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Abstract
We study the asymptotic behaviour of the electric field in the transverse magnetic
(TM) mode, propagating in a material composed of a two-dimensional object surrounded
by a thin layer of non-constant thickness and embedded in an ambient medium. Using an
asymptotic expansion of the solution uf to the Helmholtz problem, we derive Ventcel-type
transmission conditions on the limit interface I' modelling the effect of the thin layer with
accuracy up to O(g2).
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1 Introduction

In physics, a thin layer is a structure formed by applying a very thin coating, which is signif-
icantly smaller in thickness compared to the size of the domain being considered. Thin layers
find extensive applications in optics, electronics, chemistry, materials science, and many other
fields. They are used in the production of flat screens, solar cells, sensors, anti-reflective coat-
ings, hard disks, integrated circuits, and catalysts. They can be deposited on various substrates
such as glass, metals, or semiconductors using techniques like sputtering, vacuum evaporation,
or epitaxial growth. They are used to modify the optical, electronic, or mechanical proper-
ties of the substrate, protect materials against oxidation, or create interfaces between different
materials.



The numerical resolution of problems defined in domains with thin layers, like finite element
method or finite difference method, sometimes leads to numerical instabilities and significant
computation time: a sufficiently fine discretization at the scale of the thin layer is necessary,
which leads to systems with a conditioning number that increases considerably as the thickness
of the thin layer tends to 0.

To overcome these difficulties, asymptotic methods are developed to replace the effect of
the thin layer with approximate transmission conditions called impedance transmission condi-
tions or Ventcel-type transmission conditions involving tangential differential operators of order
greater than or equal to that of the interior differential operator. These last years, a significant
amount of literature has been devoted to the modelling of thin layers. We refer the reader to
11, 2,4, 12, 14, 15, 17, 18, 23], and references therein.

In this paper, we study the asymptotic behavior of the solution to the Helmholtz problem in
a two-dimensional domain separated by a thin layer with a non-constant thickness intended to
tend to 0. We present approximate transmission conditions that take into account the effect of
the thin layer. These conditions can be useful for computing an approximation of the solution
to the Helmholtz problem using finite elements because they avoid meshing the thin layer,
which can be a very expensive task.

Let us give precise notations. Let Q° an open bounded smooth domain of R? with connected
boundary I'* surrounded by a thin layer €27 , of non-constant thickness with boundary I'> UT*.
and which the curve I'® is parametrized by its curvilinear coordinate:

2 ={120), te 0.},
where Ip- is the length of I'> and ¢ is the arc lentgh of 7. The curve I'Y is defined by

I = {Wf(t) +ef(tn_, te (O,lri)};

where n_ is the unit normal vector I'* | € is a small parameter destined to tend to 0 and f is
a smooth, positive function such that Im, M > 0; 0 < m < f(t) < M, Vt € (0,lr- ). We also

denote by QF the exterior domain of R* defined by QF = R?\ (Q= U ,) (cf. Fig. 1).

QF. ;
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Figure 1: Geometry of the problem



Let a, et k. be two piecewise strictly positive constant functions defined by

o if x S Qi, k+ if x c Qi,
a.(z) = 1 ifre O, and k(z)=4 k, ifxe Q.,, (1)
o it x € Q% | k_ if x € QF.

In (1), a. and k. describe respectively the contrast and the refractive properties of the media
QF and Q) , relative to the exterior domain ()5 . We assume that all the constants a, ki and
k., are independent of € and oy < 1 < ax. Our aim is to study the asymptotic behaviour as
¢ — 0 of the solution u° to the following problem

Au® + E?u® =0, in Q2 UQ ,UQ%, (2a)

with transmission conditions on the interfaces IS and I'®

Uy, o = UG, on I'g, (2¢)
OngUpy o = QxOny ug, on I'%, (2d)

where 0y, and d,_ denote the derivatives in the direction of the unit normal vectors n, and
n_ to I'Y and I'® respectively (Fig. 1); u%, u;,, and u° are the restrictions of u° respectively
to the domains €27, Qfm, 0 and w;p. is the incident wave defined by . = e*+@9 with d
being a unit vector of R? giving the direction of the plane wave ;..

This work is a continuation of a series of two papers [9, 10] in which the authors studied a
similar problem defined in a domain with a uniform thin layer.

Especially, in [10] , the authors considered the case ar € |1,+o0[ or ax € ]0,1] and
determined a third-order model to take into account the effect of the thin layer by Ventcel-type
transmission conditions defined on an interface I' parallel to I'Y. and I'®. located inside the thin
layer 27 ,. However, the well-posedness of the approximate problem has only been proven in
the case ay € ]1,+oof or ax € 0, 1].

Our goal is twofold. We consider in this work the case of a non-uniform thin layer and treat
the case where oy < 1 < ag. We use a multiscale expansion of the solution in powers of ¢
to derive, in the case of the non-uniform layer, an equivalent model of order 2 with Ventcel-
type transmission conditions involving tangential differential operators of order 2 defined on
a parallel interface I to I'Y and I'® located outside the thin layer 27 ,. We also derive an
equivalent model of order 3 in the particular case where f =1, i.e., a uniform thin layer.

The outline of the paper is the following. In the next section, we give precisely the statement
of the considered model problem. In section 3, we recall suitable notations and definitions from
differential geometry on curves. Section 4 contains asymptotic analysis of the solution of our
problem. We calculate the first three terms of a formal asymptotic expansion of the solution and
give a convergence theorem justifying the ansatz. The main result of this paper is presented
in section 5. We begin by establishing an approximate model of order 2 with Ventcel-type
transmission conditions for the case of a non-uniform thin layer. We prove a uniform estimate
(Theorem 5) in order to establish the uniqueness of the solution of the approximate problem.
Next, we present an equivalent system of pseudo-differential equations to prove the existence
result (Theorem 8). Finally, we provide an estimate of the modeling error (Theorem 9).In the
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second part of section 5, we address the case of a uniform thin layer and provide an approximate
model of order 3 with Ventcel-type transmission conditions. In this case, the uniqueness of the
solution is shown (Theorem 12) using the Rellich lemma ([19]). We leave the proof of the
existence of the solution and the error estimate to the reader, as they are practically the same
as those in Theorem 8 and Theorem 9.

2 Problem setting

We would like to use the same technique as that used in [10], where the authors derived Ventcel-
type transmission conditions on an interface I' separating the thin layer into two subdomains.
However, it is not suitable for the problem studied in this paper. Therefore, we adopt similar
approach to that used in [8]; we consider a parallel interface I' to I'® dividing Q¢ into two
subdomains: a bounded domain {2 and a thin layer 27 , of thickness de where d is a positif
real number independent of ¢ (see Fig. 2).

Figure 2: A zoom on the thin layer, with and without the interface I"

Then problem (2) is equivalent to the following problem

(AuS + kius =0, in QF, (3a)
Aufn,Z + kzn,Zuin,Q = 07 in an,Z? (3b>
Aufn,l + kiuiﬂ,l = 07 in an,la (3C>
Au + E*uf =0, in Q_, (3d)

li (935 — ik N inc) — 07 3
| i Vel (O = k) (= tine) (3e)




with transmission conditions

(U5, 0 = us, on I, (3f)
ufn,l = ufn,Z’ on I, (3g)
ut =y, g, on I, (3h)
Ony Upy o = Q0 On U, on I'%, (3i)
_Only, = On_1, 5, on I'®, (3j)

| Onu® = Onuy, on I (3k)

where 0y, denotes the derivative in the direction of the unit normal vectors n to I' and g, ,
is the restriction of u® to the domains € ;.

We derive an asymptotic expansion of the solution u® with respect to the thickness € up to
any order. We then provide Ventcel-type approximate transmission conditions on the interface
I' modelling the effect of the thin layer and we discuss according to the parameter d the existence
and the uniqueness of the approximate solution.

We start by the following theorem in which we state the existence and the uniqueness result
and give a uniform estimate of the solution u® with respect to ¢, for which a proof can be found
in [9, 7].

Theorem 1 If uy,. is a plane wave, then Problem (3) admits a unique solution u® in H} (R?).
Furthermore, there exists a constant ¢ independent of € such that
||UE||H1(Q) < ¢,

where € is a bounded smooth domain with boundary I's enclosing the domain Q° as well as
the thin layer X, , (cf. Fig. 3).

Figure 3: The domain €2



3 Geometrical tools - Notations

The goal of this section is to define and to collect the main features of differential geometry to
formulate our problem in a fixed domain (independent of €). This technique is a key tool to
determine the asymptotic expansion of the solution u®.

