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On two dimensional Schrodinger
operators

Pierre Gaillard,
Université de Bourgogne-Franche Comté, Dijon, France,

Abstract

Following the works of Berest [4], we compute explicitly Hadamard’s
coefficients for two dimensional Schrodinger operators.
For this, we use some specific generating functions and compute their
relative Wronskians.

1 Introduction

In 2008 Berest, Cramer and Eshmatov [4] studied the Schrodinger operator
L = —-A+V, with a C* potential V in some open domain {2, following
several works on similar themes [2, 3]. The heat kernel of £ is the solution
O, (2,¢,t) in Q x Q x RT of the initial value problem

(at +£)(I)+($,f,t) = 07 tl_lg}# (I)Jr(x?fvt) = 5(1. - f)? (1>

where 0(x — &) is the Dirac delta function on Q with support at &.
The function ¢, (x,&,t) has an asymptotic expansion of the form [71]

|lz—¢[? /4t >
®+(I,§,t) ~ W <1+ZUV<J],§)75V> ast—>0+. (2)

v=1

The functions U, (x, &) are called Hadamard’s coefficients of the Schrodinger
operator L= —-A+V.
In their paper, they consider the potential V' defined by

2 0?

V(l’) = —ﬁa—SDQIHW(Fo,...,Fm), (3)



where W (Fy, ..., F,,) is the wronskian of the functions Fy, ..., F,,, and k =
(ko, k1, ..., kn) is a strictly increasing sequence of integers.

Considering the functions F; defined by Fj(z) = cos(k;z + x;), where x is
equal to ¢ or ¢ and x; equal to ; or ¢;, they proved that the Hadamard’s
coefficients of L = —A + Vj are given in terms of polar coordinates x =

(reosp;rsing), £ = (pcos¢; psing) by

U,(z, —2)” chllll T( )(Cos(gp ¢)), forv>0 (4)

where W (F{ F, 1, F; F,
\Iji:: (07"'7 i—15 H-la)"‘? m)’ (5>

W(F
o= 11 0 (6)

Tn(z) := cos N(arccos z), with T](VV (z) being its derivative of order v with
respect to z.

In this statement we recognize the Chebychev polynomials defined by Ty (z) =
cos N (arccos z).

We set some classic notations for the text. We will denote the Collumns of

n!
order m of a matrix by C,,; the classical binomial coefficient 1 will

pl(n —p)!
be denoted by C?.
In the following, we will compute W (f1, ..., fi_1, fix1, - fm) and W(f1, ..., fin)
for a certain type of functions f;, following the ideas of [10, 7, 16]. Then we
will be able to evaluate explicitly the Hadamard’s coefficients and solutions
to the two-dimensional Schrodinger equations with Huygens’ potentials.

2 Computation of Wronskians

2.1 First type of formulas

Let m be some non negative integer, o and xy be some real parameters, and
f;j the functions defined as follows :

fi=sinaj(x—mz), 1<j<m. (7)



We use below the standard notation,

W(fi, fo, -, fm) := det Qﬁ‘lfk(x); i k=1,...,m, (8)

for the Wronskian determinant of any m functions and [z] the largest integer
less than or equal to z.

We will denote W/, _, the determinant W(fi,..., fi_1, fixt, - fm)-

We will use the following result [5, 6] :

Proposition 2.1 For any smooth functions f,p1,...,¢0n, the Wronskian
W(f- o1, [ n) verify

and the formula of change of independent variable in a Wronskian :

Proposition 2.2 For t = ¢(z) a new variable so that f;(z) = f;(t),

n(n—1) ~ ~ ~
W(flaafn):(gp/<x)) 2 'W<f1>f27--'>fn)' (10)
With these notations we have the following formula
Theorem 2.1
(m=1) (- t)me2) T (m=1)
Wi o =i(2) 2z “t—a) 2 H k! xsin~ 2z a(z — )
k=1
[(m—1)/2] 2k m—i—2k
2 cos a(x — xg) ,
X 1<i<m. 11
; GTRk m—i—o | tsisme (D)
Proof:

We start with the cases where i = m and 1 = m — 1.

The details of the justifications will be given in the general case.

1. For W ,, all functions involved in the determinant are of the form
sin(px). We use the expansion

p—1
sin pr = sianLjo} (—1)*CF_ oy - (2cos )Pt = (12)
sinz[(2cos )Pt — (p — 2)(2cosz)P~3 + .. ].



the combinations on the columns and the previous properties (9), (10) to get
the series of equalities as already used in [10, 7, 16]

m = W(sina(x — xg),sin 2a(x — x9), .. .,sin(m — 1)a(x — xo))
(m=1)(m-2) . :
=2 2  Wi(sina(z — x),sina(z — xo) cosa(r — zg),. ..,

., sina(z — xp) cos™ 2 a(z — 7))
e (sina(x — o)™ "W (1, cosa(x — xg), . .., cos™ 2 a(x — z))

= 9= ) i M — )WL L, .. t72)
(by the change cosa(x — zg) = t); thus

(m—1)(m—2) (m—1)(m—2)
2

Wi, = 225 ()

m(m—1)

H;”:_lzj! sin® 2z a(r — x).

So we get (11) for the case i = m.

2. For W'~ we use the same ideas that these given in the case i = m and
previous works [10, 7, 16]. We use the expansion 12, the combinations on the
columns and the previous properties (9), (10) to get the following equalities :

Wl = W(sina(x — 0), sin 2a(x — x), . . ., sin(m — 2)a(z — x0), sinma(z — x0)),
= m(rgfl)_(m_z)W(sin a(x — xg),sina(x — zg) cos a(z — xp), . . .,
., sina(z — xg) cos™ 3 oz — x), sina(z — xp) cos™ ! a(z — x0))

_ omm=l_ (2 sin™ 1 alr — xg)W(1, cosa(x — zg), . . .,

., co8™ 3 ar — xp), cos™ a(r — 1p)).

= 275 () T i ™ (e — 2 W (Lt S )

(by the change cosa(x — ) = t); thus
Wl = 9P () H;n:_l’l#mfzj! sin ™5 a(z — xg) cos a(x — xp).

