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Abstract

In Bénard-Rayleigh convection we consider the pattern defect in or-
thogonal domain walls connecting a set of convective rolls with another set
of rolls orthogonal to the first set. This is understood as an heteroclinic
orbit of a reversible system where the z - coordinate plays the role of time.
This appears as a perturbation of the heteroclinic orbit proved to exist in a
reduced 6-dimensional system studied by a variational method in [2], and
analytically in [8]. We then prove the existence of a one-parameter family
of heteroclinic connections between orthogonal sets of rolls, completing
the result of [2].

Key words: Reversible dynamical systems, Bifurcations, Heteroclinic con-
nection, Domain walls in convection

1 Introduction

The Bénard-Rayleigh convection problem is a classical problem in fluid mechan-
ics. It concerns the flow of a three-dimensional viscous fluid layer situated be-
tween two horizontal parallel plates and heated from below. Upon increasing the
difference of temperature between the two plates, the simple conduction state
looses stability at a critical value of the temperature difference corresponding
to a critical value R, of the Rayleigh number. Beyond the instability threshold,
a convective regime develops in which patterns are formed, such as convective
rolls, hexagons, or squares [9]. Observed patterns are often accompanied by
defects as for instance domain walls which occur between rolls with different
orientations. We refer to the works [1, 10, 11], and the references therein, for
experimental and analytical results, and detailed descriptions of these patterns
and defects.

Mathematically, the governing equations are the Navier-Stokes equations
coupled with an equation for the temperature, and completed by boundary



conditions at the two plates. Observed patterns are then found as particular
steady solutions of these equations. In [4] and [5] Haragus and Iooss handled
the full governing equations and proved, for various boundary conditions, the
existence of symmetric domain walls in convection (however not yet observed
experimentally).

The existence of orthogonal domain walls (effectively observed experimen-
tally) has been studied formally by Manneville and Pomeau in [11], and more
recently by Buffoni et al [2], where the authors handle the full governing equa-
tions, showing that the study leads to a small perturbation of the reduced system
of amplitude equations in RS | the same system as the one predicted in [11]:

AW = A1 - A% —¢B?) (1)
B" = &£B(-1+gA*+ B?).

By a variational argument Boris Buffoni et al [2] prove the existence of an
heteroclinic orbit, for any g > 1, and ¢ small enough, such that

Ai(x),Bi(z) > 0,
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This orbit is expected to represent the connection between a set of convecting
rolls parallel to the x direction, with a set of orthogonal rolls. Unfortunately, this
type of elegant proof does not allow to prove the persistence of such heteroclinic
curve under reversible perturbations of the vector field. Our purpose here is to
use the analytic results of [8] for proving its persistence applied to orthogonal
domain walls in Bénard-Rayleigh convection. It should be noticed that even
though the present analysis looks similar to the one made in [4] and [5], it really
needs serious adaptation since, here we loose the symmetry of the wall defect,
which plays an important role in [4] and [5].

Starting from a formulation of the steady governing equations as an infinite-
dimensional dynamical system in which the horizontal coordinate x plays the
role of evolutionary variable (spatial dynamics), and looking for solutions pe-
riodic in y, a center manifold reduction is performed, which leads to a 12-
dimensional reduced reversible dynamical system, reducing to 8-dimensional
(R* x C?), after restricting to solutions with reflection symmetry y — —y. A
normal form up to cubic order for this reduced system is obtained in [2], which,
after some calculations and rescaling (see Appendix A.1) becomes

k% n
AW = k_Ag-l-Ao(l—I—A§_9|BO|2)+f’
B! = &By(—1+gA2+|Bol?) +3. (2)

with additional ”cubic” terms of the form

fo = idieAg(BoBy — BoB)) + 2[ook_ A3 + ds Al + dy A2 AL + dy Ag AR + d Ao| B)|?
+d7 Ay(BoBy' + BoBy) + ds Aj | Bol’] + idse® Aj (BoBy' — BoBg) + O(e*),  (3)



G = &icoBl+iciBy|Ao|? +icaBy| Bo|? +ics BBy +icoBoAoA)]  (4)
—|—E4 [6436 (BOF0/ - B_()B(S) + C5BOAOAg + CGB0A62 + C7B6A0A/O]
+€5 [ngBoAQAg/ + iC7B(3AOAg + iCloBéA62 + iCllBoAéAg + 0(86),
where parameters are defined as (see Appendix A.1)

et~ RYVZ- R}:/2, R Rayleigh number,

ko(1 + ?k_) wave number in y direction,
coefficients ¢;, d; are real and
o+ f
90+ 31,

Q) )
\

foo= SOUXIIXP + VP +ety?,
o= LO[XP+YDIXP+[Y]+£h)?,

with

X = (Ao, Ay, Ay, Ay € R*,

Y = (By, B} eC
Moreover the system (2) commutes with the reversibility symmetry S :

(A07 A/Ov A/Olv A/O//v B07 Bé) — (A07 _A/Oa Alo/v _Alo//vB_Oa _B_E))a

and
A((34) is odd in X,
B{ is even in X,

which results from the equivariance of the original system under the shift by
half of a wave length in the y direction (fixing the symmetry y — —y). The
estimates for fl and g; result from the property of the normal form which does
not contain terms of degree 4 in (X,Y’), and from the inequality

(a+b)* < 4(a* + b*)? for a,b € R.

Remark 1 Notice that the above reduction is valid for the three classical bound-
ary conditions for the Bénard-Rayleigh convection problem: rigid-rigid, free-free,
free-rigid. However in the case of rigid-rigid or free-free boundary conditions,
Y = 0 is an invariant subspace, which simplifies the estimate for gi.

Remark 2 Notice that the system (2) becomes just the system (1) for k_ =
f=9=0, and By real.



Remark 3 Notice also that the high order terms of size O(c*) for A((J4) and
O(g%) for Bl are functions of e*'3c. This is due to the fact that Boe'z: is the
original amplitude of the Y mode (see (60)).

