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An ultrasonic reflectivity method is proposed for measuring porosity of porous materials having a
rigid frame. Porosity is the relative fraction by volume of the air contained within a material. It is
important as one of the several parameters required by acoustical theory to characterize porous
materials like plastic foams and fibrous or granular materials. The proposed method is based on a
temporal model of the direct and inverse scattering problem for the propagation of transient
ultrasonic waves in a homogeneous isotropic slab of porous material having a rigid frame. This time
domain model of wave propagation was initially introduced by the authors@Z. E. A. Fellah and C.
Depollier, J. Acoust. Soc. Am.107, 683~2000!#. The viscous and thermal losses of the medium are
described by the model devised by Johnsonet al. @D. L. Johnson, J. Koplik, and R. Dashen, J. Fluid.
Mech,176, 379 ~1987!# and Allard@J. F. Allard, Chapman and Hall, London,~1993!# modified by
a fractional calculus-based method applied in the time domain. Reflection and transmission
scattering operators for a slab of porous material are derived from the responses of the medium to
an incident acoustic pulse. The porosity is determined from the expressions of these operators.
Experimental and numerical validation results of this method are presented. This method has the
advantage of being simple, rapid, and efficient. ©2003 American Institute of Physics.
@DOI: 10.1063/1.1524025#
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I. INTRODUCTION

The ultrasonic characterization of porous materials sa
rated by air such as plastic foams, fibrous or granular m
rials is of great interest for a wide range of industrial app
cations. These materials are frequently used in
automotive and aeronautics industries and in the build
trade. The determination of the properties of a medium us
waves that have been reflected by or transmitted through
medium is a classical inverse scattering problem. Such p
lems are often approached by taking a physical model of
scattering process, generating a synthetic response f
number of assumed values for the parameters, and adju
these parameters until a reasonable level of correspond
is attained between the synthetic response and the data
served. One important parameter which appears in theo
of sound propagation in porous materials1–13 is porosity. Po-
rosity is the relative fraction, by volume, of the air contain
within the material. Unlike other parameters included in t
description of different various phenomena occurring in
acoustical propagation of porous media at high freque
range such as tortuosity,11 viscous characteristic length,5 and

a!Author to whom correspondence should be addressed; electronic
zine.fellah@fys.kukeuven.ac.be
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thermal characteristic length,12 or at low frequency range
such as flow resistivity11 and thermal permeability,13 porosity
is a key parameter that plays an important role in propa
tion at all frequencies. As such, in studies of acoustical pr
erties of porous materials, it is extremely useful to be able
measure this parameter.

Beranek10 described an apparatus~porosimeter! used to
measure the porosity of porous materials. This device w
based on the equation of state for ideal gases at cons
temperature~i.e., Boyle’s law!. Porosity can be determine
by measuring the change in air pressure occurring wit
known change in volume of the chamber containing
sample. In the Beranek apparatus, both pressure change
volume change are monitored using a U-shaped fluid-fil
manometer. An alternate technique for measuring porosit
a dynamic method proposed by Leonard.14 Techniques that
use water as the pore-filling fluid, rather than air, are co
mon in geophysical studies.15,16 Mercury has been used a
the pore-filling fluid in other applications.17 However, for
many materials, the introduction of liquids into the mater
is not appropriate. Recently a similar device to that of B
ranek, involving the use of an electronic pressure transdu
was introduced by Champouxet al.18 This device can be
used to measure very slight changes in pressure accura
and the output can be recorded by a computer.
il:
© 2003 American Institute of Physics
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In this work, we present a simple method of measur
porosity by measuring a wave reflected by a slab of por
material. This method is based on a temporal model of
direct and inverse scattering problem for the propagation
transient ultrasonic waves in a homogeneous isotropic
of porous material having a rigid frame. This work was in
tially introduced by the authors of Refs. 1–4. The visco
and thermal losses of the medium are described by
Johnsonet al.5 and Allard6 model modified by a fractiona
calculus based method in order to be used in the time
main. Reflection and transmission scattering operators
slab of porous material are derived and thus the respons
the medium to an incident acoustic pulse are obtained.

The outline of this work is as follows. In Sec. II, a tim
domain model is given, the connection between the fr
tional derivatives and wave propagation in rigid porous m
dia in high frequency range is established and the basic e
tions are written in the time domain. Section III is devoted
the direct problem and to the expressions of the reflec
and transmission kernels in the time domain and numer
results are given. Section IV deals with the inverse probl
and an expression of porosity based on the incident and
flected waves from a slab of porous materials is establish
Finally in Sec. V, the experimental results are given to va
date this method.

