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BOUNDEDNESS OF SPECTRAL PROJECTORS
ON HYPERBOLIC SURFACES

JEAN-PHILIPPE ANKER, PIERRE GERMAIN AND TRISTAN LEGER

ABSTRACT. In this paper, we prove L? — LP estimates, where p > 2, for spectral pro-
jectors on a wide class of hyperbolic surfaces. More precisely, we consider projections in
small spectral windows [A — 1, A + 1] on geometrically finite hyperbolic surfaces of infinite
volume. In the convex cocompact case, we obtain optimal bounds with respect to A and n,
up to subpolynomial losses. The proof combines the resolvent bound of Bourgain-Dyatlov
and improved estimates for the Schrodinger group (Strichartz and smoothing estimates)
on hyperbolic surfaces.
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1. INTRODUCTION

Consider a (smooth, complete) Riemannian manifold X, with positive Laplace-Beltrami
operator A. Spectral projectors on thin shells are defined through functional calculus by

(1.1) Py =1p_priy(VA).

We are interested in the following question: which bounds does the operator norm
I1Py L2 » enjoy, for p > 2, A large and 7 small ?

In this work, we are concerned with hyperbolic surfaces X, in other words smooth surfaces
endowed with a complete Riemannian metric of constant Gaussian curvature —1. A classical
result of Hopf (see for instance [9, Theorem 2.8]) ensures that these surfaces are quotients
of the hyperbolic plane H by a Fuchsian group I' (i.e. a discrete subgroup of PSL(2,R))
with no elliptic element:

X =T\H.

We will start by providing some background to this problem, paying special attention to the
relation between the bounds of the projectors and the underlying geometry of the manifold.

The notation f < ¢ between two nonnegative expressions means that there exists a
constant C' > 0 such that f < Cg; and f ~ g means that f < g and f 2 g. We write
f <a g to specify that the constant C' depends on a parameter a.

1.1. General manifolds. The fundamental theorem due to Sogge [39] asserts that there
exists 79 > 0 such that, for any A > 1,

1
1(1_1 A2
(1.2) 1Pl ~ A5 4 a2 (73) o
A

which will be abbreviated as

1P o llz2msre ~ AW with y(p) = max{3—2,3(3-1)}.
Here we only stated this result in dimension 2, although it is classical on compact Rie-
mannian manifolds of any dimension; we show in Appendix A how it can be extended to
complete Riemannian manifolds with bounded geometry. Note that the upper bound was
already proved for p > pgr in [27], see Proposition 8.1.

For the round sphere, P)fm = )(,1 if A is an eigenvalue of v/A and 7 < 1, so that no
improvement of the above bounds can be expected as 1 decreases. However, for manifolds
of nonpositive curvature, decay for the operator norm HP)(WH 12_,7p Was established as 7
decreases [5, 8], and even stronger estimates are expected.
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1.2. The Euclidean case. The Euclidean plane and its quotients share many features
with the hyperbolic plane and its quotients; for this reason, it is helpful to review here what
is known and expected in this case.

1.2.1. The Euclidean plane. For the Euclidean plane R?, optimal bounds are given by

_2
p

U ifp>6

(-3,

This is equivalent to the Stein-Tomas theorem [41, 44]. That it is optimal can be seen from

N

2 ) L

1
1P pllL2—sre S A2 \

|

N
=

(%7%) if 2<p<6.

12 1 . .
two examples: the term A2 rn2 comes from the “radial example”, where concentration

1(1_1) 3(1_1
occurs at a point (in physical space), while the term /\2<2 P)n2(2 P> stems from the

Knapp example, which is concentrated along a geodesic (segment).

1.2.2. The Euclidean torus. Considering a general torus T? = R?/(aZ+bZ), where a,b € R?
are linearly independent, the expectation is that optimal bounds are provided by

, 1_2 1 ;(;,;)
(1.3) [Py yllzmre S A2 P02+ (An)2\2 P
up to subpolynomial factors. The first term corresponds to the "radial example” while
the second is a variant of the Knapp example, where concentration occurs along a closed
geodesic. See [10, 11, 12, 24, 25] for progress on this conjecture.

1.2.3. The Euclidean cylinder. For the Euclidean cylinder R?/(aZ) or equivalently for the
Cartesian product T x R, the estimate (1.3) can be proved to hold, and it is furthermore
optimal. See [26], where a concise proof relying on the 2 decoupling theorem of Bourgain-
Demeter [12] is provided.

1.3. Harmonic analysis on infinite area hyperbolic surfaces. From this point on,
we will only consider hyperbolic surfaces of infinite area, instead of general manifolds of
dimension 2. As is customary in this context, we let

oA,

the spectral projector Py 0 is then slightly modified to become
Pan = 1ppasn) (D) Pe,

where P, projects on the essential spectrum, on which A —% > 0. This definition will
simplify notations throughout the text, and, since we are interested in the range where A is
large and 7 small, bounds for P, and P)fm are equivalent. Here and in the sequel, we use
the following comparison, which follows from the TT* argument (1).

Lemma 1.1. Let my,ma : [0,4+00) = C be two bounded measurable functions. If |mi| <
[mal, then [[mi(D)| L2 rp < [m2(D)| L2 e for every p>1.
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1.3.1. LP — L7 bounds for Fourier multipliers. When is a Fourier multiplier m (D) bounded
from LP to L9 7 Already in the Euclidean case, more regularity is needed from m if
2<p,g<ooorl<p,qg<2thanif p <2 < g, as is illustrated by the classical Bochner-
Riesz conjecture or the Fefferman ball multiplier theorem.

This behavior becomes much more striking in the case of the hyperbolic space - and,
presumably, also in the case of its quotients. More specifically, it has been shown by Clerc
and Stein [19] that LP multipliers (p # 2) on the hyperbolic space enjoy a bounded analytic
continuation of their symbol on a strip containing the real axis. The argument, which
naturally extends to LP — L7 boundedness with 2 < p,q < 0o or 1 < p,q < 2, is recalled in
Appendix C. See [22] for positive results on multipliers on locally symmetric spaces.

1.3.2. L? — L? bounds. Since the cases p,q < 2 or p,q > 2 leads to this requirement of
analyticity for the symbol of a bounded multiplier, we shall focus in the present article,
on the case p < 2 < ¢, where the phenomenology is very different. We actually further
restrict the problem, and ask for optimal bounds for the operator || Py ,|/z2_,1», which has
symbol 1(y_, yiy. This choice is natural if one thinks of P), as a spectral projector;
furthermore, understanding its boundedness properties allows to treat general multipliers,
see (1.4). Finally, since Py, = me, this immediately implies LP — L? bounds as well, with
p < 2 < ¢q, though they might not be optimal.

In the case of the hyperbolic plane, optimal L? — L? projector bounds were obtained by
Chen-Hassell [18], see also [23] for an alternative proof and the dependence of the constant

in p.

1.3.3. Dispersive and Strichartz estimates. Strichartz estimates for the Schrodinger equa-
tion are important in their own right, and for applications to Partial Differential Equations.
Furthermore, they will play an important role in some of our arguments in the present
paper.

For the hyperbolic plane, dispersive and Strichartz estimates were first obtained by Ban-
ica [4], Anker-Pierfelice [2] and Ionescu-Staffilani [34]. For convex cocompact quotients, the
case of the exponent of convergence § < % was treated by Burq-Guillarmou-Hassel [14], see
also [21], while the case § > 1 is due to Wang [46]. Finally, we mention [1] for symmetric
spaces of higher rank.

1.4. Main results in this article.

Theorem 1.2. Consider a geometrically finite hyperbolic surface X and assume that 0 <
n<l<A, p>2.

I More precisely,

lm; (D)Z2 o0 = lms(DYm; (D) |l oo = sup /[mj(D)m]-(D)*f](w)f(a:) dx
feC(X)JX

£l <1
— sup / jm (1) (dTI() £, f)
feCe(X)Jo —
A1 <1 >0

for j=1,2.
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e If X has infinite area and no cusps, then for any € > 0 and M >0, there holds

1 —
HP)\J?HL2—>LP <p,a7M )\’Y(p)+8 775 when \ M<77<1

~

o [f the exponent of convergence § of X is < % (%), then

1
1Psallzecsze S (14 A=) NP g3

This bound is furthermore optimal for the hyperbolic plane.

The above statement implies boundedness results for general multipliers. In the case
o< %, one obtains

1 [e%)
| m(D)|| o0 5/ )\Q\m(/\)]d/\+/ A2Y®) ()| dA,
(1.4) 0 !

1 00 1
(D)2 € ([ R mOOEAA+ [ () ar)
0 1
by using in addition the low frequency estimates

1
Pyl o e S (N240%) 0 and  ||Pyyllzme S (A1) n2.

In the case § > %, there is a similar statement for multipliers supported away from the
origin, which involves some loss in the power A and some regularity on m.

When the surface has cusps, we expect the spectral projectors to be unbounded. We
prove this in the model case of the parabolic cylinder in Appendix B. The general case will

be the object of a forthcoming paper.

1.5. Finite area hyperbolic surfaces. Estimating the operator norm of P, for finite
area hyperbolic surfaces is a very hard problem. When a cusp is present, the obstruction
pointed out in Appendix B is still present; it can be avoided, for instance by focusing on a
compact subset of the surface.

Two lines of research have been developed to address the case of finite area hyperbolic
surfaces. The first possibility is to rely on semiclassical analysis and to leverage negative
curvature, see for instance [5, 6, 7, 8, 16, 17, 28, 31]. These tools typically lead to improve-
ments of a power of log A over the universal theorem of Sogge.

The second possibility is to focus on arithmetic surfaces, for which sharper results can
be obtained through the use of number theory, as was first observed by Iwaniec and Sar-
nak [35]. They conjectured, in the compact case, that an eigenfunction ¢, associated with
the eigenvalue \ satisfies the bound

[@allzoe S A” [0l 2,

with a corresponding statement in the non-compact case. See also the review [37] and
further progress in this conjecture in [15, 32, 33].

In view of Theorem 1.2, it is tempting to ask whether, if X is a (geometrically finite)
finite area surface, there might hold

(1.5) IPyyll 2 e ~ APz 41

2 Notice that the assumption § < % excludes cusps.
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(up to subpolynomial factors).

