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Abstract

In Bénard-Rayleigh convection we consider the pattern defect in or-
thogonal domain walls connecting a set of convective rolls with another set
of rolls orthogonal to the first set. This is understood as an heteroclinic
orbit of a reversible system where the x - coordinate plays the role of time.
This appears as a perturbation of the heteroclinic orbit proved to exist
in a reduced 6-dimensional system studied by a variational method in [2],
and analytically in [8]. We then prove the existence of the heteroclinic
connection between orthogonal sets of rolls, completing the result of [2].

Key words: Reversible dynamical systems, Bifurcations, Heteroclinic con-
nection, Domain walls in convection

1 Introduction

The Bénard-Rayleigh convection problem is a classical problem in fluid mechan-
ics. It concerns the flow of a three-dimensional viscous fluid layer situated be-
tween two horizontal parallel plates and heated from below. Upon increasing the
difference of temperature between the two plates, the simple conduction state
looses stability at a critical value of the temperature difference corresponding
to a critical value R, of the Rayleigh number. Beyond the instability threshold,
a convective regime develops in which patterns are formed, such as convective
rolls, hexagons, or squares [9]. Observed patterns are often accompanied by
defects as for instance domain walls which occur between rolls with different
orientations. We refer to the works [1, 10], and the references therein, for exper-
imental and analytical results, and detailed descriptions of these patterns and
defects.

Mathematically, the governing equations are the Navier-Stokes equations
coupled with an equation for the temperature, and completed by boundary
conditions at the two plates. Observed patterns are then found as particular



steady solutions of these equations. In [4] and [5] Haragus and Iooss handled
the full governing equations and proved, for various boundary conditions, the
existence of symmetric domain walls in convection (however not yet observed
experimentally).

Very recently, the existence of orthogonal domain walls (effectively observed
experimentally) has been studied by Buffoni et al [2], where the authors handle
the full governing equations, showing that the study leads to a small perturba-
tion of the reduced system of amplitude equations in R®

AW = A1 - A% —¢B?) (1)
B" = &B(-1+gA%*+ B?).

By a variational argument Boris Buffoni et al [2] prove the existence of an
heteroclinic orbit, for any g > 1, and ¢ small enough, such that

A.(z),Bi(z) > 0,

R TCTIE T4 i

This orbit is expected to represent the connection between a set of convecting
rolls parallel to the x direction, with a set of orthogonal rolls. Unfortunately, this
type of elegant proof does not allow to prove the persistence of such heteroclinic
curve under reversible perturbations of the vector field. Our purpose here is to
use the analytic results of [8] for proving its persistence applied to orthogonal
domain walls in Bénard-Rayleigh convection. It should be noticed that even
though the present analysis looks similar to the one made in [4] and [5], it really
needs serious adaptation since, here we loose the symmetry of the wall defect,
which plays an important role in [4] and [5].

Starting from a formulation of the steady governing equations as an infinite-
dimensional dynamical system in which the horizontal coordinate x plays the
role of evolutionary variable (spatial dynamics), and looking for solutions pe-
riodic in y, a center manifold reduction is performed, which leads to a 12-
dimensional reduced reversible dynamical system, reducing to 8-dimensional
(R* x C?), after restricting to solutions with reflection symmetry y — —y. A
normal form up to cubic order for this reduced system is obtained in [2], which,
after some calculations and rescaling (see Appendix A.1) becomes

k2 ~
AW = koA + Ao(L = == = AG — gl Bol*) + f,
Bl = &By(—1+gA%+|Bo?) +7, (2)

with additional ”cubic” terms of the form

Jo = idieAg(BoBy — BoB)) + 2[ook_ A3 + ds Al + dy A2 AL + dy Ag AR + d Ao| BY|?
+d7 Ay (BoBy' + BoBy) + ds Ag| Bol] + idse® Af(BoBy' — BuBy) + O(e"),  (3)



G = &icoBl+iciBy|Ao|? +icaBy| Bo|? +ics BBy +icoBoAoA)]  (4)
—|—E4 [6436 (BOF0/ - B_()B(S) + C5BOAOAg + CGB0A62 + C7B6A0A/O]
+€5 [ngBoAQAg/ + iC7B(3AOAg + iCloBéA62 + iCllBoAéAg + 0(86),
where parameters are defined as (see Appendix A.1)

et~ RYVZ- R}:/2, R Rayleigh number,

ko(1 + ?k_) wave number in y direction,
coefficients ¢;, d; are real and
o+ f
90+ 31,

Q) )
\

foo= SOUXIIXP + VP +ety?,
o= LO[XP+YDIXP+[Y]+£h)?,

with

X = (Ao, Ay, Ay, Ay € R*,

Y = (By, B} eC
Moreover the system (2) commutes with the reversibility symmetry S :

(A07 A/Ov A/Olv A/O//v B07 Bé) — (A07 _A/Oa Alo/v _Alo//vB_Oa _B_E))a

and
A((34) is odd in X,
B{ is even in X,

which results from the equivariance of the original system under the shift by
half of a wave length in the y direction (fixing the symmetry y — —y). The
estimates for fl and g; result from the property of the normal form which does
not contain terms of degree 4 in (X,Y’), and from the inequality

(a+b)* < 4(a* + b*)? for a,b € R.

Remark 1 Notice that the above reduction is valid for the three classical bound-
ary conditions for the Bénard-Rayleigh convection problem: rigid-rigid, free-free,
free-rigid. However in the case of rigid-rigid or free-free boundary conditions,
Y = 0 is an invariant subspace, which simplifies the estimate for gi.

Remark 2 Notice that the system (2) becomes just the system (1) for k_ =
f=9=0, and By real.



Remark 3 Notice also that the high order terms of size O(c*) for A((J4) and
O(g%) for Bl are functions of e*'3c. This is due to the fact that Boe'z: is the
original amplitude of the Y mode (see (61)).