This gives exactly formula (11) for i =m — 1.

m—1

3. Let 7 be an integer such that 1 <7 <m — 2.
First we use the expansion

sinpe = sina Y, ) (~1)FCE,_, - (2cos )12 =
sinz[(2cos )Pt — (p — 2)(2cosz)P3 + .. ].
Therefore
= Wi(sina(zr — ), sin 2a(x — xp),. . .,
sin(i — 1)a(z — xg),sin(i + a(x — xg), .. ., sinma(x — xy)),

can be reduced by replacing each term in the expansion of sinpa(x — xp),
formula (13) by their first terms for 1 < p < 4, and p of the form i + 2k,
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1<k<[(m-—1)/2].
We can factorize in each column p the term 2P~ ! for 1 < p <i — 1.
So we get
; (i=1)(i=2) : :
=2 Wi(sina(z — o), sina(z — o) cos a(z — zo), . . .,
sin a(z — zg) cos' 2 a(x — xg), 2° sin a(z — x¢) cos’ a(x — x),
2 sin a(x — x9) cos™ a(x — zp) — 27 sin a(x — o) cos !
2™ bsin (@ — xg) cos™ L ax — xg) + .. ).

alx — x9),

(14)
Using the previous propositions 10, 10, then W’ | can be written
Wi | = 9= >(Sin az — o)™ W (1, cosa(z — xp),. ..,
cos'™ a(a: 7o), 2 cos’ ol — x0), 2+ cositt az — x9) — 127 cos' aw — x¢), (15)
c2m b eos™ o — o) + ).

Then, we make the following variable change defined by ¢ = cos a(x — xg) is
made and we can factorize (—asin a(x — wo))%_

Therefore the Wronskian W/ | can be written as

i (i=1)(E=2) (m=1)(m=2) , . m(m—1)
Wha=2"2 (-a) > (sinax)™ 2
i (1,4, 472 91 QR _ oim il 9it2yit,

i+31i+3 . i+1pi4+1 o 0+ 9i—14i—1 (16)
Qi3IS _ (j 4 9)2itlyitt 4 (L gic1yi1

L 2mlmel (g 9)gmdpmed (1)

71— (m—1)/2 i—
2 lcm-i-z )/2— 1t 1>

. . .. (m i—1)
If m —i—1=2p, we can factorize 212772 . 2m~1(2i1)
(mfi+1)4(m+i71)+(mfif2l)(i 1)

which is equal to 2
If m—i—1=2p+1, we can factorize 2:2°t2 . . 2m=2(21"1)

(m—1i)(m+i—2) | (m—i)(z—1)
1 + 2 .

(m (m—=i)

which is equal to 2™
So, the Wronskian W | := W (1,¢t,... 172 2t 20t lgitl _joi-lyiml - om=lgm=1_
(m —2)2m=3¢m=3 + ) can be written as

~_. i—2 . (m— 7,+1)(m+7, 1) | (m—i— l)(z 1) . .
%—1:1_[;-:1]'2 + wl, 1es fm—1—1=2piseven,
gy i—92 o m—i)(m+i=2)  (m—9)(E-=1) _ . .
m-1 = H;:1 12 4 T wﬁn,l,o, ifm—i—1=2p+1isodd

(17)



where @}, , , is the determinant if m —i —1=2p+1 is odd defined by,
it 22(i 4+ )12 /20 — i(i — 1)! (m — 2)l7(’;:"7711), 2~ (m — 1)1 (m 1), +o+ (—1)(""*i>/zcg77s;f;;§712i*1(i -1
il 22(i + 1)l (m -2 2m i - 1) Wif”, 4.t (—1)(7"*”/2“0((3;?;//22“2”1(i + 1)
0 22(i + 1)! (m =TS 2T = DI L (- /2L [ 2 i 4 1y
6 6 (m;2)! QM*i(r}L— 1)t
(18)
and w;,_, . is the determinant if m — 7 — 1 = 2p is even, defined by,
it 223+ 1)12/20 — i(i — 1)! 2”L7171(m72)‘(t7:;z7,f11),+ (71)(7"*"*1)/205::;; 11))//2221*1(1‘71)! (m — 1)
il 22(i 4+ 1)t 9m—i=1(pmy 2)v% +o () D/2Hg(mETDA  L G  te (m - 1)1
0 22(i + 1)! 2 (n — ) R L () (i /2 g (T DA i L G )y (m - 1))
0 0 2m7i71'(m72)! <m$ 1)t
(19)

In the following, we calculate ﬁ)ﬁn_l’o and Ujin_l’e.

All the columns of the determinant w;, ;, and w,,_

can be written as

1. of the form Cjyop

k . k .

Fooe =" (64 2K) s (6 4 20) i - (4 2K)15.0;.5 0) (20)
It remains to reduce the columns of the determinant @}, _, , and @}, _, . of
the form Oi+2k+l'
a. We begin with the case m —7 — 1 = 2p.
We consider the column

t2
= 2%+ 1)'2— —l;22(i + 1)1, 22(3 + 1)!;0;...;0)

On each column Cj 911 of W/, _
following transformations

C’Z+3 = Ciss+ (1 +2)CF, =
4 il(i
(?;;(z + 3L — 2D

s
;240 + 3)15; 240 + 3)1%,

L1 <k < (m-—i—1)/2, we make the

2430 + 3)1; 24 (i + 3)15 05 (21)

pm—i
(m—i)!
gm—i—1
(m—i—1)!
m—i—2
(m—i1—2)!



Oz+5_)cz+5—t)(l—‘f_'4> i+3 w H—l s ,
(26(z+5)'f — A, 26<z+5>'g,,26<z+5)!3,,26<z+5)vt (22)

:20(7 + 5)! 2,,26(Z+5)'t 26(i +5)1;0;...;0)

until

CH%*1_>CH%%1+(Z+2kX%”k1 (2= 1)422)

T
o (1) kD ) 2k (23)

z+1 z+2k+1

We claim that

2k+2) (k+1)! ) 24
22K 4 2k + 1105 . .5 0). (24)

+2k+1 (22k+2(2+2k+ ) t2k+2 i(i42k+1)...(i+k+2) ,

22KF2(4 4 2k + )

t2k+1 .
k+1)!”