II. MODEL

In the acoustics of porous materials, a distinction can
made between two situations depending on whether
frame is moving or not. In the first case, the dynamics of
waves due to the coupling between the solid frame and
fluid are clearly described by the Biot theory.7,8 In air-
saturated porous media the structure is generally motion
and the waves propagate only in the fluid. This case is
scribed by the model of equivalent fluid which is a particu
case in the Biot model, in which the interactions between
fluid and the structure are taken into account in two f
quency response factors: the dynamic tortuosity of the
dium a(v) given by Johnsonet al.5 and the dynamic com
pressibility of the air included in the porous materialb(v)
given by Allard.6 In the frequency domain, these factors mu
tiply the density of the fluid and its compressibility respe
tively and represent the deviation from the behavior of
fluid in free space as the frequency increases. In the t
domain, they act as operators and in the high frequency
proximation their expressions are given by Fellah a
Depollier1,2 and Fellahet al.3,4 as

ã~ t !5a`Fd~ t !1
2

L S h

pr f
D 1/2

t21/2G , ~1!

b̃~ t !5Fd~ t !1
2~g21!

L8 S h

pPrr f
D 1/2

t21/2G . ~2!

In these equations,d(t) is the Dirac function, Pr is the
Prandtl number,h and r f the fluid viscosity and the fluid
density, respectively, andg is the adiabatic constant. Th
relevant physical parameters of the model are the tortuo
of the medium a` initially introduced by Zwikker and
Downloaded 18 Jul 2003 to 194.57.163.19. Redistribution subject to AI
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Kosten11 and the viscous and the thermal characteris
lengthsL andL8 introduced by Johnsonet al.5 and Allard.6

In this model, the time convolution oft21/2 with a function is
interpreted as a semi-derivative operator following the d
nition of the fractional derivative of ordern given in Samko
et al.19

Dn@x~ t !#5
1

G~2n!
E

0

t

~ t2u!2n21x~u!du, ~3!

whereG(x) is the gamma function.
In this framework, the basic equations of our model c

be expressed as follows:

r f ã~ t !*
]v i

]t
52¹i p

and

b̃~ t !

Ka
*

]p

]t
52¹v, ~4!

where * denotes the time convolution operation,p is the
acoustic pressure,v is the particle velocity, andKa is the
bulk modulus of the air. The first equation is the Euler equ
tion; the second is a constitutive equation obtained from
equation of mass conservation associated with the beha
~or adiabatic! equation.

For a wave propagating along thex axis, these equation
become

r fa`

]v
]t

12
r fa`

L S h

pr f
D 1/2E

0

t ]v/]t8

At2t8
dt852

]p

]x
, ~5!

1

Ka

]p

]t
12

g21

KaL8 S h

pPrr f
D 1/2E

0

t ]p/]t8

At2t8
dt852

]v
]x

. ~6!

In these equations, the convolutions express the disper
nature of the porous material. They take into account
memory effects due to the fact that the response of the
dium to the wave excitation is not instantaneous but ne
more time to take effect. The retarding force is no long
proportional to the time derivative of the acoustic veloc
but is found to be proportional to the fractional derivative
order 1/2 of this quantity. This occurs because the volume
fluid involved in the motion is not the throughout the who
length of the signal as it is in the case of a fully develop
steady flow. The phenomenon may be understood by con
ering such a volume of fluid in a pore to be in harmon
motion. At high frequencies, only a thin layer of fluid
excited and so the average shear stress is high. At a lo
frequency, the same amplitude of fluid motion allows
thicker layer of fluid to participate in the motion and cons
quently the shear stress is lower. The penetration distanc
the viscous forces and therefore the excitation of the fl
depends on frequency. In the time domain, such depend
is associated with a fractional derivative.

III. DIRECT PROBLEM

The direct scattering problem is that of determining t
scattered field, as well as the internal field, that arises whe
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp



ith
th
/o
t

re
n
is

th

ic

pi
e
n

on

d,

ve

e

th
al

op
flo

h

ed

on,
of

cat-
s
d by

ves
.
ci-

nly

re-

298 J. Appl. Phys., Vol. 93, No. 1, 1 January 2003 Fellah et al.
known incident field impinges on the porous material w
known physical properties. To compute the solution of
direct problem, it is necessary to know the reflection and
the transmission scattering operators which depends on
Green3 function of the porous medium. In that case, the
flected field is given by the convolution of the reflectio
operator with the incident field and the transmitted field
given by the convolution of the transmission operator by
incident field.

