N
N

N

HAL

open science

INTEGRATION BY PARTS FORMULA FOR EXIT
TIMES OF ONE DIMENSIONAL DIFFUSIONS
Noufel Frikha, Arturo Kohatsu-Higa, Libo Li

» To cite this version:

Noufel Frikha, Arturo Kohatsu-Higa, Libo Li. INTEGRATION BY PARTS FORMULA FOR EXIT
TIMES OF ONE DIMENSIONAL DIFFUSIONS. 2023. hal-04234839

HAL Id: hal-04234839
https://hal.science/hal-04234839

Preprint submitted on 10 Oct 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04234839
https://hal.archives-ouvertes.fr

INTEGRATION BY PARTS FORMULA FOR EXIT TIMES OF ONE
DIMENSIONAL DIFFUSIONS

NOUFEL FRIKHA, ARTURO KOHATSU-HIGA AND LIBO LI

ABSTRACT. In line with the methodology introduced in [13] for formulating probabilistic representations
of integration by parts involving killed diffusion, we establish an integration by parts formula for the first
exit time of one-dimensional diffusion processes. However, our approach diverges from the conventional
differential calculus applied to the associated space Markov chain; instead, we employ calculus techniques
that focus on the underlying time variables.

1. INTRODUCTION

In this article, we consider the process denoted as X, which is defined as the unique strong solution to
the following one dimensional stochastic differential equation (SDE for short) with the following dynamics:

¢ t
(1) Xy =x+J b(Xs)ds+J o(Xs) dWs,

0 0
where the coefficients b,0 : R — R are smooth and bounded functions and (W;);>0 denotes a standard
one-dimensional Brownian motion within a given filtered probability space (2, F, (Ft)i=0, P).

The aim of the present paper is to derive an integration by parts (IBP) formula for the first hitting
time of a given level L by the process X. To elaborate further, for a fixed starting point « > L, we define
7 as the first time X crosses the level L: 7 = inf{¢t > 0: X; = L}. For any given finite time horizon T' > 0,
our focus here is on establishing a explicit probabilistic representation for the IBP formula pertaining to
the quantity:

E[f'(r A T)]
where f is a real-valued smooth function defined on R .

Numerous theoretical properties concerning these exit times have been documented. While not exhaus-
tive, one can refer, for instance, to [18] and [19]. Nonetheless, as mentioned in [20]: “The distribution of
the exit time can be expressed using the sum of an infinite sequence of independent exponential variables.
While such expansions are of interest in a number of contexts, the corresponding representations of the
density or cumulative distribution function of the exit time can be difficult to work with”.

The application of Malliavin Calculus to random variables associated with exit times remains somewhat
fragmented. In [6] and [2], the authors establish certain regularity properties of the stopped diffusion
process at the boundary of a general smooth domain. In contrast, in [1], the authors prove that, in
general, exit times can not be Malliavin differentiable even once. Therefore, to the best of our knowledge,
the pursuit of an integration by parts formula for exit times using Malliavin Calculus appears to be a
daunting task.
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In this article, we first establish a probabilistic representation formula in the following format

Nr+1

E[f(r AT =E[f( 2 T) [] 6.

i=1

Here T is an approximation of the exit time 7 and the sequence of random variables (Qi)lgig Np+1 is derived
from a Markov chain that approximates the trajectory of the underlying diffusion process. Additionally,
(Nt)ogt<T represents a Poisson process, and f is a bounded measurable function. The proof employs
similar arguments as those utilized in [13].

Our starting point in establishing our IBP formula is based on the probabilistic representation formula
mentioned earlier. The representation proposed in this context is associated with a general perturbation
theory of Markov processes, commonly employed for investigating the smoothness properties of probability
density functions. This theory, which can be seen as an intermediate step between approximations and
their limits, has been extensively developed in various directions. without being exhaustive, references
to this theory can be found in works such as [11], [4] and [12, 14, 13, 9, 8, 7].

To derive IBP formulas in our context, we initially observe that the problem bears a certain ’dual’
relationship with the one pertaining to one-dimensional killed diffusion processes. In a loose sense, space
and time variables undergo an interchange. With this perspective in mind, our approach involves con-
sidering the conditional distribution of the underlying time variables with respect to the space variables.
Subsequently, we apply the IBP formulas with respect to the time variables. Given that these formulas
involve differentiation of the time random variables, we also anticipate that the degree of degeneracy will
be more pronounced compared to the case of killed diffusion.

When we carry out the conditioning process with respect to the space variables as described above,
the distribution of the jump times undergoes a transformation from exponential to generalized inverse
Gaussian. This change occurs because, in addition to the exponential density, the spatial Gaussian
transition densities must also be taken into account as components of the conditional distribution of the
jump times. Consequently, based on the preceding discussion, it becomes necessary to introduce dual
operators that are associated with the jump times of Poisson processes conditioned on space variables.

The literature regarding integration by parts formulas concerning the jump times of a Poisson process
is extensive. In all cases known to the authors, the general approach involves employing IBP formulas
with respect to exponential distributions, which may inherently introduce boundary conditions. Dealing
with these terms can pose difficulties, necessitating the use of localization techniques centered around the
boundary values of these time random variables to address this technical challenge. For further insights
into this topic, please consult references such as [10], [3], and [5].

In the current configuration, we do not seek to circumvent these boundary terms; rather, we include
them in our calculations. Since the calculation is carried out conditionally, based on the values of space
variables, within a random partition of the time interval-assumed, without loss of generality, to be all
distinct-we ascertain that all boundary terms will ultimately disappear.

