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The intertwined derivative Schrodinger system of
Calogero-Moser—Sutherland type

Ruoci Sun*

Abstract This paper is dedicated to extending the focusing/defocusing Calogero—Moser—Sutherland
cubic derivative Schrédinger equation (CMSANLS), introduced in Gérard-Lenzmann [22] and Badreddine
[2, 3], to a system of two matrix-valued variables, leading to the following intertwined system,

D = —i0,.

i0,U + 02U = —%U(D + D) (V*U) — %V(D + D)) (U*U),
i0,V 4+ 02V = -3V (D + |D|) (U*V) — ;U (D+ |D|) (V*V),

This system still enjoys a Lax pair structure, which allows to establish an explicit formula for general
solutions on the torus and on the line. As a consequence, this system can be considered as an integrable
perturbation of both the linear Schrédinger equation and the CMSANLS equations.

Keywords derivative Schrédinger equation, Lax pair, explicit formula, Toeplitz operators.
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1 Introduction

Given any two positive integers M, N € N, the cubic M x N matrix-valued intertwined derivative
Schrodinger system of Calogero-Moser—Sutherland (CMS) type reads as

{@U+ﬁU—¥MD+mnwﬂm;qD+mmUwy D i 4D

iV +0;V = =3V (D + D) (U*V) = 5U (D + D)) (V*V),

where t € J for some interval J C R, 2 € T:=R/27Z or z € R and U = U(t,z),V = V(t,z) € CM*N,
If V = pU, for some p € C, the system (1.1) is reduced to the following equation,

i0,U + 0°U = —(Rep)U (D + [D|) (U*U), teJ, zeM, (1.2)

where M = T or R. When Rep > 0, equation (1.2) is called the focusing CMS derivative cubic Schrodinger
equation up to scaling,

i0;U +0°U = —U (D + D)) (U*U), t€3J, zcM. (1.3)

When Rep < 0, equation (1.2) is called the defocusing CMS derivative cubic Schrédinger equation up to
scaling,
i0;U +0°U =U (D +|D))(U*U), t€3J, zeM. (1.4)

When Rep = 0, equation (1.2) becomes the linear Schrédinger equation,
i0;U +0°U = 0pun, tER, €M (1.5)

In the scalar case M = N = 1, we refer to Abanov—Bettelheim—Wiegmann [1] and the references therein
to see the physical backgrounds of both defocusing and focusing CMSANLS equations (1.3), (1.4) on M.

1. M =T, both (1.3) and (1.4) on the torus can be interpreted as the thermodynamic limit of the
following Calogero—Sutherland model (CSM)

N
1 7.[.2 92

HCSM:*§ p?+—2 E — , N =cL — +o0, (1.6)
2 = 2L 1< Zr< Sin (F(zj — p))

for some constant ¢ > 0, which is introduced in Calogero [7] and Sutherland [15].

2. If M =R, both (1.3) and (1.4) on the line can be interpreted as the continuum limit of the following
classical Calogero-Moser model (CM)

N

1<n 1

== E . E — N 1.7
Jj=1 1<j#k<N

which is introduced in Moser [30] and Olshanetsky—Perelomov [32].

Equations (1.3) and (1.4) involve the L?-spaces with only nonnegative Fourier modes,

L3(T;C) := {f € L*(T;C) : f(n) =0, ¥n < 0}, L} (R;C) := {f € L*(R;C) : supp(f) C [o,+oo>}(. |
1.8



The filtered Sobolev spaces are denoted by H3 (M;C) = H*( L2 (M;C), M =T or R, Vs > 0. Thanks
to P. Gérard and E. Lenzmann’s work [22] and R. Badreddine’s work [2], both (1.3) and (1.4) enjoy
the Lax pair structure, which allows to deduce an explicit expression of the Poisson integral of general
solutions. The defocusing equation (1.4) is globally wellposed in all filtered Sobolev spaces H? (M;C),
s > 0, for arbitrary initial data; the focusing equation (1.3) is globally wellposed in H¢ (M; C) for small
Li(M;(C)—datm s > 0. Moreover, P. Gérard and E. Lenzmann have completely classified all traveling
waves of (1.3) and obtained the turbulent behavior of multi-solitons in [22]. The traveling waves of both
(1.3) and (1.4) are characterized in R. Badreddine’s work [3]. The 1 x 1 CMS dNLS equations (1.3) and
(1.4) can be considered as L?-critical versions of the Benjamin—Ono equation,

v =0, (IDlv—v*), (t,z) € R x M. (1.9)

Inspired from the cubic Schrodinger system of two variables in Zakharov—Shabat [18] and Grébert—
Kappeler [25], and the spin generalization of the Benjamin—Ono equation introduced in Berntson—
Langmann-Lenells [1], Gérard [9], we generalize both (1.3) and (1.4) to the matrix intertwined system
(1.1) in order to study the perturbation of the original equations (1.3), (1.4) and understand their deep
structure of integrable system. Since the intertwined system (1.1) has the same linear part as both (1.3)
and (1.4), Kato’s classical iterative scheme can be used to prove the H3 (M) local wellposedness of (1.1),
thanks to the ideas in subsection 2.1 of Gérard-Lenzmann [22].

Proposition 1.1. Given any s > %, M,N € N; and R > 0, M € {T,R}, there exists T(R) > 0 such
that, if Uy, Vo € H3(M; CM*N) with ||UO||H1(M;(CIVI><N) + ||‘/0||Hi(M;C1w><N) < R, there ezists a unique pair
of functions U,V € C° ([-T(R), T(R)]; H5 (M; CM*N)) solving the intertwined system (1.1) with initial
datum (U(0),V(0)) = (Uy, Vo).

The goal of this paper is to provide an explicit expression for all general solutions (U(t), V(t)) to the
intertwined system (1.1) on T and on R in terms of the initial datum (U(0),V(0)) = (Up, Vo) and the

time variable ¢. In order to establish this explicit formula, we need to generalize Gérard-Lenzmann’s Lax
pair structure of (1.3) and (1.4) to the intertwined system (1.1).