3.1 Parameterization of I'
Let I" be a regular parameterized closed curve through the C* map 7 defined by
"y:(O,lr) — I c R?
t—(t) = (n(t),72(t)),

where [ is the length of I' and ¢ is the arc length of 7. The tangent and normal unit vectors
7(t) and n(t) to I' at (t) are given by

(1) 1= 80— (y(0), s 1)), m(t) = (1), (1))

We recall Frénet’s formulas defining the curvature ¢(t) of I' at point (t) (cf. [13])

dr(t) dn(t)
el —c(t)n, = c(t)T.

3.2 Parameterization of ()

Let I, = (0,d) and I, = (0,1). As well-known [13], if € is small enough then the thin layer
Q. 5, B € {1,2}, can be parameterized by the manifold (0,Ir) x I with coordinates (¢, s):

ml—{x— +6sn()€Qm1, (t, s)GQmJ::(O,lp)Xll},
Qo ={r=70)+e(d+sft))n(t) € 4, (t,5) € Uno = (0,lr) X I }.

To each function vg defined on )] 5, we associate the function Vs defined on €, 5 by

V(t,s) :=vg(x), (t,s) € (0,lp)x Iz

Hence the expression of the Laplacian in coordinates (¢, s) is

N
Avy =g (5{3 =) A+ €N“TN,1> Vi, (4)
j—l
1
Avy = g2 [f2 - ;6]142] + N Ty | Vo, (5)

where Ty 5 is a bounded operator with respect to €. In particular

Al,l = —C(t)as, <6>
ALQ = SCz(t)as - atz, (7)



Az = =52 ()0, + 25¢(t)0} + sc (1), (®)

__dy
Ay = @) Os, (9)
Ay = 2sf"H(t)0,0, — s> f2(t) f 2 ()02 — 07
— [2sf2(t)f~ ( ) — Sf”(t)f’l(t) —sc’(t) —de*f 7] 0, (10)
30(25) 252dc 2 5 dsde(t)\
= (B ) 100t (st + 255 oo
+ (25¢(t) f(t) + 2dc(t)) 02 — (d + sf(t)) ()0, + (—3203(t)f(t) — 2sdc®(t) — d;(g)
e AP0 F2(0) _ 2sdet)f'(1) | Asde()fP (1) o
26c(t) (1) + = L 01
_sdd(t) f'(t)
o) ) 0Os. (11)
The normal derivative on I'UT'. U T expands in power of € as
Onvrr = £ '0sVA(,0), (12)
On_V1)p. = e 10,Vi(t,d), (13)
On_vo|re =& f10,VA4(2,0), (14)
On ol = |04 (57210, 10 ) 4 | ), (15)

Otherwise, if v is a function defined on Q¢ | which is parameterized with coordinates (t,7):

an = {ZL’ = ’V(t) + U(dJr f(t))n(t) S Qim (t777) € Q= (Ov lT) X (076>}7 (16>

then, using a Taylor expansion in the normal variable 7, the normal derivative on I'Y has
the expansion
an+1)|ri_ = 8nv|p +e |:(f + d) (91211}“" — f/atvu"] —+ .- (17)

4 The asymptotic analysis

In this section, we derive a multiscale expansion for the solution u of the model problem (2)
in power series of the small parameter . We present a hierarchy of equations defined in a fixed
domain (independent of ). Then we give the first three terms of the asymptotic expansions
and the convergence theorem justifying our ansatz.

4.1 Hierarchy of equations

Due to boundary layer phenomena, the solution u* admits two asymptotic expansions: exterior
asymptotic expansions corresponding to the expansion of the solution u® restricted to €25 and
to 2, written in cartesian coordinates x = (z1, x2) (macroscopic scale) and given by the ansatz

= Z&”u’fr in QF, (18)

n>0



ut = Zs”u’i in Q_, (19)

n>0

where the terms u” and " (n € N) are independent of € and respectively defined on Q_ and
on Q=05 UL UL Ul U ;. They satisfy

Au? +E2ut =0 in (1,

Au™ + k2u" =0 in Q_, (20)
1. _ n __ . —

ol poo V ] (Olay — iky) (uf} = donttine) =0,

in which ¢y, indicates the Kronecker symbol. And an interior expansion corresponding to the
asymptotic expansion of u° restricted to QF | written in local coordinates (¢,s) (microscopic
scale) and defined by the ansatz

g, 521, m) = Up, 4(t,s) = > e"Up 5(t,s) in Qug, f=1,2, (21)
n>0

where U} ; are independent of ¢.
Using a Taylor expansion in the normal variable and formula (16), transmission conditions

(3f)-(3h) become

ng,Q(tv 1)+ EU%,z(ta 1)+ 52U31,2<t7 D+
= “9r|F +e (UHF + (d+ f(t))f)nump)

d+ f(t))?
ver (a4 (@ gt + oz ) o)
Urez,l(ta d) + €U5%1(t, d) + €2U72n,1(t7 d) T = Ugn,2(t7 0) + gUflrz,2(t7 0) + 82(/v72rL,2(t7 0) +oee (23>
Ur?l,l(tv O) + 5U’r}1,1(t) 0) + 82Uvr2n,1(t7 0) o= u(ilF + eul—’F + €2u2—|r ey (24>
Upon using (12)-(15) and condition (17), we get
el 0 1 1 1 2 f2@) 5 110
f(t)asUm(t,l) + f(t)asUm,Q(t, 1)+e (f(t)asUmﬂ(t’ 1)+ 27 (1) OsUp, 5(t, 1)
= F(H)0U,5(t.1)) + €7 (L&UELQ(@ D+ 2 Wa 0
’ f)y = 2f(t) ~ ™

— [(1)0U,, 5(t, 1) — cf(t) (% + 1) OU2, 5(t,1)
+2e(t) f'(t)(d + f(£)0Un, o(t, 1)) + - -

= a; Opullr + ¢ (apdnulfr + (d+ f(t)ardhul | — f'()ardiul|r)
d+ f(t))?
+ €2 (a+8nui|r + (d+ f(t)ay02ul |r + %

12
~ Fwaactle + Lo 0,00 1 + 20O + F©)ardnd e

—f'(O)(d+ f(t))ar0dpulfr) + -+, (25)

3,0
ar0uy|r




el d,Uy, ((t,d) + a_0,U,, 1 (t,d) + ea_0,U7, 1 (t,d) + e2a_8,Up, | (t,d) + - --

1
=70 (670U, 5(£,0) + 05U, (£, 0) + £0,U7, 5(t,0) + £20,U, 5(£,0)) + -+,
(26)
e 10U 1 (t,0) + 0,U,, 1 (t,0) 4 €0,U7, 1 (t,0) + €*0,U3 1 (£,0) + - - -
= Opu’ |p + £0qu |p 4+ €20qu® |r + -+ - . (27)

Now, inserting serie (21) in (3b) and (3c), using (4), (5) and matching the same powers of
e, we get, for all (¢,s) € (0,Ir) x I3, the following families of equations

Q2UY 5 =0, (28)
QU 5 = ApUy) 5, (29)
852U31,1 = ALIU;,I + A172U7(7)z,1 - kEng,la (30)
852[]31,2 = A2,1U51,2 + A2,2Ur?z,2 - k?nUT(r)l,% (31>
QUL | = AUL 4+ ApUp + AU — KU, (32)
U o = As1Up o+ AgoUp o + Ag3Up 5 — ki Uy o (33)

4.2 Calculation of the first terms

In this paragraph, we exhibit the first three terms of the asymptotic expansion of the solution
u® to problem (2). All the details and formal calculi are presented in Appendix A.