Let us give here the results obtained in [8] for the system (1):

Theorem 4 Let us choose 0 < 69 < 1/3, then for 69 < 0 < 1, ny such that
for € small enough with o = e'/3, where 0 < o = [(1 4 6%)n3 — 1]*/2, the 3-dim
unstable manifold of M_ intersects transversally the 3-dim stable manifold of
M., except for a finite umber of values of 6. The connecting curve (A, By)(x)
which is obtained is locally unique (it is the only curve for this intersection).
Moreover its dependency in parameters (€,9) is analytic. In addition we have
B.(z) and B.(x) > 0 on (—00,+00), the principal part of B.(x) being given
i) for x € (—o0,0], by

1
B*(‘T) = 52 )
(1+ %)'/2 cosh(zg — edz)
1
coshzy = 150
Boo(1+ %)1/2
By = B.(0) = (1 —npo*)"?,

ii) for x € [0,+00), by

B (:17) - tanh(ax/ﬁ) + BOO
1 4 Bog tanh(exz/v2)

For x — —oo we have (A, — 1, A, A”, A" B,,B.) — 0 at least as %%, while
forx — oo, (As, AL, AY A — 0 at least as e_\/gc”, and (B, —1,B.) — 0 at
least as e~ V2%

Moreover, choosing ., < d we have the following estimates

Corollary 5 For z € (—o00,0] there exists ¢ > 0 independent of € such that for
the heteroclinic curve

|[Au(z) — 1] < ce?o,
Ay @)] + AL @) + 1AV @)] < ey,
0 < Bu(w)<ce™ ",
0 < B.(z)<cee? ",

Corollary 6 For z € [0,400) there exists ¢ > 0 independent of € such that for
the heteroclinic curve

512,
cvee vz o m=0,1,2,3,

cefﬂ‘”, |B.(z)] < cee~ V2T,

AU ()]
|B.(z) — 1]

IN

IN



We intend to prove the following for the system (2):

Proposition 7 Ezcept for a finite number of values of g = 1+ 6% and for e
such that Theorem 4 applies, the heteroclinic solution connecting an equilibrium
at —oo (representing convective rolls parallel to x - azis) and a periodic solution
at +oo (representing convective rolls orthogonal to the previous ones), persists
as a one-parameter family of orthogonal domain walls, (see results in (56),
(57)). The wave numbers of limiting periodic convective rolls are linked by a
one parameter family of relationships depending on € (the amplitude of rolls
being of order €?) (see Remarks 17 and 18).

Remark 8 The wave numbers of the sets of rolls at —oo and at +oo differ in
general. This is a major difference with the symmetric case (of non orthogonal

walls) treated in [4] and [5].

Remark 9 In the result above, the size of the perturbed wave numbers depend
on bounds proved for some coefficients, specially the term age®? in the last
bifurcation equation (55). Notice that all such coefficients depend on the Prandtl
number.

Remark 10 Values of § such that 0.476 < ¢ include values obtained for § in the
Bénard-Rayleigh convection problem where g is function of the Prandtl number P
(see [4]). With rigid-rigid, rigid-free, or free-free boundaries the minimum values
of g are respectively (gmin = 1.227, 1.332, 1.423) corresponding to dmin = 0.476,
0.576, 0.650. The restriction in Theorem 4 corresponds to1 < g < 2. The eligible
values for the Prandtl number are respectively P > 0.5308, > 0.6222, > 0.8078.

y

Figure 1: Orthogonal domain wall

2 Setting of the perturbed system

Since we leave now some freedom to the wave numbers, as well in the y di-
rection, as in the x direction, the “end points” of the expected heteroclinic
are no longer (1,0) at —oco, and the circle (0,e?) at +oo. In fact the classi-
cal study of steady convective rolls, shows that these should be respectively



(Aéfoo)(k_),Béfoo)(k_)) and (O,Bé+°°)(w,x)) (see [3] section 4.3.3, or [4] sec-
tions 2 and 6.2, and Appendix A.2, A.3). We have indeed

e k2
(A7) = 1= + ootk + Ok + &),
def (:32 2
1—(A8700)) = —7_, @2_ = I_ _UOEQk—'i‘O[ki _’_(€2|]€_|3_’_€4]7
By = 0,
FEB ™ (w,z) = e + 0(9), AT =0,
def 1 14%y ;
w = 2€+6w+ — 2% +O(€ ),

Bé+0°)e—i€@+m _ C(§+°°) + iD((JJrOO)

k2 ™
o= 1- f+0(52|k+|+54): 1= O[(jw, | +¢%)7,
Cé+oo) = 1o+ 0(56), oscil. part(0(§+°°)) = 0(56)7

Remark 11 The coefficient og introduced in the expression of (A((foo))2 de-
pends on the Prandtl number.

Remark 12 We may notice that in case the system has the symmetry Sy rep-
resenting z — 1 — z (OK for rigid-rigid, or free-free boundary conditions), then
Bé_oo) = 0, which simplifies computations.

Let us set

Boeii‘€a+z = Cy + Dy,

then (2) becomes

k%
A = kA + Al — T A5 —9(C5 + DY) + f (5)
CY = 2m,Dy+*Co(~1+3% +g43+C3+D3) +g, ©)
DI = —2:w,C,+e2Do(~1+&° + gAZ+C2+D2) +g;

with R o

f = fu gr + Zgl = /g\e—zaw+w7
and where the exponential factor disappears in the cubic part when we replace
By by (Co +iDg)e™“+*. Let us define



[ = fole, k-, X,Y,Y) + fi(wz,e,k_, X,Y,Y)
gr QTO(EuXu Y,?) +gr1(wxuguk—7X7K7)
i giO(E,X,KV) +gi1(w$7€7k—7X7 Y7?)7

where fo, gro0, gio come only from cubic terms of the normal form in (2), and
where f1,¢r1, ¢i1 are 2r—periodic in wx, smooth in their arguments, and satisfy
estimates

[filwz, e k-, X, YY) < e[ X[(1X]2+[YP)?
|gT1(Wx757 k_, X, Yv?)l + |gi1(w:1c, e k-, X, Yv?)' < 656(|X|2 + |Y|)(|X|2 + |Y|2)27
with

