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ABSTRACT This paper deals with the capability of the orthogonal chirp division multiplexing (OCDM)
modulation scheme to cope with multi-numerology concept in the context of next generations of communica-
tions. The OCDM-based multi-numerology transceiver is introduced, and the inter-numerology interference
(INI) is analytically derived. The case of filtered-OCDM is considered as well, allowing to both reduce the
INI and to shape the power spectrum of the composite signal (i.e. the signal composed of unitary signals
configured with different numerologies) according to strong constraints of low out-of-band emissions. The
simulations results show the inherent robustness of OCDM against INI as the interference is spread over all
subcarriers, whereas it is concentrated in particular subcarriers in OFDM. It results that the (filtered)-OCDM
waveform largely outperforms the orthogonal frequency division multiplexing (OFDM) by more than 2 dB
in term of bit error rate (BER) performance, without need for a guard-band between numerologies.
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I. Introduction

Multi-numerology has been introduced in 5G new radio (NR)
to offer flexibility in the choice of the orthogonal frequency
division multiplexing (OFDM) waveform parameters in order
to cope with the multiples applications and services (e.g.
low latency or broadband communications), and to adapt the
signal to the propagation environment [1], [2]. The main
parameters that can be configured, among others, are the
subcarrier spacing (or equivalently the symbol duration) and
the cyclic prefix length. In particular, the subcarrier spacing
can be chosen among {15.2#|p = 0,1,..,6} kHz such as
defined in the standard [3]. Furthermore, the 5G NR allows
for the transmission of composite signals consisting of mul-
tiple unitary signals sharing contiguous sub-bands within a
common band, each of them being configured with a spe-
cific numerology. However, despite the gain of flexibility,
such multi-numerology signals suffer from inter-numerology
interference (INI) due to the loss of orthogonality between
neighboring signals that do not share the same numerology.

The INI in OFDM-based multi-numerology systems has
been deeply analyzed in [4]-[6] and some solutions aiming
at mitigating or cancelling INI have been proposed in the
literature. The most common technique consists in inserting
a guard-band between sub-bands [7], to the cost of a loss of
spectral efficiency. To better improve the spectral efficiency,
it is suggested in [8] to insert data subcarriers within the
guard-band, the indices of which are chosen according to
a limited increase of INI. In [4], the authors consider the
windowed-OFDM scheme to mitigate the INI, and an iterative
algorithm at the receiver side to cancel most of the remaining
interference. Otherwise, the cancellation is carried out at the
transmitter side in [9], where a pre-equalization stage can
be applied since the transmitted data is known. In [5], [6],
the INI is reduced by using a common CP shared by several
OFDM symbols instead of the conventional per-symbol CP
insertion [3], in order to better align the OFDM symbols
among different numerologies. Alternatively, the authors of

[10] base their methods for INI reduction on the scheduling
of the different users sharing the sub-bands: power schedul-
ing or scheduling managed by machine learning algorithm.
However, all these methods are based on OFDM systems,
and only few papers mention other waveforms such filter-
bank multicarrier (FBMC) as solutions for multi-numerology
communications [2], but this waveform has not been held as
a solution in 5G NR.

More recently, new waveforms have been suggested as in-
teresting alternatives to OFDM and are serious candidates for
6G communications [11], such as orthogonal time frequency
space (OTFS) modulation [12], orthogonal chirp division
multiplexing (OCDM) [13], and affine function division mul-
tiplexing (AFDM) [14]-[16]. The advantages of these modu-
lation schemes lie in their inherent optimality (in term of de-
coding capability) against time and frequency selective chan-
nels [17], [18] whereas OFDM is only sub-optimal against
frequency selective channels, and they are also relevant in the
context of sensing and communications in 6G [11]. These
good properties are due to the fact that these modulations
spread the errors from the environment (multipath, Doppler,
interference) over the time and frequency grid. In addition,
OCDM has proven to be backward compatible with OFDM
[19], [20], since it can be seen as a chirp-precoded OFDM
involving simple (I)DFT-based (de)modulation. This latter
property offers the additional advantage to OCDM to be eas-
ily implemented and deployed in existing and future commu-
nications systems, whereas other modulation schemes such as
FBMC, OTFS, and AFDM require dedicated (de)modulation
processes which still limit their implementation.

