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Abstract

We consider a Stackelberg control strategy applied to the Boussinesq system. More precisely, we act on this
system with a hierarchy of two controls. The aim of the “leader” control is the null controllability property
whereas the objective of “follower” control is to keep the state close to a given trajectory. By solving first the
optimal control problem associated with the follower control, we are lead to show the null-controllability property
of a system coupling a forward with a backward Boussinesq type systems. Our main result states that for an
adequate weighted functional for the optimal control problem, this coupled system is locally null-controllable. To
show this result, we first study the adjoint system of the linearized system and obtain a weighted observability
estimate by combining several Carleman estimates and an adequate decomposition for the heat and the Stokes
system.

Keywords: Hierarchical controls, Null controllability, Boussinesq systems, Carleman estimates
2020 Mathematics Subject Classification. 76D05, 35Q30, 49J20, 93B05, 93B07, 93C10, 91A65

1 Introduction

In the last years, the PDE community has intensively studied the controllability properties of different equations
when acting on them with two or more controls having different objectives. Game theory originally studied this
kind of problem. The idea is that a leader player (or control) acts, and a follower player (or control) reacts to this
action trying to fulfill its own objective. Following this structure, J. L. Lions [21] proposed in 1994 a Stackelberg
control strategy for the heat equation. In his formulation, the leader control had an approximate controllability
objective, and the follower control, reacting to the leader control, had an optimization objective. Since then, several
works have explored different models and actions. See e.g. [1H4,7,/1§].

In most of these papers, the leader control has a controllability objective. That is, its target is a null, exact or
approximate one, and the follower aims to minimize a given functional. Classically, this functional adds the square
of the proximity of the solution to a given function in some domain plus the square of the L? norm of the control.
This approach gives a characterization of the follower control that introduces a coupled equation to the original one.
This characterization implies that achieving the leader control objective implies controlling the first component of a
strongly coupled forward-backward system. For some classical equations dealing with an approximate controllability
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objective for the leader has already been done using unique continuation techniques. This is the case in [21] for the
heat equation, in [17] for the Stokes system or in [4] for micropolar fluids. However, when the leader objective is
a null controllability one, the problem is much more complex. In [3] for example, this null controllability objective
is proved using very precise Carleman inequalities for a strongly coupled forward-backward heat equations. In this
paper we explore a Stackelberg control strategy for the two dimensional Boussinesq system. In order to handle
the null controllability problem of the strongly coupled system that arises in the characterization of the optimal
(follower) control, we work in a weighted L? space norm of the follower control. The weight comes precisely from a
function that appears in the Carleman inequalities. In this sense we used the strategy followed in [19].

The problem we are considering is the following: let Q) be a bounded smooth domain of R? and T > 0. Let w
and O be two nonempty open subsets of (2 with

wnNO =1.

We consider the Boussinesq system with two controls f and f* acting on the temperature:

Oy —Ay+Vmy, + (y-V)y=0ey in (0,7) x Q,

40— AO+y-VO=fl,+ flo in(0,T)xQ,

V-y=0 in (0,T) x Q, (1.1)
y=0, 6=0 on (0,T) x 09,

y(0,-) =",  6(0,-) =6° in Q.

In the above system y = y(¢t,z) € R?, 7, = m,(t,z) € R and 6 = 6(t,z) € R are respectively the velocity, the
pressure and the temperature of the fluid, whereas (e1,ez) is the canonical basis of R?. Note that, to simplify
the presentation, we have taken several physical constants equal to 1: the viscosity, the density and the thermal
conductivity of the fluid and the gravitational acceleration. The functions f and f* are two controls that have two
different objectives:

1. the aim of f* is that (y,6) remains close to a given target (y*,6*) € L?(0,T; L*(Q)3);
2. the aim of f is that the state is at rest at the final time T (y,0)(7,-) =0 in Q.

We write the first objective as an optimal control problem, that is, we are looking for a control f* that minimizes
a functional involving the “distance” between (y, ) and the desired state (y*,6*). For the second objective, f will
solve a classical null-controllability problem.
Let us describe the problem framework. First, let us recall the definition of some standard spaces for the study
of the Stokes system:
H::{yELQ(Q)Q:V-yzo inQ, y-v=0 ondQ}, (1.2)
Vi={ye Hj(Q)? : V-y=0 inQ}, (1.3)
where we denote by v the unit outward normal vector field on the boundary 9€). For the first objective, we introduce
an optimal control problem for f* where we fix

feL*0,T;L*(w)), ¥’ eV, 6°cH}N). (1.4)

Then, for any f* € L?(0,T; L?(0)), one can check that system (1.1]) admits a unique strong solution (y(f*),0(f*))
and we can thus consider the weighted functional

a= [ /( o ) = 10057 = 0P e+ 5/ /( o fu' du dt (15)

where O™ is a nonempty open set and represents the observability domain for f* and u is a weight function satisfying

pe G0, TRy ), p(0)=pu(T)=0, p>0in(0,T),



that will be described later (see (|1.10 - and- For this functional, we aim to solve the optimal control problem
I (1.6)

I €L2(0 T L2(0
In relation to the above, we have the following result:

Lemma 1.1. Assume (1.4) and that (y*,0*) € L?(0,T; L*(Q)3). There exists C > 0 such that if

||N||Loo 0,7) X & (1.7)
then the optimal control problem (1.6 admits a unique solution given by
= —uo, (1.8)

where (y,0,u,0) is the solution of the coupled system

Oy — Ay +Vry + (y- V) y = bey in (0,T) x Q,

00— A0+y-VO=f1l,—puole in (0,T) x Q,

—Ou— Au+Vr,+ (Vo) u—(y-V)u+0oVo = (y—y*)lor in(0,T)xQ,

—0o— Ao —y-Vo=uz+ (0 —0*) 1o« in (0,T) x Q, (1.9)
V-y=V-u=0 in (0,T) x Q,

y=u=0, 6=0=0 on (0,T) x 09,

y(0,-) =19% 0(0,-)=6° w(T,)=0, oT,)=0 in Q.

Here, we have denoted by -7 the transpose of a matrix. The proof of Lemma is standard but for sake of
completeness, we give a sketch of its proof in Section [2:3]
Our first main result states the partial null-controllability of the above coupled system:

Theorem 1.2. Assume that wN O =0 and that w N O* # 0. There exist C > 0 and p1, pa € C°([0,T]) such that
p1(0) = p1(T) = p2(T) =0, p1>0in(0,T), p2>0inl0,T)
with the following property: if

=), W)

P1 P2
| T el
L2(0,T5L2%(2)3)

then, there exist a control f € L*(0,T; LQ( )) and a solution
(y,0,u,0) € L*(0, T; H*(Q)°) N C°((0, T]; HY(Q)°) N HY(0, T3 L*(R)°),  (my, mu) € L*(0,T; H'(Q)?)
of (L.9) satisfying

€ L*(0,T; L*(92)*), (4°,0°) € V x H}(Q), (1.10)

with

Remark 1.3. We will take p; such that the first condition in ([1.10)) implies (1.7). The precise definition of p; and
po are given in (4.1)).
In order to show this result, we linearize system ((1.9) and consider

vy — Ay + Vr, = ey + Y in (0,7) x Q,

00 — A0 = f1, — polp + h in (0,T) x Q,

—0u — Au+ Vr, = ylor + b in (0,7) x €,

—Oo — Ao =uy +01px + ¥ in (0,7) x Q, (1.11)
Vy=V-u=0 in (0,7) x Q,

y=u=0, 6=0=0 on (0,T) x 99,

y(0,-) =4 6(0,)=6° w(T,)=0, o(T,)=0 inQ,




where h™W, A2 h3) and h* are given source terms. Then, we consider the partial null-controllability of (1.11)):
we look for a control f € L?(0,T; L?(w)) such that y(T,-) = 0 and (T, -) = 0. Finally, we deduce Theorem by
a fixed-point argument where we replace bV, h(2) () and A by the nonlinearities

A = —(y-V)y, b =—y.V0, (1.12)

R = — (V) u+ (y - V)u—0oVl—y*lo, Y =y -Vo— 010, (1.13)

In order to prove the partial null-controllability of (|1.11)), we use a standard duality argument and need to prove
an observability inequality for the adjoint system

—9w — Av + Vr, = wlos + gt in (0,7) x Q,

—01p — Ap = va + Plov + g in (0,T) x Q,

dw — Aw + Vrr, = ves + g in (0,7) x Q,

O — Ay = —pplo + g in (0,7) x 9, (1.14)
Vo=V-w=0 in (0,7) x Q,

v=w=0, e=9v=0 on (0,T) x 09,

o(T,) =", o(T,")=¢° w(0,-)=0, ®(0,)=0 inQ.