X = (A07A67A6/7A6H)
Y = (Co+iDy,Cj+iDy).
Then we have from (3), (4):
fo = d18A0(00D6 - Docé) + UQEQk_Ag + d2€2A0A62 + d3€2A8 (7)

+dye? AZAY + dse? Ay (C2 + D) + dee? Ao (C)2 + D) +
+d7e® Ay (CoCy + DoDp) + dse® A5 (Co Dy — DoCy) + O(eY),

gro +igio = i’ (Cy +iDg)[co + c1 AG + e2(CF + Dj)] (8)
+e3c3(Co + Do) (Co DYy — DoC}) + ig®co(Co + Do) Ag Afy
+etey(Ch + DY) (Co DYy — DoCp) + cse* Ag Ay (Co + iDg)
+e[ce AF (Co 4 iDg) + c7 Ag Ay (CY + iD})]
+ie5(Ch +iDp) (er Ag Ay + cr0AF)
+ie®(Co + iDo) (cs Ag Ay + c11 A AY) + O(£9).

Now, let us set

AO = A+ ZE
CO = B.+ 66
Dy = Dy

where we observe that we expect

~2
AO ,—z AS_OO) -1 = _%7
Co + 1Dy _—_> Céioo) = B(SiOO) = 0(56)7
(@4 +0(e%))?

Co+iDy c{t) D —1 ~ -



Then (5,6) becomes the ”perturbed system”

— k:2 —_— —
— —k_(A} +A0 )+ (A +A4) + ¢
My(4o, Co) =( sy ety T 0), (9)
TDQ +W+(B* +CQ)+¢QT
~ W 1 g~
LDy = —T+(B; +Co ) + &% Do + s (10)

where linear operators M, and £, are defined as

m (A —AW 4 (1 - 342 — gB?)A — 2gA.B,C (11)
I\NC )\ H0"+(1-gA?-3B})C -29A.B.A )’

1
L,D = ;D” + (1 —gA? - B?)D, (12)

and where 5;, Tbg;, 1%1- are smooth functions of (wz,e, k_, w4, )N(, 37) where

~ —_~— ~ —~Il —~1IIl
X = (Ao, 40,40 Ay )

~ ~ o~ ~ —~

Y = (Co,Do,Co,Dg)

bo = boolek_, X, V) + ¢y (wa,e,k_, X,Y)
Yor = Yorole k-, X,Y) + ¢, (wa, 6, k-, X,Y)
Voi = Yoiol& k-, X,Y) + g (wa, e, k-, X,Y)
by (wa, e, k_, X, V)| < e
o (W, &, k_, X, V)| + [op (w6, k_, X, V)| < e
More precisely, we have
— ~ ~ —9 3 —_
(bOO(E,k,,X,Y) = 3A*A0 —|—A0 —|—2gB*A000 (13)

~ ~2 ~2
+9(As + A0)(Co + Do ) + foo,

~—~ —~2 —~2 ~2~
’L/)Oro(é‘, k,, X, Y) = QQA*A()OO + gB*AO + 2B*CO + ng CO (14)
—~ 2 —~2
+(Bi + Co)(Co + Do ) + goor

—_ o~ —_ PR P,
Yoio(e, k-, X,Y) = 29A,AgDy+ 2B,CoDy + gAo Do
— 2 2
+Do(Co + Do ) + goois (15)



and in using Theorem 4, Corollaries 5 and 6,

foo = o0sho AP+ O[5y o) + € FExpay) + (K] +T)
+21D0 104y + € P X000y

goor = Oy )+ e F X(000) + 21X |+ [T ))
+&(Co | + 1D 1),

gooi = O (X o) + € F X(000)) + X

—~ — —
+€(|Co | + |D0 | + E|D0|)]

where fog and goor + 2go0; are smooth functions which come from the rest of the
cubic normal form written in (7,8)) and X(=00,0) and X (0 o) are the characteristic
functions on the corresponding intervals.

Remark 13 We notice that the estimates for the main terms independent of
X, Y come from

for foo : 0052k_Ai + d282A*A;2 + dgEzAfkl + d482A§A: + d5€2AZBz,
for goor : c5e?ALA"B, + cee®A’B, + ¢; A, AL B
for gooi :  eBi(co+ ClAf + CQBf) + ecgBL A AL

Moreover, notice that, below, we need to compute [ fooAlLdz, [ goorBlidx, | gooiBidx,

which, for terms independent of )N(, Y leads to

2
fO’I’ /fooA;d.I = —0.054 k- + 52 /(dQA*A:E’ + d4AiA;A;/)d$ + 0(63)
2
k_
= T 0,

for /QOOTBidJZ ~ 52/C5A*A;'B*Bidx
R
= —5%5/[,4{33*3; + A AL(B.B.)|dx = O(£%),
R
for /QOOiB*de' = 6(%0 + %2) +e(er — @)/AiB*B; = 0(e),
R

where we notice

/ ATAdy = 0, £ / AVB2A dy = —<? / A2B.Bldz = O(%),

/ (oA AP 4 dy A2 AL A" Ydx (do — dy) / A ABdr = O(EY?),

and taking care of the convergence in e=®

g in the integral on (—00,0).

at —oo, which tmplies a division by



Before solving the system we need to change variables so that the variables
and the right hand side of (9,10) tend towards 0 at infinity. Let us denote

XEo) = (A7) =1,0,0,0) = (0(&2),0,0,0)
Y= = (c§7°,0,0,0) = (0(£°),0,0,0),
X)) —

Yoo = (¢f*) —1, D5, ofF, DS = [0((@4 +€2)?), 0(%), 0(%), O(£°)],

then, taking care, in (5,6), of the forms of f, g,, g;, we notice that the limit
terms in the right hand side of (9,10) as z — —o0 are
k2
4
@iCé_oo) + %(wx, e, k_, X (=), }7(70")) exp limit as %% (see goor)