By resolving equations (28)-(33), with the help of transmission conditions (22)-(26), the
terms (u™,u}) are solution of the following boundary-value problems

Aut +k3ut =0 in Q,

Au™ + E2um =0 in Q_,
i 8:(: — ik n =0 nWinc) — 07

ol (O = k) (uh — donttine)

with transmission conditions on I':

At order 0.
ul —u? =0, (34)
a Opul — a_dyu’ = 0. (35)

At order 1.

t _+dor — (f(t) +d)a_
ul+ —ul = fara +day — (f{) + d)o (a+anu3 + oz_anu(i) , (36)
200 0
a+0nui —a_0yut = % (a+8nui + oz_anu(l) + Yy (u?F + ug)

9



+03 (Opul + Opul) + Uy (O7ul + 07u?) . (37)
where
1 1
0= 5 (10— ),
1 2 1 2
192 = 5 ((d+ f(t))()é+l€+ mk’ — dOé_kI_> 5
b = 5o =110,
1
194 = 5 ((d + f)Oé+ m — dO{_>
At order 2.
2 = ft)oya + ZZia_(d + f(t)a- (0s0utl + a0
N ((—2f2(t)f’(t) — 2df*(t) — () o + (d — d*f(t) — df*(t)) oy
4f(t)ara_
d t) + d? df?
_d+ Zf( J;(ij(j PO (1) (0 ne? + a0
b (e Hoda_ — df(Dasa? — dF()(d+ F(1) (03 — o)
4f(t)oya
doy + (d+ f(t))c 2 2
RTIT o ) SR
(Fass0 Bala. —dP (DR asa® —d(d+ ()1 (a2 — Ka?)
_l’_
Af(t)ara_
iz, + (d+ f(t)k, —> WO 4O
" Af(t)oa ( + 7)
N ft)oda_ —da? — dc;uroz_ +day + (d+ f(t))a_ F(0) (O + B (38)
o
ouﬁnuZ+ —a ou® = % (a+anu1+ + oz_anul,) + Uy (ufr + ul,)
+13 (8tu++@tu ) + V4 (OFul + OFul)
+95 (Ofu +820)—|—196(8tu+—|—8tu)
+07 (uS +u ) + U5 (04 07 00u, + Ofar_0pul )
+1g (a+8t nu+ + O 0,u’ )
+t9 (oz+8 u+ + a_ 8nu_)
where
32 c(t) c(t)
U5 = Ta,c(t) eI + Y0 (d+ f(t)) oy

10



Us

Us

—i—%c(t)—l— o 1 aic(t)
I 1 (d+ F(0)f (o — df(la_—1
3 (10 7)< | 270
Lo e -
100+ Sando) - S0 + a0 — )0+ F0) o - )
SCES IR I LS
i i Pty — 1)
v (10 - 7 ) et [P
et - bk S o) et - T o
LY T TR — (ke — K
w3 (70 75) 0 | 210 |
[+ FO) DR as — dfi2a — I,
+de(t) 2@ ,
LR ) (10 S
i 270 o
+% <(d+ F(t)ay + da_ — f(1t>> [f (Hasa- = éijof_ (H)a- + doﬂ ,
P (0 =) F0) [+ ) o~ 1)
ft)ay 2004
i+ oy ) o= = Sl v do

. ((d+ ot fét)) (f’(t)a+g;+—a(_f’(t))a—) ,

L, (@) 11 () - (Bas)
10 S0 2f<>[ o ]

w0y Lan s goy - CHOE o) - i)

——kQ d2 2( )

-4 (R ) - T g}gt()t); -
(i - 0) oS0 s g -
RY SR (f(t)ow (04 )0 oy
) (g ey
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And (U}, 5)o<n<i are determined by V(t,s) € (0,1r) x Ig

Uns(t.s) = u|p=ul]r, (39)
Uni(t,s) = ul|r+ s0qu’]r, (40)
Una(t,s) = e+ (f+d— f(t)ay +sf(t)ay) nullr, (41)
Ufn,l(t, s) = [—c(t)anu9|p — 02’ |r — k%ug\p} ; + Oqut |ps +u? |y, (42)
Una(t,s) = [—c(t)ardquf|r — OFul |r — Ky’ |r] S 28 b Lf(t) oy Ol [r
—c(t) f(t) ' () dnul r + f() f'()Oul [r + (d+ f(1) f(t) oy Daul|r] (s — 1)
(4 7)ot o+ CEIO g0 e 13
nW | 9 nu+|F+u+|F- ( )

Remark 2 We note that by setting, in [10], dy = —d and dy = 1 + d, we formally obtain the
asymptotic expansions and the equivalent models presented here in the case of a uniform thin
layer where f = 1.

4.3 Convergence theorem

The goal of this paragraph is to validate the ansatz (18), (19) and (21) by providing an error
estimate made by approximating the exact solution of (2 ) by a truncated asymptotic expansion
at order N € N. Let Qe be a domain of R? defined by QE =05 NQ. We set

N
D Y
n=0

where uy, 5(x) := U}, 5(t,5); Vo = ®p(t,s) € Q5 5. Then we have the following theorem.

Theorem 3 (Convergence Theorem) For all integers N, if win is a plane wave, then there
exists a constant c independent of € such as

,(N)’ 12 e &,(N) ‘ 1/2 &,(N) ‘
us —u’ € U 5 — U + ¢ —u
H(Q) m,[3 m,1 Hl(Qfm ) m2 m,2 Hl(ﬂfn,z)
u, — ui’(N)H <Nt
HY($3)

Proof. The existence and uniqueness of the series (uﬁ)n, (u’}r)n and ( . B)n as well as the
error estimate follow the same lines as Theorem 13 in [9] and Theorem 5.1 in [7].

5 Approximate transmission conditions

In this section, we derive Ventcel-type transmission conditions and approximate models to
exact problem (2). We start with the case of a thin layer with a variable thickness. We show
the existence and the uniqueness of the solution and prove an error estimate to validate the
convergence of the equivalent conditions with accuracy up to O(g?). In the next paragraph, we
deal with the case of a thin layer with a constant thickness. We determine approximate model
with Ventcel-type transmission conditions up to order 3.

12



5.1 The case of a thin layer with a variable thickness

To obtain equivalent transmission conditions of order 2, we truncate the series (18) and (19)
up to a residual term in O(g?). An approximation of the exact solution w® far from the thin

layer is solution w5 := (u=™, u$™) of the following problem
AuG™ + kE3ui™ =0 in O,
Au®P + K2y =0 in Q2_, (44a)
lim V |l’| (a\x| - ik-i—) (Uiap - uim) = 07
|z|—>+o00

with transmission conditions on I’

s 2C 1d 0 YR T
( [a%nuij“p] ) - € ( c(t) (f(t) — ﬁ) Id  2(D10? + D,0; + DoId) ) < < (us®) > > ’

(44D)
in which " 0
o(z) = { Zf 1fﬁ g Qf
[v] = Ut — U, (v) = % (U+|F + Uf|r) )
[@0hv] = i O0nUpr — a_Oqv_p, (aOnv) = % (oz+8nv+|p + oz_anv_|p) ,
and
c - f®)asa_ — éci—l—af(t))oz_ + doz+, (45)
_ d+ ) fH)ay —df(Ha- —1
b= 27 (1) ’ (46)
A SO OR0, — R R,
P2 = 21(1) | 47)
. (£2(t) — D asa_
P = O @asa — @+ f@)a T day) 48)
D, = M' (49)

2

Note that C; # 0 since we have assumed that oy <1 < ax.

5.1.1 Uniform stability

We now prove e-uniform a priori estimate for the solution of problem (44). This latter is
actually going to be useful for proving the unicity of the solution.

To do, we rewrite problem (44) in a truncated domain (see [5] for a similar reduction) in
order to give a suitable variational formulation of problem (44).
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We recall that € is a bounded smooth domain with boundary I', enclosing the domain Q%
as well as the thin layer QF , (see Fig. 3) and let us denote by Qs the exterior domain of R2
with boundary T, defined by Q. = R2\Q.

We introduce the DtN operator 7' (Dirichlet-to-Neumann) defined from H'/2(T'y) onto
H™'2(Ps) by Tp := —0n, w, where ng_ indicates the unit normal to I's, outwardly directed
to 2 and w is the unique solution to the following problem

Find w € H. (Qu)

Aw+ kiw =0 in ﬁoo,

W= on 'y, (50)
lim  /|z| (02 — iks)w = 0.

|z]|—r+o0

The DtN operator T is a pseudodifferential operator of order one [5] and is linear continuous
from H'/?(I'y) to H~/?(T'y,). The next lemma, whose proof uses stardard elliptic regularity
(cf., e.g., [5]), gives some useful decomposition of the DtN operator.

