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We present a theoretical model of multimode quantum correlations in bright frequency combs
generated in continuous-wave regime by microresonators above threshold. Our analysis shows how
these correlations emerge from cascading four-wave mixing processes fed by the input pump as well as
the generated bright beams. Logarithmic negativity criterion is employed to quantify entanglement
between partitions of modes, demonstrating the transition from a bipartite regime just above the
oscillation threshold to the multipartite one at higher input pump powers. Due to its generality,
our model can be safely used to describe other kinds of non-linear X(3> cavities.

INTRODUCTION

Silicon-based integrated photonics plays a central role
in quantum optical technologies as it offers the possi-
bility of generating, manipulating and detecting quan-
tum states of light in high-density optical circuits [1, 2].
In this context, nonlinear microresonators on Silicon Ni-
tride (SiN) have gained success in continuous-variable
quantum optics [3, 4], as source of entanglement among
modes at different optical frequencies generated by four-
wave mixing (FWM). The association of SiN platform
and spectral entanglement stand as a promising candi-
date for quantum computing [5] and quantum communi-
cation [6]. Many theoretical [7] and experimental [4, 8, 9]
works have focused on quantum light from devices work-
ing below their oscillation threshold, with the demonstra-
tion of two-color squeezing in multiple beam pairs [8, 10].
In this work, we focus on multimode features from bright
frequency combs generated from a microresonator oper-
ating above threshold. The dynamics of such a regime is
particularly interesting and largely investigated in classi-
cal optics, showing the appearance of a primary and of a
secondary frequency comb, eventually leading to soliton
production [11, 12]. In the quantum regime, theory [12]
and experiments [3] have shown twin beam-like intensity
correlation among two colors of the primary comb. A
signature of multimode behaviour has also been demon-
strated in soliton microcombs via measurements of the
second order photon correlation [13] as well as the theo-
retical analysis of quadrature squeezing [14].

The scope of this theoretical paper is to show that mul-
timode correlations are already present below the soli-
ton threshold, in the simple case of the primary comb
emitted by a continuous-wave-pumped microresonator:
multimode features progressively arise from the cascade
of subsequent FWM processes, where the signals ini-
tially produced by the degenerate conversion of the input
continuous-wave (CW) pump act as seeds and/or as ad-
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ditional pumps for other (stimulated) FWM conversions
that further feed the comb components (see Fig. 1). Our
model considers a general FWM Hamiltonian, making
our analysis easily extendable to other systems. Here, it
is applied to a primary comb generated by a monochro-
matic pump from a microresonator operating above its
oscillation threshold, providing the detail of modes’ in-
teraction in terms of the system quantum Langevin equa-
tions. Following an approach compliant to experimental
verification, we characterize the entanglement in terms of
the logarithmic negativity of the partial transpose of the
covariance matrix [15]. We show the progressive tran-
sition from one-to-one correlations, similar to the one
observed for below threshold systems [8], to richer mul-
timode structures appearing when the cascaded FWMs
become non negligible. By doing so, our work provides an
intuitive and simple way to understand how (and why)
we can leverage the rich dynamics above threshold for
the generation of multimode bright quantum states for
quantum technologies.

I. THEORETICAL MODEL
FWM Hamiltonian and coupling matrix calculation

The starting point of the model is a very general
FWM Hamiltonian describing the quantum dynamics
of cavity-resonant frequency modes. Interacting modes
are labelled as n = 0,£1,42,..., and their associated
bosonic operators as A,, and Afl. As usual, they satisfy
the boson commutation relations [A,,, Al ] = 6, ,, and
[An, App] = 0, 6, being the Kronecker symbol [16, 17].
The mode diagram is represented in Figure 1. Also note
that the CW pump mode is referred to as Ag. The con-
sidered interaction Hamiltonian is:

klmn

It describes in a general way the FWM process through
which two photons in the frequency modes k and [ are
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created from the annihilation of two photons in the fre-
quency modes m and n. The sum over all modes is jus-
tified by the fact that each frequency mode can combine
and play the role of the pump for subsequent cascaded
processes: no a priori choice is made on the pairs of pho-
tons that are annihilated, provided energy conservation
(wg+w; = Wy +wp,), expressed by the Kronecker symbol,
is respected.

