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This paper is devoted to the mathematical analysis of the contact capabilities of the fluid-
structure interaction (FSI) model with seepage reported in [Comput. Methods Appl.
Mech., 392:114637, 2022]. In the case of a rigid disk moving over a fixed horizontal
plane, we show that this model encompasses contact and hence removes the non collision
paradox of traditional FSI models which rely on Dirichlet or Dirichlet/Navier boundary
conditions. Numerical evidence on the theoretical results is also provided.
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1. Introduction

The numerical simulation of systems involving fluid-structure-contact interaction is
of fundamental importance in many engineering and biomedical applications. For
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instance, contact modeling is a crucial ingredient in the simulation of the dynamics
of native or artificial cardiac valves (see, e.g., [19] [20).

Modeling contact between solids within a fluid-structure interaction (FSI) frame-
work raises many modeling, mathematical and numerical issues. First, in the case
of a ball immersed in a viscous incompressible fluid with no-slip boundary condi-
tions and falling over a fixed horizontal plane, the resulting FSI models are unable
to predict contact, both in 2D (see, e.g., [I4) and in 3D (see, e.g./I6l), which is
known as the no collision paradox. One of the most widespread explanation of
this paradox is that one can no longer consider ideal smooth surfaces when solids
come into contact: roughness-induced effects play a fundamental role into enabling
collision. Indeed, contact between smooth solids with no-slip boundary conditions
seem possible only in very specific configurations like, for example, grazing collision
in 3D (see [I7)). On the other hand, many studies show the no collision paradoz is
circumvented by taking into account roughness in FSI models, either by enabling
the fluid to slip through Navier-type boundary conditions (see, e.g.,[22, I8 in 2D
and [, 12, 10] in 3D) or by considering rough solids (see, e.g., [§ in 2D and [9
in 3D). A second major difficulty is related to the mechanical consistency of the
model. Indeed, for FSI models which allow for contact, the simple addition of a
non-penetration constraint to the solid can lead to unphysical void creation (at re-
lease from contact) or unbalanced stresses at contact. Recently, these mechanical
inconsistencies have been avoided by considering a poroelastic modeling of the fluid
seepage induced by the roughness of the contacting wall (see, e.g., [I, 4). Yet, very
little is known on the mathematical foundations of these modeling approaches.

In this work, we investigate the capability to encompass contact of the FSI
model with seepage reported in [4. For this purpose, we consider a simplified 2D
setting of a rigid disk immersed in a Stokesian flow and falling over an horizontal
plane (the contacting wall), modeled as porous layer. We provide a well-posedness
analysis for the fluid problem and describe the asymptotics with respect to the
porous layer parameters. By building on the arguments reported in (9, we also derive
an estimate of the fluid drag force, acting on the disk boundary, with respect to the
gap between the disk and the porous layer. A salient feature of this analysis is that
it shows that the considered FSI model with seepage allows for contact between
the disk and the wall. In other words, since the porous layer allows for seepage, the
incompressibility constraint does not create any singularity which prevents contact.
To the best of our knowledge, this is the first time in which contact is allowed in a
FSI model with Dirichlet interface conditions on the falling disk, for the considered
geometrical setting. From the analysis reported in [14] [9] one can indeed show that
the combination of Dirichlet and Navier boundary conditions prevents contact. The
mathematical analysis of the paper is complemented by a comprehensive numerical
study which illustrates the theoretical results obtained.

The rest of the paper is organized as follows. Section [2| presents the considered
2D simplified setting and the fluid-structure-contact interaction model of 4. An ap-
propriate velocity scaling of the problem (see, e.g., 9) reduces the coupled problem
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to the evaluation of the drag force operator in terms of the distance to the con-
tacting wall. Section |3| represents the theoretical core of the paper. It provides a
mathematical and asymptotic analysis of the resulting scaled fluid system and ana-
lytical estimations of the drag force, which allow to describe the contact dynamics
of the disk. Numerical evidence on these theoretical results is provided in Section [4]
Finally, the main results of the paper are summarized in Section [§] together with
some perspectives of future work.

2. Mathematical models

In order to investigate the effect of the surface porous medium on the contact
dynamics of fluid-structure interaction, we consider a simplified fluid-structure in-
teraction system involving a quasi-steady Stokes flow with an immersed rigid disk.
This simplified setting has already been investigated in previous studies (see, e.g.,
141 9] [18), but with a different treatment of the contact wall (notably in terms of
boundary conditions).

The Stokesian fluid is assumed to be contained in a rectangular domain &f
(=L, L) x (0, L) and the current configuration of the immersed rigid disk is denoted
by S(t) C €, for all t > 0. We can hence introduce the fluid domain Q(t) = Q\ S(t)
and its associated non-cylindrical trajectory

T= | Q@) x {t}.
teR+
The boundary of  is partitioned as 9Q) = I' U X, where ¥ denotes the bottom
contacting wall (see Figure . In what follows, the rigid disk is assumed to be
of radius one and to move only vertically (without rotation), so that S(¢) can be
defined as follows:

S(t) = B((d(t) + 1)es, 1),

where (e1,e2) denotes the canonical basis of R?, B(zx,R) the disk of radius R
centered in & € R?, and d : RT — R stands for the so so called gap function,
viz., the quantity d(t) represents the (signed) distance function between S(t) and
the contacting wall . Owing to the geometrical symmetry of the problem, it is
worth noting that this purely vertical motion can be (physically) expected under
appropriate initial conditions.

The fluid. The state of the fluid can be described in terms of its velocity w : T —
R? and pressure p : T — R fields, which are governed by the following Stokes system

—divo(u,p) =0 in Q(t),
diveu=0 in Q(t), (2.1)
u=0 on T,

where the fluid Cauchy stress tensor o reads

e of 1
o(u,p) 2D (w) ~pI, D(u) ™ (Vu+ VuT).
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Figure 1: Geometrical description.

The fluid viscosity is assumed to be one, and no-slip boundary conditions are con-
sidered on the exterior boundary I'.

The solid. Owing to the vertical motion of the rigid disk, the dynamics of the
solid is simply given in terms of the momentum conservation law. Assuming that
the solid has unit mass, the following relation holds

d(t) + F(t) = 0, (2.2)

for t € R and where F(t) stands for the external force acting on the solid.

Fluid-solid coupling. The fluid and solid equations ([2.1)-(2.2)) have to be coupled
with standard geometric, kinematic and dynamic interface conditions on 9S(¢),
namely:

S(t) = B((d(t) + 1)ez, 1), Q(t) =Q\ S(1),
w=dey; on 85(t),

(2.3)
F(#t) = /8 o

where n denotes the exterior unit normal to 9€(¢). Note that the last expression
simply relates F(t) to the fluid drag force exerted on the rigid disk at time ¢.

Surface roughness model on the contact wall. Traditionally, fluid-structure
interaction models based on 7 involve a no-slip boundary condition on
the contact wall 3, which is known to prevent contact (see, e.g. [I4) in contrast
to what is physically observed. In order to circumvent this issue, we consider the
alternative modeling approach reported in [4) which consists in taking into account
the roughness of the contact wall through a surface model of fluid seepage.

The matrix of the porous wall is assumed to be rigid and of thickness e,. The
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normal and tangential conductivities of the porous medium are denoted by  and 7,
respectively. We denote by 7 the tangential vector on the surface 3; here 7 is simply
equal to e;. The porous fluid pressure p : ¥ x Rt — R can be described by the
following surface Darcy model (obtained after averaging the bulk Darcy problem
across the thickness, see [, 2T)):

{— div, (EanTﬁ) =uy on X, (2.4)

V.p=0 on 9%,
where uy, denotes the seepage velocity.

Remark 2.1. As ¥ is a 1D line, the symbols div, and V., denoting respectively
the divergence and gradient along the direction 7, are here both equivalent to %.

The above system has to be coupled with the bulk fluid equations (2.1) on X,
via appropriate kinematic and dynamic relations, namely,

Uy =u-m on X,
o(u,p)n-n=— (ﬁ—i— Zi—pun> on X, (2.5)
K

ou,p)n-7=0 on X.
Note that free slip tangential stress is enforced with the last relation.

Fully coupled problem. The considered coupled problem can be summarized as
follows: Find the gap d : Rt — R, the fluid velocity u : 7 — R?, the fluid pressure
p: T — R and the porous pressure p: X X R — R such that:

—dive(u,p) =0 in Q(), (2.6a)
divu=0 in Q(¢), (2.6b)
u=0 on T, (2.6¢)
w=dey on 8S(t), (2.6d)
o(u,p)n-n=— (ﬁ—i— Z—Zu . n) on X, (2.6e)
ou,p)n-7t=0 on X, (2.6f)
—div, (nepV4p) =u-n on X, (2.6g)
V:p-7=0 on 0%, (2.6h)
d(t) + F(t) =0, F(t) :/ o(u,p)n - ey, (2.61)
a5(t)
S(t) = B((d(t) + 1)ez,1), Q1) =\ S(®), (2.6)

with d(0) = do and d(0) = dy as initial conditions.
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Velocity scaling. System is a highly non-linear coupled problem, notably
due to the fact that the fluid domain (t) is unknown. In order to mitigate this
difficulty, we adopt here a scaling argument, considered for instance in [9) which
leverages the linearity of problem with respect to d and basically consists in
performing the following change of variables for ¢t > 0:

u(t) =dt)uge in Q.
p(t) =d(t)pay in Qg (2.7)
Pt) = d(t)Pay in Q).

By inserting the above relations into (2.6)) and since the equations are linear for a
given location of the rigid disk, we infer that, for a given gap d € (0,L — 2) and
associated solid and fluid domains

Sq = B((d+1)es 1), Q4= Q\ Sy

the triplet ug : Qg — R2, pg: Qg — R, by : ¥ — R is solution of the following pure
(steady) fluid coupled problem:

—divo(ug,pg) =0 in Qg (2.8a)
div Uq = 0 in Qd, (2 gb)
ug=0 on T (2.8¢)
ug =ey; on 09y, (2.8d)
€
o(ug,ps)n-n=— (pd + ﬁud . n) on X, (2.8¢)
o(ug,pg)n-7=0 on X, (2.8f)
—div, (nspVTﬁd) =ug-n on X, (2.8g)
V:pg-T=0 on 0IX. (2.8h)

Note that the velocity scaling yields a constant unit velocity as kinematic con-
straint in , and hence independent of d. The analysis reported in Section
below shows that the operator d € (0, L— 2) — (ug, pd, pa) is well defined, so that
the change of variables is feasible.

