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Abstract

Performing an additive decomposition of arbitrary functions of random elements is paramount for
global sensitivity analysis and, therefore, the interpretation of black-box models. The well-known
seminal work of Hoeffding characterized the summands in such a decomposition in the particular case
of mutually independent inputs. Going beyond the framework of independent inputs has been an
ongoing challenge in the literature. Existing solutions have so far required constraining assumptions
or suffer from a lack of interpretability. In this paper, we generalize Hoeffding’s decomposition for
dependent inputs under very mild conditions. For that purpose, we propose a novel framework to
handle dependencies based on probability theory, functional analysis, and combinatorics. It allows
for characterizing two reasonable assumptions on the dependence structure of the inputs: non-perfect
functional dependence and non-degenerate stochastic dependence. We then show that any square-
integrable, real-valued function of random elements respecting these two assumptions can be uniquely
additively decomposed and offer a characterization of the summands using oblique projections. We
then introduce and discuss the theoretical properties and practical benefits of the sensitivity indices
that ensue from this decomposition. Finally, the decomposition is analytically illustrated on bivariate
functions of Bernoulli inputs.

Keywords: Hoeffding’s decomposition ; oblique projection ; black-box model ; interpretability ;
variance decomposition ; uncertainty quantification ; dependent inputs ; interaction effects

1. Introduction

For a positive integer d, let X = (X1,...,X4), be an E-valued random element, where F is a cartesian
product of Polish spaces, and let G : E — R. [26] showed that, as long as E [G(X)?] < co and that
the vector X is comprised of mutually independent elements, then G(X) can be uniquely decomposed
as

G(X) = Z G4(Xa4), such that for any A € Pp, Ga(X4) = Z (—1)|A|_|B|EB G(X)], (1)

AePp BEP4

where D = {1,...,d}, Pp is the power-set of D, and for A € Pp, E4[] = E[- | X4] is the conditional
expectation operator. This decomposition, also known as a high-dimensional model representations
(HDMR) [43]. is at the cornerstone of many fields such as sensitivity analysis (SA) [10], explainability
in artificial intelligence (XAI) [4], and more broadly, the uncertainty quantification (UQ) of critical
systems for industrial practices [14, 24].



In these fields, one of the main and most pressing challenges is to deal with dependent inputs [45], as
the wide majority of use-cases do not exhibit independent inputs. However, the most popular methods
often assume mutual independence [51, 37], either for the simplicity of the resulting estimation schemes
or due to the lack of a proper framework. Always assuming mutual independence in practice can be
seen as expedient and can lead to improper insights [25].

To adapt the decomposition in Eq. (1) for dependent inputs, many approaches have been proposed
in the literature. Notably, [25] proposed an approximation theoretic framework and provides valuable
tools for importance quantification, but their approach lacks a clear and intuitive explanation of the
quantities being estimated. On the one hand, in [7], the authors approached the problem differently
and brought forward an intuitive view on the subject, but under significantly limiting assumptions on
the probabilistic structure of the inputs. On the other hand, [27] and [32] proposed a projection-based
approach under constraints derived from desirability criteria. [41] proposed a generalization under
input exchangeability. However, these approaches do not offer a complete picture of how uncertainties
behave under input dependencies. Other approaches rely on transforming the dependent inputs to
achieve mutual independence using, e.g., Nataf or Rosenblatt transforms [34, 35]. For instance, [39]
offers meaningful insights into the interactions between the inputs induced by the model G and the
dependence, but in a restrictive setting.

To fill these gaps, we propose to tackle this generalization through the prism of an original framework
at the cornerstone of probability theory, functional analysis, and abstract algebra. By viewing random
variables as measurable functions, we prove that a unique decomposition such as in (1), for square-
integrable black-box outputs G(X), is indeed possible under two fairly reasonable assumptions on the
inputs:

1. Non-perfect functional dependence;
2. Non-degenerate stochastic dependence.

More precisely, denote by ox the o-algebra generated by X, and .2 (ox) the Lebesgue space of square-
integrable o x-measurable real-valued random variables. We effectively show that under the previously
stated assumptions, the direct-sum decomposition

]L2 (Ox) = @ VA,

A€ePp

is valid, where V4 are linear vector subspaces of functions of X4, which are completely characterized.
To our knowledge, it offers a novel approach to multivariate dependencies, relying on geometric con-
siderations. We also show that Hoeffding’s classical decomposition is a special case of our proposed
framework.

Furthermore, we introduce novel sensitivity indices based on this decomposition. In particular, it allows
defining theoretically justified model evaluation decompositions. In addition, we also propose four
indices for quantifying the input importance from the resulting variance decomposition of G(X). They
offer a clear and intuitive way to measure the effects of interactions and the effects of dependencies.

This article is organized as follows. Section 2 is dedicated to introducing the overall framework,
notations, and preliminary results. Section 3 is dedicated to proving the main result of this paper.
Section 4 is dedicated to discussing some of the consequences of this novel decomposition. In Section 5,
we apply the model’s decomposition for XAI and global SA purposes. Section 6 is dedicated to
illustrating our result in the particular case of a model with two Bernoulli inputs. Finally, Section 7
discusses the challenges for a broad acceptance of the proposed method in practice, as well as some
motivating perspectives.



2. Framework and preliminaries

In the remainder of this document, the following notations are adopted. C indicates a proper (strict)
inclusion, while C indicates a possible equality between sets. The positive integer d denotes the number
of inputs (i.e., covariates), and D := {1,...,d}. “Random element” is used if the domain of measurable
functions is not necessarily R or R%. The term “random variables” is exclusive to real-valued random
elements, and “random vector” is exclusive to a vector of random variables. Independence between
random elements is denoted using 1L. For a measurable space (E,€) and B C &, we denote by o [B]
the smallest o-algebra containing B. For a finite set, e.g., D, denote by Pp its power-set (i.e., the set
of subsets of D, including D and 0), and for any A € Pp, denote P_4 = P4 \ {A} (i.e., the power-set
of A without A). Depending on the context, when dealing with a set A, |A| denotes its cardinality
(i-e., the number of elements in A), while for a scalar ¢ € R, |c| denotes its absolute value.