1.1 The Lax pair

Let Mg @ L2(M; CM*N) — L2(M; CM*N) denotes Szegd operator which cancels all negative Fourier

modes and preserves the nonnegative Fourier modes, i.e. for any U = 3" _, U(n)emm € L2(T; CM*N),
for any V € L?(R; CM*N) | we have
27
(IxU) (x) = > Un)e™, U(n) =+ Ulz)e ™dz € CM*N | v e 7,
30 0 (1.10)
(H>0V)(§1) V() e CMN (TIxoV)(&2) = Onrxns V& > 0> &
Since (D + |D|) = 2DII>q, the intertwined system (1.1) also reads as
—_ 92 * *
8tU—Z'3§U+U(Q)xHZO (V U)+V81H20 (U U), tey, weM. (1.11)
BV = i02V + VO, Ilsg (U*V) + UdyIlsg (VFV),

The matrix-valued Hardy spaces are denoted by L2 (M; CM*N) := TI-((L*(M; CM*N)), M € {T,R}.
The filtered Sobolev spaces are given by H? (M; (CMXN) H* (L2 (M; CM*N) = T o (H®(M; CM*NY),
Vs > 0. For any d € N, the (right) Toephtz operator of symbol V € L2(M; CM*N) is defined by

Ty =T : G € HL(M; CV*?) s Ty (G) = [50(VG) € L2 (M; CM*9), (1.12)



If U= (UV) e HL (M; (CM*N)2) the operators Ly, By : H} (M; CM*4) — L2 (M; CM*?) are given by

Ly =D — 1 (TyTy+ + Ty Ty-), D= —id,;

_ (1.13)
By =4 (TyTo,v- + TvTo,u- — To,y T+ — To,uTy-) + & (TyTy- + Ty Ty-)’.

The operator Ly is a densely defined self-adjoint operator on Li(M; CM*d) " which is bounded from
below. If U = (U, V) € H} (M; (CM*N)2) in addition, the operator iBy is bounded self-adjoint on
L% (M; CMxd) M € {T,R}. The first result of this paper is stated as follows.

Theorem 1.2. Given M,N,d € N; and M € {T,R}, if U = (U, V) € C°(T~,T+; HZ(M; (CM*N)2))

solves the intertwined system (1.11), then following Heisenberg—Lax equation holds

d _
aLw):[B@(,f),Lqu(t)]:Iﬁ(lw;(cf‘“d)—>L?F(N/JI;<CMW), Vte (T, TT). (1.14)

Then (Ly,By) defined in (1.13) is a Lax pair of the intertwined derivative Schrodinger system (1.1).

Remark 1.3. In the case V. = pU, the Lax pair structure for (1.3) and (1.4), which is contructed in
Gérard—Lenzmann [22] and Badreddine [2], can be revisited.

1. When p = 1, the intertwined system (1.1) becomes the focusing equation (1.3) and the Lax pair
(Ly,By) is reduced to the following operators,

25 =D - TyTy-, By =TuTo,u- — To,uTy- +i(TyTy-)>. (1.15)

2. When u = —1, the intertwined system (1.1) becomes the defocusing equation (1.4) and the Laz pair
(Ly,By) is reduced to the following operators,

&5 =D+ TyTy-, Bf =Ta,uTy- — TyTo,u- + i (TyTy-)> . (1.16)
3. When Rep = 0, the system (1.1) is reduced to the linear Schrédinger equation (1.5) and the Lax
pair degenerates, i.e. (Ly,Byg) = (D,0).

As a consequence, the intertwined system (1.1) is an integrable perturbation of equations (1.3), (1.4) and
(1.5) simultaneously.

Inspired from the works Gérard—Grellier [15], Gérard [10], Gérard—Lenzmann [22], Badreddine [2] and
Sun [44], we establish an explicit expression for general solutions to the intertwined derivative Schréodinger
system (1.1) both on the torus and on the line, thanks to its Lax pair structure (1.14) and the conjugation
acting method.

1.2 The explicit formula on the torus

In the space-periodic case, every function U € Li(']T; CMXN) has Fourier series expression, i.e.

2m
U= Z U(n)e,, U(n)= i/ Uz)e™®dz = I(Ue_,) € CM*N vnez, (1.17)
n>0 0
where e, : € T — ¢™* € C and I denotes the integral operator, i.e.
1 2m

I:FeLYT;CM*N) » I(F) = F(0) = o [ Fla)dre CM*N, (1.18)
T Jo



The Hardy space Li (T; CM*N) is equipped with the shift operator S, which is defined by
S:F e L3 (T;CM*N) s e F € L% (T; CM*M). (1.19)

Its Li—adjoint is denoted by S* € B (Li(']l‘;(CMXN)). Then every nonnegative Fourier mode of an
arbitrary solution to the intertwined system (1.1) can be expressed explicitly in terms of its initial datum
and the time variable, leading to the explicit formula of the solution.

Theorem 1.4. IfU =3 -, Ut,n)e,,V = Y om0 V(t,n)e, € C° (T—,T"; H3(T;CM*N)) solve the
cubic intertwined derivative Schrodinger system (1.1) for some integers M, N € Ny with initial data
o = (Uo, Vo) = (U(0),V(0)) € H3(T; (CM*N)2), the following explicit formula holds:

U(t,n) — ¢~ iniy ((e—ZitL\po S*)n(UO)) , V(t, ’I’L) — ¢~ Nl ((e—QitL\pOS*)n(Vb)) , (1.20)
where I is given by (1.18), Vn € N, Vt € (T—,T4).

Inspired from subsection 2.2 of Badreddine [2], we have the following global wellposedness result of (1.1)
on the torus.