Lastly, following a similar approach to our companion paper [12], where we employed a time stabi-
lization argument for stopped processes, in this article, we employ a spatial stabilization technique. This
approach leads to a Malliavin variance quantity that relies on the squares of distances between points
within the underlying Markov chain structure. The central result of this paper is presented in Theo-
rem 14, where we establish the IBP formula for the first hitting time of X. We achieve this using the
probabilistic representation derived in Theorem 6

Notations: We use A = B to denote that E[A] = E[B]. We will be working on a Wiener space with all
necessary additional independent r.v.’s added to it. Products ]_[?:i 07 are defined to be 1 when i > k.
We also use N = N U {0} and N, 11 = {0,...,n + 1}.
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2. PRELIMINARIES

2.1. Assumptions. Throughout the article, we work on the filtered probability space (9, F, (F¢)t=0, P)
which is assumed to be rich enough to support all random variables that will be considered in what
follows. In addition, we will suppose that the following assumptions on the coefficients are in force:

Assumption (H).
(i) The coefficients of SDE (1) are smooth, bounded with bounded derivatives. That is, b € €;°(R)
and a := 02 € 6°(R).
(ii) The function o is uniformly elliptic and bounded. That is, there exist a,@ > 0 such that for any
zeR,a<a(z) <a.

2.2. A reflection principle. As in [12], our probabilistic representation involves the following approxi-
mation process

(2) Xp" = X9 (p) = pa + (1= p)(2L — 2) + o) (W, — W),

where p is a Bernoulli random with parameter 1/2, independent of W, namely P(p = 1) =P(p = 0) = 1/2.
This random variable is related to a reflection principle. We may use the simplified form X, for )_(to ¥, The
above approximation process X is the main building block in the forthcoming probabilistic representation
formula of the couple (7 A T, X; 7). The next lemma follows from the reflection principle, see e.g.
Karatzas and Shreve [17], or from the explicit density of the Brownian motion killed at level L given for

z,y > L by

Lemma 1. Consider the process
Vi=z+o(x)W,, z>=1L,

together with its hitting time T := inf {t >0:Y, = L}. Then, for any bounded and measurable function
f, it holds that

B)  E[f(Yr)lgsny] =E[f(Y0)livpory| —E[fQL = Yr)lyrory] = 2E[(20 — 1) F(X1)1(3051] -

2.3. The underlying Markov chain and associated simplified Malliavin Calculus. This section
serves as an introduction to the foundational Markov chain that will underpin our probabilistic represen-
tation and facilitate the development of our IBP formulas. Furthermore, we shall present the essential
material required for our differential calculus computations. It is noteworthy that a substantial portion
of this section has been drawn directly from [12] for reference.

We consider a Poisson process with parameter A > 0, independent of the one-dimensional Brownian
motion W with jump times T; and we set (; := T; A T, for ¢ € N, with the convention that (o = Ty = 0.
We let m be the partition of [0,T] given by 7 := {0 =: (o < --- < {n; < T'}. Associated with this set,
we define the simplex A, := {t € (0,7]™;0 < t; < --- < t, < T}. For instance, on the set {Np = n},
n € N, we have ((1,...,(,) € 4, and (,+1 = T. In particular, for the set {N7 = 0} (i.e. n = 0), we let
7:={0,T} and Ay = J. In this sense, we will use through the rest of the paper the index n € N without
any further mention of its range of values.

Let X := (X;);eq be the discrete time Markov chain starting at time 0 from X, = x and evolving
according to

(4) Xiy1 =pi1 Xi + (1= pis1)(2L = X;) + 0iZiy1, i€ Ny,
where for simplicity we set o; := 0(X;), Zi11 := We —We, = 0;1 (X'Hl —pir1Xi — (1 — piz1)(2L — X'z))

and {p;;i € N} is an i.i.d. sequence of Bernoulli(1/2) random variables such that W, N and {p;;i € N}
are mutually independent. In what follows, we use the notation h; = h(X;), i € N,,41 for any function
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h: R — R. In particular, the reader may have noticed that we already used this notation in the above
formula for h = 0. We also associate to the Markov chain X the following sets

(5) Di,n = {Xl = L,NT = n}, for i e Nn+1.

Instead of using an infinite dimensional calculus as it is usually done in the literature, the approach
developed below is based on a finite dimensional calculus for which the dimension is given by the number
of jumps of the underlying Poisson process involved in the Markov chain X.

We now introduce the following space of smooth random variables.

Definition 2. Forie N,,, we let Si+1,n(X) be the subset of random variables H € 1O such that there
exists a measurable function h : R? x {0,1} x Ay — R satisfying

1. H = h(Xi, Xit1, pit1,Gir Gig1) on the set {Np = n}.

2. For any (s,t) € Ay and r € {0,1}, h(-,-,r,s,t) € € (R?).

For ar.v. H € S;41,,(X), i € N,,, we may sometimes simply write

(6) H = H(X;, X1, pit1: Cis Git1)s

that is t_he same symbol H may denote the r.v. or the function in the set S;;1, ()_( ). Also note that

Sn+1,n(X) is well defined. B
One can easily define the flow derivatives for H € S;11 ,(X) as follows:

0%, H :=020(Xi, Xit1, pis1, Gis Giv),
(7) Ox, H :=010(Xi, Xiy1, pi1s Gis Gir) + O2h( Xy, Xign, pivt, Giy Gin1) 0, X1,

aXiXH-l Z=<2pi+1 — 1) + U;Zi+1~
We now define the derivative and integral operators for H € S; 41 ,, (X),ie N, as
Ziv1
g 2+
oi(Giv1 — G)
Note that due to the above definitions and Assumption (H), we also have that Z;11(H),D;1 1 H €

Si+1,n(X) so that we can define iterations of the above operators, namely Zfill (H) =Z;11(Zf,,(H)) and
similarly Dfill (H) = D;+1(Df, 1 H), £ € N, with the convention 72, (H) = DY, | (H) = H.

We define the filtration G := (G;);cxy Where G; := o(Z%, (%, p') with the notation a* := (ay,...,a;) for
a =2 ( p, i€ N Welet Gy be defined as the trivial o-field. We assume that the o-fields G; are
complete. Throughout this article, we will use the following notation for a certain type of conditional

expectation that will appear frequently. For any X € L' and any i € N,,,
Ein[X] :=E[X |G, T", p"* Ny = nl.

(8) i (H) := — D1 H, Diy1H = 0%, H.

