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Abstract. The Minimum Description Length principle (MDL) is a for-
malization of Occam’s razor for model selection, which states that a good
model is one that can losslessly compress the data while including the
cost of describing the model itself. While MDL can naturally express the
behavior of certain models such as autoencoders (that inherently com-
press data) most representation learning techniques do not rely on such
models. Instead, they learn representations by training on general or, for
self-supervised learning, pretext tasks. In this paper, we propose a new
formulation of the MDL principle that relies on the concept of signal and
noise, which are implicitly defined by the learning task at hand. Addi-
tionally, we introduce ways to empirically measure the complexity of the
learned representations by analyzing the spectra of the point Jacobians.
Under certain assumptions, we show that the singular values of the point
Jacobians of Neural Networks driven by the MDL principle should fol-
low either a power law or a lognormal distribution. Finally, we conduct
experiments to evaluate the behavior of the proposed measure applied
to deep neural networks on different datasets, with respect to several
types of noise. We observe that the experimental spectral distribution is
in agreement with the spectral distribution predicted by our MDL prin-
ciple, which suggests that neural networks trained with gradient descent
on noisy data implicitly abide the MDL principle.
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1 Introduction

New data often traces out regularities found in past observations, an idea known
as generalization: finding regularities that are consistent with available data
which also apply to data that we are yet to encounter. In the context of super-
vised machine learning we measure it by learning the rules on observations by
minimizing some loss function, and evaluating it on observed and unobserved
data. The difference between risk in the training data and new observations is
known as the generalization gap. When it is small, the model generalizes well.

In the context of empirical risk minimization the generalization gap can be
estimated in terms of model complexity, which increases with its number of pa-
rameters. We thus expect to reduce the generalization gap through a form of reg-
ularization, either by explicitely reducing the number of parameters, controlling
a norm [27051], or e.g. using dropout [43l21] or batch normalization [24U29/4T].

Surprisingly, neural networks (NN) trained by stochastic gradient descent
(SGD) generalize well despite possessing a higher number of parameters than
training data, even without explicit regularization[I4]. An elegant explanation
for this phenomenon is that SGD implicitly controls model complexity during
learning [35]19], resulting in networks that are significantly simpler than their
number of parameters suggests, as shown by several metrics to assess effective
capacity, e.g. the model’s number of degrees of freedom[12], which is related to
generalization gap, or its intrinsic dimension|28]. It is thus puzzling that, in spite
of their implicit simplicity, NN classifiers trained by SGD are able to perfectly fit
pure random noise [53], even while explicitly using regularization. In pure ran-
dom noise, there is no signal to learn a rule from, and to reduce the generaliza-
tion gap we must reduce the training performance. Since common regularization
methods are unable to achieve this, using them to control model expressiveness
does not address generalization: we need to "rethink generalization".

To do so we offer the following insight. To learn, from noisy observations,
regularities that apply to data that we are yet to encounter, we must do so in
a noise insensitive way: we must learn from signal rather than from noise. If we
do so, there is no generalization gap when learning from pure noise: since there
is no signal, the model would simply not learn at all!

In this paper, we shall give a formulation of this insight in terms of a minimum
description length principle (MDL), [37I38] a principle of model selection which
can be seen as a formalization of Occam’s Razor. MDL states the problem of
learning from data in terms of finding regularities that we can use to compress
it: choose the model that provides the shortest description of data, comprising
the model itselff} This idea was formulated in different ways since it was first
advanced in [37], to respond to technical difficulties in application[I5]. In the
original, two-part form, restricting the model class to finite sets, application of
this principle turns into Kolmogorov’s minimal sufficient statistic [48].

4 This formulation is known as two-part MDL, which depending on the author can
be seen as "traditional" (in opposition to "modern" MDL which uses a one-step
encoding using universal encodings [I5]) or "pure [48]".
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MDL expresses the ability to generalize in terms of compressibility, which
can be motivated using three main facts: (i) regularities in a random variable X
can be used to losslessly compress it (ii) the minimum achievable code length
is the entropy (iii) it is very unlikely that data that has no regularities can be
compressed. Taken together, these imply a model’s ability to compress data is
likely due to finding a regularity, which will likely be found in new data as well. It
is this intuitive appeal that motivates the use of MDL in spite of some conceptual
difficulties, namely in selecting the encoding used to measure the length of the
description of the model, which depends on the choice of encoding.

To address this difficulty, we propose an approach that uses both the signal
and the noise in the data to implicitly define model complexity unambiguously:
Choose the model whose representation of the data can be used to compress the
signal, but not the noise.

Formalizing this statement requires a perspective of signal and noise that is
particularly adjusted to classification problems, where the signal is task-defined
[15], and everything else can be considered as noise. As we shall see, our MDL
statement has a significant impact on the distribution of the singular values of
the point Jacobian matrices of a NN. Networks that learn from noise (where their
output can be used to compress the noise) tend to maximize singular values in
arbitrary directions to capture the fake "signal" in local directions. As a result the
spectrum is uniformly distributed. On the other hand, NN that learn from signal
but not from noise (where their output can be used to compress the signal but not
the noise) tend to capture local regularities in the signal by maximizing singular
values in directions aligned with the data. These directions are, by definition of
signal, not arbitrary. Since the network also tends to ignore everything that is
not signal, by minimizing singular values in arbitrary directions, in the limit of
infinite epochs, this results in a spectrum distributed according to a power law,
with a large proportion of small singular values and a fat tail.

Our contributions Our main contributions in this paper are 3-fold: (i) we pro-
vide a formulation of the MDL principle that is generally applicable to learned
representations (ii) we provide a capacity measure based upon this principle (iii)
we show experimentally that neural networks are driven by the MDL principle.

Paper organization This paper is organized as follows: Sec. [2] contextualizes of
our work, focusing on the sensitivity measure provided in [2]. We then provide a
few information theoretic results in Sec. 3.1l to contextualize the our definition
of signal and noise in Sec. [3.2] Section[]is the core of our contribution: we define
our MDL objective in Sec. [£.I] and provide the local approximation in Sec. [£.2]
that allows us to predict the spectral distribution in Sec. In Sec. [5] we present
experimental resultsﬂ which allow us to conclude in Sec.hat neural networks
are driven by the MDL principle, and discuss future work.

