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Abstract

We extend the recently introduced setting of coherent differentiation by taking
into account not only differentiation, but also Taylor expansion in categories which
are not necessarily (left) additive. The main idea consists in extending summabil-
ity into an infinitary functor which intuitively maps any object to the object of its
countable summable families. This functor is endowed with a canonical structure of
a bimonad. In a linear logical categorical setting, Taylor expansion is then axioma-
tized as a distributive law between this summability functor and the resource comonad
(aka. exponential). This distributive law allows to extend the summability functor into
a bimonad on the coKleisli category of the resource comonad: this extended functor
computes the Taylor expansion of the (nonlinear) morphisms of the coKleisli category.
We also show how this categorical axiomatization of Taylor expansion can be general-
ized to arbitrary cartesian categories, leading to a general theory of Taylor expansion
formally similar to that of cartesian differential categories, although it does not require
the underlying cartesian category to be left additive. We provide several examples
of concrete categories which arise in denotational semantics and feature such analytic
structures.

Differentiation, Lambda-Calculus and Linear Logic. Linear Logic (LL) is a logical
system that arose from semantics ([Gir87]), following the observation that some interesting
models of the A-calculus were actually the coKleisli category £ of some category L of
linear morphisms. That is, a morphism from object X to Y can be seen as a morphism
in £(1X,Y), where £ is a category of linear morphisms and ! is a comonad on £. The
syntactical counterpart of a morphism in £ is a proof/program that uses its input (data or
hypothesis) exactly once, and the syntactical version of |  features a construction (called
promotion) that makes a resource duplicable and discardable.

It turns out that in multiple models of LL, the morphisms f € £(!1X,Y) are differentiable
in some sense, strongly suggesting that differentiation of proofs and programs should be
considered as a natural LL operation. Remember (see [Die69] for instance) that for any
Banach spaces E and F, a function f : E — F is differentiable at x € E if there is a
neighborhood U of 0 in E and a linear and continuous function ¢ : £ — F such that, for
alueU

[l +u) = f(z) + o) + o[[ul]) . (1)

When ¢ exists, it is unique and is denoted as f'(x). When f'(z) exists for all z € FE, the
function f' : E — L(E,F), where L(E, F) is the Banach space of linear and continuous



functions E — F, is called the differential of f. This function can itself admit a differential
and so on. When all these iterated differentials exist one says that f is smooth and the nth
derivative of f is a function f( : E — L, (E, F) where L, (F, F) is the space of continuous
n-linear symmetric functions E™ — F'. It can even happen that f is locally (or even globally)
expressed using its iterated derivatives by means of the Taylor Formula,

flatu)=>" %f(”)(a:)(u,...,u). (2)
n=0 "

When this holds locally at any point z, f is said to be analytic, see [Whi65].

Based on categorical models of LL where objects are similar to vector spaces and mor-
phisms f € £(!X,Y) are analytic functions from X to Y, the differential A-calculus (|JER03])
and differential LL provide a logical and syntactical account of differentiation. If I,z : A F
P:Band ' @ : A, then one can define in these systems, by purely syntactical means, a
program I,z : A+ %—I; - (@ : B whose denotational semantics in such models is the derivative
of the interpretation of P wrt. the variable x, linearly applied to the semantics of ). This
syntactic derivative can be seen as a version of P, where exactly one call to the variable z
that occurs during the computation of P is replaced with a call to @: this explains why x is
still free in %—1; - @ in general. This provides a new approach of finite approximations of pro-
grams by a syntactical version of the Taylor Formula whose effect is to translate A-calculus
application (P)Q into the differential A-calculus in such a way that

1 [ o"P
n! | dz™

(Q;.--,Q) | [0/z]. 3)
——

n times

(Az.P)Q reduces to Z
n=0

The term of rank n in this formal sum corresponds to the part of the computation that
uses the input @ exactly n times. Applying this transformation hereditarily to all the
applications occurring in a A-term, it becomes possible to turn it into an infinite sum of
strongly normalizing resource terms, see [ER0S].

Differentiation is deeply connected with addition, as it can already be seen in its defini-
tion Eq. (1) and in the syntactical Taylor expansion Eq. (3). As a result, the differential
A-calculus is always endowed with an unrestricted operation of sum between terms. Simi-
larly, all categorical models of the differential A-calculus and of differential LL (see [BCS06,
BCS09]) were using categories where the hom-sets were commutative monoids, and all mod-
els of the syntactical Taylor expansion ([Man12]) require the hom-sets to feature arbitrary
countable sums. The only available operational interpretation of such a sum being erratic
choice, these formalisms are inherently non-deterministic. This is in sharp contrast with the
uniformity property of the sum that can be observed in the syntax. For example, if the term
of Eq. (3) reduces to a variable, then only one term of the sum is non-zero. The position n of
this term gives the number of times the term @ is evaluated during the weak head reduction
strategy as shown in [ER03]. Furthermore, many deterministic (or probabilistic) models
of LL such as those based on the relational model (like coherence spaces and probabilistic
coherent spaces) feature morphisms in £(!1X,Y’) which are clearly analytic in some sense,
although the hom-sets do not feature a commutative monoid structure.

Coherent differentiation. Recently, [Ehr22| observed that, in a setting where all coeffi-
cients are non-negative, differentiation survives to strong restrictions on the use of addition.
Consider for instance a function [0,1] — [0, 1] which is smooth on [0,1) and all of whose



iterated derivatives are everywhere > 0. If z,u € [0, 1] are such that = + u € [0, 1] then
f@)+ f(@)u < flz+u) €0,1]. (4)

This makes sense even if f’(1) = oo, which can happen: take f(z) =1—+/1 —z. Soif S'is
the set of all such pairs (z, u)) that we call summable, we can consider the function

D(f) : {z,u) = (f(2), f'(2) - u)

as a map S — S. This basic observation is generalized in [Ehr23b| to a wide range of cate-
gorical models £ of LL including coherence spaces, probabilistic coherence spaces etc. where
hom-sets have only a partially defined addition. In these summable categories, we obtain
an endofunctor S : £ — L equipped with an additional structure which allows defining
summability and (partial) finite sums in a very general way that turns S into a monad. Dif-
ferentiation is then axiomatized as a distributive law !S = S! between this monad (similar
to the tangent bundle monad of a tangent category, see [Ros84]) and the resource comonad
! of the LL structure of the category? £. Indeed, this distributive law allows one to extend
S to Ly, the coKleisli category of | , and this extension D : £ — £ inherits the monad
structure of S. A category equipped with such a differentiation is then called a coherent
differential category. It was also observed that the functor S is often representable, following
the terminology of tangent categories (see [CC14]), meaning that S =D — _ (the category
L being most often symmetric monoidal closed, with internal hom of X and Y denoted as
X —Y), where D = 1& 1 (1 is the unit of the tensor product of £, and & is a cartesian
product). This object D can be endowed with the structure of a comonoid from which the
monad structure of S arise. Differentiation then boils down to the existence of a coalgebra
structure D — D on D which is compatible with its comonoid structure.

Contributions of this work. The goal of the present article is to study the Taylor
expansion in this setting of partial sums. We believe that this is a crucial step towards
providing generic tools to define a denotational semantics of the differential A-calculus and of
the syntactical Taylor expansion in a much more general setting than the current state of the
art of [Man12|. The starting idea is that for the same reason that Df(x) = {f(x), f'(z) u)
is defined, it should be possible to define directly a second order approximant.

Tf (o) = (£@). £/ @) w1, 57 @) - (wr,00) + £(0) - uz))

The term wu; should be seen as a first order variation and the term wus as a second order
variation. So Tf (z,u1,us)) gives the components (sorted by order) of the order 2 Taylor
approximation of f on the variation w; + ug. Similarly to Eq. (4), this sum is lower than
f(z + uy + uz), so it is well-defined. This idea should work for any order, and going to the
limit, for an infinite amount of coefficient, yielding an operator which provides all the terms
of the Taylor expansion.

The first step is to introduce the X -summabibility structure S, an infinitary counterpart of
the summability structure previously mentioned. This X-summability structure is infinitary
in the sense that an “element” of S(X) is a N-indexed family of elements of X whose in-
finitary sum is well-defined, the underlying notion of infinitary sum is the one of ¥-monoid,
see [Hag00]. It turns out that S is not only a monad, but also a comonad. The monadic

1This actually implies that f is analytic.
2Which by the way needs not be a fully-fledged LL model.



and comonadic structures interact well, turning S into a bimonad (Section 3). Surprisingly,
the whole Taylor expansion operation is again a distributive law !S = S! following the exact
same properties as coherent differentiation. This distributive law allows, as it is standard,
to extend the functor S into a functor T : £y — £, which implements Taylor expansion and
inherits the monadic structure of S. One more axiom is added, ensuring intuitively that the
maps are analytic in the sense that they coincide with their Taylor expansion. This axiom
was the missing piece to ensure that T inherits from S the structure of a bimonad. We call
a category equipped with such Taylor expansion an analytic category (Section 5).

Similarly to coherent differentiation, in many concrete models of LL, the functor S is
representable and is equal to D — _ where this time D =1& 1 & --- (N-indexed cartesian
product). A category is called representably X-additive if this functor S is a X-summability
structure. This object D can be endowed with the structure of a bimonoid that completely
determines the bimonad structure of S. The analytic Taylor expansion — that is, the afore-
mentioned distributive law !S = S! — then boils down to a coalgebra D — D compatible
with the bimonoid structure (Section 8). We call representably analytic categories such in-
stance of analytic categories. This coalgebra structure always exist when the exponential
(the I comonad) is free, that is, when the category is Lafont, [Laf88]. This implies the
following result.

Theorem 1. Any representably ¥X-additive Lafont category is a representably analytic cat-
egory.

We provide many examples of representably analytic Lafont categories. First, we dis-
cuss in Section 9 that the relational model and the weighted relational model are Lafont
representably analytic categories. We compute explicitly the action of the T functor on mor-
phisms, showing that T performs the expected Taylor expansion. It means that our theory
of analytic category covers the most important models of differential LL and of syntactical
Taylor expansion, so and should be a strict generalization of the theory of [Man12].

Then, we provide many examples which were not captured by this previous theory. The
first example is based on a notion of coherence space introduced in [Lam95|, which seems
deeply related to Scott semantics. The second one is based on nonuniform coherence spaces
that were introduced in [BEO1] and are known to have two different exponentials, one of
them being the free exponential. In this setting, the free exponential provides an example of
representably analytic category, but we show that the non-free one is not a representably an-
alytic category, yet is a representably coherent differential category in the sense of [Ehr23b].
We also mention the fact that the usual Girard’s coherence spaces, with their free exponen-
tial, are a representably analytic category, and last we deal with the case of probabilistic
coherence spaces (introduced in [DE11la]) whose only known exponential has been shown
to be free. They provide yet another example of representably analytic category where
morphisms are analytic functions with non-negative real coefficients.

Taylor expansion in cartesian closed categories. Because L is a cartesian closed
category, it can be interesting to drift away from the structure of £ by only looking at the
structure induced in £y. This is what happened with differentiation. It was first categori-
cally axiomatized in a typical LL setting with additive categories, introducing a notion of
differential categories in [BCS06]. Differentiation was then carried to the setting of carte-
sian left-additive categories, introducing cartesian differential categories in [BCS09], leading
to successful uses of differentiation outside the realm of LL. Unsurprisingly, the coKleisli
categories of differential LL categories are instances of cartesian differential categories, but
the latter are more general than the former and cover more examples of categories where
differentiation is available. Similarly, left summability structures and cartesian coherent
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differential categories were introduced in [EW23] to axiomatize coherent differentiation
directly in any cartesian category. They arise in particular as the coKleisli category of co-
herent differential categories, and are at the same time a conservative generalization of the
cartesian differential categories.

Since analytic categories are very similar to coherent differential categories, it is possi-
ble to introduce in a very similar way a notion of cartesian analytic category (Section 6).
We can then define the notion of a cartesian closed analytic category. This more direct
axiomatization should provide the foundation for working on the denotational semantics of
syntactical Taylor expansion, but also provide a categorical framework for Taylor expansion
independent of LL.

Map of concepts. We summarize in Fig. 1 how the different concepts relate with each
other. We expect the dashed arrows to hold, but the proofs are postponed to further work.

The arrows (1) and (2) should be a consequence of the fact that the Taylor functor
performs Taylor expansion at all order, and in particular includes Taylor expansion at order
one, which yield precisely the definition of the derivative in Eq. (1). The reverse arrow does
not hold, a coherent differential category is not always an analytic category, we provide such
example in Section 10.3.

We expect the arrow (3) to hold because our notion of analytic categories cover both
the relational model and the weighted relational model, and the Taylor functor performs
the expected Taylor expansion, as discussed in Section 9. These two models are the two
principal models of syntactical Taylor expansion following the definition of [Man12], so our
new theory captures the main examples of the previous theory.



Mates and distributive law. One contribution of this article is to exhibit the crucial role
played by the mate construction (Section 7) in the representable case, both in the setting
of [Ehr23b] and in the setting of this article. In the representable case, the commutative
bimonoid D induces a bimonad ~ ® D. This bimonad is the left adjoint of S =D — , so
the mate construction induces a bimonad structure on S that turns out to be precisely the
one described in Section 3.4. Then the mate construction also induces a bijection between
natural transformations 9 :!S=-Sland 9: (! ®D) = !(_ ® D), and it turns out that this
bijection preserves distributive laws. It provides a crucial step when showing that Taylor
expansion boils down to a coalgebra on D.

Related work. There might be connections between the work presented here and the
recent article [KL23] where an account of Taylor expansion in differential LL is provided,
based on the use of a resource exponential modality !  which has not only its standard
comonad structure, but also a monad structure. The article conjectures that this monad
structure is compatible with the comonadic structure of !, turning ! into a bimonad. In
our setting, this is not the exponential modality which features a bimonad structure, but
the infinitary summability functor S which does not at all play the same role: for instance,
in LL models, the functor S preserves cartesian products whereas the | functor turns the
cartesian product into a tensor product. Another difference between the two approaches is
that, being based on differential LL, [KL23] is based on additive categories whereas one of
our main motivations is to deal with Taylor expansion in settings where addition is only
partially defined. A more detailed analysis of the possible connections between the two
approaches is definitely necessary.
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The first two sections of this article consist of reminders on distributive law and monoidal
monads. We encourage the reader familiar with those notions to skip these sections, and
only refer to them when necessary.

1 Background: distributive laws

In this section, we review the well-known notion of distributive laws first introduced in [Bec69].
Distributive laws provide a solution to the following problem: given a (co)monad on a cat-
egory C and some structure on C, is it possible to extend that structure to the (co)Kleisli
category of that (co)monad? Dually, is it possible to lift that structure to the (co)Eilenberg-
Moore category of that (co)monad?

This categorical background will be important for this paper, since coherent differentiation
and Taylor expansion are both formalized by such a distributive law, allowing to extend a
monad S encoding partial summability to a monad T on the coKleisli of the exponential
comonad ! , see Section 5

This theory was mainly developed in [Str72] in a general 2-categorical setting (see [Mar65]
for a definition of a 2-category). We will refer to [PW02] as it is a more accessible introduc-
tion. For accessibility reason, we only unfold the notion in the special case of the 2-category
Cat, whose objects are the (small) categories, whose morphisms are functors and whose
2-morphisms are natural transformations.

1.1 Distributive laws for monads and extension to Kleisli categories

If M = (M,n, ) is amonad on C, then its Kleisli category Cas is the category with the same
objects as C and such that Cps(X,Y) = C(X, MY'). The identity is given by nx € Cu (X, X)
and the composition of f € Cy(X,Y) with g € Cp (Y, Z) is defined as

goym [ =pyoMgof. (5)

There is a functor Kus : C — Car such that Ky X = X and for any f € C(X,Y), K f =
no fe€Cu(X,Y). Then for any f € Cpu (X', X), he C(X,Y) and g € Cpu (Y, YY),

Kyhopy f=Mho f gom Kpyh=goh. (6)

These equations are obtained by a straightforward computation using naturality and the
triangle identities of the monad.

Throughout this section, we assume that M, = (My,n', u') is a monad on a category C,
M, = (M, n? 1?) is a monad on a category D, and M, = (Msz,n>, 43) is a monad on a
category €. All the following definitions and result can be found in section 4 of [PWO02].
Definition 2. A functor F : Cy, — D, is an extension of the functor ' : C — D if the
following diagram commutes.

Definition 3. Let F,G : C — D with respective extensions ﬁ G : Cym, = Dm,. Let
a: F = G be a natural transformation. Then Ky,ax € Dy, (FX GX) We say that «

extends to F and G if K M, is a natural transformation F = G.



Remark 4. In [PW02], the extensions of functors and natural transformations to the Kleisli
category are called liftings. We prefer the terminology extension that is widely used in the
literature, in order to make a clear distinction with the notion of lifting to the (co)Eilenberg-
Moore category that is introduced Section 1.3

These extensions are related to the notion of distributive laws.
Definition 5. A natural transformation A : FM, = M,F is a distributive law between F
and two monads M; and M, if the following two diagrams commute.

FM2 2 v Ev A2 M2E

F
1l XQF:
Fn F;Lll J(HZF

FMy —— MyF M, MyF

Mo X

A

Remark 6. We write FM, = M,F instead of F'M; = MyF because it makes it obvious
what part is playing the role of the monad. We will keep this convention through the article.
Definition 7. Let A : FM, = M,F and X : GM, = M,G two distributive laws. A
morphism between A and ) is a natural transformation « : F' = G such that the diagram
below commutes.

FM, —2— MyF

OdVIIJ, J{JVIQOL

GM1 T> MQG

Theorem 8. (part one of Theorem 4.8 of [PW02]) Any extension F Cm, = Du,
induces a distributive law X : FM, = MyF. This law s given by the image of idar, x 6

Car, (M1 X, X) by F
Ax = F(idar, x) € Dar,(FM1 X, FX) = D(FM; X, Mo FX).

Conversely, any distributive law X : FM, = MyF induces an extension F: Cum, — D,
that maps an object X to FX = FX and a morphism f € Cu, (X,Y) =C(X,MY) to

Ff= FX 5 FMyy -2 MyFY € Dar (FX,FY).

Those two constructions are inverse of each other, so there is a bijection between extensions
and distributive laws.

Remark 9. This bijection is compositional. The natural transformation idy; : M = M is
a distributive law between the identity functor Id° and the monad M, associated to the
extension 1d°2. We can check that if F is an extension of F : C — D whose associated
distributive law is A, and if G is an extension of G : D — & whose associated distributive
law is )/, then GF is an extension of GF whose associated distributive law is defined as the
following pasting diagram.

w| A 2 J o

which corresponds to the following composition: GFM; —== GMsF AE, M3GF .



The result below is also proved in [PWO02]. The proof is simple, but this result is crucial
in the development of this article.
Theorem 10. (part two of Theorem 4.8 of [PW02]) Let A : FM; = MoF and N : GM, =
MG be two distributive laws and let ﬁ, G be their associated extensions. Then a natural

transformation o : F' = G 1s a morphism between the distributive laws A and N if and only
if a extends to F' and G.

Proof. This is a direct consequence of Eq. (6) and naturality of « in C. O

Remark 11. The bijections of Theorem 8 and Theorem 10 give an isomorphism of 2-
categories. We can define a 2-category ExtMon whose objects are the monads M ; on small
categories®. The hom-set ExtMon(M, M,) consists in the pairs (F, ﬁ) where F': C = D
is a functor and F : Cum, — Dy, is an extension of F. A 2-cell (F, ﬁ) = (G, é) is a natural

transformation o : F = G that extends to F' and G in the sense of Definition 3. We can
also define a 2-category Mon* whose objects are also the monads M on small categories.
A morphism between M, and M, consists of a pair (F,\) where F' : C — D is a functor
and A : FM; = M,F is a distributive law. The composition is given as in Remark 9. The
2-cells are the morphisms of distributive laws. Then following Remark 9, the bijection of
Theorem 8 and Theorem 10 is an isomorphism of 2-categories between Mon* and ExtMon.

1.2 Distributive law for comonads and extension to coKleisli cate-
gories

The coKleisli category of a comonad D is defined in a dual way to the Kleisli category of a
monad. If D = (D,¢,d) is a comonad on C, then its coKleisli category Cp is the category
with the same objects as C and such that C5(X,Y) = C(DX,Y’). The identity is given by
ex € C5(X, X) and the composition of f € C5(X,Y) with g € C5(Y, Z) is defined as

gopf=goDfos. (®)

There is a functor K5 : C = C5 such that K5X = X and for any f € C(X,Y), K5f =
f o€ € Cﬁ(X, Y)

The notion of structure extension to the coKleisli category of a comonad is the same as
the one of Definitions 2 and 3 for Kleisli categories. Extensions to the coKleisli categories
are also related to distributive law, except that this time the natural transformation goes
in the opposite direction and has type Do F = FD;.

Definition 12. A natural transformation X : DoF = FD; is a distributive law between F
and two comonads D; and D if the following two diagrams commute.

DoF —2 FD, DyF A FD,

\ lpel 62FJ( J{F62
EF
F

Definition 13. Let A : DoF = FD; and N : D-G = GD; two distributive laws. A
morphism between A and )\ is a natural transformation « : F' = G such that the diagram

3For foundational issues.
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Distributive law | Role of H and K Type of extension
FH = KF Monads Extension of I’ to Kleisli
KF = FH Monads Liftings of F' to Eilenberg-Moore
FH = KF Comonads Liftings of F' to coEilenberg-Moore
HF = FK Comonads Extension of F' to coKleisli

Figure 2: Configurations for distributive laws

below commutes.
D2F % FD1

D2 CKJ/ J/Cle

DQG T) GD1

Theorem 14. (Theorem 5.15 of [PW02])
(1) There is a bijection between extensions and distributive laws.

(2) A natural transformation is a morphism of distributive laws if and only if it extends
to the coKleisli categories.

Again, this bijection is compositional in a similar way to Remark 9 and provides an
isomorphism of 2-categories.

1.3 Distributive laws and lifting to (co)Eilenberg-Moore category

There are two other notions of distributive law, by taking the dual direction of Definitions 5
and 12.

Definition 15. A natural transformation A : M, F = F M, is a distributive law between F
and two monads M, and M, if two diagrams analogue to Definition 5 commute. A natural
transformation X : FD; = DoF is a distributive law between F and two comonads D; and
D, if two diagrams analogue to Definition 12 commute. Morphisms of distributive law are
defined in the same way as Definition 7 and Definition 13.

Those notions of distributive law are tied to the notion of lifting of a functor and nat-
ural transformations to the Eilenberg-Moore categories CM1 and CM2 of the monads (and
similarly the coEilenberg-Moore categories CP1 and CP? of the comonads). A lifting of a
functor C — D is a functor F : CM1 — CM: such that the diagram below commutes (here,
U is the forgetful functor), see [PW02] for more details.

c—L 1

u] Ju

CMl R —— CMQ
F

We summarize the different configurations for a distributive law, depending on the direction
of the natural transformation and the choice between monads and comonads in Fig. 2.

The central notion of this article, Taylor expansion, is given by a distributive law 0 : IS =
S! between a functor S that represents partial summability (see Section 3) and the resource
comonad ! of LL (see Definition 98). It turns out that S is a monad, and that 0 : !S = S!
is also a distributive law between the functor ! , and the monad S. As such, the following
notion of distributive law of a comonad over a monad is central to this article.

11



Definition 16. Let M = (M,n, ) be a monad on a category C, and D = (D,¢,6§) be
a comonad on C. A distributive law of the comonad D over the monad M is a natural
transformation A : DM = M D that is both a distributive law A : DM = M D (Definition 5)
and a distributive law A : DM = M D (Definition 12).

Similarly, there are distributive laws between two monads, as well as distributive laws
between two comonads, with similar definitions as above. In fact, distributive laws were first
introduced in [Bec69] between two monads. The notion of distributive law of a comonad over
another comonad is also of interest in the article, because the functor S admits a comonadic
structure and 0 : IS = Sl is a distributive law of the comonad ! over the comonad S.

Observe that the following assertions are equivalent, by definition.

(1) X is a distributive law of the comonad D over the monad M,

(2) A is a distributive law DM = M D and € and ¢ are morphisms of distributive laws,

(3) A is a distributive law DM = M D and 7 and p are morphisms of distributive laws,

where the distributive laws DM = MD? DM? = M?D, M = M and D = D involved
above are given by compositionality of the distributive laws, see Remark 9.

By Theorem 14, a distributive law of a comonad over a monad provides a monad ﬂ on
Cp that extends M. By Theorems 8 and 10, such distributive law also provides a comonad

D on Cyy that extends D. We can also check that (Cp)5;
a comonad over a monad allows to combine them in arbitrary ways. This result was first
proved in [VOT1].

There is also another notion of distributive laws of the monad M over the comonad D
obtained by reversing the arrows. Such distributive laws are associated to lifting of the
monad M to the coEilenberg-Moore category of D, and lifting of D to the Eilenberg-Moore
category of M.

=(C M)ﬁa so a distributive law of

Those notions of distributive laws between monads and comonads allow in particular

to define the notion of bimonad as a functor equipped with a structure of monad and a
structure of comonad together with a distributive law expressing that these two structures
commute in some sense. Bimonads are formally similar to the notion of Hopf bialgebra in
a symmetric monoidal category, apart that the role of the symmetry is played here by the
distributive law.
Definition 17 (6.2 of [MW11]). Assume that H = (H,n,u) is a monad on C and H =
(H,e,8) is a comonad on C. Then (H,n,u,€,0) is a 7-bimonad if 7 is a distributive law
HH = HH of the monad H over the comonad H, and a distributive law HH = HH of
the comonad H over the monad H, and if the diagrams below commute.

HH Id —— H id ——~ H
NN ol N
H— 3 1d HH id
HH —" g 9% . HH
5*5l TM*M
HHHH ————— HHHH

Recall that * is defined as the horizontal composition of natural transformations: if F,G :
C—oD,F.G: D& a:F=Gand B: F' = G, then f*xa:GF = G'F’ is defined as

(B*a)x = Brx oGax =G ax o frx . (9)

12



Remark 18. There is a difference between 7-bimonads and bimonads as introduced in 4.1 of
[MW11]. Every 7-bimonad is a bimonad, but the converse is not true. Still, 7 is a part of
the 7-bimonad structure and as such should not be explicitly referenced by the terminology.
Furthermore, all the bimonads under consideration in our article are 7-bimonads. Thus, we
will refer to 7-bimonads simply as bimonads.

Remark 19. The four diagram making 7 a distributive law HH = HH are exactly the same
as the diagrams making 7 a distributive law HH = HH, except that the arrows involving
7 are reversed. In particular, if 7 is involutive then any of the two assumptions implies the
other.

2 Background: symmetric monoidal monads as distribu-
tive laws

An important concept in the theory of monads (and in this article) is the concept of lax
symmetric monoidal functor and lax symmetric monoidal monad. This concept is important
because if £ is a symmetric monoidal category and M is a monad on £, then £y inherits
from L the structure of a symmetric monoidal category as first shown in [Day70]. As
expected, this notion is then deeply connected to the notion of distributive laws, and we
discuss this connection in this section.

Lax monoidal structures can also be expressed in terms of strength, see [Koc70, Koc72].
We detail this process as the notion of strength crucially allows us to define a theory of
Taylor expansion with regard to only one parameter in Section 6.2.

2.1 Distributive laws on product categories

Let us recall first some fact and notation about product categories. The category Cat
whose objects are the (small) categories and whose morphisms are the functors is a cartesian
category, with terminal object the category 1 which contains one object and one morphism,
and whose categorical product is defined as follows.

Given two categories C; and Cq, the product category C; x Ca is the category whose objects
are the pairs (X1, X2) with X; € Obj(C;) and X2 € Obj(C2) and whose morphisms are the
pairs (fl; f2) with fl S Cl(Xl,Yl) and fQ S CQ(XQ,YQ).

For any functors Fy : C; — D; and F5 : Co — Do, we can define the functor Fy x F3 :
Cl XCQ — Dl XDQ by (Fl XFQ)(Xl,XQ) = (Fle, F2X2) and (FXFQ)(fl, fg) = (Flfh F2f2).

Given Fy : C — Dy and F» : C — D, we can define (Fy,Fy) : C — Dy x Dy by
(F1, Fo)X = (F1 X, F>X) and (Fy, Fo) f = (F1f, Fof). For any category C, we can define the
functor A€ :C — C x C by A®(X) = (X,X) and Af = (f, f). That is, A® = (Id, Id).

Given the functors F1, Gy : C1 — Dy and Fy, G5 : Co — D5 and two natural transformation
a1 1 Fy = Gy and a2 : F» = (a2, we can define the natural transformation (a1, a2) :
Fi1 x Fy = Gy x G by (a1,02)x,,x,) = (01,x,,02,x,)-

Definition 20. Given a monad M, = (My,n', ') on C; and a monad M, = (Ma,n?, u?)
on Cz, we can define the monad M, x M, on C; x C2 whose unit is (n',7?) and whose sum
is (u', p?).

We can check that (C; x CQ)M1><M2 =Cum, X Cu,, so the following lemmas make sense.

Lemma 21. The functor AM : Cyr — Cpr x Cas is an extension of AC whose associated

distributive law is idar a2 (M, M) = (M, M).
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Proof. Straightforward computation. O

Lemma 22. Let F' : C; — Dy and G : Co — Dsy. Let F be an extension of F an @Aan
extension of G whose associated distributive laws are respectively X and N'. Then F x G is
an extension of F' x G whose associated distributive law is (A, \').

Proof. Straightforward computation. o

Lemma 23. Let F' : C — Dy and G : C — Dy. Let F be an extension of F and é an
extension of G whose associated distributive laws are respectively N and N'. Then (F,G)
is an extension of (F,G) whose associated distributive law is (A, \').

Proof. Observe that (F,G) = (F x G)ACM, so the result follows from Lemmas 21 and 22
and the compositionality of the bijection between extensions and distributive laws O

Lemma 24. For any object A of C, the constant endofunctor AM : Cu — Cu is an
extension of the constant endofunctor A : C — C. Its associated distributive law is n €

C(A, MA)

Proof. The fact that AM is an extension of A is immediate. Its associated distributive law
is A (idarx) = idE = 1. 0

2.2 Lax monoidal functor and lax monoidal monads

We recall in this section basic definitions on symmetric monoidal category and monoidal
monads, we refer the reader to [Mel09] for more details. Then we show that any symmetric
monoidal monad can be interpreted as a distributive law. This explains why a symmetric
monoidality structure on a monad allows to extend the symmetric monoidal structure of the
category on which the monad is defined to its Kleisli category.

Definition 25. A monoidal category (£,®,1) is a category £ equipped with a bifunctor
® : LXL — L called the tensor product, an object 1 called the unit of the tensor, two natural
isomorphisms p% € £(X ® 1,X) and A\ € £(1® X, X) called the right and left unitors,
and a natural isomorphism o, , € L(X ®Y) ® Z,X @ (Y ® Z)) called the associator.
These isomorphisms are subjecf to commutations that we will not recall here. The category
is symmetric monoidal if there is an additional isomorphism 7}8;,)/ € LX®Y,)Y ® X)
compatible with the monoidal structure.

Definition 26. A lax symmetric monoidal functor from a symmetric monoidal category
(£,®,1) to another symmetric monoidal category (L', e,I) is a tuple (F,m", m?) where
F: L — L' is a functor, m® € £'(I, F1) and m% y € L'(FX ¢ FY,F(X ®Y)) is a natural
transformation that are compatible with the monoidal structure

FXeI™X pxeFl ™ F(X®1) TeFX™* ¥ FleFx % F(1®X)

.| R [

FX FX rx FX

(FXoFY)e FZ™* 4 P(X®Y)e FZ —" F(X ®Y) ® Z)

| [

FXe(FY oFZ) —— FXeF(Y®Z) — F(X® (Y ©2))
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and compatible with the symmetry.

m2
FXeFY =5 F(XQ®Y)

’Y;'X,FYJ/ J{F’YS?,Y

FY e FX —— F(Y @ X)

myx

A strong symmetric monoidal functor is a lax symmetric monoidal functor such that m? is

an iso, and m? is a natural isomorphism.

Definition 27. A monoidal natural transformation between two monoidal functors (F, m%, m%)
and (G,m%,m%) is a natural transformation o : F' = G such that the following diagram
commutes.

m2
FXeFY - F(IX®Y)

NG e

Fl ———— Gl GXeGY — G(X®Y)
mg

There is in fact a 2-category in which the objects are the (small) monoidal categories,

the morphisms are the lax monoidal functors, and the 2-cells are the monoidal natural
transformations. The composition of two lax monoidal functors is given by the composition
of the functor and a suitable composition of their associated natural transformations. The
compositions of 2-cells are the same as the compositions in Cat.
Definition 28. A lax symmetric monoidal monad on a symmetric monoidal category
(£,®,1) is the data of (M, n, u, m°, m?) such that (M, m" m?) is a lax symmetric monoidal
functor from (£,®,1) to itself, (M,n,u) is a monad on £, and such that n and p are
monoidal natural transformations. This last assumption corresponds to the fact that m® =
m € L(1,M1) and to the commutation of the following diagrams.

XY

NX®Y
nx ®77Yl \

MX®MY — M(X®Y)

mxy

MX MY

Mm?
M2X @ M?Y 2225 M(MX @ MY) —25% M?2(X ®Y)

1154 ®uyl lﬂ)«@y

MX @ MY M(XQY)

m%(,y
Lax symmetric monoidal monads are a well studied notion because they are related to
the extension of the symmetric monoidal structure to the Kleisli category.
Theorem 29. (page 30 of [Day70]) If M is a symmetric monoidal monad on L, then the
structure of symmetric monoidal category of L extends to L.
It turns out that lax monoidal monads are an example of distributive laws. This obser-
vation sheds light on Theorem 29 above, and is doubtlessly folklore, but seems to be often
overlooked in the literature. We can trace this observation to [Gui80]*.

4With the difference that the naturality of the symmetric monoidal structure is shown through the use
of strengths, see Section 2.3.,

15



Monoidal structure | Role of the functor Type of extension
Lax Monad Extension to Kleisli
Lax Comonad Lifting to coEilenberg-Moore
Oplax Monad Lifting to Eilenberg-Moore
Oplax Comonad Extension to coKleisli

Figure 3: Extension and lifting of the monoidal structure

The diagrams of Definition 28 correspond to the fact that the natural transformation
m?:(_® )(MxM)= M(_® ) is a distributive law between the functor _ ® _ and
the monads M x M and M. By Theorem 8, it means that _ ® _ extends to a functor
_® Ly x Ly — Lpr. Then the commutations of Definition 26 corresponds to the fact
that \®, p®, a® and v® are morphisms of distributive laws. The distributive laws involved
with a® are given by compositionality, and the distributive laws involved with A® and p®
are given by Proposition 30 below.

Proposition 30. For any objects X and Y, the functor X@)_ is an extension of X @
with associated distributive law m?o (nx ®idys). Similarly, the functor _QA@Y is an extension
of  ®Y with associated distributive law m? o (idy @ ny ).

Proof. Observe that 1® = (_ ® )(1,1d) and 1® = (_®_)(1°% Id). We conclude
by compositionality of extensions and distributive laws, using the results of Lemma 23 and
Lemma 24. O

By Theorem 10, this is equivalent to the fact that A®, p®, o® and v® extend to natural

transformations on L. This is why the Kleisli category £y of a lax monoidal monad
inherits from £ the structure of a symmetric monoidal category.
Remark 31. Dually, there is a notion of a symmetric oplax monoidal functor from a monoidal
category (£, ®,1) to another monoidal category (£, e, I). This is a tuple (F,n°,n?) where
F:Cy — Cy is a functor, n® € C(F1,1) and n% y € Co(F(X ®Y), FX ¢ FY) is a natural
transformation, and such that diagrams similar to the ones of Definition 26 commute. There
is also a notion of symmetric oplax monoidal monad (also called Hopf Monad). In the same
way that lax symmetric monoidal monads are related to the distributive laws of Definition 5,
Hopf monads are related to the distributive laws of Definition 15, as observed in [Wis08]. It
is not surprising then that a monad M on £ is a Hopf monad if and only if the symmetric
monoidal structure of £ lifts to the Eilenberg-Moore category of M, see [Moe02].

Finally, a symmetric (op)lax monoidal comonad is a comonad D such that the functor
D is symmetric (op)lax monoidal, and such that €, § are monoidal natural transformations.
Again, the structure of an (op)lax monoidal comonad can be seen as a distributive law.
Following Fig. 2, a lax symmetric monoidal comonad provides a lifting of the symmetric
monoidal structure to the coEilenberg-Moore category (see [Wis08]), and an oplax symmet-
ric monoidal comonad provides an extension of the symmetric monoidal structure to the
coKleisli category. We summarize the different results in Fig. 3.