By inserting the scaling into , it follows by linearity that
F(t) = d(t)Fug,
with the notation
Fa= / o (ud, pa)n - €2 (2.9)
854
for any given d € (0, L — 2). As a result, the rigid disk dynamics can be rewritten
as:

d(t) + d(t) Fasy = 0. (2.10)
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We will show in Sectionthat Fa > 0, so that from we can infer that the
fluid-solid coupling acts as a friction force into the dynamics of the rigid disk.
The amount of this friction is nothing but the scaled drag force , which only
depends on the instantaneous gap d, trough the solution of the pure fluid problem
. The analysis of the system and, more specifically, of the behavior of its
associated drag force F; with respect to d provides a practical way to estimate the
disk dynamics near the wall and, in particular, to conclude on the possibility of
contact between the rigid disk and the bottom boundary X.

Previous studies (see, e.g., 14, 9] 10, 22| [16]) have shown that Dirichlet or Navier
boundary conditions on the contact wall ¥ lead to a singularity of 74 when d — 0.
In 2D with Dirichlet boundary conditions on both the wall and the disk or a Navier
boundary conditions on one side and a Dirichlet boundary conditions on the other
side, the singularity of Fy is

_3
‘Fd ~ d 2
d—0

and it prevents collision, as proven in Theorem 1 of the seminal paper [14. If Navier
boundary conditions are considered on both the wall and the disk, the singularity
is weaker (see Proposition 6.1 of 22)) and allows collision:
1
Fa d:O d- 2.

In this paper, we investigate the case in which Dirichlet boundary conditions are
applied on the disk and a porous layer is considered on the bottom wall. To the best
of our knowledge, this new setting has not yet been investigated from a mathemat-
ical analysis perspective. In the next section, we prove existence and uniqueness of
weak solution to the coupled system . Then we study the asymptotic behavior
of the system with respect to the porous layer parameters x and 7. Finally, we
provide an estimate of the drag force when d — 0 and show that

0< Fa < C(k,m),

from which we conclude that the porous layer enables contact in the 2D case.

3. Mathematical analysis

This section gathers the main theoretical results of the paper. We provide a thorough
mathematical analysis of system , whose main distinctive feature lies in the
coupling with the porous layer on the bottom wall . As, to our knowledge, this
system has not yet been studied, we address its well-posedness in Section [3.1] using
standard arguments from saddle point problems theory. Then, in order to highlight
the role of the normal and tangential conductivity parameters x and 7, we provide
an asymptotic analysis of with respect to these parameters in Section
Finally, in Section we investigate the influence of the porous layer on the disk
contact dynamics, by estimating analytically the drag force acting on the disk.
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3.1. Existence and uniqueness

In this section, the existence and uniqueness of weak solution for system (2.8) is
investigated. We also derive a priori estimates satisfied by this weak solution.

Let w be a given bounded domain of R? and let Y denote a subset of its boundary.
We denote by L3(w) the space of L?(w) functions with zero mean value in w and
by H&,T(w) the space of functions in H'(w) with zero trace on Y. The scalar product
in L?(w) is denoted by (-, +)o.w, the L?(w) norm by | - |lo and the H'(w) norm
by || - |l1.w. We recall that the H' semi-norm |- |1, is a norm in Hj y(w), since
the Poincaré inequality holds true for functions in H&,T(w). On T, we also consider
the H® norms, denoted by | - ||sx, for every 0 < s < 1, and the H! semi-norm,
denoted by |- |1,r.

Since only the gradient of pg and of py is involved in and , respec-
tively, both pg and py are in principle defined up to a constant. Nonetheless, owing
to , once one of the constats is fixed, the other is uniquely defined, therefore,
only one of them needs to be fixed to guarantee uniqueness. In the analysis below,
we choose to fix the constant of the Darcy pressure py by considering the space

D= HY (D)NLA (D), (3.1)

so that the fluid pressure belongs to L?(£24). As regards the fluid velocity, we denote
by Uy and Z/lg the following spaces,

Uy = {U S H%(Qd)2 I U= ey on 8Sd} s Z/{O < H%UBSd(Qd)Q'

In order to derive a weak formulation for problem , we test the fluid mo-
mentum equation with v € UY, the incompressibility condition with
q € L?(Q4) and the surface Darcy equation with ¢ € D. The weak formu-
lation then follows by integrating by parts and using the different boundary and
coupling conditions: Find (w4, Py, pa) € Us x D x L*(£4) such that

€ . A
2(D(uq), D(v))o,ﬂd + ﬁ (ug-m,v-mn)ys+ epn)(Vrha, V"'q)o,z

+ (Pa,v - n)07E — (ug - m, qA)07E — (pa, divw)y o, + (divug, ¢)y o, =0 (3.2)

for all (v,q,q) € U9 x D x L*(Qq).
The main results of this section are stated in the following theorem.

Theorem 3.1. For any d € (O,Z — 2), problem (3.2) admits a unique solution
(wq,pa,pa) € Ug x L*(Q4) x D. Moreover, there exist three positive constants
C1,C4,C3 > 0, which only depend on Qq, such that (wq,pq,Pa) satisfies the fol-
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lowing a priori estimates
€ A
ID(wa)lG0, + 7 lwa - nl5s +epnl Vebalis < Cilleal s, (3:3)

. —3+/k
Pallis < Caey Lo ey o, (3.4)

n
€ 1
1Pallo,e. < Cs (1 Vst é‘pn) llealls s, (3.5)

Proof. The sketch of the proof is as follows. We first introduce a lifting of the
non-homogeneous Dirichlet boundary condition and we derive the associated
homogeneous weak formulation. Then, we establish an inf-sup condition in order to
prove existence and uniqueness of a solution to problem . The end of the proof
deals with the derivation of estimates 7. For the sake of clarity, we drop
the d subscript of all variables in the remaining of the proof, since d > 0 is fixed.
The steps of the proof are detailed hereafter.

Homogeneous problem. We first consider a lifting of the non-homogeneous
boundary condition (2.8d). Since |, s, €2 m =0, it follows from Theorem 5.1 and
Remark 5.3 of [IT] that there exists a unique (w,q) € H*(4) x L&(Q4), solution of
the Stokes system — with the following Dirichlet boundary conditions:

{w =ey; on 0d5g, (3.6)

w=0 on XUT.

Moreover, there exists a constant C; > 0 which only depends on 4 such that
w10, < Cillez2|l1/2,05,- (3.7)
Therefore, we define for every u € U, the new velocity @ € UY given by
uU=u—w. (3.8)

Rewriting (3.2) with w = @ + w, we obtain that the triplet @ : Qg — R2, p :
Qq — R, p: ¥ — R is solution of the following homogeneous problem: Find
(u,p,p) €U x D x L?*(Qq) such that

_ Ep ,_ ~ ~
2 (D(u)? D(’U))O,Qd + ﬁ (u ‘n,v- n)o,z +€epn (V-,-p, VTq)O’E

+(p,v - n)o,z_(ﬂ ‘n, 6)0,2_(p7 div v)o,Qd+(diV u, Q)O)Qd = —2(D(w), D(”))o@d
(3.9)

for all (v,q, q) € U x D x L?(Q4). Problems and are obviously equivalent.
We will then prove existence and uniqueness of a solution (u,p, p) to problem
and deduce that problem is also well-posed.

For the sake of simplicity, we rewrite the weak formulation with usual
notations for saddle point problem so the reader can easily find his way through
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the standard arguments to prove existence and uniqueness. We consider the Hilbert
spaces
XZUIxD, M= L*Q).
Leta: X xX - R, b: X xM — R and [ € X’ be the bi-linear and linear forms

defined by
a((u.5), (v,8) Z2(D(w), D))y g, + = (w-n,v-n)y
+epn(VeD, Vi)os + (0,0 1)y s — (- n,q)g 5, (3.10)
b((v,9),q) = — (g, dive), g, ,
(1 (0.0) 5 x = (D(w), D(v))yq, -
Problem can therefore be reformulated in an abstract fashion as:
Find ((u,p),p) € X x M such that
a((@. ), (0.9) +b((v,3).pa) = (L (0. D)y x VO.DEX,  (311)
{ b(('a,ﬁ),q) =0 Vq € M.

The form [ is continuous on X, the form b is continuous on X x M, by continuity
of the divergence operator and, using the continuity of the trace operator, we show
that a is continuous on X x X. Moreover, using Koérn’s inequality (see, e.g.,[7), it
follows that form a is coercive on X x X.