The validity of (1.5) is supported by some observations. First, notice that the term 1
on the right-hand side is necessary since the L” norm of a function on a finite area domain
controls its L? norm, if p > 2. Furthermore, this bound matches the universal lower bound
proved in Subsection 3.1 as well as the bound stated in Theorem 1.2 in the case of infinite
area surfaces. Finally, the typical spacing of eigenvalues is expected to be ~ A~!, so that
the choice = A™! should corresponds to estimates on eigenfunctions. The bound (1.5)
then gives || Py yx-1| p2—z» ~ 1, which corresponds to the conjecture of Iwaniec-Sarnak [35]
- once again, up to subpolynomial factors.

A further argument in favor of the bound (1.5) has to do with the role played by geodesics.
As far as estimating || Py ,||12_1» g0es, it seems that the most important geometric feature
of the underlying Riemannian manifold is the presence of closed geodesics and their stability,
more than the finiteness of the area. This is apparent in Euclidean geometry, as recalled in
Subsection 1.2: estimates for the torus or the cylinder differ from estimates from the whole
space, and this can be related to the existence of closed geodesics in the former case, but
not in the latter. Going back to hyperbolic geometry, we see that closed geodesics exist
on quotients of the hyperbolic space, but that estimates are nevertheless the same for the
hyperbolic space and its infinite area quotients. This can be explained by the instability of
geodesics, and further supports the bound (1.5), which does not seem to be altered by the
presence of closed geodesics.

1.6. Organization of the paper and general ideas of the proof. We begin by recalling
known harmonic analysis results on the hyperbolic plane and its quotients in Section 2.

In the first part of the paper we consider the special case of the hyperbolic plane: we prove
the desired upper bound on spectral projectors in Section 4 by adapting the interpolation
method of Stein-Tomas [41, 44], and show that it is sharp in Section 3. In Section 5, we
also prove new improved dispersive, Strichartz, and LP smoothing estimates for functions
with narrow support in frequency space.

The corresponding results are deduced in the case of convex cocompact surfaces with
exponent of convergence ¢ € [0, %) in Section 6. In this case, the sum defining the periodized
kernel of the various Fourier multipliers converges absolutely; this leads to L*° bounds, from
which one can argue as in the case of the hyperbolic plane.

Section 7 focuses on the case § € [%, 1). In this case, the key estimate is due to Bourgain-
Dyatlov [13], which leads to a local smoothing estimate for the Schrodinger group. On the
one hand, this smoothing estimate allows to bound the spectral projector when restricted
to compact subsets of the surface. On the other hand, the improved Strichartz and LP
smoothing estimates allow to deal with the hyperbolic ends. This approach is reminiscent
of Staffilani-Tataru [40], who were the first to leverage local smoothing to obtain Strichartz
estimates.

Appendix A is dedicated to the extension of the Sogge theorem to the case of a complete
manifold, Appendix B to the proof of unboundedness of projectors in the case of the par-
abolic cylinder, and Appendix C gives a version of the theorem of Clerc-Stein for LP — L4
multipliers, p # q.
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2. HARMONIC ANALYSIS ON THE HYPERBOLIC PLANE H AND I1TS QUOTIENTS I'\H

The aim of this section is to recall some basic formulas and facts related to generalizations
of the Fourier transform to hyperbolic surfaces. We use [29, 30, 36] as general references
about analysis on symmetric spaces and [9] for analysis on hyperbolic surfaces.

Before doing so, let us first fix the following normalization for the Fourier transform on
the real line:

[e.e]
ny _ 1 —ix€
fo) = g | ta@ye e,
With this normalization, the Fourier transform is an isometry from L?(R) to itself.

2.1. The spherical Fourier transform on the hyperbolic plane H. Consider a radial
function f only depending on the distance r to the origin (which is ¢ in the upper half-plane
model). The spherical Fourier transform and its inverse are given by

Fio)=F0 =2r [ ") par) sinhrdr, )= gk [0 ealr) e .
where the spherical functions ) () and the Harish-Chandra function c(\) are given by

_ v [T _ _1 _ TGN
oa(r) = 2L /0 cos(As) (coshr —cosh s)™ 2 ds, C()\)_\/EF(%—H)\)'

Notice that
ox(r) ~ po(r) ~ (147) e"2 when Ar <1,
(2.1) [ A2 for A small, say 0 <A <1,
C ~
A for X large, say A >1.

In this context, Plancherel’s formula writes

e = | IFOOR eI 2an

The spherical Fourier transform diagonalizes the Laplacian and allows to define its func-
tional calculus. Setting

D=,/A-1,
and given an even function m, there holds
m(D)f = ]-w"_l(m : ﬁf)

Finally, the operator m(D) can be realized through its convolution kernel

Ku(r) = : / %ﬁ”&(s) (cosh s — cosh r)*% ds,

T 9x3/2
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for which
[m(D) f](z) = [f * Ku|(x / Ky (dist(z,y)) f(2) dx’.
The formula above holds true for radial or non-radial functions f.

2.2. The Fourier transform on the hyperbolic plane H in the upper-half plane
model. In this model, the hyperbolic plane is represented by the complex upper-half plane
{z =z +iy € C|y > 0}, which turns out to be more convenient for some computations.
We follow here [9, Ch. 4]. The generalized eigenfunctions are given by

Ln . INE RSO
E(\ € 2) =C(N) (W)fr , with C(\) = 27rz)\lc(>\)_2\1ff‘((1+z>\))

Notice that
1 for A small, say 0 < A <1,
[ICN)| ~ {

A"z for A large, say A >1.
The spectral projector Py = d,(D) has integral kernel

@2 K= 2¢( [ B0 BINE de) = shrle P pald(z, ).

This leads to the following formulas for the Fourier transform, its inverse, and Plancherel’s
identity:

Fne) = /f BENE ) d
2 2
= ﬂ/o /_Oof(A,ﬁ)E(A,é,z)dgA d\
HinQ(H) =2[[Af Hiis

2.3. The Fourier transform on hyperbolic surfaces X = I'\H. Consider first the
special case of the hyperbolic cylinder Cy = T'y\H with I'; = <z e z> Let us express on
Cy the spectral measure in terms of the generalized eigenfunctions. The spectral measure

for D = A—i is given by

(2.3) dll,(A) = 2 [Rcz(% —i)) = Re, (3 + M)} X,
according to Stone’s formula, and the resolvent by the kernel
RCL)(% Fi\; 2, z/) = Z RH(% Fi\; 2, ekzz/) .
keZ

Notice that the summand is O(e™ ConSt'g‘k‘), hence the sum converges. Correspondingly, the
generalized eigenfunctions are given by

(2.4) Ec,(\&2) =) E(\& e
kEZ
It follows from (2.2) that the kernel of the spectral measure is given by

dlle, (N 2,2) =53 Z@A (z, ek ) le(A)|2dA.
keZ
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Let us express it in terms of the generalized eigenfunctions (2.4).

Lemma 2.1. We have

Al g, (\i 2, ) = 2[ | BeneFaE) da] N2d).
1

<|¢|<et

Proof. According to [9, Proposition 4.5], we have

RH(% — i\ z, ekgz/) — RH(% + i\ z, ekfz/) = i2)\/ E(\¢E, 2) E()\,f, ekfz’) dg .

—00

By summing up over k € Z and by using Stone’s formula (2.3), we obtain

(2.5) dllc, (N 2,2) = 3[/OOE(A,5,Z) Ec,(\ & 2) dg} A2 d\.

We conclude by splitting up
d§ = / d
/—00 ‘ ke% ekl <elhtht ‘

in (2.5) and by using

Ec, (A e, 2) = e G IMEe (A €, 2),
which follows from

B(\ ¢ efz) = e GTINE (€, 2).

O

Next we treat the general case, which is covered in [9, Chapter 7]. Consider a hyperbolic
surface X = I'\H of infinite area with m >1 funnel ends, whose boundary geodesics have
lengthes ¢1,. .., ¢, and with n >0 cusps. Then (see [9, Chapter 7]), there exist generalized
A x—eigenfunctions® F;(), 6, z) and finitely many A x—eigenfunctions F}, () with eigenvalues

% — A€o, i) such that the spectral measure of Dx = {/Ax — % has integral kernel

2
ej( B0, B0 de) AZdA

=
3

Eﬂ

dllx(\;2,2') =

s

1

S .
Il

+
3o

Fi(2) Fr(2') A2 déin, ().

>
Il
—

3 Note that Borthwick [9] uses rather the notation Ei(3+iX;2,0).
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This formula leads to the following expressions for the Fourier transform, its inverse, and
Plancherel’s identity :

(2.6) Fy - {fJ (A 0) fX TZ)d (1<j<m),
Fixe) = [ f(2') Fe(2) d2' (1<k<n),
2T no
(2.7) =4 Z / Fi(00) Ej(\, 0,2)d0N2dN + 23 F(idg) Fi(z),
7=l k=1

@8 W = & GG 2 S TP
j=1 ’ k=1

As far as it is concerned, the functional calculus is still given by
m(Dx)f = Fxt(m- Fxf).

The kernel Kx of m(Dx) on X satisfies by definition [m(Dx)f](z) = [y Kx(2,2) f(2) d,
and is, at least formally given by the series

Kx(Tz, I ZKH z 'yz
yel’

Let us rewrite the continuous part of (2.6), (2.7), (2.8) in terms of the spectral projectors
P)‘\X = 0)(Dx), restriction operators Rf and extension? operators Ef\( , which are defined
for A >0 by

21
P/ (2) VZ@/ E;(\,0,2) E;(\,0,2) f(2) d dz'

EXF(2 Az\f/ E;(\, 6, 2)do,
’\f/f E;(\,0,2)d7.

These operators enjoy
dllx(\) =Pfd\, PY=E{Ry and R} =(Ey)", Ei=(RY)"

Let us finally point out some relations between operator norms of Pf , Ei( , Rf\( and P;\),(n'
It follows from
X M x X 1 pX
Py = P dy and Py = lim 5= P
A //\n o A AT 2z A
that

for every A >1>n >0 and p > 2. Next result is deduced by combining these inequalities

A+
S/}\ HP;ALXHLP’—>LP du and HP)A\XHLP'—)LP < h'}]n\jnf ||P)\,77HLP —LP
-n

with the usual TT* argument.