2.3 Commutative monad

It is well-known that symmetric monoidal monads are the same as commutative monads,
see [Koc70, KocT72]. Let us recall what is a commutative monad. Let M be a monad on a
symmetric monoidal category L.
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Definition 32. A left strength for M is a natural transformationtxy € L(XQMY, M(X®
Y')) subject to the compatibility with the monoidal structure

txev,z

leMX =5 MIeX) (XeY)eMZ M(X®Y)® Z)

N lMA;@} a?;,y,MzJ/ J{N[O‘gy,z
AN x

MX  XQYOMZ) o XOMY ©2) (o M(X @ (Y © 2))

and the compatibility with the monad structure

Xov X ®M2Y 250X @ MY) 2% (X oY)
NXRY

X®nyl \ X®uyi lﬂx@y

X®MY—>MX®Y) Xo MY r— MXQ®Y)

A right strength is a natural transformationsxy € L(MXQY, M(X®Y)) subject to similar
commutations.

When the category is symmetric monoidal, any left strength t induces a right strength

sSx,y = M'Yg,x oty,x o 7§,Y (10)

and vice versa. This lead to the following naming convention in symmetric monoidal cate-
gories.

Definition 33. A left-strength t for a monad M is also called a strength.

Definition 34. A commutative monad is a monad equipped with a strength t such that
the following diagram commutes.

MX®MY
M(MX®Y) M(X ® MY)
MSX,YJ/ lMtx,Y
M2(X ®Y) M2A(X ®Y)
#m Af
M(XQY)

where s is the right-strength obtained from t by Eq. (10).

It is well known that any commutative monad is a lax symmetric monoidal monad,
(see [Koc70]), defining m? € L(MX @ MY, M(X ®Y)) as the diagonal of the square above.
Conversely, any symmetric monoidal monad is a commutative monad, see [Koc72|. The left
and right strengths are defined from the lax monoidal structure by

txy = X oMY M vx oMy 5% M(X V)

sxy = MXoV"ZEEY X o My 225% M(X@Y)

Recall from Proposition 30 that ty, is the distributive law associated to the extension
X® of X® ,and s v is the distributive law associated to the extension @Y of ®Y.
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So the equivalence between lax symmetric monoidal monads and commutative monads can
also be understood as the fact that providing an extension _QA@_ is the same as providing
two extensions X® and _®Y that follows the compatibility condition of the bifunctor
theorem, see proposition 1 of [Mac71].

3 Y-additive categories and left >-summability structures

Summability structures and left summability structures have been introduced respectively in
[Ehr23b] and [EW23]. Both are categorical structures that give to the hom-sets the structure
of a finite counterpart of the notions of partially additive monoids (see [AM80]) and 3-
monoid (see [Hag00]). The difference between summability structures and left summability
structures is that in the former every morphism is linear with regard to the sum (we will
call this property additivity), while this is not the case in the latter. Summability structures
thus typically appear in models of LL £, while left summability structures appear in the
coKleisli categories of their exponential £ or in other cartesian closed categories C.

We introduce an infinitary counterpart of those structures, with a key difference in our
approach. In [Ehr23b, EW23], the ¥-monoid structure on the hom-set arises naturally from
the (left) summability structure itself. Here, we assume that the category is already enriched
over Y-monoid, and a summability structure is simply a categorical structure that captures
this sum. This leads to a simpler theory, that we strongly conjecture to be equivalent to the
original one. In all the concrete models we know, the ¥-monoid structure arises naturally
from the categorical structure of the model, such as in the representable case described in
Section 8.

We work in the framework of left additive structures, because it is more general and is

necessary for Section 6. Still, we will put a lot of emphasis on the properties of the category
of additive morphisms (that is, morphisms that commutes with the sum), see Sections 3.3
and 3.4, and on summability in the models of LL, see Section 4.
Remark 35. In contrast with bare ¥-monoid enriched categories, (left) summability struc-
tures provide us with an action on objects. This additional structure gives us access to an
internal description of summable families which is crucial for representing Taylor expansions
(and more generally, the Faa di Bruno formula) within the model.

3.1 Categories enriched over Y-monoids

If A is a countable set and M is a set, an A-indexed family of elements of M is a function
Z:A— M. We also write & = (24)aca. We consider in this section non-empty sets M
together with a partial function % from indexed family on M to M called the sum. An
indexed family (z4)qc4 is called summable when it is in the domain of 3, and we write its
image as » 4 Zq-

Notations 36. Borrowing the notations from [TA22], for any expressions e and e’ involving
sums, we write

e ¢ C ¢ if whenever e is defined, then e’ is defined and e = €’;

e c ¢ if e is defined if and only if ¢’ is defined and e = ¢'.
Definition 37. [Hag00] The tuple (M, X) is a 3-monoid if the sum ¥ satisfies the following
axioms.

e The unary sum axiom (Unary): any one element family € M is summable of sum z.

e The partition associativity axiom (PA): Let (z4)aca be an indexed family and let
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{A;}icr be a partition of A where I is at most countable and where the A; can be

potentially empty. Then
Zxagz<zxa>. (11)

acA i€l \a€A;

It follows from (PA) that any subfamily of a summable family is also summable. In
particular, it follows from (PA) and (Unary) that the empty family is always summable (if
M is not empty). Let 0 be its sum. For any family & = (24)qca, we define

supp(Z) = {a € A |z, #0}. (12)

Then 0 behaves as the neutral element, as shown in Proposition 38 below.

Proposition 38. Let & = (24)aca be an indexed family, and A’ a set such that supp(Z) C
A" C A. Then (2q)aca is summable if and only if (Tq)acar is summable and the two sums
are equal.

Proof. Assume that (z,)qcas is summable. Then for all a € A, define A, = {a} if a € A,
and A, = () otherwise. Then for alla € A, (24 )aea, is summable of sum z,, by (Unary) and
because 0 is the sum over the empty family. It follows from (PA) that (3°,c 4. Ta')aca =
(Ta)aca is summable of sum ) 4, 2,. Conversely, if (24)aca is summable then (z4/)qecar
is summable because it is a subfamily, and it is proved above that the sums are equal. [

Remark 39. As discussed in [MA86, Hinl3], the “only if” assumption of the axiom (PA) is
very strong, as it implies that the morphisms are positive, in the sense that if z 4y = 0 then
x =y = 0. Because of this, our axiomatization of summability leaves behind interesting
models of LL in which the coefficients are not necessarily nonnegative, but in which maps
are definitely analytics, such as Kothe spaces, see [Ehr02], or finiteness spaces, see [Ehr05].

For now, we keep this stronger and fundamentally positive® axiomatization because it suits
quite well with the situations which occur in the denotational semantics of programming
languages and of proofs. A more general axiomatization of summability structure based on
the partial commutative monoids of [Hinl3] where the “only if” assumption is dropped is
currently a work in progress. It should allow one to recover the partial summability of both
finiteness spaces and Kothe spaces.

Definition 40. If A and B are indexing sets, ¢ : A — B is a bijection & = (24)qea is a
family, we define a B-indexed family ¢, @ by ¢, @ = (Tp-1(0))beB-

Lemma 41. For any indexed family T = (x4)aca and any bijection ¢ : A — B, ¥ is
summable if and only if . is summable, and the two sums are equal.

Proof. Let Ay = {¢~!(b)}. By (Unary), (Za)aca, is summable of sum x,-1(;). Then by
(PA), (za)aca is summable if and only if (x,-1())sep is summable and the two sums are
equal. O

Definition 42. We generalize Definition 40 above. Given two indexing set A and B, an
injection ¢ : A < B and a family & = (4 )qc 4 we define a B-indexed family . 7 = (ys)seB
by

_ Jza if b€ p(A) and p(a) =b
v = 0  otherwise.

Lemma 43. The operation ¢ — @, s functorial, that is id, 7 = 7 and 1/)*90*7 = (o
).

5In the sense explained above.
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Lemma 44. For any injection ¢ : A — B and any A-indexed family Z, & is summable if
and only if & is summable, and the two sums are equals.

Proof. Let ¥ = ¢.@ = (Y»)vep. By definition, supp(7) C Im(¢) C B, so by Proposition 38,
¢ is summable if and only if (y5)semm(,) is summable, and the two sums are equal. We
conclude by Lemma 41, using the fact that ¢ is a bijection between A and Im(yp). O

We introduce the following terminology, as an analogue of the terminology of additive and
left additive categories used in differential categories and cartesian differential categories,
see [BCS06, BCS09]. The monoid structure on the hom-set is replaced by a ¥-monoid
structure.

Definition 45. A left Y-additive category is a category C such that for any objects X,Y €
Obj(C), the hom-set C(X,Y) is a X-monoid, and such that the sum is left distributive
over composition: for all objects X,Y, Z, for all indexed family (g, € C(Y,Z))pep and

felCX,)Y),
<Zgb>OfEZgbOf. (13)

beB beB
A morphism h € C(Y, Z) is Y-additive if for all indexed family (f, € C(X,Y))aca

ho <Z fa> C Y (hofa). (14)

a€A aca

A Y-additive category is a left Y-additive category in which all morphisms are Y-additive.
A Y-additive category can also be defined as a category enriched over the category of Y-
monoids, see [Hag00].

We want to stress however that (left) Y-additive categories are not necessarily (left)
additive categories. The sum of a ¥-monoid may be defined on some infinite indexed families,
but undefined on some finite indexed family. None of the examples of ¥-additive categories
given in Section 10 are additive categories.

Let 0% be the zero of the ¥-monoid structure of C(X,Y). It follows from the definition
that for any f € C(X,Y), 0¥Z o f = 0%Y, and that for any X-additive h € C(Y, 2),
ho0%Y = 0%Z. We will often omit the superscript and simply write 0.

Distributivity of the left and on the right implies double distributivity, thanks to the
axiom (PA).
Proposition 46. For any left Y-additive category C, any indexed family (f, € C(X,Y))aca
and any indexed family (hy € C(Y, Z))pep such that hy is X-additive for all b € B,

<Zhb> © <Zfa> C Z (hbofa>'
beB acA (a,b)eAxB
Proof. By left distributivity and additivity of the Ay
(ZM) ° (Zfa) =Y (hbo (Z fa)) C> > (wofa).
beB acA beB a €A beBacA

But the sets A x {b} are a partition of A x B, so (PA) ensures that

ST (o fa) =D (o fa). O

(a,b)eAxB beBacA
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Corollary 47. For any summable family (hy)pep such that hy € C(Y, Z) is S-additive for
allb € B, ), g hy is X-additive.

Proof. Let (fo € C(X,Y))aca be a summable family. It follows from Proposition 46 that
(Zn)e(Ta)e 5 men
beB acA (a,b)eAxB

Then, the sets {a} x B are a partition of A x B, so it follows from (PA) that

Z hbofa Zzhbofa

(a,b)EAXB a€AbEB

Finally, we know by left distributivity that

> (hwo fa) = <Zhb>ofa.

beB beB

(m)e(ze) e 5 ((Bm)-2)

Remark 48. In [EW23|, additive morphisms only preserve finite summations (including
0), which corresponds to the usual algebraic notion of morphism of monoid. In our -
summability setting, additivity means not only preservation of finite sums, but also of all
infinite sums when they are defined. This means that ¥-additive morphisms also feature a
property of continuity whose precise nature depends on the category C at stake.

It follows that

O

A very interesting situation occurs when the X-monoid structure of C satisfies three ad-

ditional properties

(1) a family ? € C(X,Y)N is summable as soon as, for any finite set A and any injection
@ : A — N, the family w*? is summable;

(2) the preorder relation < defined on hom-sets of C by f < g if 3h € C(X,Y") such that
g = [+ h (where + is the binary addition induced by (S, (7;)ien, o) on C(X,Y)) is
antisymmetric, that is, is an order relation;

(3) if for any finite subset A" of A one has »_ 4 fo < f,then > .\ fo < f.

The first condition turns the structure of > -monoid into a partially additive monoid, and
the two other conditions turn this partially additive monoid into an additive domain, see
Section 8.3 of [MA86]. When these conditions hold, each hom-set C(X,Y) is easily seen
to be an w-complete partial order (ordered by < and having 0 as least element). The
least upper bound (lub) of (3°7  fi)nen is given by >, fi. Then, X-additive morphisms
are continuous because they commute with the corresponding lubs in the sense that h o
SUp;ey 9i = sup;en(h o gi) when h € C(Y, Z) is S-additive and ¢ € C(X,Y)N is a monotone
sequence.

All the examples provided in Section 8.8 are instances of this situation and, for that reason,
feature general fixpoint operators allowing to combine our coherent Taylor structures with
general recursion in the spirit of [Ehr23al.
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3.2 Y-summability structures

We assume in this section that C is a left ¥-additive category.

Definition 49. A left ¥-summability structure on C is a tuple (S, (7;);en) where S is a map
(functional class) on objects S : Obj(C) — Obj(C) and each m; (for ¢ € N) is a family of
morphisms (m; x € C(SX, X)) xcobj(c) called the projections such that:

SS-1 For any X, (m; x)ien is jointly monic. Joint monicity means that for any f,g €
C(X,SY),if myof=myogforanyieN,then f=g.

SS-2 For any N-indexed family, (f; € C(X,Y));en is summable if and only if there exists a
morphism f € C(X,SY) such that Vi € N,7; 0 f = f;.

SS-3 For any object X, the morphisms (7; x );en are X-additive.

SS-4 For any A-indexed family (f, € C(X,SY))aea, if (7iy © fa)(i,a)enx  is summable then
(fa)aca is summable.

The subscript X is usually omitted when writing projections m; x.

Definition 50. A left 3-summability structure on a Y.-additive category is called a >-

summability structure.

Notations 51. Because of SS-1, the morphism f given in SS-2 is unique and is called

witness of (fi)ien. We write (fi),cn = f-

Intuitively, SS-1 and SS-2 mean that SX can be seen as the object of "summable se-
quences". The morphism 7; maps a sequence to its i-th element. Then, SS-3 ensures that
the sums between sequences is given by the sum on each component

703 fiahin €3 fros0 S Aibien = | X Fial)

a€A ac€A ac€A a€A ieN

Finally, SS-4 crucially ensures that ({fi a);cy)aca is summable if and only if (fia)(i,a)enxa
is summable (the only if is a consequence of double distributivity, see Proposition 46). So
the summability of sequences is completely determined by the global summability of all of
their components.

Ezample 52. The models of Taylor expansion introduced in [Man12| are assumed to feature
arbitrary countable sums. Then these sums correspond to a particular (left) X-summability
structure defined as SX = &;en X, m; = p; (where & is a countable categorical product and
p; is the i projection). This setting is covered in depth in Section 9.2. Note that in general,
SX is not the cartesian product, precisely because the sum is partial so the witness of a
family of morphism needs not always exist.

Notations 53. By SS-2, the projections (7;);en are summable with witness id. Let ox =
Y ienTi,x € C(SX, X).

We now assume that C is equipped with a left X-summability structure. Observe that by

left distributivity,
Diew E D _(mio (fidien) = fi- (15)
€N i€EN

Thus, the data of (S, (7;)ien, o) completely characterizes the summability and the values
of sums on N-indexed families. By Lemma 44, this is enough to characterize the X-monoid
structure on all indexed family, because any countable set has an injection into N. This
explains why earlier versions of this paper define summability structures first, and the -
monoid structure simply arise as a byproduct. The definition of sum of those earlier version
were similar to the characterization given by Proposition 54 below.

Proposition 54. A family f: (fa € C(X,Y))aca is summable if and only if there exists
an injection ¢ : A — N and a morphism (f)¢ € C(X,SY) such that (f)¢ is a witness for
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o« f. That is,
i © <<JF>>¢ = {fa if i = p(a) for some a € A

0 otherwise.

—

Furthermore, Y, c 4 foa =00 {(f)?.

Proof. This is a direct consequence of SS-2 and Lemma 44 and Eq. (15). O

The characterization of summability in terms of the existence of witnesses implies that
properties involving summability can often be expressed in terms of the basic data of the
summability structure. This is the case for instance of the additivity of morphisms.
Proposition 55. For any morphism h, the following assertions are equivalent.

(1) h is E-additive;

(2) ho0=0 and (hom;)ien is summable with sum hoo.

Proof. The forward implication is a direct consequence of the definition of additivity applied
on the empty family and on the summable family (7;);en. For the backward implication,
assume that f = (fa)aca is summable. By Proposition 54, there exists an injection ¢ : A —
N and a witness (f)® of ¢, f. Then we can check that (h o m; Dien © ()% is a witness for
P (h © fa)aGA- Indeed,

hom o (f)e = ho f,if i € (A) and ¢(a) =i
' h o0 = 0 otherwise.

Thus, by Proposition 54, (ho f;)eca is summable with sum

> hofu=cofhomeye (f)? =hooolf)* =he " fu.

a€A acA
It concludes the proof. O

Notations 56. As for any family, we use the notation 7 for the family of projections (7;);en-

3.3 The category of »-additive morphisms

We assume in this section that C is a left ¥-additive category. It is easy to show that the
identity morphism idx € C(X, X) is ¥-additive, and that the composition of two ¥-additive
morphisms is also -additive.

Definition 57. Let C2 be the category whose objects are those of C and whose morphisms
are the ¥-additive morphisms of C We use h’ h for h' o h when h and h’ are X-additive to
stress the fact that additivity is a form of linearity.

There is an obvious forgetful functor from C2% to C that we always keep implicit. It
follows from Corollary 47 that €239 is a Y-additive category. We now assume that C is
equipped with a left 3-summability structure (S, 7).

Lemma 58. For all summable family (h; € C(Y,Z))aca of L-additive morphisms, {h;)
is X-additive.

€N

Proof. Assume that (f, € C(X,Y))sea is summable. We first want to show that ({5;));cy©
fa)aca is summable. By SS-4, it suffices to show that (h; o fa)(i,a)enxa is summable. This
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is the case, by double distributivity (Proposition 46). Then, we show that

(Ridien © (Z fa> = Z(«hi»iel\l o fa).

acA a€A

This is done in a straightforward way using the additivity and the joint monicity of the
;. O

Proposition 59. (S,7) is also a X-summability structure on C249.

Proof. Both SS-1 and SS-3 hold by assumption. The property SS-4 follows from the fact
that the summability in C2%¢ coincides with the summability in C. Finally, SS-2 follows from
Lemma 58 above. O

Recall Proposition 55: a morphism h is Y-additive if and only if (h o 7;);en is summable
with sum h o 0. We define
Sh = <<hO7Ti>>i€N (16)

so that m; o Sh = h o m;. Furthermore, 0 o Sh = h oo by Eq. (15). We can easily check
by joint monicity of the m; that Sh o (x;),cy = (hox:) so Sh consists intuitively in
applying h in each argument.

Proposition 60. S is an endofunctor on C*%, and the 7; and o are natural transformations.

€N

Proof. Observe first that for all h € C*44(X,Y), Sh € C*¥(SX,SY) by definition of Sh and
Lemma 58. Then
T OSidX = IdX Oy = T; = T; O idSX

so Sidx = idsx by joint monicity of the 7;. Then, assume that h € C(X,Y) and ' € C(Y, Z)
are X-additive.

m;0Sh' oSh=h omjoSh=h ohom =moS(h' oh)

so S(h' o h) = Sh’ o Sh by joint monicity of the m;. Thus, S is a functor, and we already
know that m; Sh = hm;, 0 Sh = ho, so they are natural transformations. O

Proposition 61. For all family (he)aca of X-additive morphisms,

S <Z ha> >3 " (Sha)

a€A acA

Proof. Let ¢ : A < N be an injection. Assume that (hy)eea is summable. Then (h});en =
©x(ha)aca is summable by Lemma 44. So by double distributivity,

(R Tj) i j)enxn = (5 Shy) (i, j)eNxn

is summable. It follows by SS-4 that (Sh});cn is summable. But SO = 0 (this directly follows
from the joint monicity of the ;). So (Sh})ien = ©«(Sha)aca and (Shg)aca is summable
by Lemma 44. Furthermore,

S (Z ha> - <Z ha> i C Y (hami)

acA acA a€A
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v (Z Sha> E Z(Wl Sha) = Z(ha 7Ti)

acA acA a€A
so by joint monicity of the m;, the two sums are equal.

To conclude the proof, assume that (Shg)aca is summable and let us show that (hq)aea
is summable. As observed above, (Sh})ien = ¢«(Sha)aca so this family is summable by
Lemma 44. It follows by double distributivity that (m; Sh})q jjenxn = (B T5) @, )enxn s
summable.

Then, let ¢; € C(X,SX) be the morphism such that m; o ¢; = idx and 7 0¢; = 0 if
j # 4. This morphism exists thanks to (Unary) and SS-2. Then by left distributivity in
C, (hj omj010)(,j)enxn is summable. This indexed family has values b} on indexes (4,0),
and values 0 on any index (Z,7) such that j # 0, by additivity of h}. So by Proposition 38
and Lemma 41, (h});en is summable and thus (hg)qca is summable by Lemma 44. O

Finally, we show that naturality in C2% is preserved by witness and sums.
Lemma 62. For any category D and all functors F,G : D — €%, 0 is a natural transfor-
mation F = G.

Proof. We have 0 F f =0 = G f0 by additivity of Gf. O

Definition 63. Let D be a category, and F,G : Obj(D) — Obj(C) two maps. Assume
that for all @ € A, a® = (a%)xecobj(p) is a family of morphisms with o € C(FX,GX).
We say that (a®)qea is summable if for all object X, (a%)qea is summable. Then we write

Y acr @ the family (3,4 o%)x. If A =N, we write «az»ieN the family ({(a’ )
Cadd

jen) X
Proposition 64. The sums and witnesses of natural transformations in are also natural
transformations. More precisely, for any category D, for all functors F,G : D — C*% and
for any family (a®)aea of natural transformations a® : F = G, if (a®)aca is summable,
then 3, .4 @® is a natural transformation F = G. If A = N, then «ai»ieN is a natural
transformation F = SG.

Proof. Assume first that A = N. We want to show that «0& »
natural transformation F' = SG. That is, for all f € D(X,Y),

<<a§’>>ieN Ff=5Gf «O‘iX»ieN ‘

add 3
ey € CC(FX,SGX) is a

For all i,
e <<a§,>>i€N Ff=ad\ Ff=Gfayx =Gfm <<a§(>>i€N =m; SGf <<a§(>>i€N .

By joint monicity of the m;, we conclude that ({(o ). . )x is natural. Furthermore, >, oy =

ieN
oax <<a§( >>ieN is natural since o is natural. The case where A is an arbitrary countable set
immediately follows by Lemma 44 and naturality of 0. o

3.4 The bimonad S

In this section we endow S with a structure of bimonad in the sense of Definition 17. The
corresponding natural transformations are essential in our approach to Taylor expansion
and are similar to natural transformations introduced in tangent categories [Ros84] and in
coherent differentiation [EW23].
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We will see in Section 5 that Taylor expansion® consists in a functor T that extends S to

C (in particular, TX = SX), and that the usual properties of differentiation correspond to
the naturality with respect to T of the families of morphisms associated with the bimonad
structure of S. We provide an intuition on those natural transformations as operations on
formal power series.

It is quite enlightening to write a sequence {fi), .y € C(X,SY) as a formal power series
Yoico fit" (this series is called the generating function). The reason is that as we will see
in Section 5, the element at position ¢ in {fi), .y can be seen as an order i degree of
differentiation. This is in fact the reason why we write the projections 7; starting from
index 0 and not from index 1. Then the projection m; maps > .~ fit* to f;, and the sum
maps > .~ fit' to 3,y fi (it evaluates the formal power series in ¢ = 1). We introduce
and recall the following families of morphisms on C.

(1) A morphism ¢; x € C(X,SX) that intuitively maps an element x € X to the monomial

xt’, this morphism was used in the proof of Proposition 61;
(2) Remember that we have a morphism ox € C(SX, X) that intuitively maps a power
series .oy @it’ to Yo @ (it evaluates the series in t = 1);
(3) A morphism fx € C(S2X,SX) that intuitively maps a multivariate formal power series
> @i jt'u! to the power series D2, (D2, iy i)V
(4) A lift morphism Ix € C(SX,S%X) that intuitively maps the power series Y,y ;t" to
the power series with two indeterminate ), z;u'v";
(5) Aflip operator cx € C(S2X, S?X) that intuitively maps the power series >
t0 D, jen z; jtiul.
We show that those morphisms formally exists thanks to the axioms of (left) X-summability
structure, that they are Y-additive, that they are natural transformations when considered
as morphisms in 2%, and that they provide a bimonad structure to S on C?% (we will recall
the commutations that are involved on the fly).
Notations 65. For any ¢, € N and any morphism f € C(X,Y), we use §;;f for the
morphism which is equal to f if i = j, and to 0 otherwise.
Theorem 66. (1) For all i € N, there is a morphism v; € C(X,SX) such that mj o 1; =
d; ;id (and then o ov; =id).
(2) There is a morphism 0 € C(S?X,SX) such that, for alli € N, m;00 = > =0 Ti—j O ;.
(3) There is a morphism | € C(SX,S%X) called lift such that m; o w; ol = &; jm;. That is,
I = (i o mi)en-
(4) There is a morphism c € C(S2X,S2X) such that for all i,j € N, one has m; omjoc =
Tj O Ty.

)
i,jEN T jt'w

Proof. The existence of ¢; is a direct consequence of (Unary) and SS-2. The family (m; 7;) (i j)ene
is summable by double distributivity (Proposition 46). Thus, 0 exists by (PA) and SS-2, and

c exists by SS-4. Finally, the family (1; o 7;);en is summable if and only if (7; 040 m;)(; jyen2

is summable by SS-4. But

mifi=j
Tj 0Ly 0Ty = .
0 otherwise.

Thus, (m; © t; 0 ™), jyenz = (i )ien where ¢ : N < N? maps i to (i,7). So this family is
summable by Lemma 44, and | exists by SS-2. O

60r more precisely, the Faa di Bruno formula, but we prefer to stick to the concept of Taylor expansion
which is our central object of study and whose “functorialization” requires its Faa di Bruno generalization.
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Proposition 67. The families c, 0, ¢; and | are X-additive, and they are natural transfor-
mations: ¢:52=52,0:52=S, 4 :ld=S and|:S = S2.

Proof. All the morphisms above are defined as tuplings of 0, projections, and sums of pro-
jections. Those basic blocks are all Y-additive and natural transformations (the sums of
projections are Y-additive by Corollary 47 and natural by Proposition 64). So by Proposi-
tion 64 and Lemma 58, c, 8, ¢ and | are all ¥-additive and are natural transformations. I

Proposition 68. The tuple S = (S, 10, 0) is a monad on C*4, that is the following diagrams
of natural transformations commute.

S LoS 52 Sto S SS SO 52
|

\ 0 / os| o

S $? ——S

Proof. As usual, we use the joint monicity of the ;.

miOx Lo sx = g T T L0,SX = g 7 (Or0id) = m;id = 75
l+r=1 l+r=1

m; 0Sto,x = Z ™ T Sto,x = Z Lo, X T = Z (01,0id) T = 75

l+r=1 l+r=1 l+r=1
using the naturality of 7. Hence, 6 19sx = 0 Sto,x = id by joint monicity of the m;’s.

Next we have

T Ox Osx = E m T Osx
l+r=1

=D m ) mm

l+r=t s+t=r

- § T Ty s

l+r+s=1
and

mi0x SOx = > mm Sx
l4+r=1

Z WloxTrT

l4+r=1

Z ( Z Tj M) Tr

l+r=i j+k=l

= g T Tk Tk

jtk+r=i
and hence Ox 0sx = 0x SOx. O

We use ngd for the Kleisli category of the monad S on C2¢4. Observe that the composition
of f € C3%(X,Y) with g € C2%(Y, Z), defined as 0Sg f, is characterized by the equations

for each k € N
m0Sgf= > mmSgf= Y (m9)(mf) (17)

i+j=k i+j=k
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Coming back to formal power series, a morphism f € ngd (X,Y) can be equivalently written
as a formal series ), fit* where f; = m; fi. Then Eq. (17) above means that the composi-
tion of two series corresponds to their Cauchy product (which is the usual product of power
series), in which the multiplication of coefficients is composition of linear morphisms.

Sor | (Sa) -2 S as)

jEN ieN keN \i+j=k

The functor Ks : C?4d — ngd maps a morphism in f € C2% to the formal power series ft°.
Remark 69. The (left) summability structures of [Ehr23b] and [EW23] follow a similar
principle, except that SX is intuitively the set of summable pairs {zo, z1)) with 2,21 € X.
An element {xg,z1) € SX can be seen as a polynomial zy + x1¢ with the convention that
the formal variable ¢ follows the equation 2 = 0. Then the natural transformations ¢; (with
i € {0,1}) 0,1 and c follow the same intuition. On the other hand, § maps a polynomial
20,0 + 1,0t + To.1u + 71 1tu to the polynomial zo o + (20,1 + 1,0)v, since v? = 0.

In that case, a morphism ngd(X, Y) can be seen as a polynomial fy + fit with f; €
C?%4(X,Y), and we have the following composition

(90 + g1t) (fo + f1t) = go fo + (g0 f1 + g1 fo)t

Which is similar to the multiplication on Clifford’s dual numbers. Similarly, an n-ary coun-
terpart of (left) summability structures for any n € N* would induce a monad and a category
of polynomials quotiented by the equation t"*! = 0.

Proposition 70. The tuple S = (S, 0,1) is a comonad on C*, meaning that the following
diagrams of natural transformations commute.

S oS 52 So S S3 IS S2
\ J / S'T %
S 52 <|; S
Proof. As usual, we use the joint monicity of the ;. Remember that m; lx = ¢; ;.

mSox|lx =oxmlx =oxtuim=m

7Ti0'5)(|X:7T1' E Uy |X: E 7Ti7Tj|X: E 5i7j7'ri:ﬂ'i

jEN jeN jeN
so by joint monicity of the 7;, Sox |x = osx |x = idx. Next, we have

7Ti7TjS|X|X:7Ti|X7Tj|X:Li7TiLj7Tj: .
0 otherwise

Li T if 4 :j
T 7Tj|sx|X:7TiLj7Tj|:7TiLij7Tj: .
0 otherwise

So by joint monicity of the 7; 7; we have Slxlx = Isx Ix. O
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Remark 71. We put a strong emphasis on ngd, the Kleisli category of the monad S, as
opposed to the Eilenberg-Moore category of the monad S, or the coKleisli and coEilenberg-
Moore category of the comonad S. The reason is the ngd is simple to describe in terms of
power series (or dual numbers, in the binary case of [Ehr23b]), and is deeply related to LL
(see Sections 4 and 5). Still, those three other categories are interesting and deserve further
studies, which are postponed to future work.

The monad structure and the comonad structure are compatible, in the sense that they
form a c-bimonad, see Definition 17. Here are some useful observations on c.
Lemma 72. (1) c is involutive;

(2) c= <<S7Ti>>ieN;
(3) Smic=m.

Proof. First, m;mjcc = mjmc = m;m;id so by joint monicity of the m; m;, cc = id. Fur-
thermore, m; m;¢ = 7;m; = m; Sm; so by joint monicity of the m;, mjc = Sm;. That is,
c = (Sm; >>ieN‘ Finally, 7; c = Sm; so using the fact that c is involutive, m; = Sm; c. O

Proposition 73. The natural transformation c is a distributive law SS = SS and SS = SS.

Proof. By Remark 19 it is only necessary to show that c is a distributive law SS = SS since
c is involutive. The first condition is that c is a distributive law SS = SS which corresponds
to the two diagrams below. For the sake of readability, we write S instead of just S to make
it clear which part is playing the role of the monad.

5?5 ¢, 555 =

S S ss?
AN s
SS

S —+5S5  sS

We use the joint monicity of the m; m;. Observe that

myifi=0

Ty 5 Clg = Tj T3 Lo = )
0 otherwise

7Tj if ¢ = 0
7Ti7TjSLO:7TiLQ7Tj= .
0 otherwise

so by joint monicity of the m; 7;, c1o = Sto and the left diagram holds. Next,

i
7Ti7TjC6‘5X = 7Tj7Ti6‘5X =Ty < E 7T1€7Ti_k>

k=0
T T Sexcsx SCX :wiﬁijcsx SCX naturality Of?Tj
:71'1'6‘)( S7Tj SCX Lemma 72
=m; 0x S27Tj functoriality of S and Lemma 72

= (Z Tk Ti—k) Szﬂ'j
k=0

i
=T; (Z Tk Ti—k) naturality, thanks to Proposition 64
k=0
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So by joint monicity of the m; m;, cfsx = SOx csx Scx and the right diagram holds. Next,
we show that c is a distributive law SS = SS, that is, the two diagrams below commute.
For the sake of readability, we write S instead of just S to make clear which part is playing
the role of the comonad.

S _—<,35 SS < SS
& J{as Sll llS
S S§° 5355 — .+ 5°s

cS Sc

By naturality of o, of 7;, and using the fact that Sm; ¢ = m; (see Lemma 72), we have
T;0sx C= stsﬂiczdsxﬂi =7TiSO'X
so by joint monicity of the 7;, osx cx = Sox and the left diagram holds. Next, we have

T T4 SCXCSXslx :mcijcsxSIX

= S7Ti Sﬂ'j S|X

= S(7Tl Uy |)

_JSO=0ifi#y

| Smr; otherwise

| 0ifi+#j
Ty T4 Cx =
jsx =X m; ¢ = Sm; otherwise

so by joint monicity of the m; m; we have Scx csx Slx = Isx cx and the right diagram
holds. O

Theorem 74. The monad S and the comonad S form a c-bimonad on C2%.

Proof. The first three diagrams expressing that S and S are a c-bimonad are as follows.

52 _9S., g d —"-S I1d—»5
A L A T N
S——1d SAZE»SZ Id

The left diagram holds thanks to the computation below that relies on (PA) and Proposi-
tion 46.

Uxox_i<now”k>_ > mj_<zm> S| =00

n=0 \k= (i,5)EN2 €N JEN

The center diagram holds by a straightforward computation using the joint monicity of the
m; m; and some case analysis. The rightmost diagram holds by (Unary). The last diagram is
the following, where I« | and 8 * 6 use the horizontal composition of natural transformations,
see Eq. (9).

ss —% s SS
I*IJ/ TO*O
5SS ———— SSSS
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We use the joint monicity of the m; ;. We check the top path first.

i 0x = i_7r7r-, fi=3j
mimilx Ox = X .Zk*o R /
0 otherwise.

For the bottom part, we first compute 7; m; (6 * 0) x.

mim; (0% 60)x =m;mj SOx Ossx

= m; Ox 7j Ossx

i J
E Tk Ti—k E T T5—1
k=0 =0
E T Ti—k T Tj—1

ke[0,:],l€]0,4]

1M1

Now observe that

Ty Tis Tig Tiy SCsx (I x 1) x = m;, miy w5, ™, Scsx SSlx lsx
= T4, T Ty CSX Ty SSlx Isx

= Ty Tjy Tig T4y SS'X ISX

Tis Ty |x Tig Ty lsx
{FiQ Ty if il = ig and iz = i4

0 otherwise.

Thus,

T T (G*G)XSCSX (|*|)X: Z Tk Ti—k T Tj—1 SCSX (l*l)X
ke[0,:i],l€[0,5]

E 7Tk7Ti_k7Tl7Tj_lSCSX (I*I)X
ke[o,i],l€[0,5]

_ {ZZ_O T i if =3

M1

0 otherwise.

We conclude that the diagram commutes.

Remark 75. The following diagram, called the Yang-Baxter equation commutes.

SSS — 4 §SS ¢, §S§

“| [E

SSS SSS SSS

cS Sc

This is easy to check using the joint monicity of the m; m; m;. This means that c is a local
prebraiding, following the terminology of [MW11]. In particular, this commutation imply
that SS can be equipped with a bimonad structure by doubling the bimonad S. This process
is described in section 6.8 of [MW11]. This doubling is very similar to the commutation
between two derivative operations observed in the coherent differential PCF of [Ehr23al.
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4 Y-additivity in models of LL

We now assume that £ is a Y-additive category equipped with a Y-summability structure
(S, 7, o). Since £244 = £, we write the composition of f € L(X,Y) with ¢ € L(Y,Z) as
g f. Then as seen in Section 3.4, S is a bimonad on £. The category L is typically a model
of LL, but needs not be a full-fledged model, so we will try to be very precise about the
assumptions we use.

Notations 76. We will use Ls for the Kleisli category of the monad S on £, and Ks for
the functor £ — Lg defined as in Section 1.1.

This section describes the interaction between the »-summability structure and the LL
structure of £. It explains why this interaction provides a symmetric monoidal closed
structure to Ls, as well as a categorical product (it is then shown in Section 6 that Ls is a
model of LL).

4.1 Interaction with the monoidal structure

Assume that £ is a symmetric monoidal category, see Section 2.2. We write (®, 1, A, p, @, 7)
for the symmetric monoidal structure. This section details how the sum interacts with the
monoidal product.