Suppose that the column C},,;,, can be written as in (24) for i < k.
We have clearly the relation for £k =1 (21) and k = 2 (22).
Then we make the following transformation on the column Cj op13 :

i+ 2k 1) (i42k) vs
Cz+2k+3_>Cz+2k(+5k+2)(z(+22)k+2) 2k 41 e +21)(+ : i+ 2k—1
i+k+ i+
+---+(_1)k+2w i+1 i4okt3e

Clearly, all the rows from 2 to m — 1 of the column C}, ,, 5 take the form

t2k+3
2k+3)!

t2k+2

(2840 + 2k + 3)! EEal

284 (§ 4 2k + 3)! 2P (4 2k + 3)1,0,...,0). (25)

It remains to evaluate the first row of the column C; o5 3.
In a shortened way, the first row can be written as

k+2 (=1)itt k+2—j
* = —l J

By reduction, it can be written as

k . .
( * )1 — 4 Czk-iz%f-i-i% _ Czl:zlk-i-?) — 4l szo(z + 2k +3- ]) (26)
2k i+k+2 'k+2 ' (k +2)!

The relations (25) and (26) gives exactly the relation (24) at the rank k + 1.



Then we can write the determlnant Wy,
~ %%

sum 07" e T W, 4, where o o 1s defined by

i+ 92(; 12 m—i—1(p, _ 9y _t" T e
it 2%(i +1)!5; 2 (m—2)! =) (m—1)! =]
i 2(; ! m—i—1 i it
il 22+ 1)k 2 (m —2)! =21 (m—1)! m—i=)1
~ % 2/ m—i—1 $m—i—3 tm—i—2
Wy 1e=10 2% +1) 2 (m — 2)! S G (m — 1)!7(m_i_2)!
0 0 2m—i=1l(m — 2)! (m— 1)l
w, " . is equal to
(27)
olm—i=3)/2
0 — (i) 0 0 *(1)'7“'2’“{)*'1 0 *(“!4(7:;_3 /2 0
_ i 226+ D G+ 2k 22k+2(; 4 2k + 1)1 (22,f++11>, 2 (- 2y AR 2; (m = )y 1;!
T o= 00 2264 1) (i)t 22R2 (i 4 2k + 1)1 iy 2m—i=1(py 2)1(31? f 57 (m—1)! %
0 0 0 0 0 0 zmﬂfl'(m —2)! (m _ 1)t
(28)
Clearly, we have
(m—i—1)(m—i+1)
~fL * e )\ i)
m l,e H j' 4 (29>
For 0/, > we have
(m—i-3)/
~ 1%k — il CZ+2]€+15
m—1,e — € (k + ) i+2k+1-
k=0
where §; 9r11 is the determinant defined by
it 22+ 1)t (i+2k)!% (i+2k+2)'% 2’"*"'*1(m—2)l(t7:"7;,j, (m—1)'(§;"7f11),
) ) 2k -1 (2k+1 —i m—i—3 m—i—2
5ipanpn = 0 22(i +1)! (z+2k)!m (z+2k+2)'(2k+1)| 2 1(m—2)'m (m—l)'m
6 0 O 0 0 2m_i_1'(m —2)! (m _ it
diror+1 18 equal to
. . m—1 m—i—2k—2
(m—z+1¥m—z—l) —(2k+2) t

II

Jj=t, j#i+2k+1

Oitokt1 = J! (

8

m—i—2k—2)

defined in (18) as the following




~ 1,%k% .
So w,,"; . can be written as

(m—i-3)/ C m—1 pm—i—2k—2

Wyt =i e R L — (30)
1, g (k+1) jmgﬂkﬂ (m—i—2k—2)!

Taking into account (29) and (30), with (17) we have for W

~7€1 = H;'lej'2<m7i+1)(m+i71>+(mfifl>(i*1) (Hﬁzlj!(iﬂm_:&z(mfiﬂl(m%ﬂ)
) M= B
Thus, we have
ifm—i—1=2p,
731 = (2) (m—l)(;n—i+1)+(i—1)(2m—3) (_a)(m—l)(m—Q) Sinm(n;_l) oz(x _ $0) H;;QO]'
H;n Z1 !cosm(r;tz(ia:!—xo) +il. Zl(qmol 3)/2 ngj_k+1 —2k—2 H] N j¢z+2k+1]wos”}é_j’i;ki(;)!—xo)) :

Taking into account that m(rgfi) + (171)gm72) = m(";l) —(i—1), and 2==3 =
[m=i=2] we have :

m(m—1 . m—1)(m—2 m(m—1
(m )_(1_1)< a)< Jm=2) . m(m=1)

7?;1 1=(2) sin~ 2 ax —xg)
m—i—2k—2

. s™ " a(z—x0) m—i—2]/2 2—2(k+1)  cos a(z—x)
AT 5! (711(711 T +Z DD )7

which can be rewritten as

m(m—1) (m—l)(m—2) . m(m-1)

e I i sin“5 (o — o)
. M=t y(x—x m—i|/2 2-2k  cos™ 'R q(z—zx
A1 5! <4zl(m T o) sl ERANE (m—i—2§c)! 0))-

It is easy to see that we get exactly (11).

b. We consider now the case m —i —1 = 2p + 1.

The ideas are the same, but the structure of u?jnflyo is different (the two last
columns are different).

On each column Cji9r4+1 of wm 100 1 < k <m —1— 1, we make the same trans-
formations as defined in the case m —i —1 = 2p+ 1, i.e. (21), (22) and (23) for
the column Cjiop41.

We have the same relation (24) whose proof is the same. Clearly, all the rows



from 1 to m — 1 of the column C*+2k+3 take the same form as in (25) and (26).