We show in the next section (see Proposition [2.2) that the above linear system is well-posed for ||| ;o (o 1) small
enough. Our second main result states as follows:

Theorem 1.4. Assume that wN O =0 and that w N O* # (). There exists p € C°([0,T]) such that
p(0)=p(T)=0, p>0in(0,T)
with the following property: for any u satisfying
I oo

there exists C' > 0 such that any solution (v, @, w,v) of (L.14)) satisfies

2
Hp22(’l), SD? 'lU, 11/}) ||L2(0,T;L2(Q)6)

<C (Hpu (90,92,92,99)|

2
+ 2610 de dt|. (1.16
L2(0,T5L2(2)6) //(O,T)xw 7l ) ( )

The precise definition of p is given in and is such that the condition implies . Note that the
powers in are not optimal but are sufficient to prove Theorem

As far as we know, this is one of the first results for the hierarchical control for the Boussinesq system and in the
case where the number of scalar controls is less than the number of the dimension of the states. Here we only use
one control acting on the heat equation to control both the fluid velocity and temperature. Note also that using the
techniques developed in [18] and [22], we could extend our work in the case of the robust Stackelberg controllability
for the Boussinesq system. We could also extend this result to the Boussinesq equations in 3D, but in that case,
we would need an additional scalar control in the Navier-Stokes system.

Our method to prove Theorem is based on a (global) Carleman inequality that is a standard tool used in
the proof of the null controllability of parabolic equations and were introduced in [16]. Several works have used
such kind of estimates to study the controllability of Stokes or Navier-Stokes systems (for instance, [20] or |14]).
The case of controls with some vanishing components as in can be also studied with this approach, see for
instance [15], [11] and [9]. Note that, another method, based on results of Gromov, has been applied to obtain the
local null controllability of the Navier-Stokes system in dimension 3 with a control having two vanishing components.

Here, we follow the method based on the Carleman estimates and more precisely the strategy introduced in [11]
that consists in applying appropriate differential operators to get rid of the pressure. Such a strategy was also used



in several articles devoted to the insensitizing controllability of the Navier-Stokes system [9] or to the Boussinesq
system [8]. The linear system associated with the Boussinesq system in [8] is similar to and we thus consider
the same steps and in particular the same method to deal with the local terms in v that appear in the Carleman
estimates. However, one of the main differences comes from the fact that in [8], the authors need to impose some
regularity on the source terms g(¥). Here we avoid such a restriction and use for v, w and v a decomposition
introduced in [10]. This decomposition generalizes a standard decomposition in two terms, used for instance for the
Navier-Stokes system or the Boussinesq system. A similar decomposition is also introduced in [5] but it can not be
used for systems of the form where some equations are forward in time and other are backwards in time.
The outline of the article is a follows: in next section, we present the functional framework to study and
, and we state some well-posedness results. We also show Lemma and introduce the weight functions for
the Carleman estimate. Section [3]is devoted to the Carleman estimates that lead to the proof of Theorem [.4]
Finally in Section 4] we show Theorem with standard arguments and in particular a fixed point procedure.

Notation. In the whole paper, we use C as a generic positive constant that does not depend on the other terms of
the inequality. The value of the constant C' may change from line to line. We also use the notation X <Y if there
exists a constant C' > 0 such that we have the inequality X < CY. The notation X < Y stands for X < CY,
where C' is a positive constant depending on k.

2 Preliminaries

In this section, we introduce the operators associated with (1.11}) and (1.14). We also state some results for the
well-posedness and regularity of Stokes type systems. We sketch the proof of Lemma and we give the weight
functions needed in the Carleman estimates for the next section.

2.1 Functional framework and first regularity results
Recall the spaces and , we introduce the Laplace operator and the Stokes operator:
D(A) := HX(Q)NHL(), A:=-A:DA)— L*Q),

and
2

D(A) = {ye[m(mmﬂg(m} L V.y=0 inQ}, A= —PA:D(A) - H, (2.1)

where P : L?(Q)? — H is the orthogonal projection (Leray projector). It is well-known that both operators are
self-adjoint and positive and since 02 is smooth, the elliptic regularity yields that for k € N*|

D(AF) c H*(Q), D(AF) c H*(Q)2
For T' > 0, we now set

k k
Xp = () H (0, T;D(A*)), Xy o= () H'(0,T; D(A*7)).

7=0 =0
In particular,
Xo = L*0,T; L*(Q)), X;=L*0,T;D(A)NHY0,T;L*Q)), X;=L*0,T;DA)NHY0,T;H). (2.2)

Let us assume that 1) and w are the strong solutions of the systems

V' 4+ Av = kyp + kF  in (0,7) w' + Aw =rw+ kF in (0,7) (2.3)
$(0) =0 Tl w(0)=0 '
where k € C*°((0,T)). Assume jy > 1 and that for j € {0,...,50},
7 € C*([0, T Ry),  7;(0) =0, (2.4)



dk’r- dk—l KT .
dtkj % < Tk (ke{1,...,3}). (255)

Following the proof of [23, Lemma 2.4], we have the following result:

STiok (ke{0,...,75}), ‘

Lemma 2.1. Assume that ¢ and w are the strong solutions of the systems of (2.3), that jo > 1, and that &, 75,
7 €40,...,jo} satisfy the above hypotheses. If F € X; _1, then for any j € {1,...,jo},

rweX;, 70fweL*(0,T;D(AF) (ke {l,...,5}),

and we have the estimate

J J

ZZ ’|Tjafw||L2(O,T;’D(AJ_k) S ||T0w||XO + H]FHXj()71 °
j=1k=0

Similarly, if F € X, _1, then for any j € {1,...,jo},
€ Xy, o e L2 (0,T;D (ATF)) (ke {l,....5}),

(S

and we have the estimate

Jjo J

SN 0kl oo repar o S ¥, + 1Flx,, -

j=1k=0

2.2  Well-posedness properties for the direct and the adjoint system

We first show the existence and uniqueness of strong solutions for the adjoint system (1.14)) provided that ||u[| o 1)
is small enough. To simplify the notation, in what follows, we write

ho— (hu),h(z),h(s)’h(zx)) and g := (gu)’g(z),g(s)’g(zx)). (2.6)
We recall that X, X1, X; are given by and that V is given by .
Proposition 2.2. Let T > 0. There exists a constant C' > 0 such that if
||H||L°°(0,T) <G, (2.7)

then (1.14)) is well-posed: for any g € [XO]G, 0 €V and ¢° € H}(Q), there exists a unique strong solution of (1.14))
with
||(U7 ¥, w, w)”xl X X1 xX1 xX1 5 ||g|| [Xo]® + H (Uov @0)”]{1(9)3 :

Proof. We use a fixed-point argument: for any ¢ € Xy, we can solve the system

—9w — Av+ Vr, = wlps + gt in (0,7) x Q,

—8yp — Ap = vy + Plow + g in (0,7) x 9,

Ow — Aw + Vr, = ves + g in (0,7) x Q,

O — Ay = —pplo + g @ in (0,7) x 2, (2.8)
Vv=V-w=0 in (0,7) x Q,

v=w=0, e=9v=0 on (0,T) x 09,

o(T,-) = ,007 o(T,") = 9003 w(0,-) =0, (0,-)=0 inQ,

More precisely, the system is in “cascade”: we can obtain successively ¥, w, v and ¢ with the estimate

||(U7<Paw7¢)”x1xx1xxlxxl S ||g||[xo]6 + |’(UO?<)00)||H1(Q)3 + ”U”Loc(o,T) ”@”xo .