Proposition 1.5. Given any s > 2 and M, N € Ny, if Ug = (Up, Vp) € H5(T; (CM*N)?) satisfies that
HUO”Hi(T;(CIWXN)H‘/O”Hi(']r;(clwa) <1, (121)

then there exists a unique global solution ¥ = (U, V) € C° (R; Hi (T; (CM*N)2)) to the intertwined system
(1.1) with initial datum (U(0),V(0)) = (Up, Vo). Moreover, the global solution is uniformly bounded in
time, i.e. sup;eg ||¥(t)||ms (rycrxnyz) < +00.

1.3 The explicit formula on the line

Every function U € Li(R; CMxN ) can be extended to a holomorphic function on the upper half plane
C; :={z € C:Imz > 0} via its Poisson integral,
1 [t
U(z) = 2[U)(2) := / Py (z —)U(t)dt = Py U (6)dE, Vz=ux+yicCy, (1.22)
R T Jo

where B, (x) = #ﬂﬁ,), denotes the Poisson kernel on C,. For any fixed y > 0, when restricting to R,
the function 7_,;Ulg : @ € R — U(z + yi) € CM*N € L2 (R; CM*V) satisfies that

ZI;I(; ||T—yiQ|R||Li(R;<cMXN) < HU”L?F(R;(CMXN)? yl_i,%l+ [7—yiUlr — U||L1(R;<CMXN) =0. (1.23)
The mapping U — U provides a C-Hilbert isomorphism from L% (R; CM*¥) to the Hardy space

H?(C,; CM*N) .= {U € Hol(C; CM*N) . zg%/Rtr (U(z+yi)(U(z +yi)*) dz < +o0}. (1.24)

Instead of one single shift operator, we consider the Lax-Beurling shift semigroup (S(7)),>0 of isometries
on L% (R; CM*N) and its adjoint semigroup (S(n)*),>0, which are defined as

S(U =e,U, S(n)*U =1Ixq(e_,U), YU € LZ(R;CM*N),  vp>o, (1.25)



where e,)(z) = ¢*, Yz € R. Both (S(n)),>0 and (S(n)*),>0 are contraction semi-groups on L2 (R; CM*N).
Let —iG denote the infinitesimal generator of (S(n)*),>0 , i.e. G(F) := i% |n:0+S(77)*(F) € L% (R;CM*N),
VE € Dom(G)™*N where the domain of definition of G is given by

Dom(G)M*N := {F € L3 (R;C**N) : Flg- € H'((0,+00); C**M)}, (1.26)

with R = (0,400). For any 6 > 0, the Sobolev extension theorem yields that ¢(0%) := lim._,+ ¢ (€)
exists for any ¢ € H' ((0,6);C). For any F' € L2 (R;CM*N) such that I € H* ((0,68); CM>*N) for some
6 > 0, we define that

S (F) := F(0%) e CM*N, (1.27)

Precisely, for any F' € Dom(G)M*¥ | we have
G(F)(z) =aF(z) — %F(O"’), Vo e R. (1.28)

In order to establish an explicit formula for general solutions to the intertwined system (1.1) on R, it is
enough to express their Poisson integrals explicitly in terms of the initial datum and the time variable,
thanks to the L2 -convergence formula (1.23).

Theorem 1.6. Given M,N € N, if U,V € C° (T_,T+; H3 (R, CMXN)) solve the intertwined system
(1.1) with initial datum Vo = (Uy, Vo) = (U(0),V(0)) € H3(R; (CM*N)2), then we have the following
explicit formula of the Poisson integrals of U(t) and V (t),

Ult,2) = -7 ((G 4 2Ly, — 2) " (UO)) . V(tz)= ks ((G 4 2Ly, — 2) " (Vo)) . (1.29)

27i 2mi
for any z € C, where . is given by (1.27), Vt € (T_,T4).

Then U(t) and V(t) can be described as the L% (R; C**¥)-limit of their Poisson integrals U(t) and V(t)
when Imz — 07, due to formula (1.23). Inspired from subsection 2.3 of Gérard-Lenzmann [22], we have
the following global wellposedness result of (1.1) on the line.

Proposition 1.7. Given any s > 3 and M,N € N, if Ug = (Uy, Vo) € Hi (R; (CM*N)?2) satisfies that
HUOHHj_(R;CMXN) ||V0HH_‘;"_(]R;CMXN) < 27(', (130)

then there exists a unique global solution ¥ = (U,V) € C° (R; Hi (R; (CM*N)2)) to the intertwined
system (1.1) on R with initial datum (U(0),V(0)) = (Up, Vo). Moreover, the global solution is uniformly
bounded in time, i.e. supycp [V (t)| s (r;(crexnyz) < +00.

1.4 Organization of the paper

This paper is organized as follows. Theorem 1.2 about the Lax pair of (1.1) is proved in section 2. Section
3 and 4 are devoted to establishing the explicit formulas of solutions of the intertwined system (1.1) on
the torus and on the line respectively.
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2 Proof of the Lax pair structure

This section is devoted to establishing the Lax pair structure (1.14) of the intertwined system (1.1).
In order to prove theorem 1.2, we need some preliminaries about matrix-valued functions and Toeplitz
operators.

In the space-periodic case, if U =) U(n)e, € L*(T;CM*N) then
HeoU = (Ixo(U%))" = U(0) € L2(T; €N, (IxoU)" = Heo(U*) + (U(0))* € LA(T; C¥*M) (2.1)

Lemma 2.1. Given M,N,d € Ny, if A € L% (T;CM*N) and B € L2 (T;CN*?) and one of A, B is
essentially bounded, then AB € L2 (T; CMxdy,

Proof. See lemma 2.4 of Sun [14]. O

Thanks to Lemma 2.1, the intertwined derivative Schrédinger system (1.11) reads as

{3tU = z@iU + TUaxTV* (U) + TVaxTU* (U)a (2 2)

oV = z&‘%V + Ty 0, Ty« (V) + Ty 0, Ty+ (V)

Lemma 2.2. For any M, N, P € N, we choose A,W € L*(T; CM*N) BV € L?(T;CN*P), such that
B € L2(T;CN*F) and W — W (0) € L% (T;CM*N).