In this paper, we suggest to apply the OCDM waveform
in the context of multi-numerology, based on the aforemen-
tioned reasons of robustness against errors and backward
compatibility with OFDM. To this end, we first present in
detail the OCDM-based multi-numerology transceiver built
from the generic DFT-based OCDM modulation in [19], [20],
and the resulting signals in both frequency and time domains.
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This is then extended to the case of filtered-OCDM using
the same filter as in [19], [21], which allows for a drastic
reduction of both INI and out-of-band emission, making the
composite signal compliant with spectrum scarcity use cases.
From this system model, we provide a theoretical analysis of
the INI from which we observe that the interference should
actually be spread over all subcarrier thanks to the chirps,
unlike OFDM where INI is concentrated on the edge sub-
carriers. This result is confirmed through simulations and
we show that (filtered-)OCDM largely outperforms (filtered-
)JOFDM in terms of bit error rate (BER) performance without
need of guard-band, demonstrating the relevance of (filtered-
)JOCDM in the context of multi-numerology systems. Thus,
the contributions of this paper are summarized as follows:

« We introduce the OCDM-based multi-numerology sys-
tem model, and we extend to the filtered-OCDM multi-
numerology, based on the DFT-precoded OCDM model,

o We analyze the INI inherent to the system, and we show
that the INI is spread over the whole subcarriers thanks
to the OCDM modulation scheme,

« We highlight through simulations that the OCDM out-
performs the OFDM in the context of multi-numerology.

The rest of this paper is organized as follows: Section II
presents the OCDM waveform, and Section III introduces
how it is applied in multi-numerology system. In Section IV,
the signal at receiver side is described, from which the INI are
analytically expressed. Section V is dedicated to simulations
results, and Section VI concludes this paper.

Il. OCDM System Model

This section presents the OCDM waveform, and how it can
be described as precoded OFDM, where the precoding step
consists in a DFT and a multiplication by a chirp. The
OCDM modulation scheme is an emerging waveform which
is based on Fresnel transform instead of Fourier transform
as in OFDM. Thus, the samples x, of the OCDM signal x,
when it is sampled at Nyquist rate, is defined as the inverse
discrete Fresnel transform of the symbols of constellation
{Co,C1,..,Cn—1} [13], where n = 0,1,..,N — 1 is the
time sample index and N is the number of subcarriers (in
OCDM the subcarriers refers to chirps instead of sinusoids
as in OFDM):

iz N—1 —jﬁ(n—k)Q .
xn@uzckx{e .,, 12 TfNeven' o
N eI (n=k+3)"  if N odd
It has been shown in [19], [20] that the OCDM signal x is
similar to a pre-coded OFDM signal where the precoding step
consists in a DFT of {Cy, C%’ ..; Cy—1}, followed by the mul-
tiplication by the chirp ¢/“%, where m = 0, 1, .., N — 1 is the
frequency domain index. This is illustrated in Fig. 1, where
one of the two branches should be considered for single-
numerology OCDM modulation (Fig. 1 is more general as
it considers multi-numerology). Thus, the samples X, in the
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frequency domain, i.e. after precoding and previous to IDFT
step, are given in Proposition 1.

Proposition 1. Foranym = 0,1, .., N —1, the samples X,, =
DFT (x,) are expressed as

X \/NNflc ej%(mz—ka)’ lfN even
m = 3795 X . .
N? kz:;) k R Am(1=20) it N odd

Proof: See Appendix A.
It results from (2) that the time samples x,, of the OCDM
signal in (1) can be rewritten as

N-1
el o
m=0

More general formulations of the OCDM modulation have
been suggested in [19], [20], to consider an OCDM signal
sampled at a frequency higher than Nyquist rate. In that case,
we introduce K < N as the number of useful subcarriers,
and Q the number of null subcarriers that are mapped at the
edges of the spectrum. Thus, we assume that N = K + 20
holds, where N is the IDFT size, and the same number Q null
subcarriers are considered at both edges of the spectrum. In
that case, the samples of the OCDM signal can be expressed
as

N—1 VK K—1

K . m-0?2 o k(m—0) -

Xy = oy —T kK Cre 9™~ | 2™V, (4)

KN ’
m=0 k=0

Xon

with «,, = 0 if the m-th subcarrier is null, and «,,, = 1
otherwise. In the following, we introduce a more general
model fitting the multi-numerology constraints. Moreover,
we limit to the case where N (resp. K) is even in order to
ease the notations, but all the developments remain valid in
the case where N (resp. K) is odd.

Ill. 0OCDM-Based Multi-numerology Signal

We consider a multi-numerology system composed of two
signals x™ and xS sharing the same frequency resource of
bandwidth B,,. The superscripts NS and WS refer to narrow
and wide subcarrier spacing, respectively. The corresponding
subcarrier spacing is defined as AYS = 2 and AP = B,
where N and M are the subcarriers numbers of the NS and
WS systems, respectively. Furthermore, according to the 5G
standard, we assume that the ratio R = % is a power of 2,
allowing for a time alignment of the signals. Fig. 1 shows
the block-diagram of the OCDM-based multi-numerology
transmitter, including the precoding step per branch such as
previously detailed, the addition of null subcarriers, the IDFT,
the cyclic prefix (CP) addition, and a possible filtering step
(referred to "Fil." within the dashed box). Then the multi-
numerology composite signal is created by the addition of 1
symbol x™ and R symbols x"5. The signals can be isolated
in frequency by the addition of a frequency guard band Ay,
which is assumed to be a multiple of A}*. Note that we limit
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to a model involving two numerologies, but such as empha-
sized in [6], the case where more than two numerologies are
transmitted can be straightforwardly tackled by considering
one pair of numerologies at a time. A detailed description
of the signals x™ and x" in both the frequency and time
domains, as well as the composite signal, is hereby provided.