Consider a homogeneous slab of porous material wh
occupies the region 0<x<L. The geometry of the problem
is shown in Fig. 1. This medium is assumed to be isotro
and to have a rigid frame. A short sound pulse imping
normally on the medium from the left. It gives rise to a
acoustic pressure fieldp(x,t) and an acoustic velocity field
v(x,t) within the material, which satisfies the propagati
equation1

]2p

]x22A
]2p

]t2 2BE
0

t ]2p/]t82

At2t8
dt82C

]p

]t
50, ~7!

where the coefficientsA, B, andC are constants expresse
respectively, by

A5
1

c2 5
r fa`

Ka
,

B5
2a`

Ka
Ar fh

p S 1

L
1

g21

APrL8
D , ~8!

C5
4a`~g21!h

KaLL8APr
.

The first one is related to the velocityc51/Ar fa` /Ka of the
wave in the air included in the porous material.a` is the
refractive index of the medium which changes the wave
locity from c05AKa /r f in free space toc5c0 /Aa` in the
porous medium. The other coefficients are essentially dep
dent on the characteristic lengthsL andL8 and express the
viscous and thermal interactions between the fluid and
structure. The constantB governs the spreading of the sign
while C is responsible for the attenuation of the wave.

To derive the reflection and transmission scattering
erators, it is assumed that the pressure field and the
velocity are continuous at the boundary of the material

p~01,t !5p~02,t !, p~L2,t !5p~L1,t !,
~9!v~02,t !5fv~01,t !, v~L1,t !5fv~L2,t !,

where f is the porosity of the medium and6 superscript
denotes the limit from the left and the right, respectively. T
initials conditions are given by

FIG. 1. Geometry of the problem.
Downloaded 18 Jul 2003 to 194.57.163.19. Redistribution subject to AI
e
r
he
-

e

h

c
s

-

n-

e

-
w

e

p~x,t !u t5050,
~10!

]p

]t U
t50

50,

which means that the medium is idle fort50.
If the incident sound wave is launched in the regionx

<0, then the general solution of Eq.~7! in the region to the
left of the material is the sum of the incident and reflect
field

p1~x,t !5pi S t2
x

c0
D1pr S t1

x

c0
D , x,0. ~11!

Here,p1(x,t) is the field in the regionx,0, pi andpr denote
the incident and the reflected field, respectively. In additi
a transmitted field is produced in the region to the right
the material. This has the form

p3~x,t !5ptS t2
L

c
2

~x2L !

c0
D , x.L, ~12!

wherep3(x,t) is the field in the regionx.L and pt is the
transmitted field.

The incident and scattered fields are related by the s
tering operators~i.e., reflection and transmission operator!
for the material. These are integral operators represente

pr~x,t !5E
0

t

R̃~t!pi S t2t1
x

c0
Ddt

5R̃~ t !* pi~ t !* dS t1
x

c0
D ,

~13!

pt~x,t !5E
0

t

T̃~t!pi S t2t2
L

c
2

~x2L !

c0
Ddt

5T̃~ t !* pi~ t !* dS t2
L

c
2

~x2L !

c0
D .

In Eqs.~13! the functionsR̃ andT̃ are the reflection and the
transmission kernels, respectively, for incidence of wa
from the left. Note that the lower limit of integration in Eq
~13! is set 0, which is equivalent to assuming that the in
dent wave front first impinges on the material att50. The
scattering operators given in Eqs.~13! are independent of the
incident field used in scattering experiment and depend o
on the properties of the materials. Using Eqs.~4!, ~7!, ~9!,
~13!, and Laplace transform calculus, we can derive the
flection and transmission scattering operators given by

R̃~ t !5S 2f1Aa`

f1Aa`
D (

n>0
S f2Aa`

f1Aa`
D 2n

3FFS t,2n
L

c D2FS t,~2n12!
L

c D G , ~14!

T̃~ t !5
4fAa`

~Aa`1f!2 (
n>0

S f2Aa`

f1Aa`
D 2n

3FS t1
L

c0
,~2n11!