2hwy = ho; + ho_;

2hw_y = hw_3 + hwy  hw_; + hw, = hw_; + o,
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FIG. 1. Examples of FWM processes as primary combs. In
red the laser resonant frequency mode. In green the frequency
modes initially generated by degenerate FWM of the external
pump (a) and that can act as pumps for other degenerate
FWM (b) or non-degenerate FWM processes (c).

In the Heisenberg picture, the time evolution of modes’
bosonic operators can be obtained as follows:

dA; i
dt  h
dAT i
dt h

The set of equations (2) exhibits terms in the form of
a product of three annihilation and creation operators.
Following a very standard procedure, such dynamic equa-
tions can be linearized by rewriting each bosonic operator
as A; = o + a; (/11 =aof + d;r), where o; = <A1>, co-
inciding with the classical field amplitude, and a; is the
bosonic operator associated with the quantum fluctua-
tions of the field in frequency mode 4 [16]. Note that by
construction, (@;) = 0. Only terms at first order on @;
and &ZT are taken into account in the linearized equations.
By doing so and moving in the interaction picture of the
pump, the linearized system of analytical coupled equa-
tions can be conveniently written in a compact matrix
form:

d (@ _ a (F G\(a
i (ar) = (3) = (6 5) (&)

where @& = a(t) stands for the column vector & =
(G—K, -y Q0 ooy ay i) T with K = ¥=1 and N is an odd
integer giving the number of modes. F and G are square
matrices of dimension 2K + 1. The system of equations

(3) describes coupling between all the frequency modes,
therefore M, must be Hamiltonian. This condition is
verified using the relation: (2M,)T = 2M, with £ the

symplectic matrix, 2 = (ED]I é) , with @ and T the zero

and identity matrices. Matrix F' is Hermitian (F = FT)
and includes FWM terms that are of the same kind as
the parametric amplification. Matrix G is symmetric
(G = GT) and takes into account self- and cross-phase
modulation terms that are not included in F', as well as
the modes’ detuning from perfect cavity resonances that
here will be taken as zero. The explicit expressions of F'
and G depend on the classical amplitudes

E3
Fi = E Ok—1,m—n Qim0
mn

le - E 5—k—l,7n+n (677X 87

mn

Langevin equations and covariance matrix

The dynamics of interaction modes inside the microres-
onator is described by the linearized Langevin equations,
explicitly taking into account losses [16]. In the following
we will write them in terms of the amplitude and phase
quadratures ¢; = %(di + EL;[) and p; = %(di - d;r), that
are hermitian, measurable operators. The matrix

1 I I
V=17 (—i]l z’]I) (5)
allows performing the basis change from Eq. (3)
vector (a(t),a’(t))” to quadrature vector R(t) =

(G-r(t), s Gyrc(t),p-rc(t), ., Pyr(t)” Accordingly,
quadrature Langevin equations read as

dR R R

E = (_’7+M)R+ AV 2'7Rin- (6)

In this expression, M = V~1M,V is the quadrature cou-
pling matrix, Ri,(t) is the quadrature vector of the res-
onator input modes and the matrix v = I represents the
losses (assumed to be identical for all involved modes).
Standard input-output relations [16] yield the quadra-
tures of the fields at the cavity output

Rout =V QVR - Rin- (7)

Solutions of Eq. (6) are found in the frequency domain
by applying Fourier transform on the slowly varying en-
velopes:

+oo
R(w) = \/% /_ e~ R4 dt. (8)

Note that quadrature operators fi(w) are conjugate sym-
metric with respect to the transformation w <+ —w,



Rf(w) = R(—w), so as to ensure operators’ Hermiticity in
time domain. In Eq. (8), the analysis frequency w € R la-
bels the spectral components of modes’ quantum noise, as
retrieved, for instance, by a frequency homodyne. Note
that, in the Fourier space, the quadratures of modes at
the input and output of the resonator are connected via
the transfer function matrix S(vy,w) [18]

Rout(w) = S(7,w) Rin(w). (9)

The transfer function can be expressed as

S(r.w) = V27 (iwl+7 - M) /2y ~L  (10)

To preserve the commutation rules, S(v,w) satisfies the
relation

S(v,w)QS(y, —w)l =Q (11)

(see Ref. 18 for details). Its explicit expression is a func-
tion of the cavity losses as well as of the stationary solu-
tions of the system, {«;}, that can be obtained by solving
the Lugiato-Lefever equations associated with the system
above threshold [12].