4 The extension operator is called Poisson operator in [9].
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Proposition 2.2. The following estimates are equivalent for X >1>mn >0 (with implicit
constants only depending on p>2) :
@) NP oo S AW,
(i) 1P, llomre S TS
(i) [P oy o S AW,
(V) 1B z2ore = IR oy 2 S V@

3. LOWER BOUNDS ON H

3.1. A general lower bound.

Proposition 3.1. For any complete Riemannian manifold with uniformly bounded geome-
try, there exists ng > 0 such that, for any A > 1 and n < 1,

sup | Punlle—rr 2 W(p)nl/Q.
HE[A—n0,A+10]

Proof. By the classical TT* argument, Sogge’s estimate (1.2) amounts to
(3'1) ||P)\7770 HLp’ﬁLp ~ )‘27(12)

for A large, say A > 1. We are concerned with n small and we may therefore assume that

n< B Let N = (;7—?71 and ¢ = 2:77—0]\,. Notice that N > 2 and % < ¢ < 1. Let us split up

[A — 10, A+ no] into N disjoint intervals I; of length 2cn centered at pj. Then

N
PM?O = Zj:l PIJ’

is the sum of the spectral projector associated with the intervals I;. Hence

N N
(3‘2) ||P>\7770HLP/—>LP§ ZHPIjHLpl—)LpS Z”PMWHLP’_)LPS N sup ||PM777||LP/—)LP'
j=1 j=1 HE[A—n0,A+n0]

By using (3.1), (3.2) and the fact that N ~ %, we deduce that
sup 1 Pull o 1 2 A ) YR
HE[A=n0,A+no]

Applying once again the TT* argument, we conclude that

sup | Punllrzmre 2 @03
HE[A—N0,A\+10]

0

In the remainder of this section we prove lower bounds on the L? — LP norm of spectral
projectors in the case of the real hyperbolic space. Note that the results differ from those
of [23]. Indeed we prove the sharpness of our estimates on spectral projectors and not on
the restriction operator. In particular they are not mere corollaries of [23].
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3.2. The spherical example for the hyperbolic plane.

Proposition 3.2. Assume that A>0, 0<n<1 and p>2. Then

2

AZTEgE if A1,
(A7) 7T if0<A<I,

Remark 3.3. Proposition 3.2 will serve to discuss the sharpness of the upper bounds in

I1Pxnllesre 2 {

Proposition 4.5 for small A and in Theorem 4.1 when A is large and 2 < p <6.

Proof. Consider the radial function f on H with spherical Fourier transform

F=1p e + 1z gy

On the one hand, by Plancherel’s theorem for the spherical Fourier transform and (2.1),

e 0o ) L %N m if A>1,
HfHLZ(H)—(W/O |F()]7 |e(p)] du) {(A+77)\/77 f0<A<I

On the other hand, when r < we deduce from (2.1) that

+7I7
0o __ A ifA>1
_9 ’
r) ~ T C d ~ r
70) ~ ol [ el d {(HHWHTW Foenel
Hence
2
Moy i A>1
e > |If oy 2 7
1Al oy = | ”LP(B(O,ng)) (A\+7)2n f0<A<L
Finally, since Py, f = f,

[SIES
kSEIN)

HPMI

> Wfller o {/\
L2—>LP = (

nz i AS1,
1f1lz2 )

+n)m if0<A<L

3.3. The Knapp example.

Proposition 3.4. Assume that A>1, n < N@ and p—2 2 loéA Then

N|=

lel 1
HP)\J}HLQﬁLp Z \/ﬁ)@(z p)n )

Remark 3.5. The condition on p is harmless, as Proposition 3.4 will serve to discuss the
sharpness of the upper bound in Theorem 4.1 when p > 6.

Proof. Define f = f) , on H by its Fourier transform

F,€) = 1p ey () L1 (€) -
Then, by the Plancherel formula,

~ 1
(3.3) £l 22y = 2 HMfHLf% ~ AN,
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By the inverse Fourier transform, we get on the physical space side

(3.4) A M / (1€, ) dé 2 dp,

where the generalized eigenfunction can be rewritten

1.
(3.5) Bl 6,2) = C() (gl ) 58752,
Let us restrict to the region
(3.6) <z xy

in H, where
1

oy 1
(z—8)24+y2 ~y>

hence
1

1
|E(u, &, 2)| ~ 2y~ 2.
We want to determine what is the range of z for which the phase in (3.5) is not oscillating
over the domain of integration in (3.4) - or to be more explicit, when the phase does not
vary by more than < 1 on the domain of integration. This is the case if

o7 ‘au [M log (m)} ‘ < 1, which follows from

(3.7) nlogy < 1,

[ulog (m)] ‘ < 1, which follows from

(3.8) pr < ye.
Under the conditions (3.6), (3.7), (3.8), we find that

A+n 3 1 A+ 1
@I~ [ [ 1B o) dew an oy e /d€du Mgyt

Notice that the conditions (3.6), (3.7), (3.8) imply that y >+/\. Furthermore, since we are

<z <y?/A

assuming n S 10; 1> We can integrate in y over the interval [\F )\] and obtain this way
1 A\ 1
3 _P drdy \P 3 1 _p P
>\ Y ~
HfHLP = 2”(//1\59;5)\3/2 y2> AQW(A/ﬁQQdZO
1

with (p— 2)_% 2 (p—2)_%, so that

£l 2 A A%y if (p-2)logA 21
Recalling (3.3), we conclude that
Wl o 1 3o
>
[l <2 T
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4. UPPER BOUNDS ON H

In this section we prove the upper bound in Theorem 1.2 for the hyperbolic plane. Note
that this result is a direct consequence of Theorem 1.1 in [23] and functional calculus.
However the proof will be refined so that it generalizes to convex cocompact hyperbolic

1

surfaces with 0 < 6 < 3. In particular the pointwise estimates obtained on kernels in

Lemma 4.3 are more precise, as we will remark below.

Theorem 4.1 (high frequency). The spectral projectors on H enjoy the following bounds
for 0<n<l<Xand p>2:

||P/\,77

2r < ( \/plTQ) )\v(p)n%,

Remark 4.2. Notice that, 1n the range 2 < p <6, the power 772 for the hyperbolic plane H

5G—3)

is better than the power 72'2 for the Euclidean plane R2.

Proof. We estimate successively

(1) the spectral projectors

_ D—\ D+
Py =x(F72) +x(5F)
associated with an even Schwartz function x on R, whose Fourier transform satisfies
X=1on [-1,1] and suppyC[-2,2],

(2) the spectral projectors Pyf = dx(D)f = [c(\)| 72 f * o,

(3) the spectral projectors Py .
Notice that

1/2

1Prallizsie = 1P2 12

according to the TT* argument.

( ) In this item, we allow 0 < n < A. Consider ¢ = x — £x(3 ), whose Fourier transform

V=X — X(2-) is supported in [-2,—%] U [1,2], and the associated spectral projectors

Do = w(DT_A) + w(DTH). Denote by py, and gy, the radial convolution kernels of &),
and 2, ,. It follows from Lemma 4.3 below that
H'@AnHLl—ww = [|pa nHLoo S /\777
1 _ e
12xnllzimsr = laaglle S A2y (A+n)ze 5,

for any fixed 0 < e < 1.
By interpolation with the trivial estimates

{ 1Panllz2sre S 1,
12xnllLesr2 S 1,
we deduce that

1—-2 1-2
(4.1) |Pralrspn SN 2070
||Q>‘,T]HLP SLP N )\57; 771 P (1-’-77)57; 67(

N

1
)i,
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(2) The key idea consists in writing
Sea(EFN) = 20x(2R(EFN) + Y, | 2P EFN),

hence
k k
(4.2) Py =202, , 4+ ZMU 2k Dy 5r,
where kg = — Hgi;‘}, i.e., —ko is the smallest positive integer such that 2% > X\ (°). Then

ki
HPAHLP’_>L17 <2 0||<@>\,2—k0”Lp’_>Lp

k k
o D ORI PR ) A P

-~

Yo Yoo
where, according to (4.1),
2 2 4
(4‘3) 2k0 H'@AQ—ko ”Lp’_>Lp 5 /\17; 2Ek0 ~ )‘17;7
/\%7% 23(%7%%

(4.9) AR it 2<p<6,
<SS (ko) ~ (L+1log\) A3 if p=6,
1.1 3(l_Lyg, 1-4 .
X272 2260 L N if p> 6,
and, finally,
||200||Lp’_>Lp < Zk>0 2* Hg)\,Q_k”LP'—)LP
Ab=h i (b hreak?
(4.5) 1_1 k _(l_l)ggk
11 [ _(1_1ye, 1y io1
S Az P/ e 2 i dr S (p—2)" A2 e,
1
Hence L
1%2)\5_5 if 2<p<6,
1
1P 1o rr S S (141og M) A5 if p =6,
4
A if p> 6.

Finally we may remove the logarithmic factor in the limit case p = 6 by considering the
analytic family of operators

(4.6) Rae=(2-3)>, o0 2k 9, o

in the vertical strip —1 < Re 2z < % and by applying Stein’s interpolation theorem (see for
instance [42, Ch. 5, Theorem 4.1]). Let us elaborate :

. on
® R>\72’ 18 Zlog2

Z—periodic in z.

5Mence A\ ~ 27F0,
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e If 2 =0, Ryo= 3%0.
e If Re z = —1, the L? — L? norm of R , is controlled by the L> norm of

iIm z i(Im 2) k k
Oko,tm = (1) = (2777 = 1) Zkg<k§02 (2K gp (2 ),

which is a smooth even function R, with
eko,lmz(ﬂ) = 2iIm z 1/}(”) — 2Z(Im z)(ko+1) ¢(2k0+1ﬂ)
- Zko+1<k<0 20 [g(2 ) — (2" )]

SR @) dv

if > 0 and
Oro,tm = (0) = [271% — 212k 4 (0),
hence
10k, 1 2l zoe < 29| o + 19| 21
e If Re z = %, the L' — L™ norm of R, . is controlled by the L norm of

3 .
_ § S+l k
O\ Imz = k0<k<02(2 im 2) a2k

which is O(\&), according to Lemma 4.3.
In conclusion,
1Zo0ll oy 2o = 211 Rxoll o S AS.
(3) follows from (2). By using Minkowsky’s integral inequality, we deduce indeed from

A+
P)\m = / Pﬂ du
A-n

that L
A+n 27 p if p>6
HP)‘WHLP'%LP < />\—77 HP/*HLP'—>LPd'u S’ X {piQ)‘%( _%) if 2 <p< 6

for A large, say A >1, and O<77§%. O

>

N

Lemma 4.3 (Pointwise kernel bounds). The following estimates hold for A > 1, 0 <n < A,
r>0,0<e<landyeR:

An if v is small, say r <1,
(4.7) PS40 e

A2ne 2 if ris large, say v > 1,
(48) ()] Se Az (14m)2 e S,

1

A2 gf r <2
4.9 oay(M)| < -7
(4.9) 27| {0 if r>2.

