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ABSTRACT: We discuss general properties of perturbative RG flows in AdS with a focus on
the treatment of boundary conditions and infrared divergences. In contrast with flat-space
boundary QFT, general covariance in AdS implies the absence of independent boundary flows.
We illustrate how boundary correlation functions remain conformally covariant even if the
bulk QFT has a scale. We apply our general discussion to the RG flow between consecutive
unitary diagonal minimal models which is triggered by the ¢, 3y operator. For these theories
we conjecture a flow diagram whose form is significantly simpler than that in flat-space
boundary QFT. In several stand-alone appendices we discuss two-dimensional BCFTs in
general and the minimal model BCFTs in particular. These include both an extensive review
as well as the computation of several new BCFT correlation functions.
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1 Introduction

This work concerns perturbative and covariant renormalization group flows for QFTs in AdS.
Such flows are interesting because the boundary correlation functions remain conformally
invariant along the entire flow which means they can be studied with conformal bootstrap
techniques [1, 13]. Some early works on QFT in AdS are [2, 3]. More recently interesting
results at large NV were obtained in [4-7], and the structure of certain correlation functions
involving the stress tensor was analyzed in [8]. Of course, in the flat-space limit there are
many connections to the S-matrix bootstrap [9], both for gapped [10] and gapless [11] theories,
but in this paper we will mostly discuss theories with non-trivial IR fixed points.

The first part of this paper discusses several general aspects of these flows. Compared
to flat space, one novelty of RG flows in AdS is the non-zero background curvature. The
intricacies this introduces in perturbation theory are however well-known and discussed in
many places; see for example [12] for a classic reference. We therefore focus on the second
novelty of RG flows in AdS: the treatment of boundary conditions and infrared divergences.

Let us start with the UV. A foolproof way to set up a QFT in AdS, at the level of
correlation functions at least, is to start with a CFT on a half-space and to apply the usual
Weyl rescaling rules to the local operators to obtain their AdS counterparts. This procedure
appears to work for any BCFT setup, so any conformal boundary condition immediately
leads to a consistent AdS boundary condition.

Next we can consider deformations that break conformal invariance. As we discuss below,
one can expect infrared divergences if the boundary spectrum involves marginal or relevant
operators. Infrared divergences in flat-space scattering amplitudes signal a problem with
the observable itself (more specifically, individual amplitudes are simply zero), but in AdS
the infrared divergences can be mitigated with suitable counterterms which make both bulk
and boundary correlation functions finite.

In this work we will analyze the structure of these divergences at one loop in some
generality. We note in particular that the boundary action is often fully fixed by requiring
boundary conformal invariance. This observation, which we can summarize by saying that “the
boundary follows the bulk”, is in sharp contrast to the BQFT setup where the boundary can
flow independently from the bulk theory. Below we also explicitly discuss the renormalization
of boundary two-point functions. We show that they remain conformally invariant but
that extra logarithmic divergences appear which give rise to anomalous dimensions of the
boundary operators.

In the second part of this paper we analyze the RG flow between the m’th and (m — 1)’th
diagonal Virasoro minimal model in AdS. We will do so perturbatively at large m in order
to maintain control. In an upcoming paper we will analyze the same flow for finite m
numerically [13].

As we discuss in more detail in appendix B, the consistent elementary boundary conditions
for the minimal models on the half-space are well-known to be the Cardy boundary conditions.
They are labeled by two integers:

a=(a1,a2)m, 1<a<m-1, 1<as<m, (a1,a2)~(m—a;,m+1—az). (1.1)

Each of these allowed elementary boundary conditions is also a consistent starting point
of the RG flow in AdS.



The flow itself is triggered by deforming the bulk theory by the ¢(; 3) operator. In AdS
the integrability of these flows [14] does not appear to survive, but at large m the flow is
under perturbative control [15] (see also [16] for a review). By all accounts the bulk flow ends
in the (m — 1)’th minimal model, but the fate of the boundary conditions is less clear. A
central question in this work is how precisely the flow in the space of boundary conditions
on AdS differs from that on the flat half-space.

On the flat half-space the RG flow was analyzed perturbatively in [17]. For example, for
a1,az < m and ag > 1 the authors of [17] found evidence for a natural flow from (a1, az)m
to (a2 — 1,a1)m—1. Together with earlier discovered boundary flows within the m’th minimal
model [18, 19], there is an interesting web of flows as shown diagrammatically in figure 2
of [17]. In particular, the diagram shows that reaching (a2, a)m—1 from (a1, a2),, can only
be done through a sequence of flows that passes through two intermediate fixed points:

min(ai,a2) min(ai,a2)
(a1,02)m = P (a1+az+1-201)m — @ (Lar+az+1—20)m1 — (a2,a1)m-1,
=1 =1

(1.2)
where the first and last arrow correspond to the boundary flow of [18, 19] (with opposite
signs) and the second arrow to a bulk flow.

The “boundary follows the bulk” principle means that, in contrast to [17], we should not
have to contend with independent couplings and beta functions for the boundary operators
in AdS. This considerably simplifies our analysis. We provide a bit of evidence for a much
simpler picture and, based on the anomalous dimensions of boundary operators, speculate that

(a1,a2)m — (a2,a1)m—1, (1.3)

is the covariant flow in AdS.

Below we will analyze the perturbed one-point functions of bulk operators and two-point
functions of boundary operators. One peculiar feature is the appearance of divergences linear
in m in certain integrals which are cancelled by 1/m behavior in the (OPE) coefficients
that multiply the integrals. The divergences themselves are entirely analogous to the 1/e
poles in dimensional regularization (and one may call them ‘1/(1/m) poles’). Normally one
would add suitable counterterms to renormalize these divergences, but there is no need to
do so if they multiply suppressed coefficients. This phenomenon however invalidates any
estimate of the magnitude of certain contributions (in the 1/m expansion) that is based
purely on OPE coefficients.

Material in the appendices. Our perturbative QFT in AdS results are obtained by Weyl
rescaling and integrating correlation functions of two-dimensional BCFTs. These BCFT
correlators warrant a separate discussion, which we present in appendices A (for general
2d BCFTs) and B (for the minimal models specifically). The material presented there is
a substantial part of the work done for this paper and contains several new results.! As
such it could have been included in the main text, but its inclusion as an appendix hopefully

n particular, to the best of our knowledge the equations (B.24), (B.43), (B.58), (B.72) are all new. We
would also like to highlight equations (B.30), (B.51), (B.76), (B.63), (B.64). These can in principle be derived
using F-matrices, but the latter are usually difficult to implement for continuous values of the parameters.



clarifies that it is stand-alone material which might be useful beyond the QFT in AdS
discussion. We advise the reader to at least briefly consult these appendices before starting
with subsection 3.3 and section 4.

Supplementary material. Attached to this paper we have included a Mathematica
notebook ancillary.nb which contains all the substantial computations done in this work.

2 General principles

In this and the next section we will discuss some general principles of QFT in AdS as well as
one-loop perturbation theory. Many of these principles have appeared (sometimes implicitly)
in the literature to date, but we think that it is useful to present a systematic viewpoint.

2.1 From BCFT to AdS

In Poincaré coordinates the AdS metric reads
R2
ds® = g datde” = —2(clz2 + dz?), (2.1)
z

and it is immediately seen that AdS;,; is Weyl equivalent to the half-space defined as the
subspace of flat R with z > 0. Therefore any consistent CFT defined on a half-space, so
any BCF'T, can immediately be put in AdS by the usual Weyl rescaling rules. To illustrate
this consider for example the general form of the BCFT one- and two-point functions of
scalar conformal primaries:

(0. et = 5 5. 0
7 — 1)+ (21 — 2)° '
(O1(Z1, 21)O2(Z2, 22))BCFT = (QZl)Afl(é)zQ)AQ’ £= o 2)42—1:2 ) ’

with Bp a BCFT-dependent coefficient and f(£§) a BCFT-dependent function. For these
operators the Weyl rescaling rule is simply

(O(Z,2).. ) aas = (2/R)*O(Z, 2) .. .)BcFT (2.3)

and therefore

(2R)*(O(&, 2))aas = Bo

(2R)21H22(01 (%1, 21) Oa(F2, 22)) ads = f(£) - (24)

In words, we see that one-point functions are constant and two-point functions depend only
on the geodesic distance d; 2 since

26 +1 = cosh(di2/R) . (2.5)

Let us now draw some more general lessons. The form (2.4) is also the one required
by AdS general covariance, fundamentally because the BCFT conformal algebra so(d + 1,1)
is precisely the same as the AdSy, 1 isometry algebra. There are in fact no further Ward



identities (at fixed R) that follow from conformal invariance of the theory: the form (2.4) is
the most general one for an arbitrary non-conformal QFT in AdS.? Therefore one needs to
work a little harder to see that the bulk theory is conformal. One method is to inspect the
undetermined functions like f(£) in order to find out that they are compatible with a bulk
conformal OPE. Another is to compare the theories at different values of R. For example, in
a general QFT with a mass scale p the one-point function coefficients Byp can be complicated
functions of puR, whereas in a CFT the R-dependence must be trivial.

The above analysis immediately extends to higher-point functions. Covariant correlation
functions must depend only on the geodesic distances between points and, for non-conformal
theories, on the dimensionless combination puR. These dependences are not otherwise
constrained by first principles.

In the above we used the dimensionless combinations RAO(Z,z). In a general non-
conformal theory the bulk operator may of course obtain a non-trivial scaling, which can
however similarly be offset with powers of R. It is convenient to always work with such a
dimensionless version of the bulk operators.

2.2 Towards the boundary

Consider now sending the insertion points towards the conformal boundary of AdS by taking
z — 0. For BCFT correlation functions this limit is defined by the boundary operator
expansion. For scalar primaries we can for example write:

(O(F,2).. Jporr = 3 220729 B, (O(@) .. Jparr (2.6)
)

with O(Z) a boundary operator. The AdS version then reads:

(2R)AO<O(.7_,", Z) .. '>AdS = Z ZAOBO©<@(f) .. -)AdS y (27)

o

so we Weyl rescale the bulk operator but not the boundary operator. The boundary operator
correlation functions are then unchanged, for example:

O@O@)pcrr = ————— = (O@OW) aas (28)
(T —g)*20
and similarly we find the usual conformal structures for any n-point function of boundary
operators.

How does this work for a non-conformal QFT in AdS? The general idea, formulated for
example in [10], is that there is still a convergent state-operator correspondence, or more
precisely a correspondence between bulk states and boundary operators. If the AdS radial
Hamiltonian can be diagonalized and has discrete spectrum then it defines a set of boundary
operators that transform covariantly under conformal transformations. The expansion as
in (2.7) is then fixed by symmetry; one quick way to conclude this is to notice the functional

form of the (O(Z, 2)O(y)) two-point function is completely fixed. For a non-conformal field
theory the coefficients boo and A can depend non-trivially on the dimensionless ratio uR.

2This phenomenon extends to spinning operators. For example, the two-point function of (not necessarily
traceless) spin 2 operators in AdS as computed recently in [8] essentially agrees with the corresponding BCFT
correlator [20].



2.2.1 Distance versus curvature

Consider a non-conformal field theory in AdS and hold fixed its mass scale u. Correlation
functions of local bulk operators can have an arbitrary dependence on invariant distances,
say d(-,-)/R, and on the combination uR. Physically, however, it is not immediately clear
what happens when we consider the near-boundary or large-distance limit of these correlation
functions. Do we always observe the infrared behavior of the theory, as would be the case
for theories in flat space? Or does the curvature intervene and cut off the RG flow at the
scale pR? It appears to us that the latter option must be realized. (This viewpoint was also
taken in [3]. As argued in that paper, see also [4], observables do not need to be smooth
as a function of uR.) To see this we appeal to the boundary operator expansion which
ensures that every correlation function has a convergent boundary block decomposition. The
dimensionless parameters Ao and boé appearing in this decomposition are insensitive to
any distances, and therefore can only depend on pR. So we conclude that, by varying the
curvature radius, we should be able to see the entire RG flow even if we restrict ourselves to

boundary correlation functions (or, more generally, the longest distances in AdS).

3 Hyperbolic life at one loop

Suppose we switch on a marginal or relevant deformation in AdSp by a local operator
O(x) with scaling dimension Ap. The correlation functions in the deformed theory can be
computed perturbatively by expanding

(...exp <—gRAOD/de V9 O(z)+ Sc_t_)> , (3.1)

in the dimensionless coupling g. (We do not expect denoting the metric by g,, and the
coupling by ¢ to cause any confusion; in particular, the latter will always appear outside
integrals.) Rather than introducing a new dimensionful parameter, we have introduced the
naturally available AdS curvature radius to make the perturbation dimensionless.

The counterterm action in the above expression is necessary to cancel both bulk and
boundary divergences. The bulk divergences are of the UV type. They are essentially
unchanged compared to those in flat space, although new counterterms involving the AdS
curvature may be needed. Their renormalization is well understood, see for example [12],
so we will only briefly consider them in the next subsection. Afterwards we will focus on
the infrared divergences which arise close to the AdS boundary.

3.1 TUltraviolet behavior

In this subsection we will consider a nearly marginal deformation, so we set

and consider the limit of small e.
Let us first investigate the one-loop running in AdS and in BCFT. To this end we consider

%QQMQG/del \/g(’)(:cl)/dDwg V9 O(z2), (3.3)



in either setup. We can assume the self-OPE of O(z) to take the form
1 Cooo0(y)

O(x)O(y) = o 3.4
so the term leading to renormalization of the coupling constant reads
L 5 9 D [ diz [y dzi|zy — za| R0 BCFT
S9°H Cooo/d z21/9 O(x2) X _
2 \/> fdd:ffo leRD_Aozle D|x1 . 132‘_AO AdS
(3.5)

with the extra factors in the AdS integral originating from the metric determinant and the
Weyl rescaling, with D = d + 1. Doing the parallel integral yields

1y, 7PT(A=d)2) [ Jodzalzn — 2ol BCFT
9" 1 Cooo 22/9 O(2) X . .
2 I'(A/2) Jo dz1 R2{ |21 — 29|° AdS
0 1

(3.6)
The integral over the orthogonal direction diverges, but since we are only interested in
the short-distance singularities we can just cut it off at a distance L from zo. In a more
physical setup such an L would more naturally be provided by another operator insertion,
and so one should think of L as the typical scale of the observable under consideration.
With such a cutoff we find:

) d/QF((A d)/2) L BCFT
L9 2 m - D e
59 H Cooo T(A/2) /d 22/gO(x2) X ¢ | L L<R AdS
R R« L
(3.7)

where we ignored non-pole terms in € — in AdS these are a non-trivial function of R/L for
which we show the dominant term. From this computation we can first of all conclude that
the coupling self-renormalization is the same in both theories. Secondly, to the extent that
we can trust this one-loop result, we see that in AdS the natural dimensionless combination
is pR for sufficiently large distances. On the other hand, in BCFT the natural dimensionless
ratio is uL (as long as we can ignore boundary effects). This is again in agreement with
the general discussion presented above, where we argued that in AdS the coupling constants
naturally run with the curvature radius R and not with the size L of the observable. This
also provides a concrete illustration of the picture sketched in the introduction of [4].

Another interesting aspect of renormalization in curved space is the existence, for
every local operator O(z) of dimension A, of sequences of additional local operators of
the schematic form

(Riemann)"O(x) , (3.8)

where (Riemann)™ is a degree n homogeneous polynomial in the Riemann tensor with index
contractions chosen at will. These operators will have dimensions A + 2n and it is essential
to incorporate them in order to understand operator mixing in perturbation theory.

This phenomenon arises for example when we consider the integral of the first term
in equation (3.4). Let us use point-splitting to regulate the corresponding short-distance



divergence in the integral. In flat space we then find a simple power-law divergence A?2~P0,
which can be absorbed by including a (divergent) operator mixing with the identity operator
1. In AdS we will of course find the same divergence to leading order but there can also
be subleading terms of the form A?2~P=2"_If some of these terms are divergent then they
need to be renormalized, and for scalar operators the correct way to do this is by including
operator mixing with the additional operator (Ric)™1. Notice finally that, if A = D — ¢ and
D is even then there might in principle appear 1/e poles as well, but for AdS an explicit
computation shows that this is not the case.

Consider now a theory where there exist two operators O;(z) and Oz(z) with scaling
dimensions such that Ay = A; + 2 (plus perhaps perturbatively small corrections) and
otherwise the same quantum numbers. In that case there is an ambiguity: for any real
« the operator

O4(z) = Oz(z) + a(Ric)(z)O4 () , (3.9)

will be just as good as O2(x). On a general curved manifold there is no scheme-independent
way to fix such ambiguities, although exceptions exist in special cases. For example, in [21] the
coefficients were fixed on the round S* by demanding that two-point functions are diagonal
and one-point functions are vanishing. The extra symmetries of AdS do not help much in this
regard, although at a fixed point one can fix & by demanding that the one-point functions
match those of the corresponding BCFT.

3.2 Infrared divergences

Infrared divergences in conformal perturbation theory are not uncommon. For example, in flat

space conformal correlation functions fall off like z—24

, so infrared divergences arise whenever
A < d/2. An example of such a strongly relevant deformation is the mass deformation
for the CF'T of a free scalar field ¢. A divergence can already be found at first order in

perturbation theory:
4—D

4—-D’

dr

5(6(006(0)) = —12* [ 42 (9(0)0(y)¢(@)) ~ —*Sp [ 55 = —u*So

(3.10)

where we had to cut off the integral at |z| < R to make it finite. One might now decide to
stop the computation here, because the infrared divergence indicates that the theory becomes
strongly coupled at large distances. This is however too pessimistic. After all, the flat-space
propagator of a massive free scalar field has a good expansion in p?2? which we should be
able to compute perturbatively. And indeed the divergence can easily be cancelled if we

add a boundary counterterm at |z| = R. Since
2 4-D
PR D=1, 112/} 42 2q It
d 0 = u-S 3.11
5 [ PO E) = iSn (3.11)
a deformation of the form:
1R
(...exp _M2/ dPz ¢?(z) + dP 1z $*(x) |), (3.12)
o[ <R 4=D Jizl=r

is infrared finite to first order in perturbation theory.



