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Penalty approximation of Painlevé problem

Michelle Schatzman

MAPLY (Laboratoire de Mathématiques Appliquées de Lyon), CNRS et UCBL,
69622 Villeurbanne Cedex, France
schatz@maply.univ-lyonl.fr

An elongated solid bar drops onto a rigid foundation, and Coulomb friction acts at the
contact. A penalty approximation is defined, and is proved to converge to a solution of
the problem.
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1. Introduction

The mathematical status of many problems in non-smooth mechanics
has been greatly advanced by the work of Jean Jacques Moreau.

I have worked independently of Jean Jacques’ school and set up my
own techniques and approaches to problems of non-smooth mechanics;
see for instance (Schatzman, 1977) and (Schatzman, 1978) for a first ap-
pearance of vector-valued measures in the context of impact mechanics.
It was a great honor to be present for the celebration of Jean Jacques
Moreau’s eightieth birthday, and to have the opportunity to praise the
immense impact he had on non smooth mechanics.

Therefore, dear Jean Jacques, I hope that you will stay with us many
more years in good health and good spirits, with the sharpness of mind
and the creativity that are your trademark, and may you reach your
hundred and twentieth birthday.

In this article, I will report on recent results on the penalty approach
to combined friction and impact. I will concentrate on a very specific
problem, namely the case of a solid bar dropping onto a rigid foundation.
This problem has been solved mathematically through a time-stepping



approach by David Stewart (Stewart, 1998), which is a very difficult
paper.

Here, I propose to use a penalty approach, which is applied only to
the non-interpenetration condition. I prove that as the stiffness in the
penalty approximation tends to infinity, the solution of the system of
differential equations tends to a solution of the limiting problem, in a
slightly generalized sense. There is a substantial mathematical difficulty
here: the passage to the limit in the Coulomb condition seems to involve
the multiplication of a measure by a function which is discontinuous
precisely where the measure has a Dirac mass. There is a way around
this difficulty, since the details of the convergence are accessible, and
therefore a relation between the velocities after impact can be deduced
from the velocities before impact.

The paper is organized as follows. In Section 2, the notations are
introduced, the system of differential equations and its approximation
are described.

In Section 3, an auxiliary problem is stated: it is a multivalued equa-
tion of first order, involving the multivalued sign function multiplied by
a variable coefficient. Complete proofs will be given elsewhere.

Section 4 gives an existence result for the approximate problem; it
uses a local existence theorem through the contraction principle and an
energy estimate in order to go global.

The convergence of the approximate solution is sketched in Section 5.
Many interesting and intricate technical steps have been skipped, and
will be given in detail in a later publication.

Finally, an appendix contains the statement of some technical results
relative to the weak convergence of measures.

2. Notations and position of the problem

Let 2¢ be the length of the bar, (X,Y’) the coordinates of the center
of mass, 8 the angle of the bar with the horizontal; then the coordinates
of the possible contact points are (z,y) given by

x=X—/Vcosfand y=Y — {sinf (12.1)
or
x=X+/lcosh and y =Y + £sinb. (12.2)

We concentrate on the case (12.1); both cases can occur at the same time
only if § vanishes modulo 7. This situation creates difficulties, which are
not yet solved, and we exclude it a priori.

Denote by m the mass of the bar and by u the friction coefficient.
Then, the moment of inertia of the bar about its center of mass is J =
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Figure 12.1. The geometry of the bar.

m¢?/3. If Ry and Ry denote respectively the tangential and the normal
reactions, and g denotes the gravity, the equations of motion can be
written

mX = Ry, (12.3)
mY = Ry — myg, (12.4)
JO = —IRy cos 0 + (R sin . (12.5)

The condition of interpenetration is a Signorini condition:
0<RyLy>0, (12.6)
and friction is modeled through a Coulomb law:
—Ry € uRy Sign(#). (12.7)
The multivalued operator Sign is given by

{-1} if t <0,
Sign(r) = ¢ [-1,+1] ift =0, (12.8)

{+1} if t > 0.
The purpose of this article is to show the existence of a solution of
the system (12.3), (12.4), (12.5), (12.6), (12.7) in an appropriate sense.

We construct an approximate solution by a penalty method only on
the Signorini condition, that is, we replace (12.6) by

Ry = —m’; (12.9)



here y—, the negative part of y is defined to be max(—y,0) and 7 is a
positive parameter having the dimension of time, which will eventually
tend to 0.