® Repository: https://anonymous.4open.science/r/ismymodeldrivenbymdl-96BA/.
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2 Related work

MDL has traditionally been used for model selection [40/I8IT5I3I34], but its
intuitive appeal has led to applications in other areas such as pattern mining
[11123]. In supervised learning, MDL was used in NN as early as [22], in which
the authors added Gaussian noise to the weights of the network to control their
description length, and thus the amount of information required to communicate
the NN. In classification, existing approaches are inspired in MDL for density
estimation[I5], and most can be reduced to the same approach based on the 0/1
loss, which, while not making probabilistic assumptions about noise, was shown
to behave suboptimally [16]. Existing modifications to address this[4U50] do not
have, unlike our approach, a natural coding interpretation. Finding a formulation
of MDL for classification that can be applied in general and realistic settings is
thus an open problem, and this paper aims to contribute in this direction.

The relationship between noise, compressibility and generalization has been
explored in [6], for example, to derive PAC-Bayes generalization bounds, or in the
information bottleneck framework[46]. Closer to our approach [33] studies the
stability of the output of NN with respect to the injection of Gaussian noise at
the nodes, experiments showing that networks trained on random labels are more
sensitive to random noise. In [2], the notion of stability of outputs is extended to
layer-wise stability, improving network compressibility and generalization. The
authors define layer sensitivity with respect to noise (essentially the expected
stable rank with respect to the distribution of the noise), and show that stable
layers tend to attenuate Gaussian noise. A compression scheme is provided for
the layer weights that acts on layer outputs as Gaussian noise, which subsequent
stable layers will thus tend to attenuate. This, since the output of the network
is unchanged, shows that a network composed of stable layers is losslessly com-
pressible. A generalization bound for the compressed network is then derived in
terms of the empirical loss of the original network and the complexity of the
compressed network. This work shows a clear connection between compressibil-
ity of the model and generalization, but the connection to MDL is less evident.
We will show that enforcing our MDL principle leads to a measure that can
be seen as an average of local sensitivities, which are similar to those defined
in [2], but with crucial differences. In our approach, sensitivity is logarithmic,
direction-dependent, and importantly combines sensitivity to signal and to noise.

3 MDL principle, signal, and noise

We begin this section by recalling a few fundamental results in information
theory, which will be used to define signal and noise as used in this paper.
3.1 Information theory primer

MDL rests on three fundamental results: (i) regularities in a random variable X
can be used to losslessly compress it using a non-singular code for X; (ii) the
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minimum achievable codelength is the entropy; and (iii) it is extremely unlikely
that data that has no regularities can be compressed. In this section, we provide
proof sketches for (ii) and (iii) in [8.6]see e.g. [§] or [30] for detailed proofs) and
motivate (i) inwith a toy example. A similar argument can be used to prove
a finite-precision version of the Theorem 1 in [52], which provides a necessary
condition for a 2-Layer ReLU network to be able to perfectly fit the training
data. A straightforward application of this original result allows us to show [8.1]
for example, that a two-layer network that can be losslessly compressed to less
than about 125 kB cannot perfectly overfit cifar-10[26].

Preliminaries and notation A source code C(X) (C when there is no risk of
ambiguity) for a random variable X is a function from X the range of X to
D* the set of finite strings of a d-ary alphabet D, associating x € X to a code-
word C(z). The length of the codeword [(x) is the number of elements in C(z),
and the expected code length is L(X) := Ex[l(z)]. A code is said to be non-
singular if every x € X maps to an unique element of D*. An extension C*
of code C' codes sequences xixs - - - x,0f elements of X' as the concatenation of
C(z1)C(x2)--- C(zy). A code is said to be uniquely encoded if its extension is
non-singular. Since every element in X is unambiguously encoded with a unique
string, non-singular codes allow us to losslessly compress data.

Optimal codelength and incompressible data The Kraft-Macmillan inequality
which provides a condition for the existence of a uniquely decodable code with
given word lengths proves (ii):

Theorem 1 (Optimal code length). The expected length for any uniquely
decodable code C of a random variable X over an alphabet of size D is greater
than or equal to Hp(X) the entropy calculated in base D, with equality holding
iff D74 = p;

An optimal prefix code always exists (e.g. Huffman code), but for our purposes,
the Shannon-Fano code, which sets codeword lengths I(x) = [— logp(x)]lﬂ suf-
fices. To give an informal argument for (iii), consider data X with no regularities
(maximal entropy). By Thm. [3] the expected codelength of any prefix code of a
discrete random variable X over an alphabet of size D is at least Hp(X), with
equality iff the [; = —logp, p;. Since all n events have probability %, the expected

n

code length per symbol is L > — " p;log, p; = logp n. The lower bound can
i=1

be achieved by assigning each codeword to the leaves of a D-nary tree: the best

code and worst code coincide, and so data cannot be compressed.

Using regularities to compress To motivate (i), consider an object of mass m
falling freely from a height ho on Earth (acceleration of gravity ¢), and a ta-
ble recording heights {hq, ho, ...} at times {¢1, %o, ...}. which are known to obey

5 The Shannon-Fano code is competitive, meaning that the probability that the ex-
pected length exceeds another code’s by ¢ bits does not exceed 2'~¢ [§]
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h(t) = hg — $mgt? since Galileo. This regularity can be used to losslessly com-
press the height-times table by replacing heights by Ah; = h; — h(t;), as we
expect it to predict the first significant digits of the height with high confidence,
and measurements are performed and stored with finite precision. We can thus
store the same data (in expectation) using less digits, which amounts to lossless
compression. The more regularities we are able to find in data, the more we
can compress it. A better model, taking e.g. drag into account, increases con-
fidence in the first significant digits of the predictions, reducing in expectation
the number of significant digits of the deviations, allowing better compression.

Crucially, we did not take into account the size of the "data" that is the
law itself. In the first case, we stored m and g, whereas in the second case we
would need to store other quantities as well. There is a trade-off between the
description lengths of the data and the model, as a better model takes longer to
describe . In the limit, a very large model can decrease the description length of
finite data simply by memorizing it. Notably, two-layer ReLU feed forward NN
can do this with surprising ease[52] but, as predicted in the MDL framework, at
the expense of an increase in complexity[5].

3.2 Signal and noise

This paper introduces an MDL principle that specifies the encoding scheme in
which to measure the description length implicitly in terms of the signal and the
noise in noisy data. To define signal and noise, we rely on [39] which defines noise
as the part of the data that cannot be compressed with the models considered,
the rest defining the information bearing signal. This idea is used in the paper in
the context of Gaussian models arising in linear-quadratic regression problems to
derive a decomposition of data that is similar to Kolmogorov’s sufficient statistics
[8]. In our case, we shall assume that the signal is implicitly provided by a given
classification task, and define noise to be everything else.