In particular, we can consider the mapping Z : Xg — X, @ — ¢, where (v, o, w, ) is the corresponding solution
of (2.8). We can see from the above estimate that if [£ell o< (0,7 is small enough, then Z is a strict contraction.
Applying the Banach fixed point theorem, we deduce the existence and the uniqueness of a fixed point for Z and
this yields the results of the proposition. O



We can obtain the same result for (1.11)) with a similar proof.
Proposition 2.3. Let T > 0. There exists a constant C > 0 such that if (2.7) holds, then (L.11)) is well-posed: for
any h € [Xo]°, f € L2(0,T; L2(w)), y° € V and 60° € HE(Q), there exists a unique strong solution of (T.11)) with
H (ya 03 U, 0)||X1 X X1 xX;xX1 5 ”h”[XO]6 + ||fHL2(O7T;L2(w)) + H(yoa 00) ||H1(Q)3 .
We now define the following operators

Oy — Ay + Vmy — feo
3,59 — A6+ ,UO'IO
-0 — Au+ Vr, —ylos |’
—0o — Ao — ug — 01+

L (yvﬂ-ya H,u, Ty 0) =

and
—0w — Av + Vm, —wlep«

—Op — Ap —v2 — Plox

L (va'ﬂ_vv <P»w77Tw7¢) = 6t’u} _ AU} n Vﬂ'w _ we2 (29)
Op — Ap + pplo
This allows us to write (1.11)) and (1.14) as
L(y,my,0,u,my,0) =h+(0,0, f1,,0,0,0) in (0,7) x Q,
Vy=V-u=0 in (0,7) x Q,
y=u=0, 6=0=0 on (0,T) x 09,
y(07 ) = yO, 9(07 ) = 907 U(Ta ) = 07 U(T7 ) =0 in Qv
and
L* (Uvﬁva%wﬂﬂuﬂﬂ):g in (O,T) XQ,
Vv=V-w=0 in (0,7) x Q, (2.10)
v=w=0 e=¢v=0 on (0,T) x 09, ’

U(Tv ) = vov QD(Ta ) = (»007 w(ov ) = 07 ’(/}(07 ) =0 inf.
We now define the solutions by transposition for (1.11]). In order to do this we first consider a strong solution

(yvﬂ-y7(97ua7ru70-) of " and

(v, 70, 0w, s ) € [Xa x L2(0,T5 HY (Q)/R) x X3]° (2.11)
such that I o me
v(T,) =0, d,-)=0 1n ),

{W(U»'):Q $(0,-) =0 inQ (2.12)

We multiply the first equation of (1.11]) by v, the second equation of (1.11]) by ¢, the third equation of (1.11]) by
w and the fourth equation of (1.11)) by . After some integration by parts, we obtain

// (1, 0,0,0) - L (0, T0s 0, 0, Ta0s ) dxdt+// fo dudt
(0,T)xQ (0,T)xw

= /Q (yo,eo) - (v(0,-), ©(0,-)) dx—i—//(o T)><Qh. (v, 0, w,v) dedt. (2.13)

This leads to the following definition:
Definition 2.4. Assume f € L?*(0,T;L?(w)), (y°,6°) € H x L*(Q) and h € [Xo]®. We say that (y,0,u,0) €

[Xo x XO]2 is a solution by transposition of (1.11)) if (2.13]) holds for any (v, m,, @, w, Ty, ) satisfying (2.11) and
2.12).

We deduce from Proposition the uniqueness of solutions by transposition of (1.11). In particular if (y, 6, u, o)
is a strong solution of (1.11)), it is the solution by transposition of (1.11).



2.3 Characterization of the optimal control
We give here a sketch of the proof of Lemma [1.1

Proof of Lemma[1.1l The existence and uniqueness of the optimal control can be obtained by following the argu-
ments in [6]. The idea is to show that the convexity of J under the condition and the Gateaux-differentiability
of the mapping

G:L*(0,T;L*(0)) = Xy x Xy, f* = (y(f*),0(f),
where (y(f*),0(f*)) is the unique strong solution of associated with f* and with (y°,6°, f) satisfying (L.4).
Here, we only give some ideas about how to characterize the optimal control. Assume f*, h* € L?(0,T; L?(0)) and
let us write

(y,0) = G(f*), (3.0) = DGy (h*),

where DGy« (h*) is the Gateaux derivative of G at f* in the direction h*. Then, we deduce from (1.1f) that (g, 9)
satisfies the system

O —AG+Vrg+(G-V)y+ (y-V)§y=0ey in(0,T)xQ

00 —NI+7-VO+y-V0=h*1p in (0,7) x Q,

V-5=0 in (0,7) x (2.14)
7=0, 6=0 on (0,T) x 99,

7(0,) =0, 6(0,-)=0 in Q.

Moreover, some standard computation yields that the Gateaux derivative of J, given by (1.5, at f* in the direction
h*, is given by

DJf*(h*):// [—y) 5+ ©0-07) 7] dxdt—i—// I g at. (2.15)
(0,T)x O* o0,Tyx0 M

From the standard theory on the Navier-Stokes system (see, for instance, [24, Chapter IIT §1 and §3]) and using
that (y,0) € X; x Xy, one can show the existence and uniqueness of a strong solution (u,0) € X; x Xj of the
following system

—Ou— Au+Vr, 4+ (Vy) T u—(y-V)u+0oVl = (y—y*)lo. in (0,T) x €,
—0o — Ao —y-Vo=ug+ (0 —0%) 1o+ in (0,7) x Q,
V-u=0 in (0,7) x Q,
u=0, 0=0 on (0,T) x 09,
w(T,")=0, o(T,-)=0 in Q.

Multiplying the first equation of the above system by y and the second equation by 6 and combining it with (2.14]),
we obtain after some integration by parts that

// h*o dxdt:// [(y—y*)~§+(0—0*) ~§] dx dt. (2.16)
(0,T)xO (0,T)x O*
Comparing (2.15) and (2.16) we deduce that if f* is a critical point of J, then (|1.8) holds. O

2.4 Definition and properties of the weight functions

In the next section, we are going to show some Carleman estimates in order to prove Theorem Here, we define
the corresponding weight functions. First, let us consider a nonempty domain wg such that

Wy CwNO*.
Using [16] (see also [25, Theorem 9.4.3, p.299]), we can construct n° € C?(€2) satisfying
n°>0inQ, 7°=0o0ndNQ, mgxno =1, Vn°#0in Q\ wo.