Lemma 4 Let ¢ € HY/2(To,) and po € H Q) be the unique solution to the following coercive
scattering problem

Apg—pg=0 in ﬁoo
Yo = ¢ on Foo
Now let us consider Ty = —anﬁ wo- Then Ty 1s bounded and coercive from H'/? (Tx)

into H='/2(I'y,). In addition, there exists a compact operator K acting from HY*(I'y) into
H3%(T) such that
T—Ty+K. (51)

We introduce the Hilbert space H!(€,T') defined by

H'Y(Q,T) = {u = (v_,vy) € HY(Q) x HY(Q); uyy, € Hl(r)},

where Q0 := Q. N Q. Then a variational formulation of (44) is given by
( Find u5? = (u2?, u7") € HY(Q,T), Yo € HY(Q,T)

2P w) = / VUt Vo_ dQ- —a_k? / u=v_ dQ-
a_ Q_

o, DU T B g8 o e 0 gk b
—2e [ D1 (Qu®) (Opv) dT + 2e [ Dy (ug®) (v) dT

+ [ Dy [u2®] (v) dT + 2 [, (Dy — D)) (Qeus?) (v) dT

| o (Tul™ v g1/, <2 = L),

a. (u

where () o120y mi/2(r.,y denotes the duality pairing between H~'/*(T'y) and HY2(I'y)
and [ is defined by

l(v) = ay /F(><> (3,1600 + T) UjneU do.

We have the following theorem about the dependance of u* as € goes to zero.
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Theorem 5 For all | in (H (Q,T)) | there exists a positive constant ¢, independent of <, such
that the solution us™ of problem (52) satisfy
a _1
luss? ey < ce™ 2 ||| g,y -
Proof. We need to prove that the next estimate holds true

|ac (ugs”,v) |

_1
2 sup

[us? e o) < ce
veH!(Q,I) HUHHI(Q,F)

To do so, we proceed by contradiction hence assuming there exists sequences (g,)neny and
(ugrP)en (denoted by (u2%),cn) such that

oo

lim &, =0, [[Veux®|lmer =1,¥VneN and lim sup  |ae, (uX™ )| =0.
n—+00 ’ n—-+0o ||SDHH1(Q71"):1

From Rellich theorem, we can extract a subsequence (still denoted by (u*),cn) such that
Equ® — ul % in L2 (Q),
Equ — 2% in H'(Q,T).

Otherwise, for all (v_,v,) € C®(Q_) x COO(Q_JF), we have

1 .
im [ Y e ] dr = Tm oo / JEVU Ty Q.

n—-+4o0o 2577, r Cl n—-+4o0o

—a_kzz/ VeEnu®Pu_ dQ_ + oz+/~ Ve Vul® Vo, dQ, — a+ki/~ Vet TP, dSY,
_ o o

oe, / Dry/En (Bl () dT + 22, / Dy /2 (W) () dT
+ / Dsv/en [ux™] (v) dI' + ZEn/ (Dy — DY) Ven (Opuz™®) (v)y dT’

—V/Ena: (uy™, v) + ay (Ve Tull™, U+>H*1/2(Foo)xH1/2(Foo)

— a_/ Vu’® . Vu_ dQ_ — a_ki/ uPu_dQ- +ay [ VUi Vo, Ay

_ o

—Oz+ki/ ul P d§++/173 [u2®] (v) dT’
Q4 r

oy (TuS™, vy) gosae ) /2(r ) (53)
The right-side term being independent of &,, it follows that, V(v_,v,) € C®(Q_) x COO(Q_JF),

L[V e ) ar = 0(1).

2577, r Cl o

Using the fact that C=(Q_) x COO(Q_JF) is dense in H'(Q,T') and C; and é are bounded in I,
we obtain for v = us™”

I [wl) || poqry < e/, (54)

15



As a consequence u}™ = u>™ on T' and for all v in H'(Q2,T), we have

lim +/g,a., (U™ v) = a_/ Vu?® . Vo_ dQ_ — a_kz/ uPy_ dQ_
_ o

n—-+oo

+ag | Vu® - Vo, A9, — a+ki/~ uS P, QL
Q4

Q4
+a+<Tu3:ap7U+>H—1/2(I‘OO)><H1/2(FOO) =0. (55)
As a result, well-know properties of uniqueness of the solution of problem : Find u2% in
H! (Q_ ul'u §+> satisfying (55), based on Rellich ([19]) lemma and the operator 7" imply

that u2® = 0.

To obtain the contradiction, we show that lim,, . || gnugo’ap||Hl(Q7F) = 0. Note that, since
12 is uniquely determined, it is all the sequence (4/z,u™),cy that converges to u2. Tt only
remains to show that lim, ., ||/, Vul™||L2() = 0. We have

IVET g < e (an [ VERE a0 o, [ vEwaep )

=cR (esnagn(u” WP ) + o k2 / Enlu™ P2 dQ_ + a+ki/~ en| )2 dQ,
Q4

1
_ / L unen) 2 ar 4 2¢2 / Dy| (G} | dT
r 2C, r

_28721 / D2| <u7;$ap> |2 dl' — ¢, / Ds [uzéap] m dl’
L r

92 / (Ds — D)) (Bu™) T dr
T

Q.

n,ap p
_gnOz+<Tu+ y Uy >H71/2(F00)XH1/2(F00)>'

Using Lemma 4, we deduce

Ve Vul®fzq < R (6na€n( nap Y o k2 / enluP|? dQ_ +0z+ki/~ U2 dS2,
_ ol
1
— / T | [uP] | dT" + 25721/D1| (OpuPY |? dr
r 2C r

_253/2)2] (ulP) |2 dl’ — 5n/2)3 ([u&apbm dr
r r
2, / (Dy = D)) (D) (ux™) dT

r

— epay (Kup™ Ui’ap>H71/2(roo)xH1/2(roo)) .
Since K is compact and /g,u%® — 0 in H'(Q,T), we obtain
(Ve Kul™, \/euli ™ )y (Foo) xH/2(Too) — 0-
Finally, the hypothesis lim,, . R [agn( o N T )} = 0 and (54) yield ||\/e, VU™ ||l12(0) =

0, contradicting || /€, ul®|[m@r) =1 =

16



5.1.2 Existence and uniqueness

To show the existence of the solution u5™ = (v uy"), we introduce the Steklov-Poincaré

operators (cf., e.g., [5]) (called also Dirichlet-to-Neumann operators) 7_ and T’ defined from
H'Y2(T') onto H~Y2(T') by T_¢ := a_0yu_|r, where u_ is the solution to the boundary-value
problem

{ Au_ +k>u_=0 in Q_,

U_ = on I,

and by T, ¢ := a,0_nuy|r, where uy is the solution to the boundary-value problem

Augy +k2uy =0 in 2,
Uy = on I,

li \/ Oz — 1k =0,
Wit ] (O — iky) g

The Dirichlet-to-Neumann operators 7_ and 7', are elliptic pseudodifferential operators (cf.,
e.g., [20, 21, 22, 11]) of real symbol of order 1.

Remark 6 The function u_ is defined only in the case where the constant k2 does not belong to
the spectrum of the closed operator (—A, H}(2_)). We will therefore assume that this condition
holds.

We also assume that

d d 56
” m(ay —a_) = Moy —a_)’ (56)
if ;. > a_ and
M3, —1 2a, —1
d> 5 7 g T2 (57)
m(a_ —ay) M(a_ —ay)

if a_ > o, where m = min f(t) and M = max f(t).

Remark 7 Note that if m*ay > 1 when oy > a_ or M?a, < 1 when a_ > a, then the
hypotheses (56)-(57) are superfluous.

Using the definition of The Steklov-Poincaré operators, we rewrite Problem (44) into an
equivalent system of boundary equations: Find (w, ») € HY/?(I') x H'?(T), such that:
{ Auw + Alg% = €C1h,

58
Ag1w + Ngose = —h, (58)

where w and s are the traces of u7™ and uZ® on I respectively, h = T (Wine|r) + @4+ Online|r,
and (Ayj),, ;-, are pseudodifferential operators defined by

Ay = T+eCTy,

Ao = —T—eCiT_,

Ay = (D3 —eDy —eDy)I — Ty +eDy(I — 0?) — D40,

Ay = (D3 —eDy — D)l —T_ + Dy (I — 0?) — eDy0;.

We are now in position to state the existence theorem. We have:

17



Theorem 8 For any integer k > 1, if ui. is a plane wave, h € Hk’%(l“) and
1
—-go(Gly), (59)

then Problem (44) admits a unique solution (u=®,ui") € H* (Q_) x Hf, ().

Proof. Let k be a positive integer. In view of (59), A{' is a well-defined pseudodifferential

operator of order —1. Thus, from the first equation of System (58) we get
W = —AﬁlAlg% + €AI11C1h,
SO
[AglAl_llAlg — A22:| nw = [] + 5A21A1_11C1} h.