Definition 1. We define noise as "noise relative to a signal”: given random
variables X (signal) and A (noise) such that X + A is well-defined, we say that
A is noise relative to X if for every C; € C non-singular code of X, we have
L(C;(A)) > H(A) + «, with o > 0.

Note that if C; € C were optimal for A, then L(C;(A)) = H(A) > H(A) +«,
which with a > 0 is a contradiction. The definition is thus equivalent to stating
that there is no code of X in C ( which may include the optimal code for X) that
is optimal for A. Also note that the noise A is not particularly "disordered".
Going back to [3:1] the physical laws that compress height vs. time data are
unable to compress the effect of hitting the object with a baseball bat. Even if
a model provides a simple description of some data, adding noise as defined in
destroys its ability to compress it. It is implicit in the MDL principle that not
only do we learn the regularities in data, but also the "irregularities"!
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4 Learning with the MDL principle

We now provide an MDL principle that eliminates the need for defining the model
encoding, as in two-step MDL or a universal coding such as one-step MDL[I7].
Instead, we utilize the signal and the noise in the training data to implicitly define
the encoding. We then establish a lower bound of this maximization objective in
terms of the minimal description lengths of signal and noise(cf. . We further
simplify the problem by expressing it locally, which enables us to provide an
interpretation in terms of sensitivities to the signal and noise. Finally, we combine
these local problems to express a global MDL objective in terms of the spectra of
the local Jacobians, and that the spectral distribution of models that maximize
MDL is either power law or lognormal.

4.1 MDL objective

The MDL paradigm quantifies learning based on the ability to compress: if f(X+
A) contains information about X it can compress it and conversely, if it does
not contain information about the A, it cannot be used to compress it. This
formulation implicitly defines the complexity of the model f in terms of unknown
X and A present in training data. It is therefore applicable in a classification
context, where these are defined with respect to a task. Formally:

Definition 2 (MDL principle). Let X = X 4+ A be noisy data, comprised of
unknown signal X and a noise A parts in the sense of[1, and a model fy trained
on X according to some (e.g. classification) objective. Let L(X|f(X) = y) and
L(A|f(X) = y) be, respectively, the expected description length of X and A given

knowledge fo(X) = y. Then with v > 0 a hyperparameter, fy follows the MDL
principle if it maximizes

mgX{/pf@(x)(y)ﬁ(Alfe(ff) = y)dy—v/pfe@)(y)E(lee(X) = y)dy} (1)

The idea is to minimize the mean £(X|f(X) = y) and maximize L(A|f(X) = y)
seen as functions of gﬂ, with v controlling the relative strength of these objectives.

A lower bound in terms of minimal description length Using Theorem [3| we can
express the length of the description of noise knowing fy(X) = y as a multiple
a(y) > 1 of the length of the minimum length description for each y:

[ 2o @A) =)y = [ g, 00l HAI£(E) = y)dy

> (infa(y)) /pfe(j()(y)H(A\fa(X) =y)dy

Y

_ (infa(y)) H(AIfo(X))

Y

7 For classification, we work on an intermediate representation, which explains the use
of integrals in calculating the expectation.



8 E. Brandao et al.

Proceeding similarly for the signal term we obtain
[ P LX) = )y < (sup 5(0) ) HX1 ()
Yy

Denoting inf, a(y) := a and sup,, B(y) := B the minimum and maximum ex-
pected description lengths of codes of noise and of signal, respectively, knowing
fo(X) =y, we combine the two desiderata and maximize a lower bound of

max {aH (Alfo(X)) = 7B8H (X[ fo(X)) |
Since H(A|fo(X)) = H(A, fo(X))—H(fy(X)) and similarly for the second term,
H(A|fo(X)) —~BH(X|fo(X)) = aH(fo(X)|A) —vBH(fo(X)|X)
+aH(A) = yBH(X) + (By — a)H(f5((X)))

Ignoring terms independent of 6, since a > 0, we obtain a lower bound of [T}

Proposition 1 (MDL objective lower bound). Given noisy data f( =X+
A comprised of a signal X and a noise A parts, a model fy trained on X accord-
ing to MDL, \ := ’yg, the following is a lower bound of the the MDL objective:

max { H(fo(X)|14) = N (fo(X)1X) + (A = DH(fo(X))} (2)

In this lower bound, A has the role of v modulated by the ratio between the worst
case expected signal description length knowing the model output and the best
case description length of the noise knowing the model output in units of entropy.
EB : Note that to minimize the description length of the noisy data H(fs(X))
we must have A — 1 < 0 and hence objective [2] is MDL with a constraint on the
conditional entropies. Since A < 1 = « > ~f the implications depend on the
model class {fg}: if for the given model class A is more difficult to compress
than X, then o > 8 and so v < 1. This corresponds to, in [2] focusing relatively
more on ignoring the noise. Conversely, if {fs} is such that X is mode difficult
to compress, then v > 1 and we focus relatively more on learning the signal.

4.2 Local formulation

We now simplify the problem in [2] by expressing it locally and then ultimately
in terms of the spectrum of the point Jacobian matrix V fyls, -

Local objective Let f: A C R®™ —- B C R™ be analytical, A compact and
xy,...,oexy € Aand {Vi},_,. 5 aset of balls centered at x; and with radius
r, such that A C V3 U--- U Vy, chosen such that the Jacobian matrix of f is
constant in each Vj in the sense of Prop. 5} Then to first order in dxy, d:

f(&@) = f(@r + ok + k)
~ f(Zr) + Vlz, 021 + Vflz, 0k
= f(i‘k) + Jioxp + Jiog



Is my Neural Net driven by the MDL Principle? 9

with the approximation error controlled by the principal singular value of the
Hessian (cf. app. for a proof). Since the choice of V}, determines f(Zy), as-
suming local independence of signal and noise EB : implies locally H(f(X)|X) =
0, H(X|A) = H(X); we can thus apply this approximation to[2]to obtain a local
MDL objective:

Proposition 2 (Local MDL objective). In the conditions and notation above,
locally in Vi, the MDL objective|d can be expressed approximately as

H}&X)\H(Jk(st) - H(JkAk) (3)

where § Xy, Ay denote the signal and the noise in Vi with respect to its center,
and the approzimation error is controlled by Prop. [

Interpretation in terms of sensitivity measure in [2] In [2] the authors de-

2
fine sensitivity of a mapping f with respect to noise A at x as Es W] ,

2
which becomes |‘||‘;’Zg;)“|2 to first order in 4, in a region of constant Jacobian Jj,

using the arguments in [£:2] In expectation, up to a scale, this is the variance of
Ji A which is a measure of its complexity like the entropy above, (for a Gaus-
sian distribution, up to a logarithm and a constant, the two coincide). H (J;Ag)
in prop. [2| thus corresponds to sensitivity with respect to noise and, by a similar
argument, H(J,0X}) to sensitivity with respect to signal. Our MDL objective
thus selects the model that locally maximizes sensitivity with respect to signal
and minimizes sensitivity with respect to noise. Although similar to [2], in our
formulation sensitivity is logarithmic, direction-dependent (cf, and crucially
combines sensitivity to signal and sensitivity to noise.