2.1. Random inputs

Let (Q,F,P) be a probability space, and let (E1,&1),...,(Eq4,E4) be a collection of standard Borel
measurable spaces. For every A € Pp, A # ), denote:

EA = XEi, SA = ®5¢,
i€A i€A
where X denotes the Cartesian product between sets and ® denotes the product of o-algebras. Denote
FE = ED and £ := 5D~

Random inputs refer to E-valued, (F)-measurable mappings, and are denoted X = (Xy,...,Xy). For
random inputs X, the subsets of the inputs refer to, for every A C D, the E4-valued random elements
defined as X4 := (X;)ica-

Denote by oy the P-trivial o-algebra, i.e., oy := o[{A € F:P(A) =0}], which is the smallest o-
algebra containing every null sets of F w.r.t. P. Denote by ox the o-algebra generated by X. For
every A € Pp, A & {0, D}, let 04 be the g-algebra generated by the subset of inputs X 4.

Throughout this paper, it is assumed that:

1. For every @ € D, oy C oy, i.e., the P-trivial o-algebra is strictly contained in the o-algebras
generated by individual inputs;

2. For every A, B € Pp such that B C A, op C 04, i.e., the o-algebra generated by a subset of
inputs is necessarily strictly contained in the o-algebras generated by a bigger subset of inputs;

Remark 1. While (1.) is standard in many probabilistic theoretical frameworks (see, e.g., [50]), (2.) is
less standard but remains reasonable since it avoids redundancy between subsets of inputs.

2.2. Space of square-integrable outputs and its subspaces

Denote IL2(F) the Lebesgue space of R-valued square-integrable F-measurable functions on (Q, F,P).
For any sub o-algebra B C F, denote L2 (B) the subspace of L?(F) containing B-measurable functions.
L2 (B) denotes the subspace of centered elements of L2 (B). Let us recall classical result [50, Theorem
2):

Theorem 1. For two sub o-algebras By and By of F, the following assertions hold.

1. IfBl Q BQ, then LQ (Bl) Q IL2 (BQ)
2. L2 (Bl) NL2 (Bg) =12 (81 n Bz)

Thanks to the Doob-Dynkin Lemma, it is obvious that the Lebesgue space L? (cx) only contains
random variables that are functions of X. Additionally, notice that IL? (o) only contains constant
a.s. functions [29, Lemma 4.9]. Moreover, for every A € Pp, the Lebesgue spaces L2 (c4) are Hilbert
spaces [38, Theorem 9.4.1] and are nested following the partial order of Pp. In the following, for every
A € Pp, the closed subspace L2 (c4) of L2 (0x) is referred to as the Lebesgue space generated by X a.



2.8. Angles between subspaces

We introduce two angles between closed subspaces of a Hilbert space, which are paramount in the
upcoming developments: Dixmier’s angle and Friedrichs’ angle.

Dixmier’s angle [17] is the minimal angle between two closed subspaces of a Hilbert space, and its

cosine is defined as:

Definition 1 (Dixmier’s angle). Let H and K be closed subspaces of a Hilbert space H with inner
product (-,-) and norm ||-||. The cosine of Dizmier’s angle is defined as

co (H,K) :=sup{[(z,y)|:w € H, |z <1, yeK |y|<1}.

In probability theory, this angle is analogous to the mazimal correlation [23], and has been extensively
studied in the literature (see, e.g., [46, 30, 18, 15, 11]). Additionally, note that a maximal correlation
of 0 between two random elements is equivalent to their independence w.r.t. P (see [38, Chapter 3]).

Friedrichs’ angle [21] differs from Dixmier’s angle in one way: the intersection of the two subspaces is
disregarded. Its cosine is defined as:

Definition 2 (Friedrichs’ angle). Let H and K be closed subspaces of a Hilbert space H with inner
product {-,-) and norm ||-||. The cosine of Friedrichs’ angle is defined as

1
c@LKw:wm{Muwp{x€Hﬂ<HﬂK>,xns1 }7

ye Kn(HNK)", |yl <1
where the orthogonal complement is taken w.r.t. to H.

In probability theory, this quantity is analogous to the mazimal partial (or relative) correlation [5, 6,
12]. Tt offers a sufficient and necessary condition for the commutativity of conditional expectations
w.r.t. o-algebras (see [29], Theorems 8.13 and 8.14).

Remark 2. In the following, any reference to Friedrichs’ or Dixmier’s angle refers to the cosine of the

angle (taking values in [0, 1]) instead of the angle itself (which takes its values in [0, 7/2]).

In functional analysis, these two angles are often used to assess the closedness of sums of closed
subspaces of a Hilbert space. The interested reader is referred to the work of [16] for a more complete
overview of their properties. We recall the relevant properties for the upcoming developments.

Lemma 1. Let H, K be closed subspaces of a Hilbert space H.

1. 0<c¢(H,K)<c¢(H,K)<1;
2. Foranyx € H and anyy € K:

[{z, y)| < co (H, K) [|2]| [yl (2)

For a proper closed subspace HC H, ¢ (ﬁ,K) <c¢o(H,K);

co(H,K)<1 < HNK={0} and H+ K is closed in H;
¢c(H,K)<1 <= H+ K is closed in H;

c(H,K) = co (Hﬂ(HﬂK)L,K) = ¢o (H,KO(HHK)L);
IfHNK = {0}, then ¢c(H,K) = ¢o (H, K).

A i



2.4. Feshchenko matrix

As illustrated above, the maximal and partial correlation are good candidates to control the dependence
structure of random elements. They can be understood as a generalization to random elements of
the correlation and partial correlation of random variables. Hence, they offer a natural avenue for
generalizing to the notion of covariance and precision matrices.

It is well-known that precision matrices (i.e., inverses of covariance matrices) can be written using
partial correlations (see, e.g., [33, p.129]). Generalized precision matrices are not new. In the study
of graphical models, generalized covariance and precision matrices have been used to study o-algebras
following a graph structure [36].