The operator I — 9?2 is an elliptic self-adjoint semibounded from bellow pseudodifferential op-
erator of order 2 (cf. [6]), it is Fredholm with zero index and maps H*(T') to H*2(T'), for
any s € R. In view of (56)-(57), Dy # 0, then the operator Dy (I — 9?) : H*(T') — H**(T)
is Fredholm with zero index. Since 0, T'., and T_ are pseudodifferential operators of order 1,
they map H*(T') to H*~(T), and since the injection H*~}(T") — H* *(T') is compact,

(FDs — eD1 — eDy)I — Ty — £D4dy, A11 and Agp 2 H¥(D) — H**(T)

are compact operators. Then the operator A21Af11A12 — Mgy is a compact perturbation of
eDy(1—-0?) (A1_11A12 — I). It follows that to show that the operator Ag; A7 Ajs — Ags is Fredholm
with zero index, it remains to prove that the operator Aj; — Ajp = eCy (T + 1) + 21 defined
from H*='/2(T") to H*=3/2(T") is invertible. Therefore, we consider the equation

2
(T+ + T+ ¥I> =1, e H D), k>1. (60)
1

The definition of the operators T’y and 7" shows that equation (60) is equivalent to the following
boundary-value problem

((Aug +kilup =0 in Q,
Au_ +ku_ =0 in Q_,
U_ = Uy on I

(61)

a_Opt— — a4 Oquy + —uy =1 onl,
€C1

\ |z|—+o00

where ¢ = u_|r = uy|p. Standard arguments based on Rellich’s lemma and the Fredholm alter-
native show that, for all k in N*, if ) € H #=3/2(T"), then problem (61) admits a unique solution
(u_,uy) in HF (Q_) x Hf, (Q4), and hence there exists a unique Dirichlet trace p € H*~1/2(T).

2
As a consequence, the operator T, +T_ + ?I, defined from H*='/2(I") to H*=3/2(T"), is invert-
ety
ible, so A21A1_11A12 — Ay is Fredholm with index 0. The equivalence of System (58) to Problem

(44) and Theorem 5 shows that the uniqueness of (v, u3*") implies that for any integer k > 1,
if (Cih, —h) € H*2(I') x H*~2(T"), there exists a unique solution (w, »¢) € H*~2(I') x H*~2(I")
of (58) which leads to the existence of a unique solution (u>", u3™) € H* (Q_) x Hf, (), as
we wished. ®
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5.1.3 Error estimate

In this paragraph, we define an approximate solution u*“ of the exact solution u® and prove
e-uniform a priori estimate of the convergence of u=® to u®. Using u3%, the solution of (44),
we define u® by

e,ap L Oe
uy in (7
g,ap __ g,ap 13
uw®=q u,s in Qm 8

WP in Q.

where u, "7 is obtained from (39)-(41) by adding and subtracting a term of order 1 in ¢ and
neglecting all terms in O(e?). It is defined, for all (t,s) in QF, 5, by

Ut (@) == U (t,s) = u2)f + sedqu”f, (62)
Ups(x) = Up3(t,s) =uljf +e(f(t) +d— ft)as + sf(t)oy) Onulf. (63)

We have the following error estimate :
Theorem 9 If u;,. is a plane wave, then there exists a constant ¢ independent of € such that,
for € small enough, we have

1/2 1/2

Il == ooy e gy =l i o, e 2, s =t i g, s =15l ey < c2™.

Before starting the proof of Theorem 9, we need a stability result. Let H' (2) be the Hilbert
space defined by

H! (Q) = {v = (v_,vy) € HY Q) x H' (Sl)} ,
and b (.,.) be the bilinear form on H' (2) defined by

be (u,v) = a_/ Vu_ -Vo_ dQ2_ — a_k2/ u_v_ dQ_

+ QL 5 VU+ . VU+ d§+ — Oé_i_k_Q’_/N U4V d§+

Q. Q4
1

- —AE/[U] [v] dT’
2 Jr

+  ag (Tuy, ’U+>H*1/2(Foo)><H1/2(Foo) g

where \. = O(e7!). We have the following lemma, which proof is very close to that of Theorem
5 and can be founded in [7].

Lemma 10 For all h. € (HY(Q))', there exists a positive constant ¢ independent of £ such that
the solution to the variational problem

{ Find u € H'(Q), Yo € H'(Q),
be(u,v) = he(v),

satisfies
[wllm @) < 05_1/2||ha||(H1(9))’-
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Proof of Theorem 9. According to

HUE ap 6,

,Q ,(1
HY Q1) <”u€ P )||H1(ﬂ—) + €2Hu1—HH1(Q_)) )

and

HUEap

€,q, (1
HY(Qn2) (Hu - ui( )HH1(9+) +€2H“H|H1(Q+)> )

where ¢ is a constant independent of e, and convergence Theorem (Theorem 3), it suffices

g,ap g,ap

to estimate |lu> (1)||H1( _y and ||u3 8(1)||H1(Q+). As in [9], we derive asymptotic

expansions for u and u$" through the ansatz

u>? = Ze and uy Zs w, (64)

n>0 n>0

where the terms w™ and w’} are independent of . Inserting (64) in Problem (44) and identifying
the same powers of ¢, we get the following hierarchy of boundary-value problems

Aw? + 2wt =0 in 24,

Auw™ + k2w =0 in Q_,
i aac — ik =0 nWinc) — Oa

G lal (Oey = k) (w} = donttine)

with transmission conditions on I

[w"] 2C1d 0 (D™
( [adpw"] ) - ( c(t) <f(t) - fL) Id  2(Dy0? + Dyd, + DyId) ) ( (w1 )

in which (Cy) and (D;), ., are defined by formulas (45)-(49) with the convention that w' =

wjrl = 0. A simple calculation shows that the terms (w[‘,wi) coincide with (u’l,uﬁ) , for
n € {0,1}. Furthermore, each term in (64) is bounded in H'(Q) (cf., e.g., [9, Theorem 4.1]).
Let R, be the remainder obtained by truncating the asymptotic expansions (64) at order 3

Rulo. = Ry =u" —u® —ew' —w? — 3w?,
Relo, = Ruy = 05" —ufl —cul — a2 — 0.
Hence R, is the solution of the following problem
AR,, +k3iR,, =0 in 0,
AR, +kR, =0 in 2,
A al (B — ik ) Bu, =0,

with transmission conditions on I'

Ry, — Ry =eCi(a40nRy, + a_0nRy ) + 'Ci(ay0qws + a_0qw?),

w4

yOnRy, —a_OnRy = D1 (0; Ry, + 7Ry ) + Do (Ry, + Ru_)
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+ Dg (Rw+ — Rw_) —+ ED4 (atRw+ + 8tRw_)
+ D154((9t2wi + 02w? ) + 2)254(103’r +w?)
+ D4e4(8tw§’r + aﬂﬂi)

So for all v = (v_,v;) € H'(Q), we get

VR,, - Vo, dQ,

_ _ o

o / VRy -Vo_ dQ_ —a_k* / Ry v_ dQ_ + oy /

1
2618

+ a+<TRw+7v+>H*1/2(FOO)><H1/2(FOO) = he(v),

— a k® [ Ry,v, dQy + / (R, [v] dT
T

Q4

where
he(v) = —2 /F Dy (62R,) (v) dT — 2 /F Dy (Ry) (v) dTl
_ 9 /F Dy (OiR) (v) dT — 2 /F CDs (AR (v) dT
- 284/1“1)1 (0fw®) (v) dF—2€4/FD2 (w*) (v) dT
— 26/FC1D3 <a3nw3> (v) dF—2£4/FD4 <(9tw3> (v) dI’
+ 63/F<oz8nw3> [v] dT.
By using Lemma 10, we obtain
|Rullsn o) < ce™/2 [ | Rullai ) + € s )| -

where ¢ is a positive constant independent of €. Therefore

o512
| Rl () < 1= el [|ws g (g -

Since ¢ is very small, it follows that

| B[l () < ce? [|wsl|g g »
as we wished. m

Remark 11 In Section 4.2, we explicitly calculated the first three terms of the asymptotic
expansions (18), (19) and (21). This should have led us to determine a third-order model for a
non-uniform thin layer. However, this was not achieved because we do not have a result on the
existence and uniqueness of the solution for the third-order model, but this could be the subject
of future work.

The calculation of the first three terms in Section 4.2 will be used in the next section where
a third-order model will be determined for a uniform thin layer.
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5.2 The case of a thin layer with a constant thickness

In this paragraph, we consider the case where the thickness of the thin layer is constant, i.e.,
f =1. We will derive approximate transmission conditions of order 3 and prove e-uniform a
priori estimate of the convergence of u® to u®.

