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A gradient descent algorithm built on approximate
discrete gradients

Alessio Moreschini!, Mattia Mattioni2, Salvatore Monaco?, and Dorothée Normand—Cyrot3

Abstract—We propose an optimization method obtained by the
approximation of a novel discretization approach for gradient
dynamics recently proposed by the authors. It is shown that the
proposed algorithm ensures convergence for all amplitudes of the
step size, contrarily to classical implementations.

Index Terms—Optimization; Nonlinear Systems; Modeling,
Simulation and CAD Tools.

I. INTRODUCTION

Over past years many researchers have been inspired by
digital-based modeling to solve intelligent tasks through ma-
chines, computers, and microprocessors, such as noise can-
cellation, image reconstruction, financial forecasting, iterative
learning [[1]]-[3[]. Those problems are generally formulated
in terms of optimization of a certain objective function to
be minimized in a digital (discrete) environment. Recent
developments and achievements in this optimization direction
have brought to a substantial number methods intended to
achieve a satisfactory solution.

The Gradient descent (GD) method is by far the most known
optimization algorithm and used for convex optimization in
many research areas. It is a relatively simple iterative method
which exploit the gradient of the objective function to de-
termine the suitable direction of searching of its minimum.
More precisely, given an objective function, the search for an
isolated minimum relies upon the definition of a dynamics,
the so-called gradient dynamics, possessing an asymptotically
stable equilibrium at the local extremum of the objective
function. In practice, such dynamics are implemented digitally
via a discrete-time algorithm. In its standard implementation,
the search for an isolated minimum consists of an iterative
procedure computing the sampled evolution of the gradient
dynamics over time intervals of amplitude §. In this setting,
the GD provides the search direction for the next point with
the step size § determining how far we go in that particular
direction. In this formulation, as also the intuition suggests,
convergence is ensured when the step size (that is the fre-
quency of the update) is chosen small enough [4], [5].
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Another well-known optimization algorithm is the Newton
method. The idea behind the Newton method is that to find
the isolated minimum of a given objective function, we ap-
proximate the objective function as a second-order truncation
of its Taylor series, and then compute the minimum of that
extension, which means taking its first derivative and setting
it equal to zero, [|6], [7]. The result of this procedure would be
an update rule which iteratively tends to converge towards the
isolated minimum of the objective function. However, a known
drawback of the Newton method is that it includes the inverse
of the Hessian of the objective function, which might lead to
instability as the Hessian tends to zero. Accordingly, several
modifications have been proposed with respect to its standard
formulation depending on the specific context to cope with
the arising criticalities, such as Gauss-Newton (see [8, Eq. 8])
and Regularized Newton (see [9, Eq. 31]). Yet, to the best
of the Authors’ knowledge, no solution ensuring convergence
independently of the step size is available in the literature.
Moreover, such a requirement is essential in several contexts
such as deep learning [10], iterative learning control [[11f], [[12]],
inverse map [[13]], observer design [14], and barrier functions
[15], where the amplitude of the step size cannot be apriori
fixed.

This work is inspired by the recent contribution of the
authors [16], [[17] where an exact sampled-data equivalent
model to a gradient dynamics has been computed. It results
that the discrete-time dynamics is implicitly defined via the
discrete-gradient function [18[]-[20]. Since such a dynamics
represents exactly the dynamics of the gradient at the sampling
instants (corresponding to the step size), one can naturally
raise the question: is it possible to define an optimization
algorithm based on a suitably computed approximation of the
discrete equivalent dynamics? It is shown that, for a class of
objective functions, the approximation of the discrete gradient
at the first order provides a modified algorithm ensuring
convergence independently on the step-size. The update rule
is now realized by moving along a modified direction which
inversely depends on the Hessian of the involved function.
Several examples illustrate the benefits of the proposed method
with respect to several choices of the step-size with respect to
the number of steps required for converging.

The paper is organized as follows. In Section [[I} we present
the problem statement and the necessary background. In
Section we state the main result proposing a new opti-
mization algorithm based on the approximation of the discrete
equivalent dynamics. In Section the result is applied by



means of two training examples. Finally, Section [V] concludes
the paper.

