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ABSTRACT

We present a finite element (FE) based model to accurately investigate the dispersion and attenuation of Love waves in a multilayered
structure made of a piezoelectric substrate, a guiding layer, and a viscous fluid. The numerical model solves the general form of the wave
equations that includes the materials anisotropy, piezoelectricity, and viscoelasticity. We express the wave equations for elastic waves in a
particular formulation in order to solve an eigenvalue problem where the eigenvalue is the complex wavenumber k from which we can
derive the phase velocity [ω/Re(k)] and the attenuation rate [Im(k)]. The numerical model enables us to study the effects of the interdigi-
tated electrodes, the materials viscoelasticity and piezoelectricity, and the fluid’s viscosity on the wave phase velocity and attenuation.
Our FE based model will facilitate optimizing the design of anisotropic piezoelectric platforms for Love waves propagation under viscous
fluid loading.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0022797

I. INTRODUCTION

Surface acoustic waves (SAWs) are commonly used for sensing
in countless application areas, thanks to their wide operating fre-
quency range and high sensitivity.1–3 Particularly, in the field of
bio-sensing, horizontally polarized and surface polarized shear
SAWs were first introduced as efficient mechanisms to detect bio-
molecules in aqueous solutions with high sensitivity. Later on, Love
waves (L-SAWs) based devices were developed using a guiding
layer (GL) on the surface of piezoelectric substrates. This kind of
wave is mostly confined within the guiding layer with shear hori-
zontal motion, which significantly reduces its attenuation from
energy leakage into the bio-fluid in contact with the guiding layer.

This development was accompanied by rapid progress in sensing
films and microfluidic technologies, all inserted in compact systems
known as lab-on-a-chip.4–7 At the same time, the need of optimiz-
ing the sensing performance of SAW has spurred the development
of models and analytical methods to model the propagation of
Love waves in multi-layered structures.8–10 Later on, these models
were extended to include the effects of fluid loading and viscosity
on the phase velocity and wave attenuation.11–14 However, the
proposed analytical formulations were limited to perfectly layered
geometrical structures and the wave equation was only solved for
the zero-order Love waves.11,15,16 Besides, simplifications were
made upon the materials which were considered isotropic and
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piezoelectricity was neglected. Furthermore, the interdigitated elec-
trodes (IDTs) mass and shape effects were omitted, assuming a
small electrode thickness compared to the operating wavelength. In
addition, it is difficult to theoretically characterize the dispersion of
Love waves and their attenuation in viscous media for the case of
thin film surfaces with roughness or periodic structures; thus,
numerical methods are to be constructed to deal with this kind
of problem. In this paper, we introduce a finite element (FE) based
model to study accurately the dispersion of Love waves
under viscous liquid. The model includes the materials anisot-
ropy, piezoelectricity, and viscoelasticity, along with the strong
feature of solving the wave equations for a layered system that
includes IDTs.

In the classical wave equations with constant parameters,
eigen-frequency analysis is conducted to retrieve the relationship
between the wave number k and the angular frequency ω in order
to characterize the wave dispersion. However, including the materi-
als viscoelasticity and fluid viscosity means considering frequency-
dependent parameters, which constrains the construction of the
eigenfrequency problem. To overcome this limitation, we consider
solving the wave equation in the “wavenumber domain” instead of
the angular frequency domain.17 The frequency is considered an
input parameter and the equations are changed to solve a new
eigenvalue problem where the wavenumber k is the eigenvalue. We
use this formulation in a FE based model to evaluate the complex
wavenumber which is directly related to the phase velocity and
attenuation of the wave for each operating frequency. The model
offers the possibility to have more flexibility in terms of geometrical
shape while allowing to easily change the materials’ properties
(anisotropy, piezoelectricity, and viscoelasticity) and the fluid vis-
cosity. Furthermore, the mass effect of the electrodes used to excite
the Love wave can be included in the model, which is a real advan-
tage compared to the existing models.