Finally, since A < 1, if H(J0Xy) > H(JpAg) then [3|is upper bounded by

zero, where \ = %. Maximizing [3| thus corresponds to getting closer to a

model that locally produces the same balance between sensitivity to signal and
to noise, determined by the global parameter A. This problem cannot always be
solved. Consider f a one layer ReLU network of width N; the local {Ji} are
given by deleting a certain number of rows in the pre-ReLU Jacobian, which
is the weight matrix of f. Since f can have at most 2V different {J;}, the
conjunction of local problems can only be solved if the number of Vj, where
the balance between sensitivities needs to be adjusted differently is smaller that
2NV, The case of deeper networks is similar, each new ReLU layer of width M;
multiplying the number of possible Jacobians by 2M:.

Local objective: spectral formulation To provide a spectral version of [2]
we express Jj, in terms of its singular value decomposition (SVD), and the signal
and noise in terms of local PCA representations. We work in V;, but omit the
label k for simplicity. Jacobian, signal, and noise refer to the local versions.



10 E. Brandao et al.

Proposition 3. (Local objective spectral formulation) In the conditions of prop. @
the following is its lower bound:

g 1 (g (o + H(GX;.)}) = 37 (H(Ae) +lo80s) ¢ (0

Proof. Let J = UXVT be the singular value decomposition of J € R™*™. The
signal 0.X can be expressed as the transform to local coordinates of §.X,, the
signal in local PCA coordinates X = WS-';gml(Scha, and similarly for noise:
A= WJM-SEAPCQ, where Wignal, Whoise are, respectively, the PCA coordinate
transformation for signal and for noise. EB : Noting that U has determinant one
everywhere we thus have

AH(J6X) — H(JA) = AH(EVW, 010 Xpea) — H(EVW, 10 Apea)
The VW T are contractions measuring the alignment between the singular vec-
tors of the Jacobian and the principal components of the signal (for Wignai)
and noise (for Wi,ise). We thus maximize the RHS of this expression by:

— aligning J with 6 X and then maximizing the logarithm of the singular values
in the non-zero dimensions: if §X is locally low-dimensional, the singular
values that get maximized are few.

— aligning J with A and then minimizing the logarithm of the singular values
in the non-zero dimensions: since A tends to be relatively high-dimensional,
all singular values of J tend to be minimizedﬁ

The overall effect is to maximize a few neighborhood-dependent singular values of
J, and minimize all the rest — consistently with the experimental observations
Since 6 X and J are unknown, so are the "selected" directions. The full entropy
of the local signal is at least as great as that of its components. Replacing it with
the entropy of the singular direction ¢ for which the entropy of the transformed
signal is maximal, we obtain a lower bound of the local objective.

4.3 Combining local objectives to obtain a spectral distribution

We combine local objectives by maximizing their sum over all local patches
Vi. This is essentially assuming cross-patch independence. For it to hold, (i) the
network should be able to produce sufficiently many local Jacobians as explained
in|4.2|and (ii) V;NV; should be small for all 4, j. Assumption (i) holds in practice
since we work in the overparameterized regime and (ii) holds for ReLU networks.
Both assumptions are thus expected to hold as a first approximation, although
[20] suggests more complex behavior and will be considered in future work.
Recalling that we do not know which singular value gets "selected" and as-
suming that the signal is locally low-dimensional (which is known as "the mani-
fold hypothesis"[7/10] ), which we take for simplicity to mean that max;, H(0X,*) ~

8 A similar argument can be found in [Z] in the discussion of noise sensitivity.
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H(0X}) we obtain, summing over the M patches of rank-Nj, Jacobian

M Ny,
Z A (Iriax{logaik +H(6X]ik)}) _Z (H(Ai)-i—logoj)
k=1 F j=1

Simplifying and maximizing over the singular values of all the Jj leads to
max {\ME [log o] + \H(X) — H(A) — NME [log o]}

where expectations of both log singular values and Jacobian rank are over the
patches, the latter denoted N for readability. As the sum of lower bounds of
non-positive quantities is non-positive, its maximum value is zero, where

H(A) — AH(X)

Elogo] = MO— W)

(5)

Ezpectation as a model-dataset measure of complexity For this expectation to be
positive the entropy of the noise must be sufficiently smaller than the entropy of
the signal, since A\— N < 0 because 0 < A < 1. If holds, E [log o] thus decreases
with the number of patches of constant Jacobian and the mean Jacobian rank.
It is thus a measure of model complexity which increases with the weighted
difference between the entropy of noise and the entropy of signal, it depends
on the signal and noise. All things being equal, for the same E [log o] models
trained with more noise will have smaller M and N. Adding noise is a form of
regularization. If on the other hand, entropy of noise is greater than the entropy
of signal, the reverse effect is produced. On very noisy data (relative to signal!),
models trained with more noise need to become more complex.

4.4 The MDL spectral distributions

We now show that the predicted distribution that is compatible with[f]is a power
law or, for NN trained with SGD, a lognormal distribution. The true spectral dis-
tribution contains information on, e.g. architecture and training process whereas
in the maxent formalism [25] we use, the prediction is maximally non-committal:
it contains no information on the MDL-trained network beyond its adherence to
the MDL principle and the signal-to-noise entropies of the training data.

Incorporating knowledge of the expectation of the log spectrum and SGD The
distribution that incorporates knowledge of the expectation of the spectrumif]
and nothing else is the maximum entropy distribution for which the constraint
on the spectrum |§| holds|25]. Specifically, the power law distribution p(c) =
a—1 (o

= (3)_(1, where a = 1 + m and b is a cutoff parameter. Power laws

model scale-free phenomenaﬂ but can emerge when aggregating data over many

9 Since p(ko) = a(ko)® = ak®c®. Since the constant is a normalization factor, we
must have p(ko) = p(o).
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scales [B4I13], as we did in to obtain eq. @ For a ReLU NN trained by
SGD, there is also a constraint on the variance of logo: the spectrum depends
continuously on the network weights (cf. sec. , which are SGD-updated using
a finite number of steps. The corresponding maxent distribution is the lognormal,
which is the Gaussian distribution with given mean and variance in log-scale.