Then we can write the determinant @, ; , defined in (19) as the following sum

~f;l 1o T u?Z * Lo where QIJW’.L_LO is defined by
. . 2 m—i—1 _ m—1i
it 22(2 + 1)!% (m — 2)!4(:n_ji12)! 2" . Z( - 1! (wtn z)i
it 22(i+ 1) (m =2y 2mﬂ(m — 1)!@
- t7"/ k2

% _ 2, m—i—1 tm—i-3
0 0 (m — 2)! 2m=t(m — 1)l
~ 7%k . 1t
Wy, 1, 1s equal to
(33)
ck o(m—i—2)/2
0 —()! 0 0 (i) 2L 0 0 s
4 2, ' . 122 2k+2,; ‘f2 +1 oy tMm—i—2 m—i oy tm—iml
) ! 2%+ 1)t (’L+2)42! 2 (2 + 2k + 1)! SR (m — 2)! (m—i=2)1 2 (m — 1)! Tm—i=1)!
B =1 0 22+ 1) (i 4+ 2) K423 2k + )iy (m72)v(f$71’;'), 27~ (m — 1):(3;“71‘;)]
0 0 0 0 0 0 (m;z)! 2m*i<{n— 1)t
(34)
We have
(m—i)(m—i+2)
~’L * ALY A AL
Wy = H e LA (35)
~ 7%k .
w,, 1, can be written as
(m—i-2)/ . . m—1 m—i—2k—2
Sigk oy CZ+2]§+1 W—(Qk—&-?) o t
wr = =2 1 J! , .(36)
(k+1) (m —i— 2k —2)!
Jj=t, j#i+2k+1

k=0

Taking into account (35) and (36), with (17) we have for W

(m—i)(m—1i+2)

o 7:_2 (mfi)(m+i72)+(m7i)(i71) m—1 Y t'mfi
W =T1[,_, 1 2 Lo i (37)
Cck (m—it+2)(m—i) 1 . m—i—2k—2
| m—i— 2/2 i+2k1 o RN (91 9) TTm— t
+i!l Z D) 2 4 HJ i jtit 2kt )] (m—i—2k—2)]

10



Thus we are able to give the expression of W™~!

ifm—i—1=2p+1,
m(m—1) | (i—1)(m—2) (mfl)(m72) m(m—1) F o
Wi, = ()M ) ™5™ a(z — 29) [2
m—i—2k—2

1 ( 2)/2 Cf k— . ke —
HT - J!W +il- Y mol +2k+12 2k—2 H] - #H%HJ j cos (m_i_%zi(zx)! fro)) :

Taking into account that ™= ’ 2 = [m_;_2], and after some simplifications like

these done in the part a., we have the expression of W™~ according (11).
O

Remark 2.1 The possible extension of the same calculations to the sequence of
the hyperbolic functions can be easily made by the change a — ia.

2.2 Second type of formulas

Let m some non negative integer, o and xo be some real parameters, and g; the
functions defined as follows :

gj = cosaj(z —x0), 1<j<m. (39)

We use the standard notation (8) for the Wronskian determinant of any m func-
tions.

We will denote W the determinant W (g1, ..., gm)-

With these notations we have the following formulas

Theorem 2.2
(/2] 5ok qm—2k

_ m(m—1) 4= m(m=1) _ m(m=1) cos alx — xg)
W =2z Hk!(—a) 2 sine 2 a(r —xp) X kz_o e (m = 28)1 .(40)

Proof
First we use the expansion

p
_ op—1 nnep (5] p/ 1\k,k—1  op—1-2k . .p-1-2k, _
cospr =2V cosPx + » 0 R(=1)"CyT -2 cos r =
2~ LcosPx —p2P3cosP 2 4 .. ..

(41)

We replace each term cos pa(x — xg) by its expansion (formula 41).
Then we use the formula of change of independent variable (10) defined by

11



t = cosa(r — xg) and we can factorize (—a sin a(z — xo))%.

Then W can be written

P m(m—1

W = (—asina(x — xp))

W22 — 1,...,2m m g om=3gm=2 4 ) (42)
We denote in the following w the Wronskian
wi=W(t, 262 —1,..., 2" ™ - 2m3¢m=2 4 ). (43)

In the following, we calculate w.

We are going to define the succession of transformations on the columns
in the following .
All the odd columns of the form Cs 1 can be easily reduced to

t2k+1 t2k

Corr =" (22(2k + 1)l gy 2202k + 1)l 12282k + 1)150;..5 0) (44)

It remains to reduce the even columns of the form Coyy .
We consider the second column

2

t
ngt(2,215_1;2.2115;2.2!;0;...;0). (45>

On each column Cyy, of w, k > 2, we make the following transformations

Oy — Oy + 405 = C;

=1 (23418 — 3,23 415,93 . 41823 . 41,23 - 41,055 0) (46)
CG—>CG+60*—6TC Cy
(25615 — 10,25 61525 - 6142% - 614 (47)
25 6't2,,25 61¢:25 - 61;0;...;0)
until
Cop, — Cop + (2k)Cpp,_p — P& 0 (49)
”_'_(_1)kk2_7k1(2k717(k71)) ((Isz)ll (k—1+k—1— 2)0* Ci,
which can be rewritten as
Cox — Cop, + (2k)Cy_, — B0y |+ (49)

+ (=1)*E2Cy = C5,..

12



We claim that

* 2k _
Cay, =" (2271(2k)! ;k)x Céﬁk}ﬁ (50)
2261 ()] ;jj 11) 22512110515 0).

Suppose that the column Cj; can be written as in (24) for i < k.
We have clearly the relation for k =1 (45), k = 2 (46) and k = 3 (47).
Then we make the following transformation on the column Co o :

Corya — Copra + (2k +2)C — 2’““;#0;} )

o (CDM R+ 1205 = g
Clearly, all the rows from 2 to m of the column (3,  , take the form

2k+1 2k
(2241 (2k + 21l (224 (2k + 21

(22512 + 2)1,0,...,0). (51)

It remains to evaluate the first row of the column Coygo.
In a shortened way, the first row can be written as

* 1)7 1 k
(Copyo)r = (=DM + (2k + 2) Z] 1 ]) Chtr chkﬂ 2j°

By reduction, it can be written as

(Ol = ~Chn = [T 250 (52

The relations (51) and (52) gives exactly the relation (50) at the rank &+ 1.