We propose a novel approach, by substituting the partial correlation with Friedrichs’ angle to define a
generalization of precision matrices to random elements. It is defined as:

Definition 3 (Maximal coalitional precision matrix). Let X = (X1,...,X4) be random inputs. The
mazximal coalitional precision matriz of X is the (2d X 2d) symmetric, set-indexed matriz A, defined
entry-wise, for any A, B € Pp, by

1 if A= B;
A(A, B) = ) ) if B

—c(L?(0a),L? (0B)) otherwise.
Moreover denote by A| 4 the principal (Q‘A‘ —1x 24— 1) submatriz of A relative to the proper subsets
of A€ Pp.

In functional analysis, an analogous matrix is used to derive a sufficient condition for sums of more
than two closed subspaces of an abstract Hilbert space to be closed. The interested reader can refer
to the pioneering works of Ivan Feshchenko [20, 19]. This matrix is primarily used for that purpose in
the proof of our main theorem. In the following, the matrix A defined in Definition 3 is referred to as
the Feshchenko matriz.

One particular and interesting aspect of the Feshchenko matrix of random inputs is that it is equal to
the identity if and only if the inputs are mutually independent (see Section 4.3).

2.5. Closure, complements, and projections

A closed proper subspace H of a Hilbert space H is always complemented, i.e., there exist some subspace
K of H such that H admits the direct-sum decomposition (see, e.g., [3, Definition 1.40 and Proposition
1.44]) H = H © K. The most well-known complement is probably the orthogonal complement H~L
(see, e.g., [48, Theorem 12.4]) of H in H. Let A € Pp and let B C A, and for a subspace H C L? (o),
denote by H+4 the orthogonal complement of H in 12 (0 4).

Lemma 2. Let A, B € Pp, such that B C A, and let H be a subspace of L? (o5). Then

H+s C g4,

Proof of Lemma 2. From Theorem 1, one has that .2 (65) C IL? (64). The result is a direct conse-
quence of the definition of orthogonal complements. O

Remark 3. It is important to note that the orthogonal complement is not necessarily the only comple-
ment of a closed proper subspace of a Hilbert space. Other (not necessarily orthogonal) complements
can be found to respect the direct-sum decomposition of the ambient space.



For two Hilbert spaces (M, ||-||;) and (Maq, ||-||,), and a linear operator T' : My — M3 denote the
range of T by Ran (T) := {T'(z) : ® € M1} C My and its nullspace by Ker (T) := {z € M; : T(x) =0} C
M.

Let H be a Hilbert space and P : H — H be a bounded linear operator. If P is also idempotent
(i.e., Po P = P), then H admits the direct sum decomposition H = Ran (P) @ Ker (P) (see [8,
Proposition 3.2]), and P is called the oblique projector on Ran (P) parallel to Ker (P), defined as

P :H =Ran(P) ®Ker (P) = H
r=2ZR+ITKg "+ TR

where zp € Ran (P) and xx € Ker (P). The operator I — P is the oblique projection on Ker (P),
parallel to Ran (P). If there are two closed subspaces M and N of a Hilbert space H such that
H = M @& N, then there exists a continuous idempotent operator (i.e., an oblique projector) P with
range Ran (P) = M and Ker (P) = N (see [22, Theorem 7.90]). In this case, P is known as the
canonical projector (w.r.t. to the direct sum decomposition H = M @& N). If Ker (P) = Ran (P)",
then the projection is said to be orthogonal, which is equivalent to P being self-adjoint (see [22,
Theorem 7.71]). The direct-sum decomposition, in this case, is justified thanks to Hilbert’s projection
theorem.

It is well known that, for every A € Pp, the conditional expectation operators w.r.t. o4, denoted E 4 [-]
are the orthogonal projectors of elements of L2 (¢x) onto L2 (54) (parallel to L2 (O'A)l).

3. Generalized Hoeffding decomposition

As explained in the introduction, our main result consists of showing that L? (0x) = @ 4¢p, Va, where
each V4 is a subspace of L2 (0,4). The generalization of Hoeffding’s decomposition directly ensues from
such a direct-sum decomposition. In this section, we show that such direct-sum decompositions are
achievable under two reasonable assumptions on the inputs, which are less restrictive than mutual
independence. These two assumptions are introduced and discussed before proving our main result.

8.1. Non-perfect functional dependence

Our first assumption can be formulated as a condition on the intersection of the o-algebras generated
by the subsets of inputs.

Assumption 1 (Non-perfect functional dependence). For any A, B € Pp, 04 Nop = 0anB-
The name “non-perfect functional dependence” is justified by the following proposition.

Proposition 1. Let X = (X1,...,X4) be inputs, and suppose that Assumption 1 holds. Then, for
any A, B € Pp such that AN B & {A, B} (i.e., the sets cannot be subsets of each other), there is no
mapping T : Eo — Ep such that Xp =T(X4) a.s.

Proof of Proposition 1. Suppose that there exists a mapping T : E4 — Ep such that Xp = T(X4)
a.s. Then, one has that g C 04, which in turn implies that 04 Nop = op. Notice that necessarily
AN B C B and in the present framework cang C op. Thus o4 N op is necessarily different than
04nB, and thus Assumption 1 cannot hold. The result follows by taking the opposite implication. [

3.2. Non-degenerate stochastic dependence

The second assumption restricts the distribution of X through a condition on the inner product of
the Lebesgue space L2 (ox). More precisely, it amounts to control the angles between the subspaces
L2 (04), A € Pp using the Feshchenko matrix of the inputs X.



Assumption 2 (Non-degenerate stochastic dependence). The Feshchenko matrix A of X is positive
definite.

Since A can be seen as a generalized precision matrix, this assumption is relatively reasonable since
standard precision matrices are often assumed to be positive definite to ensure non-degeneracy of
the probabilistic structure. Moreover, having a definite positive Feshchenko matrix entails that the
maximal partial correlation between X 4 and Xp is strictly less than 1 (i.e., the angle itself must be
greater than zero), which motivates its name.