Inf-sup condition. To prove that problem is well-posed, it remains to
show that the continuous bilinear form b satisfies the usual inf-sup condition. W
first observe that

di di
. Civog)| o |(dive.g)

(v,q)€UIxD\{(0,0)} ||(’U’a\)HngD||QHO7Qd veu9\{0} [v]l1,041lg
for all ¢ € L?(24) \ {0}. From Theorem 3.3 of [fl and by adapting the Bogovskii’s
lemma stated in 2l to the case of homogeneous boundary condition on part of the
boundary, there exists a constant C' > 0 such that for any ¢ € L?(Q4) there exists
w, € UY such that divw, = ¢ and [Jw,|}1,0, < Cllqllo,0,- As a result

9
0,24

div v, div w,, lqll3 1
sup | ( q) | 2 | ( q9 q) | — 0,2q 2 7”(]”079&
veut\joy |1l lwgllio,  llwgllie, = C
for all ¢ € L?*(Qq) \ {0}, which yields the inf-sup condition
di 1
inf sup |dive,a)] S 1 (3.12)

n S =
a€L?(Qa)\{0} (v,3) et x D\ {(0,0)} H(Uﬂq)”UgXDHq”O,Qd C

Therefore, since the bilinear form a is continuous and coercive on X x X, that [
is continuous on X and that b is continuous on X x M and satisfies the inf-sup
condition , we conclude that problem admits a unique solution in X x M
(see, e.g., Corollary 4.1 of [1]). Moreover, it also proves that problem admits
a unique solution in Uy x D x L3(Qy4).
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A priori estimates. To obtain a priori estimates on uw and p, we first con-
sider (u,p) € X as a test function in the weak formulation (3.9), which yields

_ Ep =
2| D(w) |50, + 5 llw-n

23+ 2ol VaBls = —2(D(w), D@)),, .
Thus, from (3.6) and (3.8)), we obtain
5
2| D(w)|ff o, + yPLCE n|3 s +epnl V-0llo 5 = 2(D(w), D(u))o,q,-

Finally, by using the Cauchy-Schwarz and Young inequalities, we get
€ .
ol nllEs +epnl VPl s < [D(w)

The a priori estimate (3.3) then simply follows from (3.13]) and (3.7]).
Thanks to (3.3) on ug - n, we can derive a sharper estimate on py. Indeed using

the variational formulation (3.2)) with v = 0 and ¢ = py, we obtain

2| D(w)

2
0,24 +

300 +ID@)IF o, (3.13)

epnl Vaballi s = (wa 1. Da)g 5

so that, by using Cauchy-Schwarz and Poincaré-Wirtinger inequalities we get

epnlpallis < Cllug - nflos,

with C' > 0. Finally, from (3.3) on uq - n we get estimate (3.4) with Cy = C/C}.
Then, to estimate the fluid pressure p, we test the weak formulation (3.9)) with
g = 0, which yields

(p, div U)O,Qd =2(D(a), D(v))O,Qd +2(D(w), D(”))O,Qd + Zi (@-n,v- n)o,z

+ (ﬁa v - n)O,E 5
for all v € UY. Therefore, owing to (3.8)), we have

. € ~
(p,divv)g g, =2(D(u), D(v))y o, + ﬁ (u-nv-n)ys+ (v n)y, (314)

for all v € UY. Using once more Theorem 3.3 of [6, as p € L?(Q4) there exists a
constant C' > 0 such that there exists ¥ € UJ that satisfies both divo = p and

0,04+ (3.15)

[0]1,0. < Cllp]
Taking v as a test function in (3.14) gives

~ € - o~
||p||(2),nd = 2(D(u), D('U))oﬂd + ﬁ (u-mv- n)o,z +(p,v- n)o,x )

so that, using Cauchy-Schwarz inequality, the continuity of the trace operator and

estimate ((3.15)) on v, we get

e
Pl 2, < Cs (Julg, + Zlu-nllos + [Plox) Ip

|0,Qda

with C5 > 0 a positive constant. Estimate (3.5)) then follows after division by ||p|o.a,
in the previous bound and by using (3.3]), which concludes the proof of Theorem (3.1l
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Estimates f will be essential for the asymptotic analysis (with respect
to x and 1) conducted in Section On one hand, we can infer from that
the fluid velocity ug is bounded in H'(Qy), independently of £ and 7. On the other
hand, we loose control on the fluid pressure in (3.5)) when either x or 1 vanish.
The purpose of the next proposition is to show that the zero-mean part of the fluid
pressure can be bounded independently of x and 7. We hence decompose the fluid
pressure pg = pj; + ¢4, using the direct sum L? = L2 & R, so that

1

=— [ pa Pi=pi—cq€ L§(Q).
1l Ja,

Cd

Proposition 3.1. For any d € (0, L— 2), there exists a positive constant Cy > 0,
independent of of the conductivity parameters, such that the zero-mean part p}; of
the fluid pressure pq, solution of system (2.8|), satisfies the a priori estimate

[Pallo,e. < Ca. (3.16)

Proof. The proof is very similar to the proof of estimate . We use the notations
introduced in the proof of Theorem and, as before, we drop the subscript d of
all variables for readability.

We consider a test function v € Z/lg which also satisfies v - m = 0 on the bottom
wall . Thus, the constant ¢ does not play any role in the weak formulation

since
(qdivv)oﬂd:c/ divv:c/ v-n=0.
’ Qa Q4
The weak formulation (3.2]) with ¢ = 0 therefore gives

(p*,divv)y g, = Q(D(ﬁ),D(v)) (3.17)

0,24
forallv € UiN{v € H'(Qq)?, v-n =0 on T} . According to Bogovskii’s Lemma/2)
there exists Cy > 0 such that for all p* € L3(£24) there exists v € H}(Qq) such that
divo = p* and
vl1.04 < Callp*llo.04-
Taking v = v in (3.17)), applying the Cauchy-Schwarz inequality and using estimate
(3.3) yields
" 1130, = 2(D(w), D(®))g 0, < |t]1.0,00]1.0, < Callp"[lo.0,-

This completes the proof. O

Remark 3.1. Now, to bring insight on the fluid pressure constant cg4, let us note
that the weak formulation (3.2)) gives the following link between py, pj; and ¢4

fp

(o(ua, pi + ca)n - 1,0 M) sz praga sy = = (ﬁd Tt ™Y ">o =
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for all quad v € Z/lg . Thanks to the H' regularity of py; and the H 2 regularity of
the trace of ug - n and using the Hahn-Banach theorem and density arguments, we
infer that

o(uapy+can-n=—(pi+ Zus-n) i LA(D). (3.18)

We can get rid of the Darcy pressure term by integrating this relation over ¥ and
by using that py € L§(Qq) and [ uq - n = 0, which yields

€
/U(udaPZ)n'n_ZLCd:_/pd_l/Ud'nzoa
= by 4k J,

so that the pressure constant is given by

1

= — n - n. 1
5f [ etuarin-n (319)

cd

Note that it is not obvious to obtain an a priori estimate on ¢4 with respect to the
data of the problem.

3.2. Asymptotic analysis

In this section, we use the a priori estimates of Theorem to study the asymp-
totic behavior of system (12.8]) with respect to x or 7. These results are stated in
Theorem [3.2] and summarized in Table [ below.

3.2.1. Preliminary definitions

We first introduce the different boundary conditions on ¥ that can be obtained as
a limit of problem . We look for the fluid velocity wg : g — R? and the fluid
pressure pg : 24 — R solution of —, that we recall here,
—divo(ug,ps) =0 in Qg
divug =0 in g,
ug=0 on T,
ug=ey on 098,

supplemented with either one of the following boundary conditions on the bottom
wall X:

e Navier boundary conditions:

(3.20)

ug-n=0 on X,
o(ug,pg)n-7=0 on X.

e Neumann boundary conditions:

o(ug,pg)yn =0 on 3. (3.21)
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e Robin boundary conditions:
o(ug,ps)n-n = f%ud ‘m on X, (3.22)
o(ug,pg) - m-7=0 on .

e Darcy boundary conditions without correction term
o(ua,pa)n-n=—-ps on X,
o(ug,pgn-7=0 on X,
—div, (€p1§V;gd)) =ug-m on X, (3.23)
Vi ps-7=0 on 9IX.
In what follows, we shall denote the weak solutions of system — with

boundary conditions of type Navier (3.20)), Neumann (3.21]), Robin (3.22)) or Darcy
without correction (3.23]) by
(ué\la7p(]1\fa) € uz(i) X L(2)(Qd)’
(ué\/e,pé\fe) € u(? X L2(Qd)7
(ug,py) € Ug x L*(Qa),
(w7, pi ) € U] x D x L* (),
respectively. The Navier, Neumann and Robin boundary conditions are classical
in different fluid-structure interaction settings. Existence and uniqueness of the
associated weak solutions can be established using standard arguments. For the
coupling with the Darcy without correction ([3.23)), the well-posedness of the solution
can be proved by using the same arguments as for system (2.8]) in Section
In what follows, we shall make use of the following functional spaces involving
Navier boundary conditions

L{évad:ef{ueHl(Qd)zz u=ey; ondSy, u=0 onI', u-n=0 onE},
L{g’Nad:ef{uGHl(Qd)Q: u=0 ondS;Ul', u-n=0 onZ}

and the divergence-free subspace V; = {ue H(Qq)?: divu=0}.

3.2.2. Main result

The following result provides the asymptotic behavior of system (2.8)) with respect
to the parameters of the Darcy layer.

Theorem 3.2 (Asymptotic analysis). Let d > 0 be given and let (uq, Ppa,pa) €
Uy x D x L*(24) be the solution of (2.8)) which depends on the conductivity param-
eters k and n. The following propositions hold true:

i) When either k orn goes to zero, (Uq, pg — o pa) weakly converges to-
n9g 9] J924 g

wards (u), pi®) in H'(Qq) x L*(Q,) solution of (2.8a)-(2.8d) with Navier
boundary conditions (3.20) on ¥;
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(ii) When both k and n go to infinity, (u4,pq) weakly converges towards
(ule,pl¢) in H'(Qq)? x L*(Qy) solution of (2.8a)-([2.8d) with Neumann
boundary conditions on ¥;

(iii) When k fived and n — 0o, (wq,pa) weakly converges towards (uf,pk) in
H'(Q4)% x L*(,) solution of (2.8a)-(2.8d) with Robin boundary conditions
on X;

(iv) When k — oo and n fized, (uq,pq,Dq) weakly converges towards
(ulwe, pDwe, phwe) in H' (Qq)? x L2(Qy) x HY () solution of (2.8a))-(2-8d)
coupled with Darcy without correction system on X.

Remark 3.2. Theorem [3.2] mainly focuses on the asymptotic behavior of the pure
fluid part of . Some asymptotic results for p in the limit cases mentioned above
are discussed in Remark In particular, it is worth mentioning that, in the
different cases studied in Theorem [3.2] (except in case (iv)), the fluid unknowns (u, p)
and the porous pressure p are not coupled anymore.

Proof. We first gather the cases which converge towards the Navier boundary
conditions (k or n goes to 0) and then derive the other cases. This distinction is
motivated by estimates and , in which some control on the solution is lost
when either x or 7 goes to 0, so that the passage to the limit is more involved than
in the other cases.