Then we can write the determinant w defined in (43) as the following sum
wy + wy where w, is defined by depending on m :
a. If m = 2q we have for w;

to2-218 27"—1m!%1
1 tm—

wy = 1 2 2m—1m'(fn_2),
0 0 2m=Imlt

wy is equal to

13



om/?

0o -1 0 .0 —ck. 0 2
1 2. 22Nt .. L. 22— 1(21)1(27711), . . gm— l(m)'ﬁ
wo =] 0 2 22¢ c e 2P G ok 2m7'i71(m72)l% (mfl)!%
0 0 0 0 0 0 o 2’”*2(@ — 1! 2m =T,
(54)
Then we have
m
. tm m(m—1)
wy = Hj!—Q 7. (55)
m)!
Jj=1
For wy, we have
m/2
Wo = E 02 52],
where dy; is the determinant deﬁned by
12t 22-3!§ T A R 27 23, 223 (25 + 1)1 A% 2]),1 om=1lp, (7:? 1;,
52y = o 2 22.3¢ ... 2%722j_1) (ZJ a1 (ngr1)'W 2m =1y, W
0 o 0 0 0 . 2M=2(m — 1)1 2~ e
d2; is equal to
m—2j
(52]- _ 2m(m 1) —2j+1 H ]{]' t
-2
k=1, k#2j ‘]>
So wy can be written as
m/2 2
m(m m(m—1) _9 tm J
— j+1
wy =Y Cf42 H Tk (56)
=1 k=1, k#2j

Taking into account (55), (56) and [m/2] = m/2, with (42) we have :

—1) m(m—1) | m(m—1)

W =2"% Lkl (—a)T 2 sinT 2 oz — o)
[ cos™ a(z—x0 [m/2 (25— 1)'2 27+ cos™ 21 a(x—10)
(= + Z e )

which can be rewritten as

J— m(mfl) m(m—1) | m(m—1)
W =2 H;nlk( a)” 2 sinm 2 alr—x0)
[ cos™ a( x z0) Z[m/? 2-2J cos™ % a(x—=x0)

ik (m—2j)!

14



This gives for W exactly the formula (40).

b. We consider now the case m = 2q + 1.

The ideas are the same, but the structure of w is different (the last column is

different).

We can write the determinant w defined in (43) as the following sum w; + wo

where w; is defined by

2 m
to2-25 0 2 iplly
’ m—1
126 ... 27y inl;,
m—
wy =1 2 o2 m(m 51
0 0 2m—lmlt
wy is equal to
(57)
o -1 0 0 *ka 7(72n 21)/2 o
Lozee 2@ . 221 = 1(2J)|(27711)' 2L ()l
wp=| 0 2 2%t 22k+2(2+2k+1)‘(22k)l 2m 7 " (m — 2)!(2;7,1:71.:33;! (m — 1)'(2::z = 22)T
0o 0 0 0 0 0 2’”*2(@ — 1) 2m =11
(58)
Then we have
m
wy = || jl=—2" > (59)
|
: m
J=1
For wy, we have
(m—1)/2
E : 2] 152]7
where dy; is the determinant deﬁned by
12 2%oaly 2292 (25 — 1)1 L2 223 (25 + 1)! gm—1py tmoL
L T2 @2y 3 gjj).l iy
52y = 0 2 22 .31t Lo 2207295 — )r(fzj 5 227 (25 4 1)! (2] ) 27"”’"’@
0o 0 0 0 0 2’"*2(;;1—1)! am—1,1
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d9; is equal to

m(m=1) tm—2
52]' —9 3 D _9j+1 H ]{3' — 2
k=1, k#2;j 7)!
So ws can be written as
(m—1)/2 m—2i
1 m(m 1) t J
Z e | Tl (60)
k=1, k#2j j

Taking into account (59), (60), [m/2] = (m — 1)/2, with (42) and some
simplifications as these done in the part a., we have for W exactly the formula
(40).

So we get the result.

O

Remark 2.2 As in the previous section, the possible extension of the same
calculations to the sequence of the hyperbolic functions can be easily made by
the change o — 1.

3 Hadamard’s coefficients and solutions to the
2D-Schrodinger equation with Huygens’ po-
tentials

3.1 Explicit expressions of Hadamard’s coefficients

We want to give a reduction of Hadamard’s coefficients, given in terms of
polar coordinates x = (7 cos p;rsinp), & = (pcos @; psin @) by (4)

—2)"
U,(z, Z ZCZ\L T )(COS((p ¢)), for v >0,

=0

where

W(Fo, ..., Fio1, Fiyr, ..., Fy)
) )

U, =

W(Fo,- .., Fm

a= [] #-%.
j=0, j#i
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and T (x) := cos N (arccos x).

Let F; the functions defined by
forx =, orx=¢, F(x)=cosk;(z), with k; =1, for 0 <i<n (61)

Then, using the same notations as before, we have the obvious relations,
where the functions f; are defined in (7) with a = 1 and xy = 0.

m)!
W(Fo, Fla .. ,E,l, F/L'Jr]_’ ey Fm) - (_1)m71_ (fl) ey fifl, fi+17 ey fm)

?

m [(m—i)/2] - e
(m)(m—1) m(m—1) —it+1 . m(m=1) 2 2k COSm i—2k i
=(=1) 2z x2 = | | kElxsin™ 2 xx

2 (i + k) (m — i — 2k)!

k=1 k=0

We have also, o
W(Fl,...,Fm):W(gl,...,gm):W

[m/2] 272k Cosmek T

k2 (m — 2k)!

m(m—1) m(m—1)

m
m(m—1) .
=2 2 Hk!(—l) 2 sin 2 a X
k=1

k=0

Moreover,
W(EFy,...,Fn) = (=0)™m!W(fi,..., fm) = (—=1)"mIW,,.
But, we have from [16],

m—1
Wan = W(fioos fun) = (=2)75 [T ksin ™5 2
k=1

This gives the equality

m(m+1)