Remark 4.4. As we mentioned above, the estimates obtained in this lemma are more precise
than in [23] (compare with Lemma 4.1 of that paper). Indeed here we carefully track the
dependence on 7 in the estimates. This will allow us to extend our results to the case of
convex cocompact hyperbolic surfaces with 0 < § < %
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Proof. According to [36, Section 2], the kernels are given by

(4.10) Pagy(r) = — T2 /00 £ [cos(As)X(ns)] (cosh s — cosh )"z ds,
(4.11) () = — T3y /00 9 [cos(As)¥(ns)] (cosh s — coshr) ™2 ds,
(4.12) oxy(r) =— w3 /Oo % [cos(As) Dk, (s)] (cosh s — cosh 7")_% ds,

where
Dy (5) = Zk0<k§0 o(3+i)k (o)
is a smooth twist of s%‘”yl[ 1 71](5). We shall use repeatedly the following behavior, for
0<r<s:
cosh s — coshr = 2sinh % sinh #5+

S

(4.13) e if s —r is large,
~ < (s=r)e® ifrislarge and s — r is small,
52 — 2 if r and s are both small.
Estimate of (4.10), which vanishes if r % If r is large, say r>1, (4.10) is estimated by
splitting up
o0 r4A"1 r+1 o0
[l
r r r+A—1L r+1
More precisely, by using
(4.14) 5e 9 [cos(As)X(ns)] = O(N),
the contribution of the first integral is bounded by
T+)\—1 1 s 1 T
)\77/ (s—r) 2e 2ds S Azne” 2.
T

On the other hand, after performing an integration by parts, the contributions of the second
and third integrals are bounded by

r+l 3 s o0 s 1 T
17/ (s—r)_2e_2ds—|—7]/ e zds S Azne 2.
r+A—1 r+1

1 s
—r) 2e2
n(s—r)7zemz|

If r is small, say r < 1, (4.10) is estimated by splitting up

VrZ4a—2 r+1 0
JART A
VrZga—2 r+1
More precisely, by using this time

55 0 Tcos(As)X(ns)] = O(\2s),
the contribution of the first integral is bounded by

/W s=ViTTA2

(s*— r2)7%sds = A2/ s2 — 12 -
S=Tr

)\277

= An.

r
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On the other hand, after an integration by parts, the contributions of the second and third
integrals are bounded by

r—+1 [e%s)
2 _2y-1 2 2\-32 -3
—n(sc—r°)"2 + s“—r“)"2sds + / e 2ds S An.
n( )| n/MH( ) ny n

This concludes the proof of (4.7).

Estimate of (4.11), which vanishes again if r> % Assume first that 1<n<\. If r < ﬁ,

(4.11) becomes, after an integration by parts,

Iro

(4.15) Doy(r) = ﬂ.‘;’n/l" cos(As) 1?(7]3) %(coshs — cosh r)*% ds,

2n

with

9

— s (cosh s — COShT)_% = 1(coshs — coshr)_% sinhs ~ s (s° — ﬂ)—%

under the present assumptions. Hence
2

n _3
)| S [ (=) sds S <

N
Nlw

nz.

2n

1 2 i
If 4n<r<n, we split up
3

" reATh
[~ ]
r r r4+A—1
in (4.11) and use (4.14), together with the behavior
coshs — coshr ~ s?— 12 ~ s —1)

under the present assumptions. On the one hand, the contribution of the first integral is
bounded by

-

3 T+)\_1 1 3
)\772/ (s—r) 2ds < Az 2.
T

On the other hand, after an integration by parts, the second integral yields the sum

[N

- 7['%7’] COS(AS)IZJ\(HS) (cosh s — coshr)™ )\1
S=r+A"

3w

N[ =

7T§77/ cos(As) ¥ (ns) (cosh s — sinh r)_% sinh s ds,
r4A-1

which is O(A%n%) too. This concludes the proof of (4.8) when 1 <7 < \. Assume next

that n<1. If r < ﬁ, we use again the expression (4.15) with, this time,

— % (coshs—coshr)*% = %(coshs—coshr)*% sinhs ~e™

N|w

Hence
2

n s _ 1 _ 1 T
) S [ e hds SneH Syeet,
2n
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% ATt r+1 %
=L Ll
r r r4A—1 r+1
in (4.11). On the one hand, by using (4.14) and
(4.16) coshr —coshs ~ (s—r)e”,

Ifﬁ<r<%,wesplit up

the contribution of the first integral is bounded by

r4A"1 - .
/ (s—r)fédsgﬁneiﬁgﬁnefﬁef%r.
,

[N

Ane

19

On the other hand, after an integration by parts, the second and third integrals yield the

sum
— W%n cos(As)1(ns) (cosh s — cosh 7“)_%
s=r+A—1
3 r+l ~ 3
(4.17) — %7r277/ cos(As)¥(ns) (cosh s — sinhr)™ 2 sinh sds
T

+A~1
3

71'%77 /n cos(As) ¥ (ns) (cosh s — sinh r)*% sinh sds.
r+1

N[ =

By using (4.16) when r <s<r+1 and
coshr —coshs ~ e*

when r+1<s< %, we estimate the first line of (4.17) by A3 ne~z, the second line by

ne

NI
N3

T+)\_1 3 1
/ (s—r)"2ds S A2npe”
,

and the third line by 776_%. Overall, we obtain again the bound
/\% n e 3 < )\% n e 8 6*1%5

This concludes the proof of (4.8).

Proof of (4.9). Notice first of all that

r

1

. 1 _1
Suppﬁko - [_27 _%] U [%72} with |19k0(8)| S; |S|27 ‘(ﬁko)/(s)‘ 5 ’5’ 2,
as supp (278 ) € [2F1, 2K H1) If r < £, we obtain
2
ory(r) = s / cos(As) Vg, (s)(cosh s — cosh 1")_% sinh s ds
1

2\
after an integration by parts and estimate straightforwardly

2
a0l [ ) 1

22X 22T 2

2 00

[N
Nlw

S

3

If% <r <2, we split up

ds:r_é/r (52—1)_§sgds§r_§/ s_%ds,f)\%.
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in (4.12). On the one hand, the contribution of the first integral is bounded by the sum of
r4ATL 1+%
I:/ )\Sé(SQ—TQ)_%dSZ)\Té/ ’ (52—1)_%s%d5
T 1

and

we conclude that
1 1
< \2 < L < )\3
I<SA2 and IS \[\TN)\Z’
under the present assumptions. On the other hand, after an integration by parts, the second
integral yields the sum of

. cos(As) Vg, (s) (cosh s — cosh 1")_% o
S=r+A—

which is O(\f)\), and of

D=

4
2 / cos(As) Vg, (s) (cosh s — cosh r)*% sinh s ds,
r+A—1

which is bounded by

4 2 4
/ (32—7“2)_% s2ds = r_é/ (32—1)_% $3 ds + r‘é/ (32_1)—% s3 ds.
r 1 2

+A-1 +x
Jils v
We conclude by observing that
1 2 3 1
|11 | 57"2/ (s—1)"2ds~ A2
1+
and
1 o0 3 1
|[1V] Sr_2/ s7zds S A2
2
under the present assumptions. ]

Let us conclude this subsection with a low frequency bound for the operators
P)\,n = 1[/\fn,)\+n}(D) and '@)\,n = X(?) + X(%%
where x is an even Schwartz function.

Proposition 4.5 (low frequency). Assume that A and n are both small, say 0 <A <1 and
0<n<l. Then

[Prall oy S (>\+77)77% and || Pyl o e S (/\+77)77%
for every 2 < p < 0.

Remark 4.6. These bounds are optimal, according to Proposition 3.2.
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Proof. Let us first estimate the kernel

3

Pag(r) =—7n"2 17/ % [cos(As) X(ns)] (cosh s — cosh r)_% ds

e r+1 oo
I
r r r+1
and by using (4.13) together with

% [cos()\s))?(ns)] = — Asin(\s) X(ns) + cos(As)n X' (ns) = O(()\2+772)s).
—— —

of 2, by splitting up

O(As) O(ns)
This way we obtain
2,2 T 2 21 2,2 * s 2, .2
DA SnVHn?) [ (2= T2sds+n (VP +n?) [ eT2sds SV )
r r+1
<1 <1
when r is small, and
2, .2 s -1 o, oy [T s 2, .2 -z
A ()| S (A2 +77) e 2(s—r) 2sds+n(AN+n7) [ e 2sds Sn(A+nT)re 2
r r+1
SrefE §7’67%

when r is large. Altogether
P S WP+n*)n(1+r)e”2  Vr>0.
From this kernel estimate, we deduce on the one hand
12anll e S 0%
and, on the other hand,
H‘@AWHLP/HLPS(AZ'f‘Tf)n V2<p<oo,

by using the Kunze-Stein phenomenon on H, as stated in Lemma 4.7 below. By the TT*
argument, we conclude that

| Pl oy e S WVP4+07)n V2<p<oo.

Finally, the bounds for P) , can be either deduced from the results for &) ,, as explained
in the first step of Appendix A, or proved directly as above. O

Lemma 4.7 (see Lemma 5.1 in [3]). We have

LSS

1K o S 1l [ [ 1B (1) e sinrdr
0

for every 2 < p < oo, for every f € Lpl(H) and for every radial measurable function K
on H. In the limit case p = oo, this inequality boils down to || f* K ||ree < || f|lp1 |1 K| oo
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Remark 4.8. From Proposition 4.5 we can recover the bound (1.19) at low frequency in [18,
Theorem 1.6]. Indeed,

||P>\,nHLp’ﬁ\LP <22

~

Pl < Honipt =2

Remark 4.9. The results in this section extend straightforwardly to real hyperbolic spaces
of dimension d > 2 considered in [23] and more generally to all hyperbolic spaces (as well
as Damek—Ricci spaces). In this case, the high frequency bound in Theorem 4.1 becomes

1 . _ _
(418) HP)\,WHL2—>LT’ g (1—|— \/Z%))\’Y(p) 72 with fy(p) = Inax{%—%7 dTl(% —%)}

while the low frequency bound in Proposition 4.5 remains the same.

5. REFINED DISPERSIVE AND STRICHARTZ ESTIMATES ON H

In this section, we prove successively kernel, dispersive and Strichartz estimates for the
operators e'*2 2, ; on the hyperbolic plane H, where ¢ € R*, A >1 and x € S(R) is an even
bump function. Again in the estimates we keep track of the dependence on r so that our

results generalize easily to the case of convex cocompact hyperbolic surfaces with 0 < § < %

By symmetry we may assume that ¢ > 0. Recall that the kernel of e**4 P1 is given by
oo
K(r) = const. / % m(s) (cosh s — cosh 7“)7% ds,
T

where -

~ is€ —itg?