Here again we have used the vector notation S"*! = (Si,....,Sp41) for S = T, p. Having the above
definitions at hand, the following duality formula! is satisfied for any f € ‘fpl (R) and any (i,¢) € N,, x N:
(9) Ein [Dfﬂf(XHl)H] =Ein [f(Xi+1)Iz‘€+1(H)] :

In order to obtain explicit norm estimates for random variables in Si+1,n(X), it is useful to define for
HeSiy1n(X),ieN,andp>1
| HI5.0 =B [[H[P].

p,n

I This duality is obtained using the Gaussian density of X;,1 while in classical Malliavin calculus it is based on the
density of the Wiener process. Therefore the derivative and integral, D;y1 and Z;41, © € N, defined in the formula (9)
are renormalizations of the usual duality principle in Malliavin calculus. In our case this notation simplifies greatly many
equations.
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We will also use at several places the following extraction formula for Hy, Hs € SH—Ln(X )

¢
(10) If+1(H1H2) = Z(_ ) (E)If—&-l](Hl)Dz-&-lH??
=0 J

whose proof follows by induction. By iteration, one also obtains that Z{(1) € S;,,(X) and it satisfies
T (1) = Z¢(1)Zi(1) — ¢Z¢(1) which, in particular, implies:

(11) ZH(1) = (=) He(aim1 (G — Ci1), 0i-1Zs),

where H, stands for the Hermite polynomial of order ¢, £ € N, defined by H,(t,z) = (g(t,z)) "' g(t, x).
Here, g(t, z) denotes the density of the Gaussian law N(0,¢). Using (10) for H; = 1 and Hy = H as well
as (8), the following norm bound for stochastic integrals is clearly satisfied for i € N and any measurable
set Ae F

¢

(12) HIAI Hp,i,n < Ci,p Z (Cz-&-l ) 7 HlADerlH
7=0

[pisn-

We will frequently use the following Holder 1nequahty for smooth random variables Hy, Ha € S; 11, (X):

for any i € N, any p, p1,pe = 1 satisfying p~! = pl + py Land any A e F:

(13) 11aH1Ha|pin <C|LaHi|p, inllaHzllp, in-

Quantities such as E; ,,[61(X;11)H] for H € S;1.,(X) have a clear meaning due to the IBP formula
(9) (see also the theory introduced in Chapter V.9 [16] for a much more general framework) or in the
sense of conditional laws

Ein[00(Xis1)H] =Ein[lp,,, , Zis1 (H)] = EinH| Xi1 = L]g(ai(Giv1 — G), L — Xa),
where the set D; ,, is defined by (5). We finally introduce the following space of random variables which
satisfies certain time (ir)regularity estimates.

Definition 3. For (e Z, i € N, the space M, 11 (X, £/2) is the set of random variables H € L satisfying
the property (1) in Definition 2 and such that

]'D'i,n ”1D7'+1,nH Pyi,m < C(CH-I C )2/2’

for some deterministic constant C' independent of (p,i,n).

Again we remark that the definition of the space M1, (X, £/2) uses the conditional norm E; ,,[.] and
property (1) in Definition 2, so that this property is always stated on {Np = n}, n e N.
A straightforward consequence of equation (10) and (12) is the following property.

Lemma 4. For j € {0,1}, ie N, and ke N, if H; € M11,,(X,/2) 0 Sis1,0(X) with |DF  Hi|pin < C
then IﬁLl(Hl) € Miy1.0(X,(j — k)/2). Purthermore, if Hy € My 1.,(X,k/2) then the product HyHs €
Mis1,0 (X, (5 +K)/2).

Lemma 5. Let H = H(X;, X1, pit1,GirCiv1) € Siv1.n(X) with i € N, then the following chain rule type
formula holds

ol

ﬁX l+1(H) = Iz+1(a)?1 ) - ;Z l+1(H)

’

Proof. From the extraction formula (10), the usual chain rule and the fact that 0, Zi11(1) = —ZZ; 11 (1),

we have that

O_I

0x,Liy1(H) = *Uf i1 (1) H +Ziy1(1)0g, H — 0%, D1 H

3

Tit1(0x,H) = Li11(1)0g, H — Dip10%, H
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Note that 0%, and D;;1 do not commute. Indeed, by the usual chain rule, one has

6)2'1 1 (‘}XZ 1 O'g
0%, Dis1h — Diz10x,h = 0102h + 03h aX: — Di1(d1h + d2h aX: ) = —aghai
where in the last equality we used the fact that D; 1 af)’{l = g—: By combining the above computations
we obtain
ol o’
OxZiv1(H) = Liy1(0g, H) = = (Zi+1(1) = Dipa H) = —— L1 (H).
7 2

3. THE PROBABILISTIC REPRESENTATION FOR THE FIRST HITTING TIME

3.1. Preliminaries. The probabilistic representation formula for the first hitting time 7 of X is obtained
in a similar way as in the case of the killed process treated in [13]. We briefly explain the main arguments
and deliberately omit some technical details.

In order to introduce the associated semigroup, we let 7% := inf{t > s : X;"* = L} where X*°
stands for the unique solution to (1) starting from z at time s and for any real-valued bounded and
measurable function f defined on Ry x R, we let P, f(u,z) = E[f(u+ 7% A t, X\ ue )] We will
sometimes omit the dependence of (7, X) with respect to (u,z) when there is no confusion and simply
write Ppf(u,z) = E[f(u+7 A t, X x1)].

Under Assumption (H), for f a smooth function, we will assume for the sake of the argument that
Pfe ¢V (Ry x (Ry x [L,00))) with supg<,<r |05P: floo < C, for £ = 1,2, for some positive constant
C :=C(T, f,a,b) and that it satisfies 0, P,f = LP,f on [L,0), t > 0, where the differential operator £ is
given by

L5 (u,2) = 0uf () + b(x) 00 f () + Lale) 22, ).
Removing the above hypothesis requires some technical arguments which can be found in Proposition 3.1
in [12].

The argument used to obtain the probabilistic representation formula starts by applying [t6’s formula
to (Pr—f(u+t A T,Y07))te[0,1], recalling that V; = z + o(x)W; and 7 is its associated exit time from
[L,00). Hence, from It6’s rule and Lemma 1, it holds
f(T AT, YT/\?)