Let us give here the results obtained in [8] for the system (1):

Theorem 4 Let us choose 0 < 09 < 1/3, then for 6o < § < 0.825, n, such that
for € small enough with o = €2/, where 0 < o = [(1 4 6*)n3 — 1]1/2, the 3-dim
unstable manifold of M_ intersects transversally the 3-dim stable manifold of
M. The connecting curve (A, By)(x) which is obtained is locally unique (it
is the only curve for this intersection). Moreover its dependency in parameters
(,0) is analytic. In addition we have B, (z) and Bl (x) > 0 on (—oo,400), the
principal part of Bi(x) being given
i) for x € (—0,0], by

B.(z) = ! ;
(14 £)1/2 cosh(zg — edz)
coshzy = ;
Boo(1 + &)1/2
By = B.(0) = (1 —npo*)"?,

ii) for x € [0, +00), by

tanh(ax/ﬁ) + BOO

B = h tanh(ez/v2)’

For x — —oo we have (A, — 1, AL, A”, A" B, B.) — 0 at least as 5%, while
for x — 400, (A, AL, AL AY) — 0 at least as *\/g””, and (B, —1,B,) = 0 at
least as e~ V2%,

Corollary 5 For x € (—o0,0] there exists ¢ > 0 independent of & such that for
the heteroclinic curve

Oé|AI | + |A Al | + |Al/| + |A///| < EeQE&E,
Bi(x) < (Bjy+ce)e®,
|B.(z)] < cee®®®,

Corollary 6 For x € [0,+00) there exists ¢ > 0 independent of & such that for
the heteroclinic curve

81/24

A (@) < cae”VE, m=0,1,2,3,
|By(z) —1] < ceV?* |B.(2)| < cee” V2.

We intend to prove the following for the system (2):



Proposition 7 Ezcept for a finite number of values of g = 1+ 6% and for e
such that Theorem 4 applies, the heteroclinic solution connecting an equilibrium
at —oo (representing convective rolls parallel to x - azis) and a periodic solution
at +oo (representing convective rolls orthogonal to the previous ones), persists
as a one-parameter family of orthogonal domain walls, provided that certain
conditions on coefficients of the cubic normal form (see (52) and (54)) are
realized (see results in (55), (57), (58)). The wave numbers of limiting periodic
convective rolls are linked by a one parameter family of relationships depending
on € (the amplitude of rolls being of order €2) (see Remark 16).

Remark 8 The wave numbers of the sets of rolls at —oo and at +oo differ in
general. This is a major difference with the symmetric case (of non orthogonal

walls) treated in [4] and [5].

Remark 9 Values of 0 such that 0.476 < ¢ include values obtained for § in the
Bénard-Rayleigh convection problem where g is function of the Prandtl number P
(see [4]). With rigid-rigid, rigid-free, or free-free boundaries the minimum values
of g are respectively (gmin = 1.227, 1.332, 1.423) corresponding to dmin = 0.476,
0.576, 0.650. The restriction in Theorem 4 corresponds to 1 < g < 1.680. The
eligible values for the Prandtl number are respectively P > 0.7404, > 0.9125, >
1.332.

Figure 1: Orthogonal domain wall

2 Setting of the perturbed system

Since we leave now some freedom to the wave numbers, as well in the y di-
rection, as in the z direction, the "end points” of the expected heteroclinic
are no longer (1,0) at —oco, and the circle (0,e?) at +oo. In fact the classi-
cal study of steady convective rolls, shows that these should be respectively

(A5 (k_), BS™(k_)) and (0, B{T™ (w, z)) (see [3] section 4.3.3, or [4] sec-



tions 2 and 6.2, and Appendix A.2, A.3). We have indeed

oo k%
(A2 = 1- = o0tk + O k| €Y,
def @ k2
1— (A7) & —5 @ = o —oo’ko + OkL + kP + &),
By = 060,
else B(()Jroo)(w,x) = 719e™? + 0(eY), A(()+°°) =0,
def 1 ~ 14k .
w = o +ewy = 5 + 0",

B(()+0°)e—i€@+m _ Oé+°°) + Z-D(()JFOO)

k2 I
e o= 1- f + 0 k] +&%) =1 - O[(lw | +¢%)7],
G4 =yt O, osil.pant(CE™) = O
D§T = 0.

Remark 10 The coefficient og introduced in the expression of (A((foo))2 de-
pends on the Prandtl number.

Remark 11 We may notice that in case the system has the symmetry Sy rep-
resenting z — 1 — z (OK for rigid-rigid, or free-free boundary conditions), then
B((foo) = 0, which simplifies computations.
Let us set o
Boe "*9t* = Cy + 1Dy,

then (2) becomes

k?
Aé4):k,Ag+A0[1—T—Ag—g(CS+D3)]+f (5)
Co = 264D +eCo(—1+&% +9gAT+CF + DY) + 9, )

DY —260,.C) + > Do(—1 + &2 + gA2 + C2 + D2) + g;

with R o

f = fa gr + ’ng = §6716w+17
and where the exponential factor disappears in the cubic part when we replace
By by (Co +iDg)e*“+*. Let us define



[ = fole, k-, X,Y,Y) + fi(wz,e,k_, X,Y,Y)
gr QTO(EuXu Y,?) +gr1(wxuguk—7X7K7)
i giO(E,X,KV) +gi1(w$7€7k—7X7 Y7?)7

where fo, gro0, gio come only from cubic terms of the normal form in (2), and
where f1,¢r1, ¢i1 are 2r—periodic in wx, smooth in their arguments, and satisfy
estimates

[filwz, e k-, X, YY) < e[ X[(1X]2+[YP)?
|gT1(Wx757 k_, X, Yv?)l + |gi1(w:1c, e k-, X, Yv?)' < 656(|X|2 + |Y|)(|X|2 + |Y|2)27
with

X = (A07A67A6/7A6H)
Y = (Co+iDy,Cj+iDy).
Then we have from (3), (4):
fo = d18A0(00D6 - Docé) + UQEQk_Ag + d2€2A0A62 + d3€2A8 (7)

+dye? AZAY + dse? Ay (C2 + D) + dee? Ao (C)2 + D) +
+d7e® Ay (CoCy + DoDp) + dse® A5 (Co Dy — DoCy) + O(eY),

gro +igio = i’ (Cy +iDg)[co + c1 AG + e2(CF + Dj)] (8)
+e3c3(Co + Do) (Co DYy — DoC}) + ig®co(Co + Do) Ag Afy
+etey(Ch + DY) (Co DYy — DoCp) + cse* Ag Ay (Co + iDg)
+e[ce AF (Co 4 iDg) + c7 Ag Ay (CY + iD})]
+ie5(Ch +iDp) (er Ag Ay + cr0AF)
+ie®(Co + iDo) (cs Ag Ay + c11 A AY) + O(£9).