Notation: Throughout the paper all functions and vector
fields are assumed smooth and complete over the respective
definition spaces. R and N denote, respectively, the set of real
and natural numbers including 0. For any vector v € R™, v
defines the transpose of v. Given a real-valued differentiable
function S(-) : R™ — R, V.5(+) represents its vector gradient
function when V denotes the R™ vector of partial derivatives
as V25(-) represents its Hessian matrix.

II. RECALLS AND PROBLEM STATEMENT

In this paper we focus on the unconstrained optimization
problem concerning the minimum seeking of the objective
function S(-) : R™ — R, that is

min S(z). 1

TER"™ ( ) ( )
We assume the optimization problem with a non-empty solu-
tion set X, defined as

X, ={z € R" | VS(x) =0 and VZS(x) = 0},

containing all (local) minima of the objective function S(x). In
the following, we will say the optimization problem is locally
solved if we compute x, € X, from an initial condition xy =
2(0) € R™ contained in a neighborhood of z,, say

20 € Be(zy) = {z € R" | ||z — || <€, for e > 0}.

The objective function is assumed to be ¢-smooth [1]], i.e.
l
S(y) < S(x) + V' S(z)(y — =) + Jlly = | @)

for all x,y € R™ and ¢ > 0. For twice-differentiable objective
functions, the condition yields a boundary condition upon
the Hessian matrix, that is

V2S(x) = 4, 3)

which is typically a reasonable assumption in many optimiza-
tion problems, see [7]], [21], [22].

One popular and consolidated approach solving is the
gradient descent (GD) method [21[]-[23]. The GD algorithm
finds a local minimum x, starting from an initial guess
by iteratively proceeding along the negative gradient of the
objective function. In particular, for a given initial guess
2o = 2(0) € R™, the GD aims at iteratively updating the point
xr = x(k), for k € N, using information upon the steepest
descent of the objective function, i.e.

Tht1 = T — (5VS((L’]€) (4)

where § > 0 denotes the step-size, or learning rate as known
in the machine learning context. Methods of the form
are first-order optimization method and their strength is the
low computational complexity. However, their convergence is
ensured only for § sufficiently small. As a matter of fact, the
method @) leads to instabilities of the algorithm for large
choices of the step size [4], [5], and thus generally one needs
additional conditions to regulate the step-size, [24]], [25].

Other popular algorithms for solving (I)) are second-order
optimization methods, usually known as Newton’s methods,
[8], [91, [26], [27]]. These are methods which attempt to solve
(I) by constructing an algorithm upon a sequence of second-
order Taylor approximations of the objective function around
the iterates, [26]]. In the sequel we present the most known
methods.

The first most known method is the Standard Newton (SN),
which is given by the following (see e.g. [9, Eq. 29] and [27}
Eq. 2])

Tp1 = o — 0(V2S(2x)) IV S (k). Q)

Although this method is generally very fast and improves
the seeking of the minimum by means of the information upon
the curvature of the objective function, its main drawback is
that the minimum seeking becomes inefficient in the proximity
to x, due to the inverse of the Hessian. To overcome this inef-
ficiency, numerous modifications have been proposed, where
the most common are: the Gauss-Newton (GN) method (see
[8l Eq. 81)

Trir = o — 0 (u+ [[VS(@)|P) " VS(zr), (6

involving a freely tunable parameter u, and the Regularized
Newton (RN) method (see [9, Eq. 31])

tiy1 = ak — 0 (|[VS (@) ||+ V2S(21)) ' VS(ax). (D)

All the aforementioned methods suffers from the choice
of the step-size parameter, and additional pre-computation
conditions must be verified, [24], [25].

On the basis of the foregoing considerations and invoking
differential arguments, one can see that for initial conditions
sufficiently close to z, the evolutions described by the follow-
ing equation

= —pVS(x), p>0. (8)

locally converge toward z, with a decay rate modulated by the
choice of p, and with the variation of the objective described
by

S(x) = —pl|VS(2)|]” < 0. 9

This variation of the objective function, along the direction
governed by (B), can be represented through the discrete
gradient function 18], that is a vector-valued function VS|V :
R™ x R™ — R™ which satisfies

S(y) = S(z) = (y — ) VS,
for all z,y € R with VS|¢ = VS(z).