We consider now the multivalued differential system

. y_
X — = 12.1
+ o = 0, ( 0)
v oY ig=0 (12.11)
72 ’ )
g@ + 37% cos 0 + uayT—z sinf =0, (12.12)
o € Sign(z). (12.13)

This system is supplemented by Cauchy conditions on X, Y, 6 and
their first derivatives at time 0:

X(0), Y(0), 6(0), X(0), Y(0), 6(0)aregiven.  (12.14)

3. An auxiliary problem

In order to solve (12.10)—(12.14), we need to solve an auxiliary prob-
lem relative to a class of multivalued scalar equations:

LEMMA 12.1 Let ¢ and 1) belong to L'(0,T), and assume moreover that
¢ is almost everywhere non negative. Then, there exists a unique abso-
lutely continuous solution of

£+ ¢ Sign(¢) > ¢ (12.15)

for all initial condition £(0) = &Y. Moreover, givené and 1& satisfying the
same conditions, we denote by & the solution of the analogous problem;
then the following estimate holds:

60) — ()] < €0 — €9 + /0 (16(5) — 3(s)] + [(s) — $(s)[) ds (12.16)

Principle of the proof. The existence is clear for piecewise constant func-
tions ¢ and 1; one obtains the existence in general by a density argu-
ment. The uniqueness is a straightforward consequence of monotonicity,
and relation (12.16) is also a consequence of monotonicity. Details will
be written elsewhere. g



4. Existence for the approximate problem

We will now perform some algebraic manipulations on the system
(12.10)—(12.13); indeed, we infer from the definition = X — £cosf the
identity

X =& — (hsin 6 — £6% cos 6. (12.17)

We substitute now the value of €0 given by (12.12) into (12.17), and we
obtain the following equation for &:

d .  p(l+3sin?0)oy” 062 cosd — 3y~ sinf cosf

— 12.1
dtx + T2 T2 ( 8)

Therefore, if we assume that Y, 6 and 0 are given continuous functions,
according to Lemma 12.1 there exists a unique solution of Equ. (12.18),
which satisfies the Cauchy data

CL‘(O) = XU + &90 sin 6.
We denote this solution by
i(t) = X(Y,0,6)(1), (12.19)

the initial data being understated, for simplicity of notation.
We are now able to prove an existence and uniqueness theorem for
the penalized problem:

THEOREM 12.2 Given initial data (12.14), there exists a unique solution
on [0,T] of (12.10)-(12.13), such that X, X,Y,Y .60 and 6 are continu-
ous, while the second derivatives X, §j and 6 are bounded.

Proof.

Step 1. Existence of a local solution. Assuming that there
exists a solution, we may rewrite Equ. (12.12) by expressing oy~ /72 in
terms of #, § and Y; indeed, we infer from Equ. (12.18) the following
relation:

1

oy~ ‘9 3y
16 0 — _—
=l ( o8 T2 1+ 3sin?6

—~—cosfsinf — a:)

We substitute this expression into Equ. (12.12), and we obtain the
relation

3y~  cosf 302cosfsind 3 siné

f=— - e 12.20
T 135020 143sm26 " ti3smZel (1220




We transform the differential system satisfied by U into an integral

equation; we treat the term containing & through an integration by parts.
Let us define now

Y Yo 0 1 (U)
Z Y 0 Fo (U
U= 0| Uyp = 93 o= and F(U) = Fngg ,
n 0o 1 Fy(U)
with F; given as follows:
BU) =2,
Y —/sinf)”
F2(U) - % — g’
-
F3(U) =,
F4(U):_3(Y—€Sin6)* COS‘92 B 3nzcos?s;n9.
T 1+ 3sin“ 6 1+ 3sin“ @

When we integrate by parts oder [0, ¢] the # term in Equ. (12.20), we
obtain the expression

3  sinéd 3 sinf t 3 d sin 6
tfit_ofio_ y — -
T 3amze VO T 3amzg /0 ) 7) 3T T 3 emrg O

Therefore, it is convenient to define the functions

_3 sinr
01+ 3sin?r’

W) = xo <9<0> n /0 n(s) ds> ,
W(U) = —xs(O).

Xo(7)

We also need the functions, which appear naturally in the definition of
X

(14 3sin?0)(Y — £sin )~
2 )

o(U) = p

T

Y — /si - .
¢(U):€U2COSQ—3( Esmﬁg cos@sme.