In this proof, we assume the gap distance d is fixed and we drop the d subscript
in all variables. Instead, we introduce the notations w ,, px,, and Dy, that makes
the dependence on the conductivity parameters explicit. Thanks to a priori estimate
(3-3) on w,, ., we know there exists a subsequence that converges weakly in H'(Q4)?.
By abuse of notation, we also denote by u, , the subsequence and wu; its limit:

Hl

[N ur.

u
o Korn — 0

By continuity of the trace and of the divergence operators, we have u; € Vi NUy.
We now consider the different cases.

Proof of (i). When & or 1 goes to 0, to show that u;-n = 0, we have to consider
two cases. When k — 0, a priori estimate gives straightforwardly u; -n =0
in L?(X). When 1 — 0, taking the weak formulation with v = 0 yields

(um,n 'n, {I\)O,g =/ Epn(\/ Epnv‘rﬁn,m VTEI\)O,E VZJ\E D.

Owing to (3.3)), we have \/z,7||Dxnll1,= < C, so that we can pass to limit in the
previous identity and obtain

(wy -n,qA)QE =0 VgeD
and, by the density of H}(X) in L?(X), we have

(ul . nva)o)z =0 vae L%(E)v
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1
which implies that u; - n is constant on X. Moreover, since u; - n € HZ (%), we
recover u; - . = 0 also in this case. We therefore have that u; € V; N L{év @ either
when k or 1) goes to zero.

Testing with v € Ug’Na NV; and g = 0, yields
(2D (), D(v)) =0 Yo € UTN NV,
so that, passing to the limit,
(2D(w;), D(v)) =0 Yo e Uy™N* NV,

By uniqueness of the weak solution associated to the Navier problem (2.8a))-(2.8d))
with boundary conditions (3.20]), we obtain that u; = u™¥®. Furthermore, thanks to
the sequential characterization of the limit, we conclude that

Hl
Uy — uNe, (3.24)
kormn — 0

For the pressure, we consider its the zero mean part

% def 1
Prnyp = Prp — m o, Pr,n>»
which, according to Proposition [3.1} is bounded independently of x and 7. We then
have a subsequence (wy,y,py,,) in Uy X L%(Q,) which weakly converges towards

(uNe, p;). Testing (3.2) with v € US’NG and ¢ = 0, yields

2(D(uy), D(v)), o — 0y divo)og, =0 Yo e U™,

0,024

which, passing to the limit, gives

2(D(uN“)7D(v)) — (p;,div v)o,sld =0 Ywe L{((i)’Na.

0,04

We hence have p; = pNe and
L2
ph, — plve. (3.25)

This concludes the proof of (3).
Proof of (ii) and (iii). When neither  nor x vanish, we have control on w, ,,

Pr,n and Py, thanks to the estimates (3.3) and (3.5). When 1 — oo, from (3.3) we
get that

~ H*
Pryg —— 0.
7']—)00
So, passing to the limit in the weak formulation (3.2) with ¢ = 0, gives

5 :
(2D(uy,y), D(v))o’ﬂd + ﬁ(u,m n,v-n)os — (Pry,dive)on, =0 Yo elUl.

For k fixed, we recover Robin by uniqueness

H! R L? R
W', Prpy .
r fixed, n—o0 K fixed, n—oo

U,
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Whenever k — oo, the term % (wyx - 7, v - n)o v disappears as the bound on w,
in H'(Q,) implies that the trace u, , -n on ¥ is bounded in L?(X), so that we

retrieve the Neumann boundary conditions at the limit and have

1
H uNe

u
wn K—00, N—00

sy Prpm

L’ Ne
K—00, N—00

Proof of (iv). For n fixed and k — 0o, we can pass to the limit in the weak for-

&

mulation (3.2)) and note that only the correction term 22 (wy,,-m,v-n)o = vanishes.

P
K

One can easily prove that this limit problem admits a unique solution corresponding
to the Darcy without correction, using the same arguments than for the proof of

Theorem This concludes the proof. O
i 0 cst. — 00
K
Navier Navier Navier
H' \ Na H' \ Na H' \ Na
0 Uq U, Uq U, Uq U,
* L? Na * L? Na * L? . nNa
Pg——D Pg———P Dg p
H! H!
Pg — 0 pg — 0
Navier Robin
H! N H! R
est. ug —— u, ? Darcy UG —— U
* L’ Na L? R
Pa Pq Pd DPq
1/2\/
S (HOO ) . _~Na =~ H' 0
Pd— g, de Y2 o n-n Pa ?
Navier Darcy no cor. Neumann
H' ., Na H' \ 2y Dwe H* Ne
— 00 Uq U, Uq u Uq u
* L? . Na r? . ~Dwc r? . ~Ne
Dq Py DPa D Pa Py
H1/2)/ 1 1
~ 1 ( 00 N H D ~ H
Pa—q; Jo,pa ——— -0 n-n | pg ——— ;" | pa —0

Table 1: Asymptotic behavior of the solution (w4, pd, pa) of system (2.8), with re-
spect to the normal and tangential conductivity parameters x and 1. We denote by

def
Py E pa— ﬁ Jo, pa the zero mean value of pq.

Remark 3.3. The following asymptotic behaviors for the Darcy pressure can also
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be proved:
~ H! ~ H! ~ H!
pa—0, pg —— 0, pg——0,
n —o0 k—0, n fixed VYE o
n
172\’
1 (HOO ) Na ., Na

pdim ded k fixed or —00, n—0 7U(ud yDd )nn

Indeed, from (3.3), we have |p4|?y < Ec—lw so that py strongly convergences to
? P
0 in HY(X) when n — oo. When x — 0 and 7 is fixed, from estimate (3.4) we
straightforwardly deduce that
~ H*
e d
k—0, n fixed

When n — 0 and k is fixed or goes to oo, we loose the control on py provided by
(13.3). Nevertheless, from (3.2)) with ¢ = 0, we have

~ & .
(Pa,v-m)ox = _2(D(ud)7D(’U))OYQd - ﬁ(ud ‘n,v-n)oa, + (P4, divv)o.a,

for all v € UY. By splitting the fluid pressure in terms of its zero mean part,
Dd = P + cq, we have

~ 3 * 1
(pd — Cq, V- ,n')O,E = _2(D(ud)7D(v))0’Qd - ﬁ(ud "N,V - n)O,Qd + (pd7dlv 'U)O,Qd
(3.26)
for all v € UY. As k does not vanish, we can pass to the limit in this expression

using the weak convergences ((3.24) and (3.25)), so that

%ig%)(ﬁd —cg,v-n)ox = —2(D(uf), D(U))O,Qd + (pie, div(v))oq, Vv eUl.

By density arguments, we conclude that

!
_ ) Na N
Pd — Cd D — —O'(Ud a,pd a)n"n-
n—0, Kk fixed or — oo

Finally, when & and 1 both go to 0, we cannot pass to the limit in (3.26)), but we
can conclude in some particular cases. Indeed, from (3.4)), we have

NG

[Pallis < C=—.
Ui

When +/k converges faster than n towards 0, the Darcy pressure py converges
strongly in H' towards 0. If n and \/k converges at the same speed, py is bounded
in H! and therefore admits a subsequence weakly convergent in H' towards an
indeterminate limit. Nothing can be said when 1 converges faster than /k towards
0.

We conclude this section by summarizing all the obtained convergence results
in Table |1} It should be noted that, in principle, the sole cases which are physically
relevant are those where the conductivity parameters are small. It is interesting to
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note also that we always recover the solution of the Stokes equations with Navier
boundary conditions on the bottom wall when either x or n goes to 0. This is
in agreement with the following physical intuition: reducing « or n makes the fluid
seepage through the porous medium more difficult, as w-n converges weakly towards
zero. In terms of the contact dynamics of the disk moving towards the bottom wall,
this means that in the limit cases where either x or 1 goes to 0, the drag force acting
on it is expected to behave like the one with the Navier boundary conditions on the
bottom wall. The next section is devoted to the estimation of this drag force.

3.3. Drag force

This section is devoted to the main result of the paper: modeling seepage with a
porous layer on the bottom wall, as in , enables contact even with Dirichlet
boundary conditions on the disk. The proof of this result is based on an estimate
(Theorem below) of the asymptotic behavior of the drag force acting on
the disk as it gets closer to the wall (i.e., d — 0). To this purpose, we build on the
approach reported in [14) [9. For Navier or Dirichlet boundary conditions, similar
arguments have previously shown that the drag force becomes singular as d — 0
(see, e.g., 14, 22]in 2D and [16l [10lin 3D). In some cases, such as Dirichlet boundary
conditions on both the disk and the wall or the combination of Navier and Dirichlet,
the singularity in the drag force scales as d=% in 2D. This prevents the disk to reach
the wall in finite time, which is known as the no-collision paradox.

3.3.1. Main result - Collision result

The next result states that the drag force associated to the scaled fluid problem

(2.8) is bounded as d — 0.

Theorem 3.3 (Drag force estimate). The drag force Fy given by (2.9) is non-
negative and bounded from above independently of d. More precisely, we have the
following estimate

6 4
1 € 1
Fal=0O 1+E — 4+ -k — | . 3.27
| d| d—0 ( P (Spn)l Ak — (5p77)l> ( )

Before proceeding with the proof of Theorem we can already combine esti-
mate with the disk dynamics equation to conclude that system
enables contact between the disk and the bottom wall. This is the purpose of the
next corollary.

Corollary 3.1 (Collision result). Assume that equation , with initial con-
ditions d(0) = dy < 0 and d(0) = dy > 0, admits a solution d € C?(0,t.),
where t. € Ry U {400} denotes the time at which the disk hits the bottom wall.
There exists a constant C' > 0, depending only on k and n, such that for dy < —Cdy
we have t, < +oo with d(t.) = 0 and d(t.) < 0.
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Proof. We first recall that the disk dynamics associated to the FSI system (2.6)
are given by the ordinary differential equation (2.10]), namely,

d + fdd =0,
as long as d remains positive. Owing to Theorem [3.3] there exists a con-
stant C'(k,n) > 0 such that, for all d > 0, the drag force satisfies

Fa < C(k,m). (3.28)

The drag force is also positive F4 > 0. This is a direct consequence of the result,
shown in the next section (see and (3.36))), that the drag force is the minimum
of an energy.