In AdS the situation is richer. For a bulk operator O (not necessarily free), substituting
the boundary operator expansion, we find for small z that

/ dPz /g O(z) ~ / diz / dz Bypz20 0 10(#) (3.13)
0

which is divergent for any marginal or relevant boundary operator with AO < d. We can
remove the leading divergence by cutting the z integral off at a small value a and adding
a counterterm

R
, / 451 O(F,a) | (3.14)
Ay—d

with A the induced metric at the cutoff surface and an extra R inserted for dimensional reasons.
Notice that the counterterm involves the bulk operator O(Z,a). Subleading divergences can
be removed by adding other operators or by a counterterm involving normal derivatives,

for example
/ &'V hnt9,0(%, a), (3.15)

and appropriately tuning the coefficients.
When A ;5 = d the divergence is logarithmic and we need a counterterm of the form

log(a/R) / 43R O(Z,a), (3.16)

where we inserted a factor R on dimensional grounds. This leads to a breaking of conformal
invariance, which we may capture in terms of a beta function for the boundary coupling.
We will investigate this in more detail in section 3.2.2.

3.2.1 Covariance and comparison to BCFT

The near-boundary divergences in conformal perturbation theory in AdS are similar to those
found in BCFT. Indeed, at any loop order the integrands in an AdS background differ
from those in a flat BCFT background only by the insertion of Weyl factors and the metric
determinant. There is however an important qualitative difference: the AdS divergences are
of an infrared nature and the BCFT divergences are of an ultraviolet nature. This completely
changes the way in which the divergences are cancelled by counterterms.

First, in AdS the counterterms are naturally defined on the cutoff surface in order to retain
covariance. To see this, consider a Killing vector field £&* in AdS, and consider the invariance
of the first-order correction to any correlation function (...) along . Concretely this means
that we should impose that transporting every operator in the perturbed correlation function
along & by means of the Lie derivative L¢ gives zero. Since the bare correlation function is
by assumption invariant, we can move the Lie derivative to the perturbing operator O(z),
leading to the following demand:

0= / Pz JGEV (O(x) .. ) + LeSer. | (3.17)



where we assumed that O(x) is a scalar. After integration by parts we find a boundary
term at the cutoff surface:

0= / AR, (O@) .. )| + LeSes. . (3.18)

This is a simple differential equation for the counterterm action. It is most naturally solved
by a counterterm on the near-boundary cutoff surface, which is why such counterterms
are the correct covariant ones.

In BCFT no such constraint arises because all the remaining Killing vector fields leave
the boundary invariant and therefore obey n,{#* = 0. It is then customary, and indeed
much simpler, to define the counterterm action on the actual boundary rather than at the
cutoff surface. Such a procedure is of course entirely in keeping with the usual way that
UV divergences are renormalized. For example, consider the point-splitting regularization
procedure to renormalize a bare local operator O;(x). The renormalization is always done
by replacing the bare operator by a renormalized operator Zij Oj(x), which in particular
is inserted at exactly the same point as the original operator rather than, say, integrated
along the cutoff surface.

As we have seen, demanding general covariance also means that the boundary countert-
erms are completely determined by the bulk RG flow. In BQFT it is well known that there
can be independent bulk and boundary RG flows; in particular, the boundary can undergo an
RG flow while the bulk theory remains critical. In AdS/CFT a similar phenomenon occurs
for example in the form of the double-trace flow [22], where a double-trace deformation of the
CFT is encoded holographically by a changing of the boundary conditions of the bulk fields.
However such flows are unnatural in the precise sense that they do not retain AdS covariance.
If we insist that the deformed correlation functions remain covariant (and if there is no exactly
marginal boundary coupling) then there is no freedom left to apply independent boundary
deformations. In this way we can say that “the boundary follows the bulk” for QFT in AdS.

3.2.2 Marginal boundary deformations and covariance

It is worth discussing how the above discussion is modified in the presence of an exactly
marginal boundary operator. As is nicely discussed in section 6 [23] and more recently also
in [24], the general idea is that in such cases a boundary RG flow (dis)appears through a so-
called saddle-node bifurcation, just as happens in ordinary field theories (see for example [25]).
Here we will confirm this picture by establishing that boundary covariance is indeed violated
without fine-tuning a boundary coupling, and consequently that unitarity covariant boundary
conditions generically disappear at this point.?

Suppose then that along the bulk RG flow we have arrived at a point with an exactly
marginal boundary operator (’5(3?) If it appears in the boundary operator expansion then

we may write:

2R)200(Z,2) = 22 B,20() + ..., (3.19)

3This subsection arose from discussions with L. Di Pietro, based on results obtained in [24].

,10,



with A = AO = d and a non-zero coefficient Boé. As we mentioned above, the first-order
correction then features a logarithmic divergence:

5. = _ABO@/‘f/ddf<©(f)...> _ —)\Boélog(a/R)/dd:E<@(f)...>, (3.20)
and to cancel it we add a counterterm at the cutoff surface:
Alog(a/R)/dd:z\/EO(f, a) +g/ddf\/50(f, a). (3.21)

Here the first logarithmic term cancels the divergence and we also added a finite term with
an arbitrary coefficient § because why not.

We will now show that this counterterm breaks AdS covariance, by repeating the argument
above. Recall that the AdS Killing vector fields £#0,, in Poincaré coordinates (&, z) are all
of the form

S - 22 .. . ~ z
EN(T, 2) = B'(T) — ﬁwajakﬁ’f(x), £ = a3%(2), (3.22)
where 5°(Z)0; is a conformal Killing vector field on the boundary, so
9iBj + 9;Bi o dij - (3.23)

(For example, if 3%(%) is an ordinary Killing vector field then the AdS uplift is simply
1o, = BY()9;, whereas for the scaling vector field we find €49, = 20, + ¥ - 0z.) As in the
previous subsubsection, we compute (with § = 0 for brevity)

5L = )\/Qde\/ﬂ...LgO(x)) —)\log(a/R)/ddf\/H<...£§O(f, a))
:)\/dda‘:’ Rt .. O(F, a)) —)\log(a/R)/ddf\/ﬁ<...Eg(’)(f,a» (3.24)

_ )‘BO@

y Az (0,6%) (... O()).

Here, on the first line we again used covariance of the full unperturbed correlation function
to move the Lie derivative to the perturbing operator O(z). Then we used integration by
parts, with n#9,, = 20, in Poincaré coordinates. The second term on the second line, which
multiplies the logarithm, actually vanishes as a — 0 because in that limit it becomes just
a conformal transformation of an integrated operator of dimension d. For the same reason
the term multiplying § in (3.21) would also not contribute to the violation. Finally we used
the bulk-boundary expansion and (3.22).

From equation (3.24) we see that the AdS isometries that correspond to conformal (but
not ordinary) Killing vector fields on the boundary are broken by the bulk perturbation.
One can try to fix this issue by adding a finite counterterm as in equation (3.21) with §
proportional to v/A. In that case we have another term at O()) of the form:

g; / d'EVh O(%, a) / d*gVhO(F,a) . (3.25)
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Using first the bulk-boundary and then the boundary-boundary OPEs, we find another
divergence in this integral as & approaches 77.* To regulate this divergence we will introduce a
further regulator |# — 4| > a. Then a small computation shows that we need the counterterm

A9 N R
~L 860 54C 00 (a/R) / 47 Vh O(Z,a), (3.26)

where C’OOO is the boundary OPE coefficient and S; the volume of a unit sphere in d
dimensions. The logarithmic divergence again leads to a violation of AdS covariance, this
time of the form:
A . R R
(L) =~ Bo%Bog 51Cooo / 417 (0,85 (... O(F)) (3.27)
so we can actually cancel the non-covariance by setting:

A= 3*Byp SaCopp = 0. (3.28)

For non-zero B, and C’OOO we see that only one sign of A gives a real solution for g. On
the other side we must break either unitarity or AdS covariance.

The simplest example of this phenomenon is the Breitenlohner-Freedman bound. For a
free massive bulk scalar with m?R? = A(A — d) the bound is saturated at A = d/2 where the
Dirichlet and Neumann boundary conditions coincide. If we now perform a mass deformation
then we find a logarithmic infrared divergence at the first order, which can be canceled by
the exactly marginal double twist boundary operator. If we want to retain covariance we
need to tune the coefficient of its coupling, which can only be chosen real for m?R? > —d?/4.
We refer to [5, 23, 24] for other interesting examples of this phenomenon.

3.2.3 Comparison to holographic renormalization

The importance of the covariance of the counterterms is familiar from previous works on
holographic renormalization in the gauge/gravity dualities; see [27] for an introduction. Most
of that work considers classical gravity with matter on AAdS backgrounds, although recently
loop corrections were also considered more systematically in [28, 29]. In a gravity setup there
are no local bulk operators and it is more natural to consider the partition function as a
functional of the boundary conditions ¢g) for the bulk fields. In the modern understanding
the one-point function of the boundary operator is then given by the (renormalized) conjugate
radial momentum of the bulk field. The renormalization of the divergences in the on-shell
action leads to an infamous factor 2A — d [30] compared to a more naive prescription.
We do not consider theories of gravity. Therefore we do have local bulk operators and we
can simply consider their limit as we send them to the boundary. One immediately verifies [31]
that this leads to the same normalization for two-point functions, including the extra factor
2A — d, because of the difference between the bulk-bulk and bulk-boundary propagator:

1

n _ A
Gbu—bu(xal')_z (QA—d

Gincbon (. 2') + 0<z>) , (3.29)

Tt is not a priori clear that this divergence is accurately captured by this sequence of operator expansions,
since part of the integral is at the boundary of its domain of convergence. Our analysis can probably be made
rigorous using the local blocks in [26]. We however expect the conclusions to be the same.
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holding 2’ fixed in the bulk. Although this prescription suffices for our purposes, it does not
give all the same information as the more familiar holographic renormalization prescription.
In particular, since the boundary correlation functions are never integrated (against sources)
we are insensitive to their potentially ill-defined distributional nature. Correspondingly it is
not straightforward to see contact terms in Ward identities of boundary currents (including a
potential stress tensor) or their anomalies [32]. When such questions are important for QFT
in AdS we expect that a more refined analysis will be needed. It is then a matter of taste
whether to take the more abstract viewpoint of conformal perturbation theory, as we do in
this work, or Lagrangian perturbation theory, as was for example done in [29].°

3.2.4 1Is AdS a box?

A massive particle cannot reach the conformal boundary of AdS by moving along a geodesic,
even though part of that boundary is certainly in causal contact with it. In this sense AdS
confines, and can be seen as a box. On the other hand, for massless particles AdS is much
less box-like since they can reach the boundary in finite global time.

Even for gapped theories, however, it is not at all immediate that (conformal) perturbation
theory in an AdS background is automatically infrared finite. The earliest claim that it is
appears to date from [2]. In that paper the authors claim that “perturbation theory diagrams
are infrared well-behaved” based on the exponential falloff of bulk-bulk propagators with
distance. However in actuality this exponential falloff can be offset by the exponentially
growing area of spheres in hyperbolic space; a fact that is actually mentioned a little earlier in
the same paper. As we have just seen, whether a perturbative computation is infrared finite
or not depends on the spectrum of boundary operators, and there is certainly the possibility
of infrared divergences. We are led to conclude that AdS is perhaps not that great of a box.

One major advantage nevertheless appears to remain: after renormalization the boundary
correlation functions are likely unambiguously defined for massless and massive theories alike,
even when the corresponding massless S-matrix elements are infrared divergent.

3.3 Anomalous dimensions of boundary operators

It is interesting to consider the general first-order correction to two-point functions of boundary
operators under a bulk deformation. Our goal will be to demonstrate that these correlation
functions remain conformal at first order, and that for equal operators there generically
appears a logarithmic divergence that gives rise to an anomalous dimension.

To first order the two-point function is given by:

(1 (1) () = 5;; —gRAP / dPw /g ((x) 1 (T1)42(T2)) + (counterterms) + O(g%) ,
L12

(3.30)
for a generic deformation by a bulk operator denoted ¢(z) with dimension A. Notice that 7
and Z9 are boundary points, z12 = |Z1 — #2|, and z is a bulk point. We will work in Poincaré
coordinates where z is the transverse coordinate. The dimensionless bulk coupling is denoted g.

5There is one more sense in which the renormalization of the on-shell action, or partition function at loop
level, is richer than that of the correlation functions. According to [33] a specific boundary action is needed in
order to have a well-defined variational principle for the bulk fields. It is unclear to us whether this condition
can be understood from the conformal perturbation theory viewpoint that we take here.
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The boundary counterterms will consist of two parts. First there will be the generic
boundary counterterms discussed in the previous section, which will cancel any divergences
arising as ¢(z) approaches the boundary away from the insertion points of the boundary
operators. Then there will be wave function renormalization factors that will cancel additional
divergences that appear as ¢(x) approaches ¥ (Z1) or ¥(Zs).

The three-point function in equation (3.30) can be decomposed into conformal blocks:

ZB(bkCA'wz;f(Alz, Ay, v),

(3.31)

A1+As N . Z2+(f2_f)2 A12/2
L12 (2R)= (Y1 (Z1)12(Z2) (%, 2)) = S

where Alg = Al - Ag and the Weyl rescaling from BCFT to AdS means that we replace
a factor (22)™2 with (2R)™2. The cross-ratio v is defined as

22z,
-1 (3.32)
(22 + (Z1 — 2)?)(22 + (Z2 — ©)?)
The conformal blocks were computed in [34, 35] and in our conventions read:
I A Ap+An AL —A ~d
F(Bi2, Ag,v) = (40)2/2 5 1y ( o T A 2;”> . (333

This conformal block decomposition converges everywhere in AdS except on the geodesic
that connects Z7 and Zo. Our approach will be to swap the conformal block decomposition
with the integral and analyze the resulting expressions.

3.3.1 Identical operators

We will first focus on identical boundary operators with dimension Al. This requires us
to integrate:

L[> d A
C(19) = / 7 / S F(0,A0), (3.34)

where we introduced a near-boundary cutoff a. To do this integral we power-expand f(0, Ak, v)
around v = 0 and perform the integration term-wise using equations (C.8) and (C.10) in
appendix C. The divergences that we find as we send a — 0 are now of two types.

First, for boundary operators with Ak < d we find a power-law divergence that has
exactly the form predicted by the near-boundary operator expansion discussed in the previous
section. If such operators are present then we must add the corresponding counterterms to
the ‘counterterm’ expression in (3.30). It is however easy to verify that these counterterms
do not give any finite contributions and therefore we can (and will) ignore these divergences
in what follows.

Secondly we find a universal logarithmic divergence which is present for all values of A,
A; and Ak # 0. More precisely the expression we find is:

Gk(fu) = X 10g(x%2/a2) +Y, (3.35)
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with

Xk — _2Ak7Aﬂ_d/2

(3.37)

with ¢ (n) the digamma function. The logarithmic divergence was not present in our previous
near-boundary analysis and must therefore be due to the presence of the boundary operators.
It can be cancelled with a wave function renormalization factor. If we sum over all the blocks:

SA = ZB kak,
k#1

(3.38)
iC=> B Cri ka,
k£1
then the addition of the wave function renormalization factor
1 ~
Z; =1~ 596Alog (a*/R?) +0(g?), (3.39)
produces the finite one-loop result:

(212)?2 (Df (@) (7)) = 1 - g (6Alog(aty/R?) + 5C) + O(g?). (3.40)

As expected, this expression is compatible with boundary conformal covariance, and we read
off that §A is exactly the one-loop anomalous dimension of the boundary operator.

One remaining question concerns the convergence of the sums in (3.38). There is no a
priori reason that they are convergent, since our integration domain includes a line where
the sum over conformal blocks diverges. In the next section we will show how the sum is
in fact divergent in certain examples. Fortunately the right answer can be recovered easily
with a simple regularization procedure.

Recently the authors of [8] have also derived a non-perturbative expression for the scaling
dimension of @ZA) Their derivation uses special properties of the bulk stress tensor. It is thereby
different from ours, but their ‘naive’ expression agrees with the one presented here when
expanded to first order in the coupling. (To see this one uses that the trace of the stress tensor
is proportional to the deforming operator.) In contrast with the more simplistic regularizations
that we use below, the paper [8] also provides a first-principles derivation of an absolutely
convergent modification of this sum rule. The essential ingredients of this derivation are the
recently derived local blocks of [26] for the decomposition of the three-point functions.

3.3.2 Example: anomalous dimension of D in AdS,

As an example, we will take a CFT in AdSy and compute the first-order anomalous dimension
of the displacement operator D under a deformation by an operator ¢ which we can take to
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be a generic scalar bulk Virasoro primary. We recall that D is a universal (global) boundary
primary operator with scaling dimension Ap = 2. Below we will make essential use of
several results presented in appendices A.2 and A.3, which the reader should probably
consult at this stage.

As discussed in appendix A.3.5, the boundary modes exchanged in the connected part
f (DD¢) have A, = k = 2N>0 and

VTAeT (A(k — 2)(k + 1) + 4)T (k) |

B(bkékDD = By vy (k - %)

(3.41)

According to the previous discussion, the anomalous dimension of D should read (taking

into account the non-unit normalization of D)
0Ap = ——3% > Sk, (3.42)

where

b izt k(2k = DAk —2)(k+1) + 9T (k — 1)
; .
r (g 4 1)

Since S ~ k'/3 as k — oo, this sum is divergent because of operators with high scaling

S =27

(3.43)

dimensions. A simple way of regularizing it is to define
> Spe R (3.44)
k=2/4,...
After performing the sum we can take the L — 0 limit of the expansion of S(L) to find

2/7A B, An B,
6Ap = ZE= 22 lim S(L) = — S (A - 2)A. (3.45)

This is the correct result: one would obtain the same answer after integrating the correlator
of eq. (A.77) over AdSs.

We can likewise compute the anomalous dimension of D?, i.e. the first (global) boundary
primary after D in the D x D OPE. The relevant correlation function is discussed in
appendix A.3.6, and in particular equation (A.87) informs us that Ay = k = 2N>0 and that

B, Chppne = By (A + P A2+ A% + ) At) | (3.46)

where the ¢’s are defined in eq. (A.88). The anomalous dimension of D? then reads (again
we divided by the normalization of D?)