T

rT=1 —

£-PTf(ua'fE)—"_\[
0
T

(—&Prf(u +5,Y5) + 0uPr_sf(u+s,Ys) + %a(m)&iPT,sf(u + s, YS)> Lirsgp ds

E Prf(u,z) +f

(; (a‘(x) - a’(YS)) aipT*Sf(u + s, Y/S) - b(Ys)azPTfsf(u + S,Y—s)) 1{?>s} ds
0

T
£ Prf(u,z) +2(2p—1) J (; (a(z) — a(Xy)) PPr_of(u+s,Xs) —b(Xs)0uPr_sf (u+ s, Xs)> Lix.>ry ds.
0

We now rewrite the previous representation using the Markov chain (X;)o<i<n, 11 defined by (4)
together with the Poisson process N. From the previous identity, we get

Prf(u,z) £ f(u+T A7, Yoar)

T 1 -~ _ _ B
(14) +2(2p—1) J (2 (a(Xs) — a(2)) 2Pr_sf(u+ 5, Xs) + b(Xs) 0 Pr—s f (u + s,XS)> Lix,>ryds
0

E flu+T A T,YTAf)e’\Tl{NTZO} +eMAT12(20n, — 1)

x {;(a()_ﬁ) —a(z))02Pr_¢, f(u+ (1, X1) + b(X1) 0 Pr—c, f(u + Cl,)_ﬁ)} Lig,soyling=1}-
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We now apply the IBP formula (9) with respect to the random variables X; for the last term appearing
in the right-hand side of the above expression. The IBP formula is applied once to the terms associated
with the drift coefficient b and two times with respect to the terms related to the diffusion coefficient
a. In order to do that one first has to take the conditional expectation Eq1[.]. However, one must be
cautious insofar as these IBPs involve the indicator function 1;% > ,. Hence,

Prf(u,z) £f(u +T AT, YTA;)e)‘Tl{NTZO} +eATA12(20n, — 1)
x <;Il ((a(X1) = a(@)) Lz, >1y) O Pr—c, f(X1) + T (b(X1)1(%,51y) PTclf(X1)> Linp=1)
Ef(u +T AT, YTA;)e)‘Tl{NTZO} + e MA " (2pn, — 1)
X (;Il ((a(X1) = a(2))) 02 Pr—¢, f(u+ G, X1) + T1 (0(X1)) Pr—¢, f(u+ G, )_(1)) Lix, >0y {Nvp=1}»

where we used the extraction formula (10) applied to the r.v. 1;% >y and Lemma 10.5 [13] (taking first
the conditional expectation w.r.t (;) for £ = 1, k = 0 for the last equality.

We apply again the IBP formula (9) in order to remove the first order derivative on Pr_c, f. We then
use again the extraction formula (10). We obtain

Prf(u,x) £ flu+T AT, YT,\;—)GAT].{NT:O} + €>\T2>\71(2pNT -1)
1 _ _ _ _
(15) x (2112 (a(X1) —a(@)) Pr—¢, flu+ ¢, X1) + Ty (0(X1)) Pr—¢, f(u+ 417X1)> Lix, >0l vr=1)

— M2 (2, - 1)3111 (a(X1) = a(2)) Pr—¢, f(u + G, X1)00(X1) L np=1)-
Using the extraction formula and then Lemma 10.5 in [13], we get
AT2ATE[(2pn, — DI (a(X1) — al@)) Pr¢, f(u + ¢, X1)61(X1) 1 np=1y]

= AMATE[(2pn, — 1)(a(L) = a(@))Z{ (1) Prg, f(u + ¢, X1)61(X1) 1 np=1y]
T L

- [ Bl - 1(a0) - o) S (Ve D) ds
a(L) —a(x)

O aw)

Plugging the above identity into (15), we get

Elf(u+ 7, L)1z<my]-

( ) PTf(’LL71') £ f(u +T AT, YT/\.,*—)GAT].{NT:()} + eATe_ll{XlzL}PT,CIf(U + Cl, Xl)l{NTzl}
16 L) —

¢ M) s 2 D ey,

a(z)

where fori =1,--- ,n
(17) 0= 2271 (2p; — 1) (Z7(c3) + Zi(ch))
with
(18) Czl = bi, sz = 5(0,z — ai,1),

recalling that a; = a(X;) and b; = b(X;). Let us emphasize that, under assumption (H), the following
time estimates hold: for all p > 1, there exists C := C(a, b, T, p) such that

(19) 11x,>071(a(X1) = a(2))
11,208 (a(X1) = a(@))poa + 11z, 5071 (b(X1))

p,0,1 < Oa

—1/2
p,0,1 < CC1 )
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which in turn, by using the fact that on P(Ny = 1,(; € dt) = Ae *Tdt on [0, T], lead to the integrability
of the second term appearing in the right-hand side of (16).

The main idea to obtain the following result consists in iterating the identity (16) by following similar
lines of reasoning as those employed in [13, 9, 12]. Omitting the remaining technical details, we obtain
the following result.

Theorem 6. Let T > 0 and suppose that Assumption (H) is satisfied. For any n € N, define on the set
{Nr = n} the following random wvariables

ro_ [T, 0" ifn=>1,
" 1 ifn=0,

and

where,
0" :=1ix,>130" = 2(2pi = DA (Ti(&h) + TP (ch)) Lz, 1
(20) =1(x,=10)2(200 — DA {ATF (1) + (¢f — 2Dich)Ti(1) + Dich + Dici } .

Then, for any bounded and measurable function f defined on Ry x R, the following probabilistic rep-
resentation holds

E[f(T A7, X7ar)] = AME [f((CNT + %NT) AT, Y(CNT+fNT)AT)FNT]
(21) + eATE I:f(CNT + 7_.NTv L)l{CNT+‘T'NT$T}1:‘NT]'

Importantly note that we have used the extraction formula in order to obtain (20). For this, we refer
the reader to (10) and to the proof of Lemma 2.5 [13] to see how it is applied. In order to avoid long
expressions in the above identity, we have used the shortened notation 7N for 7¥r XNz where we recall
that 75* stands for the first hitting time of the level L associated to the approximation process Y starting
from z at time s. That is,

750 = inf{u > s: V5" = L}.
In particular, 7N7 is sampled independently of N and W. Similarly, we used the shorten notation

Y(CNT +7vpy A7 for ﬁiﬁ;’ffNNTT)AT where Y, = z + o(z) (W, — W). We also recall that N is a A\-Poisson

process with jump times T,,, n € N, so that AT; = T; — T;_ is a sequence of i.i.d. exponential random
variables with parameter A\ and that on the set {N7 = n}, we have 7 = {0 = {p < ... < (n < Cuy1 =T}
recalling that (; =T; A T.