We first present in Sec. II the governing equations of wave
propagation in a multilayered structure made of a piezoelectric
substrate, an isotropic guiding layer (GL), and a viscous fluid.
We rewrite these equations in an adequate formulation that allows
us to isolate the wave number as an eigenvalue for a specific fre-
quency. Section III presents the evaluation results of the L-SAW
phase velocity and attenuation for a silica GL on a quartz substrate,
while a comparison is made with the results derived from the ana-
lytic model of Kiełczyński.14 The final section presents applications
for realistic cases that involve the anisotropy and piezoelectric pro-
priety of the substrate such as LiNbO3, the viscoelasticity of a poly-
meric GL, and an investigation about the effect of the electrodes on
the Love wave phase velocity and attenuation.

II. THE WAVENUMBER-EIGENVALUE PROBLEM

We first consider the well-known platform for the propagation
of a Love wave, composed of a semi-infinite piezoelectric substrate,
a thin elastic GL with thickness denoted w, and a viscous fluid
layer [Fig. 1(a)]. The objective is to numerically characterize the
Love wave dispersion and investigate its attenuation caused by the
viscous fluid. The mechanical and electrical behaviors of our
system is described by the displacement field u and the electric

potential w for a piezoelectric material,

u ¼
ux(x, z, t)
uy(x, z, t)
uz(x, z, t)

0
@

1
A, w(x, z, t), (1)

where ux , uy , uz are the displacement field components in the x, y,
and z directions, respectively. As the propagation is along the x
direction while the system is considered to be infinite in the y
direction, these variables only depend on the space coordinates
x and z. The elastodynamic and electrical induction equations for
the piezoelectric substrate can be written as18

ρ
@2ui
@t2

¼ @Tij

@xj
,

@Dj

@xj
¼ 0, (2)

where

Tij ¼ Cijkl
@ul
@xk

þ ekij
@w

@xk
,

Dj ¼ e jkl
@ul
@xk

� ε jk
@w

@xk
,

(3)

with (i, j, k, l) [ {1; 2; 3} are indexes for the three directions in
space, x1 ¼ x, x2 ¼ y, x3 ¼ z, Tij are the components of the
stress tensor, Dj are the components of the electrical displacement
field, ekil are the piezoelectric coefficients, ε jk are the dielectric per-
mittivity coefficients, cijkl are the elastic constants, and ρ is the
mass density.

As we consider the system in two dimensions, the derivatives
with respect to the y-axis vanish. Moreover, we only focus on Love
waves and we solve the equations for the displacement along the

FIG. 1. Two-dimensional schematic representation of the multilayer structure
made of a piezoelectric semi-infinite substrate, a guiding layer with thickness w,
and a fluid layer. In our model, we have considered a system without an elec-
trode (a) and with an electrode (b).
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x2 ¼ y direction. Equations (2) and (3) can be developed to

ρ
@2uy
@t2

¼@T21
@x

þ@T23

@z
, e16

@2uy
@x2

þ e14
@2uy
@x@z

þ e36
@2uy
@z@x

þ e323
@2uy
@z2

�ε11
@2w

@x2
�ε13

@2w

@x@z
�ε31

@2w

@z@x
�ε33

@2w

@z2
¼ 0,

@T21

@x
¼C66

@2uy
@x2

þC46
@2uy
@x@z

þ e16
@2w

@x2
þ e36

@2w

@z@x
,

@T23

@z
¼C46

@2uy
@z@x

þC44
@2uy
@z2

þ e14
@2w

@z@x
þ e34

@2w

@z2
:

(4)

Considering the system to be infinite in the x direction, we
solved our equations over a finite computation domain of width a
which is the period of the system [Fig. 1(a)]. Then, for a harmonic
solution, the wave functions uy andw can be expressed as
uy ¼ Uy(x, z)ei(kx�ωt) and w ¼ Φ(x, z)ei(kx�ωt), where ω is the
angular frequency, k is the complex wavenumber, and Uy andΦ
verify the Bloch–Floquet condition Uy(x þ a, y) ¼ Uy(x, y)
and Φ(x þ a, y) ¼ Φ(x, y).19 The governing equations can then be
solved over the domain defined by 0 � x � a. Equation (4)
becomes