Now the question is, how to deduce from the gradient
dynamics an iterative procedure that computes y from
z ensuring decreasing along the objective function towards
x. while preserving the discrete gradient constraint (I0)? To
solve this problem, it comes to our aid the result recently

proposed by the authors in [|16]], [[17] where the problem of the
characterization of a discrete-time model [[19] describing the

(10)



sampled evolution of a gradient dynamics has been addressed.
The result is formally restated below.

Theorem 2.1 ( [16|]]): Given the differential gradient dy-
namics (8), then for all § €]0, T, its sampled-data equivalent
dynamics admits the implicit representation

Tyl — T = Fé(fk) = —5I§(xk)vS|§:“ (1

with 21 = 2((k+1)9), 2 = 2(kd), and non-singular square
matrix

I (x) = pM° (x)(I — 6pQ°(x)) ", (12)

where

5
M°(z) = %/0 J[e=PV3z]ds,

Q% (x) = (/Ols/olJ[VS] (z + T(sFé(x)))des)M‘s(x).

The proposed discrete dynamics (TT)), that is implicitly de-
fined due to the discrete gradient function, match the variation
of the function S(-) at the sampling instants, i.e.

S(@pi1)—=S(ag) = =6V S[ZET (2)) VS| < 0. (13)

As a matter of fact, the abovementioned result would
suggest to exploit as an iterative procedure to solve
the optimization problem (I). However, since only power
series expansion of this dynamics can be computed (see [16],
[17]), the crucial question is whether we can use satisfactory
approximations of the dynamics (1) to solve the optimization
problem ().

In this paper we propose an iterative procedure obtained by
performing suitable approximations of the implicit dynamics
(I1). The resulting algorithm is explicitly defined, and for
objective functions satisfying the ¢-smooth condition with
¢ > 0, converges towards x, for all finite fixed step-size. In
addition, if also the Polyak-t.ojasiewicz (PL) condition [22] is
satisfied, i.e. for 0 < A <1

ISP > S (8@~ S@), a4

2N
we show that the proposed method arises with a linear con-
vergence rate.

III. MAIN RESULT

The proposed iteration method is presented in the following
statement.

Theorem 3.1: Consider the problem (I) with non-empty
solution set X, and assume S(-) : R — R to be ¢-smooth and
twice-differentiable. Then, for all xg € B.(z.), the one-step
numerical procedure

-1
Thp1 =T — O <I + gVQS(xk)> VS(zg), (15)

locally solves the optimization problem (T)).

Proof: The procedure ([3) is obtained approximating 7°(z)
and VS|z¢™" into the right-hand side of (TI). In particular,
from [16]] one has

62
I(x) =1 = 5 V*S(@)V*S(x) + O(")

_ 1
V5|§Z’,§“=V5(xk)+§v25($k)(»T/c+1—wk)%’)(llxkﬂ—l‘k||2),
and, substituting them into (1)), one gets

1
Tht1— T = —5(VS($k)+§V2S(xk)($k+1 - l‘k))+0(53).

By truncating the above implicit equation in O(§%), one
obtains the explicit representation (I5) because

)
T+l = Tk — (SVS(.%‘k)—§V2S(xk)(IEk+1 - Z‘k)
1

) (I + gsz(xk)> VS(z).

Then, S(x) has a local minimum z, € X, and thus its
derivative vanishes at x,, i.e VS(z,) = 0, and this implies
that x, is an equilibrium of (15) since x, is also contained in
the set

{x € R™ | (1+ gVZS(x)>_1VS(x) = 0} .

Then, substituting the approximate model (15) into the ¢-
smooth condition (2), one gets the variation inequality

12
S(rg1)—S(xk) <V S (k) (Thp1 —z) 45l (zr —a)|?

-1
= 0V S(xp) <I + ngS(m)> VS(zy)

e

3

H (I + gv“‘s(xk)>_l VS(xk)H2.

Because S(z) is assumed twice-differentiable, from (3) one
directly deduces

—1 —1
(1 + 5;) I< <I+ gVQS(x)) ,

so that at the boundary case, for all £ > 0 and § > 0, the
variation inequality for all xj # x, reads

S(xpp1) — S(xr) < — 0V S(xp) (1 + 5;) _VS(xk)

+ﬂH <1+§;)1V5(xk)H2

2
46
=—-——7]|VS 2<0
a1 sl VSl <o
and since S(zky1) — S(xx) = 0 only for z; = =z, this
provides convergence of the sequence (13) toward z, for all
2o € Be(xy).