W (Fy,..., Fp) = (~1)"(=2)" % [ klsin™ % a.
k=1

Then for 1 <i < m, we have for ¥, :

; [((m—1)/2] _ e
Wz . ) 2 2k cos™ ™t 2k9§'
__m-1 _ -1 m 2 =i+l . —m .
T = (D@ s | S (i + &) (m — i — 2k)!

k=0

U; = (62)

17



For ¥y we get :

W 272k cosm 2k g
Ug=——  —(—1)"sin "z 63
0= T Tyt DTS £ K2 (m — 2k)! (63)
We use also the following relations:
N e )]
(A 2 b
It is obvious that for 0 < v <1
T3 (cos(io = 8) = T (cos(p — ¢))
[i/2] p v—1 ‘ '
Z 1P, H i—2p+2j — 1) cos” PTH (p — ¢).
p=0  j=0, i—2p+2j—u>0 1=0

T =0 for v > i, and Tk;' (cos(p — ¢)) = TS (cos(p — ¢)) =

K2

At this step, we can evaluate Hadamard’s coeflicients given in (4) :

Proposition 3.1 With x = (z1,25) = (rcos(p),rcos(p))), € = (&1,&) =
(pcos(¢), pcos(¢))), the Hadamard’s coefficients can be written as

[m/2] 27214: COSmiQk ")

Up(x, &) = { (—1)™2 7 (m!)?sin™™ @sin™™ ¢ x

— k2 (m — 2k)!
[m/2] 2 M= 2k ¢ ] )
X kz ip ( gAY +Z )27 (i — ) (m i) sin ™™ @ sin ™™ ¢
-0
[i/2] p o ' '
> > (—1)PH (5,) () cos™™ 22 (o — o)
p=0 =0, i~2p+2j-v>0
. [(m—=1)/2] 9% cogmi=Zk WZZW 9% ogmiv2k g
— (1 + k)E! (m — i — 2k)! — (i + k) (m — i — 2k)!
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Uy(z,€) =

(—
(rp)” | =
[7'/2] p v

<Y Yoo OGO TG - 20+ 2) = 1) cos™ P (o — )

p=0  j=0, i—2p+2j—v>0

2 | & o
) { (=)™ 272 (m — i) (m + ) sin™™ psin™™ ¢

|
—

N
I
=)

§ [(m—1)/2] 9—2k cos™i=2k [(m—1)/2] 9—2k cos™ =2k ¢ ; .
E E or v )
prd (1 + k)EN (m — 1 — 2k)! —~ (i + k)k! (m — i — 2k)! 7 -

3.2 Expression of the eigenfunctions of the 2-D Schrodinger
operator with Huygens’ potentials.
Following the results of Berest [4], the expressions of the eigenfunctions of the

two dimensional Schrédinger operator with @ = (z1, z2) = (r cos(y), r cos(y))),
€= (&,&) = (peos(d), pcos(9))) are given by the following result

Proposition 3.2 The eigenfunctions to the two dimensional Schrodinger
operator

-A+V
with 5
V= —ﬁag In(W (4o, -, 1bm)
and v defined by (61) can be written as

m

1 . .

v=0
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[m/2] 272k COSmiQk )

— erpcoscpcosq‘)—l—rpsingosind) ( 1)m2 ( ) sin~ gosin_mgzﬁ «

— k2 (m — 2k)!
(m/2] 5 ok . m—2k
2 . .
X ; pe (COS_ 2k¢ + Z m 22721+1 (m . 2)'(m + Z)' sin™™ gDSiIlim (b
[i/2] P o ' ,
XY > (=1)PH(5,)(5) cos ™2 ( — )
p=0  j=0, i—2p+2j—v>0
) [(m—1)/2] 9% cogm—i=2k [(m—i)/2] 92 cogm—i=2k g

(i + k)E! (m — i — 2k)! (i + k)& (m — i — 2k)!

k=0

X i(—m—@—wm ~ )l 4 )l sin " s 6

v—1
X Z Z (—1)PH(, H i —2p 42§ — 1) cos" PTH (o — §)
1=0

p=0 =0, i—2p+2j—v>0

. [(mzi)/Q] o-2k gm=i=2k [(m—1)/2] —2%k ogm—i=2k g
— (2+k)k' —z—2k — 2+/~c)k'( — i —2k)!

4 Conclusion

We have constructed in this paper explicit expressions of Hadamard’s coeffi-
cients by means of explicit expressions of some Wronskians.

Expressions of the Hadamard’s coefficients for the Schrodinger operator with
a matrix potential were given by algorithms in [1].

Other expressions of these coefficients were given in [70] in function of the tau
functions of the KAV hierarchy. But these expressions are not explicit and
practically unusable because they depend on a product of the sum of Schur
polynomials by tau functions of the KdV equation which are more difficult
to calculate.

As a byproduct, we give explicit expressions of the eigenfunctions of the two
dimensional Schrodinger operator with Huygens’ potentials.

20



References

1]

2]

[10]

[11]

[12]

[.G.Avramidi, R. Schiming, Heat kernel coefficients for the matrix
Schrdinger operator, J. Math. Phys., V. 36, 5042, (1995)

Y.Berest, Solution of a restricted Hadamard problem on Minkowski
space, Comm. Pure Appl. Math., V. 50, 1019-1052, (1997)

Y. Berest, I. Loutsenko, Huygens principle in Minkowski space and
soliton solutions to the Korteweg de Vries equation, CMP Phys. V.
190, 113-132, (1997)

Y. Berest, T. Cramer, F. Eshmatov Heat Kernel Coefficients for Two-
Dimensional Schrodinger equation, Commun. Math. Phys., V. 283,
853-860 (2008).