Once again, as in the previous paragraph, we define the approximate solution u*“ by

g,ap : 5
uy 1nQ

g,ap __ g,ap £
uw=q¢ U, In Qm 6
us  in Q_,

where u; ) is obtained from (39)-(43) by adding and subtracting a term of order 2 in ¢ and
neglectlng all terms in O(e®) and defined, for all z = ®4(t,s) € Q7 5, by

2/{:2 82
@)= Unlts) = uS 4 50| — et — SRt
52
- Eezc(t)anuiap\p, (65)
U ()= Un(ts) = ul™|r + e ((1+d)(1 — ay) + say) dqui™|r
25 -1-d)(I+dkiay + (1+d)°k + (s -1~ d)2k72n€2u€ “ap|.
2
2s —1—d)(1+d)oy + (1 +d)?+ (s — 1 —d)?

] : Loy
2(s — 1 — d)(1 L+d+(s—1-d)
B (s d)(1+d)ay + (1 +d)° + (s df o 520(t)3nu+ "I, (66)

2
and ug™ 1= (u2", u}") is the solution to the following problem
Aaap+k2 Eap_o in 4,
AuS? + k2w = 0 in Q_, (67a)
i BT (9 82 (457 ) = 0,

with transmission conditions on I'

€,ap

ui® —ut? = Ay (ay0aus™ + a_0qus®?) + 2 Ao (F7uT Y + FuT?)

+ e As (S — uS) + AU + uT), (67b)

apOqui™ — a_Oqu=™ = (581—1—62[3’2) (82 P 9P Mp)
+  (eBs 4+ &*By) (ui™ +u) + eBs (ui™ — us®)

+ B (0uy™ + 0u ™) + eBy (O7u™ — Ofu=™),  (67c)
in which

4, - 0T (14+d)a_ +d0z+ (68)

20Z+C)[_
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As

As

Ay

B,
Bs

By

Bs

By

—(1+d)ada. —dayo? —d(1+d)o? +d(1+d)a® +day + (1 + d)a_
daio
(1) (-1 =2d)ara_+ (1+d)*a. — dPay
2oo-— (1 +dja+ o)

Y

—(1+d)kioda. —dk?apa? —d(1+d)k5od +d(1 + d)k*>o® + dk2,ay
40é+a+

(1+ d)k%a) |

4C¥+Oé+

(1 + d)Oé+ — dOz, —
2 )

Pa_ —(1+d)?a, —2d—1
() o (1+ 4) oy ’
(1+ d)kia+ —dk*o_ — kfn

2 )
(1 +d)?* k2 ay — k2o — (14 2d)k2,

c(t) :
4
(1+dkiata +dk>aro? +d(1+d)k3od —d(1+ d)k2a? — dk2, o
20 — (1 +d)a_ +doy)
(1+d)k2a_ A
20aia. — (1+d)a_ +day)) A
d*a_ — (1+d)?ar —2d—1
ofo-—1+ 4) - — 0,B,,
(1+d)ata_ +dora? +d(1+d)a? —d(1+d)a? —doy — (1 +d)a_
2o — (1 +d)a- +day)

Note that A; # 0 since we have assumed that oy <1 < ax.

5.2.1 Existence, Uniqueness and error estimate

(69)

(70)

(76)

(77)

_ P

The uniqueness of the solution of problem (67) is obtained in a different way to that of problem

(44). Tt is based on standard arguments of the solution of this type of problems (cf., eg.,

[16])

and Rellich’s lemma. However, the existence of the solution and error estimate are obtained in
a similar way. We focus then on the proof of the uniqueness of the solution, Theorem 12 below,
and we leave the existence theorem and uniform estimate for the reader.

Theorem 12 If u;,. is a plane wave, then Problem (67) admits at most one solution.

Proof. Let us consider the homogeneous problem associated with Problem (67):

Au™ + kEXui™ =0 in Q,

AuZ™ + kz E_‘”’ =0 in Q_,
lim vV |ZL‘| (8|x‘ - Zk‘_;,_) uiap = 0,

|z|—>+o00
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with transmission conditions on I’

ui® —ut® = Ay (ay0aus™ + a_0qut®?) + 2 Ao (FFuT? + Fus?)

+ ey (u™ — w2 + A (WY + a2, (82)
a+6nuiap_a,3nuiap —_ (581+€282) (82 Eap_|_a2 a,ap)
+ (883 + 828 ) ( P u® ap) + E‘:B ( €,ap ueiap)
+ 2B (Dui™ + =) + eBy (Pui™ — PuTT) . (83)

Standard regularity results for elliptic problems (cf., e.g., [3]) ensure that (u=", u$™) € C* (Q_) x
C> (§+) Let Bg be the ball with centre O and radius R sufficiently large to enclose Q) and
let Qr be the domain of R? defined by Qr := BpNQ,. Multiplying Eqs. (79) and (80) by u5™

u= respectively and using Green’s formula, we get

a_/ IVus™)* dQ_ — _ki/ |u|? dQ_+a+/ IVus™ > dQpg
_ - Qr

As—1
_ k:2/ ap|2 o) —/8 eap]|2 g
QR an |U+ ‘ R - %A, |[ H

+ 2/ (583 + 5215’4) [(uS)[* dT — 2/ (831 + 5252) [(OpusP)|* dT
r

r

r I

= a; [ OruTui™ dSg, (84)
Sr

and v~

where Sy denotes the circle with centre O and radius R. Taking the imaginary part of (84),
we obtain

& ( aRUi_apU+ an dSR) = 0.
Sr

It follows from radiation condition (81) and Rellich’s lemma [19] that u3® =0 in Q.
Problem (79)-(83) is thus reduced to

At + 2y =0 in Q_,

with the following transmission conditions on I’
us? = —e Ay (a_0qus®) — 2 Ao (7uSP) + e Az (u®P) — 2 Ay (u=?),
o (‘3nu€ e (8[)’1 + 8282) (8,521,&‘”7) — (683 + 8284) ( Ea,p) + 56 ( Ea,p)
— 2 Bs0u ™ + eBr (Ofus) .

This implies that

/ (i — €é —&’B; — 63[)’4) jus ) dT + /(62[51 + 3By |0 ? dT = 0. (85)
Al -/41 I
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As ay <1 < ag, then A;B; > 0, and since € is small enough, there exists a positive constant
C such as

. . 1A )
C (I gy + 10y ) < / 4, B By P dr

+ 82/ B, + By |0u”®|* dl
r
= 0.

This leads to uZ*|r = 0. Then, we obtain

AU 4 k245 P = 0 in Q_,
u= =0 on T,

Opu=® =0 onT.

Well-know arguments of uniqueness of the solution of this type of problems (cf. [16]) leads to
u> =0 in Q_, which proves the uniqueness of the solution (uZ*, u3"). m

Finally, we have e-uniform estimate of the convergence of the approximate solution u** to
u® which proof follows the same lines as the one of Theorem 9.

Theorem 13 If u;y,. is a plane wave, then there exists a constant ¢ independent of € such that

3

e _ui“p|\H1(Q_)+€1/QHufm—uiff|]m(giml)+8l/zHusm,z—ufrngHl(an,Q)JFHui_“i’apHHl(ﬁi) < ce”

[[uZ

6 Conclusion and perspectives

In this work, we have derived and justified an asymptotic expansion of the exact solution of
problem (3) defined in a domain of R? with a thin layer having a variable thickness. We
have also modeled the effect of the thin layer with Ventcel-type transmission conditions in two
different situations: first, the case with a thin layer with a variable thickness with accuracy up
to O(g?) and the second, with a constant thickness with accuracy up to O(e?).

Interesting aspects left open in this work, might be considered in forthcoming publications.
First, there is the question of confirming our results obtained here by numerical simulations.
Then, investigating Ventcel-type transmission conditions for others problems like the Maxwell
or elasticity equations and elasto-acoustic couplings.