Now, let us set

AO = A+ ZE
CO = B.+ 66
Dy = Dy

where we observe that we expect

~2
AO ,—z AS_OO) -1 = _%7
Co + 1Dy _—_> Céioo) = B(SiOO) = 0(56)7
(@4 +0(e%))?

Co+iDy c{t) D —1 ~ -



Then (5,6) becomes the ”perturbed system”

— k:2 —_— —
— —k_(A} +A0 )+ (A +A4) + ¢
My(4o, Co) =( sy ety T 0), (9)
TDQ +W+(B* +CQ)+¢QT
~ W 1 g~
LDy = —T+(B; +Co ) + &% Do + s (10)

where linear operators M, and £, are defined as

m (A —AW 4 (1 - 342 — gB?)A — 2gA.B,C (11)
I\NC )\ H0"+(1-gA?-3B})C -29A.B.A )’

1
L,D = ;D” + (1 —gA? - B?)D, (12)

and where 5;, Tbg;, 1%1- are smooth functions of (wz,e, k_, w4, )N(, 37) where

~ —_~— ~ —~Il —~1IIl
X = (Ao, 40,40 Ay )

~ ~ o~ ~ —~

Y = (Co,Do,Co,Dg)

bo = boolek_, X, V) + ¢y (wa,e,k_, X,Y)
Yor = Yorole k-, X,Y) + ¢, (wa, 6, k-, X,Y)
Voi = Yoiol& k-, X,Y) + g (wa, e, k-, X,Y)
by (wa, e, k_, X, V)| < e
o (W, &, k_, X, V)| + [op (w6, k_, X, V)| < e
More precisely, we have
— ~ ~ —9 3 —_
(bOO(E,k,,X,Y) = 3A*A0 —|—A0 —|—2gB*A000 (13)

~ ~2 ~2
+9(As + A0)(Co + Do ) + foo,

~—~ —~2 —~2 ~2~
’L/)Oro(é‘, k,, X, Y) = QQA*A()OO + gB*AO + 2B*CO + ng CO (14)
—~ 2 —~2
+(Bi + Co)(Co + Do ) + goor

—_ o~ —_ PR P,
Yoio(e, k-, X,Y) = 29A,AgDy+ 2B,CoDy + gAo Do
— 2 2
+Do(Co + Do ) + goois (15)



and in using Theorem 4, Corollaries 5 and 6,
foo = ook A%+ 0[836861)((,0070) + a£2e_6/7§x(0100) + 2 X|
+2(1D0 |+ el Do) (-0 + €~ ¥ X(0,00))
goor = O[EgesémX(—oo,o) + a252€7%X(0,oo) + 52|X|(€€61X(—oo,o) + X(0,00))
+¢(Co | +1Do'| + | Do),
gooi = O[¢’ EMX( ooO) +é%e Eme( 0,00) + % X[ (e —00,0) T X(0,00))
+5(|Co |+ |Do | + | Do|)]-

where foo and ggor + 1goo; are smooth functions which come from the rest of the
cubic normal form written in (7,8)) and X(—o00,0) a0d X (g o) are the characteristic
functions on the corresponding intervals.

Remark 12 We notice that the estimates for the terms independent of )Z,f/
come from

fOT foo : O'()Ezkai’ + dgEQA;/ + d562AZB3,
for goor : cs5e?ALAYB, + cge?A?B,
for goo; : coeB..

Moreover, notice that, below, we need to computeffooA;dx, ngOTB;d:E, ngOiB*daj,
which, for terms independent of X,Y leads to

Uoé‘zk,

for /fooA;dI : 0052k,/AiA;d3:—|—62/d4AfA;A;’d3::— +0O(e%),
R R

for /gOOTB;d:L“ : 62/C5A*AZB*B;CZI:O(63),
R

for /QOOiB*dI : a/cOB;B*ZE%O,
R

where we notice
/ ATl =0, &2 / AVB2AL — 2 / AZB, B = O(c4/a2) << &,

and taking care of the convergence in €%

e in the integral on (—00,0).

at —oo, which tmplies a division by

Before solving the system we need to change variables so that the variables
and the right hand side of (9,10) tend towards 0 at infinity. Let us denote

X = (Al ~1,0,0,0) = (O&2),0,0,0)

Yoo = (c< °°>ooo) (0(%),0,0,0),

X —

Yoo = (¢f*) —1, D5, 0§, DS = [0((@4 + €2)2), 0(%), 0(%), O(%)],



then, taking care, in (5,6), of the forms of f, g,, g;, we notice that the limit
terms in the right hand side of (9,10) as x — —oo are

K2 — ~ ~
T_Aé ) 4 do(wz, e, k_, X(7) Y (=)) exp limit as ¥ (see foo),

@iCéfoo) + ;p;(wx, e, k_, X7 Y (=) exp limit as €% (see goor)
%(wx, e, k_, X(7) Y (=) exp limit as e¥%* (as B’ and see goo; )-
The limit terms of the right hand side of (9,10) as  — 400 is
0 exp limit as e Vi (as A,)
2(:VJ—JF(D((fOO))/ + @iC’é+°°) + %(wx, e,k_,0,Y %)) exp limit as e Vie (see goor)s

20 00 ~ 0o o < .. _
—ﬁ(C’é+ ))’ + wiD(()+ ) 4 Yo (wz, e, k_, O,YHOO)) exp limit as e =V2r (see goo:)-

Let us change variables as

Ay = a-x_+4
Co = B_x_+ ﬂ+X+ + Co,
Do = vix4 + Do,

with (in using Appendix A.2 and (67) in Appendix A.3)

an = (A7 -1 =-a"/2 8 =B,
By = (O (wa) 1), 7y = DF™ (wa),
def o) _ Oy 018%0y oyt N 4
const part of 8, = 3" = ——~ + 4 +O[(|o4] + >4, (16)

2 2 2
and where x_ and x, are smooth functions, such that

x_. = 1forze (—oc0,—1),
= Oforxz>0
0 < x_<1forze(-1,0),

x4 = 1forze(l,00),
= 0Oforz<0
0 < x4 <1lforze(0,1),

such that P
(Ao, Co, Do) — 0 as |x| — oc.