L

c D . ~15!
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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These expressions takes into account then-multiple reflec-
tions in the material. For a positive constantk, F(t,k) is the
Green function of the porous material given in Ref. 3~see
the Appendix A!.

In most cases, for porous materials saturated by air,
multiple reflection effects are negligible because of the h
attenuation of sound waves in this kind of media. So,
taking into account only the reflections at the interfacex
50 andx5L, the kernel of transmission is given by

T̃~ t !5
4fAa`

~f1Aa`!2
FS t1

L

c
,
L

c D , ~16!

and the kernel of reflection by

R̃~ t !5r ~ t !1R~ t !, ~17!

with

r ~ t !5
Aa`2f

Aa`1f
d~ t !

and

R~ t !52
4fAa`~Aa`2f!

~Aa`1f!3
FS t,

2L

c D , ~18!

in the case of a semi-infinite medium whenL→`;
F(t,2L/c)→0 and R̃(t)→r (t) ~see Appendix!. This means
that r (t) is equivalent to the reflection at the interfacex50
and thatR(t) is equivalent to reflection at the interfacex
5L, which is the bulk contribution to the reflection. The pa
of the wave corresponding tor (t) is not subjected to the
dispersion but it is simply multiplied by the factor (Aa`

2f)/(Aa`1f). This shows that although tortuosity is
bulk parameter, it may be evaluated from the wave reflec
at the first interface when the porosity is known and v
versa. Although generally speaking it is easy to evaluate
tortuosity from transmitted waves3,4,20,21this is not the case
for porosity because of its weak sensitivity in transmitt
mode. Figure 2 shows two simulated transmitted signals
a plastic foamM1, the first one~solid line! corresponds to
the value of porosityf150.98 and the second one~dashed
line! corresponds tof250.49. The parameters used in th
simulation namely thickness: 1.1 cm,f50.92, a`51.25,

FIG. 2. Transmitted simulated signals forf50.98 ~solid line! and for f
50.49 ~dashed line!.
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L550mm, andL85150mm have been determined usin
conventional methods.3,4,19,20Readers can see the slight di
ference between the two curves for a 50% difference in
rosity values, which is due to the dispersion phenomen
that is governed by viscous, thermal, and inertial effects c
tributed bya` , L, andL8, and plays a more important rol
in the Green functionF(t,k) thanf.

Figure 3 shows the two contributions to the reflectio
r (t) and R(t) for a plastic foamM1. The contribution of
R(t) to the reflection is negligible when it is compared to t
contribution ofr (t). In Fig. 4 we show by numerical simu
lation, the difference between the reflected wave at the
interface and the total reflected wave. The difference
tween the two curves is slight. This means that the wa
reflected by the slab may be approximated by the reflec
wave by the first interfacer (t) with a good level of accuracy

IV. INVERSE PROBLEM

A porous material having a rigid frame is characteriz
by four parameters in the high frequency range, namely,
rosity f, tortuositya` , the viscous characteristic lengthL,
and the thermal characteristic lengthL8. These values are
crucial for the behavior of the sound waves in such materi
So, it is therefore fairly important to work out experiment
methods and efficient tools to assess them. Therefore, a b
inverse problem associated with the slab may be state
follows: to find the values of the parameters of the medi
from the measurements of the transmitted and/or reflec
signals outside the slab. As shown in Sec. II, the solution
the direct problem is the system of two operators expres
as functions onf, a` , L, andL8. The inversion algorithm
for finding the values of the parameters of the slab is ba
on a fitting procedure. To find the values of the parametersf,
a` , L, andL8 such that the transmitted and reflected sig
describes the scattering problem in the best possible
~e.g., in the least-squares sense!. Solving the inverse problem
using experimental data from transmitted waves
treated3,4,22 and an estimation ofa` , L, and L8 has been
given with a good level of correspondence from ultraso
measurements. Here we will try to solve the inverse probl

FIG. 3. Numerical simulations of the reflections contributionsr (t) ~solid
line! andR(t) ~dashed line!.
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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using experimental reflected wave data, with the aim of
turning to the porosity which, because of its weak sensitiv
cannot be characterized in transmitted mode.