(a). If one of A, B belongs to H*(T), then TaATp = Tap : HL(T;CP*4) — L2 (T; CM*4).

(b). If one of W,V belongs to H'(T), then TwTyv = Twy : HL(T; CP*4) — L2 (T; CMx4).

Proof. If F € HY(T;CP*?), we have ToTp(F) = ABF = Tap(F) € L2 (T;CM*4) and WIlo(VF) =
S 1 (Cn it W)VE(l — n))e; € L2(T;CM*4). Then Ty Ty (F) = s (W (VF — Io(VF)))

O

HZO (WVF) = va(F) S Li(’ﬂ‘, (CMXd).
In the space non periodic case, if F € L2(R;CM*N) TIoF = (I>o(F*))" € L2 (R; CM*N) and
F=Tl50F + HoF = 5o F + (so(F%))". (2.3)

Lemma 2.3. Given A € L% (R;C"*™) and B € L% (R;CY*?) for some M,N,d € Ny, if one of A, B
is essentially bounded , then AB € Lf_(R; CMxdy,

Proof. 1f f € L2(R;C) and g € L L2.(R;C), then fg(€) = [ f(€ —n)g(n)d2 =0, v¢ < 0. O

Corollary 2.4. Given A € L? (R;CM*N) and B € L? (R;CN*?) for some M,N,d € N, if one of
A, B is essentially bounded , then AB € L? (R;CMxd),

Lemma 2.5. For any M,N,P € N, we choose A,W € L}*(R;CM*N) B,V € L*(R;CN*F), such that
B e L2 (R;CN*P) and W € L2 (R; CM*N).

(a). If one of A, B belongs to H'(R), then ToTp = Tap : HL (R;CP*4) — L2 (R; CM*4).

(b). If one of W,V belongs to H'(R), then Tw Ty = Twy : HL(R; CP*4) — L2 (R; CM*d),

Proof. This is a direct consequence of lemma 2.3 and corollary 2.4 by following the proof of lemma
2.2. O

We are ready to prove the Heisenberg—Lax equation (1.14).



Proof of theorem 1.2. We prove at first (1.14) for the space-periodic case, i.e. assume that M = T. If
U,V € HL(T; CM*N) we have D, Ty] = Tpy : HL(T; CM*4) — L2 (T; CM*4) and

[Ty Tv-,D] =i (TyTo, v+ + To,uTy+) : Hy (T; CM*4) — L2 (T; CM*9). (2.4)

We define &/ := &/ (U,V) = Ty Ty« + Ty Ty« € B(HL(T;CM*?)) for some s = 0 or £ < s < 1, and
Q:=QU,V)=TyTo,v- +TvTo,u+ — To,v T+ — To,u Ty~ € HE(T; CM*4) — L2 (T;CM*?). Then

Ly=D-1o, By=10+ 1% where U= (UV). (2.5)
Formula (2.4) implies —i[«/, D] = Ty Ts, v+ + To,vTu+ + To,u Ty« + Ty Ts,u~, so
il/?,D] = ie/[o/,D]| +i[o/, D)o/ : H(T;CM*?) — L2 (T;CM*9)
=—dTyTy, v — F Ty, vTy- — Ty, v Ty — Ty Ty, u- (2.6)
—TyTs, v+ —To,vTy+ — Ty, uTy-o —TyTo,u-.
The operator [, /] : Hi (T; CM*4) — L2 (T; CM*9) is given by
[Q, 427] = — JZ%TUT&L.V* + JZfTavaU* + fQ{TﬁmUTV* — MTVTOEU*

2.7
+ TyTo, v+l —To,vTyd — Ty uTyof + Ty To - 27)
Plugging &/ = Ty Ty« + Ty Ty- into (2.6) and (2.7), we obtain that

i[e7?,D] — [Q, /] : H} (T; CM*9) — L2 (T; CM*9)
=-2Ty (TV*Tan + Tan*Tv) Ty« — 2Ty, (TU*TB,CV + TazU*Tv) T« (28)
— 2TV (TU* TamU + TamU* TU) TV* — 2TU (TV*TamU + Tawv* TU) TV*'

Since (9,(U*V))" (0) = Onxn, formula (2.1) implies that 9, (U*V) = 9,150 (U*V) + (9:115o(V*U))".
For any W,Y € H}(T;CM*¥) lemma 2.2 yields that

Tw (Tu-To,v + To,u-Tv) Ty+ = TwTo, (1) Ty~ : HL(T; CM*9) — L3 (T;CM*%) 29)
=TwTo,n.,w-v)Ty- + TWT((%HZO(V*U))*TY* =Two,n.ow-v)Ty- + TWT(yawHZO(V*U))*- '
Plugging (2.9) into (2.8), we obtain that YU,V € Hi (T; CM*V), then
i[/?,D] — [Q, e/ : HY (T; CM*4) — L2 (T; CM*4)
=—2Tyo,n-0(v-v)+vo,ns.w-v)Tux — 2TUT(annZO(v*v>+v0mn20(U*V))* (2.10)
—2Tyo,1.0(v+U)+Va,Isow-v) Tve — 2TVT(U6mH20(V*U)+V8mH20(U*U))*'
Now assume that U,V € H2 (T; CM*¥), then 0,U, 0,V € HL(T;CM*V) and (2.4) yields that
[, D] = =Ty To2vys — TvTiozoy — TigeyTuw — Tigey Ty« « HL(T; CM*9) — 13 (2.11)
As a consequence, formulas (2.5), (2.10) and (2.11) imply that
2[By,Ly] = [2,D] + §[«?,D] - [Q, &/ : H{ (T; CM*%) — L3 (T;CM*%)

== TUT(i6§V+U3mH20(V*V)JrVamHzo(U*V))* - Tié’iV+U81Hzo(V*V)+V61»Hzo(U*V)TU* (2.12)

_ 1
2

- TVT(iagUJrUOszO(V*U)+V6zHZO(U*U))* - Ti@iU+U0mHzo(V*U)+V5szo(U*U)TV*7



YU = (U, V) € H2(T;(CM*N)2). So [By,Ly] = dLy(Xg(¥)), where XE(\I/) = (xP(w), xP(w))
denotes the Hamiltonian vector field of the energy function of (1.11), i

XP(U) = i02U + Ud,Isq (VAU) + VoIl (U,
X (W) =002V + VO, Ilso (U*V) + U8, 10 (V*V).