M) = e [ e [l - x) (e + V] e
is the Fourier transform of the symbol

m(€) = e [x(§ = A) + x(€ + V).
Let us split up dyadically x = 3772 x;, and m = }>Zom;, K = > 7% K; accordingly.
More precisely, given a smooth even bump function # : R — [0,1] such that § = 1 on
[—1,1] and supp 6§ C [~2,2], we set xo(£) = x(£) 0(¢) and x;(&) = x(£) [0(277¢) — (2! 7))
Vje N*.

5.1. Kernel estimates. As we in the previous section 4, the key are pointwise estimates on
the kernels of the operators just introduced. They are stated and proved in the remainder
of this subsection.

Lemma 5.1. Let M, N € N. Then the following kernel estimates hold, for r > 0, t > 0,
A>1andj eN:

e

N
ol

(5.1) |55 (r) S 27 (1+1)”

r if r and t are large,
X
A otherwise.

Moreover, the following estimate holds, under the assumptions that 277\ > 16, that t\ is
large, and that r ¢ [tA, 3tA] :

(5.2) |K;(r)] S 27MI@A) "N re s,
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Proof. (a) To begin with, let us estimate for s > 0 the oscillatory integral

(53) 6) = b [ e [yl - )+ (e V)
and its derivative

(5.4 fim(e) = gz [ e yle - ) (e V] e,
which becomes m;(s)

65 Rl = b+ e [ e [gle -0 +gle + ] de,

after an integration by parts based on

feii’fz = 2%5 8% e~ itE?
Observe on the one hand that the phase ®(¢) = s& —t£2 in (5.3), (5.4) and (5.5) has a single
stationary point £ = 37 and that ®” = —2t. Observe on the other hand that the amplitude

a;(§) = x;(§—A) + x] (E + \) satisfies®
()" [€%a;(€)]| S 27MINE Wk, ¢, MEN.

By using the van der Corput lemma’ (see for instance [41, Ch. VIII, § 1.2]) for ¢ large and
a trivial estimate for ¢ small, we obtain

0~ _ ¢
(5.6) () 5 (s)] S 27 A

Let us improve this result for £ = 1. Firstly, as (5.6) holds also for m;, we deduce from

(5.5) the following improved bound for ¢ large:

(5.7) |5 my(s)] S 27 M e

Secondly, as % m;(s) is an odd function, we deduce from

—)277/?](21) du

QJ‘QJ
>
[
N—

I
ﬁ
—~
Pl

and (5.6) the following improved bound for s small:

(5.8) | my(s)| S 27 M ke

Thirdly we improve upon (5.6) for ¢ large and s small. First note that using (5.6), we
have

S

—~ —Mi S
i (s)| < 27

2 T

~ /1 +

Next notice that since m; is odd we have m;(s) = [ (fu m; (u) du.
Using (5.6) we deduce that

(5.9)

AS
VIt

6To this end, we write £ = (f F M) + A and use the fact that x is a Schwartz function.
U J, e Oa(€) de | < OT*(llallzocr) + 1o’ (r)). where |87 > T on I.

(5.10) jm;(s)] < 27
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Putting (5.9) and (5.10) together, we can deduce the following improved bound in the
regime s < 1 <t from (5.5):

0 Mj s
(5.11) | L my(s)| <27 M jﬁ

So far (5.7), (5.8), (5.11) hold true for all s > 0, ¢t > 0, A > 1. Let us next improve (5.6)
under the additional assumption |3 — A| > 2772, Then

5 =l 2[5 el = |5 = A = A - kel = 5[5 = A V&€ suppay.
——

<2i+1
Hence
(5.12) () mj(s)] S 277 A [s— 20N
after performing N integrations by parts based on

1P — L £ 1 = % 9 i®(E)
Moreover, the following improved bound can be obtained as before for £ =1:
—~ —Mj -N _ - 1+ A2s

(5.13) | &m;(s)] S 27 [s— 2t mln{t\/% Nieet t\/ﬁ

(b) Let us next estimate
(5.14) K;(r)= const./ 8@ ;(s) (coshs — coshr)™ 2 ds

by using (a) and the estimate (4.13), which we will use repeatedly.

Case 1. Assume that r is small, say 0 < r < 1.
e If ¢ is small, say 0 <t < 1, we split up

oo r24 N2 00
T
AT A

n (5.14). By using (4.13) together with (5.8), the first integral is bounded by

IV s ) |
2MJ)\2/ (s2=rH)"2s5ds =27 Mi ),

After an integration by parts, the second integral becomes

m;(s) (cosh s — cosh r)_%

s=Vr24+A—2
r+1 3
+3 / m;(s) (cosh s — coshr) ™2 sinh sds
VIZEAZ
oo
+3 / m;(s) (cosh s — cosh 7‘)_% sinh s ds,
r+1
which is also O(277)), according to (4.13) and (5.6). Hence
(5.15) |K(r)| S 27MiN,

e If t is large, say t > 1, we obtain
(5.16) K;(r)| S 27 Mixt 2
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///H

in (5.14) and by using (5.7), (5.11) instead of (5.6), (5.8). More precisely,

by splitting up

) r+1 ) 19 . A
|KG(r)| < 2 Miy¢s / (s? — TQ)_%sd8+2_Mj =3 / e 2sds < 2~MiNt=3
T r+1

St <1

Case 2. Let us improve (5.15) and (5.16) when 7 is small while t\ and 277\ are large.

e Assume that r is small while t and 277\ are large, say 0 <r <1 <tand A > 27+4 Then
(5.17) |s—2tA\| > 2 and | - Al > 2 > 21 +2 Vse [r,3t\
and we obtain

(5.18) |Kij(r)| S22 YM,N>0

[0

in (5.14) and by using (4.13) together with (5.6), (5.12), (5.13). More precisely,

by splitting up

S1 <1
- —_—
. r+1 ‘ EP ]
|Kj(r)| S 27 (t)‘>_N_1)‘/ (82—7“2)_%sds—|—2_MJ (AN /2 e 2ds
" r+1

0 a .
+2—MJA/ e 2ds <27MI(eN)TN
EN

———
<em I < (pa)-N-1

~

e Assume that r and ¢ are small while tA and 279\ are large, say 0 <r <1, %S t<1 and
A > 2/%4 Then (5.17) holds and we obtain

(5.19) IK;j(r)| <27Min) ™A YM,N>0

by following the proof of Case 1: namely, we split up

oo VR T+2 0
520 [ =1 ot ]
T T Va2 %tA

in (5.14) and use (4.13) together with (5.6), (5.12), (5.13). More precisely, the contribution
of the first integral in (5.20) is bounded by

9= Mi (1)~N A (82— %) 2sds < 27Mi (1) A

T

1
X
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while, after an integration by parts, the contribution of the last three integrals in (5.20) is
bounded by

oo b
[m;j(s)| (cosh s — cosh 7")7% N +3 / S— |m;(s)| (cosh s — cosh 7")*% sinh s ds
SA <1
——
| | - 3 | o
<27 M ()TN N 4 27 M (t/\)N/ (s> =13 25ds 42~ MI (t/\)N/ e 2ds
VP22 T+%
o0
+ 27 M / e 2ds <27MIeN) VA,
2
SeT i SN
Case 3. Assume that r is large, say r >1. Then we obtain
. A if 0<t<1
(5.21) K| S27Mesx{ ", U0
t72r ift>1
by splitting up
00 r+1 00
L=l
T T r+1
in (5.14) and by using (4.13) together with (5.6), (5.7). More precisely,
- T r+l 1 - o0 s - r
(K] S 27 he s / (s—r) 2ds+ 2M7/\/ e zds < 27 MiNee
T r+1
St Se”3
if 0 <t <1, while
. 3 r r+1 1 ) 3 00 s ) 3 ,
|Kj(r)| S 2 Mt 2res / (s—r)"zds+2 Mt / e 2sds < 27 MitTares
T r+1
<1 <re 2

ift>1.

Case 4. Let us improve (5.21) when t\, 277\ are both large and when 7 stays away
from 2.

e Assume that A >2/%% and 1<r <t\. Then (5.17) holds again and we obtain

(5.22) 1K) S 27MI (i) N hes

00 r+% %t)\ 0o
1 3
r r r+3 §t)\

by splitting up
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in (5.14) and by using (4.13) together with (5.6), (5.12). More precisely,

<1 Se”2
—~
4 . [T 1 4 L2
1K (r)] S27MI(tn) "N hem2 / (s —r)"2ds+2~ M (t)\)_N)\/ e 2ds
r r+%
. o0 s . T
+ 2—MJA/ e 2ds <27MI(tN) TN Ne s
E128
Se i@ Neh
e Assume that A > 2713 and that » > 3t\A > 3. Again
|s—2tA| >tA and |£—A|[>5>2  Vs>r
and we obtain (5.22) by splitting up
o) r+1 00
L=
r T r+1
in (5.14) and by using (4.13) together with (5.12). More precisely,
<1 56_%
) - r+1 1 ) [e9) s
1K (r)| S27MI(tn) "N he2 / (s —r)"2ds+27MI(tA) "NV A / e 2ds
r r+1

<27Mi(iN) TN Ne 2.

27

0

Corollary 5.2. Let N>0. Then the following kernel estimates hold, for r >0, t > 0 and

A>1:

7N .
K(r)| < (14 )N+ b 5 L AU 0<t<1,
2 AN if t>1.

Proof. We use the notations of Lemma 5.1. By summing up (5.1) over j € N, we obtain

00 r r ifr>1landt>1
K(r) < Ki(r)| < (1+t)"2e5 x - -
()] Zj=0| HEIRS ) {)\ otherwise,

which implies Corollary 5.2 when 0 < ¢t < % When 1 <t\ <r < 3t\, the above estimate

yields
- M oifl<t<l
K@) S ()" e x { AT
In the remaining cases, we split up

(5.23) KON <D,y G0+ 30, ()

21 Z2
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and use again (5.1) to estimate the second sum in (5.23). More precisely,

(5.24) Y2 S tares Z 2~ Mi < 2N Mpes

20> 2
<\ \—M
when r, t are both large and

(5.25) Sy < (14¢)"2e 5 >, a2 Mg (1+¢)" 2 A Mem
16

r

M

<\—M-1

otherwise. On the other hand, we use (5.2) to estimate the first sum in (5.23). More
precisely,

(5.26) 1< (N ng%?_w when 0<r<1land 1<t<1
<1
(5.27) 21 < (AN ZQK%TMj < (@NY when 0<r<1<t
<1
(5.28) S <NV ez ZQKE_W when r>1, ¢ > 1, r ¢ [tA, 3tA].