5 Experimental results

Our experiments show that spectral distribution matches theoretical predictions
in [£4] suggesting that NN are driven by the MDL principle. We study the
effect of noise in the point Jacobian spectral distribution of three groups of
models of increasing complexity, ReLU MLPs, Alexnet, and Inception trained
on MNIST [9] and cifar-10 [26], using the experimental setup in [52]. See app.
for details. The section is organized as follows: (i) we present two different types
of noise and discuss expected consequences with respect to spectral distribution,
and (ii) we present and discuss the experimental results.

5.1 Experimental Noise

We study two forms of "natural" noise: label noise, used in [52] and dataset noise,
which consists in adding a lossy compressed version of a similar dataset.

Label noise We focus on instance-independent symmetric label noise[d2], which
randomly assigns labels to training and test examples unconditionally on ex-
ample and training label with probability p. Label noise can be modelled re-
alistically using human annotators[49], but the former choice is closer to the
MDL sense [I} In this setting, the entropy of the introduced noise can be es-
timated as p - H(Xj), since incorrectly labelled examples become noise with
respect to the classification task. This allows us to express the numerator of [f]
for the noised dataset in terms of the entropy and noise of the original dataset
as H(A,) — AH(X,) = H(Xo) — AH(Xo) +p(1+ N H(X) > H(Xo) — AH(X)).
All things being equal, for NN following MDL, the log Jacobian point spectrum
increases with the probability of label noise p.

Dataset noise We add to the original dataset Dy a similar dataset Dy, lossy
compressed at rate r. Symbolically D, = Dg+1rDg;p,. We choose Dy, commonly
used in place of Dy in ML practice: cifar-100 for cifar-10, and Fashion-MNIST for
MNIST. To compress D we reconstruct it using only a certain number of PCA
components. This causes less bias in setting r, compared to compressing with
e.g. jpeg [36] or an autoencoder, in which the architecture introduces an element
of arbitrarily, but we lose the ability to set the compression rate at will. Since
for the noised dataset X, + A, the numerator in |§| can be written as H(A,) —
AH (X)) = H(Ap) —AH(Xo)+r(H(Xsim)+ H(Asim). All things being equal, for
NN that follow MDL, the average log Jacobian point spectrum decreases with
r. Interestingly, assuming the entropies of the similar dataset are approximately
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Fig. 1: Point Jacobian spectral distribution for model | label noise | cifar-10,
from first epoch to overfit. "Left" and "right" distributions (cf. are rep-
resented separately for each triplet for clarity. The best fit lognormal plot is
superimposed on each histogram, with the corresponding probability plot on the
right, with the line of best fit (R? displayed on top). Legend elements, in order:
epoch, training and validation accuracy, and the mean log spectrum.

the same as that of the original dataset, we obtain H(A,) — AH(X,) = (1 +
r)H(Ap)— (A—71)H(Xo), which corresponds to the same maximization objective

with a rescaled A\, = i‘jr: < Ap corresponding to less sensitivity to signal.

5.2 Discussion

As Figs. [[]and [2] show, NN trained using SGD are driven by the MDL principle:
(i) their spectra is remarkably well-fit by a lognormal distribution, as predicted
in [44] and experimental spectra become globally more lognormal with training
epoch (cf. fit overlay on the histograms, and inset probability plots); also, as pre-
dicted in the discussion following 6] (ii) for each model E[log o] tends to increase
with noise (iii) and with model complexity, which also influences the quality
of lognormal ﬁﬂ Inception being the overall best and MLP the overall worst.
Remarkably, these observations hold for both label noise and dataset noise. In
the early stages of the training process, though, representation-building takes

10 The number of training epochs being relatively small, we did not find a power-law
behavior.
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Fig. 2: Point Jacobian spectral distribution for model | nbr. pca comp. | cifar-
10, from first epoch to overfit where possible. "Left" and "right" distributions
(cf. are represented separately for each triplet for clarity. The best fit lognor-
mal plot is superimposed on each histogram, with the corresponding probability
plot on the right, with the line of best fit (R? displayed on top). Legend elements,
in order: epoch, training and validation accuracy, and the mean log spectrum.

precedence. This can be inferred by observing that experimental distributions
are typically bimodal (see Sec. for figures and discussion), and noting that
at the last linear layer of a classification-induced representation, one of the di-
rections should leave the output relatively more unchanged than the others: the
direction assigned to the class of the training point (see for a visual expla-
nation). Representation building occurs early, as can be seen in Figs. or in
Figs. [1] and [2, dominating MDL in early epochs. To handle this asymmetry, we
divide the spectrum in each of its two modalities (cf. [8.5). The statements above
apply to each of the two parts of the spectrum, corresponding to the two rep-
resentations. The observations above hold for MNIST as well, exception being
where the initial spectrum is multi-modal (suggesting a great degeneracy of the
directions in which the classification prediction does not change — i.e. MNIST
is very simple). In this case our splitting method is ineffective, as we would need
to split the spectral distribution into each of the several modalities.
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6 Conclusion and future work

In this work, we propose an MDL principle that implicitly defines model com-
plexity in terms of signal and noise: choose the model whose representation of the
data can be used to compress the signal, but not the noise. We show that models
driven by this principle locally maximize sensitivity to the signal and minimize
the sensitivity to noise, and predict that the point Jacobian spectrum of NN
trained by gradient descent follow either a power law or a lognormal distribu-
tion. We provide experimental evidence supporting this prediction, hinting that
neural networks trained by gradient descent are driven by the MDL principle.

As for future work we plan, aiming at a generalization bound, to extend the
connection established in by making the MDL objective layer wise as in [2].
Another possible extension is to use our findings to explain the power law behav-
ior of the spectra of the layer weight matrices and connection to generalization
gap found in [3T32], by noting that each point Jacobian of ReLU networks is
a sub-matrix of the product of the network weight matrices, which can beex-
pressed in terms of the singular values of the point Jacobian submatrix via an
interlacing inequality[45].