%i(w;v, e, k_, X(=) Y (=) oxp limit as 7% (as B’ and see goo; )-

Aéﬁoo) + %(wx, e, k_, )N((_OO), }7(_00)) exp limit as %% (see foo),

The limit terms of the right hand side of (9,10) as © — +o0 is

Vo,
0 exp limit as e~ V2" (as A)
20 s ~ ) |, T > - —/2

%(Dgr ))/ + wiCé+ ) + Yo (wz, e, k_,0,Y ) exp limit as e Ve (see goor ),

2w 00 ~ s ~ > . _
—&(CéjL ))/ + wiDéJr )+ Vo (wz,e,k_,0, Y F)) exp limit as e V2 (see gooi)-

Let us change variables as

Ay = a_x_+4
Co = B_x_+Byxs+Co,
Do = v4x4 + Do,

with (in using Appendix A.2 and (66) in Appendix A.3)

a. = (A5 —1)=-3%/2, B_ =B,
By = (C(()+OO) (wz) = 1), 74 = D((J+OO)(W$)7
def ,(c) @i 0152@+ 02<€4 ~ 2\4
const part of 8, = By = ——F + ——— + — + O[(|wq| +£7)%], (16)

2 2 2
and where x_ and x, are smooth functions, such that

x_. = 1forze (—oc0,—1),
= QOforxz>0
0 < x_<1forze(-1,0),

10



X, = 1lforze(1,00),
= Oforz<O
0 < x4 <lforze(0,1),

such that P
(Ao, Co, Do) — 0 as |x| — oc.

2.1 Properties of linear operators M, and L,

Let us define the Hilbert spaces
2 _ . T 2
L} = {uju(z)e"™ € L*(R)},

4 2. 4
Dy = {(A,C)€ H!x H} A€ HLCeD}
_ _ de
Dy = {CeHye||C"|[pz +e MO ||z + O]l 12 “\1Cp, < oo}

equiped with natural scalar products. Then we have the following result (proved
in [8]):

Lemma 14 Except maybe for a set of isolated values of g, the kernel of Mg in
L? is one dimensional, spanned by (A%, B.), and its range has codimension 1,
Lg- orthogonal to (A, B.). My has a pseudo-inverse acting from L,% to Dqy for
any n > 0 small enough, with bound independent of .

The operator Ly has a trivial kernel, and its range which has codimension 1,
is L?- orthogonal to B, (B. ¢ L?). L, has a pseudo-inverse acting respectively
from L% to Dy for n > 0 small enough, with bound independent of €.

3 Calculation and estimates for Mg(;l\o,é\o) and
L,D,
3.1 First component of /\/lg(;l\o, Co)

The first component is now the sum of small terms linear in (:4\0,65) plus
quadratic terms and terms independent of (Ag, Cp) which tend exponentially to
0 as =9 for z — —oo and e~ V25" for & — +00 :

My, o)l = k- A" + B+ 5+ path) (17)
with
prko) = k(AL ax!) + %(A* —x)+ax? (18)
=3(1— A})a_x_ +gBla_x_ +29A.B.(B_x_ + Byx1);
?45; = %(wx,a, k,,)?,f/) — X_%(wx,s,k,,)?(*oo),}7(*"0)).

11



More precisely we have, from (13)

—

by = 302 (A —x_)+2a-Ax Ao+ A A ]+ (¢ —x_) (19)
+302 X2 Ag + 3a_x_Ag + Ao +2gBufa—x_Co+ (B_x_ + By xy) Ao + AeCo)
+g(A +ax_ + A)[(B_x_ + Byxs +Co)* + (vix+ + Do)?

—x_g(1+a_)B% + foo,

Foo = o0etho(A2 = x_) + O/ x ey + € Fx0,0) + (D0 | + el Dol) + 7K.
We notice that for n = €6/2, and due to Corollary 6,
5B = 06, 57, = OE),
1401z = OQ), ||Billzz = O('/?),
14212 = O(E?), |IB2[rz = O(*/?),
14 [z = OQ), ||B!]l1z = OE"?).

Then we have the estimates (we use extensively 2|ab| < a? + b?)

2 4
lelly < e(VakI+ =2 vat v em)), @)

[ otz
R

where we use ) = €0/2 (1 < €6 is necessary), integration by parts and

O[(|k—| + @4 + %),

/ A Ay = 0,

R

[ —xoade = o)
R

/( C AN Ay dr = O(1).
R

Let us use the following little Lemma (adapted from a simple Sobolev inequality)

Lemma 15 For any u € H}, and e sufficiently small, we have

1
u(@)] < e(lullez + Zllllez)
where ¢ is independent of .

Then in the next estimates we use extensively

—~(m)

A" @) < ZlAollag, m=0,1,2,3

—~(m)

ICo (x)] < e™|Collpy, m=0,1.

12



We obtain, for sufficiently small e, k_, w0, 1/4\0, 6’73, l/)B in R3 x Dy x D

~4

(23)

llollLz < ¢ (52 +e 2 k| + 7 +&% + <1[(Ao, Co)l[3, + 5 1(Aollizs + [1Doll, | -
(21)
3.2 Second component of M,(A, Cy)
For the second component we have
e~ o~ Q04 —~1 o~  ——
My (Ao, Co)l2 = T+DO + wico + o, + 0o (ko), (22)
with
~ 1 2 1 200
pako) = @L(Ba—xy) = Bx" = G — B+ =X
—(3—9gAY =3BN)Bxy +[1—x_ —g(A? = x)]B_x_ +29A.B.a_x_,
Vor = Yor(wa,e ko, X,Y) = X (w6, ko, 0,V )

—XJ//J;(wx,e, k,,)?(*oo),f/(*oo)),
where v, = DéJroo). For 170: we have
Yo, = 29A.(a-x_Co+ (B_x_ +Byx;)A0 + AgCo) (24)
+9(But Bixs +Co)(@® x> +20-x Ao+ Ay
+gB_x_[(02 (2 — 1) +2a_x_Ag + Ay |
HBa(Box— + Byxs)” — X B4 + [Ba(v4x4)° — X477
Bx: OG- DB+ + 82 x 02 - 1)
+Col(B_x_ + Byxs +Co)* + (v4 x4 + Do)?
+2(Ba + B4x4)(Box_ + B1x+Co + 75X+ Do)
+(B.+B_x_ +B:x)Co + Do) + oo,
Gior = O (X ooy + ¢ VA X(o00y) + (X1 + [F) + (o | +1D0)).