The second term on the right-hand side of (21) containing I' stems from the boundary terms appearing
when one performs the integration by parts formulas in the expansion. In particular, this term does not
appear in the case of the killed diffusion investigated in [13].

Note that both terms appearing on the right-hand side of (21) have the same form if we assume that
(ny + 7V < T in which case Y(CNT +#N8ry o = L. Also note that PP (Chp + 7N =T) = 0.

4. IBP FORMULAS WITH RESPECT TO THE EXIT TIME

4.1. IBP with respect to generalized inverse Gaussian times. In this section, we shall introduce
the general transfer formula employing IBP with respect to the interarrival times of the Poisson process.
A transfer formula, as explained in reference [12], is a formula that transfers the derivative from outside
the expectation to inside, making it subsequently amenable to iterative procedures.

The principal difference lies in our current consideration of the conditional distribution of the random
variables with respect to the spatial variables. Furthermore, given our perpetual focus on compact time
intervals, it follows that test functions are bounded.
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As our objective is to elucidate the technique, as opposed to pursuing utmost generality and for the
sake of streamlining expressions, we restrict our consideration to f(t,x) = f(t), subject to the simplifying
condition that f(7T) = 0, where T' > 0 is an arbitrary time horizon. In other words, the test function f
solely relies on the time variable and vanishes at the time interval’s boundary. As is customary, in more
general circumstances, one may consider f(t) = f(t) — f(T) instead of f.

The overarching structure of the IBP formula, when dealing with the stopped process Xr,.,, was
derived through an initial conditioning on the Poisson process. Then, one performs IBP operations
with respect to the spatial variables and eventually integrates with respect to the time variables. In
this scenario, it becomes imperative to consider conditional expectations with respect to the spatial
variables. Consequently, the entities that replace the time differences in this context are the spatial-
related quantities:

(AX)? :=(Xi — Xsm1pi — (1 — pi)(2L — X;21))?, i < Nrp,
(ANT+1X)2 ::(L - XNT)2'

The rationale behind introducing the aforementioned quantity is rooted in the fact that when the
derivative operator is applied to each term in (21), it will diminish the time order by a factor of 1. Con-
sequently, to maintain stability and balance in the analysis, we introduce a stabilization mechanism that
relies on spatial variables possessing an equivalent order given by (A;X)2. To achieve this equilibrium,
we employ the square of the distance between points.

The subsequent result, which serves as the starting point of our analysis, stems directly from Theorem
6.

Corollary 7. Under the same conditions as in Theorem 6 and assuming that f does not depend on the
space component, i.e. f(s,y) = f(s), y € R with f(T) =0, we have

Nt

(22) E[f(r AT)] = B | f(Cvr + PN ) Lpng ey, 0V [ 07
=1
with %0 = 1 4 AL Zanr
aNT

4.2. Conditioning on the space variables. In this section, our objective is to state the conditional
distribution of the jump times of the Poisson process, with respect to the spatial variables. In pursuit of
this objective, we introduce the notations X := {X;; i < Ny} and p := {p;; i < Nr}. It is worth noting
that, with probability one, A; X # 0 for all i < Ny + 1. We will rely on this fact without reiterating it
in the subsequent discussions. Additionally, it is pertinent to observe that the “weight” random variable
fNT € O'(Xi,Ti;i < NT)

In order to give proper definitions of how our differential operators will be defined, we first need to
reconstruct the sequences of random variables X; and T}, i € N, as follows.

Lemma 8. Let Z; be a sequence of identically and independently distributed symmetric exponential
random variables with parameter® 1/+/2). Inductively, define the following sequence of random variables:

Yi = ,OiYi—l + (1 — pi)(QL — Yi—l) + O'(Yi_l)ZZ', Yo = Xo
Here {p;;i € N} is assumed to be independent of {Z;;i € NY. Given {Y;;i € N}, define 7, i € N, to

be an independently distributed sequence of random wvariables such that ; follows a Generalized Inverse
Gaussian distribution® with parameters a = 2\, b = 202, p = %, denoted by GIG(2X\, 22, %), where

2That is Z; = (—1)" F;, where F; ~ Exp(1/+/2X) and 1; ~ Ber(1/2).

2
3We denote by GIG(a,b,p) the probabilistic distribution with density f(z) = Mx(p’l)e’(“”“b/z)/z, z > 0,
2Kp(Vab)

where a,b > 0 and p € R. Here K denotes the modified Bessel functions of the second kind . For more information, see the
Appendix.
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with some abuse of notation, we let u; = = ‘A% where ;1 = o(Y;—1). Then, the following equality in
i—1

law is satisfied {(p;, X;, AT;) : i € N} £ {(pi,Yi, 1) : i € N} where AT; =T; — T;_1.

Proof. Let p be a Bernoulli random variable, independent of the exponential random variable T} and the
Wiener process W which is also independent of 7;. Note that the joint density of (pz + (1 —p)(2L —z) +
ooWr,,T1) conditioned to p is given by
A y—px—(1—p)2L — x))?