Then, we define the following functions:

exp (24X) — exp [A(22 + n°(z))] _exp [A(22+n°(x))]

alt,z) = H1L(T — )11 , L) = HNT — L
o (t2) = exp (24X) — exp (22)) £ = min£(t 2) = P (22))
eu(t) = ot ) = ST 600 = mine(tn) = g

exp (24X) — exp (23X) exp (23X)

a,(t) = ineiga(t,x) = (T — )1 , &) = Iilé%(f(t,x) = m7

where A > 1. For the previous functions, we have the following relations: there exists C' > 0 depending on the
geometry such that

’(Oéﬁ)/| X |(§ﬁ)/| <CT (fﬁ)l—H/ll, |(Oéﬁ)/l| i |(£u)//| < CT? (gu)1+2/11’ (2.17)

[Va] = |VE[ < CXE,  |Aal = |AE] < ON¢. (2.18)

Now, let us recall two standard results, both of them are stated and proved in [11]. The first one is a Carleman
estimate for the gradient:

Lemma 2.5. Let T > 0 and r € R. There exists C > 0 depending only on r,Q0 and wy such that, for every
u € L?(0,T; HY(Q)),

//(o T) 96_23a87'+2)\7«+1§r+2 |U\2 dz dt
,T) X

< C // 672sasr)\r+1£r|vu|2 dl’dt+// 672sa8r+2>\r+1£r+2 |u|2 dl’dt ’
(0,T)xQ (0,T) xXwo

for any A = X\g and s > soT'!.
The second result is a Carleman estimate for the Laplace operator:

Lemma 2.6. Let T > 0 and r € R. There exists C > 0 depending only on r,Q0 and wy such that, for every
we L2(0,T: H2() N HY(Q)),

// 6728& (Sr+3)\r+4£r+3 |u|2 + Sr+1/\r+2§r+1 |vu|2) dx dt
(0, T)xQ

< C // B_QSQST)\T+1§T |AU|2 dz dt + // 6—28a5r+3)\r+4€r+3 |u|2 dx dt ’
0,T)x0 (0,T) xwo

for any A = X and s > so (T + T22).
We also introduce the following weight function that will be used multiple times in what follows:
pi=e %, (2.19)
For this function, we have the following result:
Lemma 2.7. Let T > 0. For any € > 0, there exist so, \g > 0 such that for any X > g and s > soT?2,

p<e in(0,T).



Proof. There exists A\g > 0 such that for A > Xg

1
2 220 5 Z 2

[\

and thus for A > Ao and s > soT??

soy > 50624>\0221

and by taking so and \g large enough, we deduce

say > —Ine.

With a similar proof, we can also show the following result:

Lemma 2.8. Let T >0, p,q >0 and N > M. For any € > 0, there exist sg, A\g > 0 such that for any A > A\g and
s > 50722,
N (s&)T e N5 L epM in (0,T) x Q.

In the statement of Theorem the weight function p is defined by , with A > A\g and s > sg (T11 + T22)
for Ag and s large enough. From the first condition in (L.15)), we have u < p'!. From Lemma there exist s, A9 >
0 such that for any A > Ao and s > so7?2, the smallness condition in Proposition d Proposition is
satisfied together with condition .

3 Carleman estimates

This section is devoted to the proof of Theorem We are going to consider Carleman estimates for the first four
equations in . For the two Stokes systems (for v and w) and for the heat equation satisfied by ¢, we introduce a
decomposition in three terms where the third term is regular enough to apply the differential operator V2A or V26§1 .
This decomposition, introduced in [10], allows us to consider source terms with lower regularity (L? in this case),
instead of the one needed in [8], where some of the terms g(*) required to be in L2(0,T; H*(Q)?) N H?(0,T; L*(Q)?)
or in L2(0,T; H8(Q)) N H*(0,T; L*(Q)).

In what follows, we consider a sequence of nonempty domains w; such that

Wi C Wit1, Wit1 CwnN o* (Z > O) (31)
We also consider a corresponding sequence of smooth functions such that
xi € C°(R%*R,), x;=1inw; with compact support in w;i. (3.2)

3.1 Decomposition and Carleman estimate for v

We recall that p is defined by (2.19) and that A is defined by (2.1). In the system ([1.14)), we consider the following
decomposition of v:

2% = pvM 4+ 0@ 4 ) (3.3)
where
—0,oM + AvM = pPp (wlo* + g“)) in (0,7), vM(T,)=0 inQ, (3.4a)
—0w® + Av® = —19p/v) in (0,7), v®(T,)=0 inQ, (3.4D)
/
—9w® 4 Av® = —202 (1}(2) + v(3)> in (0,7), v®(T,)=0 inQ. (3.4c)
p

10



Using the maximal regularity for the Stokes system, we have

| S o (wier +9)]
X2

—I—‘v .
X1 Xo

Let us define

2 a2
L(w®) = // o250 (310)\11510 )Ué?»)) + 5098 ‘Vvéd)‘ > de di
(0,T)xQ

- “2sa 1425 2425 41425 | o3 AL, (3|7 —2say 819¢8 | (3)]°
+3° e~ 250 g142) \2+2j¢ J’v I Aw§ ‘ dz dt + e 20 8 \O¢E ’v ’ dzdt (3.6)
=0 0, T)xQ (0, T)xQ

and 5
J
() H k <3>‘ .
ZZ T]a Lz 0 T H2(7 k)(Q) ) (3 7)
j=1 k=0
where )
T =e —sap\g (sfﬁ) T (j=0,...,3). (3.8)

The aim of this section is to show the following result:

Lemma 3.1. There exist \g and so such that for any X\ = Ao and s > so(T*! + T??), the solution (v, p,w,v) of
(T.14) and v defined as above satisfy

RO+ ) + [, 5 0 (1o +60)]

2 “asa 1213012 | (3)]?
+// e “F¥sENE "UQ ‘ dz dt. (3.9)
Xo (0,T)xws

Proof. The equation (3.4c|) can be written as

—0w® — Av® 4 vrld) = 20s0y (V@ +0®) in (0,T) x €,

V-0® =0 in (0,7) x Q,
v =0 on (0,T) x 09,
vB)(T,-) =0 in Q.

Following the method introduced in [11] (see also [9}/23]), we apply the operator V2A on the second component of
the previous system, and we obtain

—atvaug‘” - szAvg’)) = 20say (VzAvg) + VQA’US’)) in (0,7) x Q.

Applying the Carleman estimate for the heat equation with non-homogeneous Neumann boundary conditions (see
[12, Theorem 1]) on the above equation, we obtain the existence of Ao and sg such that for any A > Ao and
s > SO(Tll —|—T22),

2 . 2
// 6725(1 <8)\2§ ‘VSA’U§3)‘ + 53/\45‘3 ’vavgf,)’ > dx dt
(0, T)xQ2

2
5// 72504 2 <’v2A"Ué2)’ + ‘V2Av 3)’ > dx dt
(0,T)xQ

2
+ // 67250‘”8)\@ ’3V2Avé3) dry dt + // e 2 g \1g3 ‘VQAUS’)’ dz dt.
(0,7) x99 v 0,T) xwo

11



Then, using (2.17) and (3.5), we deduce from the above relation
2 2
/ / e 25 <5A2§‘V3Av§3)‘ + 22 V20l > do dt
(0, T)xQ2

B) 2
+ // e 2N ’VQAvéd)
(0,T) x 092 ov

2
+ / / e—ms?’vg?"v?mg?’)’ dedt. (3.10)
(0,T) Xwo

< leg (wlo* +g(1))‘ dy dt

On the other hand, using Lemma twice, the first time with v = VAvég) and r = 3, the second time with
U = Avég) and r = 5 and adding them together, we have

2 2
// o250 (S5)\6§5 ’VA’U%S)‘ + sTAET )Auég)‘ ) dx dt
(0,T)x
) 3)[2 ®)|?
< // e 4% (85)\655 ‘VA’UQ ‘ + sTAST ’A% ‘ ) dx dit
(0,T7) xwo