�ρUyω
2 ¼ C66

@2Uy

@x2
þ 2ikC66

@Uy

@x
� k2C66Uy þ C64

@2Uy

@x@z

þ ikC64
@Uy

@z
þ C46

@2Uy

@z@x
þ ikC64

@Uy

@z
þ C44

@2Uy

@z2

þ e16
@2Φ

@x2
þ 2ike16

@Φ

@x
� k2e16Φþ e36

@2Φ

@z@x

þ ike36
@Φ

@x
þ e14

@2Φ

@z@x
þ ike14

@Φ

@z
þ e34

@2Φ

@z2
(5)

and

e16
@2Uy

@x2
þ 2ike16

@Uy

@x
� k2e16Uy þ e14

@2Uy

@x@z
þ ike14

@Uy

@z
þ e36

@2Uy

@z@x

þ ike36
@Uy

@z
þ e34

@2Uy

@z2
� ε11

@2Φ

@x2
� 2ikε11

@Φ

@x
þ k2 ε11Φ

� ε13
@2Φ

@x@z
� ikε13

@Φ

@z
� ε31

@2Φ

@z@x
� ikε31

@Φ

@z
� ε33

@2Φ

@z2
¼ 0:

(6)

Meanwhile, the GL is considered isotropic and non-
piezoelectric with shear modulus μGL. Thus, from Eq. (2), we can
obtain the following governing equation in the GL:

�ρUyω
2 ¼ μGL

@2Uy

@x2
þ @2Uy

@z2

� �
þ 2ikμGl

@Uy

@x
� μGLk

2Uy: (7)

The shear modulus μGL corresponds to the first Lamé
coefficient can be obtained by μGL ¼ C44 ¼ (C11 � C12)/2 for an
isotropic material.

Regarding the viscous fluid layer, where the fluid is considered
Newtonian, we use the same Eq. (7) as the GL with the dynamic
viscosity term ηL in the shear modulus. According to the Voigt

model, viscosity intervenes in the expression of the complex shear
modulus,20,21

μ*L¼g 0 þ ig 00, (8)

where g0 = 0 and g 00 ¼ ηLω.
The set of equations (5)–(7) can be then formulated into a

quadratic eigenvalue problem where the eigenvalue is the complex
wavenumber k. To solve these equations, they were implemented as
a polynomial equation in the PDE module of the commercial soft-
ware Comsol Multiphysics® 5.3a,

0 ¼ AU þ k2eaU � kdaU � C∇2U þ β∇U , (9)

where the wavenumber k is the eigenvalue, and the vector U is con-
structed by introducing the derivatives of Uy andΦ,

U ¼ Uy ,
@Uy

@x
,

@Uy

@z
, Φ,

@Φ

@x
,

@Φ

@z

� �T
: (10)

The matrices A, ea, da, C, and β are expressed in the
Appendix. The solving process was performed over the domain
presented in Fig. 1(a) where the substrate has finite depth with its
bottom boundary being constrained to zero displacement field. The
domain width a is estimated to be half the wavelength,
a ¼ λL/2 ¼ VL/2f , where f is the operating frequency and VL is
the speed of Love waves for the case of a substrate and GL without
the fluid. We took the estimation of VL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
VSVGL

p
with

VS andVGL the speed of shear waves in the substrate and
the guiding layer, respectively. For instance, for the case of an
SiO2 guiding layer on a quartz substrate, VGL ¼ 3009:3 m/s
andVS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(C66 þ e234/ε33)/ρs

p ¼ 5052:2 m/s (where C66, e34,
ε33, and ρs are the coefficients of the substrate), which gives
VL ¼ 3899:2m/s. Then, for a frequency of 250MHz as chosen in
this study, a ¼ 7:8 μm. Besides, the length of the substrate and the
fluid domains are taken to be 10a and 2a, respectively, which are
sufficient considering the confinement of Love waves.