B¢ 107
A 4
5 D2 — (50 + 22 k ; Sk) ) (3 7)

where
28T (k + 3
Sy = ( - ) 7 (VA + AT 4 (AP 4 (AT (3.48)
(k=11 (5 +1)
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The sum is again divergent due to boundary operators with high scaling dimensions. As
before, we can regularize it by defining

S(Ly= > Spe*t, (3.49)
k=2/4,...

and 0Ap2 can be recovered by taking the L — 0 of S(L), to find

By 27A(A — 2)(20c + 25(A — 2)A + 64)
6Ape = Sa ot 2 . (3.50)

This is once more the correct result, as we have checked by integrating the correlator of
eq. (A.85) over AdSs.

3.3.3 Boundary operators mixing at one-loop

Let us also consider a boundary two-point function of different boundary primary operators.
These must vanish if the bulk RG preserves the AdS isometries:

(1 (@1) g (#2)) = 0. (3.51)

We will now check that the one-loop correction indeed vanishes. The integral to perform is now:

o0 A, A
D= far [T SRl (g
a 2T (22 (T — T)2)P12/2(22 4 (Fy — T)2)P21/2

As before, we power-expand each block around v = 0 and, performing the integration term
by term using the contour integral representation for the hypergeometric functions, we
arrive at (u = a/|Z12])

Il:k = T (Ak—QA12) T <A12;‘Ak) m=0

F(s)P(2m—s+Ak—g)F(m—s+%—Alg/Q)F(m—s—&-%%—Alg/Q)
m!F(m—f—Ak—%+1)F(2m—28—|—Ak+1) ‘

,ﬂ.d/22Ak*AI‘ <1 _ % _|_ Ak) . A /200 dS oo

’ —

X

(3.53)

We want to investigate the small u behavior of the expressions above. If we close the contour
to the right there are three series of poles that contribute to the integral:

1. for —% + % +m —s=—i, i € N, corresponding to u?~212 powers;
IL for Ay, +2m — ¢ — s = —i, i € N, corresponding to u>™+2+2+=d powers;
III. for % + % +m —s=—i, i €N, corresponding to u?*t212 powers.

We recognize that the second series gives rise to the familiar infrared divergences that arise
only for Ax < d. Their renormalization was described above and they do not give rise to
finite terms. Depending on the sign of Ais we however also find that either the type I
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or the type III poles have at least one divergent term.® Let us consider for concreteness
0 < Ayp < 2. In this case we let

W\ _ (2 Zi\ (%
(155 ) a <Z21 Z2> (%) ’ (3.54)

with Zj o the wave-function renormalizations (eq. (3.39)). In order to remove the leading
a~?12 we need to set:

Zig = ga_A12 Z B(bkélgk(SZlQ’k + 0(92) , Zo =0. (3.55)
k
The quantity 6Z12 is simply determined by the most divergent power in Z; j, that is the
residue of the first pole in the I series. Once again, the removal of this power-law divergence
does not produce any finite terms and we find that the renormalized two-point function of
unequal operators also vanishes at one loop:

(R (@) (Ta)) = O(g%), (3.56)

as expected from conformal covariance. Notice that the additional divergences that arise
for highly unequal operators can be cancelled by introducing a larger mixing matrix that
also includes descendants.

4 Flows between minimal models

Our starting point is the m’th unitary and diagonal minimal model M, ;1 y,, with conformal
boundary condition a = (a1, a2)m, on an AdSs background. As per our general discussion, its
correlation functions are simply the Weyl rescaled correlation functions of the BCFT setup.
In the following we suppose the reader is familiar with the material in appendix B where we
discuss these minimal models and their conformal boundary conditions.

Consider now deforming this theory by the operator ¢ = ¢ 3). Perturbed correlation
functions take the form:

(g = (.. exp <gRA_2 /d%\/w(@«) + sc,t,>>0, (4.1)

where the counterterm action is to be defined and the coupling g is seen to be dimensionless
if we recall the UV scaling dimension:

m—1

A=2h3=2—=2-14 ). 4.2
1,3 1 /m+O0(m™7) (4.2)
The one-loop beta function of g reads:

§= (2 A)g —7Cyep9” + O(¢%). (4.3)

Using that Cypy = 4/ V3, we find a fixed point at

G = V3 +0(m™?). (4.4)

T™m

SWhen A1z = 0 both type I and type III poles contribute and generate the log(u?) divergence associated
to the anomalous dimension of the external operators.
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This perturbative calculation is reliable at large m, so when c is close to 1. Notice that
the presence of the AdS background does not complicate the above analysis. In particular,
as we already discussed in subsection 3.1, at one loop there is no need to include mixing
with the identity operator times the Ricci scalar (even though it has approximately the
same dimension as ¢ 3)).

It is well-known that the fixed point we have found corresponds to the (m — 1)’th minimal
model, and this is simply the perturbatively controllable limit of the famous ‘staircase’ RG
flow between consecutive minimal models [15]. It is perhaps less well-known that the phase
portrait for this flow on the upper half-plane is significantly richer, because the boundary
can also undergo flows that are independent of the bulk. The perturbative picture was
comprehensively analyzed in [17] and discussed in the introduction. We will now investigate
how it gets modified in an AdS background.

4.1 Infrared divergences

The near-boundary analysis follows the logic of subsection 3.2. To analyze the infrared
divergences at one loop we are led to consider

b
R [Cay [ do g (o(a). e, (45)

as the infrared cutoff a goes to zero. Notice that we also introduced b, which we choose such
that z > b for all the other insertions. This allows us to focus on the infrared divergences alone.

The boundary operator expansion of ¢ in the BCFT was given in equation (B.16) and,
after subtracting the disconnected piece, contains one (marginally) relevant boundary operator.
Adding the Weyl rescaling factors for AdS we find:

b(x,y) — {8z, y)) = BY5" 2R) 2 (29)" Y g(2) + .., (4.6)

and therefore our target expression equals

13 bhl,S_l ahl,S_l
_ga i 33?1(3) ) <h1 e /dm (V(1,3)() - ) Ads, - (4.7)

Since h13 < 1, we find a power-law infrared divergence as a — 0. In accordance with our
general discussion, we introduce a counterterm of the form:

gRA 1 /dxfd)

4.
N , (4.9

y=a

which indeed, using vh = R/y, cancels the divergence when added to the bulk integral.

4.1.1 Large m limit

So far our analysis of the infrared divergences was merely a repetition of our general discussion.
However as m — oo we find that h; 3 — 1 and the nearly marginal boundary operator
seemingly produces an extra divergence, namely a pole multiplying the residual finite piece
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proportional to b":3~1. However for the minimal models this divergence is cancelled by the
behavior of the bulk-boundary OPE coefficient: from equation (B.31) we find that
1

a(1,3)
B(173) X E y (49)

as m — 00. So the whole expression actually remains finite” and there is no new divergence!

We would like to stress that we introduce here the following general principle: an integral
that diverges as m — oo does not need to be renormalized if it is multiplied by an OPE
coefficient that cancels that divergence. We believe this is justified, and in any case we obtain
manifestly finite answers in the end which, absent some hidden inconsistency, need to be given
a physical interpretation. It would be interesting to understand this phenomenon better, and
perhaps verify whether similar issues arise in the flat-space BQFT analysis.

4.2 Anomalous dimensions of boundary operators

We now turn to the one-loop computation of the two-point function of boundary operators.

4.2.1 Spectrum of boundary Virasoro primaries
Let us consider a generic conformal boundary condition a = (a1, a2),, that supports a
boundary Virasoro primary i, with scaling dimension

~

Aps = s = ((m+1)r— ms)2 -1

4.1

dm(m +1) (4.10)

The one-loop correction to the two-point correlation function of 1, ,) is then

A o © 0 dy . . \\e
R™ %Gy (1‘12) = / dl’/ ? <'¢(T,8) (xl)w(r,s) (x2)¢(x ey, — Zy)>
—0o0 a

1 ® dx . . e

TICAR /_DO o (Vr,5) (1) 5) (22)P(7 + da, 2 — ia))” . (4.11)
The correlation function in the integrands above is®
g(ﬁ) — Q(1,1)

Yirs) (X1)Y(r,5)(22) P(T + 1y, @ — 1y = 4.12
(Yr5) (1) (1) (22) B( )) (25 (2R (4.12)

where G(7) is a sum of three Virasoro blocks

G(7) = oV (@) + o)V (1) + s Vs () (4.13)
which, as shown in appendix B.5, read (here and below ¢ = s —r € Z)
Vi 1)@) . B, (1—m’ 1+mq—r, 1—mq+7’; 2—m7 m+3 ;ﬁ) 7
’ m+1" m+1 m+1 "m+1 2m—+2°4
I-m m+2mq—2r+1 m—2mq+2r+1 3—m 3m+1 77)
2m+2’ 2m+2 ’ 2m—+2 "2m+2'2m+2'4)"

Viaz) (1) = i"3/2 3 Fy (

. m  2m+mqg—r 2m—mqg+r 3Im dm-+1 7
Wl,s)(n)znh1’5/23F2( ; i )

) ) ) 9 s 1 (414)
m—+1 m+1 m—+1 m+1'2m—+2"4

"Notice that we are assuming that the correlator (i)(z)...) remains finite in the large m limit. If this is
not the case our analysis will need to be modified.

8This can be obtained from eq. (B.45), upon taking the connected contribution and going to AdSs via a
Weyl rescaling.
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with cross-ratio 7 defined as:

_ 4y?(212)? _
— , 0<n<4 4.15
1= =t ) (@ =ty O 57 (4.15)
The coefficients in (4.12) and (4.13) are
_ pa(ll) _ Aa a(1,3) _ Aa a(1,5)
a(l,l) = B(173) ) Ol(l,3) = C(T,S)(7’75)(1,3)B(1,3) 5 04(175) = C(T7s)(r,s)(1,5)B(1,3) s (416)

with BZ%SI), B?l(;ig)v and Ba%)m the bulk-boundary coefficients discussed in detail in ap-

pendix B.

Computation at finite m. In order to compute the integrals in eq. (4.11) it is convenient
to discuss separately the various contributions: from V(y 1), V(1 3) and V{y 5). Let us start
from the V{; ;) contribution, which from eq. (4.11) reads

- / /°° dy Vii,1)(7 a0 de Vay(i) —1 (4.17)
( x ATSQA ].—A/Q —00 @ (w%2)AT‘,32A y=a

To compute these integrals we write V{; ;) as a power-series expansion around 7 = 0 and
perform the integration term by term using the integration rules of appendix C. Upon
performing the infinite sums and neglecting terms that vanish as we send a — 0 we find

dy Vi, A log (22, /a? 7(%9’1) m
o = o [ [T DD pago ) | )
rs x12 T8 1'12 r,s
Ifit'l) ___Yay [T dz w — _25A'E“,1§1)(m) 1 - (4.18)
: 1-A/2 )% a (22,)Ars28 |, 1-A/2 (22,)Ans

The function fr(,ls’l)(m) does not seem to admit a simple closed-form expression, but it is finite
in the m — oo limit.” The coefficient of the logarithm in the first of eq. (4.18) reads

m(m—1)(mr —ms+r —1)(mr—ms+r+1)

91~ wH 1 (m — 2)(m + 1) (m + 3)
2 )k (2+r+rm—sm+m)k (2—T—Tm+8m+m)k

m+1 m+1

(4.19)
R (), 3+ 7).
For the V(; 3y contribution we have
N / / dy Vi) ang [ dr V(7)) (4.20)
(1.3) :Ul Ars2A 1 — A/2 —oc0 @ (:U%2)Ar,s2A y=a

9One can verify this by computing the integral directly at m = co, or by noticing that the O(a®) piece of
the integrand reduces to a finite sum of ¢ = r — s terms at m = oco.
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It is not difficult to show that, again up to terms that vanish as we send a — 0,

dy V13 Vay(@)
Tz =« 13/ / H2A

A )(yg;lQ) 5A<13>( Jlog ahyfa?) | 157 (m)
(x%2)AT’S a - (235)2r (235)2r ’

qet — 03) /°° dz Vi) ()

(13) = 1= A2 ) » a (x%z)AT’SQA y=a

(4.21)

5 m) (|x|>m 26807 (m) 1

(x%z)Ar,s a 1-A/2 (36%2)&,5

As is clear from the expression above, the power-law divergent terms cancel out from the
sum Z(; 3y + I(Cl'té).lo The function fqg,ls’?’) (m), for which we do not have a simple closed-form
expression, behaves as

1
59(m) = —Sapgym® — au) (1+log2)m + O(m’). (4.22)
The coefficient of the logarithm in the first of eq. (4.21) reads

VT ()

SALD (m) = a5

: ol= 2T T ( %)
XZ ( mﬂ) (#H_%)k (éjLT_ﬁl)k (%_r+ﬁl)k_ (4.23)
- ), (5 o), (T,
The r.h.s. of eq. (4.23) features a ‘potential’ linear divergence at large m since I’ (—ﬁ) ~

I'(0) in this limit. On general grounds, this divergence would be removed by a boundary
counterterm of the type /g [ (1,3) with appropriately tuned coefficient, which might induce
an instability of the boundary condition, see e.g. [23]. In our case this divergence is however
compensated by the large-m falloff of o, 3) and, as we discussed previously, no counterterm
is needed.

Finally, for the V; 5) contribution we have

N / / dy V15 ) (15 < dx Viis) (1) (4.24)
(15 7‘52A 1—A/2 —c0 @ (x%Q)Ar,SQA y:a, '

for which we find (up to regular terms as we send a — 0 while keeping m finite)
o0 <dy Vs (i) A log (2% /a? fag,ls’S) m
I(1,5) = 04(1,5)/ dx/ ") ( A) 5A1(“,155)< ) (2 IQA/ ) + 2 (A ) )
0 ne2A (1) (1)

 20Am) 1
1—A/2 (32)An

Tet — 00  [®dr Vo)
M= TT2AR ) (2yhedl,

(4.25)

0The coefficient that multiplies the power-law divergence in eq. (4.21) is

2 .
éé’?))(m) — ) sin (77r ) cos® (L> r (—i) r (L) 2% .
T m+1 m+1 m+1 m+1
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The function f,g}s’g’) (m) is constant in the m — oo limit, and the coefficient of the logarithm
in the first of eq. (4.25) reads

\/EF 3__3 00 m 3__3 2m+tr+mr—ms 2m—r4+ms—mr
2 m—+1 Z m—+1 k 2 m+1 k m—+1 k m—+1 k

rErCegn)iE (), (e, (),

ALY (m) = aq s

(4.26)

Putting everything together, the one-loop, unrenormalized two-point correlation function
of ¥ at finite m is

Gi(z12) = Loy + IG%) + sy + L6 + Zas) + L) - (4.27)

Renormalization and anomalous dimensions at finite m. Having obtained G(z12),
we can now renormalize it to extract the anomalous dimension of ¢, ;) at O(g). At finite m,
we can remove the log (¥%,/a?) divergence in eq. (4.27) via a wave-function renormalization;
i.e. we define zpfis) = Zrs¥(rs) With

1
Zys =1~ 596Z,log (a*/R?) + O(g?), (4.28)
and choose

6Zy.s = 6ALY (m) + AL (m) + AL (m) . (4.29)

) ) )

The renormalized two-point correlation function at one-loop reads

(23) 27 (W o ()0l ) (72)) = 1 — 96Z,5Tog (a*/R2) — g (#3)2 G1 (212) + O(g%),
(4.30)

and the one-loop anomalous dimension of i, is
0D, s =02, 5. (4.31)

The large-m limit. The result of eq. (4.30) is valid as long as m is kept finite. For m
large, there are additional divergences that should be removed from the physical correlator
before we can meaningfully take the large m limit. As we discuss in appendix B, at large
m and for a,as < m we have that!'!

ay =V3+0(m™), augs = aﬁfg)m‘l +0(m™?), aqps =0(m™?), (4.32)

where

NI 27 (r — s)(s —sgn(r — s)) .

(13) — V3

1 0On general grounds, Q1,3 = O(mfl) follows from requiring unphysical singularities in the correlator to

(4.33)

cancel, see e.g. appendix B.5.1. That a(;,5) = O(m™?) follows from Ba%;s) =0(m™2) — see e.q. (B.31) —
5)

and upon assuming that the boundary three-point functions C‘?T(ls)(r o) remain finite in the large-m limit.

)
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From the explicit expressions given earlier in this section, it is not difficult to verify that

SALD(o0) = =52 r = o2 (5 + gl = 7l ) + O(m ),
(1)

~ [0
SALD (s0) = =G24+ O(m ™),

SALD) (00) = O(m™?). (4.34)

T8

With these results in hand we can easily verify that at large m the correlator of eq. (4.30)
features a divergence linear in m. It originates from the V/; ;) contribution to the counterterm
and reads

(232)°%7 (Z(1 1) + ity = —m ShLD (00) + O(m"). (4.35)

We might expect further large-m divergent contributions coming from Z(; 3) +I(°1't3); however,
thanks to a special cancellation we find

2(5A,(n713’3) (m)

AR T O(m°). (4.36)

£ (m)

We can remove the divergence of eq. (4.35) via an extra (multiplicative) wave-function

renormalization i.e. we define ZT,Sfogtraw(r,s) with Z, ; given by eq. (4.28) and with

1 N
ZE =14+ ogmoZE™ + 0(g%), 627 = —6A (D (), (4.37)
so that the renormalized one-loop two-point correlation function
()2 (Ul ) ()8l ) (22)) = 1+ gm 622 — 962, 1og (a?/R?)
— g(212)** G1(z12) + O(g?) , (4.38)

is completely finite. From the result above we can read off the boundary spectrum at the
IR fixed point:

R R R ~ 2 .2
AR = Ay + g5AED (00) + g0ALD (00) + O(m™2) = (r— 5 = = 1 0(m™),
bl b b m
(4.39)
where we used that
~ . 1 2 ’1“2 - 52 )
A= Z(T —5)“+ i +O0(m™*). (4.40)

Interpretation. The result of eq. (4.39) can be interpreted as follows. Assuming that the
endpoint of the RG flow is a conformal boundary condition (or a superposition thereof) for
the My, ;-1 minimal model, and assuming that 1, ;) flows to another Virasoro primary
Y(r,s) in such an IR conformal boundary condition, then there should exist two positive
integers (r’,s’) such that

A — AR, =0m™?). (4.41)

r/s’ —
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By comparing equations (4.39) and (4.40), we find that if  # s one possible solution to the
condition above is that (r/,s") = (s,7). This would mean that

Yirs) — V(sr) s (4.42)

under the RG flow.
This spectral flow is very natural: it would be consistent with the following large-m
flow between conformal b.c.