Proposition 2. Suppose that Assumption 2 hold. Then, for any A, B € Pp such that A # B,

c (]L2 (O’A) ,L2 (O'B>) < 1.

Proof of Proposition 2. Suppose that Assumption 2 hold. Then, in particular, the principal submatrix
of A
1 —c (L2 (04),L2 (JB))
—c(L2(0a),L2(0p)) 1

is positive definite as well, and thus,

2—-2c(L?*(04),L%(0p)) >0 <= ¢ (L*(0a),L?(op)) < 1.

3.8. Proof of the main result
Our main result can be stated as follows:

Theorem 2 (Direct-sum decomposition of generated Lebesgue spaces). For every A € Pp, let Vj =

L2 (og) and for every B € Pa, let
1B

Vg = —|— Ve
CeP_p

If Assumptions 1 and 2 hold, then for every A € Pp, one has that

L*(0a) = P Vs.

BePa

If Theorem 2 is proven to be true, the HDMR of any element of L2 (ox ) follows directly (it is immediate
by definition of direct-sums).

Corollary 1 (Orthocanonical decomposition). Let X = (X7,...,X4) be random inputs. Suppose that
Assumptions 1 and 2 hold. Then, for any G : E — R such that G(X) € L? (ox), G(X) can be uniquely
decomposed as

G(X)= > Ga(Xa),

A€ePp
where each GA(X4) € Vy.

In order to prove Theorem 2, two preliminary results are required.



Lemma 3. Let A € Pp, and let B,C € P_,4 be non-empty proper subsets of A such that B # C.
Let Vg, Ve be a closed subspace of L2 (o) and L? (o¢) respectively. Suppose that Assumption 1 holds,
and that

Vi C [L2 (08nc)] ", and Vo C [L2 (05nc)]™

Then,
Co (VB7 Vc) S C (L2 (O'B) ,L2 (Oc)) .

Proof of Lemma 3. First, recall that, if Assumption 1 holds and thanks to Theorem 1
L2 (65)NL2 (0¢) = L2 (o0p Noc) = L% (onc) -

Then, notice that since

Vi CL2(05) N [L% (05nc)] .  and Vo CL2 (o) N [L? (05nc)] )
one has that

co (Vg, Vo) = co (L? (o) N VB, L? (0c) N Ve)

< o (L2(08) N [L2 (0800)] L2 (00) N [12 (05n0)] ) -
Hence, if Assumption 1 is assumed
o (Vi Vo) < e (L2 (08) N [L? (o) N L2 (00)] L2 (00) N [12 (05) N2 (00)] )
=c (JL,2 (op),L2 (oc))

where the last equality is achieved using Lemma 1. O

Lemma 4. Let A € Pp, and let (VB>Be7>A,B¢A be a collection of closed subspaces of L2 (c4) such
that, VB,C € P_4,B # C,
co (Vg, Vo) < c(L?(oB),L? (0¢)) .

Then, under Assumption 2, there exist a p > 0 such that, for any ZAQ,_A Ya€ +pep , VB

2

E Z Ya >p Z \/E[Yz]v

BeP_a BeP_a

and additionally, the sum of subspaces +pcp_, Vi is closed in L2 (04).

Proof of Lemma 4. Let Ha = @pcp,.p2a Va be the Hilbert space external direct-sum (see [8, Def-
inition 6.4]) of the collection of closed (and thus Hilbert) subspaces (Vg)pcp, pxa- Let Ta be the
operator defined as

TAZHA%LQ(UA)

Y =(5)gep ., — Y. VB
BeP_a

and notice that
Ran (TA) = —|— VB - LZ (O’A) .
BeP_a



One then has that

E > vy = Y E[v3]+ > E[YAY5]

BeP_4 BeP_4 B,CeP_A:B#C
> > E[v3] - > co (Va, Vp) \/E[YZ\/E[YE]
BEP_4 B,CEP_4:B#C
> > E[Y3]- ). ¢(L(0a),L?(0p)) \/E[VIWE[VA
BeP_a B,CeP_A:B#C
where the first inequality is achieved thanks to Lemma 1. Denote F4 = ( E [Y§]> and notice
BeP_a
that
> E[Y3] - > c(L*(04),L2(05)) \/E[Y3\/E[YZ] = EAA|AEA
BeP_a B,CeP_a:B#C

Denote A4 the smallest eigenvalue of A|4, and notice that if Assumption 2 holds, A|4 is definite
positive and A4 > 0. Thus, one has that

E A|AEs > ME} E,

=\ Y, E[Vi].

BeP_a

E > v > Aa Y E[Y3]
BeP_a BeP_a
2ty X VRN

where the last inequality is achieved using Jensen’s inequality. Hence, one has that, for any Y € Hy

VETPI 2 |54y 3 R

BeP_4

Hence, one has that

where zﬁfl >0,and ) pp VE [Y3] is the norm of Y on H4. Hence, by the closed ranged operator

theorem (see [1, Theorem 2.5]),

Ran (T4) = —|— Vg is closed in L% (04) .
BeP_a

We can now proceed with the proof of Theorem 2.

Proof of Theorem 2. The proof is done in two steps. First, we prove by induction that, VA € Pp

:—|_VC>

cePa



and then we show that this sum of subspaces is direct. The induction is done on the number of inputs
up to d.

Statement. Let n=1,....d — 1. We will show that if for every non-empty C € Pp, C such that
|C| = n, one has that

le
L?(0c) = - Vz where Vo=| -+ Vz
ZePe ZeEP_¢
In this case, it follows that for every A € Pp such that |[A| =n+1,
La
L?(04) = - Vo where Va=| - Vg
CePa ZeP_a

The induction is made on the passage from n to n + 1.

Base Case. We start for n = 1. For any i € D, denote V; = [V@]J‘i, and notice that since Vj is closed
in L2 (Uz)

L2 (Ui) = V@ @ V.
and notice that Vi € D,

Vi = [L2(00)] " € [L2(00)] ",
by Lemma 2.