10



2.1 Properties of linear operators M, and L,
Let us define the Hilbert spaces
2 _ . T 2
L;, = {u;u(z)e"*l € L3(R)},

Dy

4 2. 4
{(A,C)e H,; x Hy;Ae H,,C €D}
_ _ de
Dy = {CeH5e 0" 2+ Iz + 1111z E IClIp, < oo}

equiped with natural scalar products. Then we have the following result (proved
in [8]):

Lemma 13 Ezcept maybe for a set of isolated values of g, the kernel of Mg in
L? is one dimensional, spanned by (A%, B.), and its range has codimension 1,
Lg- orthogonal to (A, B.). My has a pseudo-inverse acting from L% to Dqy for
any n > 0 small enough, with bound independent of .

The operator Ly has a trivial kernel, and its range which has codimension 1,
is L*- orthogonal to B, (B. ¢ L?). L, has a pseudo-inverse acting respectively
from L% to Dy for n > 0 small enough, with bound independent of €.

3 Calculation and estimates for Mg(;l\o,a\o) and
L,Dy
3.1 First component of ./\/lg(;l\o, 6'\0)

The first component is now the sum of small terms linear in (;1?),6\0) plus
quadratic terms and terms independent of (Ag, Cp) which tend exponentially to
0 as 9% for 2 — —oo and e~ V25 for 2 — 400 :

My, o)l = kA" + =B+ 5 + k) (17)
with
prko) = —ko(AY+ax!) + %(A* —x)+ax? (18)
31— A2)a_x_ +gBZa_x_ +29A.B.(B_x_ +Bix4);
?45; = %(wx,a, k,,)N(,}N/) — X_%(wx,s,k,,f((*oo),}7(*"0)).

More precisely we have, from (13)

—

— —2
¢o = 3[aZ(Anx® —x_)+20 Ax_Ag+ A A |+’ (2 —x)

— —~2 —~3 — — o~
+3Oé2_X2_A0 + 3047X_A0 + Ao + ZQB* [Oéfx_Co + (ﬁ_X_ + ﬂ+X+)A0 + AOOO]

+g(Av +a-x_ +A)[(B_x_ +Byxy +C0)* + (3 x4 + Do)?]
—x_9(1 +a-)B% + foo,
f/g\o = 0'052]{:7 (Ai - X_) + 0[53655:6)((_00)0) + 04526

11

& — — ~
V2 X(0,00) + (I Do | + €] Do) + 2| X]).



We notice that for n = €6/2, and due to Corollary 6,

S8 = OE), 57k = O,
14lz = O(a), |IBillz = O(?),
14213 = Ola®), 1B = ")
141z = O(a), [|BY]|1z = O(E?).

Then we have the estimates (we use extensively 2|ab| < a? + b?)

k% +54 92 2~
o1 (k)2 < ¢ 04|/L|+7+W++6 lw+]) ), (20)
[ et ais
R

Ol(lk=| + [@4] + )7,
where we use 7 = ed/2 (n < €0 is necessary), integration by parts and

/ A Ay = 0,
R
[ —xoaas = o
R
/(1—A2)A’x i = OQ).
R
Using extensively
(m)

Ay (@)e | < el|Aollgs, m =0,1,2,3

(m)

ICo(x)e™| < ee™||Collpy, m=0,1,

we obtain, for sufficiently small e, k_,w, ;4\0, 6'\0, l/)\o in R3 x Dy x Dy
— 1 . - —
loollz < ¢ (%2 +e k| + %(Wi +&2)% +|(Ao, Co)llB, + ||Do||%1)
+e (@ + @11 Ao, Co)llps + 1Bl I, ) - (21)
3.2 Second component of M,(A, C)

For the second component we have

—~ o~ 204 =~ g~
My (Ao, Co)l2 = %DO +wiCO + Yo + @ak-), (22)

12



with

_ 1 2 1 %
po(k-) = Wi(B* —X4) — E—Qﬁ—X/i - gﬁﬁx; - E—2ﬁ+x’+’ + Tv+x’+

(23)

—(3—gAZ =3B2)B,xy +[1—x_ —g(AI = x)|B_x_ +29A.B.a_x_,

@ = %(wx,s,kﬂf(,f’)—X+%(wx,g,kﬂo,f/(+oo))
_X_q//}\OZ(wx’a’k*a‘%(7M)7?(7OO))a

where v, = DS For ¢, we have

Yor = 29A.(ax_Co+ (B_x_ + B x4)A0 + AcCo) (24)
+9(B. + B x4 +Co)(@? 3% +20-x_Ao + Ag)
+gB_x_[(02 (2 — 1) +2a_x_Ag + Ay |
HBe(Box_ + Byxy)” — x4 B4+ [Ba(v4x4)° — X477
Bx G - DB+ + 82 x 62 - 1)
+Col(B_x— + Bxs + Co)? + (v4x4 + Do)?]
+2(Ba + B4x4)(Box_ + B1x+Co + 75X+ Do)
+(Ba A Bx_ +B8:x:)@ + Do) + Goor.

— 3 edx 2 92 _d 21T —1 —1 —
Goor = O(e7€™" X (Loo,0) T O7E"€ V2 X(0,00) T € | X[ +(|Co | + | Do | + €[ Dol).
Now we obtain for sufficiently small e, k_, @, ;4\0, 6'\0, l/)\o in R3 x Dy x Dy

~4 | ~4
— ot 4@ e~ o~
[Yopllzz < C<€5/2+T++|I(Ao,00)ll%o+||Do||%1> (25)

e ([£2 + @ + @214y, Co)lly +<*I| Dol )

52 -~ 212
w_ wy|t+e
(& (Bl +2)

e
[ ek )Bids = Ol +3E + e,

[l (k)| L2 ); (26)

IN

where the last estimates use

1 1
L[ ocman - o
0

1 [t -
S [ BoxiBls = O(@]+ <
0

obtained, for the first integral in integrating by parts, and for the second one in
separating the oscillating part of order €% from the constant part ﬁgf) of 8, for

13



which we make an integration by parts, in using B? = O(e2B.). More precisely

we have

k2
/cpl(k_)A;d:C—i—/ch(k_)B;dx = agj+a30052k_+b055
R R

+O(|k3 |+ k2 + @2 + &),
with

ay = /(A*—Xf)A;dI—CLg,
R

0
- / a3 / (1— A%)Alx_dz+g / (A B2y _dz,
R R

-1
We observe that (see Corollay 5)
, 1
(A — x_)ALde = —+0(a)
R 2
0
/ xtAlde = O(a)
-1

0 0
g/ (AuB2) x_dx = —g/ (A.BI)X_dz = O(a)

—o0 —1

0 0 A3 2
—3/ (1—- A%y _Adr = 3/ (Ay — = = 2)x dz =2+ 0(a)

o 1 3 3
1 O
by = ——2/ B_x" B.dzx.
€ J
so that
az = —-3/2+0(a),
a3 = 24+ 0(a).