Now we obtain for sufficiently small e, k_, &, Ao, Co, Do in R3 x Dy x D;

~4 ~4
- w_ +w 1 —_— —
oy < C<€2+T++g||(140700)||%0+||D0||2731> (29)

+e (@ +@)1 (A0, Co)lp, + =21 Dol I, ),

2 ~ 9vo
W (w4 +e7)
||<P2(k—)||1:g c(%-|-572

IN

); (26)

/R%(k,)B;dx = O[@ + 32 + Y,

13



where the last estimates use
1 1
/
;/ BiX|Bidr = O(e*)
0

e .
5 [ BBl = O(a+ e

obtained, for the first integral in integrating by parts, and for the second one in
separating the oscillating part of order €% from the constant part [33?) of 3, for
which we make an integration by parts, in using BY = O(¢2B,). More precisely
we have

k2
/ o (k_)ALdr + / oo(k_)Bldr = QQf + azooek_ (27)
R R

+O(|k3 | + k2 + @2 + &),
with

ag

/(A* —x_)ALdr — as,
R

0
0 - / a3 / (1— A%)Alx_dz+g / (A B2Y'x_dz,
R R

-1

We observe that (see Corollay 5)
[ -xtds = 406
R

0
/X@A;dx = 0('/?)

-1

0 0
o[ By = [ B = 0

—o0 —1

0 0 AS 2
—3/ (1—A?)x_Aldx = 3/ (A, — = — D) dz =2+ O('/?)

o 1 3 3
1 0
by = —5—2/ B_x" B,dx. (28)
-1
so that
as = —3/24 03, (29)
az = 2+0@EY3). (30)

3.3 Component Egl/)\o

For the third component we obtain

Wy —~
EgDQ = — +Co +w3_DQ+"/JOi+SD3(k—), (31)

€
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~ 204 2
o3(@, k_,wz) = —T[Bi+ﬁfx’_ +B+x’+]—€—2”y’+x’+

1
—5—2’7+X/J/r -(1- gAi - Bf)”YJrXJm
and for

zzgi = %i(wxvgvk_v)?v?)_X-i-%i(wxagak—,oa?(Jroo))
gy (war, £,k X9, Y (-9)),

and for sufficiently small e, k_, @, ;1\0, 6'\0, b\o in R3 x Dy x Dy, the estimate

[boillz - < efe + (W2 + @3 Dollp, + [[AoDol| 2

+[[(CoDo)|lzz + || Dol |5, } (32)
O Y
llesllrz < c(e +?+?)a (33)

4 Bifurcation equation
Let us use an adapted Lyapunov-Schmidt method. Since
MQ(AZH B:ﬁ) = 07

we now decompose (Ag, Co, Do) as

a) = 2B+,
Dy = w,

then equations (17,22) give (Qo is the projection in L? on the range of M,)

k(2 AL+ u) + B (AL u) + Gy + o (k)
Mg(u, 1)) = QO ( 25, Ty 4 b 0 1 > . (35)
Tw/ + W_;’_ (ZB; + U) + 1/}07" + @Q(k*)

4.1 Resolution in w, and w

We observe that (u,v) and w appear non symmetrically, so, we first solve equa-
tion (31), where the kernel of £, is empty, and its range of codimension 1
(see Lemma 14). This has the advantage to give w and @, in function of
(u,v,2,k_,e).

Since

1 1
1 1
f) SrosBar == [ B e = O,

15



we obtain, in using Remark 13

[esbuds = ~ZH14 0@+ + O

R

[ FoBude = O+ @ + &) Dallo, + Dol + | AaDullz; + | CaDillzs)
R

~2 ~2
= Ole+eLJwllp, +11(u, )b, + [lwllp, + @2 + &) lwllp,)].

The compatibility condition for equation (31) leads to

_ - ) N
=L | BlB.dx = / [— (2B ) + 32w + Uy + wg] B.dx,
R R €

which gives
5. = / [~25, (+BY + /) + e w) Boda
R
+O[E? + @4 (@] +€2)? + /2 |z]||w|p, ]
+O([|(u, 0) [, + [[w][p, + @2 +&3)[[wllp,)-

which is a smooth function of its arguments and may be solved with respect
to w4 (or equivalently with respect to k4 since W = % + O(£9)) by implicit
function theorem in the neighborhood of 0 for

(u,v) € Do, we Dy, (6,0_,2) € R3,
O = t(s,0-,2 (u,v),w) € CH(R? x Dy x Dy).

Indeed we have the estimate
~2
[t | < cle® + %2 2| lwllp, + @2 [Jwllp, + e(l|(u,v)lID, +Ilwllb,)] (36)
For solving equation (31) we now have

28 o
w = L;l[—f(zB;’ +') + Eiw + @3 + Yo,

which may be solved by implicit function theorem with respect to w in D; for
(6,0, 2, (u,v)) € R x Dy.

We obtain, using (33), (32), (36) and

B;/ ,U/
==z = O("?), [|=llez < lfvllp,,
€ €
then
w=1w(e,w_,z,u,v)
with
[w[lp, < e(e +[(u, 0)[[3,); (37)

and we obtain
ey | < e(e? + &ll(u, v)|3,)- (38)

16



Remark 16 The term of order ¢ in v is ew; + O(e%/?) with
wn = ook, BoA AL = 28] [ BEAA, [wnllo, =O(), (39)
‘ R
and the compatibility condition is satisfied with

28 [ B2, dol|zy = O2).
R

4.2 Resolution in (u,v)

Now, we replace w and @4 by their expressions w and €, and consider (35)
which may be solved by implicit function theorem with respect to (u,v) in a
neighborhood of 0 in Dy for (¢,k_, 2) close to 0 in R3. Indeed, the right hand
side of (35) is smooth in its arguments and assuming

lk_| << &4 ie. |W_| << ¥4, (40)
|z| << g3/t (41)
I[(u, v)|lpy <<, (42)

using (34) and collecting results of (17,20,21) for the first component, and
(22,26,25) for the second component, estimates in L727 of the right hand side
are as follows

(k% + 2%) 1
1st comp. = O(———= + 61/2|k7| +e2+ g”(%”)”QDU + (1/52)””“%0)
k2 2 1
2nd comp. = O(e? + (_7;;) + g||(u,v)||2po)

Applying implicit function theorem for (e, k_, z) satisfying (40,41) in R3, leads
to
(uv ’U) = (uv U)(Ea k*a Z) € DO

with
(k% + 2%)

Ve
which satisfies the a priori estimate (42). Now using (37), (38), (40), (41) and
(43)

1, 0)llpy < e(e® + +et 2k ]), (43)

ce, (44)
ce?, (45)

|[vo]|p,
et

where (40) and (41) need to be checked at the end.