Next, consider the case where n = 2. Notice from the previous step that for any 4,5 € D such that
i # j, notice that L2 (¢;n;) = L2 (5p), and thus one has that

Vi C [L2 (09)] and V; € [L2 (09)]*

Hence, assuming that Assumption 1 hold, from Lemma 3, one can conclude that, for any ¢, j € D such
that i # 7,
co (Vi, Vi) < ¢ (L2 (04) , L? (03)) -

Now, let A € Pp such that |A| = 2, and denote A = {4, j}, and notice that, under Assumption 2, by
Lemma 4, one has that
Vo + Vi +V; is closed in L2 (04) .

Hence, let
Va=[Vp+Vi+ Vi,
and notice that
L2 (0a) = [Vp + Vi + Vj] & Va.
Since ¢ and j have been chosen arbitrarily, this holds for any A € Pp such that |[A] = 2.
Induction. Suppose that, for every B € Pp such that |B| = n, one has that

1B

L? (05) = — Vz, where V= | - Vg

ZePB ZeP_B

Let A € Pp such that |[A] = n + 1. Notice then that, for any non-empty B,C € P_4, since BNC €
P_pNP_c, that

L? (opnc) = —|— Vz,

ZEPBnc

10



is necessarily contained of 4,5  Vz and of 4,5 _ Vz. Thus, one has that

1B 1

Vg = + Vz - —|— Vz| c [L?(o8nc)

ZeP_p ZEP_p

]L

and analogously
1
Ve C [L? (0Bnc)]

Hence, assuming that Assumption 1 hold, from Lemma 3, one can conclude that, for every non-empty
B,C € P_4 such that B # C,

co (Ve, Vo) < ¢(L?(oB),L*(0¢)) ,
which, under Assumption 2 and thanks to Lemma 4, implies that +,., , Vz is closed in L2 (04).

La
Denote V4 = |:+Z€'P7A VZ} , and notice that

L2 (04) = —|— Vz| ®Vy = —|— Vz.

ZEP_a ZEPaA

Since A has been taken arbitrarily, this holds for any A € Pp such that |A| = n.

Now, we show that this decomposition is direct. Let A € Pp, and notice that for any non-empty
VB € Pa, Vg L L?(0p), meaning that any f(Xp) € Vp is centered. Next, notice that the principal
(2|A| X 2|A|) submatrix of A, indexed by the elements of P4 and denoted A 4, is also definite-positive,
and hence its smallest eigenvalue \ 4 is positive. Notice further that for any Y € L2 (04), by definition,
one has that:
Y = Z Yp, where Y € Vg.
B€EPa

Now, suppose that Y = 0 a.s., which is equivalent to E[Y] = 0 and E [YQ] = 0. However, under
Assumptions 1 and 2, notice that

E[Y?] =E (Z YB>
BePa

= > E[Y3]+ Y.  E[YsY]
BEPa4 B,CE€PA:B£C

> Z E[Y3] - Z co (Va, Vo) \JE[YE\/E[YE]
BePa B,CePa:B#C

> Y ENE - > c(lP(op),L?(00)) \JEVEEVE]
BePy B,CePa:B#£C

.
Let B4 = ( E [Yé])BeP and notice that
A

E[Y?] > EYAsEs > AMaEJEs =2 Y E[Y3]
BePa

since A 4 is definite positive, and A4 > 0 is its smallest eigenvalue. Thus, one has that if E [YZ] =0,

then necessarily
> E[vj] =0,
BePa
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and since this is a sum of positive elements, VB € P4, E [Yé] = 0. In addition to the fact that each
Yp is centered, it is equivalent to every the summand Yp being equal to 0 a.s. Hence,

Y=0as. = VBePp, Yp=0a.s.

which ultimately proves that

LZ (O’A) = @ VB.

BePa

4. Some observations

Two main observations are discussed in this section. First, the “hierarchical orthogonality” structure
that naturally arises from the orthocanonical decomposition developed above. Then, we leverage
canonical projections due to the direct-sum decomposition of Theorem 2 to characterize the elements
of the decomposition and we present some of their properties.

4.1. Hierarchical orthogonality

The set of subspaces (V4)aep, benefit of a particular orthogonality structure, namely hierarchical
orthogonality, reminiscent of the one described in [7].

Proposition 3 (Hierarchical orthogonality). We place ourselves in the framework of Theorem 2. For
any A € Pp, and any B C A,
Va L Vg,

Proof of Proposition 3. It is a direct consequence of the definition of Vy. O

This particular structure can be illustrated using the Boolean lattice [13]. In order to formally differ-
entiate between the structurally hierarchical subspaces and those that are not necessarily orthogonal,
two different sets related to this structure are introduced. For any A € Pp, the first one is the set
of comparables (i.e., the elements of Pp that are subsets of A or such that A is a subset of), denoted
Ca =PaU{Be€Pp:AC D}, and notice that, for any B € Ca, Vg L V4. Then, we define the set
of uncomparables of A as Uy = Pp \ Ca, and notice that, in general, for every B € Uy, V4 is not
necessarily orthogonal to Vg. And notice additionally that, for any A € Pp, Pp =Ca UlU4.

Remark 4. It is important to note that the hierarchical orthogonality of the subspaces (V) Aepp, 18
a consequence of the choice of inductively choosing orthogonal complements in Theorem 2. Other
complements, i.e., not necessarily orthogonal, could have been chosen, leading to a different structure.
This is why the output decomposition in Corollary 1 is called “orthocanonical”. A different choice of
complements could lead to a different decomposition.

4.2. Canonical oblique projections and their properties

Two different projectors onto the subspaces V4 (A € Pp), can be defined. Let A be any element of
Pp, and denote by P4 the orthogonal projector onto V4. Additionally, for every A € Pp, denote
Wy = @BGPD:ByéA Vg, and the operators

Qa:L2(0x) = L% (0x)
G(X)= Y Gp(Xp)— Ga(Xa)

BePp
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and notice that @ 4 is the projector onto V) parallel to W,4. This operator is well-defined thanks to
the direct-sum decomposition of Theorem 2 (see [44, Theorem 3.4]). It is important to note that the
operators Py (-) and Q(-) are both projectors onto Vy, but their nullspaces differ.