The function S(v,w) yields the noise covariance matrix
of cavity output modes [15]

el 0) = 58(1,) 81 (7,). (12)

The analytic form of o (v, w) allows retrieving quadrature
correlations between the different frequency modes. Re-
markably, the covariance matrix is in general a smooth
and complex function of w [18]. Note that the complex
feature is usually shown in below-threshold silicon mi-
croresonators for w # 0 [7]. In experiments, standard
homodyne detection does not take into account asymme-
try on spectral noise components between positive (w)
and negative (—w) frequencies that can arise due to the
imaginary part of the quadratures [19]. In other words, it
only gives access to the real part of the quadrature, i.e. to
the real part of the covariance matrix. Our analysis thus
focuses on the real part of the covariance matrix only:
this leads to a sub-optimal estimation of correlation [7]
but allows keeping the analysis adherent to quantities
that can actually be measured in the laboratory.

II. LOGARITHMIC NEGATIVITY CRITERION

We investigate entanglement between the modes at the
microresonator output in terms of the logarithmic nega-
tivity. Such a strategy relies on the analysis of the ma-
trix opp = IIoII~! corresponding to the partial trans-
pose of the covariance matrix with respect to a bipar-
tition of modes defined by partitioning operator I7. In
the quadrature basis, this transformation can be imple-
mented by simply inverting the sign of phase quadra-
tures corresponding to the modes in one of the two par-
titions [20], see Fig. 2 as an example.

In the continuous-variable regime, the logarithmic neg-
ativity is defined as

==Y Inn, (13)

where {n;} is the set of symplectic eigenvalues of opp as
obtained by diagonalizing the matrix |if20pr| and nor-
malizing them to those corresponding to vacuum state
(i.e., to a diagonal covariance matrix whose elements are
given by the shot-noise level) [15]. Note that, as justified
above, in what follows we rather examine the eigenvalues
of |Z.Q RG(UPT)‘.

In Eq. (13), the condition n; < 1 implies that the sum-
mation is restricted to the symplectic eigenvalues n; that
are smaller than 1, i.e., associated with the presence of
entanglement [21]. According to the PPT criterion, a
positive X will thus indicate the presence of entangle-
ment between the two parts of the chosen partition. The
logarithmic negativity provides a necessary and sufficient
condition when the mode partition is in the form 1x(N-
1) [22]: for these cases X' can be used to quantify gen-
uine entanglement. Note that, as, in general, o(v,w)
at the microresonator output is not a bi-symmetric ma-
trix, for a generic bipartition of the form L x (N — L),
with 1 < L < N, a positive X' only provides a sufficient
condition for entanglement [22] but can be used as an
entanglement witness.

FIG. 2. Representation corresponding the bipartition:
{—2,-1,2}:{0, 1} in the case of 5 modes. Such a partition cor-

responds to the partial transpose matrix I = G g) where
D = diag(1,1,-1,-1,1).

III. RESULTS
Multimode features in the primary comb

To highlight the effect of cascaded FWM processes on
multimode correlations, we now consider different pump
powers. As an example, Fig. 3 shows the classical rela-
tive intensity |a;|?/|ap|? of primary comb components as
obtained from numerical simulations of Lugiato-Lefever
equations by injecting different input powers in mode
m = 0, i.e., P=1.00P;,, P=1.25P,;;, and P=2.25P,,
where P, is the microresonator parametric oscillation
threshold. The other parameters of the simulation are
the pump detuning with respect to a given cavity cold
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FIG. 3. Frequency primary combs for w = 0 and for 3
laser pump powers: (a): P=1.00Py,, (b): P=1.25P, (c):
P=2.25P;;. The power is expressed in dB as a function of
the mode number: it corresponds to |a;|?. The detuning from
the cold cavity resonance wavelength is set to O nm.

resonance and second order dispersion. They are A, =0
and {25 = —0.01~, respectively. As can be seen, the pump
power P has a strong effect on the stationary solutions,
{a;}, leading, as expected, to the progressive excitation
of an increasing number of modes. Note that for zero
pump detuning on as considered here, no secondary comb
is observed; the theoretical investigation of the secondary
comb regime has already be performed elsewhere [12, 14]
and it is beyond the scope of this work.