2 (! UEICIS) AT
£/ 2mogs 205s

First, we compute the marginal density of pz+(1—p)(2L—z)+0oWr, . This is done using characteristic
functions as follows. Using that T3 is exponentially distributed and independent from W we have

A
—-
A — 562

(23)

E[e?"™1] = E[E["

o0
I R R
0

This corresponds to the Laplace transform of symmetric exponential distribution with parameter 1/v/2\.
From direct computation, the density of Z; is given by
1 _
fwr, W) = J2,() = 3¥v2AVPWL e R

Then, the conditional density function of Y; given p is given by

| xz—(1—p)(2L—=z)|
Ju W) = 3 v N ¢ ey eR,

with puy = |y—px_(17%2L_x)|. To obtain the conditional density of 7 given Y; and p, we see that
oo
A (y —pz — (1—p)(2L — 2))? ) LY
v, (8ly) = ——exp | — —As | 1iso0n20 e
Frmol) = e o 200
A
= \/\/% exp (—)\;ﬁs_l — )\s) Lis=0p exp (2Ap1) .
By using the fact that Ki( 1 \/T z, where K, (z) is a Bessel function of the second kind, we can

deduce that the above is a Generahzed Inverse Gaussian density with parameters (a,b, p) where a = 2\,

b =23 p= % In order to obtain the result, it is enough to do it by partitioning the expectation

using lyp, <. <1, <7<7,,,} Which leads to the announced result. Actually, given the above result, it is not
difficult to obtain

E [f()_(i, AT) 1 (np=i)
=E [f(YMi)l{N;%}

Here N7 denotes the renewal process generated from the times between jumps given by {r;i € N}. O

Xic1pic, ATy, j =10 = 1]

Vit = X1 pionmy = ATy, j =101

On the set {N] = n} and for the last interval [(,,7"], we remark that conditioning on the space
variables does not imply any change in the law of 7" except that its parameter becomes (A, ;1Y)?

(L —Y,)?. That is, the law of 7" is a Lévy distribution with parameter |A,,;1Y|/o,, > 0. In other words,
the probability density of 7™ is given by pzn(s) = %e p(— %), s > 0 with pz»(0) = 0 by
continuity. Here, we abuse the notation slightly by letting (; = (ZLI 7:) AT. A similar comment applies
to 0;, Z; and Eps  p, [-] which we define for a positive random variable M being measurable with respect

to o(Y,¢, p) as
ErtknlX] i= E[XM L nr_py | o, Y, p)-

Here, F¢, := o((i;i < k). In the first part, we will use M = 1. Later, M will denote the Malliavin
variance whose inverse moment properties are discussed in Section 5.1.
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This completes our set-up for the consideration of differential calculus on this space. Using this new
set-up, one clearly has that the following basic IBP formula is satisfied for n € Ny and f € €;}(R) with

f(r)=o:

(24) El,n,n[f/(%n)l{g“n+7""<T}] :El,n,n[f(%n)in-ﬁ-l(1)1{Cn+‘7’"<T}]a
- L 3 (An+1Y)2
Zp+1(G) =G {27_” San(F7)? DsnG.

In the above formula, conditioned on Y and p, we assume that G = G(7") for G € €;°(R) so that
D:nG = G'(7"). We also remark that the result is applicable if f or G depend on (i, -+ ,(, or X.
Due to Lemma 17 in the Appendix, we have that for a positive non-random constant C' > 0

supero,r) (IG(H)| + [G'()])
(An+1Y)2

It is worth noting that the inequality described above may be referred to as a spatial degeneration
inequality, mirroring the circumstances encountered when examining IBP formulas in the context of
stopped processes, where analogous estimates were denoted as time degeneration inequalities.

In order to give the IBP formula, we need to introduce the following operators. We define* for a
function G € €} (R), the rv. G = G(r;). We define the operators to (I;,D;) for i < n on the set
{N7. =n}. That is, for G = G(r;),

(25) Etnn |

in+1(G)‘ 1{Cn+f”<T}] <C

(T N, ()N
Li(G) =G <>\ +(2m) " + 2ar 172 D;G
D,G Z:G/(Ti).

Remark 9. In the current framework, it is crucial to observe that, based on the construction outlined at
the outset of this section, the random variables A;Y exhibit no dependence on 1;. Consequently, it follows
that D;A;Y = 0 for any j € N.

We also have from Lemma 17, the space degeneration estimates for a non-random constant C > 0 and
ke {0,1,2}:

(26) Evietn [|T(r79)] <O (1+ 8002 + |Ay]~@F+0)

It’s important to note that in many situations, we may employ a function G(y,--- ,7,) defined on
the event N7 = n. In such cases, the definitions provided above are to be understood conditionally to all
times between jumps except 7;, besides the conditioning involving spatial variables and all p; for i € N.

Furthermore, we will continue to use 0;(7;) to denote the Dirac delta distribution function at the point
t.

Similar to the approach taken in [13], we anticipate that employing the symbol I; for the dual operator
of the derivative operator D; will not result in confusion, as the context will consistently clarify the object
under discussion. Additionally, the formulas for Z; and D; which are used from now on are restated
using Y instead of X. That is, we adopt the notation convention of using the same symbol, despite the
possibility of being expressed with Y.

Lemma 10. With the above definitions, we have the following IBP formula for 0 < t; < ty and f,G €
CLR):
2

El,ifl,n [f/(Ti)G(Ti)l{tl <n~<t2}:| =E1,i—1,n [f(T’L)IZ(G)l{tl <‘f'¢<t2}:|
(27) + Ev im0 [f(1)G(7:) (61, (13) — 0t (73))] -

40ne may define the equivalent spaces S as in the case of stopped diffusions but we refrain to do it in order to simplify
the presentation.
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In the particular case that t1 = 0, using that Y;,—1 # Y; a.s., the above formula reduces to

(28)  Evioin [f(7)G ()L o<r<ta}] =Eri1n [F(7)Ti(G) 0w, <ta} ] + Eviim 10 [ (1) G (7)1, (73)] -
Proof. The proof follows using the usual IBP formula for Lebesgue integrals. O

The next result states the independence of the weight #7 with respect to the noise in 7¢ once they
are rewritten using the set-up stated at the beginning of this section. This result simplifies calculations
greatly.

Lemma 11. D;67 =0 fori # j.

Proof. Note that as Z =0, 1A 'Y, one obtains that 67 is only a function of (Y, p,7;) by observing (20).
Using that j # i, we get the result. O

Building upon the information provided in the preceding proof and in conjunction with (26) and
Lemma 17, we can derive the following space degeneration estimates:

Eii-1,n [|9Z|] <C(1+ |AZ-Y|3) ,

29 )
(@) Eiic1,n [|Iz(9Z)|] <C (1 +1AY 7% + |AiY|5) )

In fact, using (20) and (8) twice, we see that by linearity it is enough to estimate and upper bound
Ell_ln“Ii(If(c;))\] for j = 1,2. Now we apply (10), (11) and the linearity of I;(-) to obtain

Evion | LT ()] < EE“ v |18 (Hy-k(aiam, o (Yie1) 2)) Dic |

Using explicit expressions for Hermite polynomials, the definition of I; and (26), we obtain the second
estimate in (29).