Now, denote by E 4 the orthogonal projector onto .2 (o 4), and notice that it is the conditional expec-

tation operator given X 4 (see [29, Chapter 8]). Additionally, denote Wy = @Dgser,.Ber, Ve and the
operator

MAZLQ(U)() —)LZ(O’X>
G(X)= > Gp(Xp)— Y Gp(Xp).

BePp BePa

Notice that My is the projection onto Ran (M) = L2 (04) parallel to Ker (M4) = Wa. Hence, the
operators E4 [] and M4 [-] are two projections onto L% (¢4), but with different nullspaces as well.

Proposition 4 (Annihilating property). We place ourselves in the framework of Theorem 2 and
Corollary 1. For any A € Pp and any B C A,

P (Qa (G(X))) = Pp (Ga(Xa)) =0.

Proof of Proposition 4. From Proposition 3, for every B C A, one has that Vg L V4, and thus
GA(XA)EVACVE‘. O

Proposition 4 is a particular consequence of the hierarchical orthogonality structure, known as the
annihilating property (see, e.g., [27, Lemma 1] or [32]).

It is possible to find a formula to link the oblique projections (Qa)scp, to the oblique projections
(M) pcp,, by using combinatorial arguments.

Proposition 5 (Formula for oblique projections). We place ourselves in the framework of Theorem 2
and Corollary 1. One has that, for any G(X) € L2 (0x), and for any A € Pp

Qa(G)) = Y (~)PIM4 [G(X)).

BePa

Proof of Proposition 5. By definition of M4, one has that

VAEPp, MalG(X)= ) Qa(G(X)),
BePa
which, thanks to Rota’s generalization of the M6bius inversion formula [47, 28], is equivalent to

VAEPp, Qa(G(X))= Y (-nM1PIM,[a(X)].

BePa

4.8. The particular case of mutual independence

For a random element X = (X7, ..., X4), mutual independence can be defined w.r.t. the independence
of their generated o-algebras. More precisely, X is said to be mutually independent if [38, Definition
3.0.1]

VAGPD, O’AJ_LJD\A — CO(]L%(JA),L%(O'D\A))ZO.
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Proposition 6. Let X be a vector of random elements. If X is mutually independent, then Assump-
tion 1 hold.

Proof of Proposition 6. From [38], note that for two o-algebras B; and Bs,
By 1By, = BinNB;=oy.
Suppose that Assumption 1 does not hold. Hence, in particular, for any A € Pp,
ogANTp\a # 0p.

It implies that o4 and op\ 4 cannot be independent. Hence, since this holds for any A € Pp, X cannot
be mutually independent. The result is proven by taking the opposite implication. O

Proposition 7. Let X be a vector of random elements and suppose that Assumption 1 holds. X 1is
mutually independent if and only if VA, B € Pp, A # B,

c(L*(oa),L?(0p)) = 0.

Proof of Proposition 7. Notice that, in general, if B C A, then ¢ (]L2 (04),L2 (UB)) is necessarily equal
to zero. Thus, we focus on the case where ANB = C ¢ {A, B}. Now, suppose that for any A, B € Pp,
c (IL2 (0a),L2 (O’B)) = 0. Hence, in particular, under Assumption 1, notice that for every A € Pp

¢(L?(04) L% (op\4)) = co <L2 (04) NL? (o9) ", L? (0p\a) NL? (Uw)L)
=co (L (04),L3 (op\a)) -
Thus, for every A € Pp,
co (Lg(0a), L3 (0pra)) =0 < o4 L opya,

which is equivalent to X being mutually independent. Now, suppose that X is mutually independent,
which implies that, for any A, B € Pp, with ANB =C ¢ {A, B},

E 0Bz =EpoEu = Eg,

Thus, the orthogonal projections onto .2 (¢4) and L2 (¢ 5) commute, which is equivalent to (see [29])
c(L?(0a),L*(0p)) = 0.

O

Corollary 2. Let X be a wvector of random elements and suppose that Assumption 1 holds. X is
mutually independent if and only if its Feshchenko matriz A is the (2d X 2d) identity matrix.

Proof of Corollary 2. It is a direct consequence of Proposition 7, by definition of A. O

Hence, if the inputs are mutually independent, both Assumption 1 and Assumption 2 hold and lead
to the very particular case of A being the identity matrix. One has the following result when it comes
to the resulting decomposition of .2 (o).

Proposition 8. Let X be random inputs and suppose that Assumption 1 holds. X is mutually inde-
pendent if and only if
VA,B € Pp,B 75 A Vu L Vg

14



Proof of Proposition 8. Notice that, in general, if Assumption 1 hold, one has that for any A, B € Pp,
B#A

co(Va, Vi) < c(L?(0a),L? (0p)).
Note that, from Proposition 6, Assumption 1 holds for a mutually independent X. Moreover, no-
tice from Proposition 7 that X is mutually independent if and only if, VA,B € Pp, A # B,
c(L?(ca),L?(0p)) = 0, thus necessarily co (Va, V) = 0, which is equivalent to V4 L Vp. O

Proposition 8 is, in fact, equivalent to the Hoeffding functional decomposition for mutually independent
inputs, which can be seen as a very particular case of Theorem 2 where X admits a Feshchenko matrix
equal to the identity, and provided Assumption 1 holds. In this case, the subspaces V4 are all pairwise
orthogonal, and the canonical projectors are orthogonal projectors. Theorem 2 can thus be seen as
a generalization of Hoeffding’s classical decomposition to inputs with Feshchenko matrices that differ
from the identity.

5. Sensitivity analyses with dependent inputs

This section is dedicated to the decompositions of quantities of interest (Qols) ensuing from the or-
thocanonical decomposition of Corollary 1. We focus on two Qols: an evaluation (i.e., , prediction) of
a model and its variance.