For the boundary conditions between the piezoelectric
substrate and the GL, we have the continuity of the displace-
ment field, the stress components Ti3, the electrical potential
w, and the normal component of the electrical displacement
Dz ,

22

uSyjz¼�w ¼ uGLy jz¼�w andT
S
i3jz¼�w ¼ TGL

i3 jz¼�w,

wS
yjz¼�w ¼ wGL

y jz¼�w andD
S
z jz¼�w ¼ DGL

z jz¼�w:
(11)

For the interface between the fluid and the guiding layer
(z ¼ 0), along with the continuity of uy , w, andDz , we only con-
sidered the continuity of the normal stress T33, while the shear
stress is zero,

TGL
i3 jz¼0 ¼ 0 for i ¼ 1, 2: (12)

Furthermore, as the Comsol eigenvalue solver provides multi-
ple solutions, our solution of interest corresponding to a Love wave
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is selected by computing the following parameter:

SP ¼
Ð
�w�y�0jUyj2Ð

y�0jUyj2
: (13)

The parameter SP compares the average of the displacement
amplitude in the GL (�w � y � 0) with the total average dis-
placement amplitude over the computation domain (y � 0).
For Love waves, knowing that the displacement field is
mostly confined within the GL while it vanishes in the bulk
substrate far from the surface, the quantity

Ð 0
�w�y�0 jUyj2

will be close to
Ð
y�0jUyj2, meaning that the value of SP will

be close to 1. For the case of bulk modes, SP will be much
smaller than 1 as the displacement field is distributed all over
the entire domain.

The model was first used to study Love wave dispersion and
attenuation in a three-layer system composed of a ST-cut quartz
substrate, a silicon dioxide (SiO2) GL, and a viscous fluid layer. The
used materials’ properties are listed in Table I.

As the geometry of the model is of rectangular shape, we
used a square mesh distribution. Figure 2 shows the displacement
and electrical fields confinement in the GL for the Love wave calcu-
lated by our numerical model. We evaluated the phase velocity and
attenuation using the following equations:

VL ¼ ω

Re(k)
,

Attenuation ¼ Im(k): (14)

III. RESULTS AND DISCUSSION

We first compared the results of our FE based model with the
ones provided by the analytical model developed by Kiełczyński for
a Love wave propagating in a three-layer structure.14 Kiełczyński’s

model considered the substrate isotropic and did not take into
account the piezoelectricity. We made different simulations varying
the thickness of the guiding layer, the viscosity of the fluid, and the
frequency of the wave.

Under water loading, we first studied the phase velocity
and wave attenuation as a function of the GL thickness at an
operating frequency of 250 MHz [Fig. 3(a)] and as a function
of the frequency for a fixed GL thickness of 4.2 μm [Fig. 3(b)].
For both cases, we observe a good agreement between the ana-
lytical results from Kiełczyński’s model (solid lines) and our
numerical ones (circular dots). The phase velocity of Love
waves decreases as we increase the thickness of the GL, while
the attenuation experiences a maximum around 3.8 μm which
corresponds to a third of the wavelength. At this thickness, the
attenuation reaches a maximum of 800 Np/m in water. As our
model takes into account the piezoelectricity (in contrast to
Kiełczyński’s model), we can confirm that piezoelectricity has
a slight influence on the phase velocity (blue curves) for a
thickness w below 2.2 μm at 250 MHz [Fig. 3(a)] and for
w = 4.2 μm below 150 MHz [Fig. 3(b)]. Also, piezoelectricity
has a slight influence on the wave attenuation (red curves) for
thickness w greater than 2.3 μm at 250 MHz and for
w = 4.2 μm above 90 MHz. Hence, Kiełczyński’s model never-
theless gives a good approximation for the phase velocity and
attenuation when neglecting piezoelectricity.