In what follows, we apply the logarithmic negativity
criterion to the Re[o(y,w)] of a primary comb of 5 modes
(0, £1,+2). This is the simplest multimode configuration
after the case of 3 modes pump, +1, that has already
been studied theoretically [12] and experimentally [3] for
twin beam-like correlations. Analysing the features of 5
modes is thus interesting to understand how quickly the
system behaves as a multimode entanglement source. A
discussion on the results obtained with a higher number
of modes is provided in the last section of this work.

Multimode entanglement can be studied by plotting
the logarithmic negativity as a function of the analy-
sis frequency when normalizing for simplicity the cavity
losses to 1 (v = 1). We start by looking for entanglement
in the case of w = 0. Correspondingly, the covariance ma-

trix of modes’ quadrature fluctuations is fully real and,
as a consequence, entirely accessible to experiments by
means of standard homodyne detections [7, 19]. The log-
arithmic negativity has been evaluated for all the biparti-
tions with N=5. Table I summarizes the results for w = 0
at different input pump powers, by taking into account
the fact the role of interaction modes is symmetrical with
respect to the CW pump mode (mode 0).

b))

1.00 P4y [1.25 Py, |2.25 Py,

{—2}:{-1,0,1,2} | 121 | 117 | 0.99
{=1}:{-2,0,1,2} | 122 | 132 | 123
{0}:{-2,-1,1,2} | 015 | 091 | 1.29
{-2,-1}:{0,1,2} | 1.26 | 1.48 | 1.37
{=2,0}:{-1,1,2} | 121 | 118 | 1.21
{=2,1}:{-1,0,2} | 121 | 121 | 1.14
{-2,2}:{-1,0,1} | 0.11 | 0.64 | 0.90
{=1,0}:{-2,1,2} | 122 | 133 | 1.32
{-1,1}:{-2,0,2} | 018 | 0.99 | 1.17

Partition

TABLE I. Summary of logarithmic negativity for every bi-
partitions for w = 0. It is shown that the state cannot be
separated in any way.

As shown in the table, X' is always > 0, indicating the
presence of entanglement whatever bipartition and pump
powers are considered, thus providing a simple intuition
of multimode correlations. Entanglement is found, in
particular, in the case of all 1x(N-1) bipartitions, for
which, as discussed, the value of X also stands as an
entanglement quantifier. In the following discussions for
w # 0, we will only focus on partitions of this kind.

From two-mode to multimode correlations

With the appearance of cascaded FWM processes
made possible by higher {a;}, entanglement becomes
progressively more and more multimode. A signature
of this can be seen by computing X' for bipartitions of
the kind 1xL, with L< 5. This formally corresponds to
start from the 5 mode-model and to subsequently trace
out a certain number of modes from the calculation of
o(v,w), i.e. to consider only some chosen modes of the
comb, while disregarding the others. For the cases with
a number of modes smaller than 5, the most entangled
bipartition is taken.

Following an approach similar to what has been done
in above threshold experiments [3], we start by analysing
the simplest case of correlations between paired modes
{—1i}:{i}: these are the modes originally generated by the
primary process of degenerate FWM of the input pump.
Simulation results are shown in Fig.4 for partitions of
mode —2 with the others (analogous results are obtained
when considering for instance partitions of mode —1).
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FIG. 4. Logarithmic negativity as a function of the anal-
ysis frequency w for the partitions -2xM with 5 modes
{—2}:{-1,0,1,2} (blue), 4 modes {—2}:{0,1,2} (orange),
3 modes {—2}:{1,2} (green) and 2 modes {—2}:{2} (red).
The power is: (a): P=1.00P,, (b): P=1.25Py, and (c):
P=2.25Py.

As a first general remark, note that, as expected [18],
the logarithmic negativity between {—i}:{i} ({—2}:{2}
in the figure) depends on the analysis frequency in a
smooth (although non trivial) way, tending to zero when
the analysis frequency goes well beyond the cavity band-
width. Moreover, the quantum noise of emitted states
reaches coherent vacuum’s levels. Interestingly, in mul-
tiple configurations, highest X~ are found for w # 0,
despite the covariance matrix is not real. Figure 4-(a)
also shows that at low pump powers, entanglement be-
tween paired symmetrical modes {—2}:{2} corresponds
to an optimal X (and analogously for {—1}:{1}, not in
the figure). Remarkably, the logarithmic negativity does
not change significantly with the progressive increase of
the number of comb modes (i.e., when comparing results
obtained for the partitions {—2}:{2}, {—2}:{0,1,2} or
{—2}:{-1,0,1,2}). This indicates that entanglement in-
volving mode —2 is mainly due to its bipartite correlation
with its symmetric twin +2. The situation changes for
the power P=2.25Py;,, when cascaded FWM processes
become non negligible. The entanglement of the par-
tition {—2}:{2} decreases with P, due to the fact that
when the amplitude and the number of modes in the
bipartition increases, bipartite entanglements of paired
symmetrical modes {—i}:{i} deteriorate to the benefit of
multimode quantum correlations. Correspondingly, op-
timal ' increases when including in the model a higher