(16)

<

The representation of the proposed model defines an
approximation of the model occurred over the discrete gradient



that does not match the evolution of S(x) with respect to the
differential model (8) for any value of d. Unlike Newton’s
methods in (3), (6), and (7), the proposed model (13) for § — 0
converges to the standard GD method (@), namely
-1
lim (I + 6V2S(x)> VS(z) = VS(z).
§—0 2
In the following, exploiting the assumption made in [22] for

Gradient descent dynamics of the form (E[), we show that the
proposed method (I3)) comes with a linear rate of convergence
for all step-size ¢ €]0,+oo[ when assuming the objective
function satisfying also the PL condition (T4). This result is
stated below.

Corollary 3.1: Assume that the problem (TJ) has a non-empty
solution set X, with an objective function S(-) : R™ — R that
is twice-differentiable, /-smooth with ¢ > 0, and for 0 < A <
1 satisfies (T4). Then, for all o € B.(z,), (I3) converges for
any step-size 0 €]0, +-00[, with a linear convergence rate

S(xx) = S(ws) < QF (S(xo) — S(a4)) (17)
and decay term
85
Q:(l_(2+5£)2>’ (18)

verifying |Q| < 1.
Proof: By using the PL condition (T4), namely
—[IVS(zx)l[* < —2M(S(zx) — S(a.)),

and substituting it into the convergence rate (I6) one gets in
the boundary case the following variation inequality

(o) < S(on) = g IV S0P
< (o)~ G g (M (@) = 5(a.))
8L

=S(zk)+S () —S(xs)— (S(zg)—S(24))

2+ o0)2
< S(z,) + (1 - (2&1‘5{%2) (S(xx) — S(x))

which leads in the whole time horizon k € [0, oo the upper
bound upon the variation of the objective function

) (S - S(a)

soex \*
=(1-—22 - .
Finally, due to the definition space of A and ¢, i.e. A €]0, 1]
and ¢ €]0, oo|, for any step-size § €]0, 00| one gets

S(:L‘k) — S(:r*) < (1 —

85
Q=|1- 222 1o
it (24 6¢0)2
which implies that the right-hand side of (I7) is approaching
zero since QF — 0 as k — oo. N

Differently from the result in [22]], the proposed model
shows a linear convergence rate provided by the decay term

oL A

Fig. 1: Surface depicting € with A €]0, 1] and §¢ €]0, oo].

Q for all £,6 €]0, 00[ and X €]0, 1] as depicted in Fig.[I} As a
matter of fact, for z( sufficiently close to x, the method (13)
always provides finite convergence without involving other
methods to regulate the step-size, as in [24], [25]].

IV. EXAMPLES

In this section we investigate two training standard problems
in machine learning like logistic regression and least squares
to provide numerical evidence of the proposed method, based
upon the proposed method in Theorem [3.1] showing linear
convergence rate in Corollary [3.1] The implementation of the
proposed method (13) is reported in Algorithm 1 considering

Algorithm 1:

Result: z;,

initialize xq and k < O;

define step-size ¢ and tolerance ¢;

while |S(zx41) — S(zi)| > € do
g < — (T+2V25(2)) " VS(an);
Th41 < Th + 083
k+—k+1;

end

an initial guess xo and arbitrary tolerance &, needed to
determine whether the sequence x; has arrived close to the
minimum point x,. Simulations have been performed using
Matlab on an Intel(R) Core(TM) i7-8550U CPU and 16.0 GB
RAM.