3.3 Component Egl/)\o

For the third component we obtain

%

— o~y e~~~
LgDo = _TOO + wiDO + %o, + p3(k-),
- 20 2
P3(@,k_,wx) = —T+[Bi +BxL + Bixi] = ZVs
1

—57eXf = (1= gAZ = BY)vi X

14
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and for
Jo = Vailwn e ko, X, V)~ xytglwr e k0,7
—Xf%(wx,s, k_, X (=29 y (=),
and for sufficiently small e, k_, @, 21\0, 6'\07 D\o in R? x Dy x Dy, the estimate

loillz < e{e? + @ + &)1 Dollp, + [l A0 Dol L2

+[[(CoDo)llzz + | Dol |5, }, (32)
5, sl | 133
llesllrz < cle +W+T)v (33)

4 Bifurcation equation

Let us use an adapted Lyapunov-Schmidt method. Since
MQ(AZHB;) = 07

we now decompose (Ag, Co, Do) as

Ay = 24 +u, (34)
a) = ZB; + v,
Dy = w,

then equations (17,22) give (Qo is the projection in L? on the range of M)

k(AL +u)" + S (AL 4 u) + gy + s01<k—)>

My = " bl
g ot + &% (2B +v) + o, + o (k)

(35)

4.1 Resolution in w, and w

We observe that (u,v) and w appear non symmetrically, so, we first solve equa-
tion (31), where the kernel of £, is empty, and its range of codimension 1
(see Lemma 13). This has the advantage to give w and @, in function of
(u,v,2,k_,€).

Since

1 1
1 1
/0 74Xy Beda = —/O =57+ (X4 B.)'dz = O(e"),

we obtain
w -
[osBudn = =25+ O]+ ) + OE")
R
/me = Ol + @2 + @) Dollp, + [1Doll3, + 140Dl | 2z + [|CoDy|| 2]
R

~2 | ~2
= Oletalz|||wllp, + |(u,v)|[p, + [[wl[p, + (@ +&3)|wllp,)]-

15



The compatibility condition for equation (31) leads to

N - ) N
— | BiB.dz = / [— (2B + ) + TR w + Gy + ‘Ps] B.dx,
13 R R 19

which gives

@4, = / [—2c~u+ (ZB;/ =+ U/) =+ ECNLJ%’_’LU:| B*diZ?
R
+Oalz|l[wllp, + €+ [@+](|@4] + €2)?]
+2O(||(u, )|, + |[wlp, + @ +@)[[wllp, ).

which is a smooth function of its arguments and may be solved with respect
to w4 (or equivalently with respect to k4 since wy = k% + O(£9)) by implicit
function theorem in the neighborhood of 0 for

(u,v) € Do, we Dy, (6,0_,2) € R,

O = ti(e, @,z (u,v),w) € CHR?* x Dy x Dy).
Indeed we have the estimate

[ | < cle® + (02 +ealz])|wllp, +e(ll(w,v)|[5, + [lwlB,)].  (36)
For solving equation (31) we now have

2¢ T~
w= E;l[—f(zBi' + ') + 8w+ o5 + g,

which may be solved by implicit function theorem with respect to w in D; for
(6,0, 2, (u,v)) € R® x Dy.
We obtain, using (33), (32) and (36)
w=rto(e,W_, z,u,v)

then
[Iw||p, < (e +|(u,v)|3,), (37)

and we obtain
e | < cle® +ell(u, v)| |5, )- (38)
4.2 Resolution in (u,v)

Now, we replace w and @4 by their expressions w and €, and consider (35)
which may be solved by implicit function theorem with respect to (u,v) in a

neighborhood of 0 in Dy for (e, kT’E, 2) close to 0 in R?. Indeed, the right hand
side of (35) is smooth in its arguments and assuming

|k_| <ecve, ie. [w_| < Ve, (39)

16



using (34) and collecting results of (17,20,21) for the first component, and
(22,26,25) for the second component, estimates in L727 of the right hand side
are as follows

k2
1st comp. = (9(7_E +alk_| 4+ ag® + a?2?
+(alz] + k=Dl (w, v)l [y + 11(,v)l15,)
k2
2nd comp. = 0(62_'—7% +&32)k_| + o222
+alz| + £2)l(u, v)llpg + [[(u, v)l[3,)-

Applying implicit function theorem for (e, k—\/’g, 2) in a neighborhood of 0 in R3,

leads to
(u,v) = (u,0)(e, k_,z) € Dy
with
k2
[[(u, 0)[|py < C(€2+7_g +alk_| +a?2?), (40)

Now (notice that a* = %7, and use (39))

k4
[lwllp, < ¢ <<€3/2 + ? + a4z4> , (41)

e | < e (42)

4.3 Final bifurcation equation

The orthogonality in L? of the right hand side of Mg(E), 6'\0) with (A}, By) (see
Lemma 13), gives one relationship, expressed as a function of (z,k_,¢), from
which we extract the family of bifurcating solutions. It gives

k2 —~
0 = [l GAT )+ A Lo+ [ @G ) Ada
R R
2w —
+ / (=’ + & (2B, +v)|Blda + / (or + o) Blda. (43)
R R
We define
ar = — / AV A o = / A2 >0, (= 0(a?)) (44)
R R
and we have, from (19), (24), (40), (41), (42) and Remark 12
/ boAldr = 22al + O(a®k>)] + o)k
R
+O[E® + 02k +alk_|® + Zk*
€
2 | NPT
+alk||z|(a+ —=) + a”z]7];