(a1,a2)m — (az,a1)m-1, a1,a2 << m, (4.43)

since the selection rules imply that, if (r,s) appears in (a1, a2), then (s,r) appears in
(a2, a1)m—1. However we should keep in mind that other possibilities (including flows to linear
combinations of conformal b.c.) are still logically possible. In particular, it need not even
be true that the infrared operator is still a Virasoro primary.

Mixing. The reader may wonder why we do not consider operator mixing, since by
equation (4.40) there are often many operators whose dimensions become equal at large m. In
contrast with flat space there is however no need to consider this mixing. This is because our
one-loop result for the anomalous dimension is reliable and physical (i.e. scheme-independent)
for any finite m: after all, the boundary is always conformal so Ais always a good observable.
At finite m all the scaling dimensions are different, so the matrix of two-point functions
remains diagonal (cf. our discussion in subsection 3.3) and there is no operator mixing. We
have seen there are extra divergences at large m (those cancelled by the 5Z,‘3?§tra above) but
obviously these can only appear if the correlation function is non-zero in the first place.
Therefore, in contrast with a flat-space analysis where conformal invariance is completely lost
along the flow, nearby operators on the boundary of AdS do not mix.

4.3 Bulk one-point function of ¢ 3)

In this section we compute the one-point correlation function of ¢ = ¢ 3) on the AdS disk

2R \?
d82:<1—7~2> (A +12d6%), 0<r<l1,—-m<f<n, (4.44)

at one loop. We again consider an elementary conformal boundary condition (ai,a2)m,
with a1,as < m. At tree-level, putting for simplicity ¢ at the center of the disk, we have
(see eq. (B.28))

(2¢3 — 1)  4n? (243 — 1)

+
V3m?2 V3m3

(2R)2(6(0,0))0 = BE = (w o . O(m_4)> |

(4.45)
and the one-loop correction is given by
5(6(0.0))a = g [ a2 /3 (6(0.0)6(,0))5
+ IR counterterms + UV counterterms, (4.46)

where the superscript ‘c’ means that we will consider the connected correlator only. Notice
that the coupling g is dimensionless and we inserted a scale pu.
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Computing the integrand. As shown in appendix B.3, the (connected) correlator in

the integrand of eq. (4.46) reads
(2R)*2(6(0,0)(r, 0))5 = G(7) — (BG5")2, (4.47)

with
5/~ a(l,1 ~ a(1,3 ~ a(l,5 ~
a(m) = (BLG) Vi @) + (BLG ) Vas ) + (B Vas (@, (4.48)
where
B 1-m 2m 2m—2 34+m 2—m 0
Vv, — F _ . A
(1)) =3 2(m+1’m+1’ m+1 2m+2 m+1 4)’
_ By om—1 1-m 3Im—-3 3—m 3m+1 7
— h1,3/2 F _ . L
Vieg () =777 2(2m+2’2m+2’ om+2 2m+2 2m—+2’ 4)’
. . 1 m 4dm—-1 3m bdm+1 7
— ghs/2 : =) . 4.4
‘/(1,5)(77) n 32(m+1>m+17m+17m+172m+2a 4> ( 9)
The cross-ratio 7 reads
1)
a-r (4.50)

N="—3

We discuss separately the contributions from V{y 1), V(1 3), and V(y 5).

The V(1,1) contribution. The relevant integrals in the first line of eq. (4.46) are

Vo V@ =D+ e [VF Vi@ = Dly_yimgs @51

I(l’l) = /e<r<\/1—a

for a properly chosen c.t., as explained below. For convenience we have set an IR cut-off
at ¥ = /1 —a and a UV cut-off at ¢ > 0. At finite m the counterterm contribution is
completely regular in the limit of a — O:
4TRA%(A +2) 9
g (V, ) — 1 =— 0] . 4.52
/\/5( (1,1)(77) )|r:m (A—4)(3A—2)a (CL ) ( )

This is expected since there are no relevant boundary operators contributing to /().
The bulk contribution is more subtle due to UV divergences. Upon invoking the Mellin-

Barnes representation of 3F5:

F(bl)r(b2)
3Fy(ay, a9, as;by,ba;x) [(a1)T(a2)T(as) Jo 2mi

ds (—x)~*T'(s)'(a1 — s)'(ag — s)'(ag — s)
F(bl — S)F(bg — S) ’

(4.53)

-+ 4 s) from those of T'(--- — s), we find

where the contour C' separates the poles I'(-

08 iy s) [Bi—a(s + 1,25 — 1) — Ba(s +1,~25 — 1)] |

V n) =
/e<r<\/1—a \/§ (1’1)(77) c 2T
(4.54)
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Figure 1. The choice for the contour in eq. (4.54).

where B.(a,b) is the incomplete beta function and
#rAT (3= )P (=4) ()N (s = A (=s = )T (1-5+ 3)
P(1-4)r=ar(5)r(i-s-2)r(1-s-4) .

(4.55)

The contour C' is the black line shown in figure 1 where the dots represent the poles of
the expression in eq. (4.54) (slightly displaced along the imaginary axis for convenience of
representation). As is clear from its definition in terms of 9F, the B,(a,b) has poles at
—a =n € N. For the By_,(s + 1,—2s — 1) bit in (4.54), since

Bi_a(s+1,-25—1) =
1 (a_25_1(1 —a)" (s +2)0(2s + 1) 2 (1, —s; —2s5a) | D(s +2)0(=2s — 1)>

s+1 I'(s+1)I'(2s+2) [(—s)
(4.56)

we shall close the contour to the left and pick up the residues for the poles at —s =n € N|
corresponding to the blue dots of figure 1. The result is

21

d 47 R?
| o Kan(@ s)Bioa(s + 1,25 = 1) = T 4 BGm) +0@). (@457)

The finite term ff(hll’l) (m) does not have a nice closed form, but in the large-m expansion it reads

(1,1) - § _ _ 8 (15 + 271’2)

Note that the IR divergent term in the expression above drops out of the connected cor-

+0(m™?). (4.58)

relator, since

47 R 2—-1) 4ArR?
/ Ji= 2 (“2+ Col) AR gy O(a,e). (4.59)
e<r<+/1—-a a (6 - 1) a
For the Bo(s + 1,—2s — 1) bit in (4.54), since
25 t2 2(s +1)%€? 4
B€2(S+1,—28—1)— 1+ <1+M+O(6 ) 5 (460)
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we shall close the contour to the right, and picking up residues at the red poles in figure 1 we find

2 _2—2A
dile(l,l)(Aas)(_BEQ(S—Fl?_28_1)): 47 R%e
(A-1) (1—2cos (%))

=R2 £ (m)

+0(e), (4.61)

where O(e#) are positive powers of €, which will go to zero as we send € — 0 while keeping
A finite. Putting it all together, and taking the a,e — 0 limit we get

Iy = 47R? + R2fi) (m) + R2F00 (m) . (4.62)

In particular the final result features a constant piece (in m) that comes from taking the
difference between (4.57) and (4.59).

The V(;,3) and the V(; 5) contributions. We proceed similarly for the other two contri-
butions, but we skip some of the details. For the V/; 3) contribution we have

Ing) = /€<T<m\/§ Vi3 (1) + ce. / VAAGEI = (4.63)
The counterterm contribution this time is divergent as a — 0 and equals
x ~ A
[ V3 Vi@, g = 4R (14 O(a) (4.64)
From the bulk term we find
v .
/€<T<m\/§ (1,3)(7)
ds A A A A
= C%K(LE})(A’S) <B]__a <S—4+17—25+2—1> —BGQ <8—4+1,—25+2—1>> y
(4.65)
where we defined
B #57AT (5= 2)T (§)T()T (=5 = 22) 1 (=5 = 2) T (1- 5+ 22)
R K3)(A,5) = = 3A A 3A 1 A A '
(=) (e 2T (e
(4.66)

Besides the poles coming from K(; 3)(A, s), in eq. (4.65) we have additional poles from the
incomplete beta functions at s = A/4 — 1, A/4 — 2, etc. The original contour C' has not
moved, and we are free to decide where these new poles lie with respect to C. A possible
choice is depicted in figure 2. With this choice, for the B_, <s — % +1,-2s+ % — 1) bit
we close to the left to pick up residues at the blue and orange poles in figure 2, while for the
B, (s . % +1,-2s5+ % . 1) we close to the right, and all together we find

s
[ VA Vi) = R )-SR 0l
e ()0 (1)1 ()0(8) T (841)
V(A1) (A—1)T (—%) ’
=R (m)
(4.67)
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Figure 2. The choice for the contour in eq (4.65).

where O(e#) are positive powers of €, which will go to zero as we send € — 0 while keeping
(4.68)

(m) = —mm — 27+ O(m ™).

A finite and
(1,3)
fin
It is easy to see that the counterterm contribution of eq. (4.64) cancels exactly the IR
divergence if we set
R
Cet., — — NG (469)
1-3
Putting all together we find
1,3
Ing) = B f) (m) + B £, (m) (4.70)
(4.71)

Finally, we have for the V{5 contribution

Ton = [ VI Vas (i)t e [ Vi Vas i)y
As expected, both the bulk term and counterterm are regular as a — 0. From the bulk term

we find, up to terms that vanish in the a,e¢ — 0 limit
(4.72)

/e<r<m‘/§ Van (=
SR2(A+1)e 22 cos ()T (3-4)T (22 +3) T (3(A+2)) R0 )
(A—1)AD (3213) mo
=R (m)
with

F(m) = —dam + 8% +0(m™). (4.73)

Hence

Ty = R2F02 (m) + B2 4% (m) (4.74)
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Cancellation of UV divergences. Putting together equations (4.62), (4.70) and (4.74),
one finds

(2R)26(4(0,0))a = —g®~*2R) 2 (B 0y + (BEG)? T + (BLST)? Ta.s)]

+ UV counterterms.

(4.75)
To cancel the UV divergences we define the renormalized operator
ol = Zyo+ 2R) P Zpl + ..., (4.76)
and choose Zy; to cancel the power-law divergences, i.e.
1 : 13 1,5
Zon = 79CuR) (B I0D (m) + (BRGS0 (m) + (B2 (m)]
U (4.77)
=q(2 T
92uR)™ "~

Here the expression on the first line is what comes out of our computation, which used the
boundary conformal block decomposition. The expression on the second line is what one
would obtain from a short-distance expansion of the bulk two-point function and isolating
the divergent power. The fact that the two expressions are identical is a consistency check
for the bulk-boundary crossing discussed in appendix B.3.1.

The wave-function renormalization factor Z is obtained from a standard bulk com-
putation, and reads:
w? 22-Aal (238)
was 0T T T@A2)
2mm 4w 107

=1+g < BB O(m—2)> : (4.78)

where in the last line we used Cgge of eq. (B.15). As we discussed in subsection 3.1, in a

1
Z¢:1+5Z¢:1+EQC¢¢¢

general curved space one could have found additional divergences (terms linear in m) due
to mixing with (Ric)1 but their coefficient happens to vanish in AdS.

The final result. Collecting all the terms we ultimately find the following one-loop
correction to the one-point function of ¢:

22

2R (6(0,0))a = B LY ~2mg ( <<2uR>2—A—1>+§—8”§;j“'>> 1O, (479)
We recognize the first term as due to the anomalous dimension of ¢(z). It can in principle be
resummed to obtain an answer as a function of the running coupling, but at the fixed point
we may just set (2uR) = 1 which removes this term. Also at the fixed point we will have
g=0O(m™!) so the O(m™') term we wrote may in principle get corrected at two loops. For
this reason we did not write it out completely, although we did indicate the dependence on
the boundary label as that follows from our computation. Ultimately we obtain:

V3 n 1672a3

(2R)*(6(0,0))a = B - = Jams FOm™), (4.80)
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at the fixed point g, = \/g/wm We recall that

1, 212 (2a3 — 1 _
B?lf?,)” =V3 - 5/3212) +0(m™3). (4.81)

Interpretation. The interpretation of this result is perhaps a little disappointing. In flat
space, the ¢ 3) operator flows to ¢3 1) at the IR fixed-point [15]. For the latter we have:

2712 (203 — 1)
V/3m?

If (a1, a2)m flows to (az,a1)m—1 then we see that this expression agrees with (4.81) to the

(2R)*(3,1)(0,0)) by )y = V3 — +0(m™3). (4.82)

given order, so we would naively expect the one-loop correction to be zero. Equation (4.80)
therefore presents us with two issues: the non-zero correction multiplying m~' and the
non-trivial dependence on the boundary labels multiplying m 2.

We believe that the first issue might be due to an incorrect identification of the infrared
operator. We have chosen the wave function renormalization factor Z4 such that the infrared
operator is unit normalized in flat space, so the overall normalization should be fine. However,
as we mentioned above, in curved space we can build new operators that involve the background
curvature. In particular we cannot exclude the possibility that the infrared operator is any
admixture of ¢ 31y with the operator Ricl ~ R~21. If this is the case then the factor v/3/m
in equation (4.80) merely amounts to a determination of the relative coefficient between these
two operators. We also note that such an admixture should be visible at higher orders in
perturbation theory, because the latter operator has A = 2 exactly, whereas Az =2+ 4/m.

The final term in (4.80) is subleading in 1/m and we could in principle have dismissed
it as unreliable. It was however argued in [17] that the dependence on the boundary labels
is reliable at this order at least in flat space. If this is so then it poses a puzzle. This term
cannot be explained by operator mixing, since the composition of the infrared operator should
not depend on the boundary labels. We also verified that the one-loop correction to (1)
does not feature any dependence on the boundary labels at this order. However the analysis
of [17] does not necessarily apply in AdS, since it was based purely on the large-m behavior
of the various OPE coefficients appearing in the computation. In our case we have seen that
this can be offset by the integrals themselves, which can diverge polynomially in m. We
therefore cannot conclude that this term is reliable without a more detailed analysis of the
integrals involved in the higher-loop contributions.

4.4 Irrelevant deformation

In this section we study the ¢(3 1) deformation of unitary and diagonal minimal models
M t1,m with conformal boundary conditions a = (a1, a2)m, in AdSy and with m > 3. We
will compute some anomalous dimensions of boundary Virasoro primaries at finite m, at the
first order in this deformation. In the large-m limit, with a;,a2 < m, the ¢ ) operator
is the leading irrelevant deformation, with scaling dimension

4
A= 2h3,1 =24 —. (483)
m
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4.4.1 The perturbation
We consider the following bulk perturbation by ¢ = ¢ 1)

68 = gRA? /dzx V9 d(x + iy, x — iy) + counterterms + O(g?) . (4.84)

Again, for large but finite m we can remove the near-boundary divergences without inducing a
boundary RG flow, so that the only non-trivial 5 function is for the bulk coupling and reads [36]

§=1(2—A)g—mCsssg” + O(g°). (4.85)

At m = oo we have that Cygs = 4/v/3 (see eq. (B.54)), and so using eq. (4.83) we find
a UV fixed point at
V3

ge=———+ O(m™2). (4.86)

In the bulk, this is the inverted RG flow between consecutive minimal models, i.e. My, 11 m —

Mm+2,m+1-

4.4.2 Anomalous dimensions

We present here some anomalous dimensions along the ¢3 1) deformation of unitary and
diagonal minimal models, in AdS,. The computations for this case are entirely similar to
those of section 4.2, so we omit the details of the derivation.
The scaling dimension of 9, ) after the perturbation of eq. (4.84) (which goes towards
the UV) reads
Ars(g) = Ars + gdALD (m) + g6AD (m) + g6ALD (m) + O(g°), (4.87)

s ,S T,8

where A, = h,, and

)

2% (2 — m)m(m + 3)

o (%)k (_%)k <r+m(r;ns+1)—1>k (—r+m(f;+s+1)71)Ic

k=0 k1(2)k (g _ %)k (_%)k :
1
SAE (m) = fyj(gi) )
m 2 " m
= (1), (), (e —o), (1 ),
XZ k(i L 34 1 _m+4 ’
(+m), (), (-5,

X S (1 - %)k (% " % k (2+7‘+mn(1r—5+2))k (2_r+m(":r+s+2)>k . (4.88)
k=0 H(3+2), (2+3),(6+3),
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4.4.3 Large m

Finally we consider the large-m limit with a;,a2 < m. In this limit there are some extra
O(m) divergences, but they can be removed without affecting the anomalous dimensions
as we explained below eq. (4.35). The large-m expansion for the coefficients is given in
equations (B.62) and (B.76), recalling that a5 1) = O(m™?). Plugging in the value of the
UV fixed point in eq. (4.86) we find

2 _ 2
" +0(m™?).

(4.89)

AE! = AT,S + 95A7(~171)(OO) +g0ALY (00) + O(m™?) = %(T —5)* -

78 78

By comparing this result with the boundary spectrum of the M, 2 ,,+1 minimal model we
see that along the ¢(3 1) bulk RG flow (for r # s)

w(r,s) — w(s,r) . (490>
The spectral flow is again consistent with the following large-m flow between conformal b.c.:
(a1, a2)m — (a2,01)mt1, a1,a2 < m. (4.91)

As expected, the ¢(3 1) deformation ‘inverts’ the RG flow of eq. (4.43).

5 Outlook

We have analyzed RG flows in AdS both in general terms and in the explicit example of the
perturbed minimal models. To deal with the ultraviolet divergences one employs familiar
quantum field theory in curved space techniques, and to deal with the infrared divergences
one adds counterterms familiar from holographic renormalization. In the end one obtains
finite renormalized correlation functions of both bulk and boundary operators.