4.3. The transfer formula. The subsequent equalities are all stated with respect to conditional ex-
I\/I k:

pectations involving the spatial variables. In particular, the symbol " denotes equality within the
respective conditional expectation context.
With this notation established, we can express the formula for transferring derivatives in the final

interval as follows:

Lemma 12. Let f € 6} (R) with f(T) = 0 then, with ?ZH = 0, it holds

(30) Entnnlf (Co + 7 1e, 17n <110 = e, Bt f (Cn + T 1ger trn ety O -
Also, we have that, on the set {G, = T}, Epgonn[f(Cn + 7"”’)1{("+?,L<T}9A"] =

Proof. Given the conditioning we may assume without loss of generality that 6™ = 1. Recall that the IBP
formula for the last interval is obtained using a Lévy distribution as stated in (24). Hence, by employing
Leibniz’s rule for interchanging derivatives and integrals, it can be deduced that the right-hand side of
(30) is differentiable with respect to (,, and:

_ Er,n,n P

f/(Cn + Tn)l{'?“<Tan} = f(Cn +7 )1{7"”<T7§n}zn+1(1)'

For the second result, it is enough to note that Eps pn n[f(Cn +7")1c, 477 <7}] is a continuous function of
Cn- O

We would like to mention that the notation (yz +1 is adopted from Section 5.1 of [13]. We have retained
this notation to emphasize its significance within the tree structure, as explained in [13].
Now, let’s present the general transfer formula for the remaining intervals.



IBP FORMULA FOR EXIT TIMES 13

Lemma 13. Let f € €} (Ro) with f(T) = 0. It holds
(31) EM,i,n[f/(Ci+1)1{Ci+1<T}9i+1] :(%EM,i,n[f(CiH)1{<i+1<T}(§;1]o
Here, 0 w1 := 071 Moreover, the following boundary condition is satisfied

<«~—e
EM,i77l[f(<i+1)1{Ci+1<T} 0 i+1]|<i=T = 07
as well as the following time degeneracy inequality®:

185 1llop < CGiva — )12
Proof. The proof can be established through straightforward differentiation of the right-hand side of
equation (31). In particular, note that #°*! does not depend on 7;. Concerning the boundary conditions,
it’s worth noting that we have f(7T) = 0. Additionally, the time degeneracy estimate has been previously
established in [13]. O

4.4. The IBP formula. The concepts applied here bear a resemblance to those used in the case of
stopped processes, albeit with a shift in the roles of time and space.

First, let’s focus on the last interval. Without delving into technical details, we can derive the IBP
formula on the set { Ny = n} from Lemma 10:

—n in EM,n,n —n AnT
(Ap 1Y) f'(Cn+ 7 <t} 0 = (Ap1Y)2f(Cn + 7 Vzn<r—c 10" Tng1(1).
Furthermore, the above expression satisfies the following space degeneration estimate due to (25):

EnM,n,n

(A1 V2F (G + 70" T (V)| Lguarnery < C sup |F(0)].
te[0,T7]

Now, to make use of the transfer formula provided in Lemma 13 for all time intervals leading up to
the interval where the IBP formula will be applied, we define, for k > i

Gk(Ck) = Gk(”acknYa p) = ]EM,k,n lf(Cn + 7in)]'{Cn+77"<T}én H 01
j=k+1
With the definition provided above and using (29), we can establish that G(T) = 0, |Gr((r)| <
CH?:;H(I + |A;Y[?).  Consequently, the application of the transfer formulas (30) and (31), along
with Lemma 10, yields

n o G E yi—1,n i
(A (G + T gy grnary | [0 5" (M) GG <y 0
j=i
Em,i—1,n i
M AY)?Gi(G) e <y T (0).
Again from (29), the space degeneration estimate in this case is

n

Eni—1,n
[(AY)?F(C)| Lyeo<ry 0" H 167]17:(60 < Cosup [f(O)] [T (0+ 14,71+ A
Jj=1+1 te[0,T] Jj=1+1
We can now leverage the fact that, as indicated by Lemma 8, |A;Y| = o(Y;_1)|Zi|,i = 1, ..., N}, where
Z; represents an i.i.d. sequence of symmetric exponential random variables characterized by a parameter
of 1/v/2). Hence, for any integer n,

|f(Cn +T")] 1{Cn+fn<T}\én| (Z 1_[ |9j||I 91 )l 1_[ |9k| + (Ap41Y) \In+1 ) 1_[ |9k ) 11{N;=n}]

1=1 Jj=i+1

<(n+1)C™ sup |f(@)|P(Np =n).
te[0,T]

5Recall that the norm | - [0,p is @ norm on the Wiener space conditional to p and N7.
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Here, M := Z?Elﬂ (AiY)Q. We remark here that once all the integration by parts have been performed,
expressions for the weights can be written using the original formulation in (2) due to Lemma 8.

As it was done in [13], we may give an algebraic structure to the the IBP formula. We therefore refer
the reader to that reference for the notation and terminology that follows.

In this case, the structure is easier and it follows the same graph as in the stopped case except that

all terms with arrows corresponding to (?C, ?a) do not appear in this case.® In conclusion, from the
above calculations one understands that the algebraic structure in this case is formed only of components
"1 =(0,...,0,1,e,...,¢e),i < Np+1. These components have exchange r.v.’s in all intervals [Cx, (1 1]
for k € {i,..., Nr}, denoted by e, an integration by parts on the interval [(;_1,(;], denoted by I and no
change in weight r.v.’s in all previous intervals [(x, (k1] for k € {0, ...,4 — 2} which is denoted by 0 in the
component Ii”H.

