof of Theorem Thanks to Lemma The conclusion is now a consequence of and
the following backward adjoint problem in (0,7) x (0,7) [(3.12)|and of the general lifting result from [IT]. 0



4 Proofs of the main results

In this section, we prove the main results. On the one
hand, for controllability results, namely Theorem [L.1
we first use the HUM, introduced in [I2], to rewrite
the control problem into observability inequality of the
adjoint equation. Then we derive the observability in-
equality by applying the Ingham inequality. The meth-
ods for proving Theorem are inspired by the ideas
and methods used in [I5] for Euler-Bernoulli beam with
piezoelectric actuator. On the other hand, for non-
controllability in short time, namely Theorem [1.2| we
exhibit initial conditions so that the observability in-
equality is false. The approach for proving Theorem [1.2
is inspired by the methods used in [2].

4.1 Exact L2-controllability (Proof of Theo-
rem Let (¢% ¢!) in (C*°[0,7])? satisfying the
compatibility conditions and denote by ¢(x,t) the
solution of with initial value (¢°, ¢!).

Consider a backward adjoint system in (0, 7)x (0, T)

(4.1&) wtt (a:, t) — a¢mztt(x7 t) + wmxmz (.23, t)

= )+, (2) — Ge(a)],
(4.1b)  ¥(0,t) = ¥(m, 1) = Y2z (0,1) = Pgu(m, 1) =0,
(4'1C) QZJ(I,T) = 1/1t(95,T) =0,

where u in L2(0,T) will be chosen later. Problem
(4.1)| is well-posed according to Theorem (3.1} Then,

multiplying |(4.1a)| by ¢ and integrating by parts, we
get

(4.2) /0 " 0(2) Ly (2, 0) — & () Lo, 0)dl

T
- jﬁ w(t) (o (. ) — (€, ).

Let u(t) = ¢ (n,t) — (&, t). Since|(3.3)} u belongs
to L?(0,T). Define a linear operator A satisfying

A(0°,9") = (Lypr(-,0), =L (-, 0)).

Since (L¢(-,0), —L(-,0)) belongs to Y_; x Yy by
Theorem the operator A is well defined. In
particular, we obtain from |(4.2)| that

<M$w%@9¢»=/l%mﬂ—%®m%t
0

Therefore, we can define a seminorm

1
2

||(¢07¢1)||F = (/0 \%(77775) - ¢a:(§7t)2dt> )

for all (¢°, ') in (C°°[0,7])? satisfying the compatibil-

ity conditions
A classical argument in HUM implies the following
proposition.

PROPOSITION 4.1. All initial data in Ygi3 X Ygio are
exactly L*-controllable in (&,m) at time T if and only if
there exists a constant ¢ > 0 such that

(4.3)

T
/O |62 (n, 1) — (&, )t > c(l|¢” 1 F-5 + 6" [ Fr-5-1)
for all (¢°, @) in (C>[0,7])? satisfying the compatibil-
ity conditions .

IEquation (4.3)|is called observability inequality. As
in the proof of Lemma [3.1} the solution ¢ of the adjoint

problem |(3.2)| has the form of which implies that

T
(4.4) A\mmw—%@m%t

= 4/0T Z ksin (k(772+§)) sin (k(n2—§))
RN

E>1
2
sin | ————t
k2 (m )

To prove observability inequality [(4.3)| for some S,
we apply the following Ingham inequality (see [4, [Q]) to
our problem.

k2
s agcos | ———=t
{ ¥ <\/1+ak2 )

2
dt.

LEMMA 4.1. Let (vk)kez be a strictly increasing se-
quence of real numbers and let v, be defined by
Yoo = liminf |vgy1 — vgl.
|k]— o0
Assume that 7o > 0. For any real T > 27/Yoo,

there exist two constants Cq, Cy > 0 such that for any
sequence (z)kez in 12(C),

T
Cl Z |-7Jk|2 < / Zxkeiukt
0

2
dt S Cg Z ‘$k|2.

kEZ keZ keZ
We apply Lemma [£.1] with
k2

Vp=—V_p=——— kEN,
¥ F V1 + ak?