In the future it would be interesting to resolve the somewhat puzzling status of the one-
point functions in the perturbed minimal models. This will be essential for the identification
of the correct infrared boundary conditions. This would require computing <¢(1,3)> to two-loop
order. One might also compute (¢(,)) at one loop, for which the level of difficulty should be
similar to what was presented in this work. To check our prescriptions at a structural level
one might of course also try other controllable RG flows like the Wilson-Fisher fixed points
in AdS. (See [4, 5] for some other examples. More generally there is a vast literature on loop
computations in AdS, but these mostly focus on Witten diagrams for boundary correlation
functions and not on bulk one- or higher-point functions.)

This paper is not only an étude but also a prélude to the numerical study of RG flows in
AdS by applying conformal bootstrap methods to the boundary correlation functions. The
viability of this method was demonstrated in [1] where initial results for scalar field theories
in AdSs were presented. In upcoming work [13] we will analyze the minimal model flows in
AdS numerically and make essential use of the results presented above. In the future it will
be interesting to include the sum rules presented in [8] in the numerical analysis.
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A Two-dimensional BCFTs
We will consider two-dimensional CFTs on the upper half-plane
H" = {2 € C|Im z > 0}.

In Cartesian coordinates we write z = x + iy so x is also a boundary coordinate.

We will consider various correlation functions between both bulk and boundary global
primaries in a generic BCFT on the upper half-plane.'? In the present subsection, ¢;(z, z)
is a scalar bulk global primary with dimension A;, and ;(x) is a scalar global boundary
primary with dimension AZ

For a more detailed discussion on two-dimensional BCFTs and more references to the
original literature we refer the reader to the books [37—40].

A.1 Global conformal invariance

We begin with the general structure that follows from SL(2, C) bulk invariance as well as the
residual SL(2,R) in the presence of a boundary. The OPEs in the various channels are

(;51'(21, 21)¢j(z27 22) - Z Cijk¢k(22, 22)’21 — Zz‘AkiAiiAj + .. ,
k
iz + iy, x —iy) = 3 BiF () (29)2 D 4
k
dilay(e2) = 3 Cfvne)@n — )™ 4% b @ >w). (A
k

The ellipses in the first (second and third) lines above denote SL(2, C) (SL(2,RR)) descendants.
For both bulk and boundary operators, indices are raised and lowered using the two-point
correlation function of the corresponding operator. Unless otherwise specified, we will always
consider unit-normalized primary bulk (boundary) operators, and a unit-normalized identity
operator: (1) = (1) = 1. The values of the OPE coefficients B and C' depend on the specific
conformal boundary condition.

12 Virasoro primary or descendant operator is called a ‘global primary’ when it is a primary with respect
to the global conformal group SL(2,C).
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We now provide the general form of some BCFT correlation functions as well as the
structure of their conformal block decomposition.

Simple correlation functions. On the upper half-plane the simplest non-trivial correlation
functions are (z;; = x; — x; and Ay = Ay + Aj — Ay)

(b)) = — (01> 22)
(#1)
(Ofa -+ i = in)s = o0 (y>0)
. . B
(O(x1 +iy1, 21 — iy1)Y(T2))m+ = (le)A—A(d;% A (y1 > 0)
(i) (2)r(w3))m+ = Gl (i > wip1).  (A2)

(xlz)Aijk (x23)Ajki(x13)Aikj ’
Boundary four-point function. Consider the four-point correlation function between four

global boundary conformal primaries 1; with scaling dimensions A;. By SL(2,R) symmetry
this correlation function takes the form (here and in the following A;; = A; — Aj)

ria\ B2t s\ As 1234
wnGesie = (1) () s P me e
(A.3)
with cross-ratio
n:iizzi, 0<n<l1. (A.4)
In the s-channel we have
G124 (n) = 3" C1o" CaunG(Anr, Agy, Ay, 1) | (A.5)
k
with global blocks given by [41]
G(a,b,A,n) =n>oF1(a+ A b+ A;2A;7). (A.6)

Bulk two-point function. Consider the two-point correlation function between two bulk
scalar global primaries ¢; with scaling dimensions A;. By SL(2,R) symmetry this two-point
correlation function takes the following form [20, 42, 43]:

, , , , f€)
(P1(x1 + iy, w1 — iy1) pa(@2 + 2, 22 — iy2)) e+ = 2y 51 (2)52 (A.7)
The cross-ratio is

— 2 _ 2

= (z1 »’62)4 + (y1 — ¥2) ' (A.8)
Y1Yy2

The bulk and boundary channel expansions of f(&) read
fl€) = ¢a(Arthe) 2012k3kfbulk(ﬁk; =Y, B1* Bk foay(Ag; €), (A.9)

k k
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where [20, 42, 43]

Fou(Ag; €) = €321y (A;, %,Ak; —§> :
foay(Ag;€) = €54 Py (Ak7Ak72Ak§ —1/6) : (A.10)

Bulk-boundary-boundary function. Consider the correlation function between two
boundary global primaries of scaling dimension A 3 and one (scalar) bulk global primary of
scaling dimension A. Via the bulk-boundary OPE of ¢, this correlator can be written as

(V1 (z1)2(x2) (T + iy, © — 1y))g+ =
Sk BeFCronf(Ara, Ay, v)

- = — . A1l
(2 + (21— 2)2) 2022 (Y2 + (2 — 2)2)221/2|wyp] A1 H22(2y) 2 —
In our conventions the blocks computed in refs. [34, 35] read
s A Ap+An Ap—Ap o 1
F(Arz, Ag,v) = (40) /2 5 Fy ( kJ; == 2 2 A+ ’v> ) (A.12)
with
2 2
Y- (z12) -
v = =7/4, 0<v<1. A.13
W+ o 0 2P (A1)
A.2 Local conformal invariance
Let T, be the bulk stress tensor. Conservation and tracelessness imply
oT =0, 0T =0, (A.14)
where § = 9,, 0 = 9; and we have defined
T=T()=T.(2), T=T(Z) =T:(%). (A.15)

Translation invariance along the boundary is equivalent to Cardy’s condition [44-46]

T(z)=T(z2), Imz=0. (A.16)

It follows from equations (A.14) and (A.16) that the boundary limit of 7" is a global boundary

~

primary operator of scaling dimension A = 2, i.e.
D(z) =T(x +iy)|y=o - (A.17)
We call this boundary operator the ‘displacement’. The restriction of the anti-holomorphic

component T of the stress tensor to the boundary defines the same displacement, thanks
to Cardy’s condition.
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A.2.1 Conformal Ward identities on the upper half-plane

Let us consider an infinitesimal real-analytic transformation on the upper half-plane H™

z—z+€(z), €(z)= Z a2, an €R. (A.18)

The conserved charge on HT is

Qo= - j'{ ()T (2)dz — —— 74 (2)T(2)dz, (A.19)
2mi Jo+ 2w Jo+

where C is a contour in HT, we regarded €(Z) as €*(z) and T'(2) is the analytic continuation

of T'(z) to the lower half-plane (H™). Because of Cardy’s condition (A.16), the operator Q.

is well defined even when correlation functions are evaluated on the real axis. We can then

define the Virasoro generators in analogy with those in the full complex plane as

1 1 _
L,=— 2T (2)dz — — 2T (2)dz
2mi Jo+ 2mi Jo+
_ 1 n+1
= jéc (), (A.20)

where in the last line we used Cardy’s condition (A.16) to combine the two addends into a
single contour integral on the full complex plane. The generators so defined then obey the
commutation relations of a holomorphic Virasoro algebra, with central charge ¢
c

Lo s L] = (0= m) Ly + 5 (n* — 1)éptmo- (A.21)
The elements {L11, Lo} of the Virasoro algebra generate the conformal group SL(2,R). On
the real axis, we can define Virasoro primary operators v; with respect to this holomorphic
Virasoro algebra as

(Lo, ¥i(0)] = Ai1hi(0),  [Ln,¢i(0)] =0, n>1. (A.22)
Using the definition above it follows that, under the (finite) real-analytic conformal trans-
formations
: of\
2o 1), UE) = (52) i), (4.23)

Namely v; transforms as a ‘holomorphic Virasoro primary’, by which we mean a Virasoro
primary with weights h; = A;, h; = 0. Equivalently eq. (A.20) implies that

A, 1

T(2)i(w) = ———zwi(w) +

(z —w)

Os(w) + O((z — w)?) . (A.24)
z—w
Boundary Virasoro descendants are obtained by repeatedly applying the L_;’s with k& > 0
to the primary ;. Using eq. (A.20) we have that

= 7{ dz (z — w) 7R (2)h (w) (A.25)

2mi Jo,

(L, ti(w)] = ¢ (w) =
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where the contour C,, lies on the full complex plane and encircles w. We can use eq. (A.25)
to compute the correlation function of ;=% (w) with any number of either bulk or boundary
Virasoro primaries from the correlation function of 1;(w) with the same number of either
bulk or boundary Virasoro primaries. In terms of the string of Virasoro primaries (in defining
X we disregard its anti-holomorphic dependence as it plays no role in the following)

X(mm)({zz}) = ¢1 (21) s ¢n(2n)¢n+1(2n+17 2n+1) s ¢n+m(2”+m’ 2”+m) ’ (A'26>

we have that
(R (w) X ({z:))

" 2mi —w)

= T ) (),

2mi Jog., (2 —w)

1 dz " 1 h’l n,m
T 2mi Cizy (z — w)k-1 ; <Z — 2z %+ (z — zi)2> (W)X (=),
= £ ((w) X ({z)). (A.27)

and we denoted the weight of each boundary Virasoro primary ; as Al = h;. In the third
line we modified the integration contour in order to pick up the singularities at z = z;. These
singularities are simple and double poles, as dictated by the OPE of T with either ¢; or 1);

1
Z—Zk

T()XOM ({2}) ~ L xem) ()4

z=an (2—2)

X ™ ({z;}) +regular.  (A.28)

In the last step, after computing the integral using the residue theorem, we introduced the
important differential operator

™ = nf ((’“ —Dhi ! ai) . (A.29)

i=1 (Zi - w)k (Z’i - w)kil

The result in eq. (A.27) implies that if (=) is a null descendant of 1) at level k, correlation
functions with ¢ insertions satisfy a linear differential equation of order k. By construction,

this will be the same differential equation satisfied by a holomorphic Virasoro primary with
weight (h = A, h = 0).

A.2.2 The method of images

Bulk correlation functions on the upper half-plane H™ can be computed using the method
of images [44] (see also chapter 11.2 of [38]) and bulk-boundary crossing symmetry. To see
how it works, let us consider the effect of the transformation (A.18) on a correlator between
a string of bulk Virasoro primaries

X(Zla Z15. .43 Zn, gn) = ¢1(217 5l) cee an(zna gn) s (ASO)
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with A; = h;+h;. Note that here h; # h;, generically. This transformation is (recall eq. (A.19))

1 _ _ 1 N _ _
omi St €(2)dz(T(2)X (21,215 - - - 5 Zny 2n) ) E+ — omi St €(2)dz(T(2)X (21, 215+ - -3 20y 2n) Ju+ -
(A.31)

We can regard the dependence of the correlators on antiholomorphic coordinates z; on the
upper half-plane H" as a dependence on the holomorphic coordinates z¥ = z; on the lower
half-plane H™. This ‘mirroring’ is nothing but a parity transformation with respect to the real
axis, and as such holomorphic indices change into antiholomorphic ones e.g. T(z*) = T(z).'3
Since T = T on the real axis by Cardy’s condition, when we combine the two addends above
to write a contour integral over the full complex plane, the total contribution from the real
axis vanishes, and we are left with a contour integral of a correlator with 2n holomorphic

Virasoro primaries on the full complex plane:

1

—j{ €(2)dz2(T(2)X (21,215 . 52, 20)), 2= 2. (A.32)
21 Jo

Hence, the correlation function (¢1(z1,21)...¢n(2n, 2n))m+ regarded as a function of
(21,215 .. .; 2n, 2n) satisfies the same differential equation as the correlation function on
homogeneous space, (¢1(z1,21) ... 0n(22n, Zon)), as a function of (z1,...,29,).

As an application, let us compute the one-point correlation function on H* of a Virasoro
primary ¢ of weight A = h 4+ h and spin ¢ = h — h, denoted as qﬁh?;l(z, Z).'* By the method
of images, we are instructed to consider

(D (22))m+ o (On(2)05(2")) (A.33)

where we have regarded z* as a holomorphic coordinate, and ¢; as a holomorphic field with
holomorphic dimension h. Note that the o symbol is appropriate, since the method of images
cannot fix overall constants in correlation functions. Now, the two-point correlation function
on the right-hand side above is fixed by conformal symmetry as in eq. (A.42). In particular
we immediately learn that if ¢ # 0, then ¢ has a vanishing one-point correlation function
on H'. Alternatively, if £ = 0, writing z = = + iy with y > 0, we get
. . B,
(Onp(z+ iy, x —iy))g+ = 25 A =2h. (A.34)
The constant By = Bgq, which is not fixed by the method of images, is a physical datum
of the BCFT. Finally let us consider the bulk-boundary two-point correlation function
between the scalar bulk Virasoro primary ¢ and a boundary Virasoro primary ¢ with scaling
dimension A. Applying again the method of images, we compute

(n,n(2,2)P(0))m+ o< (Pn(2)dn(27)1(0)), (A.35)

131f a given bulk operator is purely holomorphic, so h = 0, then its antiholomorphic part is the identity

operator. As a consequence there is no need to double holomorphic operators, such as T'(z).

14The attentive reader will have noticed a small change of notation: here and in the next section the Virasoro
primaries are labelled by their dimensions (h, k), and not by a pair of integers (r, s) as everywhere else in this
work. This choice is convenient in order to explain the application of the method of images.
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where we have regarded 1 as a holomorphic operator with holomorphic dimension A. Choosing
again z = z + iy with y > 0, we then find

. . B
(nn(o+ iy z — O = ooy (Zg o (A.36)

The constant By, is another physical datum of the BCFT.

A.3 Some universal correlation functions

Correlation functions involving the stress tensor T'(z), T(2) and the displacement operator
D(z) are to a large extent fixed by the conformal Ward identities. In the instances below
we will find several such correlation functions. They are universal in the sense that they do
not depend on the specific BCFT and instead only depend on ¢ and the scaling dimension
of the operators involved. By taking coincident points we also obtain correlation functions
of D?(x) and TT(z,Z2).

A.3.1 Interlude: the stress tensor on the plane

In a generic 2d CFT, correlation functions with stress tensor insertions are determined by
the conformal Ward identities [47]. Consider first the simple case with just one 7' insertion
in between a string of n Virasoro primaries ¢;(z;, z;), with weights (h;, }_lz‘). In the notation
introduced in eq. (A.26), this correlator will be denoted as

(T(w)X O ({z})) . (A.37)

Because the T is a level-two descendant of the identity operator 1, from eq. (A.27) we
immediately find

(T(w)X O™ ({z})) = L9(XOM ({z})) . (A.38)
Let us now consider two insertions of the stress tensor.
(T (w)T(w) X O™ ({z})) . (A.39)

We can apply the same procedure that led to the formula in eq. (A.27) to reduce the number
of T insertions, but this time we get additional contributions from the additional poles in
the T' x T' OPE when deforming the integration contour. We recall that

_ <2
-4

T(:)70) = 21 + %T(O) + %T’(O) + %T”(O) FT20) 4002,  (AA40)

where primed operators are derivatives with respect to z, O(z?) denotes higher order con-
tributions and T2 is the unique global primary at level four in the 7' x 7" OPE.'® Using
the T x T  OPE we then get

(T )T ()X O ({2:})) = LT () 2O (z}) + —L2

v m<9’5(0’")({zz'})> , (A4]1)

5This operator is obtained (up to normalization) by acting with L_4— gLQ_Q on the Virasoro identity module.
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and E(f;) acts on T'(w'), as well as on the string X. As a particular case of the equations
above, let us take X to be a string of two identical holomorphic Virasoro primaries with
two-point function

1
(9i(21)¢i(22)) = Cora) 2 Zij = 2 — %j . (A.42)
From eq. (A.38) we obtain
(T'(21)¢i(22)9i(23)) = Crs0 Cres = h; . (A.43)

(212)2(223)2Mi=2(231)?

From eq. (A.41) we obtain

TT¢p ¢ hm?(n(hm —
(TG () 2)6len)) = e gTT¢¢<n>—<+h iy 2”2)).

[N
—~
3

|

—_

~—
[\

The cross-ratio 7 is

_ 201723

(A.45)

202413

We can recursively apply the algorithm used above to add more insertions of T'. For example:
(T(20)T(21)T (20) X" ({z:})) =

£ X T )X (D) + L

(201)*

c/2

(202)*

(T(22)X O™ ({2:})) + (T ()X O™ (2)) .
(A.46)

As a particular case of eq. (A.46), when X (0) is the identity operator and using

_ 2 21)T(22)T(23)) = ¢
<T(22)T(23)> - (223)47 <T( I)T( 2)T( 3)> (212)2(223)2(231)2’ (A47)
we find the four-point function of 7T'(z)
- QTTTT(n)
(T(20)T(21)T (22)T(23)) = o) o)1’
cn2((n — 2 4
GTTTT () = 221 (((:_ 11))2n+ b = (1 ot (L) ) . (A.48)

The four-point correlation function of 7'(z) is a physical correlator, and as such it admits
a decomposition into the SL(2,R) conformal blocks of eq. (A.6) (with positive coefficients
in unitary theories). In the s-channel we find

2
C
G () = 7G(0,0,0,m) + Y Crr"Crrn G(0,0,n.m), (A.49)
n=24,...

with squared OPE coefficients

Crp™ Copeprs = Vre(e(n —3)(n—2)(n —1)I'(n + 3) +288((n — 1)n — 1)I'(n)) O (A50)
9 x 220+ (n — 1)
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In particular, the squared OPE coefficients with T and 72 in the T x T' OPE read
c

(224 50). (A51)

T T2
Crr’ Crrr =2¢, Crr" Cppp2 =

Note that eq. (A.40) implies that C’TTT2 = 1, and so from the rightmost equation above we get
(T2(0)T%(c0)) = Cpz = Cpppa = %(22 +5¢). (A.52)

A.3.2 Correlation functions of the stress tensor

Let us now return to the BCFT setup. We recall that n-point functions of the stress tensor
T'(z) on the upper half-plane are the same as in flat space. The reason for this is holomorphy,
which states that

BT (21)T(22) ... T(zn))gs =0, (A.53)

and so the correlation functions are invariant under a translation with respect to the transverse
coordinate orthogonal to the boundary. Therefore, they must take the same form as in the
full complex plane [48-50]. For two- and three-point correlation functions of 7', the bulk
self-OPE of T together with SL(2,R) symmetry dictate that

= 0/2 z 2z Z: = ‘
(T(21)T(22))u+ = (z12)4’ (T(20)T (22)T (28) )+ = (212)2(223)2(231)2 .