The inverse problem is to find the porosity valuef
which minimizes the function

U5 (
i 51

i 5N

~pr~ t i !2pexp
r ~ t i !!2, ~19!

wherepr(t i) i 51,2,...N represents the discrete set of values
the simulated reflected signal given by Eq.~13! and
pexp

r (ti)i51,2,...N is the discrete set of values of the experime
tal signal. In the approximation that the reflected wave
essentially due to the reflection at the first interfacex50

R̃~ t !5r ~ t !5
a21

a11
d~ t !. ~20!

wherea5Aa`/f and

pr~ t i !5
a21

a11
pi~ t i !. ~21!

pi(t i) is the discrete set of values of the experimental in
dent signal given out by the transducer. To minimizeU(a)
we must have

]U

]a
50,

and

]2U

]a2 .0, ~22!

]U

]a
5

]

]a (
i 51

i 5N S a21

a11
pi~ t i !2pexp

r ~ t i ! D 2

50, ~23!

then

2(
i 51

i 5N
~a11!2~a21!

~a11!2 pi~ t i !S a21

a11
pi~ t i !2pexp

r ~ t i ! D50,

~24!

and

(
i 51

i 5N

pi~ t i !S a21

a11
pi~ t i !2pexp

r ~ t i ! D50, ~25!

FIG. 4. Reflected wave at the interfacex50 ~solid line! and the total re-
flected wave~dashed line!.
Downloaded 18 Jul 2003 to 194.57.163.19. Redistribution subject to AI
-
,

f

-
s

-

which is equivalent to

a5
( i 51

i 5Npi~ t i !~pi~ t i !1pexp
r ~ t i !!

( i 51
i 5Npi~ t i !~pi~ t i !2pexp

r ~ t i !!
5

Aa`

f
, ~26!

the expression of the porosity is

f5
( i 51

i 5Npi~ t i !~pi~ t i !2pexp
r ~ t i !!

( i 51
i 5Npi~ t i !~pi~ t i !1pexp

r ~ t i !!
Aa`, ~27!

the second derivative term

]2U

]a2 52
8

~a11!3 (
i 51

i 5N S a21

a11
~pi~ t i !!22pexp

r ~ t i !.p
i~ t i ! D

1
8

~a11!4 (
i 51

i 5N

~pi~ t i !!2, ~28!

from Eq. ~24! we have

]2U

]a2 52
2

~a11!

]U

]a
1

8

~a11!4 (
i 51

i 5N

~pi~ t i !!2, ~29!

when ]U/]a50, the condition]2U/]a2.0 is always veri-
fied becausea.1, (a`.1 andf,1).

Relation~27! is the expression of the porosity as a fun
tion of the tortuosity, a discrete set of values of the incide
and reflected signal, we will use this relation in Sec. V
estimate the value of the porosity from experimental incid
and reflected data.

V. ULTRASONIC MEASUREMENTS

In application of this model, some numerical simulatio
are compared to experimental results. Experiments are
ried out in air with a broadband Ultran NCT202 transduc
having a 190 kHz central frequency in air and a bandwidth
6 dB extending from 150 to 230 kHz. This transducer is us
simultaneously as a transmitter and receiver in order to
tect the reflected wave. Pulses of 400 V are provided b
5052PR Panametrics pulser/receiver. The received sig
are amplified up to 90 dB and filtered above 1 MHz to avo
high frequency noise~energy is totally filtered by the sampl
in this upper frequency domain in transmitted mode but
in reflected mode!. Electronic perturbations are removed b

FIG. 5. Experimental setup of the ultrasonic measurements in refle
mode: ~P.G! pulse generator,~H. F. F-P. A! high frequency filtering-
preamplifier,~D. O! digital oscilloscope,~C! computer,~T! transducer, and
~S! sample.
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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1000 acquisition averages. The experimental setup is sho
in Fig. 5. The duration of the signal plays an important ro
in solving the inverse problem, its spectrum must verify t
condition of high frequency approximation referred to in t
previous section.

Figure 6 shows the incident signal given out by t
transducer and the reflected signal by the plastic foamM2
~thickness 4.1 cm,a`51.0760.01, L5230mm, and L8
5690mm). Figure 7 shows their spectrums. From the sp
trums of the two signals, the reader can see that they hav
same bandwidths which means that there is no dispers
This concurs the theory below which predicts that the
flected wave from the first interfacex50 is measured and
simply attenuated by the factor (Aa`2f)/(Aa`1f).

Using the incident and reflected experimental data
the foam M2 and relation~27!, the value of the porosity
optimized by solving the inverse problem isf50.968
60.005. This value of the porosity is obtained on the basis
an average of a set of values, and its accuracy is calcul
knowing the accuracy of the tortuosity using the relati
df/f5(1/2)(da` /a`), where df is the accuracy of the
porosity andda` is the accuracy of the tortuosity.