In the space non periodic case, i.e. assume that Ml = R, formula (2.8) can be obtained by the same calculus
as above. However, L?(R)-functions are almost everywhere defined, then the zero mode no longer plays
an important role in (2.3). Thanks to (2.3), formula (2.9) still holds for all W,Y € H1 (R;CM*N) by
using lemma 2.5. The rest of proof is the same as the space-periodic case. O

3 Proof of the explicit formula on T

The explicit formula (1.20) for general solutions of the intertwined system (1.1) is proved in this section.
Let ® := {z € C : |z| < 1} denote the open unit disc. Given any M, N € N,, the Fourier series
U=> 0 U(n)e, of an arbitrary function U € L% (T; CM*N) is identified to the power series of its
Poisson integral,

U(z) = 2[U](r,0) = — /ﬂ p(0—2)U(z)de =3 2"0(n) €C, Vz=re? €D,  (3.1)

-7 n>0

where p,(z) = % = > ,ezr™e®, denotes the Poisson kernel on ©. Thanks to Theorem

11.16 of Rudin [41], the function Z[U](r) =3_, -, rU(n)e, € L2 (T; CM*N) satisfies that

sup (| 2[U)(r)l| 13 (ricanwy < [Ullzg,  lim [ 2[U)(r) = Ulla rcareny = 0. (3.2)
0<r<1 r—1

In addition, if U € L2 (T; CM*¥) is continuous, then theorem 11.8 and 11.16 of Rudin [11] yield that

sup [|[ZU)(r) |z (rerrxwy S [Ullpee,  lm | P[U](r) = Ull oo (rierexy = 0. (3-3)

0<r<1

The mapping U +— U provides a C-Hilbert isomorphism from Lf_ (T; CM>*N) to the Hardy space

H?(©; CM*N) .= {U € Hol(D; CM*N) . 021:121 /027T tr (U(re®)(U(re))*) dz < +o0}. (3.4)

If F=3,.,F(n)e, € L2 (T;CMXN),

S*(F) =Tz (e_1F) = Y F(n+1)e, € L (T;C**N). (3.5)
n>0

If F= (ij)1§k§M7 1<j<N S Ll(T;(CMXN), we have <F, ]Ekj>L2(T;CI\/1><N) = Fk](O) and

M N
- ZZ (F, Exj)r2(r.cmxn)Ery € CMXN (3.6)
k=1j5=1

where Ei; € CMx*N denotes the M x N matrix whose kj-entry is 1 and the other entries are all 0.



Lemma 3.1. IfU € L2 (T;CM*"N) for some M,N € N, , then

U(z) =1 ((idL2 (Teh ) — zS*)’lU) . V2ed. (3.7)

2 (T;
Proof. See Lemma 2.8 of Sun [44]. O
Recall the following commutator formulas of the Toeplitz operator and the shift operator.
Lemma 3.2. If B € L>(T;CM*N) F ¢ Li(']l‘;(CNXd), for some d, M, N € N,
[S*,T5] (F) = 8" (120 B) F(0) € L (T; C**). (3.8)

Proof. See lemma 3.8 of Sun [14]. O

If ¥ = (U, V) € H? (T; (CM*N)2), then (2.5) yields that L%, = D?— 1D« — L&D+ %.&/? is an unbounded
self-adjoint operator on L2 (T; CM*?), whose domain of definition is H? (T; CM*4).

Lemma 3.3. Givend, M,N e N;, if UV = (U,V) € Hi (']I‘; ((CMXN)Q), we have
By := By —iL% = i0? + Ty, Ty+ + Ty, Ty~ : HI (T; CM*) — L2 (T;CM*4). (3.9)

Proof. It ¥ = (U,V) € Hi (T; (CM*N)2) | then (2.5) yields that L} = D? — 1D.&/ — 1.&/D + L&/?. So
we conclude by formulas (1.13), (2.5) and the following identity:

Ty0, Ty = 0, Ty Ty« — To,uTv+ = Ty Ty, + TuTo,v- : Hy (T; CM*4) — L2 (T; CM*4). (3.10)
O

Then formulas (2.2) and (3.9) yield the following corollary.

Corollary 3.4. The function ¥ = (U,V) € C° ((T~,T%), HX(T; (CM*N))2) solves the intertwined
derivative Schrédinger system (1.11) if and only if

QU () =Buw(U(1), aV(t)=Bup(V(1), Vte (T, Ty). (3.11)
Corollary 3.5. If ¥ € H! (T; (CM*N)2) and A € CM*4, then By (A) = iL%,(A) € HL(T; CM*4),
Proof. ¥V =Y - V(n)e, € HL(T; CM*N), Ty, Ty+(A) = Tydy(V(0)* A) = 92A = Opya- O
In order to prove (1.20) by conjugation acting method, we need the following commutator formula.
Lemma 3.6. Given M,N,d e N, if U = (U, V) € H} (']T; ((CMXN)Z), then
[S*,By] = iS*L% — (Ly +id)*S* : H2(T;CM*4) — L2 (T;CM*?). (3.12)