A. Training Example 1

Consider a toy example assuming an objective function S :
R — R with the unconstrained optimization problem (see,
Example 1.4.3 in [28]))

2

min S(z) = log(exp(z) + 1) — L (19)
z€R 2
The function (T9) is ¢-smooth and satisfies (T4), and the

proposed model takes the form zp1 = zx + dg(zy) with

(exp(z) + 1) (22 + exp(z) + 2z exp(z) — 1)

B30+ 2exp(r) T exp(2n) + (1 +Bexp(r) +exp(22))




Standard Gradient
Standard Newton
Gauss Newton
10* F Regularized Newton 3
Proposed
@
2
= 3L 4
é 10
=
(=}
=
S 102k /
z,
10" £ 3
1 00 L 1 L
1072 107" 10° 10° 102

Step-size
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Simulations: Simulations reported in Fig. 2] and Fig. [3]
compare the behaviour of the proposed second-order method
(T3) with the gradient descent in (@), Standard Newton in
(3), Gauss Newton in (6), and Regularized Newton in (7).
In particular, Fig. 2] shows the number of iterations required
by each method to solve (T9) for different step-sizes, and Fig.
B] shows the computational cost, that is the time required by
each algorithm to solve (]E[) In this scenario, we consider
tolerance ¢ = 10~%, initial condition z, = —0.5, and
step-size § € [1072,102]. Figures highlight that, unlike the
proposed method (T3), all the other involved optimization
methods explode after a certain value of the step-size and no
longer solve the minimization problem (T9) for values of §
sufficiently large. In particular, the standard gradient method
(@) for small step-sizes seems the fastest, as it converges with
fewer iterations than the other methods, but it is also the
first method to explode and fail to solve (I9) for § > 1.5.
The Standard Newton (B) and Regularized Newton (7) shows
roughly the same performance. Although for small step-sizes
the methods are relatively slow compared to the standard
gradient, both methods solve the problem for slightly larger
values of the step-size, i.e. § =~ 2. The Gauss Newton @
for small step-sizes is the slower method but it converges to
the minimum for a larger range of § than the other methods.
Differently form the others, the proposed method is the only
one that does not explode after a certain value of § and solve
(T9) for larger step-sizes, such as § ~ 102. Moreover, for small
step-sizes the algorithm is fast as the standard gradient and
achieves the minimum of the objective function with similar
performance and similar time of convergence, as seen in Fig.
B} Finally, the best performance of the proposed method for
(19) is achieved with ¢ ~ 1.6.

B. Training Example 2

For sake of illustration, we consider now an objective
function S : R™ — R, of the form

min S( ) = Z(Oéi.iﬁi - bi)Z,
i=1

reRn

(20)

N |
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S
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Standard Newton
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Fig. 3: Elapsed time for minimizing (T9)

generally used as loss function describing the error of the
difference between b; € R (playing the role of given data)
and z; € R (playing the role of predicted data) with model
parameter o;z; € R. The function (20) belongs to the class
of objective functions satisfying (I4). In particular, straight-
forward computations yield
afry—aiby af - 0
VS = V28 =

a%xn—anbn 0o --- ozfl

-
—11, and thus from the ¢-smooth

a, b,

condition and (T4) one gets

- (xiai — b1)2 - af
EE]O,HI?X(ZW , ASZ?

=1

with sz(aflbl

The upper-boundary condition of ¢ provides A is contained
in its definition set A €]0,1]. Finally, the proposed model
yields the structure zj41 = x) + 0g(zx) with

g(m) — (20(1(0(1:1217}()1)

T
20, (@1Zrn—by)
ee ) e

24002

Simulations. ~ Simulations reported in Fig. [4] and Fig.
compare the behaviour of the proposed second-order method
(T3) with the gradient descent in (@), Standard Newton in (3)),
Gauss Newton in (6)), and Regularized Newton in (7). In the
simulations we fix n = 200 and random initial conditions,
a; =5, b; = 1, tolerance £ = 1078 and 6 € [1072,10?].

V. CONCLUSIONS

In this paper we took the idea from the approximation
of sampled-data equivalent gradient dynamics in [16], [[17]
and proposed an easily implementable algorithm to solve a
class of optimization problems. Under standard assumption on
the objective function, we proved that the proposed method
solves the minimization problem for any arbitrarily chosen
step-size. Two numerical examples illustrate the advantage of
the proposed algorithm when compared with some popular
optimization methods. This first achievement in the optimiza-
tion context paves the way for further investigations upon the
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convergence properties due to higher-order approximations of
the gradient dynamics of the form (TI). Future works are
aimed at applying this method in real-time optimal control
involving, for instance, sampled-data MPC [29], [30].
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