A. FREQUENCY DOMAIN
According to the OCDM signal described in (2), the fre-
quency samples X5 of the NS signal are given by (5), where
Ky is the number of data subcarriers, Qy is the number of null
subcarriers at the edge of the band (we arbitrarily define it as
the bottom edge of the band). The remaining Py = N — Oy +
Ky zero subcarriers with indices Qy + Ky < m < N — 1
gather the possible frequency guard band, the subcarriers
dedicated to the WS signal, and the null subcarriers at the
upper edge of the band. The frequency samples XS of the
WS signal can in turn be expressed as in (6), where Ky is
the number of data subcarriers, and Qy gather the possible
frequency guard band, the subcarriers dedicated to NS signal,
and the null subcarriers at the bottom edge of the band. The
remaining value Py = M — (Qw + Kw) corresponds to
the zero subcarriers at the upper edge of the band. Fig. 2
illustrates the partition of the band in a time-frequency view
of the system model.

To further detail the relationship between the values de-
fined in both numerologies, it must be emphasized that the
following equalities hold:

Ay
Py =N —(Oy +Ky) = AN5+ R(M — Qw)
1
QW R(ANS +QN +KN) (7)
where AAN; is equal to the number of NS subcarriers in the the

guard band. It must be noticed that, by construction, % +
f
Oy + Ky is a multiple of R.

B. TIME DOMAIN
According to (3) and (4), the time-domain samples of the NS
and WS signals after IFFT blocks are given by:

N—-1

’Zl\/S ZXNS 2]7r”’” (8)
m=0
where 0 <n <N — 1, and
M—1
A = 37 xS ©)
m’'=0

where 0 < n’ < M — 1. We define Nc¢p the size of the CP
for the NS signal. After the CP addition, the sample index n
varies within 0 < n < N + N¢p — 1, and then x5 becomes:

N—-1
ZXNS 2jm % ((n—Ncp) mod N) (10)
m=0

NS cP __
Xn

Similarly to the case NS, we define M¢p the size of the CP for
the WS 51gna1 such that we have 3= = R. Then, for any r =
0,1,..,R — 1, the samples x, ,S ,CP of the r-th symbol among
the R concatenated WS OCDM symbols, can be expressed as

M-1

WS,CP _ e (n —

wr = Y XS i (i en) med )
m’=0

where 0 < n’ < M + Mcp — 1. Note that xV5:F and xV5:CP
are sampled at the same rate but x5-7 is R times longer than
xV5:CP (in number of samples). In order for x5:¢F and xV5-CP
to share the same sample index basis, we setn = n’ + r(M +
Mcp), then the samples x,'7>" can be rewritten as in (12).

Finally, the composite signal samples, denoted by xPon=
0,1,..,N +Ncp — 1, consists in the sum of x'*:F in (10) and
the R symbols xS cr (12), which yields:

R—1
XCP = NS.CP 7ZXWS CP (13)
\i,_/

ws,cp
Xn

where we define x"S:¢P

as the signal gathering the R con-
catenated symbols xV5:Pand v is a real coefficient that
allows to possibly adjust the power of x"5:¢¥ compared to
that of x™5:¢P_ Tt is worth noticing that the generation of the
composite signal in (13) is an irreversible operation, in the
sense that it is impossible at the receiver side to perfectly
recover the samples x> (resp. x,">*") without interference
from x)"$F (resp. x)*F). The main reason leading to this
loss of orthogonality is the difference between the lengths
of the reception windows: N for the signal x™ therefore
catching the R symbols x*5-? (including the CPs), M for x'*
therefore only partially catching samples of x¥:F. Such as
aforementioned, the solution called common CP proposed in
[51, [6] for OFDM multi-numerology system allows to reduce
the INI, but we do not focus on it in this paper (however
note that it could be straightforwardly adapted from OFDM
to OCDM). We rather take advantage of the inherent robust-
ness of OCDM against interference to show the relevance
of OCDM to be used in multi-numerology communications
systems. Furthermore, we also investigate the effect of a fil-
tering stage (highlighted by the block "Fil." in Fig. 1), which
constrains the shape of the signal spectrum therefore limiting
the out-of-band emission, and in turn the INI. The design
of the considered filters is hereby described, in order to fit
the features of the NS and WS components of the composite
signal.