1

o

<1
By combining (5.23) with (5.24), (5.25), (5.26), (5.27), (5.28), we obtain the desired bounds
when tA>1 and r ¢ [tA, 3tA]. O

5.2. Dispersive and Strichartz estimates. Corollary 5.2 implies the following dispersive
estimates.

Proposition 5.3. Assume that t >0, A>1 and 2<q<oo. Then, for every N>0,

2
16D 25 oo < {Al—q (1+tA)™N  if t is small,
ANLE—La ~

3

t72 AN if t is large.

Remark 5.4. Compared to other dispersive estimates available in the literature, note that
our frequency localization here is of a different type. Indeed the window has size 1 around
A

Proof. (a) Assume that ¢ is small, say 0 <¢<1. Then the L¢ — L7 estimate is obtained by
interpolation between the trivial L?— L? estimate

le"® Py allonre <1
and the L' — L> estimate

le"® Paillnspe S AL+,

~

which follows from Corollary 5.2.
(b) Assume that ¢ is large, say ¢ > 1. On the one hand, the L' — L* estimate is an
immediate consequence of Corollary 5.2. On the other hand, the LY — L7 estimate for
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2 < q¢ < oo follows from the Kunze-Stein phenomenon on H, as stated in Lemma 4.7,
combined with Corollary 5.2. O

Proposition 5.3 imply in turn the following Strichartz estimate.

Proposition 5.5. Let 2<p<oo and 2<qg<oo. Then, for every A\>1 and f€ L*(H),

Proof. By the standard T7T™ argument, it suffices to prove the dual estimate
(5.29) H/ A Py E(, Yat|| ST F]

The square of the left hand side of (5.29) is equal to

(5.30) / / / [e'CDA 2L F(s, )| F(t,z) da ds dt.

Denote by
AT (LAt if [t <1
By~ { AN i i<
A N3 if |t >1
the bound obtained in Proposition 5.3 with N >1 and notice that
1Bl < A5 vr> 1.

By applying successively Holder’s inequality, Proposition 5.3 and Young’s inequality, we
estimate (5.30) by

/ / Hez(s t)A (@2 1F HLq HF(t, .)||Lq, ds dt

S’/_ /_ B(s—1) [ F(s, )| o 1Pt ) o s

1,,,,
SIBll o I Wz S A7 1N g
O

Remark 5.6. The results in this section extend again straightforwardly to all hyperbolic
spaces X (and even more generally to Damek-Ricci spaces). In this case (%), Corollary 5.2

reads »
2 (1+tAN)N if o<t <1,

d

A
Kr)| < (+r N+lg=pr
KIS ) t=3 AN if t>1,

Proposition 5.3

. AGDO=D (1140)"Nif ¢ is small
||€”A=%,1||ngm 5{ o’ (14tA) if tis sma

3 . .
t72 AN if ¢ is large
o=l n X =H"=H"(R),
2 X=H"(C
8 As usual, p = " and d= " if ©,
2n+1 dn X =H"(H),

11 16 X = H*(0).
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and Proposition 5.5

6. CONVEX COCOMPACT HYPERBOLIC SURFACES WITH 0 < § < %

In this section, we consider hyperbolic cylinders and, more generally, quotients X ="\ H
where I' is a Fuchsian group such that

e I' is torsion free,
e [' is convex cocompact,
e I has exponent of convergence § < 3 (°).

In this case, recall [9] that the spectrum of A on L?(X) is equal to [f,+00). In order to
distinguish them from their previous counterparts on H, we add a superscript X to denote
the spectral projectors and their kernels on X.

In this section we show how carefully tracking the dependence on r in the pointwise
estimates of the kernels above now allows us to easily generalize our results to the quotients
X.

6.1. Boundedness of spectral projectors. Let us prove that the spectral projectors on
the hyperbolic surface X enjoy the same bounds as on the hyperbolic plane H.

Theorem 6.1 (high frequency). For every 0 <n <1< X\ and p > 2,
1
HP)\),(W”L2—>LP S (14’\/%) NN
Remark 6.2. We showed in Section 3 that this bound is sharp for the hyperbolic space.

Proof. We resume the proof of Theorem 4.1 and its notation. The kernel of e@/\Xn is given
by

X AN /
Py (Tz,I'2') = Z%F Pag(d(yz, 2'))

and similarly for q;\’fn, U/‘\),(y. Notice that these series converge absolutely, owing to the

—r/2

exponential decay e in the kernel estimates in Lemma 4.3 and to the assumption § < %,

which ensures the convergence of the Poincaré series

(6.1) S el yo e,
Y

for any 6 < s < % Actually, under the additional assumption of convex cocompactness,
(6.1) is uniformly bounded in = and z’ (see for instance [47, Lemma 3.3]). Thus Lemma
4.3 yields the following global kernel bounds, for A >1, 0<n <\, z,2/€ X, 6 <s< % and
yeR:

5, (,2)| S A,

1—2s
|45 (@,2")| Ss AT (L4m)ze =,
‘U;ffy(w,x’)} < A2,

Then we proceed as in the proof of Theorem 4.1. O

9Recall that § =0 for hyperbolic cylinders and that the assumption § < % excludes cusps.
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Proposition 6.3 (low frequency). When A and n are both small, say 0 < X <1 and
0<n<1, we have

155

1 1
Mresze SO0z and (|25 oy S A F0) 02

for 2<p<oo.

Proof. Resuming the proof of Proposition 4.5, we estimate this time uniformly

Dy (@ 2)| S (N +0°)n

and conclude by using the following version of the Kunze-Stein phenomenon instead of
Lemma 4.7. 0

Lemma 6.4 (see Lemma 3.4 in [47]). Let 0<e<i—6 and 2<q<oo. Then

2

1£5K o S U8l [ [ IR Q) e G000 i ar]

for every f € Lq/(X) and for every radial measurable function K on H.

Remark 6.5. The results in this subsection extend straightforwardly to locally symmetric
spaces I'\G/K such that

o rank(G/K) =1,
e ['is a discrete subgroup of GG, which is torsion free and convex cocompact,
e I" has exponent of convergence § < p.

In this case, the high frequency bound in Theorem 6.1 is given by (4.18) while the low
frequency bound in Proposition 6.3 remains the same.

6.2. Smoothing estimates. We first deduce from Subsection 6.1 the following global L?
smoothing estimates for the Schrodinger equation on X.

Theorem 6.6. Let p>2. Then'*

1 ,
(6.2) pi e p@|| S @l
Ly
1 0
(6.4) D;{_QV(p)/Ooei(ts)AXF(s,x) ds ’ 1212 < HF(t,a;)HLg/L% .

10 Notice that 0 < ~(p) < 1 when 2<p<oo.
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Proof. We proceed along the same lines as [23, Subsection 7.2]. Using functional calculus, a
change of variables, Plancherel’s identity in ¢ and finally Minkowski’s inequality, we obtain

H D)%(—v(p) 6itAXf($) ‘

b/1 eV Az P PXf(2) dA

LgL3 ‘ 0

L2 L2

& i _1_a
: A e"MATETT PO f(x) dX

= V27 10,00/ WA P ()|

LEL?

1_(@)

1,00 (A)AT27 72 Pf;f(x)’

Ler?

L2L2

< V27 110,00 WA P ()|

L2y’
Writing P;\X = Ef\( Rf\( as in Subsection 2.3 and using

Az if0<A<1

X <
”E)\ ”LQ—)LP ~ {)\’Y(p) i A>1

(see Proposition 2.2), we conclude that

1_ A
HD}Q{ ’Y(p)eztAXf(x)}

LR L2 S H]-(O,oo)()‘) Ri( (Q)HLiLg < ||f(x)||L% .
]

1_ 1(1_np)—
Remark 6.7. Theorem 6.6 holds actually with D3, ™) replaced by D; A§((2 ") a), where

1

We next deduce from Theorem 6.6 the following local L? smoothing estimate for the
Schrédinger equation on X.

Proposition 6.8. Let (€ CX(X) and 0 <e < % Then the following estimate holds, for
every f e L*(X):

1
5—€

6@ DY e85 1@l 5 1@
Proof. Set
u(t,z) = D)%(_Ee“AXf(x)
and let 1< p < oo be such that v(2p) =€, namely

1 : 1
5:{1—48 1f0<5§€

)
2 e 1 1
1_92¢ 1f6§€<§

Then the desired estimate is obtained by permuting the time and space variables, by ap-
plying Hoélder’s inequality and by using (6.2). Specifically,
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c@utt.o, = [ 1@ ([ lut.o)Pat) da

< ||¢@)[I72m utt 2| 72r,2 S 1 @) 7 -
e e

const.

0

Remark 6.9. We might also adapt the proof of Theorem 6.6, replacing the L? — LP bounds
on the restriction operators by corresponding weighted L? bounds.

6.3. Refined dispersive and Strichartz estimates. This subsection is devoted to the
analogs of Propositions 5.3 and 5.5 on X. Consider the operators e?t~x @fl on X, where
teR*, A>1 and y € S(R) is an even bump function. By arguing as in the proof of Theorem
6.1, we deduce from Corollary 5.2 the following uniform kernel estimates on X :

A1+t if o<t <1

Vo, o' e X.
=3 AN if t>1

(6.5) ‘ki{/\(x,x/)} < {

On the one hand, we obtain by interpolation the following dispersive estimate for 2 < ¢ < oo
and ¢ small, say 0 <t <1:

i 1-2 _
(6.6) 1 4% P e SN T2 (1NN,

On the other hand, when 2 < ¢ < 0o and ¢ is large, we obtain
itA X -3 \-N
(6‘7) Hen X’@)\,lqu’_)Lq St 2\

by using again Corollary 5.2 and by applying the following version of the Kunze—Stein
phenomenon on X. In the limit case ¢ = 0o, note that (6.7) is a trivial consequence of (6.5).

Lemma 6.10 (see Lemma 3.4 in [47]). Let 0<e<i—6 and 2<q<oo. Then

N

q_

| fxEllpe Sl Lo [/0 |K(r)]%(1+7‘) e 2els 1)(‘HE)’"sinhrdrF,

for every f e Lq/(X) and for every radial measurable function k on H.