IAIA
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4.3 Final bifurcation equation

The orthogonality in L? of the right hand side of Mg(E), 6'\0) with (A%, B) (see
Lemma 14), gives one relationship, expressed as the cancelling of a function of
(z,k_,¢), from which we extract the family of bifurcating solutions. It gives

k2 —
0 = /[—k_(zA;”+u”)+ j(zA; +u)]A;dx+/(¢0+gol)A;dx
R R

2~ —
+ [P + BB +olBlde + [ (g +0)Blde. (40)
R R
We define
ap = _/A;”A;dx = / AlPdz >0, (= 0O(1)) (47)
R R

and we have, from (19), (24), (42), (44), (45), (40), (41) and Remark 13
/ boAldr = 2%[a) + OE3?)] + ohek_ + O[¥2 + |2 (/2 + k%)),
R

with

al /(3,4*,4;3 +29B,B.A? + gA A B?)dx = O(e'/?),
R

3
o = oo [ AL - X o = gl + O] (49)
R
where (for example) the estimated term in £%/2|z| comes from
| [ 2Auds] < call| A2yl < ce2lele
R n n

occuring in
3/ ALAL(AL 2 +u)d.
R
We also obtain

/ 7,//1\0TB;d3: =22 + O(%% 4+ £2|2|)
R

with
ag = /(gB*BiAf +29A.A.B? + B.B?)dz = O(e).
R

Hence
[ Fatido+ [ DorBlds = Plag+ O]+ heh+ O 42214, (49)
R R
where we define

ap = 3/R(A*A;3 + gB.B.A”? + gA, A B? + (1/3)B.B?®)dz = O(c'/?). (50)

18



Using Corollaries 5 and 6, we notice that the main contribution of this integral
is on (—00,0) and precisely

0 +o0o
/ 34,ABdx = O(/?), / 34,ABdx = O(e?).
0

Now collecting the expressions (47), (27), (49) in (46) we obtain the bifurcation
equation

k2
Q02% + ark_z + ay— + ajek_ + ase®?z + al®? = O(k_P + %),  (51)

4
where
a = ag+0OEY?), ag=e"%ag = O("?) (see (50))
- /A;2dx+0(51/2) —0(1) (52)
R
ay = as+0(?) =-3/2+0("?)
ay = ay+e(oy+azog) =o(l),
ay = ag+o(l), ag=0(1), as=o0(1),

with (see (40,41,43))
—k_ / A" dr = ek_ay, ay = O |ullp,) = o(1),
R

as = O(c™!|(u,v)[Ip,) = o(1),
and (see Remark 13 and (39))

(da —d4)/ A*Afdx—l-/A;w%d:E = aqe'/?, (53)
R R

the term of order o(1) in a} comes from the estimate of terms of order O(¢%/?)
in

1
Ve(llulllloll + ul® + [lvll*) + 7EIIUII3

/ oALdr,
R

where we notice that (using Lemma 61))

occuring in the estimate of

1
|| Atds] < evEljulcollul, < e=llulh,

The discriminant of the principal part of the quadratic form in (z, k_) of the
left hand side of (51) is
A = a} — apaly ~ a} (54)

19



which it is positive. The bifurcation equation (51) may be written as

"k 2 " / 3/2\ 2
(a2 +aiz+ aé’a) - A (z L R i ) + age®? (55)

2 A 2A
= O(k-P+¢),
where
age®? = abaye®? + 13057 dc” —Aa1a'2a'3'a5g5/27
3
ag ~ —§a4.

Then, using the implicit function theorem, we obtain a family of solutions such
that z and k_ are at least of order ¢, with leads to

(1, 0)]1p, = O(*/?),

hence a4 = O(e'/?) and

i) ifags <0
1 —
» o= LB sinh ¢ + O(%/2).
aq 2
2
ke = 2,/%55/4 exp(—¢) + O(e3/2). (56)
¢ € K
i) if ag > 0

1
z = —4/ %55/4 cosh ¢ + O(%/?)
aq 2

o= 0 2 () + O (57)
6 € R

Checking that the conditions (40), (41) are satisfied for exp ¢ << e~'/2, Propo-
sition 7 is proved.

Remark 17 It should be noted that the one parameter family of solutions which
are obtained, correspond to convective rolls at —oo with wave numbers

k(1 +e%k-)
connected to convective rolls at +o0o with wave numbers
ko(1 4 28205).

The calculations made above, show that we obtain Wy and k_ as functions of
e, ¢ where ¢ € R such that exp ¢ << e~/2. This is a one parameter family of
relationships between wave numbers at each infinity, depending on the amplitude
g2 of rolls.
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Remark 18 We might examine the limit size of k_. For example, is it possible
to obtain the case k_ = ki = 2w, = O(c?)?.Then, looking at the bifurcation
equation we need to solve at main orders

(agz? + ahe?)el/? = O(?).

This is only possible if
agay < 0,

which coefficient is a function of the Prandtl number.