A Calculation of the first three terms of the asymptotic
expansion

A.1 Term of order 0
Eq. (28) and conditions (25) and (27) give

OUp 5 =0, Be{l,2}.
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Using (22), (23) and (24), we get V(¢,s) € Qi
U9, 5(t,5) =l | = L. (36)

Eq.(29) implies
32U15—A51U 5_0
Using (25), (26) and (27), we obtain Y(t,s) € Qs

asU,}%z(t, s) = f(t)oz+8nu9r|p, 8SU71,L’1(75, s) = Oqu’ |r and Oé+8nU3_|F = a_0uu’ |r. (87)

A.2 Term of order 1
Relation (87) with conditions (22) and (24) yield V(¢, s) € Qs

Upi(t,s) =ullp + (Gau’|r) s,

Unpa(t,s) = ullr + (d+ f(t) = f(H)as + sf(t)ay) Tnullr.
So (23) gives

fOaya- — (d+ f(t)a- + day (o Opul | + a—Opu’|r). (88)

ul [p —ul|p =

200 0
From (30) and (31), we have
QRUL, = AnUpy+ AUy — kKU, = —c(t)0au’ |r — 07ul |r — K24 |r.
QRUL, = AUy o+ AUp, — k2 UD 5 = —c(t) o Oqul|r — Ofud|r — k2ul|r.
Using (25) and (27) , we obtain V(¢,s) € {1, 3
O UL 1 (t,s) = [—c(t)Onul |r — OFul |p — k20l |r] s + Onul |1 (89)

(
[—c(t)aronul|r — O7ul|r — kul |r] (s — 1) + f(t)ardpul |r
—c) fF@O) f () Onullr + fFO) F ()0 |r + (d+ f(1) f(t)ar02ul |r. (90)

Now, from Condition (26) at order 1, we get

65U73172(t7 S)

Lo 0ol _ c(®)(f'(t) —df(t) — l)a WO e — M 2,,0
04+8nu+|1“ _On 7|F f(t) +0On +|F f(t) at +‘F
dk?o_ + k2, o WO [ 0. 2
f(t) uylr = f/(8)0uy | — (d + f(£))ardyuy|r. (91)
As
[+ f0) 20 (1) 29
i 2 2 (d+ FE)(+ne(t)(d+ f(1)>

(d+ F@)(T -+ ne(B)(d+ £(2) )
- SOOI, cft)
FT e @ s\ FEO)A e+ )
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+

n(=f(OS7 () +2f%(t)  nedd(®)f(0) /(1) + 7720’(75)f2(t)f’(t)) 5 } ~
(d+ FO)2(L+net)(d+ f(6)2 A+ FO)PA+net)d+ f()> )]

and
877u+(t’ 77)\77:0 = (d+ f(1))Onuyr,
it follows by taking the limit n — 0, we obtain

c(t
Oy |y—o + L&ﬂﬁln:o +

2. n 9
d+ f(t) 50Ul [=0 + KLy |y=0 = 0,

1
(d+ f(t)
ie.
Opus|r = —07ui|r — c(t)Onuy v — kiu|r. (92)

So (91) becomes
(d+ () f(t)ar —df(Ha_ -1

v Ogul —a_dgul = 270 (O7u + O7u?)
(d+ FO)f(OR o, — dfORa_ — K2
2/(t)
c(®)(f*t) — 1) 0 0
+ 270 (a+8nu+ + a,ﬁnuf)

fW(ay —1)

(W2 +02)

A.3 Term of order 2
Relations (89) and (90) with conditions (22) and (24) yield V(¢,s) € Q. 5

UZi(t,s) = [—c)0aul|r — FFul|r — k20l |r] % + Ol |ps + u? | (94)
Upolt,s) = [—c(t)aydnul | — OFul|p — kpul |p] MTSH + [f(t)arOpulr
—c(t) () () ardnulle + f()f' ()0l |r + (d+ f(1)f(t)arOquilr] (s — 1)
+(d+ f(t) Onullr + waﬁui]p +ul . (95)
So (23) with (92) and (93) we get
Bl —wle =~ [eltodulle — 2l — Kl e] + [F(t)orsdr I

—c(t)F(O)F (s Buu | + (1) F (OOl + (d+ F(1) f(t)ard2ullr]

—(d+ f(t)) Onul|r — waﬁuilp + [—c(t)anug]p — 02 |p

d2
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ft)aga_ +day — (d+ f(t))a_

L

Uir—u2_|r =

oz+8nufr I

(f(8) = 2f2(8)f"(t) — 2df*(t) — 2f5(t)) oo — (& f(1) + 2df*(t) — 2d) oy

- 2f(t)asa_

(d+ 112 (t)o o (—2d+ FE) PBata
T S hara )C@“*a““*“( 2 (ara-

L Z2dld+ FO)f(H)ad + (f(t) + 242 f(t) + f2(t) + 2df*(t) ) oo + 2da+)

2f(t)aga_
Pl | + (—2(d + () P(Bkada —2d(d+ f(1))f(t)kio]
! 2f(t)aya
Hlkn + k2 4+ (d+ f(8)° RS (Haa +2dk7 a0
2f (o )it
N f®)ara_ —do? +day oL

L0

Using (93) we get

t _+doy — (d t))a_
Ui|r _ UQ_‘F _ f( )OK+O& + ayp ( + f( ))Oé Oé,anul_h‘
a0

2f(t)aya
P f()ay ) e (—2df2(t)a+oz2 + 2df (t)(d + f(t))a*
2f(t)agra_ (D)evs Ot ++ 2f(t)ayra_
U+ M0 + PO 2 s + 200D
2f () A
N (—Qdf2(t)k3a+a2_ +2d(d + f(t) f(O)k2 a2
2f(t)aya
[, + PR+ (A SIS (Dasa +2(d+ f(t))k‘fnoz—> "
2f (o +r
L St —(d+ s 4SO g,
Then
ullp —utlr = fhasa- +day = (d+ f(t)a- (o Onul |r + a_Ouul |r)

20é+a,

(t aro
_(d+f()+d2 )+ df?(t) )c(t ) (s 0t |1 + oGt |r)
. Jara? — df(t)(d+ F(1)(a? — o)

((—2f2(t)f’(t) — 2df*(t) — (t)) aro + (d—df(t) — df*(t)) oy
)

(—(d+ St ))fQ( Jofa — df2

Af(t)ayra
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((—f(t) — 22 f'(t) = 2df*(t)) oo + (= f3(t) + (1) + 2f(t) + 2d) o

(98)



day + (d+ f(t))o —) (3t2u9r|r—|—8t2u(i|r)

Af(t)oya
—(d+ fO) POk 0 a_ — df* (k2 ara? —d(d+ f(1) f(t) (ka2 — k2a?)
Af(t)ara_
dkg oy 4+ (d+ f(0)kno- (o 0
i) ()
4 {Woto- —dos - dj;f;ﬁ dos + @ FON gy (0 1+ D0 ) - (99)

Equations (32) et (33) implie that, (¢, s) € Q. s,

82

U 1 (t,s) = [POnul|r + cOful |p + ck?ul |p — k2 (Onu? |r) — 07 (Ouulr)] 5
2

+ [ (Onu?|r) + 2¢(t) 070’ | + ¢ ()0’ |r] %
+ (=0ful |r — K2 ul|r — cOpul|r) s + O,U;, | (£,0),

OU3al05) =~ [elthsduil e — FFule ~ ] (3 _s+;)
F PO 00 (b)) num)z 0 [(F(t)ars) Outile]
OO (B0 02 + 1700 (D) B e + (0 1By i
FADF O IE2 - OO0 ~ 2 (B ] (55 5)

+ [defTH(f(Hay) daul e — Fulfr — 7 [(d+ f(t) — f(t)ay) Onullr]
—c(t)a Ouy|r — c(t)(d + f(t) oy ullr + c(t) f’ 1t)a+at“+|r —ct)f' ()0l |r

\_/A

+2de(t)Oful [r — kpuyle — Ky, (d+ f(t) = f(t)ay) dpul |r — de' (1) Oul[r] (s — 1)
+0,U 5(t,1)
From Condition (27) at order 2, we get
2
U3 (ts) = [omille + c0ful o+ ck?ul o = K2 (9ul|r) — 07 (9w |r)] 5

52

+ [ (Onu?|r) + 2¢(t) 070’ |r + ¢ ()0’ |r] = 5
+ (—3t2u1_|1“ - kzul_h“ - Canul_h“) s+ 8nU2_|F,

It follows from Transmission conditions (26) at order 2
2 2

T &> 2.0 &’ 2.0 2 0 d 2 0
—a_cOgu’|r + —a_coju’ |r + —a_ck“u’ |r — —a_k* (anu7|p) — —a_0; (8nu7\p)
2 2 2 2 2

e, 0 2 2.0 -, 0
+—a_c? (Oqullr) + dPa_c(t)0jul | + 5 a-C (t)opu® |r

2
—da_atzu1_|p —do_k2ut |r — da_coqut |p + a_0,u? |p
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- §%§c@)a+6gu3\rﬁ-§§§6fughﬂ+-§%§kiuohﬂ
P OL 700 ((F(004) dutl ) + 5702 [(F0)a) D]
2 HOF20 (F(00) O e = 510 (D = 5O
—el)3Fu ¢ (D0 + R, Dl
—d Ol e+ ORI + 20 [(d+ ) = Flt)a) B
+zelt)andyutle + 5elt) (d+ £0)) a3l I = £olt)f (DD e + 2e(0)f (0
— 20l + ke + K2 (44 F(0) = F(t)a) S0nd e + 2 (D0
+%88U§%2(t, 1). (100)

Now calculate the term 9,U}, ,(t,1) in (100). From (25) at order 2, we have
1
(@)
= (1'(£))" O + 26() () (d + (1)) (. = 1) D I
o O+ (1= ay) P00kl + /() [d+ F) (1 - ) 00wl

+ WOH&%UMF + (d+ f(t))a+82u}r|p. (101)

aSUT:Sn,Q (ta 1)

Recall that

c(t)
1+ ne(t)

2

/
— t
LAONPN O2ut +

B ——— Opu” + 02" + E2u't = 0.
[1+nc(t)]3 ¢ nY+ n+ + %4

Au't + Eiu? = o m———]
T [+ ne(t)]?