Proof. Since De,, = ne,, Vn € Z, we have [S*,D] = $* and [S*,D?] = S*D + DS* = S* + 2DS*. If

V=350 V(n)e, € Hi(T;CY*N) then S*IT5o(V*) = T>o(V(0)*e_1) = Onxar. If G € H (T;CV*?),
then [/)E’(O) = 0G/(0) = O xq. Thanks to formula (3.8), VU € H(T; CM*N), we have

[S*,Ty-]=0:L2(T;CM*?) = Onyxq and [S*,Ty|DTy+ =0: HL(T;CM**%) — Opruq. (3.13)
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As a consequence,formula (3.13) yields that

[S*, TyDTy-] = [S*, TyD|Ty+ = Ty [S*,D|Ty+ = Ty Ty-S* : H} (T;CM*4) — H}(T;CM*4). (3.14)
Then we use formulas (1.13), (3.9) and (3.14) to deduce that

i[S*,By] = S* +2DS* — Ty Ty-S* — Ty Ty-S* = S* 4+ 2Ly S* : H2(T;CM*4) — H1(T;CM*4). (3.15)
So formula (3.12) is obtained by plugging (3.9) into (3.15). O

Recall the following wellposedness theorem for linear equations.

Proposition 3.7 (Cauchy). Let £ be a Banach space, T is an open interval of R and A € C°(Z; B(£)),
if (to, o) € I x &, there exists a unique function x € C*(Z;B(£)) such that x(ty) = zo and

qz(t) = A@) (z(t)), Vtel (3.16)

Proof. See Theorem 1.1.1 of Chemin [8]. O

Then we prove theorem 1.4 by comparing two families of unitary operators which act on the shift operator
S* by conjugation simultaneously.

Proof of theorem 1.4. If @ € H3 (T; (CM*¥)2), then iBy is a bounded self-adjoint operator on the Hardy
space L2 (T; CM*4), vd € Ny. In addition, By € X, := B(H$ (T;CM*4)), if $ < s < 2. The operators
Ly and L2, are unbounded self-adjoint operators on Li(']T;(CM *d) by Kato-Rellich theorem. For any
F € Dom(L%) = H2(T;CM*9), the operator theory implies that €Ly (F) € H2(T;CM*d) vt € R, see
formula (X.97) in Page 236 of Reed—Simon [38].

Now assume that ¥ = (U,V) € C°((T~,TT), H}(T;(CM*N))?) solves the intertwined derivative
Schrédinger system (1.11) with initial data Wo = (Up, Vo) = (U(0), V(0)) € H3 (T; (CM*V))2, the map-
ping A; : t € (T_,T}) — A;(t) € B(X,) is continuous with respect to the norm topology, j = 1 or 2, if
s=0or 3 <s <2, where A (t)(W) = By W and Ax(t)(W) = —WBy ;). Thanks to Proposition 3.7,
there exists a unique function W € CY(T_, Ty ; B(L% (T; CM*4)) such that

atW(t) = Bq;(t)W(t), 8tW(t)* - —W(t)*B\p(t), W(O) - idLi(T;CMX’i)' (317)

Here W (t)* = W(t)~! is the L2 -adjoint of W (t). But W, W* € CY(T_, Ty ; B(H3 (T; CM*4)), s =0 or
% < 8 < 2. The Lax pair structure (1.14) yields the following unitary equivalence: Vu € C,

(Lo + 1) = W(t) (L) + 1) W(t)* : H2(T;CM*?) - L2 (T;CM*4), (3.18)
Set Y(t) = W(t)*S*W(t). Then Y € CY(T—,Ty; B(Hi(T;CM*?)), s=0o0r 3§ <s<2. So

Y (t) =W (£)*[S*, By ()| W(t) = iW (1)*S*Lg,,, W (t) — iW (t)*S* (L) + 1)*W (1)

:iY(t)L\QI,O —i(Lyg, + 1)2Y(t) € B(H_S,_(T;(CMXd)). (3.19)

Set Z(t) = e“(L%“)zY(t)e_”L%PO. If F € H2(T;CM*4), then formula (3.19) yields that 9,Z(t)(F) =
eit(Lug+1)° (i(Ly, +1)2Y(t) + 0, Y (t) —iY(t)L3,) e~ L, (F) = 0prxq- So we have

W(t)*S* W (t) = Y (t) = e #TwotD’g#eiey ¢ B(L2 (T;CM*?)), Vte (T_,Ty). (3.20)
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Fix d = N. So 0,(W(t)*U(t)) = W()* (0, U(t) — By U(t)) = —iW(t)"'Ly,, U(t) = —iLg, W(t)*U (),
thanks to formulas (3.9), (3.11), (3.17) and (3.18). Recall that E;; € CM*N denotes M x N matrix
whose kj-entry is 1 and the other entries are all 0. Similarly, &, W (t)*Ey; = —iLg, W (t)*Eg; is obtained
by Corollary 3.5, 1 <k < M, 1< j < N. Consequently, we have

W) U(t) = e ™0 (Uy), W(t)* By = e Vo0 (By;) € H2(T; CV*N), (3.21)
For any z € C such that |z] < 1, we use formulas (3.20) and (3.21) to obtain that
((id — 28*)"tU(¢), Ekj) 12 (remxny = ((id — W (1)*S*W (1)) "W (1)*U(t), W (t) Exj) 2
=((id — ze~#(Lwot1)* Gty ) =1 =il (T7) oL, (Erj)) 2z (rioo) (3.22)

:<(1d - Ze_ite_QitL‘I’O S*)_l(Uo), Ekj>L2+(T;(CM><N).