Putting all the above reasoning together, one obtains the IBP formula for the exit time. For this, we
need to define for ¢ < n + 1 on the set {Np = n}

n

i—1 n =
ol g 1—[ ?j « Ii(ei) % Hel =" n 07 x Ii(ﬁi) X Hel

Jj=i+1 j=i+1

Ot i =0"T, 1 (1) x | [ 0"
=1

Theorem 14. Let x > L and f € 6} (R) such that f(T) = 0. Then, it holds

Nr+1
E[f'(r AT =ME [ M~ Y (AX)f(Cve + 7V enr crocy 107 | -
=1

The random variable which appear within the expectation on the right-hand side above is integrable.

The proof of the above result is similar to the case of stopped processes given in Theorem 5.1 of [13].
Algebraically, the proof essentially follows from applying the recursive relation given in (5.2), the transfer
formula and the iteration step given in (5.4) of Theorem 5.1 [13]. The structure given here is much
simpler compared to [13] since all boundary terms are zero. Furthermore, the necessary inequalities and
estimates are provided at the beginning of this section. It is important to note that integrability can be
inferred from the space degeneration estimates outlined in Lemma 17. Lastly, the assumption f(7) = 0
can be readily eliminated by introducing the function g(t) = f(¢t) — f(T).

5. APPENDIX

5.1. The Malliavin variance. Define the Malliavin variance as

Nr+1

M= ) (AX)%

i=1

We remark here that an equivalent definition using (p, Y, 7), instead of (p, X ,T) is possible and the
study of the inverse moments is equivalent due to Lemma 8 which states the equality in law. We prefer
this version as we will be using geometrical properties of the path of X. The derivation of the IBP formula
necessitates the existence of inverse moments of the Malliavin variance on the set 77 < T — (y,.. The
reason for the inverse integrability is that each space increment A; X has a positive probability of being
close to LN_T”. This provides a lower bound for the variable M, ensuring that its inverse is integrable in
any LP(P) norm. This result is established in the following section.

6We refer the reader for details on this “path algebraic structure” to Section 5.1 in [13]
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Lemma 15. For any q > 0, k€ N and x > L, we have that
Nr+1 o -9 Nr+1
E ( Z (AZX) ) 1{CNT+7_'NT<T} n 1{X1>L} < Q0.
i=1 i=1

Proof. One considers the set

A= {Hie{l,...,NT+1}; AX| = G }

NT +1
Note that P(A¢, X; > L,i =1,---, Ny) = 0 because the following inequality is satisfied
Nr+1 B
> jAX|>L -,
i=1

on the set {Xi >Li=1,--- ,NT}. The proof of the above inequality can be explained easily in geomet-
rical terms. In the case that p; = 1 then |A;X| stands for the distance between the two points X; and
X;_1. In the case that p; = 0 then the value X;_; is reflected with respect to the line y = L but it also
has to finish at a point X; > L and therefore | X; — (2L — X;_1)| is larger than | X; — X;_1| . As the initial
point and final point of the process X are fixed at « and L respectively, the above inequality follows.

Then, using Chebyshev’s inequality, one obtains:

Nr+1 -4 Nr+1 2qk+1
>\ 2k (N +1)%¢
E (2 (A;X) > Yewparvr<ry || Lixsr) E[(L:p)qu 14| < o0
i=1

i=1

N

5.2. Auxiliary lemmas for Lévy and generalized inverse Gaussian distributions.
Lemma 16. Let f : Ry — R be a measurable and bounded function. Then, it holds

E[(2p1 — VT (1)0(X1) f(G1) | No = 1] = =T 'E[f (7*) 1= <1}]-
Proof. The proof consists of explicit calculations. In fact,

T
. _ L—z
E[(201 = DTi(1)0L(X1)f(G) [N =1] =T 1J ———9s(x, L) f(s)ds.
o ofz)s
The above equals —T'E[f (7%)1(z=<1}] because the density function of 7* is explicitly known and given
by %gs(x’[,) . 0

Lemma 17. Forke N and1 <i<neN,
]E1,n,n[(%n)_kl{<n+%n<T}] = E[(%n)_kl{<n+?"ST}1{NT:7L} |]:CH»Y7 pl < C(An+1Y)_2k7
Eii-1n ['ri_k] =FE [Tfkl{NT=n} | Feivs Y, p] <C (1 + |AiY\172k),

The proof of the above statement is done using explicit integral expressions of inverse moments related
to the Lévy distribution and generalized inverse Gaussian distributions on R, . In fact, the first inequality

k _y
follows using the explicit density of 7" together with the inequality g?ke—cr® < (i) e~k Therefore,
applying this inequality to

Ttn |Api1Y] (Ap11Y)?
E 7:” —kl n Ny = ,,.L’]_" 7Y7 _ f S—k n+1 ex (_ n+1 ) dS,
[( ) {¢n+77<T} | T Cn p] 0 m(an$)3/2 P 2ans

one obtains the result in the first case using the inequality for ¢ = (4a,s) .

The second inequality follows using the explicit form of the GIG distribution. The expectation of Ti_k
can be reinterpreted using the GIG distribution with parameters p = —k + %, a =2\ b =2\ or, in
other words, the GIG(2), 2A\u?, —k + %) distribution. This introduces a change of normalization constant
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which gives the inequality. When doing these calculations, one uses the following facts about modified
Bessel functions of the second kind Kzjo(z) = (1 + 27 1)Kypa(z) = (1 +271)/2=e” . In general, one
may write for v — % € Z, (see, for example, page 925 in [15])

lvl=31 . 1
K, () = Ky () = K ja(x) ;) j!E];f“wQ);!)! (22:) 7.
In fact, the GIG density multiplied by z~* is given by
1 (a/b)P? Lo (az+b/x)/2
7% K, (Vab)
(/b)) Ky k(Vab) | (a/b) PR b2

= T e

K,(Vab) | K, w(Vab)

Here vab = 2\p; and a/b = 1/u?. Hence, recalling that p = %, the previous quantity is upper-bounded
by

lvl-3]

Lk Z (J+ vl — %)1' (i)~ (a/b)P=F)/2 k=1 —(aztb/z)/2
! j:O ]'(_] + ‘V| - 5)‘ Kp*k(\/%)

Note that as |v| — % = k — 1, the second inequality in the statement of the lemma follows using the fact

that [AY|777F < C(1+ |A¥Y|72FF1) for all j = 0, ..., ||v| — 3]
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