A Appendix

A.1 Reduction of the normal form

We start with

X = (A07A17A27A3)t S R47
Y = (By,B1)!eC?,

and the system under normal form (see [2] )

dX o~ o~
d_ = LX+N(X7KY5,U7I€)+F(X5Y5Y7,Uﬂk)7 (58)
x
dY _ _
E = chY_'—M(XvKYa,u)+G(X7KYMU)7
LX = (A17A2;A350)t5
LY = (ik.By + B1,ik.B1),
IF(X,Y, Y, k)| < o X|(IXP+ (Y[ + [k +[u])?
GX,Y, Y, )| < c(IXP+|YN(X]?+ [Y]*+ [ul)?, (59)
0
= AgP;
NX,Y)Y =
(X, V.Y, p) A1 Py + cgug + c13u1s ’
Ao P + AgPs + +cgug + c13v13 + digtiny
- 1BoQo + a1ou10
MX,Y.V.0) = : .
( 2 ( iB1Qo + BoQ1 + a10v10 + i819uU10 + i812u12 )
P = bop+ bfjﬂi + biuq + bsus + bsus + beus,
P3 = d(),u + dg%2 + d1u1 + d&%ul + d3U3 + d5U5 + d6u6,
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Qo = oaop+ arur + asus + asus + agls

Q1 = PBop+ Brur + Baus + Bsus + Beue,
where
1
ur = Af, vi=AgA, w= 514%7
us = 2AOA2 - A%, vz = 3AOA3 - A1A2
_ 1 1

us = BoBy, vs= 5(3031 + BoB1), ws= 53131
ug = i(BoB1— BoBy).

ug = Aovz — Ajus, vs = Ajvz — 24sus,

uiz = Aovs — Arus, v13 = Aows — Aous,

uiy = Aows + Asus — Ajus,

ug = Bovi — Biui, wvig =2Bowi — Biv;

U2 = Bo’Ug — 31U3.

The (reversible) system anticomutes with the symmetry S; (represents the re-
flection x — —z). and commutes with 7, (shift by half of one period in y
direction):

(A05A15A27A37B0;B1) = SI(A07_A1;A2;_A37B_O; _B_1>5
(A05A15A27A37B0;B1) = Tﬂ(_A07_A15_A27_A35B07B1)-

Remark 19 In the case of rigid-free boundary conditions, we have no symmetry
z = 1—2z. We don’t use this symmetry here (valid only in rigid-rigid or free-free
boundaries). The symmetry T, implies that F is odd in X and G even in X. It
can be shown that there is no term of degree 4 in X,Y,Y in the normal form.

Then, the X part of the system (58) may be written as a 4th order real
ODE, while the Y part becomes a 2nd order complex ODE as

AD = Agldop + (d — B2)R? + dy A2 + d\EA2 + ds BoBo + d) kA2
+ids(BoBo — BoBo )] + (o + 3VyF) AL + a3 AZAY + as A AP
+G3A0E)I§ol + a4A6(E)BTOI + ?OE/) + G5A8E)BTO
BiboAY(BoBo — BoBo') + as Ao Ab AL + ar Ao AL + as AR AL + Ox (5),
E3VON = E%[50# + 51143 + 55EJB:0] + Z'ClzBVO/A(QJ + z'C2BVOI|EJO|2 + ic3B:0/§62
icouBy + icsBoAoAl — 20680 (BoBo — BoBo)
5 BoAoAll + cgBo A2 + 7By Ag Al + ics BoAg Al

—/ —~ —
ngBO A()Ag + iCloBo A/OQ + ’L'CllBoABAg + OY (5),
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with real coefficients d;, dydjj, aj, by, by, c;, B;, a; and

BQ = Boe_ikcm, E; = Ble_ikcm, (60)
dy = —4k?By >0, dy = —4k?B5 <0,
B4 ds . 4k? 20,4
65 dl g> s Y0 3 s Y0 9 c)
Ox(5) = O(X|(X]+|Y]* + &+ |ul)?),
Oy(5) = O[(IXP+[YN(IX]*+]Y [+ |ul)?,
X = (AOv 67 g,Ag/)t
Y = (Bo,Bo).

Notice that the high order rests Ox(5) and Oy (5) are no longer autonomous,
since they are functions of e*#e®,
Now, as indicated in [2] we make the following scaling

1 a2, ~
= -7 = € k = 2]{:7 1
x 2€kcx, 1 _ﬁos , 3 (61)
2ke 5 o = 2k 5= o
Ao(I) = E2A0($), BQ(I) = E2B0($),

VBs VBs

so that the system above becomes, after suppressing the tildes,

k2 n
Ay = kAT Ao(L— = A5 - gIBo) + T,
By = £*Bo(~1+gA%+|Bol?) +73, (62)

with additional cubic terms of the form

F = idieAo(BoBo — BoB)) + 00’k A3 + £2[ds Al + dy A2AY + da Ag AP + dg Ao| By
+d7 AL (BoBo + BoBl) + ds All|Bo|?] + idse> Al (BoBy — BoB)) + O(e%),

§ = 53 [ZCOB6 + iClB6|A0|2 + i02B6|B0|2 + ngB(Q)B_O/ + ngBvoAE)]
+€4 [C4B(I) (BOB_Q/ — B_036) + C5BQAOA6/ + CﬁBoA62 + C7B6AQA6]
—|—65[i68BoA0Agl + ZC7B6AOA6/ + iCloB6A62 + ’L'CllBoAé)AIO/ + 0(56).
A.2 Equilibrium solution at ©z = —o0

Let us look for equilibria of (2), which should correspond to the convective rolls
at x = —oo parallel to = - axis. Cancelling all derivatives with respect to x, we
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obtain a system commuting with the symmetry (Ao, Bo) + (Ao, Bo). It then
results a system of 2 real equations for Ay, By :

k2
Ao(1 — — — A2 + 0oe’k_ A2 — gBZ) + O(s*)

4
Bo(—1+gA2+B2)+0(*) = 0,

0

where we may observe that the terms O(¢*) in the second equation contain
at least terms of degree 1 in By, since they come from terms of order 5 in
(Ao, By, Bo). The first terms not containing By may be found at order 6 in Ay,
which makes order €% after the scaling (61) in the rest (12-6=6).

It then results that the equilibrium that we are looking for satisfies (by
implicit function theorem)

]{52
A2 = 1- <+ ooe’k_ + O k> + &%),

BO = O(EG).

Remark 20 In the cases where symmetry z — 1—z applies, the additional sym-
metry So changes the signs of Ag and By, implying that Y = 0 is an invariant
subspace, so that in such cases By = 0 for equilibrium at —oco.