We also compared our numerical results with those provided
by the simplified model of Kiełczyński14 for the case of evaluating
the wave velocity and attenuation as a function of the fluid viscosity
for a GL thickness of 4.2 μm at 250MHz (Fig. 4). For low viscos-
ities, a good match is observed between the two models which
confirms the results obtained for water (viscosity of 0.089 Pa s)
[Fig. 3(b)]. However, the two models diverge for viscosity values
higher than 1 Pa s and 2.5 Pa s for the phase velocity and attenuation,
respectively, as can be seen in Fig. 4. Compared with our model,
Kiełczyński’s model tends to significantly overestimate the Love wave

TABLE I. Properties of quartz ST-cut, LiNbO3 Y128°-cut, SiO2 and water.
21

Parameter Unit Quartz ST-cut
LiNbO3

Y128°-cut SiO2 Water

c44 1010 N/m2 3.033 7.805 1.995
c64 −0.761 0
c66 6.746 7.576
e16 C/m2 0.099 −0.6162
e36 0.1071 0
e14 0 0
e34 0.0720 −2.2779
e15 0 0
e35 0 2.9156
ε11 10−11 F m 4.0171 30.7033 3.718 69.51
ε13 −0.897 0 0 0
ε33 4.0029 38.9 3.718 69.51
Ρ kg/m3 2648 4700 2203 1000
Η Pa s 0.089 FIG. 2. Numerical evaluation of the displacement field uy (a) and the electric

field w (b).
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FIG. 3. Evolution of Love wave phase velocity (blue) and attenuation (red) under water loading as a function of (a) the GL thickness w at 250 MHz and (b) the frequency
for w = 4.2 μm. Kiełczyński’s model (solid line) and numerical model (open dots).

FIG. 4. Evolution of Love wave velocity (a) and attenuation (b) as a function of the fluid layer viscosity using Kiełczyński’s model (solid line) and our numerical model
(circular dots), with enlargement in the range of small viscosity (insets).

FIG. 5. Evolution of Love wave phase velocity (red) and attenuation (blue) in LiNbO3 as a function of the thickness w of the guiding layer at 250 MHz (a) and frequency
for w = 4.2 μm (b) under water, with piezoelectricity (solid line) and without piezoelectricity (circular dots).
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phase velocity (and thus underestimate the wave’s attenuation) under
highly viscous fluid. Our numerical model increases the accuracy of
evaluating the wave velocity and attenuation for high values of viscos-
ity while Kiełczyński’s model is still applicable for low values of viscos-
ity (below 1 Pa s).

In a second study, we used our model to investigate the Love
wave dispersion and attenuation in a system made of LiNbO3

Y128° substrate (Table I) with a SiO2 guiding layer, under a

viscous liquid (water). To the best of our knowledge, no study has
been conducted to investigate the wave phase velocity and attenu-
ation in such a well-known and commonly used material in SAW
based devices.23–25 Love wave velocity and attenuation are plotted
in Fig. 5 as a function of the GL thickness at 250 MHz [Fig. 5(a)]
and as a function of the operating frequency for w = 4.2 μm,
depending on considering (solid line) or neglecting (circular
dots) the piezoelectricity of the substrate. Similarly to quartz, we
observe that the piezoelectricity of LiNbO3 has slightly some
effect on the wave velocity when considering GL thickness lower
than 3 μm at 250 MHz [Fig. 5(a)] and for frequencies lower than
250 Hz for a 4.2 μm thick GL [Fig. 5(b)]. The piezoelectric
effect of the LiNbO3 Y128 substrate has to be taken into account
when evaluating the Love wave velocity in this kind of system.
Besides, piezoelectricity has almost no effect on the wave
attenuation.

Besides, we have also investigated the case of considering a
viscoelastic GL such as SU-8, a material extensively used in
micro/nanofabrication, and widely applied as a GL for Love waves26–28

for the purpose of bio-sensing application. For this material, the vis-
coelasticity was introduced by considering the frequency dependent
imaginary part of the shear modulus29 [Eq. (15)]. It is then crucial to
investigate the effect of the polymer viscoelasticity on the Love wave
propagation,

μ*GL ¼ μGL þ iηGLω: (15)

For the SU-8, we consider μGL ¼ 3 GPa, ηGL ¼ 0:12 Pa s,
and ρGL ¼ 1200 kg/m3.30,31 Figure 6 presents the effect of the
viscoelasticity on the phase velocity and wave attenuation for

FIG. 6. Evolution of Love wave velocity and attenuation in the quartz substrate
with SU-8 polymeric GL under water as a function of the thickness of the GL w
with (solid line) and without (circular dots) viscoelasticity, at 250 MHz.