The partial derivative with respect to n leads to

— () [1 + ne(t)) + 3c(t) [1 + ne(t)]” ne ot + c(t)
[1+ne(t)]® !

[L+ne) T

= 0.

00
1+ ne(0)]
c(t)

(1)
[1+ne(t)] 1+ ne(t)

1

o, u” +
1+ ne(t)] 20t

2, n
500 ull —

Taking the limit n — 0, we obtain
—c(t) Ot |r — 20(t)0t2uﬁ\p + 0n8t2u’fr\p — cz(t)Bnuﬂr + c(t)@flump + Bf’lump + ki@nump =0,
hence

't |r = ()0l |r + 2c07u [r — 0,07u”t|r + F(£)Onu’t|r — c(t) 02U [ — K*Opu’t|r.  (102)
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Using Identity (92), Relation (102) becomes
Bultlr = 3e()Ful|r + (2¢°(t) — k7)) Ontlt|r + ¢ (£)Oput |1 (103)
— 81183/1,61‘{‘ + c(t)kiui]p, Vn > 0.
Therefore, using (103) for n = 0 and (92) for n € {0,1}, Relation (101) leads to

ﬁasvfmg(t, 1) = (PO e +26() £ ()(d + ) (e — 1) e+ T .

Ol + (1= ay) (Ol + F/(8) (d+ (1) (1= ) D |
— (d+ f(O)asPullr — (d+ F(O)asc(t)dnd | — (d+ F()ark2ul |
)

+ <d+g(t))2a+3c(t)8t2ui|p + (d—i_g(t) :

(d+ f(t)’ (d+ f(t)
2 2

ad (1)ous |r

oy (263 (t) — k) Onul |

a OnO7ul | + apc(t)kXul|r (104)
So (100) becomes
OZ+8nU3_|1“

ﬁc(ﬂaﬁnulﬁr + (d+ f(t))aye(t)dnul|r — da_c(t)dgut | — (1 — o) £/ ()0l |
1

_mkfnu}r‘r +(d+ f()askiul|r — da_k*ul |r — 0
2 o )

—da_0Mut |r + %a_c2(t)8nu(l|p + %a_c(t)ﬁfu(ﬂp + %oz_c(t)kﬁu(ﬂp

= a_0hwu’|r —

1
——0ful|r + (d+ f(t)os Oful|p

d? d> d?
——a_k? (01’ ]r) — 504_83 (0at’ |1) + = a_?(t)0nu |1 + d*a_c(t)07u’ |r

2 2
cft) o) 20

d2
+ S a (B0 |r — 53— (o Dl |r — 22(1) 22() T
11 f2()

2 21(t)
1 2 Olp] = —La, 0,u°

370 (U0 dulle] = Trsardudle

1

+——1'(t)0 ((f(t)aJr) 6nU(.HF) —
o Opul|r + 162(75)04+(9,1'1A)r\p + c(t)Fulr — = (1)l |r — 1]{2 o Opul|r

ulf|r —

+

f2(t)
2 2 2"

171
(d+ £(8) = F(Bay) uule] + —c(t) (d+ F(1)) s 0P

0
70 oK 0°

AP (), Ol | — —
1 2 0 LC o 2u0 LC aow uo -
—i—mc (t) (d+f(t))a+8nu+|r+f(t> (1) (d+ f(t)) ki +|F+f(t) () f'(t)ay Bl |
1 / 0 L c 2,00, _ k2 B N L 0 )
~ 5O O0 e + 2O — ki, (d 4+ 1) = (Das) 0]
o dd (D0 — (/1)) Oatl |1 — 2¢(t)f (B)(d + F(1)) (s — 1) Dl

f(t)
(d+ f(t)?

JETOP 0l — /0 (d+ 1)) (1 - ) B0 e — S Bt ul |
(d+ f(t)*
2

2
(d+ f(t)? (d+ f(t)?
2

2

oy (263(8) = K2) | +

OOl |r — apc(t)k2ul|r (105)
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Using again Transmission conditions (86), (87), (88) and (91), we obtain

oy O’ | = a_ O’ |p — M — 3 {d;/f > (t) + f%(t)f’?(t) — %CQ(t)—l—

Pl [(f”(t) - f"(t)an] T, (f’ogi))Q LRSI

e (d+f(t)o; f(t)a+) fgt) B f(lt)CQ(t) (d+ f(1) + 26;2(2) (f ((2)) ] (Ol |r + a_0au’ |r)
- {d;a i — Sk + ch o(8) (d+ F() apk? — ‘”f } (]r +

S - 160 - 707 © - 07 O+ F0) e -

+ e @ay — IO 0 o) - Lt o] @adle + 0a o)

e 1 o — elt) — —2de
3 |3 70 @ SO a o) — e

+<d+§(t)) a#%c(t)—%a ()} (02u% | + 02 |r)
1L[(d+ f(t)? & 1 1 (d+ f(t) - f(t) 29 .0 2 0
w5 [ - 5 5 (T ) sdtanti o omt)
L[, 1 (@)= Far)y  fOE+FR)A—ar)] 5o o 0 oo
+§{ 2f<zs>( o o }( #0000 BuaiZle)
where

1 1 1 1
M= (5 = £0) o0) (@20 e + -0 )

— (@ JO)ak +da k) e+t

+

N~ N~ N~

(1= ) £ (Ot e+ D ) + & (% (d+ f()as + da) (2 |o + 2 |r)

A 10 ) oty LI A 2 gt g
L WSO ORa, — dORa

21 ()
N c(ﬂ(éf((?)— 1) (05+8nu9r’l" n Oéfanu(l]r) I f'(t )(O;Jr — 1) (atumr 4 atuolr)}
(A S o — o ~1 gy

2f(t) (atqu’F—i_at 7|F)

A+ FO) O, — dfR2a_ — R,
2f(t)

+

+

(u+|F +ulp )

—dc(t)

(ug_lp —+ ug]p)

—dc(t)
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—dc%ﬁ)% (Ol |r + a_0,u’ |r) — dc(t)w (Ol |- + O’ Ir)

+ (Lk; —(d+ f(t)ask? — da_k3> (f(t)‘”o‘ — Wt fW)atdar g0 a_anu‘i\p))

f(t) doyo
(1= a) £ (HEOE =T oo+ a-on )

fOova = (d+ f(t)a +daoy

+ (1 —ay) f'(t)

(10,0l 1 + a—00nu’ |r)

40(4,0[,
1 f'(t)aya — (f"(t))a 0 0
+ (f(t) (d+ f(t))ay da) ( oo, (a4 Oqui|p + a_Onu’ 1)
1 _ fWaras — f'(t)a- 0 0
+ (f(t) (d + f( )) dOé) ( 205+()é_ (O‘+atanu+|F + Oéfatanufh‘)
L _ f)ayas — (d+ f(t))a- + day 25 .0 29 .0
+ (f(t) (d+ f(t))ay da_) Toar (405 Onul 1 + @_0; Opu’ |1).
Then
owr@nui\p —a_ Oty = ¥ (a+(9nu+|r + a_0yul ) + (uﬂp +u- \p)
+ 193 (8tu+|p—|—8tu | ) +194 (82u1 |F—|—82 )
+ 195 (82u3|p + 82 0 |F) + 196 (8tu+|r + 3tu |F)
+ U7 (u+|p +u¥ ) + g (04+8 anu+|p + afa,anump)
+ Yy (oz+8t(9 u+|r + Opor_Oqu’ |1 )
+ 1910 (a+8nu+|p + oz_ﬁnufhﬂ) s

where (U;), ;1 are defined in Section 4.2.
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