5.1. Orthocanonical evaluation decomposition

For w € Q, denote x = X(w) € E a realisation of X. Subsequently, denote G(x) € R the evaluation
on z of a random output G(X) € L?(0x). In the XAI literature, “explanation” methods aim at
decomposing G(z) into parts for which each input is responsible [4]. They often rely on cooperative
game theory, particularly on the Shapley values [49], an allocation with seemingly reasonable properties
[37]. However, allocations can be understood as aggregations of coalitional decompositions [28], which
can be trivially chosen. However, Theorem 2, and in particular Corollary 1 offers an orthocanonical
approach.

Definition 4 (Orthocanonical decomposition of an evaluation). Let X = (Xy,...,X4) be a vector of
random elements, let G(X) be in L2 (ox) and assume that Assumptions 1 and 2 hold. For any w € (,
denote x = X (w). The orthocanonical coalitional decomposition of the evaluation G(x) is defined as

G(x)= Y Galza),
A€ePp
where 4 = X4(w), and
Ga(za) =Qa(G(x) = Y (~)"1PIMp [G(o)],
BePa
where Q 4 is the projection onto Va parallel to Wa and M4 is the projection onto IL? (04) parallel to
Wa.

The usual coalitional decomposition of choice, even for dependent inputs, relies on choosing conditional
expectations (also known as “conditional Shapley values”) [37]. However, the following results show
that this choice entails a canonical decomposition if and only if the inputs are mutually independent.

Proposition 9. Let X = (X1,..., X4) be a vector of random elements, let G(X) be in L% (ox), and
assume that Assumptions 1 and 2 hold. Then,
Ga(za)= Y (-)1PER [G(2)], VAePp
BePa

if and only if X is mutually independent.
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Proof of Proposition 9. First, notice that My = E4 if and only if WA is the orthogonal complement
of L% (04). One can notice that, Wy is a complement of L? (04) in L? (o), and from Proposition 8,

one has that _
L*(oa)= P Ve LWa= P Vs,
BePa BE€PD,BEFPa
holds for every A € Pp if and only if X is mutually independent. In this case, WA is an orthogonal
complement of I.? (0 4), and by uniqueness, W, = L2 (JA)J‘, and thus M4 = E4. O
5.2. Variance decomposition

Let G(X) be a random output and denote its variance by

V(G(X)) = E[(G(X) - E[G(X))’| =E[G(X)?] ~E[G(X)]*

We propose two ways to approach the problem of decomposing V (G(X)). The orthocanonical variance
decomposition relies on the decomposition of G(X) offered by Corollary 1. In contrast, the organic
variance decomposition aims at defining and disentangling pure interaction effects from dependence
effects.

5.2.1. Orthocanonical variance decomposition

In light of Corollary 1, the orthocanonical variance decomposition of G(X) is rather intuitive. It relies
on the following rationale:

V (G(X)) = Cov (G(X),G(X))
= Z Cov (Ga(Xa),G(X))
AePp
= > |V(Ga(Xa) + Y Cov(Ga(Xa),Gp(Xp))
AePp BeUa

reminiscent of the “covariance decomposition” [52, 7, 25, 10]. Two indices arise from this decomposi-
tion.

Definition 5 (Orthocanonical variance decomposition). We place ourselves in the framework of The-
orem 2. For any A € Pp, define

e The structural contribution of X4 to G(X) by
S4 =V (Ga(Xa));
e The correlative contribution of X4 to G(X) by

SG = Y Cov(Ga(Xa),Gp(Xp)).

BelUa

The orthocanonical decomposition of V (G(X)) is suitable in practice if the dependence structure of X
is assumed to be inherent in the modeling of the studied phenomenon. These indices can be expressed
using canonical oblique projections (see Section 4.2).

Proposition 10. We place ourselves in the framework of Theorem 2. Then, for any A € Pp

5§ = Z (—)AI=IBL Cou (M [G(X)], (I —Ma) [G(X)]) .
BePa
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Proof of Proposition 10. First, recall that, for any A € Pp,

Ga(Xa)= Y () PIMp a(x)],
BePa
and hence,

Y (=)AIBICov (Mg [G(X)), (I = Ma) [G(X)]) = Cov (Ga(Xa), (I - Ma) [G(X)])
BePa

= Z Cov(Ga(Xa),Gp(XB)).

BEPD:BEPA
However, notice that Uy C Pp \ Pa, and that, for any B € Pp \ P4 with B &€ Ua,

COV (GA(XA),GB(XB)) = 0,

and hence,
> (—)AEEICoy M [G(X)], (T =Ma) [G(X)) = > Cov(Ga(Xa),Gp(Xp))
BePa BePp:BEPa
= Y Cov(Ga(Xa).Gp(Xp))
BelUa
=59.

Proposition 11. We place ourselves in the framework of Theorem 2. Then, for any A € Pp

Sh= > (~)ATIBIV (Mp [G(X)]) = Cov(Mp [G(X)], (I — M) [G(X)))].
B€ePa

Proof of Proposition 11. First, recall that
M [G(X)] = > Gp(Xp).
BEPa

Thus,

V (Ma [G(X)]) =V< > GB(XB)> = > V(Gs(Xp)+ Y Cov(Gp(Xp),Go(Xc))

B€Pa BePa CelUy
= Y Sp+S§
BePa

which is equivalent to

VMA[GX)) — D S5= ) Sk

BePa BePa
However, notice that, VA € Pp,

Y S5 = Cov (Ma[G(X]), (I - Ma) [G(X)]),
BePa

and thus, VA € Pp,

V (M [G(X)]) = Cov (Ma [G(X)], (I =MA) [G(X)) = > S5
BePp
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Using Rota’s generalization of the Mobius inversion formula applied to the power-set, it yields that,
VA € Pp,

Si= > (“)AIPIV (Mp [G(X)]) = Cov (Mp [G(X)], (I - Ma) [G(X)])].
BePa

5.2.2. Organic variance decomposition

The goal of the organic variance decomposition is to separate “pure interaction effects” to “dependence
effects”. Denote by X = (Xi,...,Xy) the mutually independent version of X, i.e., the E-valued
random element with the same univariate marginals as X, but such that X is mutually independent.