G .Frobenius, L. Stickelberg, Uber die addition und Multiplication der
elliptishen function, J. Reine und Angew. Math. V. 88, 146-184, (1880)

G. Frobenius, Uber die Determinant mehrer Functionen einer Variblen,
ibid., V. 77, 245-257, (1874)

P. Gaillard, V.B. Matveev, Wronskian addition formula and its applica-
tions, Max-Planck-Institut fiir Mathematik, MPI 02-31, V. 161, 2002

P. Gaillard, A new family of deformations of Darboux-Pd&schl-Teller
potentials, Lett. Math. Phys., V. 68, 77-90, 2004

P. Gaillard, V.B. Matveev, New formulas for the eigenfunctions of the
two-particle Calogero-Moser system, Lett. Math. Phys., V. 89, 1-12,
2009

P. Gaillard, V.B. Matveev, Wronskian and Casorai determinant rep-
resentations for Darboux-Poschl-Teller potentials and their difference
extensions, J. Phys A : Math. Theor., V. 42, 404409-1-16, 2009

P. Dubard, P. Gaillard, C. Klein, V. B. Matveev, On multi-rogue wave
solutions of the NLS equation and positon solutions of the KdV equation,
Eur. Phys. J. Spe. Top., V. 185, 247-258, 2010

P. Gaillard, Families of quasi-rational solutions of the NLS equation and
multi-rogue waves, J. Phys. A : Meth. Theor., V. 44, 435204-1-15, 2011

21



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

P. Gaillard, Wronskian representation of solutions of the NLS equation
and higher Peregrine breathers, J. Math. Sciences : Adv. Appl., V. 13,
N. 2, 71-153, 2012

P. Gaillard, Degenerate determinant representation of solution of the
NLS equation, higher Peregrine breathers and multi-rogue waves, J.
Math. Phys., V. 54, 013504-1-32, 2013

P. Gaillard, Wronskian representation of solutions of NLS equation and
seventh order rogue waves, J. Mod. Phys., V. 4, N. 4, 246-266, 2013

P. Gaillard, V.B. Matveev, Wronskian addition formula and Darboux-
Poschl-Teller potentials, J. Math., V. 2013, ID 645752, 1-10, 2013

P. Gaillard, Two-parameters determinant representation of seventh or-
der rogue waves solutions of the NLS equation, J. Theor. Appl. Phys.,
V. 7, N. 45, 1-6, 2013

P. Gaillard, Deformations of third order Peregrine breather solutions of
the NLS equation with four parameters, Phys. Rev. E, V. 88, 042903-
1-9, 2013

P. Gaillard, Two parameters deformations of ninth Peregrine breather
solution of the NLS equation and multi rogue waves, J. Math., V. 2013,
1-111, 2013

P. Gaillard, Six-parameters deformations of fourth order Peregrine
breather solutions of the NLS equation, J. Math. Phys., V. 54, 073519-
1-22, 2013

P. Gaillard, The fifth order Peregrine breather and its eight-parameters
deformations solutions of the NLS equation, Commun. Theor. Phys.,
V. 61, 365-369, 2014

P. Gaillard, Ten parameters deformations of the sixth order Peregrine
breather solutions of the NLS equation, Phys. Scripta, V. 89, 015004-
1-7, 2014

P. Gaillard, Higher order Peregrine breathers, their deformations and
multi-rogue waves, J. Of Phys. : Conf. Ser., V. 482, 012016-1-7, 2014

22



[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

P. Gaillard, M. Gastineau, Eighteen parameter deformations of the
Peregrine breather of order ten solutions of the NLS equation, Int. J.
Mod. Phys. C, V. 26, N. 2, 1550016-1-14, 2014

P. Gaillard, Two parameters wronskian representation of solutions of
nonlinear Schrodinger equation, eight Peregrine breather and multi-
rogue waves, J. Math. Phys., V. 5, 093506-1-12, 2014

P. Gaillard, Hierarchy of solutions to the NLS equation and multi-rogue
waves, J. Phys. : Conf. Ser., V. 574, 012031-1-5, 2015

P. Gaillard, Tenth Peregrine breather solution of the NLS, Ann. Phys.,
V. 355, 293-298, 2015

P. Gaillard, M. Gastineau, The Peregrine breather of order nine and
its deformations with sixteen parameters solutions of the NLS equation
Phys. Lett. A, V. 379, 1309-1313, 2015

P. Gaillard, Other 2N-2 parameters solutions to the NLS equation and
2N+1 highest amplitude of the modulus of the N-th order AP breather,
J. Phys. A: Math. Theor., V. 48, 145203-1-23, 2015

P. Gaillard, Multi-parametric deformations of the Peregrine breather
of order N solutions to the NLS equation and multi-rogue waves, Adv.
Res., V. 4, N. 5, 346-364, 2015

P. Gaillard, Higher order Peregrine breathers solutions to the NLS equa-
tion, Jour. Phys. : Conf. Ser., V. 633, 012106-1-6, 2016

P. Gaillard, M. Gastineau Patterns of deformations of Peregrine breather
of order 3 and 4, solutions to the NLS equation with multi-parameters,
Journal of Theoretical and Applied Physics, V. 10,1-7, 2016

P. Gaillard, M. Gastineau Twenty parameters families of solutions to the
NLS equation and the eleventh Peregrine breather, Commun. Theor.
Phys, V. 65, N. 2, 136-144, 2016

P. Gaillard, Rational solutions to the KPI equation and multi rogue
waves, Annals Of Physics, V. 367, 1-5, 2016

23



[35]

[36]

[37]

[38]

[41]

[42]

[43]

[44]

P. Gaillard, M. Gastineau Twenty two parameters deformations of the
twelfth Peregrine breather solutions to the NLS equation, Adv. Res.,
V. 10, 83-89, 2016

P. Gaillard, Towards a classification of the quasi rational solutions to
the NLS equation, Theor. And Math. Phys., V. 189, N. 1, 1440-1449,
2016

P. Gaillard, Fredholm and Wronskian representations of solutions to
the KPI equation and multi-rogue waves, Jour. of Math. Phys., V. 57,
063505-1-13, doi: 10.1063/1.4953383, 2016

P. Gaillard, M. Gastineau Families of deformations of the thirteenth
Peregrine breather solutions to the NLS equation depending on twenty
four parameters, Jour. Of Bas. And Appl. Res. Int., V. 21, N. 3,
130-139, 2017