Thanks to (3.6) and (3.7), the Poisson integral of U(t) =}, 5, Ult,n)e, € H3 (T; CM*N) is given by

M N
U(t,2) =Y 2"U(t,n) =Y > ((id = 28) U (), Exy) 12 (riomxm) Bry € CH, (3.23)
n>0 k=1j=1

Plugging formula (3.22) into (3.23), we use (3.6) again to deduce that

U(t,z) =I((id — ze e 2w 8")~11) = Z 2" M (e vo %)) . (3.24)
n>0

Since ¥ = (U, V) solves (1.11), so does ® := (V,U) with initial data &g = (Vo,Up). We observe that
Ly, =Le, =D — % (TUOTVO* + TVOTUO*). Formula (3.24) yields that

V(t,z) =I((id — ze~ e 220 8*)711}) =T ((id — ze~ e 2 v 8*) 1),

and hence the second formula of (1.20) holds. O

4 Proof of the explicit formula on R

The Lax-Beurling semigroup (S(n)*),>0 on L2 (R; CM*N) defined by (1.25) has been used to establish
the explicit formula of solutions of various integrable equations on the Hardy space. We refer to Pocovnicu
[37] and Gérard—Pushnitski [24] to see its application to the cubic Szegd equation on the line. We refer to
Sun [43], Gérard [10] and Killip—Laurens—Vigan [27] to see its application to the Benjamin—-Ono equation
and its hierarchies on the line. Its infinitesimal generator G : Dom(G)M*¥ — L2 (R; CM*¥) is a closed
and densely defined operator, which can be interpreted as the adjoint of the operator of multiplication by
the monomial = on L2 (R; CM*N). For any F € Dom(G)™*¥ the definition formula (1.28) is equivalent
to the following identity,

G(F)(€) = i0cF(€), W& >0 (4.1)
According to formula (X.97) in P. 236 of Reed-Simon [38], (S(1)*),>0 can be expressed as
S(n)* = e "G € B(LA(R;CM*N)),  wp>0. (4.2)

The commutator formula between a Toeplitz operator and G is given as follows.
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Lemma 4.1. If B € L?(L>(R; CM*N) for some M, N € Ny, then T (Dom(G)V*?) C Dom(G)*4
for any d € Ny and the following identity holds,

(G, T5|(F) = o (IIx0B) F(0%) € LA (R;CM*?),  VF € Dom(G)N*4. (4.3)

Proof. The map L[s(n)*, T5](F) = Y3l S0, S0, 28(n)*, T, (Fnj)Ex; converges to “522 F(0%)

in L2 (R; CM*4) when n — 0T, thanks to lemma 3.1 of Sun [13]. O
Inspired from [37], [10] and [24], we introduce an auxiliary approximate identity

Xe(z) = (1 —iex)™, VO<e<l. (4.4)

Then P, = yiﬁReXy_l, Vy > 0, where B, is the Poisson kernel defined in (1.22). Then we have

Jim flxef = fllz2@ic) =0, (9, Xe)12(mic) = 9(0F) = A (g), (4.5)

lim
e—0t
for any f € L*(R;C) and Vg € Dom(G)**!, thanks to Lebesgue’s dominated convergence theorem. Since
Xe € HT®(R; C,) := msZO H3 (R;CL), for any integer p > 1 and f € HP(R;C), we have

Eli%g ||3£Xe||Li(R;<C) = el_ifég 1fxe = fllae®c) = 0. (4.6)
For any F € Dom(G)M*¥ if F}; € Dom(G)'*! denotes the kj-entry of F, then
(F, XcBrj) r2 miemxny = (Fijs Xe) 12 (Ri0) = Fii (0%), (4.7)

as € = 0T. Recall that .# is given by (1.27). Then the following identity holds,

M N
F(F)=FO0)=>Y" Jim, (F, xcBij) 2 miorxn)Brj € CM*N, (4.8)
k=1 j=1

The next lemma gives an inversion formula, which expresses the Poisson integral U in terms of the
resolvent of G and the original function U € L2 (R; CMxNY,

Lemma 4.2. IfU € Li(R;(CMXN) for some M, N € N, then we have

M N
Uz) = 557 (G = 2)71(U)) = 55 )Y lim (G - 2)7'(V), XeBij) 12 @emn)Eigy (4.9)

—0t
k=1j=1°

for any z € C4, where U denotes the Poisson integral given by (1.22).
Proof. Set e, 1z € R € € C, ¥z € C. f U = Y00 S0 Uy By € L2 (R;CM*N), then

UrjXe(§) = (e—¢Ukjs Xe) 2 rse) = (8(6)"(U), XeEij) 12 micmxvy, V€ =0, Ve e (0,1). (4.10)
Since e, € L*(R%;C) with R*. = (0,400), Vz € C, formulas (1.22), (4.2), (4.5) and (4.10) yield that

Ug;(2) =%<Ukj767>L2(R*+;C) =4 61_1>131+<U1cﬁ€7€>L2(R;;<C)

oo (4.11)
=L lim <ez£(Z_G)(U), XEEkj>L2+(R;(CM><N)df, Vz e Cy.

2 e—0t 0
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Since Imz > 0, the vector-valued integration f; e€(z=G) (U)d¢ with a,b € R, defined in theorems 3.27 and
3.29 of Rudin [12] can be extended to the Riemann sum over [0,+o00). Formula (X.98) of Reed—Simon
[38] and definition 3.26 of Rudin [42] yield that

Upj(2) = 5= lim ((G — 2) 7" (U), XeErj) 12 mecrrxny, ¥z € Cyp. (4.12)
— e—0t +
The proof is completed by using U(z) = 22/[:1 Z;vzl Ugj(2)Ex; and formula (4.8). O

Formula (3.9) still holds for the space non periodic case, i.e. if ¥ = (U,V) € Hi(R; (CMXNY2) "then
By := By —iL% = 0% + Tyd, Ty~ + Ty, Ty~ : H2(R;CM*d) — [2 (R;CM*), (4.13)
Thus the intertwined system (1.1) on R also reads as
() = By (U(M). 9V (1) = Bug (V). (4.14)
The next lemma shows that [G, Byg] can be expressed in terms of the Lax operator Ly.
Lemma 4.3. Given any d, M, N e N, if ¥ = (U,V) € Hi(R; (CMXNY2) " then
[G,By] = i[G,Lj] + 2Ly. (4.15)
Proof. [G,0,] = —id, [G,0%] = —20,. For any F € Dom(G)M*4 (4.3) yields that
(G, Tv-](F) = 3= (I1>0(V)) F(07) = Onxa- (4.16)