2
+// 6_250‘33)\453’V2Av§3)’ dedt. (3.11)
(0,T)xQ

Next, using Lemma [2.6| with u = vg?’) and » =7, we also have

—2sa [ 819¢8 @[>, a0y11g10] 3]
e ST V| + 57X vy dz dt
(0, T)xQ
Sk 250 7 @)
5// 6—25%1%“510]@2 ] dmdt+// e~2sag /\857‘&;2 ( drdt. (3.12)
(0,T) xwo (0, T)xQ2

Moreover, using the Poincaré inequality and the divergence-free condition, we also obtain

// 672sozﬁ 88A9€§
(0, T)xQ

Gathering ([3.10) and recalling (|3 , we deduce the existence of \g and sg such that for any A > Ao and
s> So(Tll T22

2 2
vf’)’ drdt < // e 25ag8)\9¢8 ’Vvé?’)‘ dz dt. (3.13)
(0,T)xQ

L) 5 ||o° (wio- +90) |,
0

2
+ / / €2 g\ ’(fv?mg?’) dry dt
0,7) x9N v

+ Z // —25(1 3+2]A4+2]§3+2] ‘VQ JAUQB)‘ dx dt + // _28(1810)‘11&10 ’v§3)‘2 dedt. (314)
0,T)xwo (0.T)xwo

We can check that the Weight funct.ions defined by (3.8) satisfy (2.4)) and (2.5) with x = 20sag, so that we can
apply Lemma and using (3.14]) yield

2
L)+ 5 (0®) < pr (wio- +g(1))‘ dv dt

2
+ // 672804113)\5& 'av2AU£3)
Xo (0,T)x 0% ov

+ Z // —25(1 3+2]A4+2]§3+2] ‘VQ JAU 3)‘ dx dt + // _28(1810)‘11&10 ’v§3)‘2 d dt. (315)
0 T)XUJQ 0 T)XLIJO
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Using a trace inequality and an interpolation inequality, we have

a (3) 2 T (3) 1/2 (3) 3/2
“2sa5 53¢, | L V2A d dt<>\_8/ H ’ H H dt < A 8J, (0®
//(O,T)xaﬂe ? 6;1‘81/ " T 0 ke H*(Q) ke HS(Q) ~ 10

and thus we can absorb the boundary term in (3.15)) by taking Ag large enough. We thus deduce the existence of
Ao and sg such that for any A > A\g and s > so(T'! + T%2),

2 2 , . . : 2
L)+ 7, (0®) < leg (wlo* +g(1)) HX + Z// e s g3 20 \AH2I £342] ‘VQ_JAUS’)’ dx dt
0 ) (0,T) xwo

2
—l—//(o " 6728(1810)\11510’1153)’ dxdt. (3.16)
,4) Xwo

Then, we remove some of the above local terms by using standard techniques: using (3.1)) and (3.2) and integration
by parts, we have

2sa 3y4¢3 0 (3) ’ 2sr 3443 A (3) ’
e 5%\ <Av ) dx dt < // Yoe “*¥s A\ <A1} ) dx dt
//(O,T)xwo Oz 0y ? (0,T) X w1 0 Oxp0xg 2

2
= _// i (X06—2sas3/\4§3) 9 A’U;B)iA’UéB) dx dt
LOx Oz

03 0

—2sa ;314 ¢3 (3) (3)

— Xo€ $°A%E Av Avy”’ dx dt.
//(OyT)le 0 O0x3dx,  * Oz, °

Using (2.18) and the Young’s inequality, we can check that for any & > 0,

2 1 2
// 67250‘53)\453 ‘VzAvég)‘ drdt <ely (0(3)) + - // e 2505 \0¢5 ‘VAUS))’ dx dt.
(0,T)xwo € JJ(0,T)xw

We have similar estimates for the rest of the local terms, thus we deduce from (3.16) that

2 2sa 12413612 |, (3)]?
+// L 3 ‘112 ‘ dz dt.
Xo (0,T) xwy

Combining the above relation with (3.3)) and (3.5)), we finally find (3.9)). O

LE®) +50®) S | (vlo- +90))]

3.2 Decomposition and Carleman estimates for w

We perform a similar procedure on w than the one we did above on v. We first consider the following decomposition
of w:

o Tw = pw® + w® +w®), (3.17)
where
dw® + Aw® = plop (1/162 + g<3>) in (0,7), w®(0,)=0 inQ, (3.184)
dw® + Aw® = 16p'w™® in (0,7), w®(0,)=0 inQ, (3.18D)
/
dw® + Aw® =172 (w(2) + w(3)) in (0,7), w®(0,:)=0 in Q. (3.18c)
p

Using the maximal regularity of the Stokes system, we have

(1)‘ < H 16 (3)
[ 5o (e o) (3.19)

+[u]
X1

Xo
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Then, we set

3 . . . . 2 2
L(w®) = Z// o280 g2 \2H 2] 12 ‘V3_JAU)§3)) dx dt+// e‘zmﬁs7)\8£ﬁ7 ‘w(3)‘ dx dt (3.20)
(0,T)xQ2 0,T)x$

=0
and
3 J
ZZ HT]ak (3 ‘ L2 OTHQ(J k)(Q)2 (321)
=1 k=0 ( @2’
where -
T=me t Mt (sg)2 T (j=0,...,3). (3.22)

The aim of this section is to show the following result:

Lemma 3.2. There exist \g and sq such that for any X > X and s > so(T** + T?2), the solution (v, @, w,) of
(1.14)) satisfies

Lw®) + 7 (0®) + ||p21”||§2g0 + I(w®) + Jy(w®) + HP18“’||§2§0

< 2 16 (3) 2 16,2
NHp 9 XO+HP 9 HXOJFHP v,

+ // e 25 (812)\13512 ‘U(B)‘Q + 5T ‘Aw(‘g)‘z) dx dt, (3.23)
2 2 ) .
(0,T) X w4

where v®) and w® are defined by (3.3)-([3.4d) and (3.17)-(3.18d).
Proof. The equation ([3.18c]) can be written as

dw® — Aw® + vrld) = —17sa; (w® +w®) i (0,7) x Q,
V-w® =0 in (0,T) x Q,
w® =0 on (0,T) x 99,
w®(0,-) =0 in Q.

(3.24)

Applying the operator V2A on the second component of the first equation of (3.24]), we obtain
0, V2 Al — AV AW = ~17s0} (VZAw@) + V2Aw 3>) in (0,7) x 9.

Applying the Carleman estimate for the heat equation with non-homogeneous Neumann boundary conditions (see
[12, Theorem 1]) on the above equation, we deduce the existence of Ay and sg such that for any A > Ag and
s = so(TH + T??),

2 2
// 6—2501 (8)\25 ‘ngwég)‘ + 33)\463 ‘V2Au)§3)‘ ) dx dt
(0,T)x2
,S// e—ZSaSQ (‘VQA’LUQ ‘ + ‘VQAU);)‘ ) dx dt
(0,T)xQ

+ // 6728%18)\5’1 ‘aVQAwS’)
(0,T)x 89 ov

2
dry dt + / / e*25as3A453jv2Aw§3)’ dedt. (3.25)
(OT)XUJO
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Then, using (2.17) and (3.19), we deduce from the above relation

2 2
// e—ZSOz (S)\Zé- ‘v3Aw§3)‘ + 33)\463 ‘V2Awég)‘ ) dx dt
(0,T)x2

2

+ // 67280‘”8)\5)1 ‘avawég)
Xo (0,7)x 9 ov

2
+// 6725“53A4§3’V2Aw§3)' dx dt, (3.26)
(0,T) xwo

< Hpm (1/)62 +g(3)>’ 2 dy dt

for A > X\g and s > so(T*! + T?2). Again, using Lemma twice, the first time with u = VAwg’) and r = 3, the
second time with u = Aw§3) and r = 5 and adding them together, we have