C. FILTERED OCDM

The principle of filtered OCDM is to add a given filter at both
transmitter and receiver sides to better shape the spectrum
with respect to low out-of-band emission constraints. In this
paper, we consider a very similar filter as in [19], [21], as it is
compliant with 3GPP proposition [21]. However, we cannot
directly apply the low-pass filter as in [19], since none of
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P/S CP 1 symb. Fil.

00—
. QNI 0>
cr — ] e S S—
DFT . [IDFT]| .
Ky P/S —’(%F’ S/P N L
Coi— | — X1 —
00—
Pyl i
el
00—
Quw|
- Lol
cy — (- et .
DFT . [IDFT]| .
Kuy P/S S/P im L
Cind - X
00—
Pw
00—

—]

P/S CP R symb. Fil.

FIGURE 1. OCDM-based multi-numerology at transmitter: the top (resp. bottom) branch corresponds to the NS (resp. WS).

0, 0<m<Qy-1
XNS _ < K(;/NF o1 s, o (m QN) (5)
mn \/[TNN kOC , Ov<m<QOy+Ky-—1°
0, Ov+Ky<m<N-1
07 0< m’ < QW -1
s _ ) peiien® s 2 Al , (6)
m T JRuM  2-k=0 Cy K Ow <m < Qw+Kw—1"
Oa QW+KW§m/SM*1
WS,CP S o X5 .e 2jm i (n—Mcp—r(M+Mcp))  mod M) i r(M + Mcp) <n < (r+1)(M + Mcp) — 1 (12)
xn,r ’ =
0, else
the NS and WS components of the multi-numerology OCDM % N
signal is strictly baseband, i.e. centered according to the null =0y + N —, (15)
frequency. Thus, two band-pass filters denoted g5 and g"s 2 2
must be created to match the frequency offsets inherent to x™S and
and x"5. Thus, according to [19], [21], the two filters can be s Kvw. N
generally defined as 6" = R(Qw + 7) DX (16)

[
PuWn

PRI AT

where the superscript i refers to NS or WS, 6 and N’ are the
corresponding frequency offset and length of the signal, and

—L%J <n< L - |, with L‘ the length of the filter. It must
be noted that, accordmg to Flg 1, we apply the filter g5 to
the whole signal x"5:¢? (i.e. not to each of the R symbols
xV5:€P). As a consequence, N' = N holds for any i, and then
the frequency offsets are given by:

g; — erﬂ'[%n (14)

)
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where the term % in (15) and (16) highlights the fact that the
null frequency (DC carrier) corresponds to the center of the
band, namely the (% + 1)-th subcarrier. The general filter g’
in (14) is composed of a sinc function p’ and a generalized
low-pass filter w'. The samples p! are given by:

p= sinc( .n),

where K™V = Ky (reps. K5 = R.Ky) in the case of the NS
signal (resp. WS signal), and &/, is the so-called tone offset,

K+ 25,

= a7)

5
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NCP N+NCP
t
Kyl REP e R, NS
e T T =-T
Bw| A ! :
e r=0 —= ~— r=R-1 —
SN <N
SN SN
< N N N
Kw o N N oS - N WS
LN LN
NS = NN
/ - N S S S
Mcp M+Mcp

FIGURE 2. Time-frequency representation of 0CDM-based multi-numerology.

which ensures that the resulting filter has a flat passband over
the entire signal bandwidth. The samples w' are given by:

wh = <0.5<1 + cos(L?ﬁ_n1>>>O.6.
!

Different examples of filter shape are provided in [21] ac-
cording the length of the filter and the DFT size. As a rule of
thumb, the longer the filter, the lower the out-of-band emis-
sion, to the cost of an increase of the complexity. Finally, the
composite signal composed of two filtered signals, denoted
by x¢P/, can be expressed as

(18)

xCPf _ (g,NS *XNS’CP) + (gWS *_XWS’CP)’ (19)

where (. * .) is the convolution. Note that (19) is a general
expression, but filtering can be applied to both signals or
only one. The effect of the filter will be numerically shown
in Section V.

IV. Inter-Numerology Interference

This section aims at describing the receiver adapted to the
multi-numerology OCDM communication scheme, as well as
to evaluate the per-subcarrier INI.

A. OCDM-BASED MULTI-NUMEROLOGY RECEIVER

Similarly to the transmitter, the OCDM-based multi-
numerology receiver consists in a two-branch (or more than
2 branches) processing including, in each branch, the CP
removal, the DFT (of size M for WS or N for NS), the null
subcarrier removal, the multiplication by the conjugate chirp
e ™% wherem = 0,1,..,K; — 1 and K; = Ky or K; = Ky,
and a IDFT of size K;. Fig. 3 illustrates one branch (NS or
WS) of the OCDM-based multi-numerology receiver. Note
that these processes are applied to the R symbols in case of

6

WS. Possibly, the filter described in (14) is added previously
to the CP removal.