Analogous results hold for higher-point correlation functions of 7" or of T. Note that eq. (A.16)

(A.54)

implies that correlation functions of T are those of T on the upper half-plane, analytically
continued to the lower half-plane, so for example

(T()T(w)m+ = (T()T(w"))p+ - (A.55)

A.3.3 Correlation functions of the displacement operator

The n-point functions of the displacement operator are directly obtained from eq. (A.54),
by simply restricting all T-insertions to the real line. We choose an operator ordering along
the line so that x; > z;41, and so we find

= @ x T T = ODDD
(D(@1)D(22))g+ = o (D(21)D(22)D(x3))m+ = (212)2(223)% (31 )2’
Cp=¢/2, Cppp =c. (A.56)

Similarly, the four-point correlation function can be obtained from eq. (A.48), e.g.

gDDDD
(D(z1)D(z2)D(23)D(24)) g+ = W(xigp Ti > Ty,
2¢ n?((n—1 1) 4
GPPPD () = =21 (((:_ 1))2"+ ) 4 T (1 +t 4 <nil> ) . (A.57)

The cross-ratio 7, which can be found in eq. (A.4), is the restriction of the familiar holomorphic
cross-ratio in eq. (A.45) to the real line. We can decompose this correlator into the s-channel
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SL(2,R) blocks defined in eq. (A.57). The resulting squared OPE coefficients equal the ones
of eq. (A.49), so in particular from eq. (A.51) we find

ODDDODDD = 20, éDDD2éDDD2 = TCO(QQ + 56) . (A.58)

In the equation above we identified the global primary operator D? as the boundary limit of
the operator T2 in the bulk, which is defined in eq. (A.40). From eq. (A.52) we find

(D2(0)D%(00) )+ = Cpz = 1%(22 +50¢), (A.59)
and, combining with eq. (A.58)
CA'DDD2 - 1 5 éDDDQ = CDQ . (A.GO)

A.3.4 Correlation functions of the displacement with boundary operators

Let us now consider a conformal boundary condition that allows for a boundary Virasoro
primary ¢ with two-point correlation function

1

(1) (z2))m+ = A0 T1>22. (A.61)
T12

As we discussed in the previous subsection, as far as Ward identities are concerned, boundary
Virasoro primaries behave as holomorphic Virasoro primaries. Correlation functions between
D and ¢ can be obtained from correlation functions on the upper half-plane between T
and a holomorphic Virasoro primary ¢ with weight h = A. From eq. (A.43), upon using
the bulk-boundary OPE of T in eq. (A.17) and choosing the operator ordering x; > x;41
on the line we immediately get

<mmwmwuwwz@mﬂéﬁf%my,CWD:@W:A. (A.62)

This result, when combined with eq. (A.56), tells us that the displacement operator will enter

the SL(2,R) block decomposition of the four-point correlation function of 1 as

A DA A2 2A?
Cw@bDwaD = ‘o T e (A.63)

The four-point correlation function (DDt)) in this ordering can be obtained from the result
of eq. (A.44) and reads (7 is defined in eq. (A.4))

(D)D) ) = 2D @WWm:C+A*W&F”+”>

(51612)4(9634)2A 7 2 (n—1)2
(A.64)
The SL(2,R) s-channel block decomposition reads
GPDYY (1) = ga(o,o,o,n) + 3 Cop"CuynG(0,0,n,n), (A.65)

n=24,...
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with blocks given in eq. (A.57) and coefficients

émféwm:2%/%ij_%yAUr—%m+ﬂ)+%Fm) (A.66)

In particular for the first few coefficients we have

~

A A ~ A 2 A A~

CDDDC¢wD =2A, CDDD de)DQ = E(SA + 1) , (A.67)
and so, once we combine with eq. (A.59) and eq. (A.60), we find
A
5)

Copppz = —(BA+1). (A.68)

We can also consider a different ordering, e.g.

Nz A—2 T14 2-A ngDw(n) | |
(D(z1)¢(22)D(23)Y(24) )+ = <:1:24> (5613) (o2 A (e PR Ti > Tig1,
_Aw (e ARH-1n+A)
GPePY () = >t (2 BT i ) : (A.69)

with 7 defined as in eq. (A.4). The s-channel SL(2,R) block decomposition reads

ngsz(n) = A2G<A - 27 2 — A? A'} 77) + Z CA’D’LZJHCD’L/}TLG(A - 27 2 — A7 A +n, 77) )

n=234,..
(A.70)
and the first non-zero coeflicients are
A 9 A c " 9
=—+A(4- —
Cow iz =75+ ( 2A+1> ’
éDw3C’D¢3 = ——= QAA ((C — 7)A +c+ 3&2 + 2)
(A+1)(A+2)
" ABe(4A(A +2) + 3) + 4A(A(BA — 19) 4 26) — 15
Ciop Cs = (5c(4A( ) +3) (A( ) ) ) (A71)

(A +3)(2A 4 3)(2A + 5)

Note that the negative term on the second line is due to a parity-odd operator at level 3,
see for example appendix K of [51].

A.3.5 Correlation functions of the displacement with a bulk operator

Consider a scalar bulk Virasoro primary ¢p, (2, 2) with scaling dimension A = 2h. We want
to compute its two-point correlation function with the displacement

(D(0)dnp( + iy, — iy)) g+ - (A.72)

As we have discussed, D can be traded for an insertion of 7" on H. Since T is holomorphic,
it does not need to be doubled, and by the method of images

(D(0)pnn(z, 2))m+ o (T(0)dn(2)dn(27)) - (A.73)
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Upon using eq. (A.43) we learn that

(DO dnala +iv.7 = i) = Gy (A74)

The bulk-to-boundary coefficient Byp is further related to the one-point function in eq. (A.34)
by means of a special Ward identity [42, 43]

Byp = —ByA /2. (A.75)
The same logic applies to higher-point correlators, e.g.

(D(z1)D(z2)dnn(2, 2))u+ o< (T(21)T (22)dn(2)dn(27)), (A.76)

and from eq. (A.44) we find

B c A7
D@)D)onale+iv.o — i) = s (-2 (1-F)) . @)
The cross-ratio 7 is defined in eq. (B.23). The normalization of eq. (A.77) is chosen such
that the y — 0 expansion of the correlator above gives the identity contribution in the D x D
OPE, with the correct normalization. As a check of this result, we can decompose eq. (A.77)
into the bulk-boundary-boundary conformal blocks of eq. (A.12). The second addend in
eq. (A.77) can be decomposed as follows

VTA T (A(n — 2)(n+ 1) + 4T (n)
be nQZA:,ﬁ... 22n-1r (” - %)

f(0,n,n/4). (A.78)

In particular, we learn that

1

CppPByp = —By A, Cpp® By = o

ByA(BA 4 2). (A.79)
As a check of this result, we note that the leftmost piece of the equation above repro-
duces eq. (A.75) after using eq. (A.56). From the rightmost piece, upon combining with
eq. (A.60) we find

1

25 BoAGA+2). (A.80)

B¢D2 -

A.3.6 Correlation functions with D?

The operator D? is the unique global primary at level four in the boundary identity module.
It is defined upon restricting the 7" x T" OPE in eq. (A.40) to the real line

c/2

ix4

1+ %D(O) + éD’(O) + iD”(O) + D?(0) 4+ O(x?), (A.81)

D(z)D(0) o

where primed operators are derivatives with respect to x, O(2?) denotes higher order con-
tributions and D? is the restriction of T2 to the boundary.
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To compute correlation functions with D? on the upper half-plane we apply the following
strategy. Starting from correlation functions with two insertions of T' on H™t, each 72
insertion is obtained as

2 — 1 C/ 2 1 / 3 "
(T2(z)...) = hm((T(z)T(O) o2y —T(O) “Lpgy- 3 (0)> L)L (As2)
z—0 z 10
Finally, each T?(z) insertion defines a D?(x) insertion upon taking the boundary limit on
z, the latter being regular, as dictated by holomorphy.
Our first target is

(D?(21)D*(w2) (@ + iy, & — iy))+ (A.83)
with ¢ a bulk Virasoro primary of dimension A. For this we should consider
(T'(20)T(21)T (22)T (23)p(x + iy, @ — iy))u+ (A.84)

which is determined by the conformal Ward identity in terms of the correlator of ¢ with
zero, one, two, and three 7' insertions, as explained above. Note that in order to take the
limit (A.82), we need to combine this five-point correlator with the correlator of ¢ with
one, two, and three T insertions. Taking the limit (A.82) of coincident points (say, between
the first two and the second two T insertions), and finally the boundary limit of each 72
insertion, we find

20 VD2 goD*e (i7) A
D iy, — i -7 .
( (xl) ($2>¢($ +y, T Zy)>H+ (2y)A(1’12)8 ) ( 85)
where the cross-ratio is that of eq. (A.13) and
2A A
GPD%9(7) = B, (10(50 +22) = 25+ 22)7 + 50(5(50 + 64)A + 84)2
A A?

The By is that of eq. (A.34). This result can also be expanded into the bulk-boundary-
boundary blocks of eq. (A.12) to find

%0(56 +22) + B¢n 224:6 (DA + DA+ DAY 4 DAY) F(0,n,7/4),  (AST)

where

S0 _ iz V/T22 7 (50c + ((n = 1)n + 8)((n — 1)n + 20))T'(n)
! 250 (n — 3

o2 _ i V2724 ) (n — 2)(2n — 1)(1800¢ + (n — 1)n((n — 1)n + 678) + 14760)I'(n + 2)
! 22501 (n + %) ’

Y

(3 _ iz VT2 (= 4)(n = 2)(n + 3)((n — 1)n + 150)0(n + 2)
" 45nI’ (n — 5) ’
() — 5 VT2 0 = 6)(n = 0 = 2+ B0+ I +2). s
InI’ (n — 5)
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A.4 Correlation functions with T'T

Let us now discuss how we compute correlation functions with insertions of 77 on H.
The first observation is that the T' x T bulk OPE is regular, as dictated by holomorphy,
and the limit of coincident points defines a unique scalar bulk global primary of scaling
dimension equal to four. Therefore

(..TT(2))p+ = Zlim (... T("T(2) g+
= lim (... TCNT )+ = (.. T()T(Z*))m+ - (A.89)

As an immediate application of the prescription above, we learn that

= ) . Bz . ) c/2
(TT(z + iy, x — iy))u+ = (25)@1 = (T(z +iy)T(x — iy))m+ = (22 s (A.90)

and so Bpp = c¢/2.

Let us now compute the three-point correlation function between T'T and a boundary
Virasoro primary 1 of scaling dimension A. Starting from eq. (A.44) (with ¢ — ), we
apply the prescription in eq. (A.89) to obtain

5o , gt (i)
(WY(z1)Y(x2)TT (x + iy, x — iy))g+ = W , X1 > T2, (A.91)
where
GWTT () = c_ 2A7 + A% (A.92)

2

The cross-ratio 77 is that of eq. (A.13). The normalization is fixed by the 1 self-OPE limit,
and by eq. (A.90).
Expanding this result into the bulk-boundary-boundary blocks of eq. (A.12) we find

+ Y (@PA+ DA% f(0,n,7/4), (A.93)
n=2,46...

N o

where

AT

N Vre 2 (n—2)(n+ 1)['(n) ' (A.94)

L0 _ VT ET(n)
’ " 22730 (n — })

" ar(n- )

Another interesting correlator is the three-point correlation function between two inser-
tions of the displacement and 7T on H*. This can be obtained from the four-point function
of T"in eq. (A.48), upon applying the prescription in eq. (A.89) (e.g. for the last two insertions
of T') and taking the boundary limit on the first two 7" insertions. The normalization is
again fixed by the bulk-boundary limit, so we find

B B gDDTT(

(D@D (@) TT(x + iy, 2 — iy = ) (A.95)

(2y)H(z12)t”
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where again 7 is that of eq. (A.13) and

QDDTT(n) C4 <1 _ 8ﬁ + (i + 2) 772 _ 4773 4 ﬁ4> . (A.96)

Expanding this result into the bulk-boundary-boundary blocks of eq. (A.12) we find

2

TH2e Y (@ +allo) £(0.n,7/4), (A.97)
n=2,4,6...
where
047(10) _ ﬁe 2 ((n — 1)n — 1)F(Tl) : 067(11) \Fe 2 ( )(n — 2)(n — 1)F(n + 3) . (A98>
92n—31 (n _ %) 9 x 4HnT (n - %)

A.5 A correlation function with D? and TT

We conclude with the three-point correlation function between two insertions of D? and
TT. The starting point is the six-point correlation function of T on H*, which however is
completely fixed by the conformal Ward identities. Taking the various limits, so eq. (A.82)
in the first and second T' x T insertions, and eq. (A.89) in the last 7' x T insertion we
find (77 in eq. (A.13).)

D?D2TT (
(D?(21)D?(20)TT (x + iy, 2 — iy))m+ = W , (A.99)
GP* T (77) = 20(5c+ 22) (1 - % + (25468 +4> - <15706 +8> i+ (éi + 2> ﬁ4> .
(A.100)

We can expand this result into the bulk-boundary-boundary blocks of eq. (A.12) to find

2
;0 (22 + 5¢) — gc(5c +22) 3 (@ +ale) f(0,n,i1/4), (A.101)
n=2,46...

QO _ Va2 21 ((n — Dn(11(n — Dn((n — 1)n — 8) + 1572) — 2160)T(n)
45T (n — 5)

a,gll) _ \/7?47n716%(n 9_F3()(n — 2))(” — 1)F(n + 3) ) (A102)
n—3

B Review of minimal model BCFTs

)

We will consider unitary and diagonal minimal models M1, with central charge

6
=1-— =34 B.1
c mm 1)’ m =3, 4,5, (B.1)
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The holomorphic Virasoro primaries are labelled by a pair of positive integers (r, s) as
Prsy(2), 1<r<m-—1, 1<s<m, (r,s)=(m-r,m+1-s), (B.2)

and have the following scaling dimensions

((m+1)rfms)2 -1 .

hys = B.3
’ 4m(m + 1) (B-3)
The (holomorphic) fusion rules read

¢(T,s) X d)(r’,s’) = Z Z ¢(r”,s”) ) (B4)

=lr—r'|4+1 s"=|s—s'|+1
r+r'+r"odd s+s'+s"odd

where Tmax = min(r +7' — 1, 2m —r — 1’ — 1) and spax = min(s + s’ — 1, 2m — s — s’ + 1).
The diagonal minimal models are obtained by gluing a copy of the holomorphic sector with

its anti-holomorphic counterpart, so that the physical spectrum of the theory contains only

scalar Virasoro primaries. The so-obtained diagonal minimal models enjoy a Zo symmetry.

The charge of a Virasoro primary with labels (r,s) in M,41 ,, under such symmetry can be

chosen to be [52, 53] (see also [54] for a generic analysis on unitary minimal models)

m) = (—1ymramett (B.5)

7,5)
B.1 Conformal boundary conditions

Let us consider placing a unitary and diagonal minimal model M, ;1 ,, on the upper half-
plane. The ‘elementary’ conformal boundary conditions for M,,, 11 ,, are parameterised by
the highest weight representations of the Virasoro algebra [44—46]

a=(a,a2)m, 1<ar<m-1, 1<ax<m, (a1,a2)=(m—a,m+1—a). (B.6)

In radial quantization, the elementary conformal boundary condition (B.6) defines a Cardy
state [45]

(r,8)
a) =" % 7, s) . (B.7)
o)\ 5y

In the equation above, |r, s)) is the Ishibashi state in the (r,s) sector [55] and

S((;;S,Zzz) = m(m8—|—1)<_1)1+a18+a2r sin (mTHﬂaﬂ") sin (mﬂﬂﬁags) , (B.8)
are the entries of the modular S-matrix. The Ishibashi state |r, s)) carries the same parity as
(r, s) under the bulk Zs symmetry, see eq. (B.5), so an elementary conformal boundary condi-
tion preserves this Zo if the corresponding Cardy state contains only Zs-even Ishibashi states.

Along with the Virasoro primaries that characterize the spectrum of bulk local operators,
in the presence of a boundary we can have local excitations located at the boundary. These
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’m‘(al, (Iz)m‘ZQ - preserving‘Boundary spectrum

3 (1,2)3 v 1,903
41 (1,2)4 1,903
(1,3)4 1,903
(27 1)4 v i ¢(3 1)
(2,2)4 v ﬂ¢13)1/)31 (3,3)
5/ (1,2)s 1,903
(1,3)s v 1,403 Y
(1,4)s fl,@%,g)
(2,1)5 ]:1, Y(3,1)
(2,2)5 1 41,3), %30 Y(3.8)
(2,3)s v L 4,3), ¥15), Y3.1), ¥(3.3), V(3.5)
(2,4)5 14,3, ¢(3,1)7 V(3,3)
(2,5)5 1,91
6| (1,2)6 ]:1,7/1(1,3)
(1,3)6 143 %as
(1,4)6 L 9.3) %.5)
(1,5)6 1,43
(2,1)6 IPRUERY
(2,2)6 L,9a,3), ¥, ¥(3,3)
(2,3)6 L,9,3), Y1, ¥(3,1), ¥V(3.8) ¥(3.5)
(2,4)6 L 93) %) V3.0, Y(3,3) Y(3.5)
(2,5)6 L, %0.3), % 3,1), ¥3,3)
(2,6)6 ]:1,1#(3,1)
(3,1)6 v L 93.0), Y.
(3,2)6 v ]}7 Y(1,3), ¥(3,1), ¥3,3): V(5,1)5 V(5,3)
(3,3)6 v L, va3), Y5, ¥E,0: Y6.3): Y65 Y6.1), ¥6.3): V6.5

Table 1. Elementary conformal boundary conditions for diagonal and unitary minimal models with
m < 6. Zo-preserving boundary conditions are those corresponding to Zs-even Cardy states. We have
not included the conformal b.c. labeled by the identity, nor its Zs-conjugate (1,m),,: they are always
possible and allow only for 1 at the boundary.

excitations are captured by the boundary Virasoro primaries, which are highest-weight
representations of a single copy of the Virasoro algebra preserved by the boundary. Boundary

Virasoro primaries 1, 5 are labelled by a pair of integers
Vorg(z), 1<r<m-1, 1<s<m, (rs)=m-rm+1-s), (B.9)
and they have scaling dimensions

w(r,s) (.’E) : Ar,s = hr,s . (B].O)

Their fusion rules are the same as the holomorphic fusion rules of eq. (B.4).
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The spectrum of allowed boundary Virasoro primaries in a given conformal b.c. is
constrained by modular invariance. With the elementary conformal boundary condition
a = (a1,as), the allowed boundary Virasoro primaries are those that can appear in the
self-OPE of a bulk Virasoro primary labelled by a. This is expressed in terms of the annulus
partition function with boundary condition a as follows:

Zaa®) = Y N&xpeol@), g=e™, (B.11)
¢(r,s)€¢ax¢a

where N2 is the fusion coefficient of Pa X Pa N0 G(r. ), X(r,s)(q) is the (holomorphic) Virasoro
character of the (r,s) module and ¢ is the width of the annulus. A table with a survey of
elementary conformal b.c. for diagonal minimal models with m < 6 can be found in table 1.