NG

17



with

a, = / (3BA.AP +2gB.BLA? + gA A B?)dx = O(a?),
o = UO/A' (A3 — X ) = o0[> + O(a)], (45)
— k
/ VYo, Bidr = 2%[af + O(a®e? + o? 7 + a3 k-] + O(e® + a?ek? + aelk® | + k2 +
R

3
—i—(% + oZelk_| + an/Ek?)|z| + a3elz|® + at2?)

with
ay = / (9B.BLA? +29A.A.B? + B,.B?)dx.
R

Hence

—~ — o, k2
/QSOA;dx—i—/@[JOTB;dx = 2%ag + O(?e* + a*—= + Pk_|)] + ope’k_
R R Ve

+O[E® + a2k + alk_P + gk‘i] (46)
53 2 2
TOUel(G + — ol +atlef)

where we define (a? = £®/7)

ap = 3/R(A*Af’ + gB.B.LA? 4+ gA,A.B? + (1/3)B.B2)dz = O(a®). (47)

Using Corollary 6, we notice that the main contribution of the integral is on
(0,+00) and precisely

/ 3A,ABdx = O(at).
R

Now collecting the expressions (44), (27), (46) in (43) we obtain the bifurcation
equation

k2
Pdo+ark-z+ay—r +die’k- + ase’ (48)
a2k? 23 k2
= O+ SR 4 + )4 20 ) e,
where
a = ag+0(a’?) = O(a?)
d, = a1+ 0(a% = 0(a?) (49)
ay, = ax+0(?®) =-3/2+0(a)
ay = og+azoo=o0g[ll/4+ O(a)]

18



with (see Remark 12)

—a252[05/A*A;’B*B;d:r—l—ch/AfA;’A;dx] = ase’. (50)
R R

The discriminant of the principal part of the quadratic form of (z,k_) of the
left hand side is

A = a? — apa, (51)

and it is important to study the sign of A.

Remark 14 We expect that A is < 0, as this results from the fact that on
(—00,0) the corresponding part of A is << o, and on (0,+0) A = O(a?)
where A, has approzimatively the form (8 = /9)

so that

/
8w

A (x) ~ cae V2 cos —

3 (o)
ag  ~ / 3AAPdx ~ —§c4a4(5’2/ e~ 1% cos B (cos O + sin §)3d
R 0

and

231 4 4om
2L gt
320° ¢ %

ap ~ 02a25/3\/§/ sin? Be=2%4d0
0

We then notice that

a2
Yo
cta*s, 5, 693
~ e 05y <0

for values of § considered in Theorem 4.

4.3.1 Case of negative discriminant A

So, let us make the following (reasonable) conjecture

2
A= (/ Ag?dx) + 2/3,4*,4;% =a'Ag <0, ie. Ag <0, (52)
R R

or equivalently

3
a? < §|a0|, ap < 0.

19



The bifurcation equation (48) may be written as

Al | z — N + 5 +ajz+aye’ | +asase

ahe*aay o g oy o?k? €3
= ——+0|—=|k —k — 53
S 0 (Sl + Sk 4 T 4 D) (53)

k2
—|—22(04277g + Pk |) + a4|z|3) .
It results that we can solve the problem omnly if the term of order 3 has the
good sign: Let us assume

as > 0, (54)

where we may observe that this corresponds to a condition on cubic coefficients
of the normal form (7) and (8). Assuming that the order of magnitude O(1) of
coefficients Ag < 0 and as > 0 are strictly valid, we can use implicit function
theorem again, easily checking that all non written terms are of order higher
than €3, we obtain the family of solutions

ajaie? €32 asdl 1/2
2 = A ?( Ay )% cos ¢ + h.o.t. (55)
k_ aj ale? a )
- = —a—llz— 2, + (_—{i,)1/253/2 sin ¢ + h.o.t.
2 2 2

where ¢ € [0, 2x]. Finally, since (49) holds, the order of magnitude of z and k_
are such that

3/2
2=0(—) = 0(E"™"), k. =0(""), T = 0().
@
Remark 15 The order of magnitude of terms on the right hand side of (53) is
dominated by €3, which is just an estimate from (50). It may happen that one

day it is possible to improve this estimate, and that the dominant term becomes
4 1 12—~
‘E;f‘%“o‘ll” which 4s stricly of order e*, moreover with the good sign. This might

then provide a much better result, then with k_ of order €2 as ki ~ 2wy (see

(42)).

4.3.2 Case of positive discriminant A

In the case when A is > 0, the bifurcation equation (48) may be written as

a,a,e?\” abk 2
-A (z—l— 1A4 > + ( 227 +a’1z+a2152) + abase®
—abetaiay oy
= T02f G, o (X sy Y
A% 10 (S a4

k2
+z2(a2—; +ad|k_|) + a4|z|3> :

7

o?k2 &3
o

NG +—) (56)
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Then, using again the implicit function theorem, we obtain a family of solutions

such that
1) if as >0
rol 2 3/2
R _“1625 +4/z—505a—23mh¢+h.o.t.
Glgk— ’ ’_2 3/2
—5 T Taiz—age + ase*'? cosh ¢ + h.o.t. (57)
¢ € R
ii) if as < 0
r 12 3/2
z = —achlE + |Z—50604—2 cosh ¢ + h.o.t.
/
k_
a22 = —djz—d,e? + /]as|e*/?sinh ¢ + h.o.t. (58)
o € R

Proposition 7 is proved.

Remark 16 [t should be noted that the one parameter family of solutions which
are obtained, correspond to convective rolls at —oo with wave numbers

ke(1+e%k_)
connected to convective rolls at +o0o with wave numbers
k(1 + 252&+).

The calculations made above, show that we obtain Wy and k_ as functions of
g, ¢ where ¢ € R. This is a one parameter family of relationships between wave
numbers at each infinity, depending on the amplitude €2 of rolls.