We denote by y™ and y" the received signals after CP
removal in NS and WS reception branches, respectively. Ig-
noring the additive Gaussian noise, the samples y\°, with
0 <n <N — 1, can be expressed as

S __ NS WS,
le:] *xn +yn

R—1
=05+ i, (20)
r=0

where y)'5:!

samples y

is the interfering signal from WS to NS, and the
WSl are defined as in (21).

Similarly, the samples y/** can be expressed as

R-1
= (22)
r=0

where x,XVf are the samples of the r-th WS symbol after CP
removal, given by

ij’_:t Xn‘ZSrerﬂ%(ner)’
ifrM <n<(r+1)M-1

n,r ’

0,

(23)
else

and y)S" are the samples of the interfering signal from NS to
the r-th symbol of WS. We can reasonably suppose that the
size of the WS symbols is larger than the length of the NS CP,
namely M + Mcp > Ncp, then y)3./ yields
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X< —
2 X;_
— e | =
L S/P @ P/S g S/P | cp! LorR Fil from RF
) <t l<— et . e———
= Z = symb.
- fe—o S )
X
X< -
FIGURE 3. One branch of the 0CDM-based multi-numerology receiver.
STML XS e2im i (rNer=Mer) £ 0 < < M + Mcp — Nep — Land r = 0
M 1 WS e2mhr " ((n+Nep—Mep—r(M+Mcp))  mod M)
_o X, edTm
lfr(M +Mcp) ~Nep<n<(r+1)(M+Mcp) —Ncp—land r > 0
0, else
1— e2j7TD,-x
ZN;é Xrlr\l/Serﬂ%((n+McP—Ncp) mod N)’ asincp, (x) = m, (28)
fo<n<M-—landr =0 .
with
yrleid _ 22;3 X"1\1/S62j7r}vﬂ(n+(r+1)MCp—NCp), . (24)
ifrM <n<(r+1)M—1landr >0 . M +Mcp — Nep,  ifr =0 09)
0, else "\ M+ Mep, ifl<r<R-1
B. PER SUBCARRIER INI and
1) From WS to NS 0 i 0
if r =
Similarly to the work carried out in [6] for OFDM-based = ’ . (30)
multi-numerology waveform, we can assess the per subcar- r(M +Mcp) —Ncp, if1<r<R-1

rier INI from WS to NS in OCDM, denoted x5 for any
k' =0,1,..,Ky — 1. It can be generally expressed from y/'S+/
in (20) as in (25), where A highlights the DFT of size N, and
B the multiplication by the conjugate chirp and the IDFT of
size Ky. The indices p’ refers to the frequency index (at the
output of the DFT).

After some developments that are provided in Appendix B,
X073 can be rewritten as:

Xi = E X (26)
where
ws _ e v —2imovly ] WS 2 (Nep—Mes)
— § : § jm 37 (Nep—
Xirr Xm,re i1 Nep—Mcp
p'=0 m=0
/ o2
. m p+0n, _ 9 i
X asmcD,_(M Y ——)e I e i Ry KN e~ ¥l (27)

where asincp, is the so-called aliased sinc function defined
for any x € R as

VOLUME 11, 2023

Although it seems difficult to interpret (26) and (27) directly,
an analysis will be provided hereafter.

2) From NS to WS

We denote by X7 the per subcarrier INI from NS to the r-th
..Ky—landr =0,1,..,R—1.

WS symbol forany k’ = 0,1,

From the expression of y)./ in (24), and according to the de-
velopments carried out in Appendix C, Xk’ can be expressed
as in (31), where we define 1/} for the purpose of further
analysis.

Such as previously mentioned for (26)-(27), it may be
difficult to directly analyze (31). However, it can be noticed
that, for Ky sufficiently large (at least Ky > 10, which is
a reasonable assumption), and assuming that the symbols of
constellation Cj are independent and identically distributed
with E{CM} = 0, then by the central limit theorem we
obtain that XS are zero-mean complex Gaussian variables
with variance denoted by o2. By supposing for clarity purpose
that the constellation is normalized, i.e. E{|CN5|?} = 1, o2
can be expressed from (5) and forany Oy < m < Oy +Ky—1
as
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A
W = QNgfll Z st _zjﬁﬂnl i %eyﬂf’(ﬁﬁm’ 05)
=0
P N .
Xivir _ 71(&:11\/2:1)(1\/5 2jm 2 ((r+1)Mcp— NCP)aSinCM(% _ lﬁlﬂ)e—jw%emn%’ G1)
p'=0 m=0
v,

a7 =E{|X,"*}
=

NS |2

K N2 Z E{|C

1
W .

Thus, the samples X,Q'S can be interpreted as WGN. Besides,
under the assumption of independence of the samples, then
WS . can in turn be considered as acomplex Gaussian variable

w1th mean i,y and variance (T ,. Since X)\° are zero-mean, it
is trivial that

(32)