Let us now briefly discuss some aspects of the OPE data. The coefficients B, C and C are
determined via the ‘sewing’ constraints of Lewellen [56]. For unitary and diagonal minimal
models with elementary conformal b.c., these were solved by Runkel in ref. [57] (see [58] for
the extension to the D-series of minimal models), who has found explicit expressions for
such B, C and C in terms of the so-called ‘fusion matrices’, or F-matrices. Of course the
C coefficients are the same as those of the homogeneous minimal model, and these can be
efficiently computed via the Coulomb gas formalism of refs. [59-61].16

Note that the bulk-boundary coefficient of ¢, ,y with the boundary identity in the second
line of eq. (A.2) is determined by the Cardy state to be [56, 63]

S5
a(1,1) ai,a2 )

= WV B.12
) g [l (B.12)

(a17a2) (171)
B.2 The ¢(1,3) and v(3,3) operators

In the main text we study the deformation of the minimal models by the ¢(; 3) operator. In the
remainder of this review we will therefore study its properties and explicitly compute several
correlation functions involving this operator. We are also interested in the near-boundary
operator (3. We note first of all that

Ays=2hy3 = 2% . (B.13)
Bulk OPE. The bulk self-OPE of ¢, 3) reads (see eq. (B.4))
b(1,3)(2,2)b(1,3)(0,0) = |Z|2T1Am+desc. m=3
b(1,3)(2,2)$(1,3)(0,0) = |z|2]1AL3 + 0(172&3)3(173) ¢(1,3)(0,0) +desc. m=4
b1 (2 2)b1.5)(0,0) = |Z|2]1A1’3 N C(1,3Z)|(Zi)3(1,3) ¢(1,3)(0’0)+M¢(1’5)(0’0)+desc' m>5,
(B.14)

5Tn their supplementary material, the authors of ref. [62] provided a very useful Mathematica notebook
that implements these formulae.
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up to Virasoro descendants. The OPE coefficients are found to be

Cl1,3)(13)(1,3) = AL ()" () P () ! (=) T (#“)3 for m > 3
o P (22T () P () T (22

4 43 8 N 32v/3¢(3)

V3 m _\/§m2 m3

m—1 |D(5E)T (58)T (o) T (422)

CS0D = g I T () T () T () T ()

V5 TVW5 535 N V/5(2592¢(3) — 691)

+0(m™),

for m >4

3 9m  Hdm? 324m3

+0(m™). (B.15)

Bulk-boundary OPE. The bulk-boundary OPE of ¢ 3) reads

Ba(l,l)
. N (1,3)
¢(1,3) (x+ly,x—ly) - (2:[/)A1’3

B hs
¢(173) (x+zy,x—zy) = (Qy)’ALs 1+ (Zy)Al,,S_hl,S

1 +desc. m=3

P(1,3)(x) +desc. m=4

Ba(lal) Ba(l’S) Ba(1’5)
. a3 s (1,3) (1,3)
¢(1,3) (m+zy,x—zy) - (Qy)AL3 1+ (Qy)Al,S*hl,i" '(/}(1,3) (.1‘)+ (2y)A1137h1,5

Va5 (z)+desc. m=>5
(B.16)

up to boundary Virasoro descendants. The bulk-boundary OPE coefficient BZ%SI)

in eq. (B.28). The squared coefficients (3?1(31)53))2 and (38(5’1;5))2 are determined by the

bulk-boundary crossing symmetry and are reported in section B.3.1.

is given

B.3 The bulk two-point function of ¢ 3

We start from the bulk two-point function of ¢ 3) on the upper half-plane:

(P ,3) (w1 +iy1, 21 — Y1) (1 3) (T2 + iy2, T2 — 1Y2))m+ - (B.17)

To compute such a correlator, we employ the method of images and solve

Z4 2 7 1
E(—:s)— LAE(—Q)*‘ 2 (b1,3)(21)01,3)(22)D(1,3)(23)P(1,3)(24)) =0,
hi3+2 (h13+1)(h1,3+2)
(B.18)

where [,(_)n is the differential operator defined in eq. (A.29) and £_; = 9,,. This holomorphic

correlator takes the following form

Gg(n)

(Z12234)2h1’3 '

(Da,3)(21)0(1,3)(22)P1,3)(23)D(1,3)(24)) = (B.19)

,52,



The cross-ratio 7 is defined as (z;; = 2z — 2;)

212234 dy1y2
— = — . B.20
K 213224 (y1 — y2)? + (1 — 22)? ( )

The differential equation for G(n) reads

0=n*(n=1)°(m+1)*G" (n)+2n(n—1)*(m~+1)?(n(m+3)+m—3)G" (n)
+2(n=1)(m+1) (1 (m?+m—6) +0*(m(3—2m) +3) ~3m+3) &' (1) (B.21)
+4(n=2)n(m—1)>mG(n).

In order to solve this equation, it is convenient to define another function

2
G(n) =G (ﬁz 177_77> - (B.22)

The cross-ratio 7 is real and positive in the physical region. In fact, in terms of the cross-ratio
¢ defined in eq. (A.8) we have that

16y1y3
(1 —y2)* + (21 — 22)%) (11 +y2)? + (21 — 22)?)

p=¢11+6 7" = (B.23)

There are three independent solutions to this equation, corresponding to the boundary
operators 1, Y(1,3) and ¥y 5), see e.g. eq. (B.16). The three Virasoro blocks at finite m read

1-m 2m 2m—2 3+m 2—m n>

Vi ) =3 L ’ [ ’ ) )
(1,1)(77) 3 2<m+1 m+1 m+1'2m+2"m+1" 4

o 5m—1 1-m 3m—-3 3—-m 3m+1 7§
V — h1,3/2 F( _ . _)
a0 =1 sk s e Tm 2 am 2 am 2 1)

- - 1 m 4m—-1 3m dm+1 7
— ~h15/2 . .
Vas)(@) =1 3FQ(erl’erl’ m+1"m+1 2m+2’ 4) (B.24)
The final solution is
. . . . _ 6@
<¢(1,3) (J"l + 1y, 21 — Zyl)(b(l,?)) (:1:2 + 1y2, X2 — Zy2)>]1-]1+ = W s
a(m) = (BAG Vi @) + (B3 Va s @) + (B Vas (@) . (B.25)

We will fix the coefficients using bulk-boundary crossing symmetry.

B.3.1 Bulk-boundary crossing

The correlator in eq. (B.25) is manifestly written in terms of the boundary data. By expanding
it around 77 = oo we can read off the bulk-channel data. For a systematic expansion around
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oo it is convenient to define the following basis of bulk-channel blocks!”
1 2-2m 3-3m 2 3-3m 4)
+1"m+1"2m+2"m+1" m+1" 7/’

m 1l-m 1-— 2m  2-—2m 4)

<
Il

Vi) = P o

Vbulk _~h1’3 F( -
() () =1 s Fo {2 2m+2 mt1l m+1l’ 7

2m 4dm -1 dm—-1 4m bdm-1 4
Vbulk ~2h13—h15 3 F ( . '—) . B.26
(1,5)(77) n 2 m+17m+172m+2am+17m+17 77/ ( )
The bulk-boundary crossing is then simply the statement that
1,1 - 1,3 ~ 1,5 -
(B?1(3) ))2‘/(1,1)(77) + (B?1(3) ))2V(1 3) (1) + (B?1(3) ))2V(1 5) (1) =
bulk a(L,1)y,bulk a(1,1)y bulk
Vi () + CamanasBis Vs (1) + CasasasBls Vs ) (B.27)
The bulk coefficients are given in eq. (B.15), while from eq. (B.12) we have that
2 sin sin | -
B?&Sl) = <1 + 2 cos ( Tragm)> ) ( +1)
’ m+1 sin () sin (Sf—ﬂ)
5 272 (2a3 — 1) 47% (243 — 1) O(m=1),
V3m? V3m?
a(1,1) . 57ra2m Tasm sin (%) sin (%)
B(1,5) = sin 1 csc 1 - trm
m m sin (Z-) sin (?>
212v/5 (1 —2a3) 47?5 (243 — 1
=5+ \fsﬂ a) |, A \[7513&2 ) £ O(m, (B.28)

and the large-m limit is taken assuming a generic conformal b.c. a, with a;,as < m. The
coefficients (B?l(?lf)) and (B ?(1)5)) are determined by the bulk-boundary crossing symmetry

for any finite m.

Solution to bulk-boundary crossing for m = 3 and m = 4. Let us start from
the simplest case, m = 3, where only the identity is present in both the bulk and the
boundary channels. Crossing imposes that (B?lgjl))Q = 1 which, upon comparing to the
first of eq. (B.28), is true if ay = 1,2,3, as it should.

For the case with m = 4 we have only two operators in both channels: 1 and Y(1,3) In
the boundary channel, 1 and ¢(; 3) in the bulk channel. The only remaining coefficient is

(B?l(;s?’))z, which can be non-zero only if as = 2,3 and is fixed by crossing as follows

2,/2-Z <25 QQ/BW (2)7 () — 12T (—2))

(132 _ _ ~
(3373) )2 = pop (%) - (%) - (33) ~ 0.663053 .
(B.29)

"These can be obtained upon ‘inverting’ the blocks of eq. (B.24) using standard hypergeometric trans-

formations and picking up the correct linear combination of ‘inverted blocks’ consistently with the bulk
OPE limit.
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Solution to bulk-boundary crossing for general m > 4. We find
vasee () U () T (d22) © (37)
2 () T (5 ) T () T (38)
1. 2 2m a(1,1)
—Ws1n(m+1>r<m+1> <m+1 > (13)
2m T (2 +W1L) r (gm%:g) (2m+2> ( Bt ) ( 5%&))
w3/2 (sec (mLH) + sec (75’11» r <2m42-1 )2 r (m+1) (3%1%)

() (2 e () 0

(m—1) (sec (%) - 2) r (—ﬁ) r'4- %)
L8 2(m — 2)(3m — VI (253 T (22
5

a(1,3)\2
(B -

Ve (m%l) (%) g <4 — m) L (% ~ i Cumnsas By
(1= o (1~ o) 700
(i) () ()

71”_;711) r (n%Tl)) (1.1)
(Sec (m+1) + sec (mLL)) (B?Lg) )2 ,  (B.30)

with C(1 3)(1,3)(1,3) and B?l(;jl) given in equations (B.15) and (B.28) (respectively). These

results are consistent with those obtained using F-matrices in ref. [57].

Large-m expansion. In the large-m expansion (we have in mind a sufficiently generic
conformal b.c. a, with aj,as < m), the solutions of eq. (B.30) read

327° (a3 —1) 1607* (a5 —1)  327° (a3 — 1) (n” (403 — 7) — 21)

a(1,3)\2 -5
(3(1’3) )= 3m?2 3m3 9m4 +0(m™),
a(l1,5)\2 _ 8r* (a% - 1) (a% - 4) -5
(B )" = OmA +0(m™). (B.31)

B.4 Correlator between four 1 3)

Consider the four-point correlation function of 1(; 3). The associated differential equation
and its solutions where given in section B.3. The fusion rules read

Ya3) X Yz = i m=3
Vg X Yz =1+ m =4
¢(1,3) X ¢(1,3) =1 + ’90(1’3) + 1#(175) m>9. (B.32)

,55,



The solution is

<¢(173) (331)1#(1,3) ($2)¢(1,3) (.%3)1#(173) (24)) g+ = g(ﬁ)

(z12234)%M03 7
G(71) = Vi (@) + (CR0L5) Vs () + (CR 0 5) Vs () - (B.33)

The form of the V/, ,)(7]) is given in eq. (B.24), while 7 is defined in terms of the standard
cross ratio n of eq. (A.4) as

2 2 .2
7= 177 _ _ Tia%34 : (B.34)
- T12214223724

which is positive if z; > x;11.

B.4.1 Boundary crossing

The squared boundary OPE coefficients in eq. (B.33) are fixed by crossing symmetry, which
is the statement that (recall the definition in eq. (B.22))

_ —2h1 3
o = () gt -n. (B.35)

For m = 3 we have that 08,3)(1,3)(1,3) = 68’3)(173)(1’5) = 0 and boundary crossing symmetry
is ensured by the identity block alone. For m = 4, or for those conformal b.c. that do not
allow (1 5) we have that 0?1,3)(173)(1,5) = 0 and crossing is satisfied if

(C2 515 13)2:_\/%11(3—775%1)11(,”11—5) <7rcsc<nir“1>_p(mil>r(nﬂl))’
(13)(13)(1.3) P () TG T (2 - 5 T (3 - ) T (7 - 3)
(B.36)

which vanishes identically for m = 3, but is positive otherwise. This result is consistent
with the known results from the literature, see e.g. ref. [57]. For m > 4 we find generically
a one-parameter family of solutions to the crossing equation, so that additional correlators

(and crossing constraints) are needed in order to compute 0573)(1’3)(173) and 06’3)(1’3)(1’5).

B.5 Correlator between two 1, ) and one ¢y 3)

Next, we compute the boundary-boundary-bulk correlation function between a boundary

Virasoro primary 1, ) (assuming it exists) and ¢ 3),

<w(r,s) (m1)¢(r,s) (m2)¢(1,3) (l’ +iy,x — Zy)>H+ y T1>X2. (B37)

We recall that the scaling dimension of ¢, s is Ay s = hys. The correlator of eq. (B.37)
satisfies a third order differential equation. To compute such a correlator, we employ the
method of images and solve

1

z. 2 z.
(c(g)—hl LoL%)+

V12 ] 53_1) (Vr,5)(21)U(r,6) (22)D(1,3) (23)D(1,3)(24)) =0,

(B.38)
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where E(_)n is the differential operator defined in eq. (A.29) and £_; = 0,,. This holomorphic

correlator takes the following form:

G(n)
= . B.
(V) (21)Vr,6) (22)D(1,3) (23) D(1,3) (24)) (ora) P () (B.39)
The cross-ratio 7 is defined as
212234 2iyx12
= = ) B.40
213224 (21 — 2) (w2 — 2¥) (540)
The differential equation for G(n) reads
0= (n— 1’0" (m+1)°G" (n) + 2(n — 1)*n(m + 1)*(n(m + 3) +m — 3)G" (n)
— (n—1)(m+1)(12n — 2npm(m + 1) + 6m — 6) G'(n)
5 5 , (B.41)
— (= DP(m+1) (m((r = 5)((m + 2)r = ms) = 2) +17 = 7) (1)
+(n=2)n(m—=1)(mr—ms+r—1)(mr—ms+r+1)G(n).
In order to solve this equation, it is convenient to define another function
~ ’]72
Q(n)—g<n= n—1> : (B.42)

The cross-ratio 77 so defined is real and 7 € [0,4] (its explicit expression in terms of the
coordinates is given in eq. (A.13)). There are three independent solutions to this equation
corresponding to the boundary operators 1, Y(1,3) and ¢y 5) (see the fusion rules in eq. (B.32)).
These Virasoro blocks at finite m are found to be

v S R l-m 14mg—r 1-mg+r 2—m m+3 7

(1)) =3 F2 <m+1’ m+1 ° m+1 m+1 2m+2 4) ’

I-m m+2mq—2r+1 m—2mq+2r+1 3—m 3m+1 7
2m+2’ om+2 2m+2 ' 2m+2’ 2m+2’4>’

Via () =732 3 Fy (

Vi () = of2qy (I Bbmar Imomar Sm Sl iy g
in terms of the parameter ¢ defined as
g=s—reci. (B.44)
The final solution is then
Doy (1)) 22)0(0.3) (& + 7,7 — i)+ = (xlg)ZhgT,Egy)gm |
G(7) = Ba%’l)v(m)(ﬁ) + a3 V(M) + s Vs ), (B.45)

a(1,1)

where B(1 3) is the one-point function coefficient of ¢(; 3y computed in eq. (B.28) and

we denoted

_ Aa a(1,3) _ Aa a(1,5)
(1,3) = C(r,s)(r,s)(l,S)B(l,g) y Q15 = C(r7s)(r75)(175)B(173) . (B.46)

Of course some of the three-point function coefficients CA’&S)(M)(M), CA'E,,S)(T7S)(1’5) can be zero

a(1,3) B2 (1,5)

in a given conformal b.c. Instead, B(1 3 B

are generically non-zero (see e.g. eq. (B.31)).
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B.5.1 Removing unphysical singularities

The r.h.s. of eq. (B.45) features unphysical singularities when the configuration is such that
7] € [4, 00] ends up on the branch cut of the Virasoro blocks of eq. (B.43). In order to remove
these singularities we must require that Disc G = 0 across that cut. This is one of the ‘sewing
constraints’ of Lewellen [56] for the open-open-closed string amplitude on the upper half-plane.
The condition that unphysical singularities in defect-defect-bulk blocks must disappear from
the physical correlation functions must hold in higher dimensions as well, and it has been
exploited in refs. [34, 64] to prove ‘triviality’ of certain free theory conformal defects and
in refs. [65, 66] to constrain the space of conformal boundary conditions for a theory of a
free massless scalar field. See also refs. [35, 67] for applications of this idea for O(NN) models
with boundaries of defects and [26] for applications in QFTs in AdS.