Definition 77. A symmetric monoidal ¥-additive category is a category that is both -
additive and symmetric monoidal, and such that sum distributes over ®. That is, for all
indexed families (fo € £(Xo,Y0))aca and (gp € L(X1,Y1))sen and for all f € L£(Xo,Yo)
and g € £(X1,Y1),

(Zfa>®gEZfa®g f®<Zgb>EZf®gi-

acA acA beB beB

Similarly to additivity in Proposition 55, the compatibility between the sum and the

monoidal product ® can be written either as a property of the ¥-monoid structure, or as a
property of the Y-summability structure.
Definition 78. A ¥-summability structure satisfies (S®-dist) if for all objects Xy, X1 one
has Xo®0=0,0® X; =0, and both (m; ® X7 € L(SXo® X1, Xo® X1))ieny and (Xo®@m; €
L(Xo®SX1,Xo® X1))ien are summable, with respective sums o ® X; and Xy ® 0.

It follows from SS-2 that (S®-dist) implies the existence of the following witnesses.

PXox, = (M © X1),en € L(SX0 ® X1,5(X0 ® X1)) such that 0 ¢° = (0 ® X1)

18
Oxox, = (Xo @ mi)yen € L(Xo ®SX1,5(Xo ® X1)) such that 0 o' = (Xo ® o) (18)

They are natural transformations thanks to Proposition 64.
Remark 79. Because the monoidal product is symmetric, only one of the summability as-
sumption of (S®-dist) is necessary, and ¢! can be defined from ° as ¢! = Sy® ¢ v® and
vice versa.
Proposition 80. For any X-additive category L equipped with a summability structure, the
following are equivalent.

(1) L is a symmetric monoidal X-additive category;

(2) the left summability structure satisfies (S®-dist).

Proof. The proof is very similar to that of Proposition 55. The implication (1) = (2) is
a direct consequence of the summability of the m;. For (2) = (1), assume that f = (f, €
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C(X,Y))aca is summable. Then, there is an injection ¢ : A — N and (f)? € C(X,SY)
such that (m; (f)?)ien = ¢«f. Then we can check that ©° ((f)? ® X1) is a witness for
©x(fa ® X1)aca, using the fact that 0 ® X3 = 0. So by Proposition 54, (fo ® X1)aca is
summable with sum

o " () @ X1) = (0 (f)*) @ X1 = (Zfa>®X1 O

a€A

We now assume that £ satisfies one of the equivalent assumptions of Proposition 80.
Corollary 81. For all indexed families (fo € L(Xo0,Y0))aca and (gy € L(X1,Y1))veB,

(Z fa> ® (Zgb> CY . (fa®g)-
a€A beB (a,b)eAxB

Proof. It follows directly from double distributivity (Proposition 46). O

Theorem 82. The natural transformations o' is a strength for the monad S (see Defini-
tion 33). Furthermore, the following diagram commutes.

</’5X Y WX ,SY

S(SX ®Y) &Y sX @S5y X% 5(X ® SY)

Sz,ag(yyl lSS"ﬁ(,Y

(X ®Y) (X ®Y)

CXQY
This implies that S equipped with ©' is a commutative monad, see Definition 34.

Proof. Let us check that ¢! is a left strength. We first show the compatibility with the
monoidal structure.

1
Pxev,z

1®SX*>51®X (XeY)®SZ S(X®Y)® Z)

\ ls)\x QX’Y’SZJ, J,SOLX'Y'Z

X @Y ©S2) 0 XOS(Y ©2) 57— S(Xe (Y 2)
Y,Z

PX,Y®Z

The two diagrams above are just routinely checked by joint monicity of the 7;, their natu-
rality (recall that £ = £299) and the naturality of A and a. Then we show the compatibility
with the monad structure:

‘Px Sy ‘Px Y

X®Y X ®S%Y X 5(X ©SY) 5 S2(X @)

X®L0l \ X®0yl l9x®y

X®SY—>SX®Y) X®SY S(X®Y)

1
Px.y

We also use the joint monicity of the 7;. The left diagram is a consequence of the equation
X®0=0:

X®0=0ifi#0

1

v X®t) =X (m) = =Tilg.
wX’Y( 0) (i to) {X@Y otherwise 0
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The right diagram is a consequence of the distributivity of the sum over ®:

i i i
1 1 1 1 1 1
miOxay SPxy Px,sv = Z Tk Ti—k SPXy PX,SY = Z Tk Pxy Ti—k PX,Sy = Z(X(X”Tk Ti—k)
k=0 k=0 k=0

T (X@0y)=(Xom) (X®by)=X® () mmk)
k=0

So the monad S is strong. Finally, saying that the monad is commutative means that the
following diagram commutes.

1 0
Psx,v Px. sy

SSXQ®Y) +—— SX®SY —— S(X®5Y)
SLP(}Jc‘YJ( J{Swiﬁy (19)
S(X®Y) Ty S(X®Y) Y — S3X®Y)

This is a consequence of the fact that 0x cx = 0x and of a stronger property, which as
announced is the commutation of

1 0
Psx,y Px,sy

S(SX®Y) &Y sX @Sy X (X @ SY)

S@&,Yl J{S@ﬁ(,y

(X ®Y) (X @Y)

Xov
This is proven by the joint monicity of the 7; 7;:
mimicSPlpl =mm St =1 P mel = (YY) (SX @) =7, @

mmi St =mptmi o’ =(Xem) (m;@SY) =7, @™ O

Remark 83. As discussed in Section 2.3, the commutative monad S is then canonically a
lax symmetric monoidal monad in the sense of Definition 28. The natural transformation
Lx,,x, € £(SX0o ® SX1,5(Xo ® X1)) is defined as the diagonal of the diagram in Eq. (19).
As stated in Theorem 29, this implies that Ls (the Kleisli category of the monad S on £) is a
symmetric monoidal category. The monoidal product of f € Ls(Xy, Yy) with g € L5(X1,Y7)
is defined as the following composition.

~ L
f&g = Xo® X1 2% SXo®SX; —2M (X, ® X))

and ® is an extension of ® to Ls. Observe that

Lx,,x, = <<Z Tk @ 7Tik>>
k=0

Let f; =m; f and g; = m; g. Then the equation above implies that

e nen )

i€N

ieN
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Coming back to our power series notation of Section 3.4, this equation reads

<Zfiti> DD gt | =Y fiwg)t*

ieN JEN keN i+j=k

which is again a Cauchy product of power series, where the multiplication of scalars is now
tensor product instead of composition.

4.2 Interaction with the closed structure

We now assume that £ is closed with respect to its monoidal product. This means that
any pair of objects X, Y of £ has an internal hom, which is a pair (X — Y,evx) where
evx € L((X — Y) ® X,Y), characterized by the following universal property: for any
feL(Z®X,Y), there is a unique curx(f) € £L(Z,X —Y) (called the Curry transpose of
f) such that

evy(curx(f)®@ X) = f.
This assumption implies that curx : L(Z ® X,Y) — L(Z,X — Y) is a bijection whose
inverse is given by

cury'(g) = evx (g ® X).
We label cury and evy with the object X (as opposed to the objects Z and Y that are

always kept implicit) because this choice makes some situations clearer, but we will often
keep the object X itself implicit and simply write cur and ev.

Remember that if f € £(X5, X;) and g € £(Y1,Y2), and if the pairs (X;,Y;) have internal
homs (X; —o Y;,evy,) for ¢ = 1,2 then it is possible to define f — g € L(X; — Y7, X5 —o
Y3), turning —o into a functor £°P x £ — L. Explicitly,

f—og=curx,(gevx, (X1 = Y1)® f)). (20)

Intuitively, f — g maps an element h € X3 — Y1 to gh f € X9 —o Ya.

If X is such that an internal hom of X, Y exists for all Y, then there is an adjunction
_®X 44X — , of unit curx(idygx) € LY, X — (Y ® X)) and co-unit evx € L{((X —
Y)®X,Y). Explicitly, the functor X — _ maps a morphism f € L(Y, Z) to curx(fevx) €
L(X — Y, X —o Z). The bijections curx and cu rgfl are natural with respect to this functor:

curx(fg(h® X)) = (X — f)eurx(g)h
cury' (X — f)gh) = feury'(9) (h® X)
Definition 84. A symmetric monoidal closed X-additive category £ is a symmetric monoidal

Y-additive category which is closed with respect to its symmetric monoidal structure and
such that the sum is compatible with the internal homs: for any family (f, € £L(X,Y))sca,

Z cur(f,) = cur <Z fa> .

acA a€A

This definition is quite intuitive but contains redundant information so and can be pruned
out.
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Proposition 85. For any symmetric monoidal X-additive category L that is closed,

Z cur(fq) C cur <Z fa> .

acA a€A

Consequently, the following assertions are equivalent.
(1) L is a symmetric monoidal closed Y-additive category;
(2) for any summable family (fo € L(Z @ X,Y))aca, (cur(fa))aca is summable.

Proof. This is a consequence of additivity, distributivity of sums over ®, and of the fact
that cur is a bijection: we have

cur? <Zcur(fa)> =ev (ch(ﬁ» ®X> CD ev(ar(f)®X) =3 fu

acA a€A acA a€A

and applying cur on this equality gives that >, , cur(fa) C cur (3 c 4 fa). The equivalence
directly follows. O

We now assume that £ is equipped with a summability structure that satisfies (S®-dist).
Again, the compatibility between sums and the monoidal closedness can be written as a
property of the summability structure.

Definition 86. The ¥-summability structure satisfies (S®-fun) if (X —o ;);¢n is summable.

Contrarily to Propositions 55 and 80, assumptions such as X — 0 = 0 and cur(0) = 0 are
not needed here: they result from Proposition 85.
Proposition 87. The following conditions are equivalent:

(1) the summability structure satisfies (S@-fun);
(2) if (fo € L(X,Y))aca is summable then (X —o fo)aca is summable;
(8) if (fo € LIZRX,Y))aca is summable then (cur(f,))aca is summable;

(4) L is a symmetric monoidal closed Y-additive category.

Proof. The proof of (1) < (2) is similar to that of Proposition 55 and Proposition 80. The
implication (2) = (3) follows from left distributivity and the fact that cur(f,) = (X —o
fa)cur(idygx) by naturality of cur. The implication (3) = (2) is a direct consequence of
the definition of X —o . Finally, the equivalence (3) < (4) results from Proposition 85. O

Axiom (S®-fun) is an isomorphism property. We define a natural transformation as
follows, only by assuming (S®-dist).

ox = cur((Sev) ¥} .xy) € L(S(Y — X), X — SY). (21)

We will show in Proposition 90 that (S®-fun) holds if and only if ¢ is a natural isomor-
phism. This definition of the distributivity of S over X — _ following from the distributivity
over _ ® X is standard and is called a pointwise structure, see [KocT1].

Remark 88. Monicity is preserved by right adjoint functors, and hence the morphisms (X —o
7;)ien are jointly monic. This fact can also be checked by hand in a rather straightforward
way using the fact that cur is a bijection and is natural. Thus, ¢ is characterized by the
equations given in Proposition 89 below.

Proposition 89. We have (X —m;) o =m; and (X —0) 9 ° =o0.

36



Proof. We have

(X —o ;) ¢ = cur(m; (Sev) 9% _,y.x) by naturality of cur

(
= cur(ev m; ng_oyx) by naturality of m;
= cur(ev (m; ® X))

(

= cur(cur Y(m)) = m; .

The equality (X — 0) ¢ = 0 is proved similarly, using o 9%, x, = (0 ® X1). O
Proposition 90. The following are equivalent:

(1) (S®-fun) holds;

(2) ¢ is an isomorphism.
And then (¢7°) 7" = (X —o T )en-
Proof. (1) = (2): assume that (X —o 7;);en is summable. Then by Proposition 89

X —mi)enop " = (X —m)op ™ =m
(X —omi) o™ o (X —mi)iey =m0 (X = mi)jey =X —om

It follows that (X —o 7)),y © ¢™° = ids(x—y) by joint monicity of the 7;, and that ¢ o
(X —o mi);en = idx sy by joint monicity of the X —o 7; (see Remark 88).

(2) = (1): assume that ¢° is an isomorphism. By Proposition 89, (X —o m;) 0™ = ;.
Thus, X —o m; =m0 (¢°)~! and (X —o 7;)ien is summable with witness (¢ =)~ O

The invertibility of ¢ ™ turns Ls into a symmetric monoidal closed category. The internal
hom of (X,Y) is taken to be (X — Y, Ks(evy)) and the Curry transpose of f € Ls(Y®X, Z)
is defined as the following composition of morphisms:

—oy—1
) (x 52) P S(X 7).

Y
The fact that Lg is closed can be checked by hand, but is also a consequence of a more
general categorical observation, as discussed in Remark 91 below.
Remark 91. We will review in Section 7 the mate construction, a bijection between natural
transformations arising from adjunctions. It turns out that ¢~ is the mate of ©° through the
adjunction ®X 4 X — . This is shown by unfolding the definition given in Remark 155
taking L = R = S, As we discussed in Proposition 30 and Section 2.3, ¢V is a distributive
law S ® X = S(_ ® X). Then, as we will see in Theorem 180, ¢ being an isomorphism
is necessary and sufficient for the adjunction ® A 4 A — _ to extend to Ls, turning then
Ls into a symmetric monoidal closed category.

4.3 Interaction with the cartesian product

Assume now that £ has (finite, countable or all small) categorical products. For what
remains of this section, the product indexing sets I are universally quantified over the
corresponding class of sets (finite, countable of arbitrary). Following the notations of LL,
we use | for the terminal object and &;c; X; for the categorical product of the family
(Xi)ier. We use (p; € L(&ier Xi, X;))icr for the projections and (f;)ier € L(X, &c1Y;)
for the tupling of the (f; € C(X,Y;))icr. In the special case where I = (), this tupling is the
unique element ty of £(X, T). Notice that txy = 0%T.
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Generalizing the product category C x C of Section 2.1 one defines a category C! for
any set I whose objects are families (X;);er of objects of C, and whose morphisms from
(Xi)ier to (Y;)ier are the families of morphism (f; € C(X;,Y;))icr- As a special case of
limit, the I-indexed categorical product can be described as an adjunction A - &;er
where A : C — C! is the diagonal functor that maps an object X to the family (X);er,
and a morphism f € C(X,Y) to the family (f € C(X,Y))cr, and then &;c;  : Cf — C is
the functor that maps a family of objects (X;)ier to &ier X;, and a family of morphisms
(fi € L(X4,Y5))ier to &ier fi = (fipi)ier € L(&ier Xi, &icr Yi).

Definition 92. A cartesian ¥-additive category L is a ¥-additive category whose underlying
category is cartesian, and is such that the sum is compatible with the categorical product
in the sense that for any family (fi € £(X,Y;))aca, icr,

Z(fé)iel = <Z fo)ier -

acA

The results about the interaction between categorical products and sums are strikingly
similar to those about the interaction between sums and the internal hom functor”, so this
section mirrors the structure of Section 4.2. The definition above can be pruned out.
Proposition 93. For any X-additive category C with a cartesian product,

Z<fé>iel C <Z fa)ier -
a€A
It follows that the following assertions are equivalent.
(1) L is cartesian X-additive;
(2) if, for alli € I, (fi € L(X,Y;))aca is summable, then ({fi)icr)aca is summable.

Proof. By additivity of the projections and p; of the categorical product we have

Pi <Z<f;>zel> C Zfé

acA acA

Hence, >, c 4 (fi)ier E (O fi)ier by uniqueness of the tupling. The announced equivalence
directly follows. O

We now assume that £ is equipped with a 3-summability structure. Again compatibility
between sums and categorical products can be expressed equivalently as a property of the
summability structure.

Definition 94. The summability structure satisfies (S-&) if the family

(l_(gl ;€L (écj SXZ-,;ECI Xi) )jeN

is summable.

No assumptions such as &;e; 0 = 0 or (0);c; = 0 are required as these equations hold by
Proposition 93.
Proposition 95. The following assertions are equivalent

(1) the summability structure satisfies (S-& );

7"The reason is that both the categorical product and the internal hom functor are right adjoint to a
functor that distributes over sums.
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(2) if for any i € I, (fi € C(X;,Yi))aca is summable, then (&ics fi)aca is summable;
(3) if for any i € I, (fi € C(X,Y:))aca is summable, then ((fi)ic1)aca is summable;
(4) L is cartesian ¥-additive.

Proof. The proof mirrors the proof of Proposition 87. o

We can always define a natural transformation
Cg = <Spi>iel € E(S(é&] Xl), i(g] SXZ) (22)

simply by functoriality of S and naturality of ;.
Proposition 96. The following are equivalent:

(1) the X-summability structure satisfies (S-&);
(2) cg is an isomorphism.

And then, c&_é1 = (&ier 7Tj>>jeN'

Proof. (1) = (2). First, we show that cg (&iecr ;)
tupling:

i€l icl icl

jen = g, sx; by uniqueness of the

Then we show that (&icr 7)) ;e €& = ids g, x, by joint monicity of the m;:

5 << & 7Tj>> C& = (,& 7Tj> <Spi>iel = <7Tj Spi>i€l = <Pi 7Tj>i€I = <pi>i€[ T =T .
jEN i€l

iel

(2) = (1). We have 7; p;cg, = p; 7, thus 7; p; = p; 7, cg'. It follows by uniqueness of
the tupling that =; c&:l = (m; piYier = &icrmj. So by SS-2, (&ier ;) en is summable and
the summability structure satisfies (S-&). O

We can check that the invertibility of cg (and of ¢o 1) turns Ls into a cartesian cat-
egory. The cartesian product of (X;);es is simply &;er X; with projections Ks(p;) €
Ls(&;ecr X;,SX;). The tupling of (f; € Ls(X,Y));er is the following composition.

x Yl g 5K, S S X,

This definition is very similar to the symetric monoidal closed structure defined from (¢ =)~!
in Section 4.2. The reason is that the cartesian product follows a similar pattern, as explained
in Remark 97 bellow.

Remark 97. We will review in Section 7 the mate construction, a bijection between natural
transformations arising from adjunctions. It turns out that cg is the mate of the natural
transformation id : AS = S'A (where S! : £I — L is the functor that applies S on
each index ¢ € T) through the adjunction A 4 &;c; . We explain in Theorem 180 that the
invertibility of cg, is a necessary and sufficient condition to extend the adjunction A 4 &;er
to the Kleisli category Lg, thus providing £s with a cartesian product (T is final in Ls since
1o € L(T,ST) is an isomorphism).
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We can check that the monad S on £ equipped with the natural transformations ¢y and
c&_é1 is a strong symmetric monoidal monad (see Definition 28) with regard to the symmetric
monoidal structure induced by the categorical product. The diagrams can be checked by
hand, but this is a consequence of a more general observation. As mentioned in [AHF1§]
in paragraph 2.3, any monad M = (M, 7, 1) on a cartesian category can be endowed with
the structure of an oplax symmetric monoidal monad (see Remark 31) taking n° to be the
unique element of C(M'T,T) and n%, x, = (Mpo, Mp1) € C(M(Xo & X1), MXo & MX1)%.
Then it turns out that if n = 57! and if n? is invertible, then (M,n° n?) is a strong
monoidal monad.

As discussed in Section 2.3 (with the symmetric monoidal structure generated by the
cartesian structure &), the strong symmetric monoidal monad S is also a commutative
monad. The left and right strengths are given by the following equations.

1/)0 = ngl (TXO & Lo) = <<7T0 &X1,7T1 &0,71'2 &O, . » S C(SXO &Xl,S(XO &X1>)

23
1/)1:C&:1 (Lo&Txl):<<X0&7T0,0&7T1,0&7T2,...>>EC(Xo&le,S(Xo&X1)> ( )

4.4 Interaction with the resource comonad

Here, we assume that L is equipped with a resource comonad, an exponential for LL based
on the axiomatization of Seely categories of [Bie95]. We show in this section that a X-
summability structure on £ induces a left ¥-summability structure on the coKleisli category
of that comonad.

Definition 98. A resource comonad (also called resource modality) consists of a tuple
(!, der, dig, m®, m?) where (!, der,dig) is a comonad on £ (with counit der, called dereliction,
and comultiplication dig called digging) and (m°®, m?) is a strong symmetric monoidal struc-
ture on the functor ! from the symmetric monoidal category (£, &, T) to the symmetric
monoidal category (£, ®,1) (see Definition 26) satisfying some coherence diagram that we
will not recall here, see for instance [Mel09]. In particular, m® € £(1,!T) is an isomorphism
and m% y € L(!X ® IV,!(X &Y)) is a natural isomorphism. They are called the Seely
isomorphisms.

Let £, be the coKleisli category of this comonad (see Section 1.2 for a definition). Let us
recall that the composition of f € £i(X,Y) with g € £i(Y, Z) is defined as follows.

gof=1x 2, nx L,y 9.7

We write Der the functor from £ to £, defined as Der h = h der. Let us recall the following
equations: for any f € Li(A, B), h € L(B,C) and g € £(C, D),

Derhof=hf goDerh=g!h. (24)
We show that if £ is a Y-additive category, then L, is a left 3-additive category and any

Y-summability structure on £ induces a left ¥-summability structure on L.
Proposition 99. If £ is a ¥-additive category, then Ly is a left ¥-additive category.

Proof. The ¥-monoid structure on £(X,Y) is simply the ¥-monoid structure on £(!X,Y).
Left distributivity is a consequence of left distributivity in L.

(Zga>of— <Zga> Ifdig C > (ga!fdig) = > (ga0f). m

acA acA acA a€A
8This oplax monoidal structure is the mate, as in Remark 91, of the trivial lax monoidal structure on A.
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Note that £, is not ¥-additive, because there is no reason that (3" . 4 fa) = > ,ca fa-
In fact, £, should be understood as a category of analytic maps, and such a map does not

commute with sums in general. Still, maps of the form Der h are ¥-additive.
Lemma 100. For any h € L(X,Y), Der h is X-additive.

Proof. This is a consequence of the additivity of h in £ and the fact that Derho f = h f,
see Eq. (24). O

Lemma 101. For any family (he € C(X,Y))aca,

Der <Z ha> C ) Derhg.

acA acA
Proof. We use the fact that Der h = h der and left distributivity of sum in L. O

Proposition 102. The pair (S, (Der7;)ien) is a left S-summability structure on Ly, and

Der <<hi>>i€N = (Der hi»ieN .

Proof. We first check SS-1. The Der 7; are jointly monic in £ because of the joint monicity
of the m; in £ and of the equation Derm; o f = m; .

Then we check SS-2. Assume that (f; € £i(X,Y));en is summable in £,. Then (f;)ien
is a summable family of £(!X,Y). By SS-2 in £, there exists f € L(!1X,SY) such that
m; f = fi. Then f is also a morphism of £(X,Y"), and by Eq. (24) we have Derm; o f = f;.
So (fi)ien has a witness in £;. Conversely, if (f;)ien has a witness in £, then it is summable
in Ly, the proof is very similar to the proof above. So we conclude that SS-2 holds in L.

The equation Der {(h;), .y = (Der h;)), .y is a consequence of the functoriality of Der and
of Eq. (24). Furthermore, SS-3 holds by Lemma 100. Finally, SS-4 holds in £, because it
holds in £ and because of Eq. (24). O

Remark 103. Let S*4 be the functor on ﬁf‘dd induced by the left ¥-summability structure
(S, (Derm;)ien) on Ly, so that there is no ambiguity with the functor S on £. We can easily
check that

S24d(Der h) = Der (Sh)

so 524 is an extension of S to £3¢¢. In general, there is no reason that £ = L.
Definition 104. A ¥-additive resource category L is a cartesian and a symmetric monoidal
category endowed with a resource comonad, as well as a ¥-summability structure following
(S®-dist) and (S-&).

We do not assume (S®-fun) in the definition above as it is not crucial to define Taylor
expansion, so any use of this condition will be made explicit.

5 Taylor expansion as a distributive law in models of LL

We have all the necessary tools to axiomatize Taylor expansion in models of LL. Assume
that £ is a 3-additive resource category. In particular, we do not need to assume (S®-fun)
for this section to make sense. As seen in Section 4.4, £ is then endowed with a left X-
summability structure (S, (Der 7;);en). We provide the intuitions first on what the Taylor
expansion operator should look like.
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5.1 Motivation

The idea behind differential LL is that a morphism f € £,(X,Y) = L(!X,Y) can be seen as
some kind of analytic map between some kind of vector spaces associated with X and with
Y. Let us recall what is a differentiable map (see [Die69] for instance) and analytic map
(see [Whi65]). A map f : E — F between two Banach spaces is differentiable in a point z
if its variation around z can be approximated by a continuous linear map f’(x) € L(E, F)
called the differential of f at x.

fla+u) = f(x) + f(2)  uto(|ull) (25)

If f is regular enough, the map = — f/(z) going from E to L(E, F) is also differentiable so
that for any x there exists a map ) (z) € L(E, L(E, F)) called the second order differential.
Repeating the process yields an n-order differential £ (z) € L(E, L(E,(...,L(E,F)...)))
which can also be seen as an n linear map E X --- x E — F. These iterated differentials
allow approximating f around a point x by a map which is polynomial of degree n:

1 n
fla+u) =" =P @) (u,...,u)+of||u]™).
A map is analytic if it is equal to the limit of its successive approximations, that is
o0 1 N
n=0

The series in the equation above is called the Taylor series of f at x.

The point of coherent differentiation is to generalize the ideas of differentiation to a
setting where addition is not necessarily a total operation. In coherent differentiation,
L is a category equipped with a binary counterpart of our X-summability structure (see
[Ehr23b]) that induces a left summability structure on £y (see [EW23]). Then all the sums
in Eq. (25) must be sums in the sense of this left summability structure. This means that
the differential of f € £i(X,Y) should be introduced as a morphism Df € L) (SX,SY) that
intuitively maps a summable pair {z,u}) to a summable pair {f(x), f'(z) - u). We will use
the notation Df {x,u) = f'(x)-u as this operator D is the counterpart of the differentiation
operator in the (left-additive) cartesian differential categories of [BCS09]°.

It turns out that this point of view comes with real conceptual benefits, because the
equations on D found in cartesian differential categories are equivalent to functoriality and
naturality equations on D. More precisely, the chain rule of the differential calculus corre-
sponds to the functoriality of D on £y, and the other rules (Leibniz, Schwarz, linearity of the
derivative) correspond to the naturality of Der g, Der @, Der| and Der c with respect to D.
An equationnal account of those observations can be found in the long version of [EW23]°.
Remark 105. Note that the functor D is very similar to the tangent bundle functor of
the tangent categories of [CC14]. The naturality equations are also very similar. The key
difference is the underlying notion of sum, that is, the action on object of the functor D.
In tangent categories, the action of the tangent functor on object corresponds to a tangent
bundle construction. In that setting, there is a clear distinction between points and vectors.
It is not possible to sum a vector with a point, but vectors of the same tangent space can

9Recall that coherent differentiation is a generalization of ordinary differentiation, see Fig. 1.
10In a setting where the category C considered can be any cartesian category, and not necessarily the
coKleisli category of a model of LL.
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be added freely. Typically, objects in such categories should be seen as smooth manifolds.
On the other hand, coherent differentiation does not make any distinction between points
and vectors, but the sum is restrained. One of the main example of coherent differentiation
are the probabilistic coherence spaces, in which the objects can be seen as bounded convex
sets in a cone.

A more formal difference is that tangent categories usually arise as the coFilenberg-
Moore categories of the resource comonad of a differential category [CLLW20|, whereas
the functor of coherent differentiation is in the coKleisli category of a coherent differential
category. We conjecture the existence of a notion of coherent tangent category, that should
combine the idea of coherent differentiation and of tangent category. They should arise as
the coEilenberg-Moore category of a coherent differential category!!.

The map D2 f can be seen as the following map.
D*f (), v, wh) = ((f @), f' (@) - u), (' (@) - v, O (@) (w,0) + f'(2)-w)) . (27)

Note that the rightmost component 71wy D2 f = DD/ does not only contain the second order
derivative f(®(x)(u,v), but also the term f’(z) - w. This happens because DD is the total
derivative of Df, that is its derivative with regard to both of its coordinates at the same
time, whereas f(?)(z) is only the partial derivative of Df with respect to its first argument.
See [Lem18] for more discussions on this total derivative.

One specificity of coherent differentiation is that the second order derivative ) (x)(u,v)
that appears Eq. (27) requires v and v to be summable. This is in sharp contrast with what
we want to do for Taylor expansion in Eq. (26): there is no reason for u to be summable with
itself, but - f ") (z)(u,...,u) is well-defined nonetheless thanks to the sharply decreasing
coefficient - in front of the derivative. This phenomenon does not seem to be taken easily
into account by the coherent differential setting. So instead of defining D only as the first
order development {f(x), f'(z) - u)), we develop a new coherent differential approach where

a single application of D takes into account the whole Taylor expansion operator.

Let us start with what a functor implementing a second order development would look
like. Let us introduce a functor T as follows (using a notion of ternary summability structure
that should exist, as mentioned in Remark 111).

Tf (o) = (@), /@), /O @) + @) wl) o @8)

The term u; can be intuitively understood as a first order variation and the term us as a
second order variation. So Tf {z,u1,us) gives the components (graded by orders) of the
best order 2 approximation of f on the variation u; + us (and guarantees that the sums
involved are well-defined). We can recover the usual order 2 development of f taking us =0

Tf (u0) = (@), /@) 0, 37O @) w0)

The term f'(z)-us is still crucial though, and comes from the Faa di Bruno formula. Indeed,
one can check that

Ty(Tf (z,u,0))
=Ty <<f(x), () - u, %f@’(x)(uv U)»

([ @). g @ 7@ 0 302G @) - (@) ) )+ 50w - D ) )

n fact, the representable theory of Section 8 feature some similarities with the content of [CLLW20].
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Then we can check that this corresponds to the Taylor expansion of g o f, in the sense that

Tg(Tf {z,u,0)) = T(go f) (x,u,0) . (29)

Equation (29) above hints at the functoriality of T and is a consequence of the chain rule
and the second order chain rule (formalized in the Faa di Bruno formula, see [Fra78|):

(90 /)P (@) (u,u) = g® (@) (f' (@) - u, f(2) - w) + ¢'(2) - fP () (u, ).

Similar computations can be performed for all finite orders n instead of 2, and ultimately
for an infinite sequence of terms, possibly of all finite degrees. Let

M(n) = {m € Mgu(N*)| Y mf(i)i=n}
1€N*

where Mg, (N*) is the set of finite multisets of elements of N*, see Section 9.1 for the
notations. Define Tf as the map

meM(n)

neN
| — ) = ;
where m! = [, cq,op(m) M@ #m =3 cqupp(m) m(1) and
T = (T1y ey 1y ey Ty ey Ty ooy Ty ey Ty
— N—— N—
m(1) times m(i) times m(n) times

The term z; corresponds intuitively to an order i infinitesimal €’ z;, so that Tf (@i),cy
contains the components sorted by order of the Taylor expansion of f at xg+&x1+e2zo+---.

The case k = n and m = [1,...,1] gives the value & f()(zo)(us,...,u1), so we can
recover all the terms of the Taylor expansion of f by erasing all the higher order variations.

Tf(2,0,0,...) = <<%f(")(a:)(u, » u)» (31)

neN

Again, the other cases are still very relevant as they allow to recover the compositionality
of the Taylor expansion. We can check that

T o) = 3 a5

meM(n)

neN
where ¢ = (#f(")(x) “(Uy...,u))nen. We recognize above the terms of the Taylor expansion
of go f, in the sense that
Tg(Tf{2,u,0,...)) = T(go f) (=, u,0,...) . (32)

Equation (32) above is a consequence of the Faa di Bruno formula (see [Fra78]), which states
that for any n € N*,

(90 )P @) (o) = 3 g @) g,

meM(n)
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Once again, this means that the Faa di Bruno formula expresses a form of functoriality of
the Taylor expansion T.

Finally, if f is linear then f’(x)-u = f(u) and fO(x)(u,...,u) = 0. So for any linear
f e L(X,Y) (that is, f = Der f for some f € L(X,Y)) we should have

Tf((zidien) = (F (@) Dien -

That is, Tf = DerSf. So T should extend the functor S to £;'2, in the sense of Definition 2.

5.2 The axioms of Taylor expansion

Let £ be a Y-additive resource category. As motivated above, Taylor expansion should be
seen as a functor T on £ that extends S to £;. It is showed in Section 1 that this notion of
extension is deeply tied to the notion of distributive laws. So Taylor expansion should be a
natural transformation 0 : IS = S! that follows commutations typical of distributive laws.
Remark 106. These commutations are exactly the same as the commutations of coherent
differentiation [Ehr23b|, except that the summability structure is now infinitary. Their
meaning in coherent differentiation is well understood, see also [EW23|. They should have
a similar meaning in this new setting of Taylor expansion, but the underlying combinatorics
is much more complicated and still slightly unclear. What we know for now is that these
axioms indeed hold in our examples from LL for the exact same reasons that the axioms of
coherent differentiation hold™®, and that the functor T involved indeed correspond to the
intuitive formula given in Eq. (30), see Theorem 251.

The first axiom is called (O-chain) and states that 0 is a distributive law (Section 1)
between the functor S and the comonad !

2 ININD'S ISX Ox SIX

(0-chain) \ JSder d|gSXJ/ J{Sdigx

ISX —— ISIX —— SIX

By Theorem 14, (0-chain) also means that S can be extended to a functor T on £, defined
as Tf = (Sf) 0. This functor T corresponds to the operator motivated in Section 5.1. So
(0-chain) should be understood as the higher order chain rule (Faa di Bruno formula).

Next, the axiom (0-local) means that mp is a morphism of distributive law between 0 and
id, see Definition 13.

ISX —/— SIX
0-local 7
( ) m I
X

By Theorem 14, (0-local) also means that my extends to a natural transformation T = Id
on L;. Note that this axiom is requested for my and not for the m; with ¢ > 0. As noted in
[Ehr23b], differentiation breaks the symmetry between the components of the functor S.

The axiom (0-add) states that to is a morphism of distributive laws between id and 9,
and that 6 is a morphism of distributive laws between the composition of 9 with itself and

12Very much as in the coherent differential setting of [Ehr23b].
13Note however that some models admit a coherent differentiation but not such coherent Taylor expansion,
see Section 10.3.
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1IS2X =5, SISXY 2%, S21X
0 add l \ !GXJ, J{exx
ISX —— SIX  ISX - SIX

By Theorem 14, this axiom means that ¢y and 6 extend to natural transformations Der ¢q :
id = T and Derf : T2 = T on £, meaning that T inherits the monad structure of S. This
axiom should be seen as the additivity of the iterated derivatives in each of their coordinates.
Remark 107. Dually, this axiom also means that 0 is a distributive law between the functor
!'and the monad S, so ! extends to a functor ! on the Kleisli category Ls of S. Then,

(0-chain) means that der and dig are morphisms of distributive laws, so by Theorem 8 the
comonadic structure of | extends to a comonadic structure on '_

Then, the axiom (9-Schwarz) means that ¢ is a morphism of distributive laws (again for
the composition of 0 with itself).

152X %X, qi5x 9%, g21x
(0-Schwarz) ,CX\L lclx

2 2

IS2X —— SISX > S?X

By Theorem 14, (0-Schwarz) also means that ¢ extends to a natural transformation Derc :
T2 = T2 on L. (0-Schwarz) can be interpreted as the Schwarz theorem that states that
the higher order derivatives are symmetric.

The next axiom, is not among the axioms given in [Ehr23b], but as discussed Section 5.1
of the long version of [EW23] it should have been a part of it. This axiom called (0-lin)
means that | is a morphism of distributive laws between 0 and the composition of 0 with

itself.
ox

1SX SIX

(0-lin) ”Xl J/hx

1S2X —— SISX —— S21X
s x SOx

By Theorem 14, (9-lin) also means that | extends to a natural transformation Der|: T = T?
on L. Together with (0-add), this axiom means that the derivatives are not only additive
in their individual coordinates, but also T-linear in the sense of Definition 115,

The last axiom, (0-&), means that m? is a morphism of distributive laws between the
composition of @ with L, and the composition of 9 with (cg)~! (recall that the structure
of a lax symmetric monoidal monad can be seen as a distributive law, as explained in
Section 2.2).

lely

ISX®ISY ZX9% S1x @ Sly -2 S(1X®!Y)
(8'&) mZSx,syJ/ J{szx,y
SX &SY) — IS(X &Y) 35— SIX &Y)

M This explains the clash of terminology with [Ehr23b], in which the axiom (8-lin) corresponds to our
axiom (0-add).
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By Theorem 10, (0-&) means that m? extends to a natural transformation! ®! = T(_XAC_)
(where T_ is the extension of | to Ls, see Remark 107). This extension provides a resource
comonad T_ on Ls, turning Ls into a model of intuitionist LL'°. (0-&) also implies that any
morphism that is multilinear in the sense of LL is also T-multilinear (see Definition 138).
More on this in Section 6.4.

Remark 108. In [Ehr23b], the diagram below was stated as part of the axiom (9-&).

ST — 97 QT

!ol JS(m“)—1

T——1——5S1
(m®)~1 Lo

It turns out that this diagram always holds (assuming (9-add)). Indeed, we know that
10 =!tsT is invertible of inverse lig, see Section 4.3. So we can prove the diagram with
the diagram chase below. The commutation (a) is (J-add) and the commutation (b) is the
naturality of ¢g.