= E{y)5} =0. (33)

Furthermore, by applying Euler’s identity, we find that O'[?/ is
given by:

o2 =E{j¢¥5]%}

S gy S = )
. sin(r (3 — T
1 QNJFZKS 1s,ln(TrM(% p,LQW))Q (34)
N2 g, sin(m(F - 2 ';,QW))Q

It must be emphasized that this result matches those obtained
in [6] for OFDM systems. Thus, wWS can be considered as a
colored noise. Then, applying an IDFT to this colored noise
should spread the difference of power roughly equally over
all the subcarriers. This remark will be verified numerically
through simulations. Furthermore, very similar developments
can be applied to INI from WS to NS. Therefore, the very
same conclusion can be drawn for INI from WS to NS in
OCDM-based multi-numerology systems.

V. Simulations Results

Simulations results aim at showing the performance of
OCDM applied to multi-numerology system compared with
OFDM signal, according to different metrics including:
the per-subcarrier signal to INI ratio (SIR), the error vec-
tor magnitude (EVM), and the BER. All the figures have
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been obtained using matlab, considering an OCDM multi-
numerology signal with two subcarrier spacing A}VS =15
kHz, AWS = 30 kHz, namely R 2. Moreover, the CP
length has been set to Ncp = N and Mcp = %M ,a
quadrature phase shift keying (QPSK) or a 16-quadrature
amplitude modulation (QAM) constellation is considered,
and both numerology signals share the same constellation
size. All the results have been averaged over at least 10*
simulations runs.

A first series of simulations shows the power spectrum of
the OCDM composite signals x¥ (13) without filtering and
x€P4 (19) with filtering versus the normalized frequency in
Fig. 4 . They have been obtained using Ky = 2Ky = 256,
and L} = L} = 513. A guard-band of A; = 450 kHz
between NS and WS signals corresponds to 10 subcarriers
of each signal. It can be observed that the side lobes power is
reduced by about 120 dB in presence of the filter compared to
the case without filter, and the guard-band emission is reduced
as well. Thus, the addition of the filter can actually reduce the
out-of-band emission such as expected, which is relevant in a
context of spectrum scarcity or cognitive radio for instance.
Besides, it should allow for a reduced INI, such as illustrated
afterward. It must be noted that the very same spectrum can
be obtained by considering OFDM instead of OCDM, but this
is not shown in order not to overburden the figure.

Fig. 5 shows the SIR (dB) versus the subcarrier index
(w.r.t. to NS) for non filtered and filtered OCDM composite
signal and compared with OFDM. We recall that the SIR
corresponds to the ratio between E{|Cy|?} and E{|x«|?}. The
configuration is the same as previously, except that we set
Ay = 0 Hz, and we use a QPSK constellation. The term NS
(resp. WS) in the legend refers to the considered subcarriers:
NS (resp. WS) indicates that WS (resp. NS) signal interferes
over NS (resp. WS) subcarriers. In order to fairly compare the
INI over both NS and WS signals, we set v = %

It should be first noticed in Fig. 5 that the results regarding
the OFDM composite signal are very similar to those obtained
in [4], [5], which validates the simulations setup. Thus, the
SIR degrades for edge subcarriers, i.e. those that are close to
the other numerology (down to 0 dB for the non-filtered NS-
OFDM), and the SIR at the WS subcarriers side is higher than
NS subcarriers side. Furthermore, the filtering stage allows
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FIGURE 5. SIR (dB) versus subcarrier index (w.r.t to NS) for non filtered
and filtered 0CDM and OFDM. NS (resp. WS) indicates that WS (resp. NS)
signal interferes over NS (resp. WS) subcarriers.

to largely increase the SIR except in this central area where
it remains lower than 20 dB. In contrast, the SIR of the
OCDM composite signal is more equally distributed over all
subcarriers: the SIR for the non-filtered OCDM (NS as well
as WS) slightly fluctuates between 18 and 28 dB, even in the
area where the subcarriers of one numerology are close to the
other numerology. This result confirms the analysis suggested
below (34). In addition, this result also holds when filtering
is added to the multi-numerology system. In that case, the
SIR performance is improved by 5 to 10 dB over the whole
subcarrier indices range.