Finally the following Strichartz estimate is deduced from the dispersive estimates (6.6)
and (6.7), as Proposition 5.5 from Proposition 5.3.

Proposition 6.11. Let 2<p<oo and 2<q<oo. Then, for every A\>1 and fc L*(X),

7. CONVEX COCOMPACT HYPERBOLIC SURFACES WITH INFINITE AREA

In this section, we extend our high frequency bounds for ||P)i(77 Il 12— 1», though with a small
loss, to convex cocompact hyperbolic surfaces X with exponent of convergence % <o<1.
This obtained by piecing together the resolvent estimate in [13] with the results of the
previous section, following a strategy going back to [40] (see also [46]).
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According to [9], any such surface can be decomposed into a compact component X, and
finitely many funnels F};, which are halves of cylinders C'; and whose boundaries are circles:

n n
X=XoU|JF, with 0Xo=||0F;.
j=1 j=1

Consider an associated smooth partition of unity
n
(7.1) 1=G+> ¢,
j=1

where (o€ C2°(X) is equal to 1 on a neighborhood of X and (; € C*>°(X) is supported in
F; away from OF}, say d(supp (;, 0F};) > 3.

Theorem 7.1. The following estimate holds, for every p>2, >0, M >0 and for every
0<n<l<A\ such that \Mn>1:

”P>\,77fHL2—>LP < AVp)+e 77%-

Proof. According to Lemma 1.1, we can replace Py, = 1[_y (%) by d)(%){ where ¢

is a smooth even bump function such that supp ¢ C [—%, %] . Let us factorize

¢(%) = 33)31 Pxn

where
P = X(Df)\) + X(D+)\)
and
o(%5)
[X(D=A) +x(D+N)]*

Here x is an even Schwartz function on R such that x > 0, x(0) =1 and suppx C [-1, 1].
The operators &) ; and P, can be expressed as follows, by means of the wave and the
Schrédinger groups:

PM? -

1

(7.2) Pri= /3 / cos(tD) cos(M) X(¢) dt
0

and

(7.3 Pry= e | 2,

where Z) , denotes the Fourier transform of

o(Y2)

T — [x(ﬁf/\)er(ﬁJn\)]g
0 if 7<0.

if 7>0,
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Notice on the one hand that &7, ; has range <1, by finite propagation speed for the wave

equation. Notice on the other hand that '

(7.4) Zan@®)] SpAn (T+An[t) ™" VLEN,
hence

(7.5) |Zxgller S Q)7 ¥1<r <oo.

Let us finally decompose

¢(DT) ﬁ,\lCo Py ¢(22 +Zf@,\1® PAn¢( 2)
—/_‘ 7j=1 —/—
Pz\,n IPA,n

by using the partition of unity (7.1).

The compact part. We learn from Bourgain-Dyatlov [13, Theorem 2] that, for any ¢ > 0,
there exists C. > 0 such that

160 (D? = N2 £i0) ' Collpape S A2 VASCL

Assume first that A > max{1,C.}. Then it follows from Kato’s local L? smoothing theorem
(see [20, Theorem 7.2]) that

(7.6) |@a(2s) e | ATEE Y eLA(X).

2’\’5

L212

Moreover, by applying the Cauchy-Schwarz inequality to (7.3) and by using (7.5) together
with (7.6), we obtain

[0Prn £l = 1 0Prw 6(Z52) F 12 = 72

‘ / Zoa(t) Co6(222) P f dt

S 120 ®)lz 10 (Z2) ™ F || 20 S A 02 [1£]2

Assume next that C; >1 and 1< A < C.. Then, by using (7.5) with » =1, we estimate

L3

+o0 .
6B Flie = ks | [ ool s
SNZan @l g 10 8(%52) € Fll o gp < W l1z2
W proof of (7.4):

L oo
[t 1200 (8)] < A= /

[z
— e[

< ()t

() ’ "
X(V7 =N +x(vT+ )]
( 1 @)L ¢(T)
MO () +x(2A+7)]°

()"

(A+n7)dr

=
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which is < \¢ 77% | f|lz2 under the assumption Ay > 1. In both cases, by applying 23,
and by using Sogge’s estimate as stated in Remark A.1, we conclude that

| 281 G0 f |l o S NP GoBon || 2 S N PFE 07 || £ 2.

The non-compact part. There remains to estimate the L? — LP operator norm of
PGPy = PGPy 6(22)

for 1<j<n. Given f € L?(X), let u(t,-) = e”Agb(%)f be the solution to the Cauchy
problem

10iu+Au=20
U’t:O = <Z5(DT_>\)f
on X. On the hyperbolic cylinder C;, whose half is the funnel F}, the function
u(t, ) = Gi(x)u(t,x) %f z € Fj
0 it xeC;\F;
solves the Cauchy problem
z@tu]—i—AC Uj = [AC ,Cj]u
ujlt=0 = ¢j ¢(DT)\)JC'

Here we add the subscript C; to emphasize the fact that we are now working on Cj; rather
than X. By Duhamel’s formula,

. o
wi(t,) = A0 p(22) f — i /0 eI (A g, Gluls, ) ds

Thus
+oo
Bt =GP o552 = [ 200G o(22) far
too
:\/127/ e"1 Zy () u;(t, ) dt
+o0
(77) F/ e 4Z/\777( ) ZtAC C ¢( )fdt

. +oo t s
_ V;?/_OO ot Zyn(t) (/0 o (t=9)Ag; [ch,gj]u(sv.)ds)dt‘

Let us comment about (7.7). The functions qb(%) f and w are initially defined on X
and spectrally localized around A. Once multiplied by (j, all expressions are supported
inside the funnel F; and may be considered as functions on the cyhnder Cj, which vanish
outside F;. Thus it makes sense to apply the Schrodinger group e' 7% to them. Finally,
the resulting expressions matter only inside F.
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We finally apply the spectral projector 23, to (7.7). Notice that £, 1= 2 coincides
with 9)\{ on supp (j, as waves propagate at speed <1. Hence

PGB f = o(Z52) G o2 f

. +oo t s
_ \/127/00 e@iZ,\m(t) (/0 @,\?ﬁle’(t )Ac, [ch,Cj]U(S,‘)dS)dt.

We know from Section 6 that the first term on the right-hand side of (7.8) enjoys optimal
bounds on Cj :
Do, —
J+(%5

As for the second term on the right-hand side of (7.8), its control will require the following
three lemmas.

(7.8)

2) G o220f |, SN0 G o220 s

SIfl2

Lemma 7.2 (Duhamel Lemma). Let (€ C°(Cj). Then the following inequality holds on
R x Cj, for every ¢>2 and €>0:

A +E “EF(, 33)”1;2L2

LiLY Sae

79 ||z / P16 I F (s, ) ds|

Proof. Let r>2 and 2 <7 < 6. Firstly, by using Holder’s inequality and (7.5), the left hand
side of (7.9) is bounded above by

t .
| e R ds|
0

||Z/\,77(t)”L:’ Lri :

Ny

Secondly, by applying Proposition 6.11,

1_1
< )\5_6_?

+oo
H Lqu ~

) +oo
,@A%lez(t_s)ch(F(s,-)ds‘ 9A71/ e_lSACjCF(s,-)ds‘ o

[e.9] x

Thirdly, let us estimate separately

I'= Hl[o,;](ch)gzm/%oe”ACJ'CF(S")dS‘

—0o0

L3
and
too —is)A
=13 40y (D Cj),%,l/ e A (s, ) ds|
—0o
On the one hand, by using the elementary estimate

X=X +x(-+A)=0A") on [0,3]

LiLd’

and Kato’s local L? smoothing theorem on C; (see Proposition 6.8), we get

+o0 .
I<)\NH1 Dc)/ e_ZSAngF(S,.)dS‘

L2

x

-N
SATE® @)l g2z -
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On the other hand, by using the L™ smoothing estimate (6.3), we obtain

< M3

1 (Dc,) 2 pz 1@ +OoeiSAchF(5')d8‘
[2 ,400) \ T A1Ee; . ) 12

T

1) [T —isac,
&, /_OO e "’ CJCF(S,-)dsHL%

11 —1-=
SATE @) gy S AT G2z

Hence
teo —isA
Hc@,\,l/ e CjCF(S")dS‘

and consequently

L STHITSAT T [ F(t2)] 1

1 1

(7.10) H/joo@f’lei(t—s)mj CF(s,) ds‘

LyLd
Fourthly, the Christ-Kiselev lemma allows us to replace fj;o by the truncated integral |, g
in (7.10). In conclusion,

t )
|20t [ 22t (s, s
0

and (7.9) is obtained by taking r and 7 sufficiently close to 2. O

L 1
o Sarg AT [P ) 2
x

LlL

Lemma 7.3 (Commutator Lemma). For any 1< j <n, e >0 and N > 0, there exist
functions (,(€CX(Cy) and bounded operators A, Ry on L*(C;) such that

Pr1lAc;, ¢lu = AHECA(Cu) + Ry (Cu)
and ||Ry|g2z2 = O\ N).

Proof. First, given a slightly enlarged cut-off C; (meaning it equals 1 on the support of ;)
we can write that

[Ac;, G = GlAg, Gl
as can be seen by working in local coordinates.
Next, since the operator &2, ; has finite range by finite speed of propagation of the wave

semi-group, there exists an enlarged cut-off ij of CZ such that

PralBde; Gl = PraGlde,: Gl = GPAGIAG, Gl = GPaalA ey G-
Next by the spectral localization of u, we can write, for ¢ € C2° equal to 1 in a neighbor-
hood of the origin,

Pri(Ac, G — GAc)u= Prip(N 2P Ag,) A, G — Go(AN 2 0A¢) Ag, Ju
+ @)\71 [1 — gp()\_Q_(SACj)]ACjCju.

To the first summand on the right-hand side, we can apply the commutator lemma in [46],
which gives the desired decomposition. Turning to the second summand on the right-hand
side, we observe that

Pai[l— (A 20A¢,) ] A, = 0(AY)
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as an operator on L? for any N. This follows by considering the symbol of this operator,
and using the rapid decay of x, from which &) ; is defined. O

Lemma 7.4. Let A>1, p>2 and €>0. Then
1Pt llzamsie S NP
on Cj, for q>2 sufficiently close to 2.
Remark 7.5. This result holds more generally in the setting of Section 6.