Recall (see [Mel09]) that we can derive from the Seely isomorphisms a canonical cocom-
mutative comonoid structure on all objects !X, as follows.

(mO)—l

wkxy = 1X 0517 (33)
e 2\—1
ctry = 1X Ny v g x) T 1xelx (34)

Then the axiom (0-&) induces a compatibility condition between wk, ctr and the distributive
law 0. It suggests that coherent differentiation and Taylor expansion would also work in
other axiomatizations of models of LL, such as the linear categories of [Bie95], we refer to
[Mel09] for a definition.

Proposition 109. The left diagram always hold, and the right diagram is a consequence of

(0-&).
ISX —2, si1x ISX Ox SIX
wkle lswkx Ctrst{ J{Sctrx
1 — sl ISX®ISX ;o SIX @ SIX —— S(IX®IX)

Proof. This is a straightforward consequence of the diagram of Remark 108 and (9-&),
unfolding the definition of wk and ctr and using naturality. O

The left diagram means that wk is a morphism of distributive laws (o :I1 = S1 is the
distributive law associated to the extension of the constant functor 1 on £ as the constant
functor 1 on Ls). The right diagram means that ctr is a morphism of distributive laws
between 0 and the composition of 9 with L. By Theorem 10, those diagrams mean that the

151t is then possible to prove that if £ is a model of classical LL, then so is Ls.
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contraction and weakening extends to Ls. The result of Proposition 109 is not surprising
then, since the weakening and the contraction on Ls can also be defined directly from m°
and the extension of m? to Ls.

Definition 110. A Taylor expansion in a Y-additive resource category is a natural trans-
formation 9 :IS = S! following (0-chain), (0-local), (0-add), (0-Schwarz), (0-lin), (0-local).
A Taylor category is a Y-additive resource category equipped with a Taylor expansion.
Remark 111. It should be possible to define in a uniform way a notion of n-ary summability
structure S, for any n € NU{oo}, as a summability structure which has only projections 7;
fori € J0,n]. Then a Taylor expansion in an n-ary summable resource category would simply
be a distributive law !S,, = S,! defined exactly in the same way as above. This operation
should be seen as an order n Taylor approximation. Then the coherent differentiation of
[Ehr23b] would be a particular case in which n = 1, and the Taylor expansion in our article
a particular case in which n = co. It should be interesting to see if a Taylor expansion at
order n induces a Taylor expansion at order m for m < n. This will be studied in future
work.

We have not stated yet the fact that the morphisms in the category are analytic, in
the sense that they coincide with their Taylor expansion. This is the role of the axiom
(0-analytic) below.

ISx 2, six
(0-analytic) \ lax
lox
1X

The axiom (0-analytic) means that ¢ is a morphism of distributive laws between 0 and id.
By Theorem 14, (0-analytic) means that o extends to a natural transformation Dero : T =
Id. The combination of (J-analytic) and (0-lin) means that o and | extends to L, so T
inherits the comonadic structure of S. Dually, (0-lin) and (9-analytic) also mean that 0 is
a distributive law between the functor ! and the comonad S.

Recall that in Section 5.1 the Taylor expansion of f at x on variation u could be defined
as Der (o) o Tf o {(x,u,0,...). So the naturality of Der (¢) implies that

Der (o) o Tf o {z,u,0,...)) = foDer (o) o {x,u,0,..)=fo(zx+u).

This exactly corresponds to the property that f is equal to its Taylor expansion.
Definition 112. A Taylor expansion is analytic if it satisfies (J-analytic). An analytic
category is a X-additive resource category equipped with an analytic Taylor expansion.

Although the notion of order n Taylor category makes perfect sense, an order n ana-

lytic category may not be very interesting, as it would mean that the morphisms are all
polynomials of degree lower than n.
Remark 113. The purpose of our choice of terminology is to make a clear distinction between
the infinitary setting of the present article and the finitary settings of [Ehr23b, EW23]. This
is why we prefer to speak directly of a Taylor category: it is a category where any morphism
has a Taylor expansion (involving all of its higher derivatives). This Taylor expansion is
provided by the endofunctor T, which is much richer than a mere Taylor expansion and is
a categoryfication of the Faa di Bruno formula, by need of functoriality. In such categories,
the morphisms however are not necessarily equal to the infinite sum of all the terms of their
Taylor expansion.

We use the adjective “analytic” for the situation where any morphism is equal to the sum
of all the terms of its Taylor expansion, following the standard mathematical terminology,
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with the slight difference that, in analysis, analyticity is a local concept whereas here, it is
a global condition (it should be noted that we have nothing like a topology which would
allow to make it local).

Remark 114. Except for (0-local) (which is about the structure of the functor T) and (9-&)
(which is discussed in Section 6.4), the axioms of analytic categories are exactly the necessary
and sufficient conditions to extend the structure of the bimonad S to £,. This means that
Taylor expansion essentially acts as a bimonad and can be framed in a very algebraic way,
which is an interesting observation per se, even if one does not care about the partiality of
sums.

In [KL23], Taylor expansion is framed in some models of differential LL as a monad
structure on ! . The article conjectures that this monadic structure is compatible with

the resource comonad structure of ! | turning ! intro a bimonad. This seems to be quite
different from our bimonad S, but a closer comparison is required.

6 Cartesian analytic categories

We provide in this section a direct axiomatization of Taylor expansion in any category C. We
show how this expansion should interact with the cartesian closed structure of C, whenever
there is one. Typically, C = L, for some model £ of LL, but the point of this axiomatization
is that it is more general, more compact, and does not depend at all on LL. In particular, this
axiomatization should provide direct models for a A-calculus featuring an internal operation
of Taylor expansion.

The interplay between the LL axiomatization of Taylor expansion and the direct axiom-
atization is similar to the interplay between differential categories [BCS06] and cartesian
differential categories [BCS09]. On one hand, the direct axiomatization is simpler and more
general. On the other hand, the rich structure of models of LL brings many insights on the
structure of Taylor expansion, as well as many examples. For example, Section 8 shows that
Taylor expansions often boils down to a simple !-coalgebra, and this provides a substantial
source of concrete examples described in Sections 9 and 10.

6.1 Taylor expansion in a left Y-additive category

The axiomatization of Taylor expansion on C is very similar to the cartesian coherent dif-
ferentiation of [EW23|, except that the left summability structure is now infinitary. We
assume that C is a left Y-additive category, equipped with a left ¥-summability structure
(S, 7).

Definition 115. Let T be a map on morphisms such that for any f € C(X,Y), Tf €
C(SX,SY). A morphism h is T-linear if it is Y-additive and if w; o Th = h o m;. That is,
Th = Sh.

Definition 116. An (infinitary) Taylor expansion on C is a map on morphisms T such that
for any f € C(X,Y), Tf € C(SX,SY) and such that:

(1) (T-chain) T is a functor
2
3

(2) (T-local) 7 is a natural transformation
®3) (
(4) (T-sum-lin) o and 0 are T-linear
®) (
6) (

T-proj-lin) The projections 7; are T-linear

5) (T-add) tp € C(X,TX) and 6 € C(T?X, TX) are natural transformations
6) (T-lin) | € C(TX, T?X) is a natural transformation
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(7) (T-Schwarz) c € C(T?X,T2X) is a natural transformation
We recall that 19,6, ,c are defined in Theorem 66, and o =, _ 7.

Again, assuming a suitable notion of n-ary summability structure, it should be possible
to define an order n Taylor expansion. The operator T f would perform the order n Taylor
approximation of f.

Definition 117. An analytic structure on C is a Taylor expansion such that ¢ € C(TX, X)
is natural. We call this property (T-analytic).

We only assume in what follows that T is a map on morphism such that for any f €
C(X,Y), Tf € C(SX,SY). Any use of the axioms of Taylor expansion will be made explicit.
Proposition 118. Assuming (T-chain) and (T-proj-lin), if (fi)ien is summable then (T f;)ien
is summable and (T fi);cn =co T {(fi);cn-

Proof. We have
mioco T (filien = Smio T {fidien = Tmio T (fidicn = T(mi o (fidicn) = T/

using (T-proj-lin) and (T-chain). O

Corollary 119. Assuming (T-chain) and (T-proj-lin), if (hi)ien is a family of T-linear
morphisms, then (h;),cy s T-linear.

Proof. We know that (h;)),y is X-additive thanks to Lemma 58, and

T{hi)ien = co(Thi)icn = c o (Shi)icn =S (hi)ien -

The last equality can be easily checked by joint monicity of the m; o ;. So (hs),cy is
T-linear.

As usual, the axiom (T-sum-lin) can be framed either as a property of the summability
structure, or as an interaction between T and the sum.
Proposition 120. Assuming (T-chain) and (T-proj-lin), (T-sum-lin) holds if and only if
for any family (fo € C(X,Y))aca, T(Qoaca fa) =D wca Tfa

Proof. Assume that (T-sum-lin) holds. Let ¢ : A < N be an injection, and let (f/)ieny =
¢, f. Observe that (TfDien = ©«(T fa)aca because TO = 0 by assumption. Then

T (Z fa) =T (Z f{> by Lemma 44

acA €N
=T(oo <<f’LI>>’L€N)
=TooT <<fil>>l-€N by (T-chain)
=Sooco(Tfi)ien by assumption
=00 <<Tfi/>>igN by Proposition 73
=> (Tf)
ieN
>N (Tfa) by Lemma 44.
acA
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Conversely, assume that for all family (fa)aca, T(Q ,ca fa) = > aca(Tfa). Then TO =0
follows from the fact that 0 is the sum over the empty family, and

To=T (Zm) =3 Tm=)» Sm=S (Zm) =So

€N €N €N ieN

where the equivalence ), Sm; =S}, m; follows from Proposition 61. So ¢ is T-linear.
O

Corollary 121. Assuming (T-chain), (T-proj-lin) and (T-sum-lin), if (ha)aca is a summable
family of T-linear morphisms, then ) . 4 ha is T-linear.

Proof. This is a direct consequence of Propositions 61 and 120.

TZhG%ZThG:ZShG%SZhG. O

acA a€A acA acA

Proposition 122. Assuming (T-chain), the composition of two T-linear morphism is also
T-linear and id is T-linear.

Proof. The identity is ¥-additive, and by (T-chain), m; o Tid = m; 0id = m; = id o 7; so
id is T-linear. If h € C(X,Y) and h' € C(Y, Z) are T-linear, then h' o h is ¥-additive by
Proposition 60. Furthermore,

ﬂ'l-oT(h/oh):WioTh'oTh:h'om—oTh:h'ohom—
so h' o h is T-linear. O

Definition 123. Let C'" be the category with the same objects as C and whose morphisms
are the T-linear morphisms. The identity and the composition are the same as in C.

Observe that C'" is a subcategory of C?dd. Then the axioms (T-chain), (T-proj-lin),
(T-sum-lin), and Lemma 58 and Corollary 121 ensure that C'" is a Y-additive category
whose sum coincides with the sum in C, and that (S, 7) is a Y-summability structure on C'"
whose witnesses coincide with the witnesses in C.

Proposition 124. Assuming (T-chain), (T-proj-lin) and (T-sum-lin), v;, 6, ¢, | and o
defined in Theorem 66 are all T-linear

Proof. These morphisms are all tuplings of sums and composition of 7;’s and 0, which are
T-linear by assumption, so they are T-linear by Corollaries 119 and 121 and Proposition 122
above. O

As a result, Ty; = Sy, TO = SO, Tc = Sc, Tl = Sl and To = So. In particular, all the
diagrams turning S into a bimonad also hold when replacing S with T. So the axioms of an
analytic structure except for (T-local) are exactly the conditions allowing to turn T into a
bimonad on C that extends the bimonad S in C'".

6.2 Interaction with the cartesian structure

We assume that C is a cartesian category. The notations on the cartesian product will
be the same as those of Section 4. This section is a straightforward adaption of [EW23|
to infinitary summability structures. For the rest of this section, all indexing sets I are
universally quantified over the sets for which the categorical product &;c; is well-defined.
In particular, the category may have countable products or not.
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6.2.1 Sums and cartesian product

This section is a generalization of Section 4.3 to a situation in which the category is only
left -additive.

Definition 125. A cartesian left Y-additive category L is a left ¥-additive category that is
cartesian, and such that the sum is compatible with the cartesian product in the sense that
for any families (f! € £(X,Y;))aca,

S (fivier = (3 Fidier (35)

acA

Proposition 126. For any left Y-additive category C with a cartesian product, the projec-
tions p; are Y-additive if and only if

Z<f;>iel - <Z fa)ier - (36)
acA
As a result, the following assertions are equivalent.
(1) L is cartesian left X-additive;
(2) the projections p; are X-additive, and if for alli € I, (ff € L(X,Yi))aca is summable,
then ((fi)icr)aca is summable.

Proof. The forward implication has the same proof as Corollary 47. The only additional
thing to check is that the additivity of the projections follows from Eq. (36). We have

pi © (Z fa) =pio (Z<Pi ° fa>i€l> Cpio(Y piofaier =2 piofa- O

a€A a€A a€EA a€A

Again, the compatibility between sum and product can also be written as a property of
the summability structure.
Definition 127. Assume that C is equipped with a left ¥-summability structure. This left
summability structure satisfies (S-&) if the projections p; are Y-additive and if (&;er ;) jen
is summable.

When the left summability structure is a summability structure, (S-&) coincides with the
property (S-&) seen in Section 4.3, this is why the names are the same.
Proposition 128. Assume that C is a left X-additive category, is cartesian, and is equipped
with a left ¥ summability structure. The following assertions are equivalent

(1) the summability structure satisfies (S-&);
(2) C is cartesian left ¥-additive.

Proof. Same as Proposition 95 O
Assuming that the projections are X-additive, we can define as in Eq. (22) the morphism

Cg = <Sp1‘>i€] S C(S(z(gl Xi)’i(gl SXZ) (37)

Proposition 129. Assume that C is equipped with a left X-summability structure and that
the projections p; are Y-additive. The following are equivalent.

(1) (&ic1mj)jen is summable;

(2) cg is an isomorphism.
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Then, cg' = (&ier mj) ey

Proof. Same as Proposition 96. O

Proposition 130. Assume that C is a cartesian left Y-additive category. If for all i € I,
h; € C(X,Y;) is B-additive, then (h;)icr is also Y-additive. Thus, C*% is a cartesian X-
additive category whose cartesian product coincides with the one of C.

Proof. Assume that (f, € C(Z,X))aca is summable. We need to show that ({h;)ies o
fa)aca = ({(h; o fa)ier)aca is summable and that

Z<hi o fa)ier = (hi)ier © (Z fa)-

acA a€A

But (hi)icr0 (O qca fa) = (hio (3 4ca fa))ier so the equality directly follows from Eq. (35)
and from the additivity of each h;. Furthermore, the projections are ¥-additive by Propo-
sition 126, and T is also a terminal object in C?% because the unique morphism in C(X, T)
is necessarily 0, which is -additive. O

So if C is a cartesian left ¥-additive equipped with a left Y-summability structure, C2% is
a cartesian Y-additive category equipped with a X-summability structure. Notice then that
both cg and c&_é1 are a morphism in €24, and they coincide with their counterpart given
in Section 4.3. Recall then that the monad S on € equipped with ¢o and c&:l is a lax
symmetric monoidal monad. This canonically induces two strengths 1" and 1! as defined
in Eq. (23), turning S into a commutative monad (with respect to the cartesian product).

6.2.2 Differential structure and cartesian product

We assume that C is equipped with a left ¥-summability structure (S, 7) that satisfies (S-&).
Definition 131. A Taylor expansion is compatible with the cartesian product if the pro-
jections p; are T-linear. A cartesian Taylor category is a cartesian category equipped with
a Taylor expansion that is compatible with the cartesian product. A cartesian analytic cat-
egory is a cartesian category equipped with an analytic Taylor expansion that is compatible
with the cartesian product.
We now assume that C is a cartesian Taylor category (or a cartesian analytic category)

Proposition 132. (T f;)icr = cg o T{fi)icI-

Proof. We have p; o cg o T(fi)ier = Spi o T(fi)icr = Tpi o T(fi)ier = T(pi o (fi)ier) = Tfi,
and we conclude by uniqueness of the tupling. O

Proposition 133. If (h; € C(X,Y7))icr is a collection of T-linear morphisms, then (h;);cr
is T-linear. If (b, € C(X;,Y:))icr s a collection of T-linear morphisms, then &;cr b} is
T-linear. In particular, C'™ is a cartesian category.

Proof. First, we know that (h;);cs is Y-additive thanks to Proposition 130. Then,
T(hiYier = cg' o (Thi)ier = cg' o (Shi)ier

by Proposition 132. So 7; o T{(h;)ier = (&;e17j) © (Sh;)ier using that c&_é1 = (&ier ;)
(Proposition 96). Then,

JjEN
(lﬁg] 7Tj> o (Shi)icr = (mj 0 Shi)icr = (hiom;)icr = (hi)icr o 7j .
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So wj 0 T(hiYier = (hi)ier o mj. We conclude that T(h;)ier = S{hi)ics by joint monicity of
the m;. The T-linearity of &;ecs b} then follows directly from above thanks to the fact that
&;ecr bl = (hl o pi)ier and that the composition of two T-linear morphism is also T-linear.
We conclude that C" is cartesian because tx = 0 is also T-linear by (T-sum-lin), so T is
also final in C'™". o

The T-linearity of the projections imply that
cg& = (SpiYier = (Tpsier € C(T ézj Xi’i(g] TX;)

is a natural transformation. Since cg is invertible, it is then a natural isomorphism and
c&_é1 € C(&iecr TX;, T &;er X;) is natural. Furthermore, both cg and c&_é1 are T-linear, thanks
to Propositions 96 and 133. Then for the same reasons that (S, ¢, c&:l) is a lax symmetric
monoidal monad in C2¢¢ (and on C'™), (T, 9, cg") is a lax symmetric monoidal monad on C.
Remark 134. Similarly to Section 4.3, the invertibility of cg and g ensure that C1, the
Kleisli category of the monad T, is cartesian. This can be shown either by hand, or by
following the reasoning of Remark 97.

As seen in Section 2.3 (taking the symmetric monoidal structure to be the one generated
by the cartesian structure &), the lax monoidality of T implies that T is a commutative
monad, whose left and right strengths are given by the following equations.

\IJO = Cg_cl o (TXQ&LO) = <<7T0&X1,7T1 &0,7T2 &0,>> S C(TXQ&Xl,T(Xo&Xl))

\Ifl = C&_&1 o (LO & TXl) = <<X0 & 0, 0& T, 0& T2, .. >> S C(XO & TXl,T(XO & Xl)) (38)
Those strengths are T-linear, and coincides with the strengths ¥° and 1! associated to the
lax monoidal monad S on C'"™ and C24d.

Definition 135. Let f € C(Xo & X1,Y). Define Tof = Tfo U° € C(TXo & X3, TY) and
Tif=TfoVUl €C(Xo&TXy,TY).

Intuitively, the strength maps a summable family (;), .y and an element y to the family
((zo,y), (x1,0), (22,0),...). So Tof performs the Taylor expansion of f on this family. In
particular, the coefficient at position 1 should be seen as f'(zg,y) - (x1,0) = 9o f(z0,y) - 1
where 0y is the partial derivative of f with regard to its first argument. So Ty, T are
the infinitary counterpart of the notion of partial derivatives: the Taylor expansion of f is
computed only with regard to a variation on one input.

This theory of partial Taylor expansions behaves very nicely, and is crucial for the devel-
opment of a syntax. Let us stress that combining Taylor expansions with regard to different
arguments would be combinatorially very heavy, but our categorical point of view on Taylor
expansion turns all those computations into simple naturality equations. We refer the reader
to [EW23] for a development of this theory in the framework of coherent differentiation.
Definition 136. A morphism f € C(Yy & Y1, Z) is X-additive in its first argument if for all
family (h, € C(X,Y0))acAa,

Fo(Q ha)&Vi)ED fo(ha&Vr).

acA acA

Similarly, we define the notion of morphisms »-additive in their second argument. A mor-
phism is ¥-biadditive if it is separately Y-additive in both of its arguments.

As usual, additivity in an argument can be expressed as an interaction with regard to the
left X-summability structure.
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Proposition 137. A morphism f € C(Yo & Y1, Z) is ¥-additive in its first argument if and
only if fo(0& Y1) =0 and (f o (m; & Y1))ien is summable of sum fo (o & Y1). A similar

result hold for morphisms 3-additive in their second argument.

Proof. Very similar to the proof of Proposition 55. o

Definition 138. A morphism h € C(Xo & X1,Y) is T-linear in its first argument if it is
Y-additive in that argument and if m; o Toh = h o (m; & X;). It is T-linear in its second
argument if it is Y-additive in that argument and if m; 0 T1h = ho (Xo & 7;). A morphism
is T-bilinear if it is separately linear in both of its arguments.

Those notions can be generalized to arbitrary finite product, defining a strength
Ul =cgo(idy, & - &u& - &idy,) €C(Xo& - &TX; & & X, T(Xo & - & X,)).
This induces a Taylor expansion with respect to only one parameter, for any f € C(X,Y),
Tif=foV eCXo&  &TX; & & X,,, TY).

It is then possible to define a notion of Y-multiadditive morphism and a notion of T-
multilinear morphism. The latter plays an important role in [EW23].

6.3 Compatibility with the cartesian closed structure

We now assume that C is a cartesian left -additive that is closed with respect to its
categorical product. That is, for all objects X and A there is an object A = X and a
morphism Ev € C((4A = X) & A, X) such that for any morphism f € C(X & A,Y"), there
exists a unique morphism Cur(f) € C(X, A = Y) such that

Ev(Cur(f)& A) = f.

This assumption implies that Cur: C(X & A,Y) — C(X, A = Y) is a bijection whose inverse
is given by
Cur '(g) =Evo(g& A).

Closedness can be seen as an adjunction & A 4 A = _ for any object A, of unit
Cur(idxga) € C(X,A = (X & A)) and co-unit Ev € C((A = X)& A, X). A= mapsa
morphism f € C(X,Y) to a morphism A = f € C(A = X, A =Y) defined as Cur(f o Ev).
Then Cur and Cur™ ' are natural bijections, that is, Eq. (39) below holds

Cur(fogo(h& A)) = (A= f)oCur(g)oh (30)
Cur (A= f)ogoh)=foCur'(g)o(h& A)

This section is very similar to Section 4.2. The difference is that the category is closed with
regard to the cartesian product and not to the tensor, and that linearity assumptions need
to be explicit.

6.3.1 Sums and closedness

Definition 139. A cartesian closed left ¥-additive category C is a cartesian -additive
category that is closed with regard to the cartesian product and such that for any family

(fa € C(X7 Y))aeAa
> Cur(fa) = Cur <Z fa> . (40)

acA acA
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Proposition 140. For any cartesian left S-additive category C that is closed, Ev € C((A =
X) & A, X) is E-additive in its first argument if and only if

> Cur(fa) £ Cur <Z fa> : (41)

acA acA

As a result, the following assertions are equivalent.
(1) C is a cartesian closed left X-additive category;

(2) Ev is Y-additive in its first argument and for any summable family (f, € C(X &
A, Y ))aca, (Cur(fa))aca is summable.

Proof. The forward implication is the same proof as Proposition 85, using the additivity
of Ev in its first argument instead of the distributivity of the sum over the tensor product.
The only additional thing to prove is that the left additivity of Ev follows from Eq. (41):

Evo (()_ ha) & A) _Evo<<ZCurCur )))&:A)

a€A acA
CEvo (Cur (Z Cur_l(ha)> & A) by Eq. (41)
acA
=) Cur'(ha) = Evo(ha& A). O
acA acA

As usual, the compatibility between the sum and the closedness can be rephrased as a
property on the left ¥-summability structure.
Definition 141. Assume that C is equipped with a left ¥-summability structure that sat-
isfies (S-&). Then this structure satisfies (S&-fun) if Ev is ¥-additive in its first argument
and if (A = m;);en is summable.
Proposition 142. Assume that C is a cartesian left Y-additive category and is equipped
with a left X-summability structure. The following assertions are equivalent

(1) The summability structure satisfies (S&-fun);

(2) L is a cartesian closed left ¥-additive category.
Proof. The proof is very similar to the proof of Proposition 87. O

The property (S&-fun) consists in an isomorphism property. Assume Ev is ¥-additive in
its first argument. Then we can define c—. by

¢ = Cur(Evo (m & A)),cn € C(S(A= X), A= SX). (42)

As observed in Remark 88, the morphisms (A = ;);en are jointly monic, so co is
characterized by the equation of Lemma 143 below.
Lemma 143. (A = ;) ocey = ;.

Proof. We use the naturality of Cur.

(A= m)ocs = (A= m)oCur{Evo (m & A)),;cn
= Cur(m; o ((Ev o(mi& A)icn) By naturality of Cur

= Cur(Ev o (m; & A))
= Cur(Cur™ 1(m)) T O
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Proposition 144. Assume that Ev is X-additive in its first argument. The following as-
sertions are equivalent:

(1) (A= m)ien is summable;
(2) c= is an isomorphism.
And then, (A = m;);cny = czl.

Proof. Same proof as Proposition 90. o

6.3.2 Differential structure and closedness

We now assume that C is a cartesian closed left »-additive category, equipped with a left
Y-summability structure.

Definition 145. A Taylor expansion that is compatible with the cartesian product is com-
patible with the closedness if Ev € C((A = X) & A, X) is T-linear in its first argument.

A cartesian closed Taylor category is a cartesian closed category equipped with a Taylor
expansion compatible with the closedness. A cartesian closed analytic category is a cartesian
closed category equipped with an analytic Taylor expansion compatible with the closedness.

We now assume that the Taylor expansion is compatible with the closedness. This implies
that 7; o ToEv = Ev o (m; & A) so

¢ = Cur(Evo (m &ida)),eny = Cur(TEvo W9 4) € C(T(A= X), A= TX)

and hence c— is a natural transformation T(A = )= (A = T_). The definition of this
morphism is very similar to that of ¢, see Eq. (21). The natural transformation c-, is
the pointwise structure of T on A =  defined from the strength W°, as it is standard, see
[KocT1].

As in, Section 4.2, the invertibility of co turns Ct into a cartesian closed category. The
internal hom of (A4, X) is taken to be (A = X, K1(Eva)) (where K7 is the canonical functor
C — Ct1). The Curry transpose of f € C1(X & A,Y) is defined as the following composition.

-1
x &N s ES Tasy) .

The fact that C1 is closed can be checked by hand, but is also a consequence of a more general
categorical observation very similar to the one of Remark 91, using the mate construction
reviewed in Section 7.

6.4 Cartesian closed analytic categories arising from LL

We show in this section that the coKleisli category of a resource comonad on an analytic
category is a cartesian (closed) analytic category. Let £ be a Taylor category, see Defini-
tion 112. Then as seen in Section 4.4, (S, (Der;)ien) is a left E-summability structure on
Ly and

Der (hi);cy = (Derhi);cy  Der > hi= Derh;. (43)

ieN ieN

Let ¢, 8,1, c be the morphisms in £ defined in Theorem 66 from the Y-summability structure
(S, (m;)ien). Then, Eq. (43) ensures that their counterpart in £, defined in Theorem 66 from
the left 3-summability structure (S, (Der 7;);en), are respectively equal to Der ¢o, Der 6, Der|
and Derc. Then as discussed in Section 5, the Taylor structure induces a functor T on L,
for which Dermy, Derc, Der@, Deriy and Derl are natural transformations. If the Taylor
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structure is analytic, Der o is also natural. Thus, it only suffices to show that Dermy, Derc
and Dero are T-linear to conclude that £ is a Taylor category (respectively, an analytic
category). This is a consequence of the fact that linearity in the sense of LL implies T-
linearity.

Definition 146. Following the standard terminology of LL, a morphism f € £,(X,Y) is
linear if f = Der (h) for some h € L(X,Y).

Proposition 147. Every linear morphism is also T-linear.

Proof. Let f = Derh € L£)(X,Y). By Lemma 100, Derh is ¥-additive. Furthermore,
(0-chain) ensures that T extends S, meaning that T(Der h) = Der (Sh). Then

Der m; o T(Der h) = Derm; o Der (Sh) = Der (m; Sh) = Der (h ;) = Der h o Der m;
so Der h is T-linear. O

Then by Proposition 147, Derm;, Dero, Der0 = 0 are all T-linears, and we just proved
the following result.
Proposition 148. If £ is a Taylor category, then L, has a Taylor expansion. If L is an
analytic category, then Ly has an analytic structure.
Remark 149. There are three layers of linearity: additivity, T-linearity and linearity, with
the following string of implications.

Proposition 147 . . by definition e
=P8 T linearity =————=2% additivity.

linearity
As discussed in [BCS09], additivity does not necessarily imply T-linearity. The link between
T-linearity and linearity should be investigated further, drawing inspirations from [BCS14,
GL21] that study under which conditions a cartesian differential category is the coKleisli
category of its category of linear morphisms.

We now show that the Taylor expansion given in Proposition 148 is compatible with the
cartesian closedness of £,. We crucially rely on Proposition 147 and on a generalization of
this property to multilinear morphisms.

Remember that the category L is cartesian. The cartesian product &;c; X; is the same
as the one in £, and the projections are Der p;. By Proposition 147 above, these projections
are T-linear. In particular, they are -additive.

Let cg € L(S(&;er Xi), &ic1 SX;) be the natural isomorphism of £ defined in Eq. (22)
from the X-summability structure (S, (m;);en). Then, the distributivity of the left X-
summability structure (S, (Der (7;))ien) over the categorical product of £, given in Eq. (37)
is equal to

<Sadd(Der pi)Yicr = (Der (Sp;))icr = Der (Sp;)icr = Dercg, .

This morphism is an isomorphism, with inverse Der cgzl. We just proved the following result.
Proposition 150. The Taylor expansion in Ly given in Proposition 148 is compatible with
the categorical product of L;.

As seen in Section 6.2.2, the monad T on L, is a strong monad, whose left and right
strengths W0 and W! are given by Eq. (38). Explicitly,

U0 = Dercy' o (TXo & Der i) = Dercg' o Der (SXo & o) = Der (cg' (SXo & 1)) -

So ¥Y = Der¢° and similarly ¥! = Der!, where ¥° and %! are the strength of the monad
S on L, given in Eq. (23).
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The axiom (0-&) that has not been used so far essentially ensures that a bilinear morphism
is T-bilinear. As shown in [Ehr23al, the axiom (0-&) implies the commutativity of the
following diagrams:

ISX @l 228, gixgry S, S(IX®!Y)

m2SX,YJ/ lssz?Y (44)
(SX &Y) o IS(X &) 5 SUX & Y)

1
IX®ISY 229, 1X @ SlY —2— S(IX®!Y)

m2X,SYJ/ lssz?Y (45)
(X &SY) T IS(XEY) 5 SIX &)

Recall that ¢° and ¢! are the strengths of the monad S over the monoidal product ® of L,
see Section 4.1. Those commutations are not surprising. For example, Eq. (44) means that
m? is a morphism between the distributive law !S_®!Y = S(!_®!Y) and the distributive
law (S & Y) = S!(_ & Y). Those are similar to the distributive laws involved in (9-&)
except that they use the strengths ¢° and ¢° instead of the lax monoidalities c(g:1 and L.
Definition 151. Following the standard notation of LL, a morphism f € £;(X &Y, Z) is
bilinear if there is h € L(X ® Y, Z) such that

)71 der®der

= (X &Y) " ixely ¥EN x gy s, 7
A morphism fL£(X &Y, Z) is linear in its first argument if there exists h € L(X®!Y, Z)
such that

2)’1 der®!Y

f= '(X&Y) XYy &% Xy —y 7.

We can define similarly what is a morphism linear in its second argument.

Observe that a bilinear morphism is linear in both of its arguments.
Proposition 152. A morphism which is linear in an argument is T-linear in that argument.
A bilinear morphism is T-bilinear.

Proof. Assume that f is linear in its first argument: f = h(der®!Y) (m?x y)~!. Then for
any g € L(4, X)

fo(Derg&Y)= foDer(g&Y)

= h(der®!Y) (m?xy) (g &Y) by Eq. (24)
= h(der®!Y) (1g2!Y) (m?x y) ! by naturality of m?
=N (g@!Y) (dersx®@!Y) (m?xy) ! by naturality of der.

So fo(0&Y) = fo(Der0&Y) = h(0R!Y) (dersx®!Y) (m?xy)~! = 0 by (S®-dist), by
additivity in the morphisms in £, and by left additivity. Moreover,

fo(Derm; &Y) = h(m®Y) (dersx®!Y) (m?x.y) ™"
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so by (S®-dist), by additivity in the morphisms in £, and by left additivity, the sequence
(f o (Derm; &Y));en is summable with sum

h(o®!Y) (dersx®!Y) (m*xy) ™t = fo(Derc &Y).
Thus, f is X-additive in its first argument. Furthermore,

Tof = TfoDer(¢%y)

=SfOxs&y !wg(y by definition and Eq. (24)
— ShS(derx®!Y) Sm?yy dxey Wy

= ShS(derx®!Y) ¢ix 1y (Ox®!Y) (m*sx y) " by Eq. (44)
= Sh %,y (Sderx®!Y) (9x®!Y) (m%sxy) ! by naturality of ¢°
= Sh %Dg(,!y (dersx®!Y) (m?sx.y) ! by (O-chain).

In particular, Ty f is also linear in its first argument, and

Derm; o Tof = m; Shpk 1y (dersx®1Y) (m?sx,y) ™" by what precedes and Eq. (24)

= hmi %y (dersx®!Y) (m’sxy)~! by naturality of m;
= h(m®Y) (dersx@!Y) (m?sx.y) !

= h(derx®!Y) (Im;®!Y) (m?sxy) ! by naturality of der
= h(derx®!Y) (m?xy) ' (m & Y) by naturality of m?
= foDer(m&Y) by Eq. (24)

:fo(Derm—&:Y).

So f is T-linear in its first argument. A similar proof based on Eq. (45) show that if f is
linear in its second argument then it is T-linear in that argument. Finally, applying both
results on a bilinear morphism shows that any bilinear morphism is T-bilinear. O

Assume that £ is closed with regard to ®, and that (S®-fun) holds. The category L
is closed with regard to its cartesian product. The internal hom of (A, X) is given by
(A= X,Ev) where A = X =4 — X and

(m*a—ox,a)"t
—

Ev= 1((lA — X) & A) (14 — X)@!A =X @4 (14 o X)@ld — X
If f€ L(X&AY) then fm?2x 4 € LIX®!A,Y) and Cur(f) = cur(f m?x) € Li(X,!A —o
Y).

Observe that Ev is linear in its first argument, so Ev is ¥-additive and T-linear in that
argument thanks to Proposition 152. Furthermore, for any sequence (f; € Li(X & A,Y));en
that is summable, (f; m?);cy is summable by left additivity, so (Cur(f;))ien is summable
by (S®-fun) and Proposition 90. By Proposition 140, this implies that £, is a cartesian
closed left Y-additive category, and that the Taylor expansion given in Proposition 148 is
compatible with the closedness. To summarize everything, we have proved the following
result.

Theorem 153. For any Taylor category L that is closed and that follows (S®-fun), L is a
cartesian closed Taylor category. For any analytic category L that is closed and that follows
(S®-fun), Ly is a cartesian closed analytic category.
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7 Categorical complements: adjunction, mates and dis-
tributive law

We review in this section the mate construction, a bijection between natural transformations
involving left and right adjoint functors. The main application of this section is in Section §,
in which the bimonad S developed in Section 3 is equal to D — _ for some object D, so the
adjunction ®D 4D — _ induces a mate construction that relates the bimonad structure
of S to a bimonad structure on _ ®@ D. We suggest the reader to read Section 8 first, and to
only refer to this background section when necessary.

First, we introduce in Section 7.1 the mate bijection and motivate that this bijection is
compositional. We review in Section 7.2 how the mate induces a bijection between monads
and comonad structures on the adjoint pair. Then we use the compositionality of the
mate construction to prove in Section 7.3 that this bijection preserves distributive laws and
morphisms of distributive laws. As such, the mate construction also relates lax and oplax
monoidal structures, as shown in Section 7.4. Finally, we use those result in Section 7.5 to
give a direct proof of a fairly known result on the extension of adjunctions.

7.1 Adjunctions and the mate construction

We recall definitions on adjunctions and on the mate construction. We refer the reader
to [KS74] for more details on the content of this section. An adjunction between two
functors L : C — D and R : D — C cousists of two natural transformations n : ld¢ = RL
and € : LR = Idp such that the following diagrams of natural transformations commute.

LRL RLR
127/' Y nV‘ Y‘e
L ——————— [ R=—R

Those two equations are called the triangle identities. The functor L is called the left adjoint,
R is called the right adjoint, 7 is called the unit, and ¢ is called the co-unit. We write an
adjunction n,e: L 4 R.