A Appendix

A.1 Reduction of the normal form

We start with

X = (A07A17A27A3)t S R47
Y = (By, By eC?

and the system under normal form (see [2] )

dX - ~ o~

= LX NV R+ POV Y ), (59)
€Z

ay — —

d_ = chY+M(X7KY7M)+G(X7KY7M)7
€T
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LX = (A17A27A370)t7

LY = (ik.Bo+ By,ik.B)Y,
IFXLY.Y m k)| < e XX+ Y2+ (k] + [u))?
IGX,Y, Y, 0| < c(IXP+IYNIXP+ Y]+ |ul)?, (60)
0
N(X) Y) ?7 ILL) = AOPl b

A1 Py + cgug + cr3uis
As Py + Ao P + +cgvg + c13v13 + diauag

- iBoQo + ot
M(X,Y,Y = . . .
(X, ) ( iB1Qo + BoQ1 + a10v1o + i819u10 + i812u12 ) ’

P = bopu+ bg% + biug + bsus + bsus + beus,
Py = dop+ dS%Q +dyug + dﬁ%ul + d3uz + dsus + deus,
Qo = oaop+ arur + asus + asus + ags
Ql = Boﬂ + B1U1 + ﬁgUB + B5U5 + ﬁﬁuﬁa
where
2 L o
up = Ap, vi=A0A, w = 51417
us = 2AOA2 - A%, v3 = 3AOA3 - A1A2
_ 1 1
us = DBoBy, vs= 5(3031 + BoB1), ws= 53131
ueg — Z(B()B_1 — B_()Bl)
ug = Aovs — Ajus, vs = Ajvz — 240us,
uis = Aovs — Arus, vi3 = Aows — Aous,
uiy = Aows + Asus — Ajus,
ug = Bovi — Biui, vig =2Bowi — Byv;
U2 = Bo’Ug — 31U3.

The (reversible) system anticomutes with the symmetry S; (represents the re-
flection © — —z). and commutes with 7, (shift by half of one period in y
direction):
(A05A15A27A37B0;B1) = Sl(A()v_Al;AQ;_A?HB_O; _B_1>5
(A05A15A27A37B0;B1) = Tﬂ(_A07_A15_A27_A35B07B1)-
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Remark 17 In the case of rigid-free boundary conditions, we have no symmetry
z = 1—2z. We don’t use this symmetry here (valid only in rigid-rigid or free-free
boundaries). The symmetry T, implies that F is odd in X and G even in X. It
can be shown that there is no term of degree 4 in X,Y,Y in the normal form.

Then, the X part of the system (59) may be written as a 4th order real
ODE, while the Y part becomes a 2nd order complex ODE as

AD — Agldop + (4 — W2)R? + dy A2 + &A% + ds By By + d, R A2
—_— —_ ~
+idg(BoBy — BoBo )] + (aop + 3byk) Ay + alAgAg + a2A0A62
Y ) —_ P
+as3AgBo By + a4A6(BoBQ + ByBy ) + G/5A/0IBQBQ
—_ —_
+3’Lb6A6/ (B()BO — B()Bol) + CLGA()ABAS/ + a7A0A6’2 + a8A62A8 + Ox(5),

— —~ e —~1 —~ ~ -/ —2
By = BolBop + B1 A%+ BsBoBo| +ic1By A3 +icaByg |Bo|* +ic3Bo By
— —~ —_— = =
+2’L'040,UJB0 + iC4B0A0AIO - 20&630 (B()BO - B()BO )
s BoAoAY + e BoAZ + ¢1Bg Ao A} + ics BoAg ALl
ngBT)/AoAg + i010E/A62 + ’L.Cllﬁ-(/)Aé)Ag + Oy (5),

with real coefficients d;, dydy, a;, b;, by, ¢j, B;, a; and

§0 _ Boe_ikcw, B-]: _ Ble—ikcm7 (61)
dy = —4k?B, >0, dy = —4k?B5 <0,
B ds , 4k2 20,
—= = —:=g>0, by=—=5,dy = ——k_,
/85 dl g 3 0 9 C
Ox(5) = O(X|(X]+ Y[+ +|u)?),
Oy(5) = O[(IXP+[YDNIXP+[Y]*+ |u))?],
X = (AO,AE)vAg’Ag/)t
Y = (BoBy)

Notice that the high order rests Ox(5) and Oy (5) are no longer autonomous,
since they are functions of e*?e®,
Now, as indicated in [2] we make the following scaling

1 a2, -~
= Y = ¢ k = 2]{:7 2
x 2€kcx, 1 _ﬁos , 3 (62)
2ke 9 o = 2k, 5=
Ao(I) = E2A0($), BQ(I) = E2B0($),

VBs
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so that the system above becomes, after suppressing the tildes,

k2 ~
Ay = RAT Aol = — A5 —g|Bo) + T,
Bl = &By(~1+gA%+|Bo?) +7, (63)

with additional cubic terms of the form

F = idieAo(BoBy — BoBY) + 002k A3 + 2[ds Al + ds AZAY + dy Ag A2 + ds Ao| By
+d7 A (BoBo + BoBl) + ds All|Bo|?] + idse>All(BoBy — BoB)) + O(e%),

§ = 53 [ZCOB6 + iClB6|A0|2 + i02B6|B0|2 + ngBgB_O/ + ngBvoAB]
+€4 [C4B(I) (B()B_QI - B_036) + C5BQAOA6/ + CﬁBoA62 + C7BéAQA6]
+E5[i68BoA0Ag/ + ZC7B6AOA6/ + iCloBéAg + ’L'CllBoAE)A/OI + 0(56).

A.2 Equilibrium solution at ©z = —o0

Let us look for equilibria of (2), which should correspond to the convective rolls
at x = —oo parallel to = - axis. Cancelling all derivatives with respect to x, we
obtain a system commuting with the symmetry (Ao, Bo) + (Ao, Bo). It then
results a system of 2 real equations for Ag, By :

k
Ao(1 —

2
j — A2+ 00e?k_ A% — gB2) + O(eh)

Bo(—1+gA2+B2)+0(*) = 0,

0

where we may observe that the terms O(e?) in the second equation contain
at least terms of degree 1 in By, since they come from terms of order 5 in
(Ao, BQ,B_O). The first terms not containing By may be found at order 6 in Ay,
which makes order €% after the scaling (62) in the rest (12-6=6).

It then results that the equilibrium that we are looking for satisfies (by
implicit function theorem)

k2
A2 = L"f+m¥h+O@Wﬁ+§%

BO = 0(66).

Remark 18 In the cases where symmetry z — 1—z applies, the additional sym-
metry So changes the signs of Ag and By, implying that Y = 0 is an invariant
subspace, so that in such cases By = 0 for equilibrium at —oo.