Suppose additionally that G(X) € L? (o) and G (X) € L2 (og).

Definition 6 (Pure interaction effect). We place ourselves in the framework of Theorem 2. For any
A € Pp, the pure interaction effects of X4 on G(X) are defined as

SA:V(C?A(XA))V(G(X)).

v(e(¥))

These indices are the Sobol’ indices of G <)~( ) [51], which are known in the literature as quantifying
pure interaction [10]. They are analogous to the work of [39].

Remark 5. In certain situations, when X is from a certain family of random vectors, it is possible to
find a simple mapping T : F — FE such that

X =T(X).

In particular, if Px is in the family of elliptical distribution, it amounts to performing a Nataf transform
of the inputs [34, 35].

One desirability criterion can be brought forward to define dependence effects: the set of indices must
all be equal to zero if and only if X is mutually independent.

Lemma 5. We place ourselves in the framework of Theorem 2. Let G(X) € L? (ox). Then,

Q4 (G(X)) =Ps(G(X)) as, YAePp <= X is mutually independent.

Proof of Lemma 5. First, suppose that X is mutually independent. By Proposition 8, one has that
VA, Be€Pp,B#A Vu 1 Vg,

which entails that
ValWa= - Vs
BePp:B#A

However, notice that Wy still complements V4 in L2 (ox ). Furthermore, by unicity of the orthogonal
complement, one has that W4 = V4. Thus,

Ran (Qa) = Va, Ker(Qa) = V4,

and thus Q4 = Pj4, leading to
QA (G(X)) = Pa(G(X)) as.
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Now, suppose that for any A € Pp, Q4 (G(X)) = P4 (G(X)) a.s. Hence, it implies that
VA e 'PD7GA(XA) =Py (G(X)) .

which implies that P4 = Q) 4, since the above equation defines the operator Q4. Thus, P4y and Q4
must share the same ranges and nullspaces. In particular,

Ker (Qa) = Ker (P4) = Vi,
implying that W4 = Vi, which leads to
VAJ_WA,VAEPD < VAJ_VB,VA,BEPD,B#A.

Finally, thanks to Proposition 8, notice that this is equivalent to X being mutually independent. [

Taking the distance between the canonical and orthogonal projections naturally ensues as a measure
of dependence.

Definition 7 (Dependence effects). We place ourselves in the framework of Theorem 2. For any
A € Pp, define the dependence effect of X4 on G(X) as

S8 =V (Q(G(X)) - Pa(G(X))) = E [(Qa(G(X)) - PA(G(X)))’].

Moreover, this distance does respect the desirability criteria for dependence effects.
Proposition 12.

VAePp, S =0 <= X is mutually independent.

Proof of Proposition 12. This is a direct consequence of Lemma 5. O

6. Analytical formulas for two Bernoulli inputs

Let X = (X1, X2) where both inputs follow a Bernoulli distribution (here, E = {0,1}?) with success
probability g; and g respectively. The joint law of X can be fully expressed using three free parameters:
q1, g2, and p = E[X; X5]. More precisely, one has that:

Poo=1—q—qg2+p, Por=G2—p, Pro=q1—p, P11 =07

where, for ¢, j € {0,1}, one denotes p;; = P ({X1 =} N {Xy = j}). Denote the (4 x 4) diagonal matrix
P = diag(poo, po1, P10, P11)-

Any function G : {0,1}?> — R can be represented as a vector in R*, where each element represents a
value that G can take w.r.t. the values taken by X. For ¢,j € {0,1}, denote G;; = G(3, ), and thus

G = (GOO,G01,G10,G11)T where each G;; can be observed with probability p;;. In this particular
case, one can analytically compute the decomposition of G related to Theorem 2. It can be performed
by finding the suitable unit-norm vectors in R*

T _
h k vy Pri =0 vy Py =1
c 9o ho k;OO %pr -0 U(DTPU .,
vg = o= 2 o= " ,012= ]| such that vy Pvia =0 and # v
c 9 ho k1o a B vg Pvg =1
c g h1 k11 vipPor =0 vy Pvis =1
vy Pvy =0

(3)
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which results in a system of nine equations with nine real unknown parameters. Given these vectors,
one has that any function G can be written as

G = evy + avy + Bvg + dvia,

resulting in four additional equations with four unknown parameters. These 13 equations and 13
parameters can be solved analytically using, e.g., the symbolic programming package sympy [40]. We
refer the interested reader to the accompanying GitHub repository! for the analytical formulas obtained
for this decomposition, as well as the analytical formulas of the indices introduced in Section 5.

7. Discussion and future work

The first main challenge towards adopting the indices presented in Section 5 is estimation. While
many methods exist to estimate conditional expectations, many of these schemes rely on the varia-
tional problem offered by Hilbert’s projection theorem, i.e., characterizing orthogonal projections as
a distance-minimizing problem. A first exploration path would be to express oblique projections as
a distance-minimizing optimization problem under constraints. A second approach would be to take
advantage of the particular expression of oblique projections (see, e.g., [2, 9]). A final strategy would
be to find suitable bases for each (V4)aep,, to project G(X) onto, analogously to [7]. Non-orthogonal
polynomial bases could be a great start to study this problem.

The second main challenge is understanding the extent of the proposed methodology. We believe it
is a step towards a more global treatment of dependencies in (non-linear) multivariate statistics. Our
framework offers a (somewhat surprisingly) linear approach to possibly highly non-linear models.

Finally, the role of the Boolean lattice is essential in our analysis and offers a path toward studying dif-
ferent algebraic structures. Rota’s generalization of the M&bius inversion formula [47, 31] is referenced
many times in our developments. In fact, Rota’s result is much more general and does not only apply
to Boolean lattices (i.e., powersets) and paves the way for more complex analysis. For instance, the
relationships between the inputs may differ: hierarchical structures (e.g., to represent physical causal-
ity) or the presence of trigger variables [42]. Such considerations could result in a different intrinsic
algebraic structure that still remain partially ordered.
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