The unit and co-unit induce two natural bijections ®xy : D(LX,Y) — C(X, RY) and
Uxy:C(X,RY)— D(LX,Y) inverse of each other, defined as follows:

Oxv(f)=Rfonx Uxy(g) =eyvolLg.

In fact, an adjunction can also be given by two natural bijections ®xy : D(LX,Y) —
C(X,RY) and ¥xy : C(X,RY) — D(LX,Y) inverse of each other. The unit and the
co-unit are defined from those bijections taking nx = ®x rx(idrx) and € = Urx x(idrx).

There is a category whose objects are the categories, and whose morphisms are the adjoint
pairs. The identity is the trivial adjoint pair id,id : Id 4 Id. The composition of an adjoint
pair n1,€; @ L1 1 Ry with an adjoint pair 79,€e3 : Lo 4 Ry is defined as the adjoint pair
n,€: Laly - Ry Ry where

n= Id U RiL, Rinz2Ly

RiRoLoLy.

€ = L2L1R2R1 lﬁ? L2R2 i> Id.

It is straightforward to check that n and e follow the triangle equalities. If ®¢ ¥* are the
natural bijections associated with 7;,¢; : L; 1 R;, then the natural bijections associated to
n,€: LaLy - Ry Ry are ®(f) = ®1(P2(f)) and ¥(g) = U2(¥i(g)).
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We assume throughout this section that we have the following adjunctions, of respective
units 1,7, " and counits ¢, ¢, €’.

L LI LN
~ — !
C n D c! n D" n D"
K _~ K~ K~
R R/ R//

Proposition 154. (Proposition 2.1 of [KS74]) Let H : C — C" and K : D — D’ two
functors. There exists a bijection called the mate construction between the natural transfor-
mations \ : L'H = KL and the natural transformations u: HR = R'K. This bijection is
given by the following pasting diagrams.

c ¢ ptsc o —r
| ’
AN ra
D y2d D=—=D =D —=C
D L5 D c—+t5D LD —1D
| |
AN LAl WA B AR
CT>C/ C:CTC,TD/

In other words, \ and p are mates if they are defined from each other by

= HR TR ppgRr BB pgrp EEe prg

A= L'H EE pgrn BRE prikn <KL KT

Remark 155. Observe that if @'y, @ D'(L'X,Y) — C'(X,R'Y) is the natural bijection
associated with n, ¢ : L' 4 R/, then nx = <I>HRX v (Kex oArx). This alternative definition
of the right mate will be useful later on when considering the mate construction applied
through the adjunction ® A4 A —

One particular case is when C = C’, D =D’ and H = K = Id so that there is a bijection
between the natural transformations A : L' = L and u: R = R’ given by

= R%R’LR#R’LR R

A= L 20 pRp BES ppp <,
Then Ux = (I)/RX,X(EX o )\RX)-

One can define a double category associated to those constructions, see [KS74] for a
definition of this construction that we spell out in our setting. We can define a category of
horizontal morphisms by taking the category Cat whose objects are the (small) categories
and whose morphisms are the functor. We can also define a category of vertical morphisms
by taking the category of adjoint pairs. Note that those two categories have the same
objects, but different morphisms. Then we can define a square as the data of two vertical
morphisms L 4 R and L' 4 R/, two horizontal morphisms H, K and a natural transformation
A: L'H = KL. We write squares using pasting diagrams.

c 2., ¢

oAl

DT>D’
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There are identity squares defined below, both in the horizontal and vertical directions. One
can check that the left square instantiated in L = R = Id is the same as the right square
instantiated in H = Id.

g:c c L,
t A | A
D——17D CT>C’

It is then possible to compose two squares horizontally or vertically, using pasting diagrams.

c -t
H ,
ot u] g

’ 1" /

Ll ﬁ ,/X lL D—-k-+D
D T’ D’ — D" Lo lLé

@

1A

That is, the horizontal composition of the two squares is given by the natural transformation
K'XoNH: I'H'H XL, g'i/H KX KK
and the vertical composition of the two squares is given by the natural transformation

XoLyoLhAy: LLLYH —22% LKLy 2255 JLoL,

The horizontal /vertical identity squares are neutral with regard to the horizontal/vertical
composition, the horizontal and vertical compositions are associative, and the squares follow
the interchange law of double categories (that is, all the possible ways to compose blocks of
multiple squares are equivalent).

Similarly, there is a double category with the same horizontal and vertical morphisms as
above, but where the squares are natural transformations p: HR = R'K

H C/
R X TR’
— D

/

O — 0

The composition of squares is also given by the composition of the pasting diagrams, and
the identity squares are similar.

Theorem 156 ([KS74]). The bijection of mate is an isomorphism of double categories
between the two double categories described above.

The fact that the mate construction is an isomorphism means that if the following squares
are mate

c ¢ C L c' ¢ 1, e c e
matcs matcs

o A AN e w] g [ B R N e

DT>D’ DTD’ D,TDH D/TDN
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then their horizontal compositions are also mates.
c o e C e ", v

L w A A NN e

'D D/ D// D D/ D//
K K’ K K’

Furthermore, if the following squares are mate

c ¢ c ¢ D X, p DX,

, mates w1 , matcs 2
Lll ‘//\1 J{Ll o~ RJ N TRl Lzl )«/,\2 JL T N TR
D—— 7D D——TD E*HS/ S*HS'/

then their vertical compositions are also mates.

ctsc ¢t
L% )/Al glLi e Rll N if%’l
— K- — K-
w Al w N e
£€—>¢ &=

Here is a reformulation of the results that does not use pasting diagrams.
Proposition 157. If \: L'H = KL, n: HR = R'K are mates and if N : L"H' = K'L’,
w : H'R' = R'K' are mates, then their horizontal composz'tions

K'XoNH: L"H'H = K''H —= K'KL

WKoHyu: HHR X H'RK "% RIK'K
are also mates.
Proposition 158. If A\ : L1H = KL1, p1 : HRy = R{K are mates and if A2 : LyK =
JLgy, ps : KRy = R.J are mates, then their vertical compositions

NoLio Ihh ¢ LyI H 22 ricr, 2By gr,r,

H1 R

Ripso Ry : HRiRy 2212 RIKR, 1202

RIRLJ

are also mates.

Definition 159. We call Adj the double category where vertical morphisms are adjunction,
horizontal morphisms are functors, and squares are pairs (\, ) of mates.

By Theorem 156, Adj is isomorphic to the two double categories described above.

7.2 Mate construction between a monad and a comonad

Assume that n,e: L 1 R where L and R are endofunctors on the same category. Recall that
there is an identity adjunction id,id : Id 4 Id and an adjunction LL 4 RR of unit RnL on
and counit € o LeR given by the composition of n,e : L 4 R with itself. Then the mate
construction induces a bijection between the natural transformations n¥ : Id = R and the
natural transformations ¢ : L = Id, given by

R
=1L R —51d gf=1d "> RLEL R
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The mate construction also induces a bijection between the natural transformations pf :
R? = R and the natural transformations 6% : L = L? given by

R
ol — L LrL PN LRRLL ™M LRLL —£Ly LI

i = RR P RLRR®"RE prrRR PLR prp B, R

The compositionality of the mate construction ensures that (R,n%, u?) is a monad if and
only if (L, el §1) is a comonad, see 7.3 of [MW11]. This means that the mate construction
induces a bijection between the monad structures on R and the comonad structures on L.
Definition 160. A monad R and a comonad L such that L 4 R are called mates if their
structure are related through the bijections defined above.

Similarly, the mate construction induces a bijection between the comonad structures on
R and the monad structures on L. A comonad R and a monad L are called mate if their
structure are related through these bijections.

Theorem 161 (7.7 of [MW11]). The mate construction induces a bijection between bimonad
structure on L and bimonad structures on R.

We give a sketch of the proof of Theorem 161 above. We already know that the mate
construction relates monads structure on L with comonad structures on R, and comonad
structures on L with monads structures on R. The mate construction also relates distributive
law LL = LL with distributive laws RR = RR, and distributive laws LL = LL with
distributive laws RR = RR, as proved in section 7.5 of [MW11]. This result relies on the
compositionality of the mate construction, and is also a consequence of to the development
of Section 7.3. Finally, the mate construction preserves the commutation of the bimonad
diagrams for similar reasons.

7.3 Application to distributive laws

The mate construction relates distributive laws and morphism of distributive laws because
it preserves compatibility, in the sense explained below. It is possible that the results of this
section and of Section 7.5 are particular instances of doctrinal adjunction, see [Kel74].
Definition 162. A pair of natural transformation « : H; = Hs, §: K1 = K> is compatible
with the squares Ay : L'H; = KjL and Ay : L'Hy = KL if the diagram of Eq. (46a)
commutes. Similarly, such a pair is compatible with the squares pu; : HiR = R'K; and
w2 2 HyR = R'Ks if the diagram of Eq. (46b) below commutes.

L'H, -2 KL H,R " R'K,
L'on/ lﬁL (463“) aRl J{Rlﬁ (46b)
L/HQ T> KQL HQR T R/Kg

Egs. (46a) and (46b) respectively corresponds to the equality of pasting diagrams given
in Egs. (47a) and (47b) below.
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c-,co ¢ c & c SEIEN

AP e H N e H H

D-x.+D C - HZ»C’ D - KﬁD’ = C-H=(C

| 2|4 Al X A N e

DTDI DTD/ D%D’ DTDI
(47a) (47b)

Proposition 163. If Ay, u1 are mate and A2, pio are mate, then («, B) is compatible with
A1 and Ay if and only if (a, B) is compatible with py and ps.

Proof. The proof is a straightforward computation using the definition of mate, but we can
also give a more generic argument making full use of the isomorphism of Theorem 156. By
assumption, A\; and p; are mates. Furthermore, 3 is a mate with itself through the identity
adjunction. Thus, by Theorem 156, the two squares on the left-hand side of Eqs. (47a)
and (47b) are mates of each other. Similarly, the two squares on the right-hand side of
Egs. (47a) and (47b) are mates of each other. Because the mate construction is a bijection,
this implies Eq. (47a) is equivalent to Eq. (47b). O

Corollary 164. Assume that L can be endowed with a comonad structure L and R with a
monad structure R. Let F,G be two endofunctors on C. Assume that \¥' : LF = FL and
ut : FR = RF are mates and distributive laws, and that \¢ : LG = GL and 1€ : GR =
RG are mates and distributive laws. Then o : F = G is a morphism from A\ to \& if
and only if a is a morphism from p¥ to u©. The same holds when L is endowed with the
structure of a monad L and R with the structure of a comonad R instead.

Proof. The diagrams corresponding to the fact that « is a morphism of distributive law are
the following.

F
LF 2 FL FR " RF

W e e e

LG —— GL GR —— RG
A Iz

They correspond respectively to the fact that («, ) is compatible with A" and A%, and to the
fact that (o, «) is compatible with uf” and u“, so they are equivalent by Proposition 163. [

Remark 165. We will see in Corollary 172 and Corollary 173 that whenever L (respectively
L) is the mate of R (respectively R), then A\F is a distributive law if and only if uf" is a
distributive law, and A\“ is a distributive law if and only if u© is a distributive law, so the
assumption of the result above is not strong.

Corollary 166. Assume that L' = L and R' = R, that H, K can be equipped with a comonad
structure H = (H, e §7) and K = (K, eX 6%), and that \ : LH = KL and i : HR = RK
are mates. Then \: LH = KL is a distributive law (in the sense of Definition 15) if and
only if i : HR = RK is a distributive law (in the sense of Definition 12).

Proof. Notice that p: HR = RK is a distributive law if and only if
(1) (e#,€X) is compatible with p and id;
(2) (6H,6%) is compatible with y and uK o Hp.

Similarly, A : LH = KL is a distributive law if and only if:
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(1) (e®,€X) is compatible with A\ and id;
(2) (6H,6%) is compatible with g and KXo AH.

But id and id are mates, A and p are mates, and KA o AH and puK o Hy are mates by
compositionality of the mate construction (Proposition 157). So by Proposition 163, u is a
distributive law if and only if A is a distributive law. O

Corollary 167. Assume that H, K are equipped with a monad structure H and K. Assume
that A\ : LH = KL and p: HR = RK are mates. Then A\ : LH = KL 1is a distributive
law (in the sense of Definition 5) if and only if p: HR = RK s a distributive law (in the
sense of Definition 15).

Proof. Same proof as in Corollary 166. o

Definition 168. A pair of natural transformations o : Ly = Ly and o : L, = L] is
compatible with the squares Ay : L1H = KL; and )y : LyH = KL if the following
diagram commutes:

L'H 2 KI,
OL/HT TKO& (48&)
LLH —— KL
A pair of natural transformations 8 : Ry = Ry and ' : R} = R) is compatible with the
squares p1 : HR; = R{K and po : HRy = RLK if the diagram below commutes.
HR, 2 RIK
5| |x (48b)
HRy —— RyK

Eqgs. (48a) and (48b) respectively corresponds to the equality of pasting diagrams given in
Egs. (49a) and (49b) below.

ctu0==c c——=c -1
o Au o el e g (o
D——D =7 D=—=D——D
c 2. c’ C c RN
RJ N 7] \ﬁ‘ R, = RlT - N TRQ (49b)
l |
D——D —17 D=—=D—— 7D

Proposition 169. Let a,d’, 3,8, A1, A2, 1, 2 be natural transformations whose type is
given in Definition 168. Assume that o, 8 are mates, that o', 8" are mates, that A1, 1 are
mates and that Ao, po are mates. Then («, ') is compatible with A1 and Aa if and only if
(8,8") is compatible with py and po.

Proof. By Theorem 156 and assumption, the two pasting diagrams on the left-hand side
of Eqs. (49a) and (49b) are mates, and the two pasting diagrams on the right-hand side
of Egs. (49a) and (49b) are mates. Because the mate construction is a bijection, the two
equalities are equivalent. O
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Remark 170. Using pasting diagrams sheds light on why Definition 162 and Definition 168
are very similar yet different. They consist of the same kind of equation except that the first
one is vertical, and the second one is horizontal. This also explains why an alternative proof
consisting of unfolding the definition of the mate construction is very straightforward in
Proposition 163, but not straightforward at all in the case of Proposition 169. The reason is
that the functoriality of the mate construction for the vertical composition holds almost by
definition of the mates, whereas the functoriality of the mate construction for the horizontal
composition involves a non-trivial computation. A direct proof of Proposition 169 would
duplicate this computation multiple times.

Corollary 171. Assume that L, = L; and R} = R;, that H, K are equipped with a comonad
structure H and K, and that \; : L H = KL; and u; : HR; = R;K are distributive laws
and are mates. Assume that o : Lo = L1 and 8 : Ry = Ro are mates. Then « is a
morphism of distributive law (from Ay to A1) if and only if B is a morphism of distributive
law (from py to pz). The same property hold when taking a comonad structure H and K
instead.

Proof. The diagram making « a morphism of distributive law is the same as the one
expressing that the pair (a, ) is compatible with the squares \; : L;H = KL; and
Ao : LoH = KL,. The diagram making 8 a morphism of distributive law is the same
as the one expressing that the pair (3, 3) is compatible with the squares u; : HRy = Ri K
and po : HR> = RyK. We then conclude by Proposition 169. O
Corollary 172. Assume that L = (L,€,6) is a comonad and R = (R,n, ) is a monad on
the same category C and that they are mates. Assume that I = (L',€¢,d") is a comonad
and R = (R',n', 1) is a monad on the same category C' and that they are mate. Let
F:C—C'. Assume that \: L'F = FL and pu: FR = R'F are mate. Then \: L'F = FL
is a distributive law if and only if u: FR = R'F is a distributive law.

Proof. Notice that A : L'F = FL is a distributive law if and only if
(1) (e €) is compatible with A and id;
(2) (6,¢') is compatible with AL o L'\ and A.
Similarly, 4 : FR = R'F is a distributive law if and only if
(1) (n,n’) is compatible with p and id.
(2) (u, ') is compatible with R'pio uR and p.
But id and id are mate, A\ and u are mate, and by Proposition 158, AL’ o L'\ and R'po uR

are mate. Furthermore, the monad and the comonad structures are mate by assumption.
So by Proposition 169, A is a distributive law if and only if u is a distributive law. O

Corollary 173. Under the same assumptions as in Corollary 172 except that now L,L
are monads and R, R’ are comonads, X : L'H = KL is a distributive law if and only if
w: HR = R'K is a distributive law.

Proof. The proof is the same as for Corollary 166. o

7.4 Application to lax and oplax monoidal structures

Any adjunctions 01, €1 : Ly 4 Ry and 12, €3 : Lo 4 Ra, induces an adjunction (71, 12), (€1, €2) :
L1><L2_|R1 XR2.
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Proposition 174. If \y : L1Hy = KiLy and p1 : HiR1 = R{K; are mates, and if
Ao : LLHy = KoL and ps : HyRy = RLKs are mates then

()\1,)\2) : (Lll X L/Q)(Hl X HQ) = (Kl X KQ)(Ll X LQ)
(b1, p2) + (Hi x H2)(Ry x Re) = (Ry x Ry) (K1 x Ka)

are mates.

Proof. Straightforward computation. O

Remark 175. It is very likely that the observation above means that Adj is monoidal, for a
suitable notion of monoidal double category.

Assume that (C,®,1) and (D, e, I) are (symmetric) monoidal categories. The adjunction
L - R induces a bijection between the morphisms m® € C(1, RI) and the morphisms n° €
D(LI,1). This can also be seen as an instance of the mate construction when taking H = K
to be the constant functor 1 on C.

The mate construction applied to the bifunctor ® :C xC — C and taking the adjunc-
tions to be L 4 R and L x L 4 R x R induces a bijection between natural transformations
n%y € DL(X®Y),LX ¢ LY) and m% - € C(RX ® RY,R(X oY)). The result below is
well known, and is also a result of doctrinal adjunction. We provide a direct proof.
Theorem 176. ([Kel7;]) The bijection above induces a bijection between lax monoidal
structures on R and oplax monoidal structures on L. Furthermore, if R is endowed with a
monad structure R = (R,n, 1) and L with a comonad structure L = (L, ¢, §) that are mates,

the bijection induces a bijection between lax monoidal structures on R and L.

Proof. The two diagrams below express the compatibility conditions of lax and oplax monoidal
structures with respect to the right unitors.

0
LXeI™ ™ IXeLl ™5 L(X®1) R(XeI) "+ RX®RI™® Rx®1

p-l le® Rp.l lp®

LX LX RX RX

They correspond to the fact that (p®, p®) is compatible with m? o (LX e m") and id, and
that (p®, p®) is compatible with (RX ® n") on? and id in the sense of Definition 162. But
m2o(LX em?) and (RX ®n")on? are mates by compositionality of the mate construction and
by Proposition 174. So by Proposition 163, those two diagrams are equivalent. The other
equivalences of commutations follow a similar principle, and we conclude that (R, m° m?)
is a lax monoidal structure if and only if (L,n° n?) is an oplax monoidal structure.
Furthermore, if R is a monad and L is a comonad, n® = € if and only if m® = 7 because €
and 7 are mates. Finally, the two diagrams of Definition 28 mean that m? is a distributive
law. By Corollary 172, m? is a distributive law if and only if n? is a distributive law, and the
associated diagrams are exactly the ones turning L into an oplax monoidal comonad. [

7.5 Extension of an adjunction

In this section, we provide a direct proof of a well known results on extensions (and liftings)
of adjunctions by relying on the theory of distributive laws and on the mate construction.
Let n,¢ : L 4 R be an adjunction, with L : C — D and R : D — C. Let M, = (My,n", ub)
be a monad on C, and M, = (Maz,n?, 4?) be a monad on D.
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Definition 177. An extension of an adjunction n,€ : L - R to the Kleisli categories Cps,
and Dy, is an adjunction 7, € : L 4 R such that L : Cy, — Dy, and R: Dy, — Cu, are
extensions of L and R respectively, and such that 7, € are extensions of 7, e.

A similar definition can be found in [Kei75] for the lifting to algebras, along with a
counterpart of Proposition 178 below.
Proposition 178. There is a bijection between extensions of the adjunction n,e: L 4 R to
Cm, and Dy, , and pairs (AL, AB) of distributive laws \E : LM, = M,L and A\ : RM, =
M, R such that the following diagrams commute.

LAF MR
M1 M1 LRM2 —_— LMlR —_— MQLR
anl le ele lMae (50)
RLM, o RM5L 7 MRL Mo Mo
Proof. Direct application of Theorems 8 and 10. o

Proposition 179. Let A* : LM, = ML and A\ : RMs = MR be two natural transfor-
mations (we do not assume that they are distributive laws). Then the diagrams of Eq. (50)
commute if and only if A\® is the inverse of the mate " of AX:

ub = MR ™R pranr PR panLr B2 pa,

Proof. Assume that the diagrams of Eq. (50) commute. We show that A is the inverse of
u* with the following diagram chase.

RM, MR
nR\ A'WQ ]WlnR\) /Re
R

RLRM2 RMze  nMiR MlRLR AR
(b) RL\VAR (d) (e) AR‘LR (c)

Commutation (a) is the triangle identities of the adjunction, (b) is the naturality of n, (c)
is the naturality of A, and (d) and (e) are the diagram of Eq. (50). The converse direction
is a similar computation. O

We conclude this section with the following result. By compositionality of the mate

construction, this result corresponds to a well known result on extension of adjunction, see
Theorem 4 of [Joh75] for example.
Theorem 180. The adjunction n,e : L - R extends to the Kleisli categories Cpr, and
Dy, if and only if there exists Mo LM, = MoL and AR : RMy, = MR two natural
transformations such that \X' : LM, = M,L is a distributive law and \T is the inverse of
its mate.

Proof. By Corollary 167, the mate u” of A\ is a distributive law M, R = RM,. Since
A is the inverse of | it must be a distributive law A : RM, = M, R. Furthermore, by
Proposition 179 the diagrams of Eq. (50) hold, so by Proposition 178 the adjunction extends
to the Kleisli categories. O
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8 The representable theory

We focus now on a more specific situation which is quite common in models of LL, and where
the ¥-summability structure S is equal to D — | where D is a specific object, namely the
N-indexed cartesian product of the unit 1 of the tensor product, D = 1 & 1& ---. We
call the situation representable, because of the similarity with the notion of representable
tangent functor found in tangent categories, see [CC14]. In this case, the structure can be
described very simply as a !-coalgebra structure on . We also provide three examples and
one non-example of this situation.

8.1 Representably >-additive categories

Definition 181. A symmetric monoidal category L satisfies (3D) if the countable cartesian
product
D=&ien1 =1&1&---
—
N

exists in £, and if the internal hom (D — X, evp) exists in £ for all objects X. The object
D is called the object of degrees of L, we motivate this terminology in Remark 185.

The goal of this section is to endow £ with a -additive structure for which S=D — _
is a X-summability structure. We can define injections into D by 7, = (;;id) jeny € L(1,D)
for « € N. In other words 7; is characterized by

_ id ifi=j
pj i = .
0 otherwise.

We also define the diagonal A = (id; );en € £(1, D).

Remember from Section 4.2 that if f € £(X2, X1) and if the internal homs (X; — Y, evy,)
exist for ¢ = 1,2, then it is possible to define f — Y € L(X; — Y, X5 — Y), defining a
functor  — Y : L°P — L. Explicitly, f — Y = cury,(evy, (X1 = Y)® f)) € L(X; —o
Y, X2 — Y). Intuitively, this functor maps a morphism h € X1 = Y tohf € Xo — Y.
This intuition corresponds to the following equation: for all h € £L(Z ® X1,Y),

(f = Z)curx,(h) =curx,(h(Z® f)). (51)

Notice that (1 — X, ev;) always exists: we can take 1 —o X = X, ev; = p and curi(f) =
fp~L. So we can define the natural transformations

m= (T — X) € L(SX, X) c=(A—oX)e L(SX,X). (52)
Remark 182. Unfolding the definitions of m; and o, we get that

-1
m=D—oX "2 5 DoX)® D—-X)oD —2 - X (53)

PV D o X)oD —2 5 X (54)

c=DoX L s DoX)®l

It follows from Eq. (51) and definition of cury that for all f € £L(X @ D,Y),
T CUI’D(f) = f(X@ﬁl) p_l (55)
ocurp(f) = f(X®@A)p L. (56)
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Ezample 183. Let us give some intuition on this structure using the weighted relational
model Rel(R>g) as an example. The objects of Rel(R>¢) are countable sets, and a mor-

phism of Rel(R>¢)(E, F') is a linear map from Ego to Ego, see Section 9.4 for more details.
The object 1 is the singleton set {*}. There is a bijection between linear maps R>¢ — @io

and elements of Ego, so a morphism in Rel(R>)(1, Ego) is the same as an element of Ego-

The object D =1& 1& --- is the set N. Thus, an element ¢ € D — X corresponds to
a linear map ¢ : Eio — X. Observe that 7; = e; where e; € @io is such that e; ; = 1 and
e;; = 0if j # 4. By linearity,

p(Nidien = Y Nigles)
ieN

It means that ¢ is completely determined by its values on the {e; };en. Thus, the applications
m; = T; — X that map ¢ to ¢(e;) are jointly monic, and any ¢ € D — X uniquely
corresponds to a family (z;);en € RY given by z; = ¢(e;). Then

p(1,1,1,...) = ng(ei) = le

€N €N

so the sum of the x; is obtained by evaluating ¢ at (1,1,1,...) = A. This is precisely the
role of the morphism 0 = A — X . The sum on morphisms is then defined as the point-wise
sum. This example is a degenerate one in which all families are summable.

Ezxample 184. The same reasoning as the one above works in the category Pcoh of proba-
bilistic coherent spaces. The objects of this category are called probabilistic coherent spaces,

and they consist in pairs F = (|E|,PE) where |E| is a countable set called the web and
P(E) is a subset of EIZEOI satisfying some properties, we refer the reader to Section 10.4. A

morphism in v € Pcoh(E, F) is a linear map RQ — EQ such that for all + € P(E),

u-xz € P(F).

Probabilistic coherence spaces notably include the spaces of subprobability distributions
over countable sets. Given any countable set A, there exists a PCS A% such that |[A®| = A
and PA® = P(A), where

P(A) = {z e RSy | Y za <1}

acA

is the set of sub-probability distributions on A. In fact, probabilistic coherence spaces are a
fully abstract model of a PCF language extended with a probabilistic construct, see [ETP14].

The object 1 is the PCS {*}® of subprobability distributions over the singleton set,

and the object D verifies [D| = N and PD = [0,1]Y. The same reasoning as the previous
example applies, and there is a bijection between linear maps ¢ € D — E and families
(x; € Efo)ieN such that Y, #; € PE. For example, a family (z;)ien € P(A)Y of elements
of A? is summable if > ien i is still a subprobability distributions on A. Then, the sum of
morphisms is the point-wise sum: a family of morphism (f;);en € Pcoh(E, F)Y is summable
if for all 2 € P(E), >, oy fi -z € P(F).
Remark 185. The representable theory pushes the analogy between S and formal power
series (see Section 3.4) further. Any formal power series )y fnt" with coefficients in
L(X,Y) can also been seen as a function P : N — £(X,Y), that maps n € N to the
coefficient P(n) = fp.

As we saw in Examples 183 and 184, D behaves very similarly to N. Any integer n € N
can be seen as the element 7, € £(1,D). Then, any f € £(X,D — Y) can be seen as a
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power series P : N — £(X,Y), with a clear analogue between the evaluation of P on n € N,
and the projection 7, f that evaluates f on the element 7,,. This explains why D is called
the object of degrees in Definition 181. This analogy is further motivated by the comonoid
structure of D introduced in Section 8.3.

Notice however that D is not the datatype of natural numbers, which is traditionally given
by the object €,y 1. The difference is crucial and captures the fact that all the power series
considered must have a summable support. For any subset I C N, the sum »_,_; f; is given
by evaluating f on the morphism 7; € £(1,D) such that p;7; =idif i € I, and p; 77 =0
if j ¢ I. The existence of such 7y for |I| > 1 crucially relies on the fact that D = &;en 1.
Lemma 186. Assume that (X,Y) and (X', Y) have internal homs and let ? € L(X' X)L
Then the morphisms (Z® f;)icr are jointly epic for all objects Z if and only if the morphisms
(fi oY e L(X =Y, X' —Y))er are jointly monic.

Proof. Recall from Eq. (51) that for any g € L(Z ® X,Y),

(fi = Y)eurx(g) = curx: (9 (Z ® fi)).
The equivalence immediately follows from the fact that cur is a bijection. O

Corollary 187. The m; are jointly monic if and only if for all object X, the X ® T; are
jointly epic.

We now assume that one of the equivalent assumption of Corollary 187 hold. For any
7 = (fi € L(X,Y));en, the existence of ((7» such that m; ((?» = f; is equivalent by
Eq. (55) to the existence of an h € L£L(X ® D,Y) such that, for all ¢ € N, the following

diagram commutes

X122 x oD

0| | (57)

x —r Ly
Notations 188. We set ((?»@ = h since this h is unique when it exists by the fact that
the X ® 7;’s are jointly epic, so that { f ) = cur((?))&
By Eq. (51) again, we have the equality

A(F)=(TF) (X oa) . (58)

So ((7»@ (X ® A) p~! provides a nice candidate for a suitable notion of sum.
Proposition 189. Assume that the X ® T; are jointly epic. For all objects X,Y, there
exists at most one X-monoid structure on L(X,Y) such that a N-indexed family f: (fi €
L(X,Y))ien is summable if and only if (f)® exists, and such that

Yo =P X @A)yt
€N

Proof. By Lemma 44, a ¥-monoid is completely determined by the summability over the
N-indexed family, since any countable set admits an injection into N. O

Proposition 189 above motivates the following definition.
Definition 190. A symmetric monoidal category L is representably ¥-additive if it satisfies
(3D) and if:

(RS-epi) The morphisms (X ® 7;) are jointly epic for all X.
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(RS-mon) For all objects X,Y, there exists a 3-monoid on £(X,Y"), and the 0’s of the
Y-monoids are zero morphisms and are absorbing for the monoidal product (f0 = 0,
0g=0,00¢g=0, f®0=0 for all f,g).

(RS-sum) A family f = (fi)ien is summable if and only if (f)® exists, and then
Yienfi= () (X@A)p7

(RS-witness) If (hq € L(X @ D,Y))sea is such that (he (X ®@ T;) p ") (aj)eaxn is
summable, then (hg)aeca is summable.

Definition 190 above may seem a bit unintuitive, but is very useful in practice. Ob-
serve that this definition consists in a property on symmetric monoidal categories, not an
additional structure: the X-monoid structure given by (RS-mon) is uniquely character-
ized by (RS-sum) and Proposition 189. Thus, it is direct to check whenever a category is
representably Y-additive, even if the ¥-additive structure is not known beforehand. It only
suffices to unfold the definition of D, and to check if the induced notion of sum on N-indexed
family yields a ¥-monoid. For example, the ¥-additive structure of coherence spaces and
non-uniform coherence spaces is not straightforward and was discovered in that way.
Remark 191. Upon taking X = 1, the condition (RS-epi) implies that the (T;);en are
jointly epic. Conversely, if the symetric monoidal category L is closed, the joint epicity of
the (T;);en implies (RS-epi). Assume indeed that £ is closed and that the (T;);en are jointly
epic. Let f,g € L(X ®D,Y) be such that (f (X ® 7)) = g (X @ Ti)ien. By naturality of
v, we get (fv (T @ X)) =gv(T: ® X))ien and hence (cur(fv)T; = cur(g~y) Ti)ien so that
cur(f~) = cur(gvy) and hence f = g.

We show that representably X-additive categories are always Y-additive symmetric monoidal
categories, with a summabibility structure given by (D — _, 7), and that the sum is always
compatible with the closedness and the cartesian product whenever those exist. We rely on
the following lemma that gives sufficient conditions to build a ¥-additive structure from a
functor (this lemma will be applied on the functor D — ).

Lemma 192. Let £ be a category, S an endofunctor, and (m; € C(SX,X))ien a N-indezed
family of morphisms for all objects X such that:

(1) L(X,Y) is a X-monoid for all objects X,Y and the 0’s of the X-monoids are zero
morphisms (f0 =0 and 0g =0 for all f,g);

(2) (S, @) satisfies SS-1,55-2 and additionally, > cn fi = (Xien i) (fidiens

(3) S has a functorial action such that the 7;’s and ), 7; are natural transformations.

Then L is a X-additive category. Furthermore, if (S,7) satisfies SS-4 then (S,7) is a X-
summability structure.

Proof. We first show left distributivity. Assume that (g, € L£(Y, Z))qeca is summable. Let
¢ : A — N be an injection. By Lemma 44, (¢})ien = ©+((ga)aca) is summable so Item (2)
ensures that {(g;),cy exists. Furthermore, for any f € £(X,Y),

<Z ga> = (Z g;) f= Zﬂ'j <<gz/‘>>ieN f= Zﬂ'j (gi fhien

acA ieN jeN jeN

so by Ttem (2), (g} f)ien is summable with sum (ZGGA ga) . But (¢} fien = ©*((ga [)aca)
using the fact that 0 f = 0. Thus, by Lemma 44, (g4 f)aca is summable with sum

(ZaeA ga) f
Then we show that every morphism g € £(Y, Z) is X-additive. Let (f, € L(X,Y))aca be
a summable family. By Lemma 44, (f/)ieny = ¢*((fa)aca) is summable so Item (2) ensures
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that (f{);cy exists. Then,

K2

i Sg (fi)ien = 97i (fidien =9 i

50 Sg (fi)ien = €9 f{);en and by Item (2), (g f{)ien is summable with sum

S| S ien=9 D™ <<f;>>ieN—g<Zf;>—g<Zfa>.

JEN JEN €N acA

But (9 f)aca = ©*(9 fa)aca, using the fact that g0 = 0. Thus, by Lemma 44, (g fo)aca
is summable with sum g (Eae A fa), so g is X-additive. So L is ¥-additive, and it directly
follows from the assumptions that (S,7) is a summability structure if it satisfies SS-4. O

Lemma 193. If L is representably ¥-additive, then (T;)ien is summable with sum A, and
(73)ien is summable with sum o.

Proof. Observe that Ap (1 ® 7;) ool = TN pﬂgl = T, so by Definition 190 (7;)qca is
summable with sum Ap (1 ® A) pp* = AN pp* = A.

Then, observe that cur~!(idpx) (X @ 7;) p~! = m; by Eq. (55) so by (RS-sum), (m;)ien
is summable with sum cur™!(idp_ox) (X ® A) p~! = o by Eq. (56). O

Lemma 194. If L is a representably ¥-additive category, then for any n € N the family of
morphisms (X @ Ty, ® -+ @ Ty, )7 oy 18 Jointly epic.

Proof. By induction onn > 1. The base case is just our assumption that £ is a representably
Y-additive category. Assume that the property holds for n and let f, g € £(X @D®"+1) be
such that f (X QT Q- QT ®fin+1) =g (X@ﬁil Q- QTy, ®ﬁin+l) for all 7 e N+l
For i € Nlet f; € £L(X ® D®") be defined as

-1 ®n 7.
X ® D®" LX@]D)@"@l XD @ X®]D®”®]D)L>Y

and similarly for g;. By inductive hypothesis we have f; = g; for all i € N and hence f =g
since L is a representably Y-additive category. O

Lemma 195. For all f € L(X,D — (D — Y)) and ' € L(X @D ®D,Y) such that
f = cur(cur(f")),

mimi f=f(X®F; @) pxg1 Px-
oof=f(X@A®A)pxh px -

Proof. Tt suffices to apply Eq. (55) and Eq. (56) twice. O

Theorem 196. If L is representably -additive, then L is a X-additive symmetric monoidal
category, the sum is compatible with the and (D — | 7) is a X-summabibility structure.

Proof. We first prove that (D — _, 7) satisfies the conditions of Lemma 192. The functorial
action is simply D — , the projections m; x = T; —o X are natural by construction, and
by Lemma 193, >, 7 x = 0 = A — X is also natural. Then, (D — _, ) satisfies SS-1
(the joint monicity of the m; is a consequence of (RS-epi) and Corollary 187). The tuple
(D — _,®) also satisfies SS-2 by (RS-sum), because the existence of (f) is equivalent to
the existence of (f)®.
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We now prove that (D — | 7) satisfies SS-4. It suffices to prove SS-4 for N-indexed
families, the general case of A-indexed families immediately follows from Lemma 44. Assume
that (f; € L(X,D — X)) en is a N-indexed family such that (m; f;)(j,i)enxn is summable
Then,

mi fj = micur(cur ' (f;)) = cur 1 (f;) (X @) p !
by Eq. (51). Thus, by (RS-witness), (cur=*(f;))jen is summable, and by (RS-sum) there
exists f' € L(X @ D®D,Y) such that

(X @OD®T;) pyep =cur ' f;.
Then, by Eq. (55) and naturality,
(X @wp) (X T @) pxgprx = (X OTi®T)) pxgnpx =i fi-

So by Lemma 195, taking f = cur(cur(f’)) we have m;m; f = m; f; so m; f = f; by joint
monicity of the m;. Thus, f is a witness for (f;),en, and (f;);en is summable by SS-2.