number of considered mode, thus suggesting that each of
the 5 mode somehow shares entanglement with mode —2.
This is confirmed by the progressive appearance of bi-
partite entanglement in non-symmetric partitions {i}:{j}
(as for example, {—2}:{1}, {—2}:{0} and {—2}:{—1}) for
P>1.00P;y). Such a transition from a bipartite to a mul-
tipartite regime is shown in Fig. 5 for every 2-mode bi-
partitions. Higher X' values are represented by a thicker
link between the two considered modes. As expected,
for P=1.00 P;; entanglement is mostly localized around
twin modes {—1}:{1} and {—2}:{2} corresponding to bi-
partite entanglement as it can be found below the oscilla-
tion threshold [8, 10]. When increasing the pump power,
other links are created between non-symmetrical modes.
It reveals that other modes like +1 or —1 play the role
of pumps and contribute to multimode entanglement for-
mation. For P=2.25Py;, links between non-symmetrical
modes becomes stronger than those between symmetrical
modes and the system makes a transition from bipartite
to multipartite entanglement.

P=1.00 Pth | P =1.25 Pth | P = 2.25 Pth

0 0 0

FIG. 5. Logarithmic negativity values symbolized by link
thickness between the partitions of the two considered modes
for w = 0, w = 3 and for the power P=1.00 P¢;,, P=1.25Py,
and P=2.25Py,.

Spectral comparison between 3-, 5-, and 7-mode
models

Results presented so far consider a primary frequency
comb of only 5 modes. However, as seen from Fig. 3,
increasing the pump power leads to the excitation of a
higher number of modes including at the powers chosen
here to run the simulations. It is thus pertinent to ver-
ify the influence of neglected modes (£3,44,...) in the
entanglement analysis. To visualise the influence of the
number of interacting modes we compute the logarith-
mic negativity of the bipartition {—1}:{1} starting from a
model with 3, 5 and 7 modes in Hamiltonian (1). Results
are plotted in figure 6. For a pump power P=1.00 Py, in-
cluding further modes in the model does not significantly
affect the logarithmic negativity. This is in agreement
with what expected from the analysis of bipartite en-



tanglement previously discussed, confirming that nearby
the threshold most of entanglement is due to one-to-one
correlational among symmetrical modes. As reasonable,
differences arise when considering higher systems excita-
tion levels, leading to differences between a three mode
model (clearly insufficient) and the other one with higher
modes. Nevertheless, only minor differences arise be-
tween the models with 5 and 7 modes for the pump values
considered in this work.

== 3 modes (a)
== 5 modes
= 7 modes
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FIG. 6. Logarithmic negativity of the bipartition {—1}:{1}
as a function of the analysis frequency w for P=1.00 Py, (a),
P=1.25Py, (b), P=2.25Py; (c). The model takes into account
the interaction between 3 modes (red), 5 modes (blue) and 7
modes (green).

SUMMARY AND CONCLUSIONS

In this theoretical study we analyse multimode quan-
tum correlations in bright frequency combs generated by
microresonators operating above threshold. Our simple
model is sufficient to understand how these correlations
arise in the presence of cascading FWM processes. We
use the logarithmic negativity criterion to quantify entan-
glement between partitions of modes and examined the
influence of pump power and analysis frequency on en-
tanglement. Our results show that at low pump powers,
entanglement is mostly present between symmetrically
paired modes as it can be found below the oscillation
threshold. As the pump power increases, cascaded FWM
processes become more important, leading to the emer-
gence of multipartite entanglement. Our study sheds
light on the complex dynamics of microresonators op-
erating above threshold, highlighting their potential for
generating high-dimensional multimode quantum states.
Understanding and controlling these quantum correla-
tions are essential steps towards harnessing the full po-
tential of microresonator-based quantum technologies.
We believe that our model can invite experimental re-
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