T

Observe that xy maps continuous functions to continuous functions, while
F maps R* to itself and w, ¢ and 1) map R* to R.

Finally, it is convenient to write X' (U) instead of X' (Y, 8,7n).



Equ. (12.20) together with Cauchy data is equivalent to

) t
n(t) = 0(0) + /0 Fy(U(s)) ds + x(U)(1) X (U)(t) — x0(6(0))2(0)

" /0 X(U)(8)w(U(s)) ds.

provided that we let § = 7.
At this point, we define

GU)(t) = x(U)(#)XU)(#) = x0(6(0))2(0) +/0 w(U)X(U)ds.

It is equivalent to solve (12.10)—(12.13) with Cauchy data (12.14) and
to find a fixed point of the operator 7 defined by

(TU)(t) = U + /0 t F(U(s)) ds + esG(U)(t).

Let B be the closed ball of radius r > 0 about Up in R?, and let B be
B x B deprived from its diagonal. Define for all » > 0 the quantities:

R, = mggmaX(lF( ) o]+ (V)] [w(V)]),
Ry = max|xo,

1 ! !/
b= s ot (F00) = POV — oV

(V) = (V)] lw(V) = w(V)]),

Ly = maX‘X6|7
R= max(Rl, RQ), L= max(Ll, LQ)

The numbers R and L are finite, for all finite values of r.

Equip the space C?([0, to]; R*) with the maximum of the sup norm in
each component; the number % is a positive number that will be chosen
later; let the set B be the ball of radius r about the constant function
Up in CY([0, to]; R*). We show now that for small enough values of to, T
is a strict contraction from B to itself.

If U belongs to B, we have the estimate

(TU)() = Uo| <tR+|GU)@)];

Decompose G into two pieces:

G1{) = X(O)X() ~ xo(Bo)in amd Go()(0) = | (U)X (U)ds,



Thanks to Equ. (12.15), and by definition of R, we have

|X(U)(t) — 0| < Rt, (12.22)
which implies
|X(U)(t)| < |Zo| + Rt (12.23)
We also have, thanks to Equ. (12.16) and the definition of L
XU (t) —X(U) ()| < Lt|U*=U||. (12.24)
Let us estimate now x(U)(t): by definition of R,
IXU)(®)] < R (12.25)

and by definition of L:

IX(U)(E) = x(U) ()] < Lt|[U* = U]l and [x(U)(t) — x0(6o)| < Ltr.
(12.26)
We use the triangle inequality to obtain the estimates

[GLU) (O] < [XU)(E) = 2ol X(U)@)] + [2o| [x(U)(E) = x0(b0)]
< R*t + |io| Ltr,
thanks to (12.22), (12.25), (12.26) and

G (U)(1)] < R/Ot(|:ko| + Rs)ds = R(|do| + RE2/2).

thanks to (12.23). Therefore, if
to(R+ R? + |2o| Lr 4 Rlio|) + R*3/2 <,

T maps B to itself.
We move on to contractivity. It is plain that

(TU" =TU)()| < Lt|U* = U + [GU7)(t) = GU)(@)]
and we reuse estimates (12.22) to (12.26) to treat the G terms:
G (UT)(t) = G1L(U)(?)]
< XU W)(E) = x(U)®)] + x| X(UF) = X (U))]
< (|&o| + Rt)Lt|[U* = U|| + RLt|U* - U]|

and very similarly
t
|G2(U*)(t) — G2(U) ()] < / (RL5||U* —U|| + L(|&o| + Rs)) ds.
0

Therefore, if
Lto(2]@0| + 2Rto + R) < 1,

7 is a strict contraction, so that the system (12.10)—(12.14) possesses a
unique solution.



Step 2. Global solution. ‘We obtain an energy identity: if we
multiply (12.10) by X, (12.11) by Y and (12.12) by £26, and we integrate
over [0,¢] for t < to, we get

L2, oo 292 (y~)? t
—| X Y —_ Y
S| XV Tt 0

t _
+/ | Lds = 0. (12.27)
0 T

A Gronwall inequality argument gives then

([, [¥1, 1,/ 7)) < €. (12.28)
,to

where the number C' depends neither on ¢t nor on 7, provided that Yy —
¢sinfy = y(0) is non negative.

Therefore, the standard continuation argument shows that the solu-
tion exists up to time T'.