A.3 Periodic solution in M,

Let us consider the 4-dimensional reversible vector field corresponding to the
system (59) with X = 0 and rescaled. We intend to give precise estimates on
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the family of periodic bifurcating solutions BéJroo) (k4,x), here corresponding to
the periodic convection rolls at infinity in M with wave numbers close to k.
(becomes 1/2¢ after the scaling (62)).

Since we use the normal form up to cubic order, and since there is no term of
order 4, it takes the form (after the scaling used in [2], but before we incorporate
e? in By, so that the system is autonomous):

B,

1

= —Bo+ B +1ie’BoP +¢"go(e,Y,Y 4
i % 0+ B1+ie’BoP +¢e'go(e, YY) (64)
dB ) —
21— LB 4e2ByQ +ieBiP +51(e, Y, Y),
dz 2e
with
Y (By, B1)
P = a+B|Bf* +evK
Q —1+4|Bo|? + 0K
i
K = 5(3031 — ByB1)
where we are looking for a periodic solution (By, By ), with wave number w close
1+eky
to ——+.
2¢e

A.3.1 Principal part

Let us first compute periodic solutions for go = g1 = 0. Then these small terms
will be perturbations treated by an adapted implicit function theorem.
Without go and ¢, let us use polar coordinates (see [3] section 4.3.3)

BQ = roew"
Bl = Z'Tlewl
then
K = roricos(fy —61) = const
dr .
d_:z? = rysin(fy — 6;)
d
% = &¥rgsin(fy — 01)Q(e, 72, K)
x
ddo 1o 3
T = 5 + 71 cos(6p — 01) + e°rgP
d91 . 1 2 2 3
- = 5 €T cos(fp — 01)Q(e,r5, K) + e°r1 P.

The required periodic solutions correspond to

ro and r1 const

dfy 1+ 2k
de 2¢e
K = rom,

6o = 04,
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hence

L 3

5 = TO+5P (65)
.

(—4)? = —£%Q. (66)
To

Solving (65) with respect to 1 gives

k+ — 252(01 =+ ﬂ’l”g)

T1 = ETo 2(1 +€4’}/T%)
ET
= ke = 26%(a + BrR)I(1+ O(EY),
and (66) leads to
1 2 2112 5257”% 2 2 2 4,22
Tls =22+ B + S0 ks — 223 (a 4 Br)] = (1 - 1)1 +7e"r3)

which is solved with respect to 73, by implicit function theorem:

k2
T(Q) = 1-— f + 0’1521€+ + 0’254 =+ O[(|k+| + 52)4], (67)

er

o= TOkJr +0(e%),
where we notice that coefficients o1 and o9 are functions of the Prandtl number.
We obtain a one-parameter family of periodic solutions (parameter k), with

only the Fourier modes e*%.

A.3.2 Estimates of higher order terms

The proof below is new and self contained. There is a geometrical proof without
estimates in Tooss-Péroueme [7], and a more precise proof by Horn in [6] section
3.5.

Let us define by w the frequency of periodic solutions, where w is close to

1+ E2k+
W= ——F—",
2¢e
and set
$ = wr, w=wy+w
Bo(s) = rpe™ + Bo
Bi(s) = ire" + iB\l,

where By and By are 2m— periodic in s, and rg,r; are solution of (65,66). Let
us introduce the linear operator

(jond L 1 3 _
Lo—( (zwods—;—%—i—aPo) o 11 ; ),
3 Qo _(ZWOE +Z+E Po)
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acting in the function space H'(R/27Z) x L*(R/27Z). It appears that Lo has
a one-dimensional kernel
(roe™, 1) < Vel
since (65,66) implies
1

[(wo — % — EBP()]’I”O — T = 0
1
52Q0T0 + [(wo - — €3P0]T1 = O,
2¢e
with
P, = a+ ﬁrg + evyrory,
QO = —1+T8—|—E5TOT1.

Then the system (64), to be completed by its complex conjugate, becomes:
. By _d (B 3o Py;
wVoe® + Lol —~) = iw— =~ )+ ik
0 0 (Bl) ds (Bl) ( —&10Quin + €371 Pin

. ( Bo(7.Y) ) , (68)
Rl (Ya )

) = ¢ = =
Pin = €*¥[BroBo + g(TOBl +r1Bo)]

==l

where

—~ e — —
+[ﬁ7‘030 + g(roBl + TlBo)]

) = &) = =
Quin e [—roBo + 7(7“031 +r1Bo)]

S
"1‘[—7‘030 + E(T‘oBl + TlBQ)],

= 53T0618Pquad + 53B0(€_15P)lin + Pquad) - i57905
- _52T06iSQquad - 52B0 (eiiSQlin + Qquad)

+53T1€iquuad + ESE\I(eiiSBin + Pquad) - 5691;

Ro(
Ry (

=
< =)

=

with
~— g —~—== o~
Qquad = BOBO + 3(3031 + BlBO)

—~ N~ ~—=
Pyuad = ﬁBoBo+§<BoBl+BlBo).

() (5)
—roes By
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where BVO and E have no Fourier component in e**, and we take the component
in e’ orthogonal to Vpe®, since adding a component proportional to (rg,77) is
equivalent to adapt (rg,71).

We first solve (68) with respect to (.EB,E) in using the implicit function
theorem, since we observe (notice the term nwo = 3-(1 4 ?ky) in the operator
for a Fourier component e™*®), that the pseudo-inverse of Lg is bounded from
HY(R/27Z) x L*(R/27Z) to H*(R/27Z) x H*(R/27Z). Let us notice that the
difference with the classical Hopf bifurcation proof is that, norms in these spaces
are chosen as, for example

1 1
lullez = Sllu”llez + Il llze + [ull e,

and notice that H(R/27Z) is an algebra. It results that we obtain an estimate
such that o
1(Bo, Bi)llmzxm < (€7l + ).

It then remains to solve the 2-dimensional system in (@, ) which is a real system,
due to the reversibility symmetry:

Qro+gr1 = —ogr + O+ g +€7)
@ri—gro = @yro+ O(E*[G] + 27| + &%),
which gives
o = 0EN
0 O(e%

It results finally that the family of periodic solutions at M, are such that

By = roe™® +0(e%),
By = ire™® 4+ 0(°), (69)
- 1 Ek+ 7
wo= o + 5 + O(e").
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