Case with m = 3. The only non-identity boundary primary allowed to appear in any
conformal b.c is (1 3) with sel-OPE

Pz X Yz = 1. (B.47)

For this special case, eq. (B.45) contains only the identity block V(;;), which becomes a
polynomial in 7. Hence Disc G = 0 and all is well.

Case with m = 4. This is the first non-trivial case. The non-identity boundary primaries
allowed to appear in any conformal b.c are vy 3y, 3.1y, ¥(3,3) (see table 1) with self-OPEs

Yz X Yas =1+,

Y1) X Pa,1) = i,

Y3 X Yas =1 +1Pas) - (B.48)
We have to inspect the singularity structure of the correlator (B.45) for each of the possible

allowed boundary operators. When v, ;) = 9(3,1) there is only V(; 1), and it is easy to check
that Disc G = 0 automatically. For Y(1,3) and (3 3y this condition implies that

3 7 4
ay (_ﬁ> r (ﬁ) see (77 (7" B ?))
(1,3) 4920 (r— L+ DT (—r+ £+ 1)
As a check, the case of r =1, s = 3 in the equation above is consistent with the (squared)

OPE coefficient obtained from bulk-boundary crossing in eq. (B.30) times the (squared) OPE
coefficient obtained from boundary crossing in eq. (B.36), as it should. One can also check

a3 =B (B.49)

that eq. (B.49) is consistent with the known results obtained from F-matrices in ref. [57].

General m, only V(y,;) and V(3 .3). Consider a conformal b.c. a = (a1, a2), for which
the following two properties are satisfied:

1. The boundary primary 9, ) is allowed to exist;

2. a3 = 03’75)(7:8)(1,3)3?1&1’»33) # 0, but a1 5 = CA'?T,S)(T’S)(M)BZ%S) = 0 (either because
Y(1,5) does not exist, or é(a;",S)(r,S)(l,f)) = 0) or it is subleading with respect to a(13) in

the large-m limit,
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then the condition Disc Q~ = 0 requires that

o (ER)T (Rt (8 (g (Somigmgpna
_Ba , m

. 2m+-2 2m+-2 2m+-2 2m+-2
"7 R () ) () () ()
(B.50)

This is consistent with earlier results in the literature computed from F-matrices, see [57].
For finite (7, s), the large-m expansion of the former result gives (in taking this limit we
take ai,as < m)
2n(r = 8)(s —sgn(r = 5)) _ 2n(s+1) (s +2(s = r)Hyp = 1)
(8% =
(13) V3m V/3m?

with H,, the n'® harmonic number.

+0(m™3), (B.51)

General m, all blocks. For a generic choice of conformal b.c. and of the external field
Y(r,s) We find a one-parameter family of solutions to the condition that Disc G =0, so that
only a linear combination of a(;3) and o 5) gets fixed. In order to determine «(; 3y and
@(1,5) completely, one has to then consider the full set of ‘sewing’ constraints.

B.6 The ¢(3,1) and 9 (31) operators

We are also interested in the irrelevant deformation of the minimal models generated by
the ¢(31) operator with dimension

A371 = 2h371 =24 4/m (B52)
Bulk OPE. The bulk self-OPE of ¢3 ) reads (see eq. (B.4))

_ 1
(;5(371)(2’,2)(1)(371)(0,0) = ‘ZPTM-FCIGSQ m=4

1 0(3,1)(3,1)(3"1)

¢(3,1)(Z72)¢(3,1) (070) = ‘Z|2A3’1 + |Z‘A371

¢(3,1)(0,0)+desc. m=25

1 Ciz ™Y (5.1)

_ Ci3,1)(31
b(3,1)(2,2)93,1)(0,0) = 2|28 + 2] Bas <b(3)1)(O,O)+|Z(|2A);71‘_)A571¢(5)1)(0,0)+desc. m > 6.

(B.53)
The bulk OPE coefficients are found to be [59-61]
ot o (32 2) 0 (52) [T )
CanE1)E1) = m2T (% N 1711) T (_%) T (2 N %> T (mT_l) , form >4
Cnene) = = mm Bt (%> - (_3”17;3) - <4 i %) g (%‘1) , form >5
(2m+3)3m +4)T (24 2)T (= 5)\ T (-3-2)1(3)
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Bulk-boundary OPE. The bulk-boundary OPE of ¢ ) reads

Ba(lﬁl)
P31 (z+iy,z—iy) = (25;2311 1 +desc. med
Ba(l,l) Ba(3,1)
i ; 3D 3 3,1
P31y (x+iy,x—iy) = (2;/):3’1 1 (Qy)gm)—hs,l Y(3,1)(x) +desc. m=5
B2 pa(3.1) YRy
. . 3,1 ~ 3,1 3,1
bi1)(z+iy,z—iy) = Gh {4 (3,1) Y1) () + (2y)i371)7h5,1 Y(5,1)(w)+desc.  m >6.

(2y)Aan (2y)As.1—hs1
(B.55)

The bulk-boundary OPE coefficient B?S(Bl) is given in eq. (B.62). The squared coefficients

(B?:;(%l) )2 and (B??)(%l))Q are determined by the bulk-boundary crossing symmetry, as we
show in the next section.
B.7 The bulk two-point function of ¢3 1)

We start from the bulk two-point function of ¢(3 1) on the upper half-plane. To compute
such a correlator, we employ the method of images and solve

1
(hs1+1)(hg1+2

zZ4 2 z
<c<_3>cl,c(_§>+

s 221 ) (@00 (22000 () (25) =0,

(B.56)

where E(_)n is the differential operator defined in eq. (A.29) and £_; = 0,,. This holomorphic
correlator takes the following form

g(n)

(212234)2}‘3’1 '

(D(3,1)(21)D(3,1)(22)D(3,1) (23) P31y (24)) = (B.57)
The cross-ratio 7 is defined as in eq. (B.20). We have three independent solutions to this
equation, corresponding to the boundary operators 1, ¥(3,1) and Y5 1. In terms of the function
G defined as in eq. (B.22) with cross-ratio (B.23), the three Virasoro blocks at finite m read

4 2 2 3 11 7
Van@) =3 F(-— —2,—— -1, = +2,—= —1,= — —; !
(1,1)(77) 3 2< ) ) + 2 9 m’ 4>7
3 3 1 1 3 5 2 11 3 0
=2, p (o2 2 - 2 Y 2 - - 42 77)
Vis (1) =17 3 2( m 2 m 2’m+2’ m 2’m+27 4) "
) 5 1 2 53 7
V = fjhs1/2 3 < I, — 44, ——3 =+, =43 —) : B.58
G.)(7) =1 a2 tho T m’m+2’m+ "4 ( )
The final solution is
()

<¢(3,1)($1 +iy1, 1 — Z'yl)ﬁb(3,1)(552 + iy, T2 — 1Y2))E+ = W )

G(i1) = (BHG) Vi () + (BE S Vs (1) + (B2 Vis1) () - (B.59)
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In the bulk channel we find

4 3 3 1 6 2 4
Vbulk _ =2h31 F (_ 2 - _Z _—._~_3 _~_>
(11)( ) n 342 m ' m 2 m’ m T m) 77 )
2 1 11 4 2 4
bulk _ ~h3’1 F - 1 - 1 _ 2 _ 2 _ )
‘/(31)(77) n 3 2( ’ 27m+ ’ m 7m+ ) 77 )
3 5 5 4 6 4
phulk (s 52hs1—hs1 @ < ) E I P N/ 5-—) . B.60
Gy (1) =1 2 LTI e e B b il ( )

Bulk-boundary crossing symmetry requires that

1, i 3, " : .
(3?3(1)1))2‘/(1,1)(77) + (B?gfl)l))Qv(?) 1)(77) + <B?3(i))1))2v(5 1)(77) =
VES@) + Cnenen B VI + Conenen B VR @) (B.61)

From eq. (B.12) we have that

= \/§m2 O(m_4)’
et (Sra(m DY (man(m 1) | sin () sin (7)
51 m m :

- 2v/5m% (1 — 2a3)

- +0(m™). (B.62)

The coefficients (B?S(%l))z and (Bf;,’(%l))2 are determined by the bulk-boundary crossing

symmetry for any finite m.

B.7.1 Solution to bulk-boundary crossing

In the simplest cases of m = 4, only the identity is present in both the bulk and the boundary
?3(131))2 = 1, which upon comparing to eq. (B.62), happens

if a1 = 1,2, as it should. For the case with m = 5 we have only two operators in both

channels. Crossing imposes that (B

channels: 1 and ¥(3,1) in the boundary channel, 1 and ¢3 1) in the bulk channel. The only
a(3,1)\2

1) )

crossing symmetry as follows:

remaining coefficient is (B , which can be non-zero only if a; = 2, and it is fixed by

30 (=) T (15)

0
3125 27/1073/2T (- 8)

x<10584F ( 54> (—é) 15625 1[(3\/5 7) fl“<1§>>~2 98878.

(B.63)

a(3,1)\2 _
(B ') =
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For m > 5 we have

a(3,1) o a(1,1)
(B )= CanenenBe

g (50 () e (E)7 (3 2)r ()" (-2
(3,1) 6 (sec () +sec (%)) r (% + %) r (2 + %) r (_w)g ,

a(1,1) ¢
e

+ <Ba“’”>22mﬁmsec ()P (s —a)r(ara)r (=)
o VT (3m +4)r (3 + %) r (_m7+2)

(BEGY? = Canenen B

with C31)3,1)(3,1) and B??)(;l) given (respectively) in equations (B.54) and (B.62). In the

large-m expansion (with a1,as < m)

a2 32m%(af —1)  32n%(af —1) 32n% (7% (4af — 7) 4 15) (af — 1) 5
(3(3:1) ) - 3m?2 + m3 B 9m4 + O(m ) ’
40, 2 2
a(51)\2 _ 87 (al - 4)(% - 1) -5
(Bgn) )" = o +O0(m™). (B.65)

B.8 Correlator between four 3 1)

Consider the four-point correlation function of (3 1y. The associated differential equation
and its solutions where given in section B.7. The fusion rules read

11’(3,1) X ¢(3,1) =1 m=4
Y31 X Y3,1) = i+ V(3,1 m =
Y(3,1) X Y3,y = i+ Y1) T V5,0 m=>6. (B.66)
The solution is
G ()
(V1) (T1)Y 1) (T2)Y3,0) (73)Y3,1) (T4) )i = (r1aw30) 71
G(71) = Vi@ + (Co50.1) Vi () + (Co30.1) Vs (1) - (B.67)

The form of the V/, ;) () is given in eq. (B.58), while 7 is defined in terms of the standard
cross ratio 7 as
§ 93%255?2)4

n= 177 = ; (B.68)
-1 T1214223T24

which is positive if z; > x;11.
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B.8.1 Boundary crossing

The squared boundary OPE coefficients in eq. (B.67) are fixed by crossing symmetry, which
in terms of the G previously defined, requires that:

_ —2h31
o~ (") en-n. (B.69)

For m = 4 we have that 6’?3’1)(3’1)(3’1) = CA'&J

is ensured by the identity block alone. For m = 5, or for those conformal b.c. that do not

)(3,1)(5,1) = 0 and boundary crossing symmetry

allow 95 1) we have that éé,l)(3,1)(5,1) = 0 and crossing is satisfied if

2"t cos (%’r) r (3 + %) T (—m—”)

2m

(o) = G T 1) (4 )7 (3 )T 2+ 2)7 (<5)

m 2m

(B.70)

which vanishes identically for m = 4, but is positive otherwise. For m > 5 we find generically
a one-parameter family of solutions to the crossing equation, so that additional correlators
(and crossing constraints) are needed in order to compute 0&71)(3’1)(371) and CA'&’I)(&I)(&I),
see e.g. ref. [57].

B.9 Correlator between two v, ) and one ¢(31)

Next, we consider the boundary-boundary-bulk correlation function

(Uirs) (@)Y (rs) (X2) 3,1y (T + iy, @ — iy))m+, o1 > T2 (B.71)

This correlator satisfies the third order differential equation of (B.38), now with hy 3 — hs .
There are three independent solutions (corresponding to the boundary operators ]Al,q/)(&l)

and w(571))1

2 r 1 r 1 3 1 1 7
‘/(11)(77):31:‘2 (——1,—+T—8, _____ T—I—S;——l,—;n),
’ m m m m m m 2 m 4
1 1 r 1 r 1 2 11 317
Ay —=pher/2. (o = _ - _ .- = .77>
‘/(3,1)(77) n 3 2< 9’ +r S+27 m T+S+2, m 27m+2a4 )
- 5 1 r 2 r 2 2 5 3 1
Vis 1)(77)=7Ih5’1/23F2 <+1,++rs+2,+T+s+2;+7+3;n> .
’ m m o m m m m 2'm 4
(B.72)
The cross-ratio 7 is defined as in eq. (A.13). The final solution is then
sy () (22) 000 1 0, — s = I
b ) s (:1:12) r,s(2/y) 3,1
5 1,1 - - -
g(n) = Bagfl) )‘/(1,1)(77) +ae Ve () +asnViesn (), (B.73)

where B?S(iil) is the one-point function coefficient of ¢(3 ) computed in eq. (B.62) and
we denoted

A a(3,1) A a(5,1)
ai1) = ChamaenBael) ai1) = Choime ) Bar) - (B.74)
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B.9.1 Removing unphysical singularities

Let us now look for possible unphysical singularities in the r.h.s. of eq. (B.73). There is
a branch cut at 7 € [4,00], so we must require that Disc G = 0 across that cut. For the
b.c. where 93 1) and 95 1) are not allowed in the boundary spectrum (see table 1), V(1 1
alone ensures that Disc G = 0.

For generic m > 5, and any conformal b.c. a = (a1, a2),, such that

1. The boundary primary 1, ) is allowed to exist;

2. a1 #0, but o) = (A}'(ar s)(r S)(5’1)B&(%1) = 0 (either because (5,1) does not exist, or

C’gﬂys)(m)(&l) = 0) or it is subleading with respect to a(s 1) in the large-m limit,

then the condition Disc G = 0 requires that

o (1 20 () (24
Q(3,1) = _B(S,l) T (%Jr%) r (7w> T (s— mrjnwrl) T (T)’W+7'fm571) .

m

(B.75)

For finite (r,s), the leading large-m expansion (with a;,as < m) of the former result gives

27(r — s)(sgn(r — s) +r)

a(Svl) = \/gm

C Some integrals on AdS,

+0(m™?). (B.76)

We would like to compute the following integrals:

© dz . arz
J— 125~4 (o7 J— (0%
= /d x/a i 0 Iy(a) = 7 Y

with a,a > 0 and

22(x1 — x9)?

Tt (- 22+ (12 —2)2)

(C.2)
being Z1, ¥, Z parallel coordinates along the AdS,;; boundary (in Poincaré coordinates)

whereas z is transverse, and x12 = |71 — @3|. Let us start with the first integral. After going
to polar coordinates, for the angular integral we find

00 Iy 7"— 27 ) _ o
= Sp— 1/ zp+1/ 1dr/0 (sin )P~3 v

p—1..20 ,2a—p—1 1 Q9222
:Sp/ dT/ dz — 7 oF (2, o xa - 2 |-
0 a [(r2 + 22) (r2 + 215 + 22)]@ 202 2 (2422, 422

(C.3)

Next we Taylor expand oF, so that the above equation becomes an infinite sum of elementary
functions. Each term in this expansion can be further mellinized, so that we find

0o 92n+1,p/2 (2 (

) 100
Ip(a) = Z n! (2) F( ) )" / ﬁ en(a,t) ytt—2e—dn=p, (C.4)
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where u = a/r12 and
F(n+5)T2t—n—-5)T(2n—2t+2a)T Bn+5 —2t+a) (©5)
(20 +4n+p—4t)T'(2n+ )l (3n + § — 2t + 20) ' '

cn(ayt)

We can close the contour to the left, and pick up poles at —n—p/2+2t = —k, k =0,1,2,3

After summing over all these residues we find

R, () E/ ﬁ cn(a, t) uit—2a=dn=p

_ico 271
B i (-D*T (n+8)T(k+2n+ )T (k+n+ 20— L) ( 1 >a+’“+n (C6)
B = 4k (a+k +n)I'2n + a)T'(k + 2n + 2a) u? ) )

Plugging this result into the expression for I,(c) we get

0o 92n+1.p/2 (g) (a;l

b =Y @) o

n=0
9207 5T (20— p/2) [ 1\® p 1 1
= — ) 3F 20— =i+ = L—s . :
T(1+ )l (a+1/2) (u2> 32 (0"0" a-yatyatd 4u2) (C.7)
For small a and finite 12 (namely small u) we find
T (o — 5) 2 p
) = (tog(/u) = v@) + ¥ (a - 2))
r2t2csc? (Lr(p — 2a)) T (200 — 2
uop " (: )T 2)2 +0(?) | | (C.8)
I(a)?T(p—2a+ 1) (-5 +a+1)

where 9 (x) is the digamma function. Similar tricks can be used in order to compute the
second integral in (C.1), for which we find

7Tf"/QF(k'+2n+oz)1“ (k+n+2a—-15) ( 1 )a+k+n ©9)

n,zo P(k+DC(n+ DTk +2(n + o)) \u?

Therefore after performing the infinite sum we obtain

. 21207 "5 T (20 — p/2) (1\° p 1 1
I = — F 200 — =; 5= . 1
p(a) F(O[)F (Oé n 1/2) < 2> 211 <Oé, « 270& + 27 4u2) (C 0)
For small u we have that
. 2 p/21 4 LHQQOHPHF P_a\T(2a—2
Ip o 7T (Ck 2)_|_ 2a—p T2 (2 ) ( @ 2)+O(u2) ) (Cll)
I'(a) ()T (5-a+})
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