2 2
/ / e 25 <55A655’VAw§3>] +57A8§7’Aw§3)’ > de dt
(0, T)xQ2
-2 56¢5 3)]? T\8¢T @3)]?
g// 250 sA,g)VAwZIHAg’AwQ} dz dt
(O,T)XUJO
2
—|—// e 250 g3 \1¢3 V2Aw§3)' dx dt, (3.27)
0, T)xQ

for any A > Ao and s > so(T* + T22). Next, using the ellipticity of the Laplace operator,

2 2 2
// 6_25an87>\8£g (’wé3)‘ + ‘ng?t)‘ ) da dt 5 // 6_28a87>\8§7 Awé-?')‘ dz dt.
(0,T)xQ (0,T)xQ

Moreover, using the Poincaré inequality and the divergence-free condition, we also obtain

9 2
// 6—28%57)\8@7 ‘wg?’)‘ drdt < // (3_2m“s7)\8£ﬁ7 ‘Vwés) dx dt. (3.28)
(0,T)xQ (0,T)x€2

Combining (3.26)-(3.28) and recalling (3.20)), we deduce that for A > \g and s > so(T** + T2?),

2

+ // 672sau5Aé—ﬁ ‘avawg’)
Xo (0,7) x99 ov

2
+Z// 6_28a83+2j)\4+2j§3+2j ‘Vz_jAwgg)’z dx dt. (3.29)
=0 (0,T) xwo

2
Lw®) < Hpm (wez +g(3>)’ dy dt

Then, we can check that the weight functions defined by (3.22) satisfy (2.4) and (2.5) with x := 7175(1&, so that
we can apply Lemma and we deduce from ({3.29)

2

+ // ef2sansA§u ‘avawgg)
Xo (0,T)x 8% ov

2
+ Z // 20 g3+25 \4+2j ¢3+2] ‘V2_3Awg3) ’2 da dt.
j—o (O,T)XL/JO

2
L(w®) + Bw®) S || (vez + )| dydt

As in the proof of Lemma by taking Ay and s large enough, we can absorb the boundary term and the local
terms in V277 Awl® (j = 0,1,2) to obtain
2

2
+ / / e—Qsas7A8§7‘Aw§3>] dz dt.
Xo (0,T) xws

Putting together the above relation with (3.9) and combining it with (3.17) and (3.19)), we finally obtain (3.23). O

12(11)(3)) + Jz(w(g)) < Hp16 (wez + 9(3)) ‘
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3.3 Removing the local terms in v and w

The aim of this section is to remove in (3.23)) the local terms in vés)

following result:

Lemma 3.3. There exist Ao and so such that for any X = Ao and s > so(T*! + T??), the solution (v, p,w,v) of
(1.14)) satisfies

(3)

and in Awsy™’. More precisely we show the

L(®) + 1 (0®) + [|p0]5, + L(w <3>>+Jz( ®) +Hp18w!|§0

< les 7g

+ Hp15 7g(z ’

n Hpmg(:s)H I prwHXO

e[ R (el o) dedr, (330)
(0,T) xweg

where v®) and w® are defined by (3.3)-([3.4d) and (3.17)-(3.18d).
Proof. Using the first equation of (1.14)), we have

Awy = —0,Avy — A2y + 9,V - gV — Agl) in (0,T) x O*

and from ([3.17))

= T — ! — w2

so that
Aw§3) =p'7 <73tAv2 — A%y + 9,V - g — Agél)) - pAwél) - Awf).

Using (3.1)), (3.2) and Lemma we can thus write

2 1
// e 25T \8¢T )Awgg)‘ dr dt < // X4e_(2_7)m”
(0,T) X w2 0,T)Xws

= // xapt Awég) (—&sz — A%y + 0,V g — Aggl)) dx dt
(0, T)xws

2
Awég) ‘ dx dt

- // X4p(2*%)Aw§3) (pAwél) + Awém) dxdt. (3.31)
(0 T)><w5

Let us estimate the first term on the right-hand side of (3.31]), the other terms can be estimated similarly. After
some integrations by parts, we find

— // X4p(19*%)Aw§3)8tAv2 dx dt
(0, T)xws

1
= // <19 - 7>p(18%)p’A <X4Aw§3)) vo dx dt
(0,T)xws

+ // p(lgf%)A (X48tAw§3)> vy dx dt.
(0,T)xws

Using Lemma we have

TSy
and therefore, using (3.19)), (3.21), (3.22) and Young’s inequality we obtain that for any € > 0,

// e—250 7>\8§7’Aw(3)‘ dvdt < ey (w®) + // p2U5=2) [0y]? da dt
(0,T) Xwa (0,T) xws

+Hp —7 g H +Hp169 3)H +||p16w|\x . (3.32)
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Now using (3.3)) and (3.5),
2

2
// 250612\ 1312 ‘vég)‘ de dt < // 20 |v2|2 drdt + leg (wlo* +g(1))‘
(0,T) X ws (0,T) X ws X

Combining the above estimate with Lemma (13-9) and (3.32) yields

0

L)+ 1) + el + R@®) + Ba@w®) + ],

1 2 2 2 _2
5”%’18 ;g(l)H +Hp169(3)H +||p16w||xo+// P82 |uy)? dadt. (3.33)
Xo Xo (0,T)Xws

Let us now remove the local term in vy. The second equation of (1.14]) implies
—0p—Ap=va+ 10 +¢g? in(0,T)x O

so that with (3.3)

// P25 |0y ? dadt < // Xsp*0 7 (pvél) +of? + vg?’)) (—3t</7 —Ap—1p— 9(2)> dz dt.
(0,T)xws (0,T) xwe

After some integrations by parts and using (3.5)), (3.7)), (3.8) and Young’s inequality, we find that for any € > 0

// p2(18=%) lua|? da dt
(O,T)XW5

A pr (w1@* +g<1>)‘ 2,1 lesf%g@)‘ 2
€ Xo € X,
1
+ *// 2 (Iel* + 10) dwat.
€ JJ(0,T)xws
Gathering this with (3.33)) implies (3.30)). 0

3.4 Carleman estimates on ¢ and a new equation for ¢

We now apply a standard Carleman estimate for the heat equation on the second equation of ([1.14) and combine
it with Lemma B.3] Let us set

Blo)i= [[ et (S ol 4 s Tl + (56)7 (|l + o)) dode
(0, T)xQ

and let us show the following result:

Lemma 3.4. There exist Ao and so such that for any X = Ao and s > so(T*! + T??), the solution (v, p,w,v) of
(1.14)) satisfies

L®) + 1 0®) + [0 05, + R@®) + J@®) + |ow]} + 1) + [0,

< Jomg)

2 16, (|2
ol

s (o ) dedr, (330
(0,T) xwsg

where v and w®) are defined by ([3.3)-(3.4c) and (3.17)-(3.18d).

2 15—-5 (2) 2 16 (3)
-7
S il WE
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Proof. Recall that ¢ satisfies

—0yp — Ap = va + Pl + 9P in (0,T) x Q,
p=0 on (0,T) x 09,
o(T,-) = ¢° in Q.