Assume that, at time ¢ = 0, the disk is located at position &y = dpes and has
the initial velocity ¢ = d0€2 with dg < 0. In other words, it falls towards the
bottom wall. By continuity, the velocity d is still negative for a short time interval

0 <t < 1y, so that from (2.10) and (3.28]) we get
d=Fi(-d) = d<—-C(r,n)d (3.29)
~—~
>0
for all 0 <t < t1, and thus
d(t) < doe™ . (3.30)

This implies that, for all ¢ > 0 such that d(t) > 0, the velocity d(t) remains negative
and ([3.30) holds true. Integrating over time gives for any ¢ > 0 such that d(t) > 0,
we have

, .
. d
d(t) < do + do/ e %ds = d(t) <dy+ EO (1—e 9.
0

=70
The right-hand side function f is obviously decreasing and its limit when ¢t — oo is
given by

lim f(t) = do + @

t—o0 C

If dy < —Cdy, there exists a time ¢, > 0 such that f(te) = 0, namely,

In (1 + C(KJ,??)%)

te=— (3.31)

C(k,n)
By continuity, we show that the disk touches the wall at a time t* < ¢, with d(t*) <
0. This completes the proof. O

Remark 3.4. Note that in the current model nothing prevents the disk of pen-
etrating the bottom wall. Indeed, if the initial velocity \do| is large enough, the
distance d can vanish with a negative velocity. To avoid this, one often adds a non-
penetration constraint in the fluid-structure interaction model . Usually, this
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constraint is imposed by duality with a Lagrange multiplier A that represents the
upward force acting on the disk at contact. The resulting problem writes

d+ Fad = A,
d>0, A>0, M=0,

where the last three conditions represent the so-called non-penetration, compress-
ibility and complementary conditions.

The next sections are devoted to the proof of Theorem [3.3] The first idea consists
in expressing the drag force F; as the minimum of the energy of the system. This
is the purpose of Section |3.3.2] Then, in Section |3.3.3] we construct an admissible
minimizer which catches the contact dynamics. Finally, in Section we estimate
the energy associated to the minimizer which yields the bound . Since the
proof builds on [14, we put particular emphasis on the main difficulties arising in
the present model with the porous layer.

3.3.2. Energy minimization problem

Let Ay be the admissible function space for the fluid velocity defined by

Aq d:efud NnVy = {’U, S Hr1~ (Qd)2 : divu=0in Q4, uw=e3o0n 8Sd} . (3.32)

In this section, we express the Darcy pressure p in terms of the fluid velocity via
the following operator.

Definition 3.1 (Operator A). For any f € L%(X) the problem
Find p € D such that apn/ V0-Veg= / fq, VqeD, (3.33)
) b

is well-posed. Therefore, we denote by A : LZ(3) — D the operator that associates,
to any f in L3(X), the unique solution p of problem (3.33): A f = p.

In particular, for all v € Ay, v - nly, € L3(X) as v is divergence free. We have
that A(v - n) is the solution of the following strong form of problem (3.33)) with
f=v-n

—div,(epnV+p) =v-n on X, (3.34a)
V.p(—=L) =0, V.p(L)=0. (3.34D)

The following proposition is the cornerstone of our approach to prove Theo-

rem 3.31

Proposition 3.2 (Energy minimization problem). We introduce the energy
functional £q : Ag — RT defined by

def S
atw 22 [ D@+ e [ VAP 2 [uenP 339
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for all w € Ay. The drag force of (2.8) satisfies
= min &, . 3.36
Fa= min Eq(u) (3.36)
Moreover, the energy minimization problem (3.36) admits a unique solution in Ay
which is precisely ug, the solution of (3.2)).
Proof. We first prove that
Fa = Ea(ug). (3.37)
Owing to the weak formulation (3.2)), we have
div(o(ug,pqa)) =0 in D'(Q),

which by a standard density argument and thanks to Hahn-Banach Theorem leads
to

div(o(ug,pa)) =0 in  L*(y).

Since div(o(ug,pa)) € L*(Q4), the trace of o (ug, ps)n can be defined by duality
as follows:

<0-(Ud7pd)n’£>H7%(69d),H%(6Qd) = 2(D(Ud), D(L 5))079d - (pd7 diV(LE))O,Qd

forall ¢ € H? (0Q4), where the symbol L denotes a standard lifting operator from
Hz(%)? to H(Q4)?2. Taking € = ug|y and L€ = ug, and using that ug € Uy N Vg
yields

(0(ua, pa)n, wa) -y (o(ua, pa)n, e2)

H™3 (8Sd):H%(6Sd)
=2||D(ua)l§ g, (3.38)

(sury,mE (sury T

where drag force appears in the term on 0Sy. It is standard to check that
o(ug,p)nn € L?(0Sy). Indeed, the C* regularity of the disk and the Dirichlet
boundary condition on 05y guarantee H? regularity for the fluid velocity ug and
H*' regularity for the pressure pg near the ball (see, e.g., 3), so that we have

Fa = (o(uq,pq)n, ez) o(ug,pq)n - es. (3.39)

1 1 =
H™2(884),H? (0S4) /asd

As regards the first term ([3.38)), we use the relation (3.18]) and the fact that ug|r = 0

to get
(o (ua, pa)n, ud>H’%(EUF),H%(EUF) = (o (ua, pa)n, ud>(H0§10(E))/,H§O(Z)
~ 3
= — (Pa, uq - n)o’g - ﬁ (ug-m,uq- n)g,z :

Since by construction pg = A(ug - n), taking § = A(ug - n) in (3.33)) yields

(Bartea - M) 5 = (A(ta - 1), 254 - )5 = Epl / IV A ).
>
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so that

€
(D) ) oy = 50 [ VA 1P =32 [ -l
(3.40)
Finally, by inserting (3.39)) and (3.40) into (3.38)), we obtain
]:d:/ o (ua,pa)n - €2
9S4

3

:/ 2HD(ud)H2+77€p/ \VTA(ud~n)|2+4—p/ lug - n|?
Qq = K Js
=E4(uq),

which yields (3.37)).
In order to show that wg is a minimizer of the functional &£z, we introduce the
tangent Hilbert space to Ay:

Ag“‘éf{ueHl(Qd)z, divu=0 inQy wu=0 onasdur}. (3.41)

Straightforward computations give

3
Ea(ua +v) = Ea(ua) +2(D(ug), D(v)), o + ﬁ (ug-m,v-n); s

+epn(VrA(ug-n), Vo Alv - n))o,z + (A(ug-n),v-n)) 5
(a5 + Eal).

for all v € AY. Testing (3.2) with v € A CUY, ¢ =0 and § = A(v - n) and since
Pa = A(ug - n), we finally have

Ea(ua +v) = Ea(ua) + Ea(v) Vv € Aj,

which, since E4(v) > 0, yields (3.36).
Finally, to prove the uniqueness of the minimizer, we can use the equivalence

in & & min Jy(v), Ju(v)E Eylug +
felfild a(v) felg{é a(v) a(v) a(uaq +v)

and evaluate the second differential of J; to show that
D2Jd(’l,U)(’U, ’U) = a’((”? A(’U ! n))v (’U, A(’U ! n))) > O‘|”‘%,Qda

for all non zero v € AY and w € AY, where the last inequality follows from the
coercivity of the bilinear form a given in . This guarantees the strict convexity
of Jg, which implies the uniqueness of the solution of the minimization problem
and, hence, completes the proof. O

In order to ease the computations, we rewrite the minimization problem, in an
equivalent form, in terms of stream functions. This is the purpose of the next result.



October 4, 2023 23:59 WSPC/INSTRUCTION FILE paper m3as

24 Champion, Ferndndez, Grandmont, Vergnet, Vidrascu

Lemma 3.1 (Stream function). The admissible space Aq, defined in (3.32)), is
also given by

Av={ueH Q) 3Npe B (), Dplos=1, Oplys =0,
O10lp =0, 0Ol =0, ©(=L,0)=0: u=—0opes + 31<,062}- (3.42)
Moreover, we have

Ealu) = Eu(u(p)) = /

Qq

1 €
r o [l 32 [ ol
eph Jx K Js

(410102 + |02012 + 351 — 210307
(3.43)

for all u € Ay.

Proof. We start by proving . Given u € Ay, u is a 2D divergence-free vector
field so there exist a streamfunction ¢ € H?(£4), unique up to an additive constant,
such that u = —dype; +0;1pes (see, e.g., Theorem 3.1 of[11]). In , this constant
is fixed by imposing ¢(—L,0) = 0. The reasons of this choice will be made clear
later in the proof. One can easily check that

ulps, = €2, ulr =0,
enforce
81<p|35d = 1, 6%0‘35(1 = 0, 8190|F = 0, 8290|F =0. (3.44)

Conversely, given ¢ € H?(Qy), if ¢ satisfies then obviously u = —dape; +
O1pes belongs to Ag.

In order to get , we simply replace u by its associated stream-function ¢
in . Computations are straightforward for the bulk term D(u) and the last
boundary term. For the term involving V., A(u - n) we proceed as follows. The
Darcy pressure p = A(u - n) satisfies which gives

{div.,. (epnV+D(2)) = u(z,0) - €2 = d1p(x,0) in (—L,L),

V.5(L)=0. (3.45)

Integrating the first relation yields
EpN (V.,-]/)\(l’) - VT]/)\(_L)) = / 81‘)0(87 O)ds = QO(J}, O) - @(_La 0) in (_L?L)
—L
On the other hand, using (3.45)2, we have

epnVp=¢ —(—L,0) in X. (3.46)
As a result, since ¢(—L,0) = 0, we get

con [ 192 A = [ el = [
) » (51377) EpN Jx

which completes the proof. O




October 4, 2023 23:59 WSPC/INSTRUCTION FILE paper m3as

On the analysis of a mechanically consistent model of FSI with contact 25

3.3.3. Focus on contact dynamics - Relaxed energy minimization problem

In the section, the energy functional is split into two contributions: one part leads
to a relaxed problem, that we can solve analytically, while the remaining terms will
be bounded in Section In order to both catch the contact dynamics and to
be able to simplify the computations, two main choices are made to relax problem
(13.36)).