FIG. 7. Evolution of phase velocity (a) and attenuation (b) in the case of the quartz substrate with silica GL under water as a function of the thickness of the GL at
250 MHz, for the case without electrode (solid blue line), and the case of electrode of 200 nm (red doted and dashed line) and 500 nm thickness (black dashed line).
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the L-SAW multilayered structure made of quartz substrate,
SU-8 GL, and water. For the sake of comparison, we also
plotted the results for the case where the viscoelasticity is
neglected (ηGL ¼ 0) (circular dots). The polymer viscoelasticity
does not affect the wave velocity while it greatly increases the
attenuation of the Love waves in the structure. This shows the
importance of considering the viscoelastic properties of soft
polymeric materials used as a GL for the optimization of Love
waves based devices.

We took advantage of our numerical model to push further
our study by investigating the Love wave dispersion and attenua-
tion for the multilayered system that includes an electrode
[Fig. 1(b)], which constitutes a close representation of the realis-
tic system. To the best of our knowledge, no theoretical investiga-
tion has been conducted for this case which is relatively
complicated to handle using classical analytical formulations.
For the study, two electrode thicknesses commonly used in
SAW devices (200 and 500 nm) were considered. At 250 MHz
[Fig. 7(a)], we first observe that the presence of the electrode has
a relatively negligible effect on the phase velocity for GL thick-
ness above 6 μm, for which the electrode thickness of 500 nm
represents 8.33% of the GL thickness. However, for GL thickness
below 6 μm, the effect of the electrode on the phase velocity is
distinguishable, though the maximum velocity shift is still below
2.5%. We can then conclude that the thickness of the electrodes
has little effect on the phase velocity of the L-SAW. Besides, the
situation seems to be different for the attenuation [Fig. 7(b)]
where except for thin guiding layers (<1 μm), the presence of the
electrode significantly affects the wave attenuation. The case
without the electrode (solid blue curve) gives an over estimation
(around 30%) of the Love wave attenuation compared to the case
with the electrode (red and black lines). Thus, the electrode has
to be included in the modeling process of L-SAW, as it effects
significantly the wave attenuation.

IV. CONCLUSION

We have presented a FE based model to characterize the
Love wave propagation in a multilayered system made of an
anisotropic piezoelectric substrate and a viscoelastic GL under
a viscous fluid. The model is based on calculating the
complex wavenumber as an eigenvalue in the wave equation,
from which the phase velocity and wave attenuation can be
evaluated. The model offers great flexibility by considering the
materials anisotropy, piezoelectricity, and viscoelasticity under
viscous fluid at any frequency range. Furthermore, a strong
feature of the model is its capability of handling complex geome-
tries such as considering the electrode to investigate their influ-
ence on the wave velocity and attenuation. Regarding the Love
wave dispersion, we have shown that the substrate piezoelectricity
should not be neglected at some specific ranges of frequencies
and GL thicknesses. Besides, the GL viscoelasticity does not
affect the wave velocity while it attenuates greatly the wave. The
present FE based model is not limited to the studied systems in
this work but can also be used for other multilayered structures
and materials without changing the formulation of the equations.
The model would help improve the optimization of Love waves

based devices and enable extending the studies on a wide range
of anisotropic and piezoelectric materials with random topological
surface.
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APPENDIX: MATRIX EXPRESSIONS FOR THE
EIGENVALUE PROBLEM

By comparing Eqs. (5)–(9) in order to identify the parameters,
we obtain

AU ¼ ρUyω
2, � C∇2U ¼ C66

@2Uy

@x2
þ C44

@2Uy

@z2
þ e16

@2Φ

@x2

þ e34
@2Φ

@z2
þ C64

@2Uy

@x@z
þ C46

@2Uy

@z@x
þ e36

@2Φ

@z@x
þ e14

@2Φ

@z@x
,

λ2eaU ¼ �k2C66Uy � k2e16Φ, � λdaU ¼ 2ike16
@Φ

@x
þ ike36

@Φ

@x

þ ike14
@Φ

@z
þ 2ikC64

@Uy

@z
þ 2ikC66

@Uy

@x
: (A1)