A.3 Periodic solution in M,

Let us consider the 4-dimensional reversible vector field corresponding to the
system (58) with X = 0 and rescaled. We intend to give precise estimates on
the family of periodic bifurcating solutions B(()Jroo) (k4,x), here corresponding to
the periodic convection rolls at infinity in M, with wave numbers close to k.
(becomes 1/2¢ after the scaling (61)).

Since we use the normal form up to cubic order, and since there is no term of
order 4, it takes the form (after the scaling used in [2], but before we incorporate

e in By, so that the system is autonomous):

o = 2€Bo + B1 +ie’BoP +¢'go(e,Y,Y) (63)
dB ) —
21— LB 4eByQ +ie*BiP + %1 (e, Y, Y),
dx 2e
with
Y = (Bo,B1)
P = a+B|Bf* +evK
Q = —1+|By]*+edK
1 -
K = (BB -BuB)
where we are looking for a periodic solution (By, B1), with wave number w close
1-|-£2chr
to ——+.

2e

24



A.3.1 Principal part

Let us first compute periodic solutions for gy = g1 = 0. Then these small terms
will be perturbations treated by an adapted implicit function theorem.
Without go and g1, let us use polar coordinates (see [3] section 4.3.3)

BO = ’I”Oeieo
Bl = iTleiel
then
K = rgrycos(fy —61) = const
d
% = N sin(90 - 91)
d
% = 2rgsin(fo — 01)Q(e, 12, K)
do
rod—; = % + 71 cos(8g — 01) + e*rgP
do
Tld_:vl = % —e%rgcos(y — 01)Q(e, 73, K) + r, P.

The required periodic solutions correspond to

ro and r1 const

dfy 1+e%k,

g = 61, — = ——

0 b 2e

K = ror,

hence

ek 71 3
— = — P 64
2 T0+E ( )
) (65)
o

Solving (64) with respect to 1 gives
ki —2e%(a+ Bri)
2(1 +etyrd)
= Flky —22%(a+ AL+ OEY),

T = E£&ro

and (65) leads to

252
e“drg

T =220+ B+ Tk — 22 (ot )] = (1 - )1 + et

2
which is solved with respect to 73, by implicit function theorem:
k2
e o= 1- f + 012k 4 o0e + O[(|k4 | + €)Y, (66)
r = 5_72°0k+ +0(e%),
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where we notice that coefficients o1 and o5 are functions of the Prandtl number.
We obtain a one-parameter family of periodic solutions (parameter k), with
only the Fourier modes e®%.

A.3.2 Estimates of higher order terms

The proof below is new and self contained. There is a geometrical proof without
estimates in Iooss-Péroueme [7], and a more precise proof by Horn in [6] section
3.5.

Let us define by w the frequency of periodic solutions, where w is close to

1+ E2k+
W= ——F—",
2¢e
and set
§ = wr, w=wy+w
Bo(s) = roe™ + E\o
Bi(s) = ire" + iB\l,

where By and By are 2m— periodic in s, and rg,r; are solution of (64,65). Let
us introduce the linear operator

—(iwadL + L 3 _
LO = < (ZWOdS _|2— 2e e PO) . d 11 3 ) 5
e*Qo —(iwo s + 52 +€°Po)

acting in the function space H'(R/27Z) x L*(R/27Z). It appears that Lo has
a one-dimensional kernel

(,,,,06157,’,1618) = ‘/’OeZS

since (64,65) implies

[(wo — 2%? —PRlro—r = 0
£2Qoro + [(wo — 2_15 —&Plri = 0,
with
P, = a+ ﬁrg + evyrory,
Qo = —1+473+edror.

Then the system (63), to be completed by its complex conjugate, becomes:
~ is E) _ N d B\0 63"”OPlin
WVoe™ + Lo (E\l) B zwd_s (B\l) + ( —&10Quin + €371 Piin
Ro(Y
+ ( O(Aa ) ) , (67)
R1(Y,Y)
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where
2is L8 = =5
P = e [ﬁTOBo+7(ToB1 + r1Bo)]

—~ e —~ —
+[ﬁ7‘030 + g(roBl + TlBo)]

) = &) = =
Qiin = €**[-rgBo+ 7(7“031 +71Bo)]
—~ 50 —~ —~
"1‘[—7‘030 + E(T‘oBl + TlBQ)],
RO(?;?) - 63"“Oeisf)quad + 533?)(671'513”” + Pquad) - i5790,
Rl (i}u i}) = _EQTOGiSQquad - 52-/B\O(e_iSQlin + Qquad)
+53r16iquuad + 53E(e_isﬂin + Pquad) - 56917
with
~— g —~== ~==
Qquad = BOBO + 3(3031 + BlBO)
~= Y~ o~
Pouat = BBoBo+5-(BoBi + BiBy).

Let us decompose

E) [ e E(/)
By —rope’s By

where E) and E have no Fourier component in e, and we take the component
in e’ orthogonal to Vye®, since adding a component proportional to (rg,71) is
equivalent to adapt (ro,71).

We first solve (67) with respect to (E),E) in using the implicit function
theorem, since we observe (notice the term nwo = g-(1 + e2k, ) in the operator
for a Fourier component ™), that the pseudo-inverse of L is bounded from
HY(R/27Z) x L*(R/27Z) to H*(R/27Z) x H*(R/27Z). Let us notice that the
difference with the classical Hopf bifurcation proof is that, norms in these spaces
are chosen as, for example

1 1
Tl = Sllu”llez + Zllllee + [ull e,

and notice that H!(R/27Z) is an algebra. It results that we obtain an estimate
such that o
1(Bo, Bu)llgzxm < c(€?[g] + ).

It then remains to solve the 2-dimensional system in (@, ) which is a real system,
due to the reversibility symmetry:

Org+gr1 = —wyr + 0N + 3yl +€7)
Ory —gro = @yro + O3 Y| + 2|g] + £°),
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which gives

; O(%).

<)y &)

It results finally that the family of periodic solutions at M, are such that

BO = Toeiwm + 0(56),
By = ire™ 4+ 00, (68)
- 1 Ek+ 7
w = % + T + O(E )
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