First, we limit the analysis to the following region under the disk

Qus ™ (@) € Qu:lal <8, 0<y<d+r(a)), (3.47)

foralld > 0 and 0 < § < 1, and where v : z € [-§,0] — 1 — V1 —2% is a
parametrization of a subset of the boundary of the disk (see Figure . We also
consider the notations

9846 = 084N Qas = {(z,7(x)), z € (=6,6)}, L5 = LN Qqs = (—4,0).

Second, we introduce the relaxed energy functional &4 given by

€2
( = )
TGiYya
sy =d+v(x)
d. .....
Qq,s
L) X ° >
-0 (0,0) 0 €1

Figure 2: Contact zone {14 5.

) )
~ o 2 1
Ealu) / 1Baur? + pm / IV (A ug)? = / 02 + = / (e, 0)[2.
Qa,s =4 Qa5 €pN J-s
(

3.48)
Note that only the contribution dyu; = 92¢ has been kept in the volumetric energy
term. This is motivated by physical intuition and previous studies (see, e.g, [14] [22]
9) that show that, in the case of Dirichlet or Navier boundary conditions, the term
Oyuy = 02 causes the no-collision paradox. Indeed, high velocity gradients arise
when the fluid has to escape tangentially in the narrow vertical space between the
disk and the bottom wall. The boundary term in uy = 01¢ has been removed to
avoid having to deal with terms on the side boundaries 9Qq5 \ (0Sq,s U 3s). It
should be noted that, all the left out terms will be estimated in Section (3.3
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Similarly, we introduce the relaxed admissible function space sz as the restric-
tion of functions of A, to the contact zone Qg s, viz.,

Ay {ulg,, s wedd. (3.49)

In order to give a precise characterization of .Z;, we need the following two technical
lemmas.

€2

lf(_xv y)/‘ /\’U(l‘, y)

- >
(0,0) ¥ €

Figure 3: Symmetries of the problem.

Lemma 3.2 (Symmetry of the solution). Solution of (2.8) satisfies the follow-
mg symmetries:

ui(—z,y) = —wi(z,y),
uz(—z,y) = u2(z,y),
p(=z,y) = p(z,y),
pa(—z) = pa(x)

Proof. The proof is straightforward thanks to the symmetries of the problem (see
Figure [3]) and the uniqueness of the solution of (2.8]). O

The next lemma gives the characterization of :élvd.

Lemma 3.3. Let Ay be the relazed space given by (3.49). There holds
Avd = {u e H! (Qd’(;) :dlp € HQ(Qd’(;), (,0|anY‘S =, 62<p|35d)6 =0:
u = —82Q061 + 813062, } (350)

Proof. Let u = —0ype; +01pes € Ay. The boundary conditions u|y, = ez implies

O1¢las,; =1, 02plas, s =0,
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from which we deduce
(@) = Gl (@) + 9 (@) dep(z,7(2)) =1 in (=6,9),

82§0|85d15 = Oa
so that

S0|33d,5 =+, 8290|35d,5 =0.

As we already fixed the constant by imposing ¢(0, —L) = 0 in (3.42)), the constant
¢ cannot be arbitrarily chosen. We have ¢ = ¢(0,d). Owing to Lemma by a
symmetry argument on u, we have u1(0,y) = 0 in (0, d), so that

d
0 =/ 920(0,y)dy = ¢(0,d) = ¢(0,0) = c.
0
As p is also symmetric and thanks to (3.46)), we have

0=V, 5(0) = ;n(w(o,m — (0,-L)) = é_inwo,ox

which gives ¢ = 0. As a result, we finally recover the following boundary conditions
on an’(;
¢|8Sd,6 =7, 82<P|65d,5 =0.
For the boundary conditions on 0Qg s \ (35 U 0S4,5), we remark that for all ¢ < 1
the following restriction function on Qg s
{p € H*(Q), diplr = Daplr =0} —  H*(Qas)
p = |Qd,5

is surjective (see for example the extension ¢ in Section [3.3.4) that is why the
boundary conditions on Qg5 \ (X5 U 0S4,5) do not appear in the relaxed space
definition (3.50)). This completes the proof. |

The relaxed minimization problem reads therefore as follows: Find u =
—Ospe; + O1pes € Ay such that

£q(w) = min £4(v). (3.51)
vEA,

We finally define the relaxed drag force as the energy minimum of this relaxed
energy, namely,

Fa & Eq(a). (3.52)
The next proposition solves explicitly the relaxed minimization problem (3.51]).
Proposition 3.3 (Explicit expression of ). The relazed minimization problem

(13.51) admits a unique solution u = —drpe; + 1pes € Ag, given by

P(x,y) = z¢ (m d+y7(x)> : (3.53)
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with

3
o) (d+~v(x)) ) ag(x)t3 3ag ()t 6

Epn 6+ 20q4(z) 6+ 2aq(z) 64 204(x)

. (3.54)

Proof. As in the proof of PI‘OpOSlthnE we can rewrite (3.51)) as a minimization
problem in the tangent Hilbert space AY:

AO E {u e H' (Qus5), u=—0xpe; + Orpea,

Jlp € HQ(Qd)a §0|35d,5 =0, 8290|35d,5 = 0}'

So, let ug € Ay be given, instead of (3.51]), we consider the auxiliary equivalent
problem

min Jy(v), Ja(v) E Ey(v + ug). (3.55)
vE.Ag

For all u € A, we have

5
D2 Jy(u)(v,v) =2 (/ 102012 + Epn/ |VT(A112)2> >0 Yve Al
Qs -5

Let v € /Tg and 9 its associated streamfunction. The relation D2Jy(u)(v,v) = 0
implies that

8%’(/JZO in Qd)g,
=0 on Xj.

Therefore, there exists a function g such that ¥ (x,y) = g(z)y in Q4. Since Y (x, d+
v(z)) = 0, we conclude that ¢ = 0, so that v = 0. As a result, D?J;(u)(v,v) >0
for all v € A9\ {0}. ThlS guarantees the strict convexity of .Jg, so that, if a minimum

exists for problem (3 , it is unique.
The minimum u € Ay of (3.51) can be characterized by the Euler equations

associated to the auxiliary minimization problem (3.55)), which writes J;(a—ug)v =
0 for all v € AY. After integration by parts, we obtain

s ¢w+/6<82go+<p) /a SOp=0 VpeB, (3.56)

where B simply denotes the stream-function space associated to Kg, namely,

B = {90 S H2 (Qd,(s) ) <)0|8de5 = 0) 8290‘&9(1,5 = O} .



October 4, 2023 23:59 WSPC/INSTRUCTION FILE paper m3as

On the analysis of a mechanically consistent model of FSI with contact 29

From (3.50)) and (3.56)) we obtain, using standard density and trace arguments, the
following PDE system for ¢

055 =0 in Qs

~ 1
034+ —p=0 on Xj,
€p
025=0 on Xj,
625:0 on 8Sd,5,

p=a on 05s.

whose solution is given by (3.53]), which characterizes the unique minimizer w of
(3.51). This completes the proof. O

The next theorem shows that the relaxed drag force F is bounded irrespectively
of d.

Theorem 3.4. The relazed drag force (3.52)) is given by

~ O ag(x)? + 3aq(z) z? .
fd_m/_(s (6 + 2a4(z))? (d—i—w(x))‘gd ' (3:57)

In particular, we have that

~ 1 1
Fi =04 0<53 <+>) 3.58
~ G e R
Proof. By inserting aq(x) into (3.57), we have
~ 12 [° at 3+ agx)
Fy=—2 *du, = .
1= o /_5 fa(z)z?dz,  fa(x) 67 2022
34 2@)°
Since limg—o fa(z) = (777’?3)2, the dominated convergence theorem gives
6+2E}'%,7
(x)® )
= 12 0 347 1 1\ &
lim Fy=— [ ——=" % ——— <3+> .
d—0 epn J_s (6+27€(g;7)73) 36ep7 €pN 3
which yields (3.58) and completes the proof. O

We conclude this section with a series of remarks.

Remark 3.5 (Darcy versus Navier or Dirichlet). A salient difference of the of
the porous surface model considered in this paper with respect to Navier or Dirichlet
boundary conditions lies in the fact that the fluid can escape vertically, i.e. u-n can
be non-zero on 3, so that d1¢ can play an important role in the estimation of the
drag force. On the contrary, the work reported in [9 only focuses on the horizontal
velocity of the fluid. Note that we neglected the impact of k in the relaxed energy
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in order to facilitate the solution of (Proposition. However, we will
retrieve the effect of k in the bound of the full drag force Fg, provided in the next
section. It should be noted we do not have a natural lower bound on the drag force
because the cross derivatives 9297 cannot be simplified in the energy functional
(3-43), so hat we we do not have F4 < Fyas in the Navier or Dirichlet case (see ).

Remark 3.6 (Asymptotic of F, for epn = O(d?), p = 3). If epn = O(dP) with
p = 3, we obtain an asymptotic behavior for the relaxed drag force (3.4) similar to
the case with Dirichlet boundary conditions on both the disk and the wall:

Fagrd 3. (3.59)
Indeed, by using e,n = O(dP), p > 3, in (3.54)) we infer that ag > 1. Since f : z —
(G”i% is continuous in [1,+00) and lim,_, f(z) = 1, we have
c< f(a) — M <C
= C(6+2a)2 T

from which we deduce

6 2

s 22 S "
C/,a @ A()p s S Te = Ea@) < ”0/,5 @i @rEY

We therefore recover Dirichlet asymptotic behavior as ff s mdx ~d%. We
recall that the idea to retrieve this behavior consists in combining the expansion of
~v(z) = ””—22 + O, _s0(x*) with the change of variables u = % to exhibit d=3 out of
the integral (see [ for the no-slip case).