- bVl + ak?
20, = 20— = | ap — ZT
- ksin <k(772+£)> sin <k(772_£)) , keN*,

1‘0:0,



As limjp oo [Vky1 — k| = 1/y/a, then for any real
T > 2m\/a, there exists a constant C; > 0 such that,

T
(4.5) A\%WU*%@m%t
2 (2 4 b2 ak
>Clzk( 1‘1:4))

k>1

, {sin (k(n;ré“)) <in <k(772— 5))]2

When %rf and =5 belong to A, it follows from
- that there ex1sts a constant C' > 0 such that for
all k > 1,

()

Inequalities [(4.5)| and [(4.6)| imply that

(4.6)

T
/ﬁ 1620, 1) — dulE, )Pt > ¢ 3 @2k + 12K,

k>1

which is exactly m (4.3) for 8 = 1. This fact completes
the proof of the first part of Theorem [T.1]

When Zt and T 5 belong to Be, it follows from
- that there ex1sts a constant C' > 0 such that for

27
all k > 1,
sin (k(n;l: f))‘ > ¢

(4.7) >

Inequalities |(4.5)| and |(4.7)| imply that

T
/g (6000, 8) 6o (€, Pt = 3 (aZk~> B2 k),

k>1

which is exactly [(4.3)] when 8 = 1 4 2. This fact
completes the proof of the second part of Theorem

4.2 The lack of controllability in short control
time (Proof of Theorem We prove the lack of
L2-controllability when 0 < T' < 27+/a in this section.
Let 0 < T < 2my/a and &,  in (0, 7) be arbitrary.
From Proposition for any € > 0, we aim to find

{(#2,, #L) }men+ such that

T
/‘wmAmw—¢maam%rﬁm as m — 00
0

and
60131 + lém e > ¢ >0

for any m > 1. As in Section we denote

n2

V1+an?’

Obviously, {An}nez+ is a strictly increasing sequence
and lim,,| 500 [Ant1 — An| = 1/y/a > 0. Adding or sub-
tracting finite numbers in the sequence does not affect
the result of Proposition so we can apply Propo-
sition to the sequence {\,}nez+. Define N(x,r) as
in Proposition corresponding to {Ap, }nez+. We have
the following lemma.

(4.8) n € N*.

Ap = —A_p, =

LEMMA 4.2. Let {Ay}nez- and N(z,r) be defined
above. We have that
N
(4.9) MH\/E, as r — 0o
T

holds uniformly relative to x in R.

Here we skip the proof of this lemma, which can be
found in the full version of the paper (see [3]). As 0 <
T < 2m\/a, we can choose T such that 0 < T < T' <
2my/a. Let f in L?(0,2m/a) be a real valued function
such that f(t) = 0if 0 < ¢t < T and |[fllz2(0,7) #
0. According to Lemma [{.2] and Proposition [2.3] the
family {e*»*}, cz- contains a subfamily {e"*u?}, cz-
which forms a Riesz basis in L?(0,7”). Moreover, the
subsequence {A,, }nez satisfies A\, = —A,_,. Then for
the function f in L?(0,7") defined above, there exists a
sequence {l, }nez- in 12(C) such that

= Y lpe?et in L2(0,T)
nezZ*
and
0< Y |ln]* < 0.
nez*

Since f(t) is a real valued function, we have I, = [_,,.
Now we can define the sequence {(4°,®L)}men of
initial data as the following,

(4.10) ¢ () =2 Z Re(l [qn sin (qnn;—€>

—¢ -1
-sin <qn772>} sin(gn),

=2 Z Im(ln) |:Qn sin (an;§>
n=1

2
.sin <Qn n=s 5)} I sin(qn).
2 V1+ag?
From |(4.4)} we can see that

—-& n+¢€
27r’ 2




is necessary for controllability. Consequently the se-
quence {(¢%,, ¢L ) }men of initial data is well-defined.

Since 0 < >, oz [ln]* < 00 and 1, = I_,, there
exists my > 1 such that {,,, # 0. So for m > m( and
for any € > 0,

(411) @RI« + 7

> |39 31— + s, 77— = ¢ > 0.

Moreover, thanks to(4.4), we have

T
(4.12) / (G (7,) — b (€, D)2

T
/
0

Since 0 = f(t) = 3, cz- et ® in L?(0,T), we obtain
that
(4.13)

T
/ (a1 1) — Suma(€ D)2 =50, a5 m - 00,
0

2

et dt.

m

>

n=—m,n#0

Relations |(4.11)| and [(4.13)| finish the proof of the lack
of exact L?-controllability for any € > 0.
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