7 Ethical statement

This paper presents a contribution that is essentially fundamental, theoretical
and methodological. We do not see any immediate ethical or societal issues.
Our experimental evaluation considers classic benchmarks of the literature and
our analysis focuses on particular mathematical properties of point Jacobians
spectra of trained neural networks. Our work follows ethical guidelines in modern
machine learning research in general and in representation learning in particular.
The application of the methodology presented in this paper should consider
ethical implications that can arise from the datasets used of the applications
targeted.
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8 Appendixes

8.1 Finding a finite precision network that overfits

Memorizing data with Neural Networks Two-layer ReLU feed forward neural
networks can do this for given, arbitrary sample size n, data in arbitrary dimen-
sion d with surprising ease: as stated in [52], Theorem 1, within the set of such
networks A with at least 2n 4 d parameters, there is at least one N € N that
will be able to compress y perfectly, by expressing it in terms of x. This is not at
odds with the MDL principle (i) since MDL states that compressibility of data
without a rule is wunlikely, rather than impossible (ii) the description lenght of
the network is not taken into account (seel33]).

The proof of theorem 1 in [52], implicitly assumes infinite precision in the
weights of the network, which would take up infinite, and thus unavailable, space.
For completeness, we briefly describe the gist of the proof in [52], before adapting
it to the finite precision case.

The proof rests on a Lemma that constructs a matrix A that is lower-
triangular and has non-zero and distinct real diagonal elements: the first dif-
ferences of an increasing sequence. A is hence non-singular, since the diagonal
elements of a triangular matrix are its singular values. The authors then proceed
to stating the overfitting problem, for a 2-layer ReL U network, as the solution of
linear system in a matrix B. This matrix can be made of type A via a judicious
choice of network parameters a and b. Precisely, one needs to chose a,b such
that for every sample x; we have a'x; < a'z;;;. This can always be done for
distinct x;, by the Archimedian property of the reals. It remains to select b;
such that a'x; < b; < a’x;4+1, which can be done because R is complete. The
remaining parameters of the network w are precisely the solutions of the system
in B.

Memorizing data with finite-precision Neural Networks In finite precision, this
cannot be done in general. The number of significant figures of aij is at most
that of x;. The problem of finding constants a and b such that we can place
a b between every two a'z; can be done surely by picking b with one more
significant figure than x;. The number of significant figures in w, on the other
hand, depends on that of y as well: it is the minimum between the number of
significant figures of = plus one, and the number of significant figures of y.
We thus have the following proposition:

Proposition 4. In order to be able to overfit data x,y with s;,s, significant
figures, it suffices a neural network with n parameters with one more significant
digit than x, d parameters with the same number of significant digits as x, and
n parameters with the same precision as y for an expected number of bits of
(n(sy + 1) + dsy + ns,) log, 10.

Memorizing cifar-10 Typically, the number of significant figures in ML pipelines
is fixed, and it is the same for data and for weights (a 32 bit float). In the unlikely
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event that data is too closely packed (some data only differs by one in the last
significant digit), then there is no guaranteed overfit.

Incidentally, this precisely gives a lower bound to the parametric complexity
of the model "2-layer ReLU networks": they will be able to perfectly fit data
with precision s, s, if the number of parameters satisfies the constraints above.

Note that the number of significant digits in 8 bit images is 3, and the num-
ber of significant digits in 10 classification choices is 1. If the model can be com-
pressed to less than (6 x10* x (3+1)+322 x 3+6 x 10* x 1) log, 10, which
amounts to about 125 kB, it cannot thus be expected to overfit.

8.2 Deriving the local approximation, alternative derivation

Within each local patch the Jacobian J has a singular vector decomposition
J =UXVT. Assume without loss of generality that J € R»*™. Then U € R™*™
is orthogonal, X' € R™*" is a diagonal matrix and V' € R™*" is orthogonal as
well. The entropy H(VT6X) = H(6X) since VT has determinant one every-
where. In the same way, H(J6X) = H({UTJ§X) = H(XVT§X). In the case of
an embedding, the matrix X' has a number of zero components along its diago-
nal, which will, upon multiplying by V "6 X produce a vector that has a number
of zero components independently of the other components. Hence, the entropy
of the zero part and the nonzero part is the same as the entropy of the nonzero
part. So the entropy above is just the entropy of the non-zero components
after acting on data with V' 7. Explicitly, H(o1v] §X,...,04v] 6X,0,...,0) =
H(oyv) 6X,..., 050 6X). Plugging into our objective we obtain

max MH(J6X) — H(JA) = max \H (o1v] 6X, ..., 040 0X) — H(o1v] A, ... ,op0) A)
> max {max MH (o0, 6X) — H(oyv] A, ... ,O’k’U;—A)}

Noting that
H(UleA, e O'k’U];rA) < Z H(aiv;rA)

= ZH(Ai) +logo;

where we called v;” A := A;. Doing the same for § X and plugging in our objective
above, we obtain

max \H (JOX) = H(JA) = max {max NH (ov] 6X) — H(oww! A, ..., WJA)}

= max {/\max {logo; + H(6X;)} — H(o1v] A, ..., akv,;rA)}

> max {)\mlax {logo; + H(6X;)} — (Z H(4;) + log ai> }
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Note now that we can do three things to maximize this local lower bound:
imagine that we start training and there is one component of the data that
happens to have an image with larger entropy; assuming that the singular values
at start are the same, then this is because we are more aligned with the data.
And so we will promote this alignment by increasing both the singular value
along that direction and rotating it in order to improve the alignment.

The last terms are interesting as well: in order to reduce them and thus
increase the lower bound, we can do two things: reduce the mean entropy of
the projections of noise onto the singular directions and reduce the mean log-
arithm of the singular values of the Jacobian. Although the latter can be done
without restriction, the former depends on the local shape of noise. Without
further assumptions, the only sure way to reduce the mean entropy is to remove
dimensions altogether.

But note that since the logarithm can be very negative, it’s even better to
keep the dimensions and just focus on decreasing the singular values to as close
to zero as possible.

8.3 Controlling the approximation error of the local objective

We now show that a given x1,...,zy and an error budget F, a set of radii can
be chosen such that the maximum linear approximation error does not exceed it,
and these radii are inversely proportional to the largest principal singular value
of the point Hessian matrices. Conversely, for a compact domain, a set of radii
can be chosen such that every point is inside one of the neighborhoods of the
T1,...,TN that minimizes the total approximation error.

Intuitively, since the Hessian matrix at a point controls the curvature, the
curvature along the maximum curvature direction controls how far we are able
to go away from the point while not changing the Jacobian too much.

Proposition 5. Let f: A CR® — B C R™ be analytical, with A compact and
z1,...,xxy C A. Then given E* > 0, a set of balls {Vie}p—q.. N centered at x

and with radius Ty can be chosen such that the approximation error is upper
bounded by

1 ,

Vit sup so1(V2F) - el = B
wEVy
i=1--m

where o1 (V2 f%|,) is the first singular value of the Hessian matriz of the compo-
nent f' calculated at w € V.