P. Gaillard, From Fredholm and Wronskian representations to rational
solutions to the KPI equation depending on 2N 2 parameters, Int. Jour.
of Appl. Sci. And Math., V. 4, N. 3, 60-70, 2017

P. Gaillard, Families of rational solutions of order 5 to the KPI equation
depending on 8 parameters, New Hor. in Math. Phys., V. 1, N. 1, 26-31,
2017

P. Gaillard, 6-th order rational solutions to the KPI Equation depending
on 10 parameters, Jour. Of Bas. And Appl. Res. Int., V. 21, N. 2, 92-98,
2017

P. Gaillard, N-Order rational solutions to the Johnson equation de-
pending on 2N — 2 parameters, Int. Jour. of Adv. Res. in Phys. Sci.,
V.4, N. 9, 19-37, 2017

P. Gaillard, Families of rational solutions to the KPI equation of order
7 depending on 12 parameters, Int. Jour. of Adv. Res. in Phys. Sci., V.
4, N. 11, 24-30, 2017

P. Gaillard, Rational solutions to the Johnson equation and rogue waves,
Int. Jour. of Inn. In Sci. and Math., V. 6, N. 1, 14-19, 2018

24



[45]

[46]

[47]

[51]

[52]

[53]

P. Gaillard, Multiparametric families of solutions of the KPI equation,

the structure of their rational representations and multi-rogue waves,
Theo. And Mat. Phys., V. 196, N. 2, 1174-1199, 2018

P. Gaillard, The Johnson equation, Fredholm and wronskian represen-
tations of solutions and the case of order three, Adv. In Math. Phys.,
V. 2018, 1-18, 2018

P. Gaillard, Families of Solutions of Order 5 to the Johnson Equation
Depending on 8 Parameters, NHIMP, V. 2, N. 4, 53-61, 2018

P. Gaillard, Multiparametric families of solutions to the Johnson equa-
tion, J. Phys. : Conf. Series, V. 1141, 012102-1-10, 2018

P. Gaillard, Rational solutions to the Boussinesq equation, Fund. Jour.
Of Math. And Appl., V., 109-112, 2019

P. Gaillard, Differential relations for the solutions to the NLS equation
and their different representations, Comm. In Adv. Math. Sci., V. 2,
N. 4, 1-4, 2019

P. Gaillard, Multi-parametric families of solutions of order N to the

Boussinesq and KP equations and the degenerate rational case, UJMA,
V. 3, N. 2, 44-52, 2020

P. Gaillard, The mKdV equation and multi-parameters rational solu-
tions, Wave Motion, V. 100, 102667-1-9, 2021

P. Gaillard, Degenerate Riemann theta functions, Fredholm and wron-
skian representations of the solutions to the KdV equation and the de-
generate rational case, Jour. Of Geom. And Phys., V. 161, 104059-1-12,
2021

P. Gaillard, 2N parameter solutions to the Burgers equation, Jour. Of
Appl. Nonlin. Dyn., V. 1, N. 1, 1-6, 2021

P. Gaillard, Multi-Parametric rational Solutions to the KdV equation,
Asi. Jour. Of Res. and Rev. In Phys., V. 3, N. 3, 14-21, 2021

P. Gaillard, Multiparametric solutions to the Gardner equation and the
degenerate rational case, Jour. Of Appl. Ana. And Appl., V. 11, N. 4,
2102-2113, 2021

25



[57]

[58]

[59]

[60]

[61]

[62]

[63]

P. Gaillard, Other families of rational solutions to the KPI equation,
Asi. Res. Jour Of Math., V. 17, N. 6, 27-34, 2021

P. Gaillard, Rational solutions to the mKdV equation associated to
particular polynomials, Wave Motion, V. 107, 102824-1-11, 2021

P. Gaillard, Multiparametric Rational Solutions of Order N to the KPI
Equation and the Explicit Case of Order 3, Arch. Of cur. Res. Int., V.
21, N . 6, 58-71, 2021

P. Gaillard, Rational solutions to the KPI equation from particular
polynomials, Wave Motion, V. 108, 102828-1-9, 2022

P. Gaillard, Rogue Waves of the Lakshmanan Porsezian Daniel Equation
Depending on Multi-parameters, As. Jour. Of Adv. Res. And Rep., V
16, N. 3, 32-40, 2022

P. Gaillard, Quasi-rational and rational solutions to the defocusing NLS
equation, Jour. Of Math. Sci. And Mod. Res. And Rep., V 5, N. 1,
24-34, 2022

P. Gaillard, Rational solutions to the KdV equation in terms of partic-
ular polynomials, Jour. Of Nonlin. Mod. and Ana., V. 4, N. 4, 615-626,
2022

P. Gaillard, Rational solutions to the Painlev II equation from particular
polynomials, Int. J. Of Appl. Nonlin. Sci., V. 3, N. 3, 189-196, 2022

P. Gaillard, Multi-lump solutions to the KPI equation with a zero degree
of derivation, Jour. Of Theor. And Appl. Phys., V. 16, N. 4, 1-8, 2022

P. Gaillard, Families of solutions to the KPI equation given by an
extended Darboux transformation, Part. Diff. Equ. And Appl., V. 3,
N. 80, 1-14, 2022

P. Gaillard, Rogue waves of the Hirota equation in terms of quasi-
rational solutions depending on multi-parameters, WSEAS Trans. On
Math., DOI: 10.37394/23206.2023.22.24, V. 22, 190-203, 2023

P. Gaillard, Different representations of the solutions to the cylindrical
nonlinear Schrodinger equation, Dis. Nonlin. And Compl., V. 12, N. 3,
539-553, 2023

26



[69] P. Gaillard, Rational solutions to the KdV equation from Riemann theta
functions, Jour. Of Theor. And Appl. Phys., V. 17, N. 3, 1-5, 2023

[70] P. Tliev, On the heat kernel and the Kortweg de Vries hierarchy, Ann.
Inst. Fourrier,, V. 55, 2117-2127, 2005

[71] S. Rosenberg The Laplacian on a riemannian manifold, Lon. Math.
Soc., Stu. Texts, 31, Camb. Uni. Press, Cambridge, (1987)

27