Although results presented in Fig. 5 are interesting as it
highlights the degradation due to the INI on subcarriers, the
SIR does not take into account all the distortions affecting the
signals, nor the overall system performance. For this reason,
Fig. 6 shows the EVM (in %) versus subcarrier index (w.r.t
to NS) for non filtered and filtered OFDM in Fig. 6-(a) and
OCDM in Fig. 6-(b). The same simulation parameters as
previously are considered. It should be first noticed that the
EVM spans from 2% to 89% in OFDM-NS (from 2% to 35%
in OFDM-WS) whereas it only spans from 2% to 11% in
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FIGURE 6. EVM (%) versus subcarrier index (w.r.t to NS) for non filtered
and filtered OFDM (a) and OCDM (b).

OCDM (irrespective of NS or WS). It confirms that the INI
is spread over all subcarriers in OCDM, whereas it mainly
concentrates near the center subcarriers in OFDM. Moreover,
the filtered OFDM and OCDM signals outperform the non-
filtered signals in general. However, we can observe in Fig.
6-(a) (OFDM) that the filtering also increases the EVM on
the edges of the spectrum, mainly due to a phase rotation
induced by the filter, which is not highlighted in the SIR in
Fig. 5 since SIR is independent of the phase. In contrast, this
additional distortion is concealed in OCDM since once again,
it is spread over all subcarriers, therefore limiting EVM to low
value (< 12%).

To evaluate the overall system performance, Fig. 7 shows
the BER versus the SNR (from -4 to 18 dB) of non filtered
and filtered OCDM and OFDM, keeping the same param-
eters as previously, except that C; are taken from a 16-
QAM constellation. Note that we consider the overall BER
including both NS and WS signals. Moreover, we also plot
the case "No INI" as the lowest achievable bound of BER
performance, which has been obtained by considering only
one numerology (in the present case NS). We can observe
on Fig. 7 that OCDM largely outperforms OFDM as OFDM
reaches a lower bound of about BER=0.001 whereas OCDM
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FIGURE 7. BER versus SNR (dB) for non filtered and filtered OCDM and
OFDM.

does not in the considered SNR range. This is due, once again,
to the inherent capability of OCDM to spread the errors due
to INI (and filtering) equally over all subcarriers. In addition,
we observe that filtered OFDM achieves better performance
than non-filtered OFDM mainly in low SNR range, due to
the effect of low-pass filter that reduces the noise besides the
INI. However, filtered OFDM reaches the same lower bound
as non-filtered OFDM, mainly due to the distortions induced
by the filter, such as observed in Fig. 6-(a). In contrast, filtered
OCDM outperforms non-filtered OCDM for any SNR value,
and achieves only a 2dB loss compared with the case "No
INI". To improve the performance of OFDM-based multi-
numerology system, it should be then mandatory to apply
a guard-band between NS and WS, to the cost of a loss of
spectral efficiency. Unlike OFDM, (filtered)-OCDM is robust
against the INI and the distortion due to the filtering without
the need for a guard-band, and is then a good candidate for
multi-numerology communication scheme, and in particular
in case of spectrum scarcity such as shown in Fig. 4.

VI. Conclusion

In this paper, we have introduced a multi-numerology system
based on the OCDM modulation scheme for possible appli-
cation to future 6G communications. The OCDM signal has
first been presented, and we detailed how it can be adapted to
multi-numerology. In addition, the filtered-OCDM signal can
also be used in such a flexible system, allowing for a reduction
of both INI and out-of-band emission, therefore making the
overall system compliant with spectrum scarcity use cases
while keeping flexibility of multi-numerology. Then, the ex-
pression of the INI is analytically derived from the expression
of the received signal with interference. Simulations results
confirm the observation that the INI is spread over all sub-
carriers roughly equally in OCDM, while it is concentrated
on the edge subcarriers in OFDM. It results that the BER
performance of the (filtered-)OCDM is greatly better than
that of the (filtered-)OFDM without need for a guard-band.
We then conclude that OCDM is also a promising waveform
that proves its relevance in the context of flexible multi-
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numerology systems. The future works should include the
adaptation of some OFDM-based techniques to OCDM to
further reduce the INI and improve the performance. Other-
wise, it would be interesting to analyze in what extent it would
possible to adapt other waveforms such as OTFS or AFDM
to multi-numerology systems.