Proof. For each component f? of f, Taylor’s theorem states that the approxima-
tion error of f¥(xy+ry) — fi(zk) = (Vf]s,) rk, along a radius ry, in Lagrangean
form, is %rkT (V2fi|w) r,, where w is a point between xy, xy + ri. The approx-
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imation error is thus

1 ) 17’kT V2fi‘w Tk
§TkT (V2f'w) e = QW rell®

1 .
S (V271 -

IN

1 , )
sup 201 (V2 f'w) - |7

weVy

i1=1--m
, where we used the definition of the first singular value in terms of the Rayleigh
quotient to establish this result on the sup norm. A result that holds for other
norms follows from convexity of the norms and the bound on each of the com-
ponents of the vector of the Hessian matrices.

To see the converse, consider that given a compact set and a point, there is
always a ball that contains it. Hence so would a union of such balls. Since
each of the radii sets an upper bound for the local approximation error, with

SUp wev; 201(V2fi],) := of, we can write the total error as

i=1---m

N

min E alf 72
Tk &

=1

with the constraint that A C V3 U---U Vy.

8.4 Combining local objectives

In order to maximize the combined local objective
max { \ME [log o] + \H(X) — H(A) — NME [log o]}

and aiming at an expression for the spectral distribution, we follow the strategy
highlighted in which we repeat below for completeness, for the combined
objective

— aligning J with 6 X and then maximizing the logarithm of the singular values
in the non-zero dimensions: if X is locally low-dimensional, the singular
values that get maximized are few.

— aligning J with A and then minimizing the logarithm of the singular values
in the non-zero dimensions: since A tends to be relatively high-dimensional,
all singular values of J tend to be minimized.

Aligning the Jacobian and §X implies that the entropy H(6X%) is maximal.
Using the manifold hypothesis, we assume that the maximal entropy component
accounts for most of the entropy, that is max;, H(0X,*) ~ H(6X}). As explained
in [£:2] the maximal entropy component does not necessarily correspond to the



Is my Neural Net driven by the MDL Principle? 23

maximal singular value: during training, singular spaces corresponding to higher-
order singular values will also be "selected". Taking this "selection" as a one-
sample estimate of the mean justifies replacing the maximization over i, in
the expression above with E[log o] + H(6X)). Under the assumption of cross-
patch independence, we have Zi\il H(6Xy) = H(X) and similarly for A. The
expression below follows from linearity of expectation:

mémx{/\ME logo] + AH(X) — H(A) — NME [log o] }

Since each of the terms in the sum above is negative, this expression is non-
positive. At the maximum, we thus have

H(A) — NH(X)

Elogo] = MO— W)

(6)

8.5 Experimental setup

The experimental setup follows [52] closely. We investigate two image classifi-
cation datasets, namely the MNIST dataset [?] and the CIFAR10 dataset [26].
Both datasets are composed of 50,000 training and 10,000 validation images,
distributed across 10 different classes. In CIFAR10, each image in the dataset
has dimensions of 32x32, with 3 color channels. To scale the pixel values into the
range of [0, 1], we normalize them by dividing each value by 255. Additionally,
we center crop the images to obtain a size of 28x28, and normalize them by sub-
tracting the mean and dividing the adjusted standard deviation independently
for each image, adapting the per image whitening function in Tensorflow [I],
as presented in[52]. The same procedure adapted to one channel, except center
cropping which is unnecessary since MNIST images are 28x28, is performed on
MNIST.

On both datasets, we use two common deep architectures, which were adapted
to smaller image sizes/single-channel images: a simplified Inception model [44]
and Alexnet [26]. As in [52], the simplified Inception model uses a combination of
1x1 and 3x3 convolution pathways, while the simplified Alexnet is constructed
using two (convolution 5x5 — max-pool 3x3 — local-response-normalization)
modules followed by two fully connected layers with 384 and 192 hidden units,
respectively. We utilize a 10-unit linear layer for prediction, and to calculate the
point Jacobians. All architectures employ the standard rectified linear activation
functions (ReLU).

We also study two fully connected multi-layer perceptrons (MLPs): one hav-
ing a hidden layer with 512 units, the other having three hidden layers of the
same size.

For all experiments, we train the models using SGD with a momentum of
0.9, using an initial learning rate of 0.01. We apply a decay factor of 0.95 per
epoch to adjust the learning rate, and train the models without weight decay,
dropout, or any other explicit regularization techniques.
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In all experiments, we calculate the Jacobian at the linear layer, using auto-
matic differentiation with Pytorch’s torch.autograd.functional.jacobian method.
The point Jacobian spectrum is calculated at all training and test examples using
Pytorch’s torch.linalg.svdvals, which is a port of Numpy'’s.

The experimental spectral distributions were split at the first deepest trough.
The lognormal fit of each modality, the probabilty plots and line of best fit were
calculated using scipy [47].

8.6 A few fundamental results in Information theory

We repeat a few results in the main paper for readability, while extending some
of the arguments.

Preliminaries and notation source code C(X) (simply "code" from now, and
often denoted C' when there is no risk of ambiguity) for a random variable X is
a function from X the range of X to D* the set of finite strings of a d-ary alphabet
D, associating x € X to a codeword C(x). The length of the codeword I(z) is the
number of elements in C(x), and the expected code length is L(X) := Ex[l(z)].
A code is said to be non-singular if every x € X maps to an unique element of
D*. An extension C*of code C' codes sequences 125 - - - ,,0f elements of X’ as the
concatenation of C(x1)C(x2)---C(x,). A code is said to be uniquely encoded
if its extension is non-singular. Since it every element in X is unambiguously
encoded with a unique string, non-singular codes allow us to losslessly compress
data.

Optimal codelength and irregular data Results (ii) and (iii) crucially rest on the
Kraft-Macmillan inequality:

Theorem 2 (Kraft-Macmillan inequality). For any uniquely decodable code
C over an alphabet of size D, the codeword lengths l1,1s, ..., L, must satisfy the
inequality

ZD‘“ <1 (7)

Conversely, given a set of codeword lengths that satisfy[7, there exists a uniquely
decodable code with these word lengths.