Note that the obtained asymptotic of the relaxed drag force is consistent
with the asymptotic analysis carried out at the Section 3:2} Indeed, as stated in
Theorem |3.2f when 7 tends to zero the solution of problem converges weakly
towards solution of a problem with Navier boundary conditions on the wall and
Dirichlet boundary conditions on the disk. So, for e,n = O(d?), p > 3 we expect to
recover as the asymptotic of the drag force associated to the Navier-Dirichlet
boundary conditions, which is known to behave like the Dirichlet-Dirichlet case (see,
e.g.,[10). Yet, the proved asymptotic behavior only concerns the relaxed drag
force fd. Nothing can be said of the asymptotic of the whole drag force due to the
lack of lower bound on F; (see Remark .

Remark 3.7 (Asymptotic of F; for e,n = O(d?), 0 < p < 3). In this case, it
can be shown that

= _p
Fq ~ d” 2.
d—0

by combining the Taylor expansion v(z) = “”2—2 + Ogz—o(x?) with the change of

Z_

variable ¢t = 3

ISH
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3.3.4. Proof of Theorem[3.]

The main idea to complete the proof consists in extending ¢ to the whole domain
Qg in order to obtain an admissible velocity gy € Ag4. To obtain a bound on Fy,
we have to estimate the whole energy &;(t4) and, in particular, all the terms left
out above in the introduction of the relaxed energy functional c‘j‘d. We consider the
same extension as in [14] and use similar notations for the auxiliary functions.

Proof. We consider the following extension of @y (see [14):

de(x y) def X25(1+ |‘T|)§5d(‘r7y)+ [17X25(1+|I‘)}@d(13,y) (xay) € Qd,?éa

7 Ga(z,y) otherwise,

(3.60)
where the auxiliary functions xss and ¢4 are given by
1 if z<1446/2
def ~ def

T) = T,Y) =T T —x4l), 3.61
xs(@) {0 ¢ oo P e (e - ) (3.61)

def

with &4 = (0,1 + d) denoting the center of the disk. In between 1+ 2 and 1+ 0,
Xs has a smooth C? decreasing transition. The different zones have been depicted
in Figure [ for illustration purposes.

. Outside zone 24\ .25

; . z if lo —2q <1+
Yd = Pd = .
/ z-xs(|lx — zql]) otherwise

X
wd:(0,1+d)

(]
Transitional zone 425\ 4,5

d
Under the ball ~ .
-0 @a = x25(1+ [2)@a + (1 = x25(1 + |2)) @a

Pd = Pd

>

0,00 & 26 el

Figure 4: Definition of the extension ¢g.
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We denote g = —02pge1 + Oapges. We first check g4 is admissible. We skip the
tedious computations, letting them to the the reader. According to Proposition [3.2
we have the following bound on Fy

Fa < Eq(ta). (3.62)
Thus in order to derive (3.27)), we estimate the following energy,

Ealta(Ba)) = /

Qq

~Eupa)+ [

Qa,s

1
2D(ws(2u)) : Dlita(a)) + = [ 12+ [ 1ongl’

[w(ﬁd(@d)) : D(uq($a)) — !622@!2}

€p

+2 [ oGP [ 2D(ulpa) : Diaalea)
R Zmﬂd,é Qd,ZJ\Qd,S

1 . .
+— |@d|2+f/ |01¢a]?
EpT JENQ4.256\ Qa5 K J2nQ4,25\ Qa,s

4 / 2D (i ($4)) : D(ita($a))-
Qa\Qq,25

We notice that the first term corresponds to the relaxed drag force, already esti-
mated in Theorem ({3.4). We proceed by bounding all the remaining terms.
Under the disk. We consider the following energy

4
~ of ~ ~ ~ £ ~
B ™ [ (D) DG - 1087H) + 2 [ 100l
da,s -

&
~ ~ ~ ~ 3 ~
:/ (\85%’2 +4(010:24" — 235%%%) +2 / 018al” .
-5

Qd,é 4:‘i

We then estimate each term separately. For the first term, we have

2~ __L " 3 i " "
O Palx,y) = vl (x)y o (x)y + f7(2),

with ag defined in (3.54) and the auxiliary functions

x ot a:(d+7(ac))2

fla) R

~ 6+ 204 (z)’
Since d < L, the derivatives of ay can be bounded for all z € [—6,0] as

T 3 T 2
oa@)] < EED @) < 2EEY ), et < S8

- = S 00+ 0).

We can show that if 6 < 1 there exist strictly positive constants C; and Cs depending
only on L and § such that

/" ()] < Ci(L, 6) <1 — ) . 9" (x)] < Co(L, 5) (1 + Ly 1) :

€p7 (51177)2 Epn (Epn)2
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We finally obtain the estimate of the first term

LS 1 1 1 1
/ |3f¢(x,y)|2<c%(’2)<1++ 5 + 5+ 4>-
Qs (epm) e (gpm)”  (epm)” (M)

Similarly, we can obtain the following estimates for the other terms

- §Cy(L,§ 1 1
/ 3152s0(x,y)|2<4(><1++ )
Qa5

(5p77)2 EpT (5p77)2
_ §Cs(L, & 1 1
/ 101025 (2, y)|° < Lz) (1 +—+ 2) ,
Qa,s (51177) EpT (5p77)
2 [ o< 2B L)
4K Jona, s 4k (epm) Epl - (gpm)

Finally, we obtain the following estimate

P2 Y NS T S
|Ea ()] < o)’ <1 o’ (epm)’ " (epm)° ! (€p77)4>

ep Cs(L,0) <1 L ) . (3.63)
4K (epm)? &l (epm)°

It is worth noting that if x or n vanishes we loose the upper bound.

Away from the disk Qg \ Qq,25. Outside of Qg 25, Pa = Pa and @4 depends on
the gap distance d only through a translation (see proof of Lemma 8 of [4]). Thus,
energy in N\ Qg2s of Uq = V+ 4 does not depend on d and is therefore bounded.
So, there exists a constant Cy(d) > 0 such that

Qa\ Q4,26

ford < L.
Transitional zone Qg 25 \ Qa,5. Since |xs| < 1, using Young’s inequality, we have

@a = XsPat+(1—Xs)Pa = |@al <|Pal+|@al = |@al* < Cro (12al® + 2al?) -

So, the estimate of the transitional term can simply be obtained by combing the
bounds and .

Finally, then follows by combining the previous bounds with , which
concludes the proof of Theorem (3.3 O

4. Numerical results

In this section we provide numerical evidence of the theoretical results obtained
in the previous sections by performing a series of numerical experiments. To this
purpose, we consider finite element approximations of the solution to the static
system 7 for different values of d (viz., the distance between the disk and the
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bottom wall), and of x and 7 (the normal and tangential conductivity parameters,
respectively). We recover numerically the theoretical upper bound of the drag force
of Theorem [3.3] and the weak convergence results stated in Theorem [3.2] when either
k or ) vanishes. Then, we numerically investigate the ability of the porous layer to
enable collision as stated Corollary [3.1] Finally, we provide numerical insight on
the validity of the fluid-reduced Darcy model by comparing it against the full
model.

4.1. Ezxperiment setup

In what follows, we consider a disk of radius r = 1 centered at position (40,d + ),
immersed in a rectangular box of width L = 80 and of height L = 40, whose
bottom-left corner lies at position (0,0). We numerically solve the system for
different values of the gap d between the disk and the bottom wall, decreasing from
1 to 1073. We do the same with system — supplemented with Navier
boundary conditions . The values for d are chosen to be equidistant in log
scale

d € {0.001,0.002,0.004, 0.008,0.016,0.032,0.064,0.126, 0.252,0.502, 1} .~ (4.1)

This experiment setup is very similar to the one considered in [I5. Therein the
authors retrieve the d—2 asymptotic behavior of the drag force for the problem
with Dirichlet boundary conditions (on both the disk and the bottom wall).

For a more intuitive visualization and without loss of generality, we choose the
disk to move down with unit velocity, instead of going up as originally in system
‘ One can straightforwardly check that this only changes the sign of the com-
puted drag force, so it does not affect the expected theoretical results.

For a given gap distance d, let 7:1f denote a triangulation of the fluid domain Q4
and let 77 the 1D triangulation of the porous mid-surface X, given simply as the
edges of 7;f lying on X. For the Navier problem, we consider the standard space
of continuous piecewise polynomial functions of degree two for the fluid velocity,
namely,

L{gff = {vh € Co(m)2 PR\ € IP’Q(K)QVK € ’7:1f, vy, = e on 05y,

v, =0onl, vh-n_OonZ},

and of continuous piecewise linear functions for the fluid pressure

Qan = {Qh € Co() : qnlxk € P1(K) VK € 7sz}~
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We also introduce the homogeneous counterpart of Ué\" P
o {vh € Co(f%2)? : walxc € Pa(K)2VEK € T,

v, =00nT'UISy, v, =0 onZ}.

For any d > 0, the corresponding finite element approximation of ([2.8a))-(2.8d)) with
the Navier boundary conditions writes

Find (up, pr) € Uy x Qp such that
2(D(un), D(vn))q, + (divun, ga)q, — (Pr, divon)g, + €5 (Pr,an)g, =0 (4.2)
V(v qn) € Ugn “ X Qan-

Here, the small perturbation g (ph,qh)Qd, with e, = 10710, serves to guarantee
that the pressure has zero mean.