Thus, by Lemma 192, £ is a X-additive category and (D — | 7) is a X-summability
structure. We now prove that the sum distributes over the monoidal product. It suffices
to prove that (D — ) satisfies (S®-dist). We already know from (RS-mon) that 0 is
absorbing for the monoidal product. We now show that (m; ® X1);en is summable with sum
g ® Xl.

(D—0X0o)®y ev® X1

f=DoXo@X:0D D—oXo@D® X —— Xo® X1 .

Then we can check that

micurp(f) = f (D — Xo) ®@ X1 @T3) pploxox: by Eg. (55)
=(ev® X7) (D — Xo) @7 ® X1) (Pﬁioxo ® Xl)

by naturality and axioms of symmetric monoidal categories

=m ® Xy by Eq. (53).

So (m; ® X1)ien is summable with witness ¢ = cur(f), and it follows from a similar com-
putation that (},cm) cur(f) = ocur(f) = 0 ® X1 = (3 ;e ™) ® X1. The existence of
! can be proved similarly (this morphism is actually simpler, because it does not involve

7)- O
Theorem 197. For any representably X -additive category L,
(1) if L is cartesian, then L is a cartesian 3-additive category;

(2) if L is symmetric monoidal closed, then L is a symmetric monoidal closed Y-additive
category.

Proof. Assume that L is cartesian. We show that £ is cartesian Y-additive. It suffices to
show that (D — ) satisfies (S-&). Observe that

(ev(p; ®D))icr € L <<& D — Xi)> oD, & Xi>

el iel
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so we can define f = curp({ev (p; @ D))ier) € L(&icr(D —o X;),D —o &ies X;). Then,

i f = {ev(pi @ D))ier (& X @) p! by Eq. (55)
= (ev(pi ®T;) _1>i61
=(ev(1®@7;) p " pidier by functoriality and naturality
= <7Tj pi>i€[ by Eq (53)
= & Ui
icl

which concludes the proof. Then we show that £ is a symmetric monoidal closed ¥-additive
category. First, we know from the proof of Theorem 196 that cpg(mxl € L(D— X1,D — (Xo® X1))
is the Curry transpose of

(D—X0)®Y
_—

f= D—-X))®X,®D (D — Xo) @D ® X; 22X X, @ X;.

It follows that for any object A,

¢xX = cur((Sev) ¢y ox.4)
is equal to the double Curry transpose of the following morphism

(D —(A—-X)®AD 2% (D

D—o(A—-X)oDA = (A—-X)oA4 = X.
It is straightforward to check that this is an isomorphism (whose inverse is given by the

double Curry transpose of a similar morphism), so by Proposition 90, (D — | 7) satisfies
(S®-fun). O

8.2 Characterization of representably >-additive categories

We want to characterize under which condition a cartesian symmetric monoidal ¥-additive
category is representably Y-additive. This actually boils down to the following condition.
Definition 198. A symmetric monoidal ¥-additive category that satisfies (ID) satisfies
(Comb-lin) if for all summable family (f; € L(X,Y))ien, the family (py (fi ® p;) € L(X ®
D,Y))ien is summable.

Ezxample 199. Let us consider the example of probabilistic coherence spaces, see Exam-
ple 184. Assume that (z;);eny € P(E)Y is summable, that is, Y.y #; € P(E). Then for any

family (\; € [0,1])ien,
Z Aix; < sz € P(E)

€N €N

ieN

50 (Aix;)ien is summable. This observation corresponds to an instance of (Comb-lin) where
the x; are considered as morphisms of Pcoh(1, E®), using the fact that I is the PCS such
that |D| = N and PD = [0, 1]".
Theorem 200. Assume that L is a cartesian symmetric monoidal category that satisfies
(D). The following are equivalent:

(1) L is representably X-additive;

(2) L is a cartesian symmetric monoidal closed L-additive category (that is, the sum is

compatible with the cartesian product, the monoidal product and the closedness) which
satisfies (Comb-lin).

7



8.2.1 Proof of the forward implication of Theorem 200

Assume that L is a cartesian symmetric monoidal category that is representably Y.-additive.
Then we know by Theorems 196 and 197 that £ is a cartesian symmetric monoidal -
additive category. It remains to show (Comb-lin). Assume that f = (f; € £(X,Y))ien is
summable. We need to prove that (py (fi ® pi))ien is summable. By (RS-sum), it suffices
tofind h € L(X @ D®D,Y) such that

(X @D®RT;) pyen = py (i ®pi).

Observe that for each i € N we have A (p; @ p;) € LD @D, 1). We set | = (p1 (pi ® p;))ien €
L(D ®D,D) and we define

1 A\ ®
h= XeDeD = xop Y5 v

Observe that

p1(p; @) ppt =piifi=j

TD T - ; (D, -
pi D7) pp = p1(p; @ps) (D7) pp {Ootherwise

_ p; ifi=j
D =
Ps TP 0 otherwise

Thus T(]D) ®T;) pﬂgl = T; p; by joint monicity of the p;. It follows that

h(X DT pxan = (H® (X @ (Do) ")
= (/) (X om) (X©p)
= fipx (X ®@p;)
=py (fi®pi).

This ends the proof.

8.2.2 Proof of the backward implication of Theorem 200

We assume now that £ is a cartesian symmetric monoidal 3-additive category which satisfies
(Comb-lin). Remember that by assumption, £ satisfies (RS-mon).

Proposition 201. The family (T;)ien is summable with sum A. The family (T;p; €
L(D,D));en is summable with sum idp.

Proof. For all i € N, the family (p; 7;)ien is summable with sum id; by (Unary). Thus,
(T:)ien is summable with sum (id1);ey = A, by compatibility between the sum and the
cartesian product. Similarly, for all i € N, the family (p; 7; p;)ien is summable with sum p;
by (Unary). Thus, (T; pi)ien is summable with sum (p;);en = idp. O

Lemma 202. The morphisms X ®T; are jointly epic, so L satisfies (RS-epi).

Proof. Assume that f (X®T7;) = g (X®7;) for all i € N. Remember that by Proposition 201,
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(Ti pi)ien is summable with sum idp. Thus,

ieN zEN
—9<X®Z(ﬂpl> > (g(X @7ipi))
i€N i€EN
So f =g, since f (X @ T;p;) = g (X ® 7;p;) by assumption. O

Lemma 203. Assume that f = (f; € L(X,Y))ien is summable. Then f has a witness
(2= pr(fip).
i€N

Proof. Assume that f = (f;)icn is summable. Let h = Yien Py (fi®pi) € LX ®D,Y),
which is defined by (Comb-lin). Then, thanks to (Unary),

hX ) px TY (pv (fiep) (X @) px') =pv (fi@1)px' = f;- O
ieN
Lemma 204. The category L satisfies (RS-sum,).

Proof. Any summable family f = (fi)ien has a witness by Lemma 203. Conversely, assume
that ((f)® exists. Using the fact that (7;);en is summable with sum A, and the distributivity
of the sum over composition and over the tensor product, we have that

<<*>>®<X®A>pxl—<<f>>®(m(Zm))pX =Y (A xem) ) = i

€N €N €N

—

It follows that (f;)iey is summable with sum (f)® (X @ A) py'. O

It only remains to show (RS-witness). First, we prove a stronger version of (Comb-lin)
that directly follows from (Comb-lin).
Lemma 205. For any summable family (fi o) ia)enxa, (py (fi,a®pi) € LI(X®D,Y))(;,a)enxa
s summable.

Proof. By (PA), (X ,ca fi,a)ien is summable, so by (Comb-lin) (px ((3,c fia) @ Pi))ien
is also summable. But px ((Y,ca fia) ®pi) E Y a (px (fia @ pi)). So by (PA) again,
(oy (fia® Pi))(i,a)eNxA is summable. O

Lemma 206. The category L satisfies (RS-witness).

Proof. Assume that (h; € L(X®D,Y));es is such that (h; (X®7;) p~ ') j)erxn is summable.
Let fi; = hi (X ®7;) p~'. Then by Lemma 205, (py (fi,j ® p;))(i,j)erxn is summable. But
it follows from Lemma 203 that for all 7,

hi=Y_ py (fi;©p;).

JEN
Thus, (h;)ies is summable by (PA). O

This concludes the proof of the reverse implication of Theorem 200.
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8.3 The bimonoid structure of D

In this section, £ is a representably Y-additive category. Our goal is to equip D with a
bimonoid structure which, as we will see in Section 8.4, is deeply related to the bimonad
structure on S =D — _ introduced in Section 3.4.

Definition 207. A comonoid is a triple C = (C,w¢,cc) where the counit we € L£(C, 1)
and the comultiplication co € L(C,C & C) satisfy the following commutations

C-—“sCceC (& = cel
RN | oo 9
N loC CoC %%, Co0)eC 2225 0w (C® Q)

A comonoid is cocommutative if the following diagram commutes.

A comonoid morphism from a comonoid C' to a comonoid D is an f € £(C, D) such that
the two following diagrams commute

c—1.p C — D
\l col l (61)
1 Q@QWDQ@D

Definition 208. Dually, a monoid is a triple M = (M,Wys,Sys) where the unit Wy, €
L(M,1) and the comultiplication €ys € £L(M, M ® M) satisfy commutations dual to Eq. (59).

A monoid is commutative if it satisfies a commutation dual to Eq. (60). A morphism from a
monoid M to a monoid N is an f € L(M, N) which satisfies commutations dual to Eq. (61).
Definition 209. A bicommutative bimonoid is a tuple (A, W4, T4, w4, ca) such that (4, Wa,C4)
is a commutative monoid, (4,wa,c4) is a commutative comonoid, and such that one of the
following equivalent assertion holds.

(1) W4 and €4 are morphism of comonoids;
(2) wya and c4 are morphisms of monoids.
The corresponding diagrams will be given in the proof of Theorem 212.

We equip D with a co commutative comonoid structure. The counit is the projection
po € L£(D,1). We define a comultiplication § € £(D,D ® D) which satisfies 07, A\; =
Z?:o T; @ Tp—i. As we saw in Lemma 193, (T, )nen is summable of sum A. Then,

A®A=<Zm>® YT | ED (e

ieN jeN i,jEN

by (S®-dist). Thus, by (PA) (3°1" o7 ® Tn—i)nen is defined and summable. This means
that there exists h € £(1 ® 1 ® D,D ® D) such that

h(1@1@T,) pra; = (Zm@wn )
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Let

1 -1

~ by A
=D -2519D % 1912D — DeoD.

Then it is straightforward to check that o7, = (o T @ Tn—i) A ' The joint epicity of
the 7,’s implies that 0 is uniquely characterized by these equations.
Lemma 210. The triple (D, po,0) is a cocommutative comonoid.

Proof. We first prove the counit axiom, which corresponds to the following diagram:

D—,DeD
D®

A l P
D1

Let n € N, we have

(D®p0)97rn— D®P0 ZW’L®7TTL’L 71
1=0

= Z(ﬁ ® (o Tp—i))A ™"
i=0
but poTn_i = PpoTn_i = 5n_i)0id1 and hence (]D) & po) gﬁn = (ﬁn X Idl) )\171 = )\Dil. So
the diagram commutes by joint epicity of the 7, ’s.

Next we prove the associativity axiom, which corresponds to the following diagram:

DL DeD 2% Deb) b

aj i la

D® (D®D)

Let n € N, we have

a(@@D)0T, =a(@@D) <iﬁ @m”) A1

n [
=« Z T QTij | @Tn—i Attt
i=0 \ j=0
C « Z Tom) T | A Te1)a?
i,5,kEN
i+j+k=n

Y meEem) | Qe
i,7,k€N
i+j+k=n

=D®0)I7, by asimilar computation
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and the announced diagram commutes by joint epicity of the 7, ’s.

Finally, we prove the commutativity of the comonoid, which corresponds to the following
diagram:

D—"3DeD
N L
DD
This is done similarly using the fact that v (3/_ (7 @ Tn—i) A1 = (X1 o Tni @) YA
and that y A=t = A~! because \; = p1. O

Next we equip D with a commutative monoid structure. The unit of the monoid is the
diagonal A € £(1,D). Next for each i € N we have A (p; ® p;) € LD ®@ D, 1), and we set
T = <)\ (pi & pi)>ieN S E(D & ]D),D) Notice that T(ﬁl ®ﬁj) = 61')]‘71')\1 = 51‘,3‘71‘/)1 for all
i,j € N, which fully characterizegTby Lemma 194.

Lemma 211. The triple (D, A,l) is a commutative monoid in L.

Proof. We first prove the unit axiom, which corresponds to the following diagram:

Dol 224 DeoDb

Sl
D
so let ©+ € N, we have

TDeA) (T ol)=I1(ToA)

=1(m e () 7))
JEN

=) 7o,

JEN
= Z 0i jTip1
JEN
= pp (T; ® 1) by naturality of p
which proves the commutation by Lemma 194.

Next we prove the associativity axiom, which corresponds to the following diagram.

DeD)eD 25D Deb) -5 DeDb

Ten| ~ ﬁ

DD ! D

so let 4,7,k € N, we have
el a(men) or) =1Dal) (7 (7 @ 7))
=1(7: @ (0,575 \))
=64l (T @) (1@ N)
= 0jk0i; T A(1®A)
=1(1@D)((7: ®7;) ® Tk)
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by a similar computation, so the diagram commutes by Lemma 194. Finally, we prove the
commutativity of the monoid, which corresponds to the following diagram.

DD —5 DD
\ﬁ
|
D

using again the fact that \; = p;. O
Theorem 212. The tuple (D, A [, po, 6 N) is a bicommutative bimonoid.

Proof. First, we prove the compatibility between the unit and the counit:

1<Ii>po

This holds because pg A = id;. Next we prove the compatibility between the unit and the
comultiplication (we keep the unitors of the tensor A and p implicit):

1—2 4D

s, J7

DD
Remember that
A®A= (Zﬁ) (Y 7). mew)
ieN jEN i,jEN
by (S®-dist), and

- <an>:Z6‘wn => O FioT. )

neN neN neN €N

by characterization of 9. Those two sums are equal, by (PA).

Next we prove the compatibility between the counit and the multiplication (again, the
unitors are left implicit):

DoD —— D

lpo
Pom‘
1

The diagram commutes by the following computation and the joint epicity of the 7; ® 7;.

- _ idifti=j=0 o
po | (T @) = po (0i,;Tip1) = s = (po ® po) (T; ®T;) .
0 otherwise

Finally, we prove the compatibility between the multiplication and the comultiplication:

D®D ' D 0 D®D
mﬂ TT@;T
DeD)®DeD) — = DeD)® D D)
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where 3 3 is defined using the canonical isomorphisms o and 7 of the symmetric monoidal
structure of £, and is characterized by 2 3 (T, @i, ) @ (Ti, @4y ) = (Tiy @T iy ) @ (i, @T4y)-
We have

9N|V(7i ®fj) = 51',3'571' A= 5i,j <ka ®fik> A

k=0

and

(@10 23 (0 ®0) (7; ©7;)

DR (Z m@@)@ Yo eTL || e

i1+i2=1 J1t+je2=j

—(@h)ys | Y, Fuom,) e @, 0%, | AT
i1+i2=1
Jit+j2=j

=(eh) [ > @uem) o @, om,) | rs(\ox)
11+io=1
Jitj2=j

D B 0in T @i, | A® N 23 (AT @A)
11 +i2=1
Jit+j2=j

which ends the proof that 61 (7; ® 7)) = (1®1)y23 0 ®0) (T 7;) for all 4,5 € N upon
observing that if 8, ;,8i, j, = 1 then i = iy +ig = j1+j2 = j and (A @A) 23 (A '@ 1) =
idigne@e)- The diagram then commutes by Lemma 194. O

8.4 Correspondence between the bimonad S and the bimonoid struc-
ture

We can define a functor Sg : £ — £ by SgX = X ® D and similarly on morphisms:
Sef=fDe L(SegX,SgY) if f € L(X,Y). It is folklore that the bimonoid structure of
D induces straightforwardly a bimonad structure on this functor, see for instance example
2.10 of [BLV11] in the setting of braided categories.

The comonad structure Sg, is given by

SeX=X®D 22 xg1 2 X

SeX =XoD X% XoDdeDb) —» (XeD)oD=S52X

The monad structure Sg is given by

-1
X2 X0l 228 XeD=SyX

SZ2X=(XeD)®D —2» X®@[DeD) -2 Xob
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Bimonoid D Bimonad Sg Bimonad S

Projection p; € £L(D, 1) p(X®p) e LX®D,X) Injection ¢;
Injection 7; € £(1,D) (Xom)p e l(X,X®D) Projection ;
Monoid unit A Monad unit (X ® A) p~! Comonad unit o
Monoid multiplication | Monad sum (X @ 1) Comonad sum |
Comonoid unit pg = Comonad unit p (X ® po) pates Monad unit ¢
Comonoid multiplication 6 Comonad sum « (X ® 5) Monad sum 6
Commutativity ~ Distributive law X & Distributive law ¢

Figure 4: Bimonoid and bimonad relations

and the distributive law is (keeping the associativity isomorphisms implicit)
2X=XeDeD — 2, X@DD.

Now the functor S = (D — ) : £ — L is the right adjoint of Sg and hence, as shown
in Section 7.2, S inherits from the mate construction a bimonad structure which is exactly
the same as the one described in Section 3.4. The different constructions are summarized
in Fig. 4. Let us write down the details for one of those constructions.

By Remark 155 instantiated in L 4R =IdH4ldand L'’ HR'= ®D 4D — | the mate

construction maps a natural transformation ix € £(X ® D, X) to a natural transformation
rx € L(X,D —o X) defined as rx = cur(lx). Recall from Eq. (55) that

mirxy =lx (X ®7;) p L.
This equation actually corresponds to the compositionality of the mate construction, using
the fact that m; is itself the mate of (X ® 7;)p~!. Then the joint monicity of the =;
and the joint epicity of the X ® 7; implies that the equation above provides a complete
characterization of [ from r, and of r from [. In particular, the mate of p(X ® p;) €
L(X @D, X) must be 1; € L(X,D — X).

The same kind of argument applies for the rest of the bimonad structure. The mate
construction also relates the lax monoidal structures on S with oplax monoidal structures
on Sg), let us provide some details.

Definition 213. We define a natural transformation (up to associativity)

Cxox, = Xo®X; @D 2220%, ¥ 2 X;0DoD 2%, xooDe X, ®D. (62)

That is, EX07X1 S E(S@(Xo ® X1),S¢Xo ® S®X1)

The natural transformation L is characterized by the equation L X0, X1 (Xo® X1 97,) =
Y oho(Xo @7 ® X1 ® Tp—r). Applying the mate construction of Section 7 with H = K =
~ ® andtaking L’ 4R = ®@DAD-—-oD-—- and L4 R=(_ ®D)x(_ ®D)-
(D — ) x (D — ) (this is the product of the adjunction @D 4D —  with itself, see
Section 7.4) yields a natural transformation

r = cur((ev®ev) Lp ox, pox,) € L(D —o X)) @ (D — X1),D —o (X ® X1)).
The compositionality of the mate construction implies that m; r = ZZ:O T Qmi_psor =L

(where L is defined in Section 4.1). Recall that (S,,L) is a lax monoidal monad. By
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Theorem 176, monoidality is preserved through the mate construction so (Sg, p (id ® po), L)
is an oplax monoidal comonad. This oplax structure is the one associated with the following
costrengths (we keep the use of the associator « of the monoidal product implicit)

XO X YX,,D S E(S@(XO (24 Xl), S®X0 X Xl)
id € £(5®(X0 ® Xl),XQ ® SeX1).

Those costrengths were implicitly used when defining L in Eq. (62). The mates of those two
natural transformations are " and ¢! respectively'®

Finally, assume that £ is cartesian. There is a natural transformation

(pi ®D)ser € 5((1% Xi) @D, i‘gz(Xi ® D))

whose mate is precisely cgl. This was implicitly shown in the proof of Theorem 197 when
proving that

' =& w)) = curp((ev (p: ® D))icr) € L(& (D — X;),D — & X;).

8.5 A mate to the distributive law 0

Let £ be a representably ¥-additive category. We assume moreover that £ is a ¥-additive
resource category (see Definition 104). Applying the results of Section 7.3, we can show
that the mate construction induces a bijection between the Taylor expansions 0 : IS = S!
described in Section 5 and distributive laws 9 : Sg! = !Sg subject to commutations that we
now detail.

The first commutation, (g-chain), means that 9 is a distributive law between the functor
Sg and the comonad !

X oD 25 (XoD) !X®D Ox (X ®D)
5— h‘ i i i
(0-chain) der@k) lde, dg®1D>J{ ldg
X®D IX©D — (X ®D) —— (X ® D)
'X UX

By Corollary 166, (J-chain) holds if and only if 9 is a distributive law between the functor
S and the comonad ! |, that is, if (0-chain) holds.

The commutation of (J-local) means that the natural transformation (X ® 7o) p~! €
L(X,X ®D) is a morphism of distributive laws.

J\,

(0-local) X®1 (X ®1)
IX@ﬁoi \!(X@m)
X®D Ox (X @ D)

By Corollary 171, this is a morphism of distributive laws if and only if 7y (its mate) is a
morphism of distributive laws, that is, if (0-local) commutes.

16This explains the definition of 9 in the proof of the forward implication of Theorem 197
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The commutation of (J-add) means that 0 is a distributive law between the functor !
and the comonad structure on Sg described in Section 8.4.

IX ©D 2% I(X ® D) IX @D I(X ® D)
l!(X@po) !X@@J l!(xcgé”)
(0-add) 1xop, (X®l) X®©[DoD) (X @ [DeDb)
l!p al l!a
X®1 —F— 1X (!X®D)®Dm>!(X®D)®Dm!((X®D)®ID>)

By Corollary 172, (5—_add) holds if and only if O is a distributive law between the functor
! and the comonad S, that is if (0-add) holds.

In the next diagrams, the use of the associator a of the symmetric monoidal structure
is kept implicit. The commutation of (0-Schwarz) means that X ® v is a morphism of
distributive laws.

XoDoD 228 (X oD) oD 2% (X @ Do D)

(E-Schwarz) !X®,Yl lg (X®7)
IX@DeD —— (X 8D)®D —— (X @ D& D)
X

Ox @D

By Corollary 171,(0-Schwarz) holds if and only if c (its mate) is a morphism of distributive
laws, that is, if (0-Schwarz) hold.

The commutation of _(5-&) means that m? is a morphism of distributive laws between the
composition of d with L, and the composition of 9 with (pp ® D, p1 ® D).

X021 X; @ D —E— 1X @ DelX; @D —222 |(X, @ D)®!(X; ® D)
(a_&) m2®]DJJ/ J{mz

But as we saw in Section 8.4, the mate of L is L and the mate of (po @D, p; @ D) is c&;l.
By compositionality of the mate construction and Corollary 164, (0-&) holds if and only if
(0-&) holds.

Finally, the commutations (0-lin) and (J-analytic) means that 0 is a distributive law
between the functor | and the monad structure on Sg described in Section 8.4.

(XeD)oD 228 (X oD) oD X% 1(X © D) ® D)

o| I

(0-in) 11X @ (D® D) (X ®DeD)
| X®Tl i!(xe@T)
X oD - (X @ D)
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1X
1p~t
pfll \

(0-analytic) 1X®1 (X ®1)
!X®AJ{ \!():@A)
IX @D _ I(X @ D)
X

By Corollary 173, these diagrams commute if and only if 0 is a distributive law between the
functor | and the comonad S, that is, if and only if (0-lin) and (9-analytic) hold.
Definition 214. A left-sided Taylor expansion is a natural transformation 0 : Sg! = !Sg
that satisfies (O-chain), (0-local), (9-add), (9-Schwarz), (0-&), (0-lin). A left-sided Taylor
expansion is analytic if it also follows (J-analytic).

The following result summarizes what we have proved in this section.
Theorem 215. Let 0:!S = S! and 0 : Sg! = !Sg be mates. Then O is an analytic Taylor
expansion if and only if O is a left-sided analytic Taylor expansion.

8.6 The Taylor coalgebra structure of D

An important structure can be derived from the cartesian structure of £ and its resource
comonad: a lax symmetric monoidality of the comonad ! , from the symetric monoidal
category (L£,®,1) to itself (see Remark 31 for a definition of a lax symmetric monoidal
comonad). This monoidality turns £ into a linear category, see [Bie95].

More precisely we have a morphism p® € £(1,!1) and a natural transformation ,ug()y €
L(IX @Y, (X ®Y)) which satisfy the coherence diagrams of Definition 26 and coherence
diagrams similar to Definition 28. They can be defined as the following compositions of
morphisms
I(m%)~*

0 dig+

W= 12517 nT 1

(m% )™ h) | l(digx ®digy)

Py = IX @Y 5% (X & V) 25X, 11X & V) (X ®!Y) (X ®Y)
Particularly important is the associated coEilenberg-Moore category L' whose objects
are the coalgebras of | | that is, the pairs P = (P,hp) where P is an object of P and

hp € L(P,!P) makes the two following diagrams commute

P2 p P2y 1p
h lderg hpl ldigg
hp

In this category, an element of £'(P,Q) is called a !-coalgebra morphism and is an f €
L(P,Q) such that



It is well known that (1, %) is a !-colagebra that we simply denote as 1 (so that h; = u°)
and that, given objects P, and Ps of £', the object P, ® P, can be equipped with a !-coalgebra
structure

hp, ®hp,

2
PoPp \P @ 1Py = |(PL® Po).

We use P; ® P, to denote this coalgebra, so that hp,gp, = p? (hp, @ hp,). This coalgebra
structure corresponds the lifting of the symmetric monoidal structure of £ to £' mentioned
in Remark 31.

Each coalgebra P can be equipped with a weakening morphism wp € £'(P,1) and a
contraction morphism cp € £'(P, P® P) which can be defined from wk and ctr (see Eqgs. (33)
and (34)) as follows.

wkp

wp= P —— 1P ——1

cp= P2 p T i poipe®e pop

Theorems 216 and 217 that follow are non-trivial results, we refer to Proposition 28
of [Mel09] for a proof.

Theorem 216. For any object P of L', the triple (P,wp,cp) is a commutative comonoid
in L'

Given (f; € L'(P;,Q;))i=1.2, it is easy to check that f1 ® fo € L'(P1 ® P2, Q1 ® Q2). And
therefore if (f; € £'(P, Q;))i=1,2, one can define (fi, f2)0 = (f1 ® f2) cQ € L£(Q,P®P,).
We can also define projections pg € L'(P, ® P, P;), for instance the first projection is
simply

P1@wp,

P oDP P®l — P

Theorem 217. The category L' is cartesian, with 1 as terminal object and (Py, @ Py, pg!), pg))

as cartesian product of Py and Py. Given (f; € E'(P Q:))i=1.2, (f1, 200 = (fi ® f2) cQ €

LY(Q, Py ® Py) is the unique morphism such that pl (fl, )0 = fi fori=1,2.

For any object X of £, the pair EX = (!X, digy) is an object of £'. This defines a functor
E: L — £ which maps f € L(X,Y) to !f € L'(EX,EY) as easily checked. The coalgebra
EX is the cofree coalgebra generated by X in the sense that, for any object P of £' and any
f € L(P, X), there is exactly one morphism f' € £'(P,EX) such that derx f' = f.

The “image” of this functor is a full subcategory which can be described, up to equivalence,

as the coKleisli category of the !  comonad.
Definition 218. An analytic coalgebra on £ is a morphism 9 € £(D, D) such that (ID,d)
is a l-coalgebra, the four structure maps of the bimonoid (I, A,T, Po, 5) are !-coalgebra mor-
phisms, and such that 7Ty is a !-colagebra morphism. When such an analytic coalgebra is
given, and when there are no possible ambiguities, we simply use D to denote the coalgebra
(D, 9).

Let us make these conditions more explicit. The fact that (D, 5) is a l-colagebra means
that the two following diagrams commute

D—2, 1D D—2, 1D
N
D D — D
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The fact that po € £'(ID, 1) means that

D—2,1D

S

1 — IT
m

and the fact that 6 € £'(D,D @ D) means that

D 9 D

i |

DD —= DD —— (DR D)
0RO o

The facts that A € £'(1,D) and 7 € £'(1,D) mean that the following diagrams commute

u® u®
11— 11—
ﬁol llfu Al lm
D T D D T D

and the fact that | € £'(D ® D, D) means

D 9 D

i I

DD —= D@D —— (DeD)
[elte} w

Theorem 219. We have pg = wp € L£'(D,1) and f=cpe L£'(D,D® D).

Proof. Tt is well known that in any cartesian category, the comonoid structure of any object
is unique and is given by the unique map to the terminal object and the diagonal maps. So
the comonoid (P,wp,cp) is necessarily equal to the comonoid (P, pg, ). O

Theorem 220. Any analytic coalgebra 0 induces a left-sided analytic Taylor expansion,
defined as

— Y 2
7= 1XoD 224 1XeID £ (X @ D).

Proof. We show that 0 satisfies (0-analytic) with the diagram chase below. The only crucial
argument involved is the fact that A € £'(1,D).

X (X o)

xe1| I

IX®1 ——0 IXal
IX®u
IX®A\L l!X@!A

IX®D —— 1X®ID —— (X @ D)
IX®0 “w

(X®A)
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We show that 0 satisfies (0-lin) with the diagram chase below (any use of the associator «
of the symmetric monoidal structure is kept implicit). The only crucial argument involved
is the fact that | € £'(D ® D, D).

2

X 9D oD YL xem oD % (X o D) o D2 (X o D)o = (X @D o D)
— \!X®1D>®5 2 !]DJ) 2

X ©000 ~ e "

Xl X®!De!D o XD D) (X Q)
! o
J!X@!T
IX®D _ IXQID — (X ®D)
IX®0 m

The other computations are similar and can be found in Theorem 19 of [Ehr23b] (they do
not involve any argument on the summability structure, so they directly carry to our setting).
Note that the proofs of (0-Schwarz) and (0-&) do not rely on any of the assumptions on

d. O
Theorem 221. Any left-sided analytic Taylor expansion induces an analytic coalgebra given
by

~ — 0 a

5=D25 10D L% n1eD 25 119 D) —2 D,

5 1X®9, u?
Furthermore, 0 = 1 X @ D —— 1XQID —— (X @D) .

Proof. The fact that 0 = p? (!X ® 0) can be found in Theorem 17 of [Ehr23b]. Again, no
argument on the summability structure are used so the proof carry directly to our setting.

We prove that A € £'(1,D) with the following diagram chase. The only crucial argument
involved is (0-analytic).

1 ® 1 4> n1®1 (1®1)
|
1®A 11®A (§-analytic) l!(1®A)
N N
D—— 18D —— @D — (18D) —p D
AT 1 QD 01

We prove that Tecr (D ® D,D) with the following diagram chase. The proof involves
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(0-lin) and the fact that 0 = y? (!X ® d) (commutation (a)).

DoD —222, DeD DD —2 5 (D@ D)
A-1 !/\_1®!]D)l
2
12DeD 22 ¢ IDeD H2@'D (1 ®D)ID

11QDRI H
7 19883 NeDeD 5% | (1 D) ®D(@—D)®§a.( 1o D)®! i
11068D (a) H (a) lu

19De D" 2P gDeD == 1eD)eD =— (18 Do D)

1®D
11 1@l (B-lin) !(1®T)l

w

GR A

The other computations rely on similar arguments and can be found in [Ehr23b]. O

Corollary 222. The constructions of Theorem 220 and Theorem 221 are inverse of each
other. Thus, for any representably 3-additive category, there is a bijective correspondence
between analytic Taylor expansions and analytic coalgebras.

Proof. We already know from Theorem 221 that if 0=I\0; (W @D)A" then d = 42 (1X ®
8). Conversely, assume that 0 = p? (X ® 8) Then we can check by a straightforward
computation that 9 =IA9; (u° ® D) A~L. So the constructions of Theorem 220 and Theo-
rem 221 are inverse of each other. Then, we know from Theorem 215 that the existence of
a left-sided analytic Taylor expansion 0 is equivalent to the existence of an analytic Taylor
expansion 0. O

Definition 223. A representably analytic category is a representably Y-additive category
equipped with an analytic coalgebra (and equivalently an analytic Taylor expansion).

8.7 A remarkable isomorphism

In this section we assume that £ is a representably 3-additive category equipped with
an analytic coalgebra. We prove that under the assumption that the resource comonad is
finitary (see Definition 227), the coalgebra (D, 9) is isomorphic to the free coalgebra (11, dig).

Given a !-coalgebra P, let ¢(™ € £'(P, P®") be the n-ary version of the comultiplication
of the comonoid P, so that ¢(9) = w, ¢! = id and ¢® = c. We keep any use of the monoidal
associativity a implicit.

In the case where P is the coalgebra (D, ), we know by Theorem 219 that cp = 6 and
hence we have

n) — — —
C]%))Wk)\(n): E T, @ QT
7 en®
i1+ tig=n

where \(") ¢ L£(1®™ 1) is the unique canonical isomorphism induced by the symmetric
monoidal structure of L.
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Lemma 224. For all n € N we have

(n)

]D)®n p1®

\ bm

Proof. Given k € N, we have

A p & c]%)n) 7 = A P& ( Z T, Q- QT ) (/\(n))

_i)eN"
i1+ tin =k

= Op,nid1

=PnTk

so that the diagram commutes by joint epicity of the 7y’s.

-1

Definition 225. For all object X, we define a natural morphism der’y € £(!X, X®") as

Cl(ET)L() ®@n derx ®m ®n
I e, (1x)®n et

and call it n-ary generalized dereliction. This terminology is folklore in LL.

For each n € N we define deg™ = A der? € £(!1,1), and then we define deg =
(deg™)en € £(11,D). In other words, thanks to the compatibility between the sum and

the cartesian product, we have

deg = ka A der, @ C(El) .
k=0

Conversely, we define deg’ € £(ID,!1) as
D —2 1m0

Lemma 226. degdeg’ = idp.

Proof. Given n € N, we have

deg(™ deg’ = A der,®" cg) )

= )\(n) der1 ®n !p1®n C(E?)) 5

= )\(n) p1®n derD®” C(E?)) 5
=\ p, ®n CI([))n)

= Pn

(63)

by Lemma 224 and hence degdeg’ = <deg(")>neN deg’ = (deg(") deg'Vnen = (Pn)nen =

idp.

O

Definition 227. The resource category L is finitary if the generalized derelictions (der),en

are jointly monic, that is deg is monic.
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The intuition is that the “points” of !1 contain only a finite amount of information. This
is typically the case when the definition of the exponential is based on multisets.
Theorem 228. If the representably analytic category L is finitary, then deg’ deg = id;.
Therefore, the !-coalgebras D and 1 are isomorphic in L'

Proof. We have deg deg’ deg = deg by Lemma 226 and hence deg’ deg = id by monicity of
deg. The second statement results from the fact that clearly deg’ € £'(ID,!1). O

Remark 229. So when L is a finitary representably analytic category which is closed, the
objects 1 —o X and SX are isomorphic. This means that a morphism f from 1 to X in £,
is the same thing as a summable family 7 of elements of X: f can be considered as a power
series on the object 1 of scalars, whose coefficients are the z;’s, that is f(t) = > .2 t"zp.
This power series is well known in traditional analysis and is called the generating function
of the sequence 7. Tt validates the intuition developed throughout Section 3 that the
elements of SX are power series. This observation is particularly remarkable in Pcoh (see
Section 10.4), in which S1 is the set of (sub) probability distributions on N. The isomorphism
between S1 and !1 — 1 means that such (sub) probability distributions on N can be seen
as analytic maps from [0, 1] to [0, 1] with positive coeflicients. This analytic map is exactly
the probability generating function found in probability theory.

More generally, if f € £i(X,Y) = L(!X,Y), we can define h € L(!1X ® !1,Y) as the
following composition of morphism

2
IXel S (Xel) 51X Ly

which can be seen as a two parameter analytic function which, by the isomorphism between 1
and D, can be considered as a summable family (h, € £i1(X,Y))nen. This means intuitively
that we can write f(tz) =Y " t"hy(x), that is, hy, is the n-homogeneous component of f
which can be considered as a “degree n polynomial” morphism X — Y. This morphism can
also be obtained as m, T(f)!e1, using the Taylor functor.

8.8 The case of Lafont resource categories

If £ is a symmetric monoidal category, one defines the category £® of commutative ®-
comonoids, whose objects are the commutative comonoid and whose morphisms are the
comonoid morphisms (see Section 8.3). Identity and composition are defined as in £. There
is an obvious forgetful functor U : L& — £ which maps C to C and acts as the identity on
morphisms.

Definition 230. ([Laf88]) The symmetric monoidal category L is a Lafont category if the
functor U has a right adjoint.

Theorem 231. Any cartesian Lafont symmetric monoidal category L has a canonical struc-
ture of resource category.

This is a standard result, see for instance [Mel09]. It means that £ is endowed with a par-
ticular resource structure (!, der,dig, m®, m?) that we describe now. The resource modality
which arises in that way is often called the free exponential of L.