The idea of the proof for prefix codes (known as the Kraft inequality) is that
prefix codes from a D - adic alphabet can be seen as the childless nodes on
a rooted tree. No prefix code can then be among the descendants of another.
Hence, the sum of the descendants of prefix codes cannot exceed the number of
leaves of the tree: ), Dlmaz=li < Dlmaz  The converse is established simply by
noting that lengths that satisfy [7] can be placed on rooted tree. If they couldn’t
there would be more words of length /; than descendants of non-used codes; but
since the total mass at every level is constant, this cannot happen.
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Theorem 3 (Optimal code length). The expected code length for any uniquely
decodable code C of a random variable X over an alphabet of size D is greater
than or equal to Hp() the entropy calculated in base D, with equality holding iff
D7l =p;

To establish this, consider the difference between the entropy and the ex-
pected length. The result then follows from theorem [2[ and non-negativity of
relative entropy, which is a consequence of the concavity of logarithm (Jensen
inequality). An optimal prefix code always exists (e.g. Huffman code), but for our
purposes, it suffices that the Shannon-Fano code, which sets codeword lengths
l(x) = [—logp(x)] is competitive in the sense that the probability that the
expected length exceeds another code’s by ¢ bits does not exceed 2'—¢.

Finally, we give an informal argument to justify the statement that it is
extremely unlikely that data with no regularities (with maximal entropy) can
be compressed. By the Kraft-Macmillan inequality [2] for every prefix code of a
random variable X over an alphabet of size D, the expected codeword length is
no greater than the entropy, with equality iff the I; = —logp p;. Assuming X
is discrete, all n events have the same probability % Hence, the expected code

length (per symbol) is L > — > p;logp p; = logp n. The lower bound is what
i=1

we can achieve simply by assigning each codeword to the leaves of a D-nary
tree: the best code coincides with the worst possible code, and so data cannot
be compressed.

8.7 Additional figures

Point Jacobian spectrum, full spectra For the figures detailing the full spectrum,
i.e. figs. [p| through note that train and test distributions are the same, since
the underlying distributions are the same for this relatively simple dataset. We
also note that the overall shape of each distribution does not change significantly
with the addition of noise. As discussed in the main text, we note the clear
bimodality in all spectral distributions, comparatively higher "lognormality" of
Inception, and that the addition of noise increases the mean spectrum.

Finally, note that at the beginning of training, MLP and Alexnet’s predictions
are very local, since there is a great number of relatively small singular values
(high peak), and more so with the addition of noise. This effect is also observed
in Inception, but to much less extent. Using fig. as illustration, MLP and
Alexnet are more conservative than Inception, keeping close to the image of
the training examples for small perturbations. This is similar to the strategies of
generalization that we commonly use (e.g. maxent). Inception, on the other hand,
which generalizes better, while not being conservative at all, which suggests that
it does so by focusing on the signal.

Point Jacobian spectrum MNIST Figures [l and [ parallel those in the main
text for the MNIST dataset.
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Dataset noise illustration Figure provides a graphical illustration of the
representation building leading to bimodality. The example is for a classifier
f:R3* = R? and an autoencder g for visualization, but the overall idea extends
to higher dimensions.
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Fig. 3: Point Jacobian spectral distribution for model | label noise | MNIST,
from first epoch to overfit. "Left" and "right" distributions (cf. are rep-
resented separately for each triplet for clarity. The best fit lognormal plot is
superimposed on each histogram, with the corresponding probability plot on the
right, with the line of best fit (R? displayed on top). Legend elements, in order:
epoch, training and validation accuracy, and the mean log spectrum.
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Fig.4: Point Jacobian spectral distribution for model | nbr. pca comp. |
MNIST, from first epoch to overfit. "Left" and "right" distributions (cf.
are represented separately for each triplet for clarity. The best fit lognormal plot
is superimposed on each histogram, with the corresponding probability plot on
the right, with the line of best fit (R? displayed on top). Legend elements, in
order: epoch, training and validation accuracy, and the mean log spectrum.
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Fig.5: Full point train (left) and validation (right) Jacobian spectrum for MLP
trained on cifar-10, from first epoch to overfit, with no label noise. Horizontal
scale is the same across all plot in the same column. Epochs and performance
are indicated on top of each graph.
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Fig. 6: Full point train (left) and validation (right) Jacobian spectrum for MLP
trained on cifar-10, from first epoch to overfit, with label noise p = 0.5. Horizon-
tal scale is the same across all plot in the same column. Epochs and performance
are indicated on top of each graph.
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Fig. 7: Full point train (left) and validation (right) Jacobian spectrum for MLP
trained on cifar-10, from first epoch to overfit, with label noise p = 1.0. Horizon-
tal scale is the same across all plot in the same column. Epochs and performance
are indicated on top of each graph.
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Fig. 8: Full point train (left) and validation (right) Jacobian spectrum for Alexnet
trained on cifar-10, from first epoch to overfit, with label noise p = 0.0. Horizon-
tal scale is the same across all plot in the same column. Epochs and performance
are indicated on top of each graph.
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Fig. 9: Full point train (left) and validation (right) Jacobian spectrum for Alexnet
trained on cifar-10, from first epoch to overfit, with label noise p = 0.5. Horizon-
tal scale is the same across all plot in the same column. Epochs and performance
are indicated on top of each graph.
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Fig.10: Full point train (left) and validation (right) Jacobian spectrum for
Alexnet trained on cifar-10, from first epoch to overfit, with label noise p = 1.0.
Horizontal scale is the same across all plot in the same column. Epochs and
performance are indicated on top of each graph.
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Fig.11: Full point train (left) and validation (right) Jacobian spectrum for In-
ception trained on cifar-10, from first epoch to overfit, with label noise p = 0.0.
Horizontal scale is the same across all plot in the same column. Epochs and
performance are indicated on top of each graph.
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Fig.12: Full point train (left) and validation (right) Jacobian spectrum for In-
ception trained on cifar-10, from first epoch to overfit, with label noise p = 0.5.
Horizontal scale is the same across all plot in the same column. Epochs and
performance are indicated on top of each graph.
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Fig.13: Full point train (left) and validation (right) Jacobian spectrum for In-
ception trained on cifar-10, from first epoch to overfit, with label noise p = 1.0.
Horizontal scale is the same across all plot in the same column. Epochs and
performance are indicated on top of each graph.
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Classifier Autoencoder
f

Fig. 14: Principal directions of the point Jacobian for a classifier f and an au-
toencoder g for three-pixel pictures of cats and dogs on the neighborhood of a
given point. By definition, the norm of the change of the image through f for
perturbations in first singular direction ¢ is maximal among all directions, and
similarly for the second direction in the orthogonal space to the first. Note that
since the destination space is in R, there are only two singular directions in the
original R?. For each point P the two directions are the directions of respectively
maximum and minimum change with respect to "cat-dog". As for the autoen-
coder, reconstruction is much more sensitive to perturbations along o; than os:
changes along the latter are reconstructed as being the same image, which means
that the model considers them as being noise.
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