Then [G,0;Ty«|(F) = [G, 0| Ty« (F) 4+ 0:[G, Ty«](F) = —Ty«(F). Thanks to lemma 4.1, for any
F € Dom(G)M*4 HL(R;CM*4), we have Ty-(F) € Dom(G)V*4 M HL(R; CN*4), then the Fourier

transform (9, Ty« (F))" : € — i{T;(\F) € H'((0,1);CN*%), then & (9, Ty+(F)) = Onxa by Sobolev
extension theorem. As a consequence, [G, Ty]8, Ty+(F) = & (8, Ty-(F))" (07) = Oarxg. Thus

27
(G, Tyd, Ty« |(F) =[G, Ty|0,Ty«(F) 4+ Ty[G, 0, Ty«](F) = —TyTy-(F). (4.17)
Similarly, (G, Ty 9, Ty+] = —TyTy~. Finally we have
[G,By| = —2id, — TyTy- — Ty Ty- = 2Lyg. (4.18)
The proof is completed by comparing formulas (4.13) and (4.18). O

The convergence formula (4.6) yields the following lemma.

Lemma 4.4. Given any d, M, N € Ny, if ¥ = (U,V) € H2(R; (CM*N)2) and P € CM*4_ we have

tim (I3 (¢ P)ll sz cresy + [Bu(xe P22 e ) = 0. (4.19)

e—0t
Moreover, there ezists a constant C(||\Il||Her(R;(CMxN)2)) > 0 such that
sup [Bu(xeP)llzg micrxay < Iz icrmmys) 1P llerexa (4.20)

0<e<
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The explicit formula (1.29) of the intertwined system (1.1) on the line is also proved by using the conju-
gation acting method. However, the constant function does not belong to L?-spaces. So we have to use
the auxiliary approximation identity x. given by (4.4) and study the limit as ¢ — 07.

Proof of theorem 1.6. For any d € N, there exists a unique function % € C*(T_,Ty; B(L? (R; CM*4))
such that
a{%(t) = Bq;(t)W(t), 8t7/(t)* = —W(t)*Bq;(t), W(O) = idLi(R;CMXdﬁ (421)

thanks to proposition 3.7. Here #/(¢)* = #/(t)~' denotes the L3 (R)-adjoint of #/(t). But #, #* €

CYT_,Ty; B(H; (R;CM*?)) s = 0 or £ < s < 2. The Lax pair structure (1.14) yields the following

unitary equivalence: Vi € C, Ly + 1= #(t) (Ly(o) + 1) #(t)* and
(Lowy + 1) = #/(t) (Lo + ) #/(6)" : HE (R €M) — L2 (R; €M), (4.22)

Set Z(t) := W (t)*G# (t). Then # satisfies the following linear differential equation,
O (t) =W (£)*[G, By W (t) = i (t)* GLy(n # (1) — i# ()" L ;) G# (t) + 2Ly (o)

=i(#(t),L}, ] + 2Ly, T- <t<T}. (4.23)
Then we integrate (4.23) in order to obtain the following identity,
W () GH (1) = 2Ly, + ¢ T Ge'™ho, T <t<T,. (4.24)
Fix d = N. Using the same idea of proving (3.21), we have
V() U(t) = e Lo (U(0), T <t<T,. (4.25)
Similarly, we integrate 0; (# (t)*(xcEx;)) = —# (t)*Bw ) (XEx;) to obtain
W ()" (XeBij) — XBrj = — /Ot W (1) By (r) (XeEgj)dT. (4.26)

Recall that #/(7) is a unitary operator on L2 (R; CM*¥). Thanks to the convergence formula (4.19) and
the estimate (4.20), we use dominated convergence theorem to deduce that

t
17 (t)* (XErj) — Xe]EijLi(R;CMXN) < ‘/ Bw(r) (XeEkj)HLi(R;CMxN)dT — 0, (4.27)
0
as € — 0T. Similarly, (4.19) yields that

lim sup ||e_itL€’0 (

e—0t

Xelrj) = Xelrjll 3 @oarony < lim L3, O¢eBrj)ll L2 scrm) [t = 0. (4.28)
Thanks to the previous estimates (4.27) and (4.28), we have the following linearization when € — 07,
2

lim 17 (8) (¢cBay) — 50 (X Bi) 12 microxn) = 0. (4.29)
e—0t +

Then the conjugation acting formula (4.24) yields that for any 1 <k < M, 1<j <N,

(G = 2) " (U (1), XBks) 2 ey = (X (0) GH (1) — 2) ™ (W () TU®), # (1) (xeEry)) 2
. 2 . 2 -1 . 2 - 2
:< (efth\I,O GeltL‘I") a4 2tL\I/0) (671tL\1,0 U(O)), efltL\pO (Xe]Ekj»Li(R;CMXN) +r. (430)

-1
= - 0 y» X€ i/ L2 ; X €3
(G —z+2tLy,)  (U(0),XeEkj) 12 micrxn) +
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where r. is given by
_ « T2
roi= (1) (G —2) " (UE), # (1) (xExy) — e B0 (xcErj)) 12 mcrexw)y = 0, (4.31)
as € — 07, by using (4.29). Plugging formulas (4.30) and (4.31) into the inversion formula (4.9) for
Poisson integral, we deduce that

M N

(4.32)

The explicit formula V (¢, z) can be obtained by interchanging U, V' and using the fact that L,y = Ly,
as in the proof of theorem 1.4.
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