Thus, applying a standard Carleman estimate for the heat equation (see, for instance, [13]), there exist Ao and s
such that for any A\ > \g and s > so(T*! + T?2),

2
I3() S// eI NIED ) dxdt+// g~ 445 (v2|2+ | + ’g("‘)‘ ) dz dt.
(0,T)xwo (0,T)xQ

Combining the above relation with (3.30) and using Lemma we find (3.34)). O

Now, before working on %, we first combine the equations in ((1.14) to obtain a new equation for :
Lemma 3.5. Assume (v, @, w, 1) is a smooth solution of (1.14). Then

(0= D) (=01 = 8)? D¢ = 82,0 + Ag” = 0, - g + (9, - ) (89l = 0,V - gV)
+ (=8, — A)AGWD + (8, — A) (=0, — A)AgP  in (0,T) x [0* Nw]. (3.35)
Proof. From , we have first
Ay =00 +V-¢g® in (0,7)xQ, Am,=V-¢g® in (0,T)x O*,

and we deduce
BiAwy — APwy = 2 b+ Agy) — 8,V -¢® i (0,T) x Q,

—0:Avy — A0y = Awy + Agl) — 0,,V - gV in (0,T) x O,

The two above relations imply
(O — A) (=0 — A)Avy = 82,00 + Agt) — 0,,V - ¢ + (8, — A) (Agg” —0,,V - g<1)) in (0,T) x O,
Combining this relation with the second equation of yields
(0 = D) (=01 — A)*Ap = 2,6+ Mgt = 0, 9 + (0, - ) (Agl) = 0,7 - gM)
(8 — A)(=0, — A)A (¢ + g<2>) in (0,T) x O
Finally, using the fourth equation in and recalling w N O = @, we deduce (3.35]). O

3.5 Decomposition and Carleman estimates for v

We now deal with ¢ that satisfies the fourth equation in (1.14). We follow the same approach as what we did for
v and w. First we consider the following decomposition of :

Py = pp 4@ 4 @) (3.36)
where
D)+ A = % (“piglo+9®) i (O.T), YO0 =0 i (3.572)
@ 1+ Ap® = 12D in (0,7), ¥®(0,)=0 inQ, (3.37b)
8@ + Ay® = 132' (¢<2> + ¢(3)> in (0,7), ¥®(0,-)=0 inQ. (3.37c)
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Using the maximal regularity of the heat equation, we have

(3.38)

Xo

< (usto+ o)
X1+H XQNHp pplo +g

Let us set

3 . . . . 2 2
LE®) =% / / o250 G142 \2H2j 142 ]v3ﬂa§1¢<3>‘ dz dt+ / / o2 5T \BET ‘¢<3>’ dzdt (3.39)
(0, T)xQ 0,T)xQ2

=0
and
5 3 L2
Z Z 1750, ’L/)HL2(O,T;H2(J'—1€>(Q)) J (3.40)
j=1k=0
where L1
7= e (sg) P (j0,.5) (3.41)

We then show the following result:

Lemma 3.6. There exist \g and sq such that for any X > X and s > so(T** + T?2), the solution (v, @, w,) of
(1.14) satisfies

L) + @) + [0 40]2, S [0 (~ueto +99),

where %) is defined by (3.36)-(3.37d).

Proof. Applying the operator V292 , on the equation of )| we obtain

2 2
+ / / e—2sas7A8§7‘a§1w<3>‘ dedt.  (3.42)
Xo (0,T) xws

V202, 9 — AV202, ) = —13saf (V202,46 + V202, 0P) in (0,T) x Q.

We apply on the above equation the Carleman on the heat equation with non-homogeneous Neumann boundary
conditions (see [12, Theorem 1]): there exist A\g and so such that for any A\ > \g and s > so(T*! + T?2),

2 2
/ /( | Qe—m (8A2§‘V33311/1(3)‘ +53)\4§3‘V28§1w(3)‘ ) dz dt
0,7T)x
2 2
5// e~ g2 (g (’VQ <2>‘ +\v20§1w<3>‘ ) dz dt
(0,T)xQ
2
+// 200\, ‘ V202 dvdt—k// e 2o\ V202 O dudt.
(0,T) x5 (0,T) xwo

Next, we combine the above relation with (3.38)) and with a Carleman estimate for the gradient operator (similar
to those used for v and w): there exist Ao and sg such that for any A > \g and s > so(T*! + T%2),

3
Z// 250 G125 \ 242 1+42] ‘v?)fja%lw(g)‘z drdt
=0 (0, T)xQ

2 2
+ // 728(}118)\5 ’ V282 ’1/1(3)
Xo (o T)x 89

n Z // —25a83+2j/\4+2j£3+2j ‘V2—ja§1¢(3) ? dx dt.
0 T)XL/J()

dry dt

< Hp12 (—/wlo +g(4))‘
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Next, we use the following property of the operator 92 L on H} () (see [8, relation (3.15)])

2 2
// e—2sans7>\8£ﬁ7‘w(3)‘ dmdtg// 6—230‘37A8§7‘8§1w(3)‘ dx dt.
(0,7)xQ (0,T)x2

Combining the above relations, we deduce that I;(4(®)) defined by (3.39) satisfies for A > Ao and s > so(T*! +122),

2

2
+// —2504,15)\5 ‘ V282 w(S)
Xo (0,T)x 0
2
n // 250 B2 N2 (342
J*z:;) (O,T)XUJO

We can check that the weight functions defined by - satisfy (2.4) and ( with K := —133% Applying
Lemma [2.1] and using (3.43) yield

L™ < Hp12 (—Wlo - 9(4))(

dry dt

X 2
V22 3| drdt. (3.43)

dy dt

9 2
+ // —25(1,15)\6 ‘ V282 '(/} (3)
Xo (0,T)x 0%

2
i Z// o250 G325 N4+ 2] 342 ‘V%jailw(?,) 2 drdi.
0 T)XUJO

L) + 1) 5 02 (~uelo + g0

Taking Ao and sq large enough, we can absorb the boundary term and estimate the local terms in V292 (3 and

in V92 1) as in the proof of Lemma [3.2] to obtain (3.42). O

3.6 Proof of Theorem [1.4]
We now combine Lemma [3.4] Lemma [3.5] and Lemma [3.6] to prove Theorem [T.4}

Proof of Theorem[I.]} We estimate the local term appearing in (3.42)): using (3.36) we can write
2
// e ZsagT\8¢T )8§1w(3)’ dx dt
(0,T) Xxwa
1
S // X2p? 702 ) (p13a§1¢ — pd2 M) — a§1¢<2>) da dt.
(0,T)xws

Then, using (3.35)), we deduce

J[ e e vad - [ / U502 4 [(8, — A)(—0, — APAp
(0,T)xws 0 T)Xwg

— Mg 48,V - g® — (8, — A) ( W _8,,v-g® ) (=8 — A)AgW — (9, — A)(~8, — A)Ag@)} dz dt.

Using (3.40) and (3.41)), several integration by parts and Young’s inequality, we obtain that for any € > 0,

. 2 1 5
//(0 7 6_25a57)\8£7 )8311/1(3)’ dzx dt S 8J4(w(3)) + g Hp12 (—,u,gplo +g(4))‘
Xwa

Xo
1 11
+ 7/\/ ,0187% |S0|2 dx dt+2*// ,0187
€ JJ(0,T)xws =1 £ JJormxa
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Gathering the above estimate with (3.42)) and (3.34), we finally find

L)+ 7 (0®) + Hpml}H;O + L(w®) + Jo(w®) + lest;O
+I3(9) + |07 %, + 1 (@®) + L (@) + [ 0",

3
< Hpmu@louio + Z//(O p18-3
=1

]2 2
gD de dt+ Hp129(4)‘ <
0

+ // P87 | da dt.
(0,T) xwe

Recalling ([1.15)), we see that we can absorb the term p'2uple by the left-hand side and we thus deduce (1.16)).
This concludes the proof of Theorem O