By rearranging Eq. (8) in order to identify the parameters,
we obtain

�C∇2U ¼ e16
@2Uy

@x2
þ e34

@2Uy

@z2
� ε11

@2Φ

@x2
� ε33

@2Φ

@z2
þ e14

@2Uy

@x@z

þ e36
@2Uy

@z@x
� ε13

@2Φ

@x@z
� ε31

@2Φ

@z@x
,

λ2eaU ¼�k2e16Uy þ k2ε11Φ, � λdaU ¼�2ikε11
@Φ

@x

þ ike14
@Uy

@z
þ ike36

@Uy

@z
� ikε13

@Φ

@z
� ikε31

@Φ

@z

þ 2ike16
@Uy

@x
(A2)

then the matrices implemented in Comsol Multiphysics for the pie-
zoelectric layer are
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C ¼

�C66 �C46

�C46 �C44

" #
0 0

�e16 �e36

�e14 �e34

" #
0 0

0 0 0 0 0 0

0 0 0 0 0 0
�e16 �e14

�e36 �e34

" #
0 0

ε11 ε13

ε13 ε33

" #
0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
66666666666664

3
77777777777775
, A ¼

ρω2 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

2
6666666664

3
7777777775
, ea ¼

�C66 0 0 �e16 0 0

0 0 0 0 0 0

0 0 0 0 0 0

�e16 0 0 ε11 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
6666666664

3
7777777775
,

da ¼

0 2i �2i 0 �3i �i

0 0 0 0 0 0

0 0 0 0 0 0

0 2i �2i 0 2i 2i

0 0 0 0 0 0

0 0 0 0 0 0

2
6666666664

3
7777777775
, β ¼

0

0

" #
�2C66

0

" #
0

2C64

" #
0

0

" #
2e16 þ e36

0

" #
0

e14

" #

0

0

" #
0

0

" #
0

0

" #
0

0

" #
0

0

" #
0

0

" #

0

0

" #
0

0

" #
0

0

" #
0

0

" #
0

0

" #
0

0

" #

0

0

" #
�2e16

0

" #
0

e14 þ e36

" #
0

0

" #
�2ε11

0

" #
0

�2ε13

" #

0

0

" #
0

0

" #
0

0

" #
0

0

" #
0

0

" #
0

0

" #

0

0

" #
0

0

" #
0

0

" #
0

0

" #
0

0

" #
0

0

" #

2
6666666666666666666666666664

3
7777777777777777777777777775

: (A3)

The matrices implemented in Comsol for the guiding layer are

C ¼

�μGL 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 εGL 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666664

3
777777775
, A ¼

ρω2 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

2
666666664

3
777777775
, ea ¼

�μGL 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 εGL 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666664

3
777777775
, da ¼

0 0 0 0 0 0

0 �2i 0 0 0 0

0 0 0 0 0 0

0 0 0 0 2i 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666664

3
777777775
,

β ¼

0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
μGL
0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� � �2εGL
0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �

2
66666666666666666666664

3
77777777777777777777775

:

(A4)
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The Matrices implemented in Comsol for the fluid layer are

C ¼

�μL 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 εf 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666664

3
777777775
, A ¼

ρω2 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

2
666666664

3
777777775
,

ea ¼

�μL 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 εf 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666664

3
777777775
, da ¼

0 0 0 0 0 0

0 �2i 0 0 0 0

0 0 0 0 0 0

0 0 0 0 2i 0

0 0 0 0 0 0

0 0 0 0 0 0

2
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3
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,

β ¼

0

0

� �
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� �
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0

� �
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0

� �
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� �
0

0

� �
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0
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0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0

� �
0

0
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0

0
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0

� �
0

0
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0

0
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0

0
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0

0
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0
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0
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0
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:

(A5)
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