Figure 8 shows the comparison between experime
reflected signals and simulated reflected signals for the o
mized value of the porosity, the difference between the t
curves is slight which leads us to conclude that the optimi
value of the porosity is good. The value of the porosity of t

FIG. 6. Experimental incident signal~dashed line! and experimental re-
flected signal~solid line!.

FIG. 7. Spectrum of experimental incident signal~dashed line! and spec-
trum of experimental reflected signal~solid line!.
Downloaded 18 Jul 2003 to 194.57.163.19. Redistribution subject to AI
ed

e

-
the
n.
-

r

f
ed

al
ti-
o
d

e

foam M2 given by the porosimeter10,18 is f50.9760.02.
The flow resistivity of the plastic foamM2 is s
53000 N m24 s. This value is low compared with other pla
tics foams, and is the reason why the value of the porosit
very close to 1.

Another plastic foamM3 is studied~thickness 0.6 cm!.
This has a high level of flow resistivity, s
5125 000 N m24 s and the ultrasonic parameters area`

51.7060.01,L523mm, L8569mm. Figure 9 shows the
incident and reflected signal and Fig. 10 shows their spe
respectively. Here again, we can conclude from the two sp
tra that there is no dispersion. By solving the inverse pr
lem from the incident and reflected data and relation~27! the
optimized value of the porosity isf50.82160.005. Figure
11 shows the comparison between simulated reflected si
obtained by the optimized value of the porosity and the
perimental signal. The readers can see the slight differe
between the two curves that proves the optimized value
the porosity.

The main advantage of this method is its simplicity co
pared with the porosimeter,18 which involves more compli-
cated measurement steps and a more expensive experim
setup.

VI. CONCLUSION

A simple method for the measurement of the poros
has been proposed. This method is based on a conce

FIG. 8. Comparison between experimental reflected signal~solid line! and
simulated reflected signal forf50.968~dashed line!.

FIG. 9. Experimental incident signal~dashed line! and experimental re-
flected signal~solid line!.
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measuring waves reflected by the porous media. It is an
ternative to the usual method involving the use of a poros
eter introduced by Beranek and improved by Champo
et al.

The method is based upon the propagation equatio
the time domain in a slab of porous material having a ri
frame at high frequency range. A time domain model
wave propagation in such material is worked out from
concept of fractional calculus. The kernels of the reflect
and transmission scattering operators are derived giv
simple relations between these operators and the param
of the medium. Because of the high attenuation in such
dia, the wave reflected by the porous material can be
proximated by the wave reflected at the first interface. A
consequence, it gives a simple relation between the poro
tortuosity and reflected wave, thereby proving that all phy
cal parameters of acoustic material can be evaluated u
acoustic measurements.

An experimental validation of the theoretical express
of the reflection scattering operators illustrates the high le
of correspondence between numerical and experimenta
sults and shows that this time domain model is well sui
for the characterization of porous media via acoustic w
propagation. As part of our future plan, we hope to deal w
the problem of oblique incidence that can give us more d
for the reflected mode of the inverse problem.

FIG. 10. Spectrum of experimental incident signal~dashed line! and spec-
trum of experimental reflected signal~solid line!.

FIG. 11. Comparison between experimental reflected signal~solid line! and
simulated reflected signal forf50.821~dashed line!.
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APPENDIX: GREEN FUNCTION OF THE MEDIUM

The Green function of the propagation equation~7! is
given in Ref. 3 by

F~ t,k!5H 0 if 0<t<k

J~ t !1D*0
t2kh~ t,j!dj, if t>k

,

with

J~ t !5
b8

4Ap

k

~ t2k!3/2expS 2
b82k2

16~ t2k! D ,

whereh(t,j) has the following form:

h~j,t!52
1

4p3/2

1

A~t2j!22k2

1

j3/2E
21

1

3expS 2
x~m,t,j!

2 D @x~m,t,j!21#
mdm

A12m2
,

and where

x~m,t,j!5@DmA~t2j!22k21b8~t2j!#2/8j,

b85Bc0
2Ap,c85C.c0

2

andD5b8224c8 whenk→`, J, andh(j,t) tends to zero,
then the Green functionF(t,k) tends also to zero.
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