Proof. Let p>p>q§>q>2 with p close to p and ¢,q close to 2. On the one hand,

(7.11) [EZRIIPIRT P
according to Sogge’s upper bound (see Remark A.1 in Appendix A). On the other hand,
(7.12) |Zasllzans S NETD
according to the multiplier theorem in [43] or [22]. We conclude by interpolation between
(7.11) and (7.12). O
We can now turn to estimating the second term on the right-hand side of (7.8). By the
Lemma 7.3,
oo i(t—s)A
/ e 4Z>\7, / P e s8¢ i[Ag; ,Q]u(s,-)ds)dt
= / €1 Zy (t) / P31 IR N C A Cu(s, - ) + Ryuls, - )] ds)dt
—o0 0
=1+1I.

In order to estimate the localized contribution I, we apply successively Lemma 7.4, Lemma
7.2 with %—5 < % < %, Lemma 7.3 and Proposition 6.8 to obtaino

t ) ~
s AHEH%,MLW Z(t) / @A%le’“*m%cAcu(s,'>ds\

< /\'y(p)-i- +45 EHA Cu

(7.13) Lird

Mezze S NP~ £ 2.

In order to estimate the contribution of the remainder term II, we use Sogge’s upper
bound, (7.4) with L >3 and Lemma 7.3 to estimate

I S H@)?JHLQHLP/ | Zan(t |H/ W80 Ryu(s, ) ds H dt

+oo
<00 [t ([ 1t i) a

(7.14) +oo
< \@)-N <)\77/ (l—i-/\n]t])*L!t!dt) 11|z

~(An)~t
SN = s
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This is < A7) n% | ]l 2 under the assumption AMp > 1 since N can be chosen arbitrarily

large.
g

APPENDIX A. SOGGE’S THEOREM ON COMPLETE MANIFOLDS WITH BOUNDED GEOMETRY

We show in this appendix how Sogge’s bound (1.2) on the operator norm of spectral
projectors can be extended from compact manifolds to complete manifolds with bounded
geometry, which means here

e uniform bound on derivatives of any order of the metric,
e injectivity radius bounded from below.

These conditions are satisfied for the quotients of the hyperbolic plane considered in
Sections 6 and 7.

Starting from a complete manifold X with bounded geometry, the strategy of the proof
will be to reduce matters to the setting of a compact manifold, where the proof in the
textbook by Sogge [39] applies. We restrict to the case of dimension 2, but all arguments
extend straightforwardly to higher dimensions.

The upper bound: reduction to a finite range operator. We aim at proving the bound

1P ol 2 ie S AT,

for any fixed 179 > 0 and A > 1. Firstly, note that it suffices to prove this bound for the
operator

(A1) P51 = X(VA=X) +x(VA+N),

where x is an even Schwartz function such that supp X C [—eo, —5] U [, e0] (Where 5¢¢
is smaller than the injectivity radius of X) and x(0) = 1. Indeed, there exists 0 < m; < 1
such that 1_, 1 < 2|x|, hence

1P gllzesre < 1PxpyllL2sre S N PRl L2re YO < <m.
n n
If no > m1, we split up the interval [—ng,no] into N ~ 77% disjoint subintervals I; of length
< m1, we estimate
1PXnolle2se = D 1P 2o S 1250l Leso -
J=1 J

Secondly, the operator &5 ; can be written under the form

+oo
P, =2 /_ Lt) cos(tVA) cos(tA) dt .

Therefore, by finite propagation speed for the wave equation, its kernel K (z,z’) vanishes
if d(a:, x’) > €.

Proof of the upper bound. Consider smooth bump functions ¢; : X — [0,1] and ; : X —
[0, 1] such that

. Zielgb? =1on X,
e each ¢; is supported in a ball B(z;, ),
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e ¢ =1 on B(z;,2¢0) and supp¢; C B(z;, 3ep),
e the balls B(x;,3¢0) have uniformly bounded overlap, hence >, ¢; <1 on X.

Notice that &5 |¢; = ¥; Py ¢; by finite propagation speed. Now that everything has been
localized around x;, we can consider a compact manifold K; agreeing with X on B(z;,4eq)
and deduce from Sogge’s result that

19 P51 bill 20 S XW

uniformly in 7 € I. By using successively the locality of 2y, the bounded overlap, the
boundedness of &7, ,, the inclusion ?2(I) C ¢(I), and once again the bounded overlap, we
obtain

| 251t = | e 2ialein)] (lez%m s h)l)"

i€l
1/2
X0 (o) <00 (X oufl2a) X0 e,
i€l el
which is the desired upper bound.

Remark A.1. Notice that this upper bound holds true for L@)’\,l = x(VA=X) +x(VA+)),
where x is any Schwartz function. Indeed,

H@/{JH[?HLP =7 Z l[n—11n+1)(‘/g))L2_>Lp < Z WA HP”/IJHLQHLP’
n€2N+1 n
where
wxn = sup  [x(§=A)+x(E+A)]
£€n—1,n+1]
is O((1+|A—n[)~™™). Hence
|25ls10 S S+ A=) P20 < 300,

n

The lower bound : reduction to a finite range operator. We aim at proving that there exists
a constant 7y > 0 such that, for every A > 1,

1P ol 220 2 AT,

Defining ﬁ;\ 1 as above, it suffices to prove that
H«@hum_ﬂ;p pe > P o equivalently Hﬁ?’/(,lHLP,_%Q > A7)
for all A > 1. Indeed, if f satisfies
£l =1 and |2, fllre 2 X,
then

N NP3l S || 2 Y tnamen (VA £
n€2N+1

S (Xekalp L fI%) < (Xukal Plalge)
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where wy, ,, is defined as above. Due to the rapid decay of x and to the upper bound on
1Py 11l »/_ 12, there exists a constant Cp > 0 such that

1/2
2 2
<Z|7’L7A‘>CO w)\,n ”PTi,l HLPI—)LQ) << )\’Y(p)’

hence

1/2
(p) 12
N0 (3, e 1Pl pe)

We deduce the lower bound

1P o[l 7y 12 2 A7)

for no = Cp + 1 by using ||PA,1||L1)’HL2 < ||P)(7r]0”LP/4)L2'

Proof of the lower bound. By the previous reduction, it suffices to prove a lower bound for
wt@ilgb, where ¢ is a smooth bump function supported in a ball B(zg,ep), while ¢p = 1
on B(xg,2¢0) and suppy C B(xg,3e0). It is now possible to consider a compact manifold
K agreeing with X on B(zg,4ep). By finite propagation speed, the operator w@ilqﬁ is
identical on X and K. Therefore, the “proof of sharpness” for compact manifolds in [39,
pp. 144-147] applies, with the following few modifications:

. 9/{71 should be substituted to x» and X,
e the local version of Weyl’s law (see for instance [38]) should be applied instead of
the estimate on the counting function.

APPENDIX B. UNBOUNDEDNESS OF SPECTRAL PROJECTORS FOR THE PARABOLIC
CYLINDER

This appendix is devoted to the unboundedness of the spectral projectors Py, on the
parabolic cylinder C' in the half-plane model as in [9, § 5.3]. We know that y/2+%¢ are
generalized eigenfunction associated with the eigenvalue % + &2, Consider the function

+oo
. -\ 1_;
fatin) = F= [ ol v,
which doesn’t depend on z and which is spectrally localized between A —n and A+, if ¢
is supported in [—1,1]. A simple computation yields
a7

fly) =ny2"" g(nlogy).

Then

1

too 3 +oo I, .
e AT T § ) R P

—00

while

ey =n ([t Bntosnl &) =n ([ et Gup )

—00

We may choose ¢ such that
(B.1) [P(u)| ~ (L+[u])™*  VueR
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for some o> 3. Then | f1lz2(cy < oo while || f[| 1y =o00. As a conclusion,
||P>\,,7 HLQHLP =00.
APPENDIX C. ANALYTIC CONTINUATION OF FOURIER MULTIPLIERS

The analytic continuation of LP — LP Fourier multipliers on noncompact symmetric
spaces was first observed in [19]. This phenomenon extends to L — L7 Fourier multipliers
with 1 <p,qg < 2or 2 < p,q <oo. Let us explain it for the hyperbolic plane H.

Spherical functions on H are given by Harish-Chandra’s integral formula

™

(C.1) oa(r) = 1/ (coshr — sinhr cos H)i/\_% do
0

(see for instance [29, (20) p. 39], [36, (5.28)] or [45, p. 112]). It follows from this formula
that

e )\ py(r) is a holomorphic function on C,

e )\ — py(r) is a convex function on iR,

e [oA(r)] < @imr (),
Next let 0 < € < $ be fixed. We estimate ¢_;(r) = %IOW(COSh’F — sinh 7 cos 9)_(%_5)(19.

1
Since e~ < coshr — sinhrcos@ < e”, we have e~ (379" < w_ie(r) < elz=o)r,
To improve the upper bound, we use

! —goseer + ! +;OSHE_T > (sin g)Qer > 120%",

coshr — sinhr cosf =
and obtain that
pic(r) Se GO / g-1gp < L e~h-or,
0 €

We conclude that:

1 —e)r

e for 0 <e < 3 fixed, ¢_i(r) ~ e (2
Finally '? we know that
e oA(r) = p-alr).
We deduce that

oA < poielr) ST
for every A in the strip S ={A € C | [Im A\ | < e}. Hence

(C.2) / lox(r)[P sinhr dr §/ eGP g < 4oo
0 0

: 1_1 1 1_1_1
1f0<5<§*5<§,1.e.,0<6<§*5<§.

Consider next convolution operators T'f = f * k on H corresponding to bounded Fourier
multipliers m = k.

Proposition C.1. Assume that T is bounded from LP to L4, with 1 < p,q < 2 or 2 <
p,q < 00. Then m extends to a holomorphic function in the interior of the strip Se, where
o1l 1p g1 1
g = mln{|§ — 5|, |§ — a|}

12 This doesn’t follow from (C.1).
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Proof. By duality'®, we may assume that 2 < p, ¢ < co. Then ¢y € LP N L9, for every A in
the interior of S¢, and

(C.3) Toy=m(A)ex VYAER.

Let f € LY (H) be a radial function whose spherical Fourier transform doesn’t vanish in
the interior of S.. For instance the heat kernel at any time ¢ > 0, whose spherical Fourier
transform is equal to e *A*+1/4) By integrating (C.3) against f, we obtain

(C.4) m(A) = % /HTf(r) ox(r) sinhrdr,

The right hand of (C.4) provides a holomorphic extension of m in the interior of S.. O

Remark C.2. Moreover (C.3) implies the following additional properties :

Case p=¢q: m is bounded inside S,

Limit case p=¢=1or p=g¢g=00: m extends continuously to the boundary of Si.
2
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