T)xQ

4 Proof of the exact hierarchical controllability

In this section, we show how to deduce Theorem [I.2] from Theorem [I.4] The arguments are quite standard but we
recall them for sake of completeness. Recall that h and g are defined in (2.6). First, we modify the weight functions

in (1.16]) by replacing p defined in (2.19)) by py given by

(5) e

py(t) = P ET}

Hence, the functions p; and ps mentioned in Theorem are precisely
p1i=p", pai=pit (4.1)
Therefore, we have the following:
Corollary 4.1. With the hypotheses of Theorem the solution (v, p,w, V) of satisfies
162 0.0.0.98) | o ey + 10000200 Mz S 1088 oo zoroiae) + 1020l o mpny - (42)
Proof. From 7 we first deduce that

Hp§2 (U7 SO? w? w)HLz(T/Q,T;L2(Q)6) SJ HpéQQHLZ(QT;Lz(Q)G) + ||ph13@HL2(O,T;L2(w)) : (43)

We consider x € C*(R;[0,1]), x =1 in (—o00,T/2], x =0 in [37/4,00). We deduce from ([1.14]) and (2.9)) that

L7 (x (v, 7o, 0y w, Ty 1)) = Xg + X' (v, 0,0, %) in (0,T) x Q,
V- (xv) =V (xw)=0 in (0,T) x Q,
(xv) = (xw) =0, (x¢)=(x¥) =0 on (0,7) x 99,

(X’U)(T, ) =0, (XSO)(T’ ) =0, (XU})(O, ) =0, (X¢)(O7 ) =0 inQ.

Applying Proposition [2:2] we deduce that
||X(vaQovwa7/})||L2(07T;H2(Q)6)0H1(0,T;L2(Q)6) S ”XgHL?(QT;L?(Q)ﬁ) +[Ix’ (vv@vw7w)HL2(0,T;L2(Q)6) . (4.4)

We note that the support of x’ is included in (7'/2,3T/4) and we have
3T
py(t) = py o) 0 (te(T/2,3T/4)).
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Combining this with (4.4)), we obtain

Hp§2 ('U, ¥, w, 1/}) ||L2((),T/2;L2(Q)6) + H (U(O, ')7 80(07 )) ||L2(Q)3
S ”pézgHL2(073T/4;L2(Q)6) + thQQ (U? 807w7w)HL2(T/2,3T/4;L2(Q)6) N

The above equation and (4.3 imply (4.2). O

We now consider the Banach space

h
F = {h : 2 € LQ(O,T;LQ(Q)(S)}
b

endowed with the norm

h
22
Ps L2(0,T;L2()6)

We deduce from Corollary the partial null-controllability of the linear system ((1.11)).

2]l 7 =

Proposition 4.2. Assume that w N O = 0, that w N O* # O and ([1.15). Then, there exists a linear continuous
operator
MV x HF(Q) x F = [X; x X41]? x L(0,T; L*(w))

such that for any (y°,0°) € V. x HY(Q) and h € F,

((yv 0, u, 0)’ f) =M ((y0700>7 h)

corresponds to the strong solution of (1.11) associated with h, (y°,0°) and with a control f such that we have the
estimate

I

+
Py

L2(0,T;H?(Q)6)NH(0,T;L2(2)%)

S nllz + [ (% 0°)[] 1 s - (4.5)

L2(0,T5L%(w))

In particular

Proof. We define
Xo = {(U77T117§0awa77wa¢) eCc™ ([OaT] Xﬁ)g :Veoo=V.w=0 in [O’T] Xﬁv
v=w=0 on[0,T]x00, ¢=1%=0 onl0,T]x0Q, /wv dx:/ww dr=0 in [O,T]}
Q Q
and we recall that L* is defined by (2.9) and permits to write (1.14)) as (2.10). Then, we consider the bilinear form
(@m0, 00,70, 9) (0,70, 8,0, 70, B) )
L 24 1 % Pl N N 26 -~
= // Py L™ (v, T, 0,0, Ty, ) - L (v,m,go,w,ﬂw,z/}) dacdt—i—// py pP drdt (4.6)
(0,T)x Q2 (0,T)xQ

and the linear form

(370 2.0.70.9)) = //m,mg (5.2..9) -hdxdt—k/ﬂ (3(0,) -4 + 3(0,)0°) de.
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Using (4.2)), we see that the bilinear map (-, -)x defined by (4.6]) is a scalar product on Xy. We denote by |||, the
corresponding norm and by X' the completion of Xj for this norm. We deduce from (4.2]) that

||p§2 (’U, ¥, w, ¢)|’L2(0’T;L2(Q)e) + ||(U(07 ')7 QO(Oa ))HLQ(Q)3 5 H(Ua Ty Py W, Ty, 1/’)||x :

In particular, £ € X' with

h
22

1l <
X ph

~

{1 0°) | o s -
L2(0,T;L%(Q)%)

We can thus apply the Riesz theorem and obtain the existence and uniqueness of (v, my, @, w, Ty, ) € X such that
for any (5,7, 3,0, 7, 0) € X,

A

<(U77TU7 (pawa Tw, 1/}) ) (i}\a %va {57 ’&;a 7?11171/)>>X = é (1’}" 7AT’U? ;0\7 {‘57 %wﬂ/’) (47)

We set
(y,0,u,0) = p§4L* (0, T, W, T, ¥),  f 1= p§690

and we deduce from (4.7)) that (y,0,u,0) is a solution by transposition of (1.11]) associated with f and A (in the
sense of Definition [2.4). Moreover, we also obtain the estimate

(ya 05 ua U) f h 0 0
12 + P ~ 22 +| (v 0 )HL?(Q)S'
b L2(0,T;L2(Q)°) 5 20,1502 (w)) 5 llz2(0,1502()0)

Then, one can check that (y,m,,0,u,m,,0) is a solution of

0,u,m, M A 4 f1,, 03 @) 11p]
L <(y’ﬂy’ Uy T ’”)> _ | f ) +— (—y,~0,u,0)

phll pél PEL2
with
0
& % =V % =0 in (0,7) x €, (%7%0):0 on (0,T) x 9N
Py Py Py
and
(y.0) (v°,6°) (u,0) .
0,) = , T,-)=0 in Q.
< Pél ( ) phll phn ( )
Applying Proposition [2.2) we obtain (4.5)). O

We are now in a position to prove the null-controllability result:

Proof of Theorem[I.4 The above proposition allows us to define the mapping
N(h) := (— (y-V)y,—y-Vo,— (Vy)T ut (y-VIu—oVl—y*lo«,y- Vo — 0*10*) , (4.8)

where ((y,0,u,0),
solution (y, 8, u, o) is a solution of

)i=M ((yo, 6°), h) for h € F. We notice that if h is a fixed point of A, then the corresponding
1.9) (see (1.12)) and (1.13))). Using Sobolev embeddings and Holder inequalities,

(y-V)y ’

Py

Y
pyt

<

~

L2(0,T;L2(Q)2)

S
L2(0,T;L2(Q)2)

L2(0,T;H2(Q)2)NH(0,T;L2(Q)2)
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Combining this with (4.5)), (4.8)) and
* 9*
(yp’gz ) e 120, 12(0)%),

we deduce the existence of a constant Cy > 0 such that for any h,ﬁ e F,

h (y*,0%)
W Bl < o || @) i |+ (49
a1l L2 (o,1;020)0) Py L2(0,T;L2()?)
and
_ 7 7 0 40 7
bew @), <ot < il +10POMr) -3,
We now consider )
R:i=—
8CH
and we assume
0 40 (y*,0%) R
[(y°.0 )HHl(Q)B SR, 022 < bR
v M2z

Then, we deduce from (4.9) and (4.10) that the closed ball of the Banach space F defined by
Br(0,R) :={heF : [|h]z < R}

is invariant by A and on this ball, A/ is a strict contraction. This implies the existence of a fixed point for A and
this concludes the theorem. O
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