To formulate the finite element approximation of , we consider a slightly
different trial space for the fluid velocity, without any constraint on X,

L{dvh def {’Uh S Co(m)Q : ’Uh|K S IPQ(K)z VK € 7:{, vy = €5 on 8Sd,

v =0 on I‘},
with its homogeneous counterpart
uo, {vh € Co()? : wnly €Po(K)? VK €T/, vy =0on U asd} .
The finite element approximation of finally writes

Find (uh,ﬁh,ph) € Ugp X Dg,p X Qdﬁ such that

3
2(D(uapn), D(van))g, + 1 (wan - n,vh - n)y

4K
+ (div wa,n, qn)q, — (Pa,n, divon) g, +epn (Veban, Vrin)s (4.3)

+ (Dh,vn M)y, — (U -1, Qh)y + €5 /ph/ an =0,

Y(Vh, Qs qn) € UL ) X Dap X Qay-

The last term enforces the mean value of the Darcy pressure py, to be 0, with again
ey = 10710,

For each value of the gap , a mesh of Q4 has been generated. The mesh size
between the disk and the bottom wall depends on the gap d: we have at least ten
triangles between the disk and the bottom wall in order to properly catch the fluid
dynamics in the contact zone. The mesh size below the disk is defined by

d
himin = mi —,0.01,.
min { 0 0.0 }
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The meshes are not structured uniform?, to avoid unnecessary refinement outside
of the contact zone. Away from the disk, the mesh size is h,,q; = 0.1. In order to
ensure a smooth transition between the small mesh elements below the disk and

the bigger mesh elements away from the gap,

we first build the meshes using the

FreeFem++ (see [13) integrated mesh generator then we optimize them with the
Mmg remeshing software (see 5)). The resulting meshes have between 10* and 10°

i L
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Figure 5: Mesh for the smaller gap distance d
the contact zone.

4.2. Results

= 1073. Zooms on the disk and on

First, we numerically validate the porous layer model. We then investigate that

we can numerically recover the main theoretical results of the paper, that is, the
asymptotic analysis in xk and 7 of Theorem and the estimate of the drag force
stated in Theorem [3.3] Finally, we use the numerical simulations to bring insight on
the way the porous layer model influences the fluid and solid dynamics, by reporting

the fluid velocity and pressure fields and also
the wall.

by simulating the disk fall towards

Validation of the porous layer model. The porous layer model is derived in
[ by averaging the original Darcy system across the thickness of the bottom wall
under suitable assumptions. In order to investigate the validity of the surface Darcy
model, we simulate the fall of the disk on a 2D porous layer of the same thickness

ep = 0.01. Figures [6] and [7] report the velocity

and pressure field obtained in both

cases and indicate that the behavior of 2D Darcy is very similar to the Darcy surface
model considered in this paper. In Figures [6b] and the porous layer thickness
has been amplified by a factor 25 to better visualize the Darcy pressure.

Drag force asymptotics. In Figure we report the drag force F for d € [1073, 1]
arising from system (2.8) where the fluid is coupled to the porous layer model.
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(a) Darcy 1D (b) Darcy 2D

Figure 6: Comparison of velocity field with the porous layer model versus Darcy
2D.

(a) Darcy 1D (b) Darcy 2D

Figure 7: Comparison of pressure field with the porous layer model versus Darcy
2D.

For the sake of simplicity, we call it the Darcy drag force. We also plot the drag
force asymptotic arising from system (2.8a))-(2.8d)) with Navier boundary conditions
([3-20), that we similarly call Navier drag force asymptotic.

We test various set of values for the conductivity parameters x and 7, notably
to investigate the behavior when the conductivity parameters gets smaller. Thus,
we can compare with the asymptotic results of Theorem [3.2] and the estimate of the
Darcy drag force stated in Theorem

Away from the disk at d = 1, the wall does not have any influence on the disk,
so there is practically no difference between Navier and Darcy drag force. When
the disk gets closer of the wall, the Darcy drag force asymptotic reaches a plateau
which is consistent with the result of Theorem whereas for Navier the drag
force explodes. The very good recovery of the theoretical slope of —0.5 for Navier
drag force is clearly visible.

As expected from the estimate on the drag force , the plateau value of
the Darcy asymptotic increases when x and 1 goes to 0. We can also note that
the conductivity parameters x and 7 play a role in the switch from the Navier
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Figure 8: Drag force asymptotic when d — 0 and (x,n) — 0.

asymptotic to a plateau, smaller conductivity values leading to a switch to a plateau
closer to the wall. The combination of both effects make that the Darcy drag force
asymptotic converges towards the Navier one, when 7 and/or x goes to 0, which is
consistent with the asymptotic analysis results of Theorem It is worth noting
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that the convergence is faster when the tangential conductivity n vanishes than
when the normal one x vanishes.

It is interesting to see that the porous layer simply removes the singularity of
the drag force arising in the case of Navier boundary conditions. The introduction
of a porous modeling of the asperities solves the no-collision paradox by enabling
contact, but it also changes the contact dynamics with respect to Navier.

Navier versus Darcy velocity and pressure fields. In order to better un-
derstand the fundamental difference between the Navier and Darcy drag force
asymptotics, Figures [ and show the velocity and pressure fields, respectively
obtained with the Navier and Darcy models, when the disk is very close to the wall
(d =0.032).

Figure 9: Velocity and pressure fields for a gap distance d = 0.032 obtained with
Navier boundary conditions on the below wall.

Figure 10: Velocity and pressure fields for a gap distance d = 0.032 and a porous
layer model with conductivity parameters x = 1 and n = 1 on the below wall.

In the case of the coupling with a porous layer, Figure[L0] we can clearly see that
the fluid velocity on the wall right below the disk is vertical and of magnitude 1,
which yields a plateau of fluid entering into the porous layer below the disk. In this
new regime where the disk is in the close vicinity of the wall, all the fluid escapes
vertically through the porous layer without any tangential leak. Thus, reducing the
gap does not affect the flow of the fluid. On the contrary, with Navier boundary
conditions on the wall, Figure [J] indicates that size of the escaping jet can only
increase whenever d gets smaller, as only tangential escape is allowed.
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Porous layer dynamics when 7 — 0 or K — 0. We now focus on the influence
of k and 1 on the porous layer dynamics. For that purpose, we fix the disk at a tiny
distance d = 4.10~2 from the wall and we look at the evolution of the incoming fluid
flow up - on ¥ and of the Darcy pressure p, when x or 1 vanishes, see Figures
and [I2] We zoom around the contact point at z = 40.

051 — w=1n=1 AN
K/:]-O_2777:1 l N
g 001 — w—104n=1 |
= — k=10"%n=1
—0.5 - s g
— k=107, =
10d T k=107 =1

36 37 38 39 40 41 42 43

Figure 11: Zoom below the disk of ug4 - m and py when k — 0.

For k = n = 1, a plateau that stagnates at —1 is observed, which corresponds
to the velocity of the disk. When the disk is in the close vicinity of the wall, all
the fluid leaks into the porous medium without any tangential escape, as we have
already seen in Figure Reducing the conductivity hinders the fluid escape: the
plateau first narrows then it shrinks to 0. We recover in both cases x — 0 and n — 0
the convergence of uy - n to 0, which is consistent with weak convergence results of
Darcy solutions towards Navier when either x or n tend to 0, see Theorem

It is interesting to highlight the differences between the two cases. Let us look
at the behavior of the Darcy pressure. When n — 0, it becomes more and more
singular below the disk, converging towards the Navier normal stresses accordingly
to the proved weak convergence of Theorem [3.2] with a huge peak of the Darcy
pressure up to 8.10% at n = 1076, see Figure This singularity makes it difficult
to run the simulation for smaller values of n because of numerical instabilities. It
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Figure 12: Zoom below the disk of ug - n and py — Iledl de pg when n — 0.

also explains why the Darcy drag force converges much faster towards the Navier
one for 7 — 0 than x — 0, as we can see on Figure [§ On the contrary, reducing s
makes py, flatter, consistently with the H' strong convergence of py, towards 0 when
x — 0 proved in Theorem [3.2]

The difference between the two asymptotics K — 0 and n — 0 is also noticeable
if we look at the way the fluid escapes in Figures 11 and [12} the two flat bosses on
both side of the disk when the normal conductivity 1 goes to 0 contrast with the
two narrow peaks of outing fluid appearing when the tangential conductivity n goes
to 0.

Disk trajectories with Darcy layer on the wall versus with Navier bound-
ary conditions. The numerical approximations obtained for the drag force, can
be combined with the ODE to simulate the evolution of the gap distance d(t).
We recall that the disk dynamics are given by the relation

d(t) + d(t) Fauy = 0, (4.4)

where the drag force depends on the roughness model considered for the bottom
wall (here, Navier boundary conditions or the porous layer model).

In order to approximate d, we first consider a linear interpolation of log(Fy)
that we then insert in an explicit time-stepping of . In the following, we fix
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Figure 13: Evolution of the gap distance for a ball starting at distance dy = 1 with
reduced Darcy on the wall and for various initial condition.

do =1 do = —15 do = —30
1.0 1.0 1.0
I | —— Darcy
0.8 1 0.8\ 0.8l Dir-Nav
0.6 - 0.6 - 0.6\
S f
0.4 - 0.4 - 0.4
0.2 - 0.2 - 0.2
0.0 . 0.0 . 0.0 .
0.0 0.1 02 0.0 0.1 02 0.0 0.1 0.2
t t t

Figure 14: Comparison of the evolution of the gap distance between Navier and
Darcy porous layer for a ball starting at distance dy = 1.

the conductivity parameters x and 7 to be equal to 1. In Figure [§] we see that the
bound of the Darcy drag force is around C' = 100. We first consider dy = 1 and then
start a downward motion with |dy| going from 1 to 100, see Figure As expected
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from Corollary [3.1) we have collision for |do| < Cdy.

We now compare the effect of Darcy and Navier on the ball dynamics in Fig-
ure which provides the trajectories obtained in both cases for different initial
velocities. For do = —30, we see that the disk reaches the wall in the case of the
Darcy layer, whereas with Navier boundary conditions the wall stops the disk at a
distance d = 0.1.

5. Conclusion

In this paper, we have analyzed the contact capabilities of a fluid-structure in-
teraction model with seepage reported in [4. The key feature of this model lies in
taking into account the surface roughness of the contacting wall in terms of a re-
duced Darcy model. The analysis shows that this modeling approach removes the
no-collision paradox. The contact dynamics are also modified with respect to more
standard boundary conditions, such as Navier, since contact is allowed with a non-
zero velocity. A non penetration condition must hence be added in order to prevent
the solid to go through the contacting wall.

Extensions of this work can explore several directions. From the mathematical
analysis point of view, one interesting question would be the study of the complete
fluid-structure-contact interaction model, with appropriate non penetration condi-
tions. Another interesting question would be the formulation of the model in the
case of multiple solids getting into contact.
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