Let C: £ — L® be the right adjoint of U. By this adjunction, the functor Uo C : £ —
L has a structure of comonad: this is our resource comonad (!,der,dig). For the Seely
isomorphisms, we must first notice the following property, see for example Corollary 18 of
[Mel09].

Theorem 232. The category L% is cartesian, with terminal object (1,id1,\y = p1) and
cartesian product of C1 and Cy the triple (C1®C3,w, c) where the unit and the multiplication
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are given by

®
Q@@wl(}@l&l

(CLO®C) @ (CL®Cy) 2% (CLoC)®(Ca®Cy) “25% 00 0y

where v2 3 1s defined using the coherence isos of the SM structure of L. The first projection
18

wo, QC!
G0 =100, 2 Cy

and similarly for the second one.

As a right adjoint, the functor C preserves cartesian products, and the Seely isomorphisms
embody this preservation.
Theorem 233. Any Lafont representably Y:-additive category has an analytic coalgebra, so
it is a representably analytic category.

Proof. This is an immediate consequence of the fact that (D, pg, 8) is a commutative comonoid
and of the fact that pg, 8, A, | and Ty are comonoid morphisms. O

Remark 234. There are Lafont categories which are not X-additive, such as the category
of Kothe spaces ([Ehr02]) or the category of finiteness spaces ([Ehr05]) (taking a semiring
that is not positive, such as R). As mentioned in Remark 39, it might be possible to use
the more general notion of partial commutative monoid in order to capture those models.

9 Models of Taylor expansion as representably analytic
categories

We present first fundamental models of LL which are already well known models of Taylor
expansion: the relational model and the weighted relational model. We explain how the
known Taylor expansion in those models actually arises from a representably analytic struc-
ture. This motivates that our theory of Taylor expansion is a generalization of the existing
one.

9.1 Some notation for multisets and semi-rings

If A is a set, a (finite) multiset of elements of A is a function m : A — N whose support
supp(m) = {a € A | m(a) # 0} is a finite set. Intuitively, m(a) is the number of occurrences
of a in m, and we write a € m if a € supp(m). We use [] for the empty multiset such that
supp([]) = 0. We use Mg, (A) for the set of all finite multisets of all elements of A, that we
consider as a commutative monoid (actually it is the free commutative monoid generated
by A), whose operation is denoted additively: if mq,...,m, € Mg,(A4), then we write
mi + - -+ + my, for their pointwise sum.

If @ = (a1,...,a) € A*, we use [@] = [a1,...,az] for the element m of [A] which
contains the elements of @, taking multiplicities into account, that is m(a) is the number
of i € {1,...,k} such that a; = a. For any multiset m = [aq,...,ax] € Mgn(A4) and i € I,
we write ¢ - m € Mgy (I x A) the multiset [(¢,a1),. .., (4, an)].

The size, or cardinality, of a multiset m is #m = Y. ., m(a) € N. We use M{, (A) for
the set of all m € Mgy(A) such that #m > 0. We set m! = [[,. ,m(a)! € N and call this
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number the factorial of m. For any 7t € Mgn(A)™, the quotient

i) = L )

is an integer and is called the multinomial coefficient of .

For any vector u € R* indexed by A, where R is a semiring (with standard algebraic
notations) and m € Mgn(A) we set

u™ = H u™@) (64)

a€A

Any integer k € N can be seen as the element Zle 1 € R. Then, for any u(1),...,u(k) €
R4, the usual multinomial formula generalizes to

(Zu(z)) = Z mn(71) Hu(z)m . (65)
i=1 MEMin(A)* =1
Mt tmp=m
Remark 235. Given a family of vectors (u; € R*);e; we use the notations u; or u(i) for the
corresponding element of R, depending on the context, so that for any a € A we can write
u(i), instead of the ugly wu;,.

9.2 Arbitrary sums are representable

The usual axiomatization of categorical models of the syntactical Taylor expansion ([Man12])
require the category to feature arbitrary countable sums. We show in this section that such
infinite sum is always representable, assuming that the category satisfies (ID).

It is well-known that any category enriched over commutative monoids that feature finite
products (or finite coproducts) has finite biproducts, see chapter 8 of [Mac71] for example!”.
Such categories are usually called semi-additive categories, but the naming conventions of
differential categories call them additive. We show a similar result on countable biproducts
and countable sums.

Definition 236. A (symmetric monoidal) Y-additive category £ has total sums if for all
pairs of objects X, Y, the sum of the ¥-monoid structure of £(X,Y") is a total operation.

Observe that if £ is a Y-additive category with total sum, then the sum is compatible
with all cartesian products that exist in £, by Proposition 93.
Proposition 237. Any countable cartesian product in a %-additive category with total sums
is a countable biproduct.

Proof. The proof mirrors the one on additive categories, see chapter 8 of [Mac71]. Let
i € L(X;, &ier X;) be the morphism defined by

idifi =3
=
P 0 otherwise.

Then using the compatibility between the sums and the cartesian product, we can easily

show that
iel

17This reference assumes that the homset is an abelian group, but the proof carries directly to commutative
monoids
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Using this equation, it is easy to check that &;c; X; is also a coproduct, with the injections
maps given by the ¢; and copairing of (f; € C(X;,Y))aer defined as [filicr =D fiopi. O

Theorem 238. Any symmetric monoidal 3-additive category with total sums which satisfies
(D) is a representably X-additive category. The X-summability structure SX =D —o X is
a cartesian product: SX = &;en X and m; = p;.

Proof. The category L satisfies (RS-mon) and (RS-witness) by assumption and (RS-epi)
by Proposition 237 above. Furthermore, for any family f = (fi € L(X,Y))ien let b =
Yienp (fi®pi) € LX ®D,Y). Then ho (X ®7;) = fiand h(X ® A) = Y,y fi so L
satisfies (RS-sum) and as such is a representably Y-additive category. It follows from the
fact that the sum is total that the witness of (f;);en always exists, so D —o X is a cartesian

product with projection 7; and tupling {f;);cy- O
Remark 239. Alternatively, Theorem 238 is a direct consequence of Theorem 200. In fact,
the proof above is a direct simplification of the proof of the reverse direction of Theorem 200

using the fact that every indexed family is summable.

9.3 The relational model

The most fundamental model of LL is doubtlessly the relational model Rel. In this category,
objects are sets and morphisms are relations, that is, Rel(X,Y) = P(X xY'). Composition
and identity are defined as in Section 10.1. If s € Rel(E, F') and t € Rel(F,G)

idg = {(a,a)la € E} ts={(a,c) e ExG|3be E s.t. (a,b) € sand (b,c) € t}.

The category Rel is symmetric monoidal. We set 1 = {x} and Ey ® Ex = E; X F3. Then
for any s; € Rel(E1, F1) and sz € Rel(Fs, Fy), we set

51 ® 89 = {((al,ag), (bl,bg)) | (ai,bi) € s; fori= 1,2}.

This is a bifunctor, and the symmetric monoidal structure is given by the following natural
isomorphisms.

pe ={((a,*),a) |a € E} € Rel(E® 1, F)
Mg = {((*,a),a) |a € E} € Rel(1® E, E)
ap, .5 = {(((a1,a2),a3), (a1, (az,as3))) | a; € E; for i =1,2,3} (66)
€ Rel((Eh ® E2) ® B3, By @ (B2 ® E3))
Ve, B, = {((a1,a2), (az,a1)) | a; € E; for i = 1,2} € Rel(F; ® Ea, B2 @ E1).

This symetric monoidal category is closed, with internal hom of E and F' the pair (F —o
F,ev) where E — F = E x F and

ev={(((a,b),a),b) |a€ Eand be F}.

The transpose of s € Rel(G ® E, F) is cur(s) = {(¢, (a,b)) | ((¢,a),b) € s} € Rel(G, E —
F). The category is also x-autonomous with L = 1 = {x} as dualizing object. This means
that the morphism cur(evyg_— g) € Rel(E,(E — L) —o 1) is an iso. In fact, if we define
_ L as the functor _ —o 1, we have E+ = E and s+ = {(b,a) | (a,b) € s} up to a trivial

isomorphism. The r?lorphism st is called the transpose of s.
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The category Rel is cartesian. If (E;);cr is a family of objects, then we define
i€l
as the disjoint union of the E;. The projections are given by the relations

p; = {((i,a),a) |i €I and a € E;} € Rel(_ézl E;).

For any family (s; € Rel(F, E;));cs there is exactly one morphism (s;);er € Rel(F, &;c1 F;)
such that Vj € I p; (s;)icr = s;, namely
(si)ier = {(bs (i,a)) | i € T and (ba) € 5:}.
By #-autonomy, the category Rel is also cocartesian with coproduct
DE = (& B = & B
iel
el

The corresponding injections are the dual of the projections, (p; = {(a, (i,a)) | i € I and a €
E;} € Rel(E;, @,y Ej))ier. Observe that the coproduct and the product in Rel are the
same, even when the index set is infinite. This means that Rel has arbitrary biproduct (we
will see that Rel is a 3-additive category with total sums). Both the terminal object T =0
and the initial object 0 = ) are given by the biproduct over the empty family I = (.
Theorem 240. The symmetric monoidal category Rel is a Lafont category.

This result is well known folklore in LL. Any Lafont category is endowed with a canonical
free exponential modality. The free exponential modality (!, der,dig, m", m?) of Rel can be
described as follows. First |E = Mg, (F) is the set of finite multisets of elements of E. If
s € Rel(E, F') then

Is={([a1,---,an],[b1,...,bp]) | n € N and ((a;,b;) € 8)7,}. (67)
The counit and comultiplication of the comonad are
derg = {([a],a) | a € E} € Rel(!E, E)
digg = {(m1+ -+ mp,[m1,...,my]) | n € Nand (m; € Mg,(E)) 1} € Rel(!E,I'E).
The Seely isomorphisms are m® = {(x,[])} € Rel(1,!1) and
m2EhE2 ={((m1,m2),1-m1 +2-ms) | (m1,ma) €'E; X E1} € Rel(lE; ® |E2,|(E; & E»))

where i - [a1,...,a,] = [(i,a1),...,(%,a,)], recall Section 9.1. The induced symmetric lax
monoidal structure (u°, p?) is easily proven to be

10 = {(x, k[¥]) | k € N} € Rel(1,11)

/L2E,F = {(([ala s aak]a [blv .- '7bk])7 [(alvbl)v ) (akabk)])
|kEN, ar,...,ar € Eand br,...,b, € F} € Rel(lE® |F,)(E @ F)).

9.3.1 Differential and Taylor expansion in Rel

The category Rel has zero morphisms: take Og p = ) € Rel(E, F). The category Rel is a
differential category, see [Ehr18]. The addition of two relations is given by the union, and
the derivative is given by a natural transformation called the deriving transformation.

dg ={((m,a),m+[a]) |a € E,m € !E} € Rel(lE ® E,!E).
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The coKleisli category Rel, is a cartesian differential category. The derivative of a morphism
s € Rel|(E, F) is given by

Ds— (E&E) ™ 1B E £

IEQ F —— |E —— F
which is the standard definition of the derivative in the co-Kleisli category of a differential
category, see [BCS09]. We can check that

Ds={(0-m+1-[a1],) | (m + [a1],D) € s}.
Then, iterating the deriving transformation provides a natural transformation
Bed((mya, ... an),m~+ a1+ +an)) | (a; € E)-y,m € \E} € Rel(lE ® E®"|E)

and a construction similar to the one above provides an n-th derivative for s € Rel,(E, F).

1\—1 n

B e (B L g pen Y g 5 p

mn+

DM s = (B & By M),

We can check that D™s = {(0-m +1-[a1]--- +n - [an],b) | (m + [a1,...,a,],b) € s}.
In particular, the formal counterpart of n-homogeneous function u — s (0) - (u,...,u) is
given by the morphism

10,id,....id) D
— _—

HWs =1E (E & E%™) F.
Observe that H™s = {(m,b) € s | #m = n}. Then the fact that the category Rel is Taylor

in the sense of [Man12| boils down to the equation

s=JH™s (68)

neN

which is a clear counterpart to the Taylor expansion at 0

u)zZ%f(")(O)(u,...,u)
n=0 "

except that the coefficient -5 does not appear, the reason being that the sum in Rel is
idempotent. Note that for the sake of conciseness, we performed a Taylor expansion at 0,
but we could perform it at any point.

9.3.2 Differential and Taylor expansion in Rel as an analytic structure

Let us explain how this Taylor expansion comes from an analytic structure. First, observe
that Eq. (68) requires an infinite union. This infinite union provides to Rel the structure of
a symmetric monoidal Y-additive category. Thus, by Theorem 238, Rel is a representably
Y-additives category. As such, the following result directly follows from Theorem 264.
Theorem 241. Rel is a Lafont representably X-additive category, thus it is a representably
analytic category.
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The object D = &;en 1 is the set of natural numbers. The bimonoid structure of D is
given by

)} € Rel(D, 1)
n,(i,7)) | n,i,j e Nand n=1i+ j} € Rel(D,D @ D)
x,n) | n € N} € Rel(1,D)
(i,4),7) | i € N} € Rel(D® D, D).

comonoid p

monoid

{ (0,
{(
{(
{(

We have seen that when the category is Y-additive, S =1 — _ is given by the countable
product of X with itself. This functor has a bimonad structure induced by the bimonoid
structure of D, see Figure 4. This structure is quite easy to describe.

a

), a) | i€Nandac€ E} € Rel(SE, S)
i,a), (i, (i,a))) | i € N and a € E} € Rel(SE,S*E)
Distributive law: ¢ = {((4, (§,a)), (j, (i,a))) | 4,7 € N and a € E} € Rel(S*E,S?E).

By Theorem 233, D has an analytic coalgebra, that is, a !-coalgebra structure d €
Rel(D, D) which is given by

0={(n,[i1,...,i]) | ke Nand i1,...,4x € Nwith iy +--- 4+ i =n}.

This is simply due to the fact that the k-ary version D — D®* is the relation {(n, (i1, .. .,ix)) |
i1+ -+ix = n}. Asseen in Corollary 222, this coalgebra structure induces the distributive
law 0 = cur(9f) € Rel(ISE, S!E) where 05 € Rel(!/(D — E) @ D, !E) is

I(D—E)®d
—_—

(D — E) @D (D — E) @D *5 1(D — E) @ D) % 1B

so that

aE:{([(i17a1)7"'7(ik7ak)]7(i1+"'+i/€7[a’17"'7a/k]))
|keN, i1,...,ir € Nand ay,...,ar € E}.

Remember that the extension of S to the coKleisli category Rel, is the functor T : Rel; —
Rel; which maps an object E to SE and a morphism s € Reli(E, F') to Ts = (Ss) g

TS: {([(ilua’l)u'"7(ik7ak)]7(il ++Zk7b))
|k €N, iy,...,i; € Nand ([ay,...,ar],b) € s}.

The morphism ¢; = (p; — F) € Rel(E,SE) satisfies ¢; = {(a,(1,a)) | a € |E|} so that
i ={([a1,...,ak],1-[a1,...,ax]) | k € Nand a1,...,ar € E} € Rel(!E,ISE).
It follows that

T(s) vy = {(la1, ..., ak], (k,0)) | ([a1,...,ar],b) € s} € Rel,(E,SF).
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Then 7, T(s) !y = H(®)s. This means that the usual Taylor expansion at 0 can be recovered
from this functor, as seen in Eq. (31) (remember that in this setting, % = 1 because the
sum in Rel is idempotent). Then the axiom (0-analytic) implies that for any s,

s=0Tsly = U 7 T(s) = U HF .
keN kEN

This is precisely Eq. (68), so (9-analytic) captures the fact that morphisms in Rel are equal
to their Taylor expansion.

9.4 The weighted relation model

The weighted relational model introduced by [Lam92] and [LMMP13] is a quantitative
generalization of the relational model. Let R be a complete semi-ring'®. Then Rel(R) is
the category whose objects are sets whose morphisms are matrices, Rel(R)(E, F) = REXF.
Identity is given by the matrix id, = dq.p, and the composition of s € Rel(R)(E, F) with
t € Rel(R)(F,G) is given by matrix composition!?.

(t S)a,c = Z Sa,btb,c-

JEF

This sum is well-defined, precisely because the semiring is complete and allows arbitrary
countable sums. For any s € Rel(R)(E, F) and z € R¥, we define s -z € R by

(s-z)p = Z Sa.b%a-

aclE

This operation is functorial: for any E,F,G, any 2 € R¥, any s € Rel(R)(E,F) and
te Rel(R)(F,G), t-(s-z)=(ts) -z and id-z = z.

Observe that Rel coincides with the category Rel(B), where B = (0, 1, V, A) is the boolean
semiring (V is the disjunction, and A the conjunction). Indeed, any relation s € Rel(E, F)
can be seen as a matrix s’ € Rel(B)(E, F) defined as

1if b
8;71):{ if (a,b) € s (69)

0 otherwise.

Remark 242. In fact, any relation r C E' x F can be seen as a morphism r € Rel(R)(E, F)
for any R, using Eq. (69) above. This translation is functorial when restricted to relations
r C E x F that are the graphs of bijective functions (that is, for all z € E, there is a unique
y € F such that (z,y) € 7). Most of the structural morphisms of the LL structure of Rel
consist in such relations, and thus this construction provides for free structural morphisms in
Rel(R) that satisfies the commutations required by LL. Note however that this construction
does not preserve the structure of Rel in general. It does not preserve the sum, and it is
not even functorial when considered on all relations®’.

181n [LMMP13], R is assumed to be continuous, which is a stronger assumption than complete. See [Ong17]
for an introduction of Rel(R) over complete semirings.

19We write this product in the reverse order wrt. the usual algebraic conventions on matrices, because it
is the notion of composition in our category, and we respect the standard order of factors when writing a
composition in a category. This is a well known and unfortunate mismatch of conventions.

20Unless 1 + 1 = 1, which is not at all a common assumption
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There is a bifunctor on Rel(R) defined by E® F = E x F (as in Rel) and for any
(Si (S Rel(R)(El, ,Fi))izl)g,
(81 ® 82)(¢117a2)7(51,b2) = Szlzl,bl 55 € Rel(R)(E1 ® E», 1 @ Fb).

az,ba

By Remark 242, the symmetric monoidal structure of Rel can be translated to Rel(R),
providing Rel(R) with a symmetric monoidal structure. For example, Y(4, a,),(a},a}) =
Oay,a,0az,a;- Furthermore, Rel(R) is closed with £ — F' = E x I and for any s €
Rel(R)(G®E, F), cur(s)q,(b,c) = 5(ab),c- Lhe evaluation map ev € Rel(R)(E — FQE, F)
is given by the translation of the evaluation ev € Rel(E — F' ® E, F) into Rel(R), that is,
&V((a,b),a’),b" = Oa,a’Ob,br-

The category is *-autonomous, with | = 1 = % as dualizing object. If _~ is the functor
_ —o 1, then as in Rel, E+ = E and s, = s}, up to a trivial isomorphism (which is given
by the isomorphism in Rel and by Remark 242). So the dual in Rel(R) corresponds to the
notion of matrix transposition. The category Rel(R) is cartesian, with

i(%)] El = U{Z} X Ei.

iel
The tupling of (f(i) € Rel(R)(E, F;)) is defined by

((f())ier)a,ip) = f(D)ap

and the projections are the translations given by Remark 242 of the projections in Rel, that
is, (Pi)(j,a),p = 0i,j0a,p- This cartesian product is dual to itself, and Rel(R) has countable
biproducts.

Theorem 243. (Corollary II1.6 of [LMMP13]) The symmetric monoidal category Rel(R)
is a Lafont category.

The canonical exponential modality associated to this free construction is given by the
functor ! _ that maps an object E to !E = Mg, (E) and a morphism s € Rel(R)(E, F) to

(Dmtprtn] = D, ][ 5ais € Rel(R)(1E,IF). (70)
(a1,...,an) s.t. =1
lai,....,an]=m
This formula is a straightforward generalization of the formula of the exponential in Rel
given in Eq. (67). The comonad structure and the Seely isomorphisms correspond to the
translation into Rel(R) of the exponential modality structure of Rel.
The exponential given in Eq. (70) has an alternative formulation. For any (ai,...,a,
such that m = [a1,...,ay], define rq, . o0, € Man(E X F) by 74y, a0, (a,b) = #{k | ax =
a, b, = b} so that by definition of s"e1:-an (recall Eq. (64))

Observe that 74, 4, (a,b) € L(m, p) where L(m,p) for the set of all r € Mg, (E X F) such
that

VYa € E m(a) = Zr(a,b) and Vbe F p(b) = Z r(a,b).
beF a€E
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Notice that if r € L(m, p) then #r = #m = #p so that L(m,p) is non-empty iff #m = #p.
Now, given any r € L(m,p), the number of tuples (a1, ...,a,) such that m = [a1,...,ay]
and r = 7q,,... a4, 1s equal to

.....

AR S

which belongs to R; this is a generalized multinomial coefficient. This enumeration can be
obtained using the class equation of group theory. Thus, we have

(mp= > ms (71)

reL(m,p)

Any morphism s € Rel(R)(!E, F) induces a function R¥ — RF defined by a power
series. Let o' € R'F by (z'),, = 2™, and

$:RE 5 RF

x> sz that is, (5(x)), = Z S b
me!E ,beF

Definition 244. We call the functions defined in that way called entire functions, following
the terminology of [DE11a].

Remark 245. This operation is not a bijection between morphisms and entire functions. For
example, let R = (R>o,+, x). Then the function R{;O} — R{;o} that maps 0 to 0 and any

x > 0 to oo is entire, and can be written in multiple ways, such as f(z) = oo x x of f(x) =
oo x z2. So if we define $(1) (me)=6,, 1) AN 8(2)(1m,5) = O [,4] We have f = s(1) = s(2) even
though s(1) # s(2). We will see in Section 10.4 that the category of probabilistic coherent

spaces is much better behaved from this point of view.

9.4.1 Differential and Taylor expansion in Rel(R)

The category Rel(R) is a differential category whose derivative has the same definition as the
derivative of the historical model of Kothe spaces, see [Ehr02]. This derivative corresponds
to the formal derivative of power series that generalizes the deriving transformation of Rel
to arbitrary complete semirings.

d(m,a),p = P(@)0m+(a]p € Rel(R)(IE @ E,1E)
(m,a1,..,an)p E6m+[a1 ..... anl,p € Rel(R)('E ® E®n, 'E)

The coefficient 7% in this derivative enumerates the number of ways the multiset [a1, ..., ay]
can be inserted into m in order to produce p.

We can check that the n-th derivative of s € Rel(R)(E, F) is equal to

.Sm—i-[al,...,an],b if Vi,mi = [az]

D™ g),. ) e = m!
( Jomtmattnma {O otherwise.
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It follows that

(H(n)s)m,b = Z (D(n)5)0-[]+1-m1v~+n-mn

0 otherwise

B {n!~sm7b if #m =n

upon observing that if #m = n then the number of tuple (ai,...,a,) such that m =

[a1,...,an] is equal to % (using the class formula of group theory).

So, assuming that n! has a multiplicative inverse in R, %H(")s is the n-th homogeneous
component of s, and we have the Taylor formula

1 n
SZZHH( )s. (72)

This sum is well defined because R is complete. Taking R = B, we recover the Taylor
expansion in Rel (in B, the multiplicative inverse of n! =1 is 1).

As already mentionned, the notion of derivative in Rel(R) corresponds to the notion of
derivative of formal power series. More precisely, we can check that

ﬁ
— m+ [d])!
D(n)s(xv ula B 7un)b = %Smﬁ‘[?];bxmu}ll T uid : (73)
meMsin(|E|) @€|B| '
We will write this quantity s(™) (z)(u!,...,u™), because it corresponds to the entire function

given by the formal derivative of the formal power series given by s.
Remark 246. Taking s(1)(m,«)=5,, ., ad $(2)(m«) = Om [+« in Rel(R>0)(!1,1) as in Re-
mark 245, we have 5(1) = §(2), yet

id = HD (1) # HOs(2) = 0.
So the derivative Ds is very dependent on the coefficients of the formal power series given

by s, and is not determined at all by the induced function § (observe that s(1) = s(2) is not
even derivable at 0 in the sense of traditional real analysis). Again, the situation is much
more satisfying in probabilistic coherence spaces.

9.4.2 Differential and Taylor expansion in Rel(R) as an analytic structure

We now describe how this Taylor structure arises from an analytic coalgebra. The category
Rel(R) is a symmetric monoidal ¥-additive category, where the sum of (s* € Rel(R)(E, F))icr
is defined as the pointwise sum

<§ sl> :g Sab -
i€l /) gp i€l

Observe that when R = B, this sum coincides with the sum in Rel. By Theorem 238,
Rel(R) is a representably Y-summable category, and thus the following result holds.
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Theorem 247. Rel(R) is a Lafont representably X-additive category, thus it is a repre-
sentably analytic category.

The object DD is again the set of natural numbers. Its bimonoid structure and its analytic
coalgebra is given by the translation of the bimonoid structure and the analytic coalgebra
on D in Rel. The quantitative aspect of Rel(R) only arises when computing the induced
distributive law 0 = cur(0f) € Rel(R)(ISE,S!E) where 0y € Rel(R)(/(D — E) ® D, !E)

1S

I(D—E)®d
—_—

(D - E)®D (D - E)® D 25 (D — B) D) =25 1E.

One checks very easily that u? (/(D — E) ® d) has only 0 and 1 coefficients and is the
translation of the morphism p2 (!(D — E) ® 9) of Rel:

(12 (D — E) ® 9))(((i1,a1)s...s (i)l i)

1 lfq: [((ilaal)ajl)v'-'7((ikaak)7jk)]
= with j1,...,7k € Nsuch that j1 +---+jr =n

0 otherwise,

Now, ev € Rel(R)((D — E) ® D, E) is characterized by ev((; 4),j),6 = 0i,j0a,6 and hence if
levy,m # 0 with ¢ € Mga((N x E) x N) and m € Mg,(E), we must have m = [ay,. .., ay]
and ¢ = [((41,@1),1),- -, (%K, ar),ir)] for some k € N, a1,...,ax € |E| and 41,...,i; € N.
For such multisets m and ¢, the set L(g, m) has exactly one element r € Mg, ((N x |E]) x
N) x |E|) such that ev” # 0, namely r = [(((i1,a1),%1),a1),- .., (((ik, ak), %), ar)], and we
have therefore

[T = T
r weip] [Lienp(i,a)  p!

where p € Mg, (N x |E|) is defined by p(i,a) = ¢((i,a),7) = r(((4,a),),a). It follows that,
for p € Man(N x |E|), n € Nand m = [aq,...,ar] € Man(|E|), we have

B 7;—!! if p=1[(i1,a1),..., (ix,ax)] with i1 +--- 4+ i =n
Py(rsm) = 0  otherwise.

This is a quantitative counterpart of the distributive law in Rel.

Remark 248. 1t is interesting, and slightly puzzling, to observe that the numerical coefficients
associated with the computation of derivatives (the 42 in the derivative 42241 of 24?) are
generated, in the definition of 0, by the exponential combined with the evaluation map when
computing !ev — which by the way is a purely LL morphism, not using any differential
structure —, and not by the 0 morphism itself, which seems to be “the truly differential
part” of this definition.

It follows that the induced Taylor functor T : Rel(R); — Rel(R) maps a set E to the
set SE =N x F and a morphism s € Rel(R)i(E,Y) to t = T(s) € Rel(R)(SE,SY) given
by

[a1,...,ak]!
il,al), ey (ik,ak)]!

In particular, (T(s)!1)(a,....an,n = On.kS[ay,....aux]b SO Tn T(s) 1 is the n-th homogeneous
component of s. It follows from (9-analytic) that whenever the numbers n! have multiplica-
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tive inverses,

s=o0Tsly = ZﬂnT(S) Iy = Z %H(")s (74)
neN neN

so Eq. (72) boils down to (9-analytic) (we did Taylor expansion at 0 for the sake of concise-
ness, but we could do a Taylor expansion at any point in a similar way).
Remark 249. A key property of our Taylor expansion is that it structuraly quotient the usual
n-th derivative by the right coefficient, as crucially used in Eq. (74). In particular, it is quite
remarkable that our theory of analytic categories and analytic structure does not require n!
to have a multiplicative inverse, in contrast to the Taylor formula given by Eq. (72). For
example, Rel(N) is a representably analytic category, although it is not usually considered
to be a model of syntactical Taylor expansion.

—

We give now an explicit formula for T(s) : R%® — R5Y and we show that this func-
tion coincides with the intuitive formula given in Section 5.1. Notice that a multiset
p = [(i1,a1),..., (ik,ar)] can be written in a unique way p = j1 - mq + -+ + j; - my (re-
call the notation of Section 9.1), where j; < -+ < j; € N and (m; € M7 (|E|))._; are such
that my +---+m; =m = [ay,...,ax]. The condition that the m;’s are non-empty is crucial
for this enumeration to be bijective: the only way to get p = [] is by choosing I = 0. It
follows that the associated function 'F(z) : RSE — RSY satisfies, for each 7 € R3F and
(n,b) € SY

T (@ s =, Y > M0 (77E) S+t w2 (1) - ()™

=0 F{GMZ,,(IEI)Z J1<--<jieN
Ji#Emate -+ a#EmI=n

(75)
where we recall that mn(7) = % € Nis the multinomial coefficient of the sequence
7t of multisets.

Example 250. For example, for n = 0, there are two ways to fulfill the condition j;#mq +
<o 4 Ji#Fm; = n: either with [ = 0, or with [ = 1 and j; = 0, and then m; can be any
element of M (|E|). Therefore, we have

TE (@)oo =0+ Y. smpa(0)™ = 3((0))s

meM (|E|)

so that T/(;) (Z)(0) = 5(x(0)). This equation corresponds to the axiom (d-local).
Theorem 251. For alln € Nt

@)=Y 3 3 L st (o) @)™ 7))o
k

. _ 15, n:!
=0T e(Nt)k 0<ii<--<ix€N i=1 T
nii1+-+ngig=n

nx
where T is the list of repeated arguments,..., 2.

It follows from the right-hand expression above that

WTE(@) = S s (w(0) @)™, 2 )

m)!
meM(n)

where M(n) = {m € Mg,(N*)|> ;- im(i) = n} upon identifying a pair (_z>, ) €
N¥ x (N*)¥ such that 0 < i1 < - -+ < iy with the element m of Mg, (NT) such that supp(m) =
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{#1,...,ik}, which maps i, to n; for j = 1,..., k. This corresponds to Equation (30) given
in Section 5.1 and corresponds to a compositional formulation of Taylor expansion, thanks
to the Faa di Bruno formula. In particular, we recover all the terms of the usual Taylor
expansion by taking

—

T(s)(x,u,0,0,...) = (l's/("\)(:v)(ﬂ"))neN .

n.

Proof. Let v be the right-hand expression in the statement of the theorem, we have by
Eq. (73)

1
v = E E ‘ 2: Hk ;! Z
k=0 HeM+)k 0<iy<--<ireN Lli=1" e me, (1B))
nii1+-+nEip=n

+dng
(m+[@))! Moo, TT e b -
Z Tsmﬂﬁ],bx(o)m H 2(i1)a, H z(iz)a, - H 2 (ik)a,
de|E|mt g ’ j=1 Jj=ni+1 Jj=nit-Ang_1+1

oo
1
-3 Y oot ¥
k=0 ReN+)k 0<ip<--<ireN Lli=1T" ey, (1E)
niii+-Angig=n

Z (m+my+---+my)!

k
. . n
m! S+ bT(0) " T (i1) ™ < (i)™ U mzzl

meMen(|E)*
(F#mi=ni)i_,
because 7“7 is the number of enumerations of the elements of m; (taking multiplicities into

account). So by simplification of the H -, n;! and definition of mn(m , ) we have

U—Z 2 2. by

e(Nt)k 0<i1<-<ix€N meMigy,(|E|)
niii+-Angig=n

Z M (1, ) Sy ooy, 58 (0) ™2 (i)™ - - 2y, ) ™
meMn (| E))"
(#mi:ni)i?:l

This sum is the same as T/(;)(7)nb given in Eq. (75) up to a straightforward reindexing as
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we show now:

v = Z Z Z Z mn(m, m)sm+m1+...+mkybx(o)mx(il)ml e

= + 3 g
Bk Lo b

+Z Z Z mn([]?m)8m1+"'+mk7bx(il)ml o 'x(ik)mk

k:Om + ﬁk 0<i1<---<i €N
M) iyt oot fmin=n

=>. 2 >, M (7)1 (1) -~ (i)™
=

Lmemt (B #1=0<ix<--<i €N
() #myir+-+#mpi=n

> D > M0 (78S g b (81) ™0 - - (i)™

k:Om MT ﬁz 0<i) <<t €N
€ f‘n( ) #Hmit1+-- -+ HmEir=n

=T(s)(@)np O

10 Examples of representably analytic categories with
partial sums

We have shown that Taylor expansion in Rel and Rel(R) boils down to a representably
analytic structure, suggesting that the theory of Taylor expansion developed in this article
is a generalization of the existing one and provides structural insights on Taylor expansion.
We now exhibit a similar structure in multiple models of LL. which are not even differential
categories, suggestion that this new theory of Taylor expansion is much more general than
the existing one.

Remark 252. All of the examples considered are web based models of LL, and can be con-
sidered seen as refinements of Rel and Rel(R) by adding coherence (or quantitative) con-
straints. As such, their analytic structure is the same as the one in Rel and Rel(R). For
now, we do not know examples of analytic category which are not of this kind. This requires
further investigations. A good candidate would be the category of inegrable cones, recently
introduced in [EG22].

10.1 'Weak coherence spaces

Our first example is based on a notion of coherence space introduced in [Lam95] and which
also arise naturally in the setting of Indexed Linear Logic in [BEO1]. The nice feature of
this model, from the point of view of coherent differentiation, is that it has a non-trivial
and very simple notion of summability.

Definition 253. A weak coherence space (WCS) is a structure E = (|E|, ~g) where |E| is
a set and ~pg is a binary symmetric relation on |E|.

The main difference with respect to the ordinary coherence spaces of Section 10.2 is that
in a WCS two elements of | E| can only be strictly coherent or strictly incoherent, whereas in
ordinary coherence spaces there is a third possibility which occurs when the two points are
equal. This “ternary” coherence setting is generalized in the non-uniform coherence spaces
of Section 10.3.

Definition 254. A cliqgue of a weak coherence space E is a subset x of |E| such that
Va,a' € X a ~g a’. We use CI(E) for the set of all cliques of E.
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Definition 255. If E and F are WCS, we define a WCS E — F by |E — F| = |E| X |F|
and (a,b) ~gop (a',0)ifa~ga =b~pb.

Obviously idg = {(a,a) | a € |E|} € Cl(E — E) andifs € CI(E — F)and t € CI(F — G)
then the relational composition ¢ s belongs to CI(E — G).
Definition 256. The category Wes has the WCS as objects, and Wes(E, F) = CI(E — F),
with identities defined as diagonal relations and composition as relational composition.
Definition 257. The dual of E is E*, the WCS whose web is |E| and a ~p1 @’ if ~(a ~g a’)
(and then we also write a —g a’).

The WCS 1 is defined by |1]| = {*} and * ~1 *. So that Cl(1) = {0, {*}}. Then one define
1 =1+ so that | 1| = {}, with x — * so that CI(L) = {@}. Observe that weak coherence
spaces are not isomixz, the objects 1. and 1 are not isomorphic. This contrasts with the
coherence spaces of Section 10.2 and the non uniform coherence spaces of Section 10.3.

If By and E; are WCS, we set By ® Ey = (E; — Ey)*, that is (a1,a2) ~g,08, (a},ad))
if a; ~g, a} for i =1,2.

Lemma 258. If (Sz S WCS(EZ',FZ'))Z':LQ then s1 ® s9 C |E1 X E2| X |F1 X F2| deﬁned by
s1 ® s2 = {((a1,a2), (b1,b02)) | (ai,b;) € s; fori = 1,2} belongs to Wes(Fy @ FEa, F1 ® F).
The operation @ defined in that way is a functor Wes? — Wes.

The proof is straightforward. This bifunctor, together with its neutral element 1, turns
Woecs into an symmetric monoidal category, by taking the same coherence isomorphisms as
the ones in Rel. This symmetric monoidal category is closed, with internal hom of E and
F' the pair (F — F,ev) taken as in Rel, that is,

ev={(((a,b),a),b) | a € |E| and b € |F|}.

Let us check that ev € Wes((E — F) ® E,F), so let a,a’ € |E| and b,V € |F| with
((a;0),a) ~(g—ryge ((a’,b'),a’). This implies a ~g a' and also (a,b) ~g.r (a’,0).
Therefore, we have b ~p b’ as required. The transpose of s € Wes(G ® E| F) is the same
as the one in Rel,

cur(s) = {(c, (a,0)) | ((c,a),b) € s} € Wes(G,E — F).