APPENDIX A
Proof of (2)
The case where N is even has been investigated in [20], and is
hereby detailed. Thus, for any m € {0,1,..,N — 1} we have:
=t
AT Xn€ v
N n=0
ﬂ' N—1N-1
Sl DT
n=0 k=0
@j% N—1
Y e Y ey
k=0 n=0

where we can recognize a generalized Gauss sum in the
second sum indexed with n. Then, by noticing that N # 0
and —N + 2(k — m) is even, we can apply Theorem 1.2.2 in
[22] to obtain:

N—-1 0
Z ej%(fn2+2n(k7m)) :\/Ne/'ﬂ'% Zejw(Nn2+2(k7m)n)

n=0 n=0

—V/Ne % 7 (k=m)” (36)

Finally, substituting (36) into (35) leads to:

N-1
Xn = g > e, 37
k=0

such as given in (2).
In the case where N is odd, X,, can be developed as:

7\' N—1N-1
L S
n=0 k=0
e‘]z*j4N 2 — ™ 2
Z Ckeij(k —k) Ze]ﬁ(fn +n(2(k7m)71)).
n=0

(38)

Once again, we can use Theorem 1.2.2 in [22] by noticing
that N # 0 and —N + 2(k — m) — 1 is even (since N is odd),
leading to:

N—1
Z o7 (= n(2(k—m)+1)) _ \/ﬁe*jﬂiwwk&m)_l)z . (39)

n=0

Then, by substituting (39) into (38), we obtain
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Xn =

i N—-1
V/Neis—iiv w2 L N—(2(k—m)—1)2
2 E Ckeijﬁ(k 7k)67J7T aN
N
k=0

N ZCke Bl m(1—20), (40)

such as given in the case N odd in (2), which concludes the
proof.

APPENDIX B
Proof of (26) and (27)

We first develop the expression of A in (25) by splitting the
sum into R shorter sums:

1 \AWS —2}7r""
PP
N n=0 r=0
R-1 4 N-
—2jr
=25 Zﬂ“ @n
r=0

ol

where ¢} is defined for clarity purpose, and y,'*"' is given

in (21). Then, for r = 0, and by using the sum of terms of a
geometric series, we obtain:

Do—1
ws _ 1 WS, —2jxt
»,0 _N n,0 e
n=0
Do 1M—-1
- § § XW%erTr%(n—‘rNCp—Mgp)e—Qjﬂ'%
m7
n=0 m=0
1 M— Dp—1
:N § X,:;V% 2]71' Ncp Mcp) E 62_]71'71(/” %
m=0 n=0

1— EQJﬂDo(%—%)

:% Z XS g2y (Ver—Mer) 42)

asincp, (4 — %)

For any other 1 < r < R — 1, the development is carried out
by setting n’ = n — I', where I, is defined in (30) and by
using the cychc property of the CP to s1mphfy 5 as follows:
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1 (r+1)(M4+Mcp)—Ncp—1 M —1
WS

_ ws
p,r _N Z Z Xm7r (43)
n*r(M+MCp)7NCp m=0
2jm 4 ((n+Ncp—Mcp—r(M+Mcp))  mod M) —2jm

X e
1 Demim—1
- E 2 Xn‘leferﬂﬁ((nlchp)) mod M)672j771’\,l(n'+F,-)
N )
n’=0 m=0
,Qjﬂ-l’L D,—1M-1 ,
_¢ v X WS p2im fi (n' —Mep) ,—2im
- N m,re e
n’=0 m=0
—2jmir M1
_¢ X WS p—2im Mep eQ]Trl’l (n—2
N E m,r E
m=0
it M . 2, (5~ )
_6 XWS —9jr MCP 1—e 44
- m,r ojm(m Ly * ( )
N 1—e¥v™\u—nwn
asincp, (7 — &

Then, forany0<r <R-1, 0<k’<KN—1,andby

setting p’ = p — Oy, we obtain x}'°_ as follows:
On+Ky—1 2
. (p—0n) _9j *
Xl?{?r = § : Xfe Ry e Uy (=)
P=0n

Ky—1 R

— —/7" 4T
§ : hoyre e TR (45)

which leads to (27), and substituting A (41) with (42)-(44)
into (25) and after straightforward rearrangements, we obtain
(26), which concludes the proof.

APPENDIX C
Proof of (31)

Similarly to the developments carried out in Appendix B, we
first express 1/1 for Oy < p < Ow + Ky — 1 and for any
r=0,1,..,.R— 1 as the DFT of y}5-/ in (24):

| Ml
=— ) NS e
M B
n=0

1 N—-1 M—1
= 3 XM ) § )
m=0 n=0

asincy (5 — &

(46)

Then, by setting p’ = p — Qw, the multiplication by the
conjugate chirp and the IDFT leads to:
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Qwiky =t r—0y)* i/
— L EW) g k(o
XkaS,r _ Z ere ™Ry IRy (P QW)
p=0w
Ky—1N-—-1

_1 Z ZX;VSe2j7r;\,ﬂ((r+1)Mcp7Ncp)
M p'=0 m=0
/ L2 ) 11
N D+ Ow )e—j'rrf(—weQJWkK—;7 (47)

X asinc (m
i -
N M

which concludes the proof.
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