It follows that the symmetric monoidal closed category Wes is x-autonomous, with 1 as
dualizing object, because Rel is. The isomorphism cur(evyg_o1 ) € L(E,(F — 1) — 1)
can also be expressed more simply by observing that there is a simple iso in Wes(E —o
1, E1), namely the relation {((a,*),a) | a € |E|} which is actually a bijection from |E —o 1|
to |EL|.

The category Wes is cartesian. If (F;);cr is a family of such objects, then we define
&ier E; as the WCS whose web is | &;er Ei| = ;¢ 17} % | Ei| and whose coherence relation
is defined by saying that (i,a) ~g,., g, (i',a’) if i =i’ = a ~g, a/. Indeed, the projections
in Rel

(pi ={((i;a),a) | i € I and a € |Ej|})ies

satisfy p; € Wes(&jer E;, E;). The tupling is the same as the tupling in Rel: for any
family (s; € Wes(F, E;));cr there is exactly one morphism (s;);e; € Wes(F, &;¢c1 F;) such
that Vj € I p; (si)icr = sj, namely

(si)ier = {(b, (i,a)) | i € I and (b,a) € s;}

so the p;’s are the projections of this cartesian product.
By #-autonomy, the category Wes is also cocartesian with coproduct @, ; £; = (&ier Ef)*

whose web is |, ; Fi| = U;c;{i} x |E:| and coherence is given by (i, a) D, E (7', a")

109



if i =4 and a ~g, a’. The corresponding injections are (p, = {(a, (i,a)) | i € [ and a €
|Eil} € Wes(Ei, e s Ej))ier-

In the special case where I = (3, the product of the empty family is the terminal object
T = (0,0) and the coproduct of the empty family is the initial object 0 = (0,0) = T.
Theorem 259. The symmetric monoidal category Wes is a Lafont category.

Let us describe the free ressource modality. This modality is similar to the one of Rel.
The object |E is defined as |'E| = Mg, (|E|) and m ~g m' if a ~g o’ for all a € m and
a em'. If s€ Wes(E, F) then

Is = {([a1,.--,an],[b1,.-.,bn]) | m € N and ((a;,b;) € s)i_1}

and one checks easily that !s € Wes(1E|!F): let (m,p), (m/,p’) € s, we must prove that
(m,p) ~ig—otr (M, p'), so assume that m ~ g m’ and let us prove that p ~p p’. Let b € p
and b’ € p’. There are a € m and ¢’ € m’ such that (a,b), (a/,0’) € s. We have a ~g o’ and
(a,b) ~g—or (a/,V') and hence b ~p b'.

The counit and comultiplication of the comonad are the same as in Rel,

derp = {([a],a) | a € |E|}
digg = {(m1+ - +mp,[m1,...,my]) | n € Nand (m; € May(|E|))i,}.

It is obvious that derg € L(1E, E), let us check that digy € L(IE,'E) so let (m, M), (m/, M) €
digp and assume that m ~ g m’, we must prove that M ~ g M’. Let p € M and p' € M’
so that m = p + m; and m’ = p’ + m) for some multisets m, and mj. Since m ~ g m’ we
have p ~g p'.

The Seely isomorphisms are also the same as the ones of Rel, m® = {(x,[])} and
m2E1,E2 = {((mlamQ)vl -mp + 2- mQ) | (mlamQ) S |'E1| X |'E1|}

where i - [a1,...,a,] = [(i,a1),...,(i,a,)]. We have m® € £(1,!T) because [] ~ 7 [], and
m? is an iso because * ~; *. The fact that the relation ngl,EQ is a bijection is obvious, and
it is easy to check that it is an isomorphism in Wes(1Ey ® |Eg, [(Ey & E2)). Assume for
instance that (my,ma) ~ig,eE, (M}, m5) and let us prove that

p:1-m1+2-m2A!(E1&E2)p’=1-m’1+2-m’2

so let (i,¢) € p and (/,¢) € p/, one must check that (i,¢) ~p,em, (V/,¢), so assume that
i =14'. Then, by definition of p and p’ we have ¢ € m; and ¢/ € m} and hence ¢ ~g, ¢'.

The induced symmetric lax monoidal structure (u°, u?) coincides with the one of Rel.
Remark 260. Although formally similar to Girard’s coherence spaces [Gir87], WCS have
quite different properties and are closer to Scott semantics based on cpo’s and continuous
functions, see [Sco76, Plo77], than to Berry stable semantics, see [Ber78]. As an example,
representing the type of booleans by 1@ 1, whose web is {tt, ff} with tt = (1, x) and ff = (2, %)
and whose coherence relation is given by tt ~1g1 tt, ff ~141 ff, and tt w141 ff, we can define
a “parallel or” morphism

por = {(([tt], [1), tt), (([], [tt]), tt), (([FF], [fF]), fF)} € Wes(l(1@ D) @ (1@ 1),1a1))

which is a clique because tt ~1g1 tt. So WCS are compatible with this form of non-
determinism (there is no deterministic implementation of this por morphism), and never-
theless implement a non-trivial form of coherence since for instance {tt,ff} ¢ Cl(1& 1) =

{0, {et}, {ff}}.
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The category Wes has zero morphisms: take Og p = () € Wes(E, F). This morphism is
also absorbing for the monoidal product. The object D = &;en 1 can be described as follows
(up to trivial iso): |D| = N and Vi,j € N i ~p j. The injections 7; € Wces(1,D) are easy to
describe: T; = {(*,7)}.

Notice that the resource modality is easily checked to be finitary in the sense of Defini-
tion 227 so that we know that deg € Wes(!1,D) is an isomorphism by Theorem 228. This
can also be checked directly: [11] = {k[*] | £ € N} ~ N and we have k[x] ~11 &'[+] for all
k, k" € N since * ~p *.

Theorem 261. Wcs is a representably S-additive category. A family (s € Wes(E, F))aca

is summable if | J,c 4 50 € CE — F), and then Y c 4 Sa = Ugca Sa-

Proof. Tt is very direct to check that the sum described above is a YX-monoid, using the
fact that the subset of a clique is also a clique. Then Wecs satisfies (RS-mon) because the
0 of the X-additive structure described above is exactly the zero-morphism 0 = ). Since
Wes is a symmetric monoidal closed category, (RS-epi) amounts by Remark 191 to saying
that the 7;’s are jointly epic which is obvious since, given s € Wes(D, E) we clearly have
s ={(i,a) | sT; # 0}.

We show that Wes satisfies (RS-sum). Assume that § = (s; € Wes(E, F))sey is such
that there exists t € Wes(E @ D, F) such that

si=t(E@7)p t ={(a,b) € |E — F|| ((a,i),b) € t}.

If this is the case then, given (a,b) € s; and (a’,V’) € sy, if a ~g ' then (a,i) ~pgp (a’,)
and hence b ~p . Tt follows that (J,c si € Wes(E, F) and we have

(t(E®A)pY) = {(@b)| i (ai)b) ety =] s

ieN

Conversely, if | J;cy 5: € Wes(E, F) then

t ={((a,4),b) | i € N and (a,b) € s;} € Wes(EQD, F).
Indeed, if ((a,4),b), ((¢',4),b") € t and (a,i) ~ggp (¢',i) then a ~g o’ and (a,b), (¢’,V') €
Uien 8i s0 b ~p b'. And then, we have s; = ¢ (E ® 7;) p~! for each i € N. Thus, Wcs
satisfies (RS-sum).
Finally, we show that Wcs satisfies (RS-witness). By Lemma 44, it suffices to show that

(RS-witness) holds on N-indexed families. Let & = (t; € Wes(E ®D, F));en be a N-indexed
family such that the family (¢; (X ® 7;) p~')(i,j)enz is summable, that is

t=|J ti(Eew)p " ={(ab)]3ijeN ((aj))b) € t:} € Wes(E, F),

i,jEN

we contend that ¢ is summable. This amounts to proving that v € Wes(E@ D@ D, F)
where u = {((a,4,7),b) | ((a,7),b) € t;} since then we will have

for all 4 € N. If ((a,4,j),b),((d/,7,5),b") € uw and (a,%,j) ~Eepep (¢’,7',j") then a ~g a’,

and we have ((a,7),b) € t; and ((a’,5'),b") € ti and hence (a,b), (a’,b’) € t so that b ~p b'.
It follows that u € Wes(E @D ® D, F). O
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We describe the associated functor S = (D — ) : Wes — Wes. First, SE has N x |E]
as web, and (i,a) ~sg (i,a') iff a ~g o/. Tt follows that we have the following order
isomorphism

CSE) ~ {2 e [JCU(E)) | | =i € CU(E)}

€N i€N

and we have m; = {(({,a),a) | @ € |E|} and 0 = {(({,a),a) | i € Nand a € |E|}. Given
s € Wes(E, F), we have S(s) = {((4,a), (i,b)) | ¢ € N and (a,b) € s}.

Remark 262. The action of S on morphisms is the same as the functor S on Rel. The
key difference lies in the action on object, which is neither the product, SE # &;cn E, nor
the coproduct, SE # @,y E. Recall that the product &;cn E and the coproduct @,y E
have the same web, but not the same coherence relation, we have (i,a) ~g,.y £ (J,b) if
t=j=a~gb,and (i,a) D, E (j,b) if i = j and @ ~g b, Observe that SF sits between
the coproduct and the product, in the sense that

(iv a) “Dien E (ju b) = (iv a) SE (ilv a/) = (iv a) &ien B (]7 b)'

so the graphs of the identity maps provide a morphism in Wes(D, . £, SE) and a morphism
in Wes(SE, &;en E)

The functor S has a bimonad structure induced by the bimonoid structure of D as shown
in Figure 4. Both the bimonoid D and the bimonad S are defined as in Rel, because the
cartesian symmetric monoidal structure of Wes and Rel are the same, and the sums in

Woes are equal (when defined) to the sum in Rel.

ieN

By Theorem 233, D has an analytic coalgebra, that is, a !-coalgebra structure o €
Wes(D, D). This analytic coalgebra coincides with the analytic coalgebra of Rel. As
seen in Corollary 222, this coalgebra structure induces the distributive law 0 = cur(9%) €
Wes(ISE, S!E), which in turn induces the functor T : Wes) — Wes; that extends S to the
coKleisli category Wces;. Again, they are defined as in Rel. So we just proved the following
result.

Theorem 263. Wcs is a Lafont representably analytic category. The induced analytic
structure is the same as in Rel.

10.2 Girard’s coherence spaces

Just as in [Ehr23b], one can show that the usual Girard’s coherence spaces (CS) have an
analytic coalgebra. Remember that such a coherence space is a pair E = (|E|,<g) where
|E| is a set (the web) and g is a binary, reflexive and symmetric relation on |E|. A clique
of E is a subset z of |E| such that Va,a’ € x a < o’. Given CS E and F, one defines a CS
E — F by |E — F| and (a,b) cg-op (d/,V)ifacgd = (bcpb and b=V = a=d),
and the category Coh has CS as objects, and Coh(FE, F') = CI(E — F), identity morphisms
and composition being defined as in Rel.

The category Coh is doubtlessly one of the most popular model of LL, and is a Lafont cat-
egory with !E defined as follows: |'E| = {[a1,...,a,] | » € N and {a1,...,a,} € CI(E)}*!,
see [MTTO09]. This is a major difference between all the other models presented in this
section, where |!E| = Mg, (|E|): one often says that the CS exponential is uniform, whereas
the exponentials of the other models are non-uniform. As far as we know, it is not possible
to equip the category Coh with a non-uniform exponential. One has also to be careful with

21 There is also an exponential whose webs are sets instead of multisets, but this one is not free.
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the definition of the action of this functor on morphisms: given s € Coh(F, F'), one takes
Is={([a1,.--,ak],[b1,--.,bk]) | k €N, {a1,...,a;} € CI(E) and (a;,b;) € s for all i}.

The object of degrees D satisfies |[D| = N and Vi,j € N ¢ ©p j. Therefore, SE satisfies
ISE| = N x |E| with (i,a) csg (i',ad') if a cgp o’ and i # i = a # o'. Tt follows that

CISE) ~ {2 € QB | | i € CU(E) and i # j = 2; Na; = 0}
ieN
Theorem 264. Coh is a Lafont representably %-summable category, thus it is a repre-

sentably analytic category. A family (s, € COh(E, F))qca is summable if the s, are pairwise
disjoint, and if their union is a clique. Their sum is given by the union.

Proof. The proof is similar to the proof in Section 10.1 for Wes. o
The canonical analytic coalgebra is
d={(nlir,.,ix)) € Nx Mau(N) | k € Nand i1 + -+ + i), = n}..

This is the same as the one in Rel and Wes, because |!D| = Mg, (D) (this is a consequence
of the fact that ¢ <p j for all ¢, j € [D|). This is not the case of the induced Taylor functor T :
Coh; — Coh; that maps a CS E to SE, and if s € Coh(E, F) then T(s) € Coh(SE,SF)
is given by

T(S) = {([(ilval)v s (ikvak)]a (n7b>) | ke Nv
{(i1,a1), ..., (ix,ar)} € CI(SE), i1 +---+ixr =n and ([a1,...,ax],b) € s}.

So if s = {([a,a],b)} is a simple “quadratic” morphism, for having {(i1,a), (i2,a)} € SE,
we need i; = 75. It follows that

T(s) = {([(4; ), (3, 0)], (24,0)) | i € N}

wherease in Wces and Rel we had T(s) = {([(i1, a), (i2,a)], (i1 + i2,D)) | 41,i2 € N}. The
precise meaning of this difference between the actions of the T functor in the uniform setting
of coherence spaces and in the non-uniform one of WCS has still to be fully understood.

10.3 Nonuniform coherence spaces

Formally, nonuniform coherence spaces (NUCS) can be considered as a refinement of WCS,
but they have quite different properties, being much closer to Girard’s coherence spaces and
to the stable semantics. In particular the relation por of Remark 260 is rejected by NUCS.
We refer to [Ehr23b], Section 6.1 for a detailed presentation of NUCS, we just recall the
basic definitions.
Definition 265. ([BE01]) A non-uniform coherence space (NUCS) is a tuple E = (|E|, ~g
,~g) where

(1) |E] is a set called the web of FE;

(2) ~pg (strict coherence) and — g (strict incoherence) are disjoint binary symmetric rela-

tions on |E|.

The relation =g = |E|? \ (~g U~g) (which is also symmetric) is called neutrality and the
large coherence and incoherence relations are defined as cp = ~pU=g and < = v gU=p.
A clique of a NUCS FE is a subset x of |E| such that Va,a’ € x a ©g o/, and we use CI(E)
for the set of all cliques of E.
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The dual of a NUCS E is E+ = (|E|,~g,~g) and one defines E — F by stipulating
that |E — F| = |E| x |F| and by providing the large coherence relation and the neutrality:
(a,b) =p—or (@/,b) ifa=gd and b= V', and (a,b) cp_or (a’,V) if

acpd = (bopb andb=gb =a=gd).

Then the category Nucs has the NUCS as objects and Nucs(E, F) = CI(E — F),
identity morphisms and composition being defined as in the category Rel. The definition
of the symmetric monoidal closed structure of Nucs is completely similar to that of Rel
as well as the proof that the category Nucs (with dualizing object L =1 = (x,0,0)) is -
autonomous and cartesian. Notice here that there is an important difference between Nucs
and Wcs: Nucs is isomiz (see [CS97]), meaning that 1 ~ 1| whereas Wes is not. Explicitly,
the cartesian product in Nucs is given by the web |&;er Ei| = [J;c;{i} x |Es|, the strict
coherence (i,a) ~g,., x; (i',a') if i =i’ = a ~x, a’ and the neutrality (i,a) =¢,., x, (i',a)
ifi=14anda=x, d.

As shown in [Boull], the symetric monoidal category Nucs is a Lafont category, the

induced resource modality is (p, der, dig,m?, m?) where |l,E| = Mgn(|E|) and m <, g m’
if Va € mVa’ € m' a cg o/ and m =,g m’ if m cg m' and m = [a1,...,a,] and
m' =[a'1,...,a',] with a; =g a for i = 1,...,n. The morphisms der, dig, m" and m? are
defined as in Rel and Wes.
Theorem 266. Nucs is a Lafont representably X-additive category, thus it is a repre-
sentably analytic category. A family (s; € Nucs(E, F));cr is summable if their union is a
clique, and if for alli # j, if (a,b) € s; and (a’, V') € s;, then (a,b) ~g—op (a',V). The sum
is defined as the union.

Proof. The proof is similar to the proof in Section 10.1 for Wcs. O

The object D has web |D| = N, coherence i <p j for all 4,5 € N, and neutrality i =p
j if i = j. The induced functor S : Nucs — Nuecs is such that |[SE| = N x |E| and
(i,a) ~sg (i',a’) if a ~g @’ and (i,a) =sg (¢/,a') if i =4’ and a =g o’. This functor acts on
morphisms exactly as in the setting of Rel and Wes, but observe that again SE # &;en E
and SE # @,cy. The analytic coalgebra and the analytic structure that follows are the
same as the ones in Wes and Rel.
Remark 267. For instance, for a family (z; € CI(1));en to be summable, we need all the =;
to be empty but possibly for one (which is then equal to {*}). This is very similar to the
uniformity properties observed in the syntactical Taylor expansion.

One interesting feature of Nucs is that it admits another resource modality !,e whose
structure morphisms der, dig, m® and m? are, again, defined as in Rel. This exponential
was actually the first one discovered for NUCS because it arises naturally in the setting of
Indexed Linear Logic, see [BEO1] where NUCS were introduced as a particular example of
denotational models based on phase semantics. One has |lh F| = Mg, (|F|) and, given m =
[a1,...,an],m = [ant1,...,a], one has m <, g m' if Vi,j € {1,...,k} i # j = a; g a,
and m ~, gm if moy,gm and I € {1,...,k}Vje{l,....k} i #j=a; ~g q;.

Let us describe lpel: we have |lpel| = {i[*] | i € N} @ N. Next 0 ~,.1 1 and i =), j as
soon as i + j # 1. But D is characterized by |D| = N and ¢ =p ¢ and ¢ ~p j when i # j,
and therefore D and !,e1 are not isomorphic, and since !, is easily seen to be finitary, the
only possibility is that this resource modality !,e has no analytic coalgebra 0 and thus no
analytic structure 0.

Remark 268. On the other hand, setting Do = 1 & 1, it is not hard to check that we have a
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coalgebra structure 6 € Nucs(Ds, lheD2) given by
0= {(Z,[’Ll,,lk]) | 1381y ..., 0k € {0,1} andz:zl—l——i-zk}

so that Nucs, equipped with the !, resource modality, is a representable model of coherent
differentiation in the sense of [Ehr23b].

We just proved the following results.
Theorem 269. There are representably coherent differential categories®® which are not
representably analytic.

We conjecture on the other hand that under mild assumption (the existence of a binary
summabibility structure), any analytic structure induces a coherent differential structure.
This coherent differential structure should be associated in the representable case with the
following coalgebra

D, (po,P1,0,...) D—25 D (po,p1) D,

10.4 Probabilistic coherence spaces

The last example is the category of probabilistic coherence spaces of [DE11b]. In some sense,
Pcoh is to Rel(R>() what Wes, Coh and Nucs are for Rel. It is a fully abstract model
of a probabilistic PCF, see [ETP14], and the model in which coherent differentiation was
first discovered, see [Ehr22].

. ——A —
Given an at most countable set A and u,u’ € R>o ™, we set (u | u') =3 . 4 uquj € R>g

where R>¢ is the completed half real line. Given P C RZOA, we define P+ C RZOA as
L P ’
P-={ueRsy |[VueP (u|u)<1}.

Observe that if P satisfies Va € Adz € P x5, > 0 and Va € A3dm € R>oVx € P z, < m then
Pt ¢ RIZO and P satisfies the same two properties that we call local boundedness which
can also be rephrased as

Vae A 0<supz, < 0.
xEP

Definition 270. A probabilistic pre-coherence space (pre-PCS) is a pair X = (| X, PX)
where | X| is an at most countable set and PX C R—ZO‘XI satisfies PX++ = PX. A proba-
bilistic coherence space (PCS) is a pre-PCS X such that PX is locally bounded.

Example 271. The pairs AY = (A,P(A)) where P(4) = {z € Réo | D acaTa < 1} is the
set of sub probability distributions on A is a PCS, hence the name probabilistic coherence
space. However, a PCS is not always a set of subprobability distributions, especially when
going at higher order.

We can define the pointwise order on R‘;‘O for any set A: for any u,v € R‘;‘O, u < v if for
all a € A, ug < v,. Observe that if u < v then for all v’ € R4, (u]u) < (v | u'), whence
the following result.

Lemma 272. For any v € PX and u € R‘;}BI, if u<wv then u € PX.
Given a PCS X and x € PX we set ||z||x = sup,epxs(z | 2') € [0,1]. This operation

obeys the usual properties of a norm: ||z|| = 0 = = = 0, ||zg + z1]| < ||zo|| + ||z1] and
[IAz|| = A||z| for all X € [0, 1].

22Those are called differential elementary summable categories in [Ehr23b].
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. = . ——AxB . .
We recall some notations from Rel(R>). Given t € R>q " considered as a matrix and
A —B
uw € R>o , wedefine t-u € Rsg by (t-u)y = > ,cataple (usual formula for applying a
. . ——BxC ——AxC .
matrix to a vector), and if s € R>g “™ we define the product st € R>g “ of the matrix
sand t by (st)g,.c = ZbeB ta,bSh,c. This is an associative operation.

Let X and Y be PCSs, a morphism from X to Y is a matrix t € R%IXIY\ such that
Ve € PX t-x € PY. It is clear that the identity (diagonal) matrix is a morphism from X
to X and that the matrix product of two morphisms is a morphism and therefore, PCSs
equipped with this notion of morphism form a category Pcoh.

The condition ¢ € Pcoh(X,Y) is equivalent to
Ve € PX,Vy e PY: (t-x|y) <1

and observe that (t-x | y') = (t | x ® y') where (£ @ ¥')(a,p) = Zay,. We define

X Y =(X|x[V],{teRE ™ |vz e PX t-z € PY})

this is a pre-PCS by this observation, and checking that it is indeed a PCS is easy.
Ezample 273. For example, if X = (E,P(E)) and Y = (F,P(F)) as given in Example 271,
then X — Y is the set of sub-stochastic matrices. In particular, X — Y is not a set of
sub-probability distributions.

We define then X ® Y = (X —o Y1)+, this is a PCS which satisfies
PX®Z)={r®z|x€PX and z € PZ}*+

where (2 ® 2)(a,c) = TaZe-

Lemma 274 ([DE11al). For any PCS X1,X5,Y and s € RL)%@&%Y‘, if for all uy € PXq,
Uo € PXQ, S - (u1 ®UQ) c PY, then s € PCOh(Xl ®X2,Y)._

Then it is easy to see that we have equipped in that way the category Pcoh with a
symmetric monoidal structure for which it is *-autonomous with the dualizing object L =
1 = ({*},[0,1]), which coincides with the unit of ®. This structure is exactly the same as the
one in Rel(R>(). The x-autonomy follows easily from the observation that (X —o 1)~ X*.

The category Pcoh is cartesian: if (X;) e is an at most countable family of PCSs, then
the cartesian product of the X;’s is given by (&;er X, (pi)icr) with | &ier Xi| = U, {1}
|Xi|a
lifi=kanda=a

(pi)(k,a),a/ = {

ier Xil

0 otherwise

and for any x € RL&S we have © € P(&;ecri € IX;) if p; -z € PX; for each i € I.
Given (t; € Pcoh(Y, X;))cr, the unique morphism ¢ = (t;);c; € Pcoh(Y,&;c; X;) such
that p;t =t; is simply defined by

to,(ia) = (ti)a,b -

The dual operation €9, ; X;, which is a coproduct, is characterized by | @, ; Xi| = U, {7} x
|X1| and x € P(®i61 Xz) ifx e P(&iel Xz) and

> lpi-zllx, < 1.

iel
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For example, the coproduct @, 4 1 corresponds to A® the PCS of subprobability distri-
butions on A given in Example 271.

As to the exponentials one sets [!X| = Mg, (| X]) and P(1X) = {2' | # € PX}++ where,
given m € Mg (|X1), 27, = 2™ =[] ¢ x| 27®) | Using the same construction as in Rel(R),
a morphism ¢ € Pcoh(!X7 Y) =P(!X —Y) induces a function

t:PX — PY

z+—t- 2 that is, ({(z) Z by p2™
me|lX|

A function f : PX — PY such that f = ¢ for some ¢ € Pcoh(!X,Y) is called entire, see
[DE11a]. The crucial difference with Rel(R) is that this construction is now a bijection
between morphisms and entire functions.

Theorem 275 ([DEL1al]). The following assertions hold.

(1) Lett e R“X%Yl One has t € Pcoh(!X,Y) iff for all v € PX one has t-z' € PY.
(2) If s,t € Pcoh(!X,Y) satisfy s-a' =t-a' for all x € PX then s =t.

Consequently, the construction tAgiven above induces a bijection between Pcoh(!X,Y) and
the entire functions from PX to PY.

Proof. The proof of (2) uses crucially the local boundedness property of PCSs, which is why
the proof does not carry to Rel(R). O

The next two lemmas follow from Theorem 275 by induction and monoidal closedness.
Lemma 276. Let t € R|>!)0(1®---®!kaY|. One hast € Pecoh(!X; ® --- ® !Xy, Y) iff for all
(z; € PX;)k | one hast- (2} ®---®a}) € PY.

Lemma 277. Ifs te Pcoh('Xl ®- @ Xy, Y) satisfy s- (4 @---@x)) =t () ®--@})
for all (z; € PX;)k_| then s =t.

Now given ¢t € Pcoh(X,Y), the morphism !¢ € Pcoh(!X,!Y) is defined using the same
equation as Rel(R), recall Eq. (71)

W= 3 [

reL(m,p)

where we recall that t" = [, ,c|x|x|v]| 7" The main feature of this definition is that

for all x € PX one has '/i(x) =!t.2' = (t-x)". This property fully characterizes !, thanks
to Theorem 275.

The comonad structure is defined as in Rel( ). That is, derx € RI X_OXI is given by

(derx)m,a = Om,[q SO that Vo € PX dery - 2 = x € PX and therefore derX e P(IX, X).

Similarly, one defines digy € RLY =" by

(digx ) (m,fm,cimn]) = Omyma e tmn

so that Yz € PX digy - ' = 2" and hence, again, digy € P(!X,!!X). We prove that
(!, der, dig) is indeed a comonad, using Theorem 275. For instance, let ¢t € P(X,Y’), we have

(digy 1) - 2! = digV - (t-2') = digy - (t - x)' = (¢ - 2)"

(Mtdigy) -2 =1t (digy - 2') =Wt - 2" = (1t - 2" = (¢t - )"
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which shows that dig is a natural transformation. As another example, we have

m

(dig!X digy) - o= diglX - 2=

(Idig  digx) - z = ldigx Lt = (digx ~x!)! = (3:”)! ="

and hence dig! X digy = !digy digx which is one of the required comonad commutations.
The others are proven similarly.
Remark 278. It follows from those equations that the construction ¢ is functorial: for all
t € Pcoh(E,F) and s € Pcoh(F,G), tos = to3s, where o is the composition in the
coKleisli category Pcoh;. So Pcoh, is isomorphic to a category of entire functions.

The Seely isomorphisms m® € Pcoh(1,!T) and m§(17X2 € Pcoh(1X; ® 1 X5, (X1 & X3))
are the same as in Rel(R>o) and are given by m® n=1 and

2 _
m((ml,mg),m) - 61'm1+2'm2;m

where, for a multiset m = [aq, ..., ar] we set i-m = [(i,a1),..., (4, ar)] as in Section 9.1. It
is obvious that m® is an iso. To check that m?,(l_w2 is a morphism we use Lemma 276: let
x; € PX; for i = 1,2, one has
m?Xl,X2 ’ (I|1 ®$'2) = <$1,$2>! € P'(Xl & XQ) .

Conversely, defining s € Rggl&xﬂ_o(!x@!xﬂ bY Sm,(m1,ms) = O1-my+2:ma,m We have s -
(x1,m2)" = 2} ® oY € P(1X; ®!Xy) for all 7; € PX; (i = 1,2), and hence s € Pcoh(!(X; &
X»), (!X ®!X3)). It is obvious that s is the inverse of m% , which is therefore an isomor-
phism in Pcoh. Proving that it is natural and that it satisfies all the required commutations
for turning Pcoh into a model of LL is routine (using crucially Lemma 277).

The induced lax monoidality 4% € Pcoh(I1X; ®- - @ !X, (X1 ® - -+ ® X},)) is the same as
in Rel(R) and is such that (1*)(n,. mgm = 1if m=[(al,...,a}),...,(al,...,a})] and
(m; = lal,....aM);, and (U*)(m, ... my),m = 0 otherwise.

R

Theorem 279. ([CEPT17]) The symetric monoidal category Pcoh is a Lafont category.

10.4.1 Representable analytic structure of Pcoh

The category Pcoh has zero-morphisms (we have the 0 matrix in Pcoh(X,Y") for any two
objects X and Y'). The object D = &;cn 1 can be described as |D| = N and

PD={zeRYy|VieNua; €0,1]}=[0,1]".

The morphisms (7; € Pcoh(1,D)),en are characterized by 7; - u = ue; for u € P1 = [0, 1],
where e; € PD is the element such that e;; = 1 and e; ; = 0 for j # 4. These morphisms
are jointly epic because, for any ¢t € Pcoh(D, X') and 2 € PD one has t -z = >, . zi(t - &;).
The morphism A is characterized by A - u = u(1,1,...).

Theorem 280. Pcoh is a Lafont representably X-additive category, thus it is a repre-
sentably analytic category. The sum is defined as in Rel(RZO),

<Z f(i)> = f(@)ap-
a,b

icl el

and (fi)ier is summable if this sum is in PY.
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Proof. The sum given above is a YX-monoid, this follows from the fact that the sum in
Rel(R>() is a ¥-monoid and that a PCS is downward closed (if z € PX and y < z then
y € PX). The zero of this sum is the zero matrix and coincides with the zero morphism of
Pcoh, and is absorbing for the monoidal product, so Pcoh satisfies (RS-mon). Furthermore,
(RS-epi) holds by Remark 191 and joint epicity of the 7;.

We show that Pcoh satisfies (RS-sum). Let (f(i))ien € Pcoh(X,Y)Y be a N-indexed
family. Define h € [(X ® D) — Y| = (|X| x N) x Y as h(q4)5 = f(i)a,p- Then

he (uy (A)ien) = Y Ni(f(0) -u) <Y f(i) - u

ieN ieN
So if (fi)ien is summable then for all u € P(X) we have > . f(i) - u 6 P(Y) and hence
h - (u, (Ni)ien) € P(Y) by the equation above. Thus, h € Pcoh(X ® D,Y). Then, by
definition of h, f(i) = h(X ® 7)) ® p~!. Conversely, if h € Pcoh(X @ D,Y) then for all

u € P(X),

> f@) - u=h-(u(1,1,...) €PY)

ieN
s0 (f(4))ien is summable. Thus, (f(i));en is summable if and only if it has a witness (given
by h defined above), and - (u, (1,1,...)) = (A (X @A) p~ 1) uso Y .o f(i) = h (X @A) p~?
and Pcoh satisfies (RS-sum).

Finally, we show that Pcoh satisfies (RS-witness). Let (s(i) € Pcoh(X ® D,Y));er be
an I-indexed family. Let f(i,5) = s(i) (X ® 7;) px'. Observe that f(i,5)as = 5(4)(as)b-
Assume that (f(7,7))(,j)erxn is summable. We want to prove that (s(i))ics is summable.
By Lemma 274, it suffices to prove that that for all u € PX and (\;);en € PD = [0,1]"

3 s(i) - (u@ (Ag)jen) € PY .

ieN
We have
D os()-waN)en) = > Auas@@pees =, Nf@i,)u< Y fli,j)uePY
i€l i€l,a€| X| i€l,jEN i€l,jEN
JENbEY |

so it follows by Lemma 272 that >, s(i) - (u® (A\i)ien) € PY, hence (s(i));es is summable.
O

Observe that |SX| = N x | X|. The action of S on morphism is the same as in Rel(Rx),
Sf is characterized by the equation (Sf) - (i,u) = (i, f - u). That is, (Sf)(,q),j,p) = 0i,jfab-
The difference with respect to Rel(ﬁzo) is that the object SX is not the cartesian product
&iGN X. Indeed

(SX)~{76PXN|Z yePX} #£P(X)N ~P(& X)

The bimonoid structure of D is identical to that of D in Rel(R>q), as well as the analytic
coalgebra 0 € Pcoh(D,!D), which is given by 0, i, .. i) = On,iy+.4i,- This coalgebra
structure induces the same distributive law 9 € Pcoh(!SX,S!X) as in Rel(R>(), which is
given by

p!
0 otherwise.

0,

{ﬂ! if p=[(ir,a1),.. ., (ik, ak)] with i1 + -~ +ip =n
ps(n;m) =
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The induced functor T : Pcoh; — Pcoh,, which maps a PCS X to SX has the same action
on morphism as the one in Rel(R>¢):: for any s € Pcohi(X,Y), T(s) € Pcoh(SX,SY) is
given by

[alv R a’k]!
T(8)[(i1,01)s0 s (i sa0)], (n3b) = Oryiy 4ot G

o)y G|

For any s € Pcoh(!X,Y), we introduce the n-th derivative of the formal power series
defined by s as in Rel(Rx),

%
— n m+ [a])! m
s (z)(ul, ... u") = Z Msmﬂmybx ub

m)
meMiin(|E|) @ €|E|*

d

aq

— =Y
Observe that s(™ is an entire function from (PX)"*! to R‘ZJ, but is not necessarily a

function from (PX)"*! to PY. Still, Theorem 251 ensures that for any n € N,

WTE@) = Y s (w(0) @)™, 2 )

m)!
meM(n)

nx
where Z' is the list of repeated arguments Z, .. ., £ and M(n) = {m € Mga(N*)[ 3, - m(i) i =

n}. By construction, Ts is an entire function from PSX to PSY. This implies the following
remarkable observation: the sum of all of the terms writen above is an element of PY'.

As we saw, we have in particular that

— —

T6)(@,,0,0,...) = (=50 (@)@),

n!
so although s(")(z)(u") is not necessarily in PY, we have 1;s(")(z)(@") € PY, and we even
have that the sum of these terms is in PY. This mean that the regular Taylor expansion
is perfectly compatible with the boundedness constraints of probabilistic coherence spaces,
even when the n-th derivatives themselves are not.

11 Conclusion

We have developed a theory of Taylor expansion in categories which are not necessarily
additive. The main motivations for this work are first that Taylor expansion has been
shown to be a useful tool in the analysis of functional programs, see for instance [BM20], and
second that most concrete denotational models of such languages (such as coherence spaces,
probabilistic coherence spaces etc.) feature only a partial addition of morphisms for the
very good reason that full additivity is incompatible with the determinism of computations.
For instance, the values tt and ff of the object of booleans should not be summable in a
deterministic model. In the very same line of idea, the uniformity of the Taylor expansion
observed in [ER0§| seems to be closely related to the summability constraints observed
in coherence spaces and non-uniform coherence spaces, and accounts syntactically for the
fundamental determinism of the A-calculus (Church-Rosser and Standardization theorems)
and of the execution of terms in the Krivine machine.

It turns out that all the categorical axiomatizations of denotational models which account
for the Taylor expansion of morphisms, and are most often based on differential LL, make
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the assumption that homsets are monoids where infinite summations are possible for the
obvious reason that infinite summations are an essential ingredient of Taylor expansion.
We have shown in this paper that this strong form of additivity is not a fatality: Taylor
expansion can also exist in settings where only a partial version of (finite and infinite)
addition is available.

Differentiation was already accommodated in such partially additive categories in [Ehr23b]
and the approach developed here follows a similar pattern. One main difference is that we
had to develop a more subtle notion of infinitary (countable) summability. Beyond this main
difference, the resulting theory of coherent Taylor expansion is strikingly similar to that of
coherent differentiation — and not essentially more complicated —, with one additional nice
feature: the resulting Taylor functor is not only a monad (just as the tangent functor in
the tangent categories of [Ros84]) but also a comonad. This comonad structure, and more
precisely the naturality of its counit, reflects the fact that nonlinear morphisms coincide
with their Taylor expansion, expressing abstractly that they are analytic.

We have developed this theory in a LL setting of resource categories, where the analytic
structure arises as a distributive law wrt. the resource comonad, and also in general cartesian
categories, following the main ideas of [EW23].

This first denotational investigation of coherent Taylor expansion is a strong incentive for
developing now a syntactic analysis of this operation, which might be similar to the coherent
differential PCF of [Ehr23a], this will be the object of further work. Another natural question
is whether this coherent Taylor expansion has an associated resource calculus, just like Taylor
expansion in the setting of differential LL, see [ER0S].

The connection between coherent differentiation and coherent Taylor expansion also de-
serves further study: such a study might be based on the observation in Section 10 that
there are simple models of LL which accommodate coherent differentiation but not coherent
Taylor expansion.
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