Moreover, if we integrate (12.10) over [0,7], we obtain immediately
from the identity

. . Ty_

0
the bound
Ty
max/ = dt <C. (12.29)
7>0 o T
O
5. Convergence of the approximate solution

In this section, we put back the index 7 on all the quantities, which
depend on 7.

THEOREM 12.3 For all Cauchy data (12.14), and as long as the second
end of the bar does not hit the rigid foundation, there exist three func-
tions X, Y and 0, whose derivatives are of bounded variation, and which
satisfy the following equations:

Xo + péo =0, (12.30)
Yo—no+9=0, (12.31)
géo + np cos Oy + p&osin by = 0, (12.32)
0<Yy—/{sinfy L nyg >0, (12.33)
&0 = oonp. (12.34)



The function oy and the measures ng and & satisfies the following con-
ditions: 1o is non negative, according to (12.33), |og| < 1, no-almost ev-
erywhere; moreover, if the decomposition of ng and &y into their atomic
and continuous parts are respectively

no =5+, & =& + &
then
& =0oom5, &6 = 6o
and we have the relations

1 the continuous part o of oo satisfies

oy € Sign(zg), ng-almost everywhere;

2 let t; be an atom of no; if o(t; +0) and o(t; — 0) have the same
sign, then o®(t;) = sign(do(t; £0));

3 if &o(t; — 0) does not vanish and xo(t; + 0) vanishes or has the
opposite sign to zo(t; — 0) , then of(t;) € [—1,1]; moreover, a
precise expression of o§(t;) can be given in terms of the values on
the left and on the right of all the derivatives of Xo, Yy and 0y at
t;.

Proof. Let us write
Ny = y—Tz and & = aTy—T.
T T2

We may always extract subsequences, which will still be denoted by
¢, and 1), such that & and 7, converge weakly # in the space M ([0,T7])
of Radon measures to their respective limits &y and 7.

We will identify n, with n;dt, and similarly for &;. Therefore, any
integral that contains n; or & will contain its element of integration.
This choice of notations makes life easier in the limit, when we have to
integrate with respect to more or less arbitrary Radon measures.

We have to characterize now the relation between 7y and &y. This
cannot be a trivial matter since we expect that the limit of &, will
change sign, and if it changes sign where 7, has an atom, then we have
to pass to the limit in relation (12.13), which amounts to multiplying an
atom by a function, which is discontinuous at this atom.

Therefore, it is better to use the weak formulation of (12.13). Indeed,
for any given 7 > 0, Equ. (12.13) has an equivalent weak form

T T
z 0 Z24+ x| — T )0 > r2. .
vz € (0, 7)), /O(r tg] = Jie]) >/Oa (12.35)

10



There will be an easy part in the passage to the limit and a difficult
part. Let ny be decomposed into its atomic and continuous parts:

Mo = 15 + 7o-

Then, according to Theorem A.3, there exists a sequence of continuous
functions ¥, with values in [0, 1] such that

UT‘I’T = 7’87 777(1 - \IJT) = 778-
Moreover, the support of W, tends to the set of atoms of &. If we
consider now & V¥, and & (1 — V), we may extract subsequences such
that both measures converge weakly * to their respective limits £ and
.

Let us prove that these are precisely the atomic and continuous parts
of . The support of &£ is included in the set of atoms of 79; we also
have the inequality

€51 < [n6l; (12.36)
therefore, & is continuous and the support of £ is at most countable,
which gives the desired conclusion.

We will write henceforth

77? = (1 - \117)777'7 77? = \117'7777
g;:— = (1 - \I’T)ffa fi =W, &

the reader should beware: these four measures are identified with the
product of an essentially bounded function by Lebesgue’s measure, and
therefore, they are continuous measures. It is plainly possible for a
sequence of continuous measures to converge to an atomic measure, and
conversely.

The following inequality holds for all function ¢ with values in [0, 1]:

&7 + 20| — lir| < $(1dr + 2| — [ ])- (12.37)

Therefore, if we substitute z by 1 — ¥, in (12.37), we can pass to the
limit; indeed, let us decompose ., into two pieces:

t .
z5(t) = 2(0) + / (593 — 3n¢sin b, cos b — p(1+ 3 sin? &)fﬁ) dt,
0

t
P2 = —/ (1(1 + 3sin®0,)&* + 3sin b, cos 0-12).
0

Thanks to Lemma A.2, #7 converges uniformly to its limit

t .
z5(t) = £(0) + / <£0(2) dt — 315 sin 6 cos g — pu(1 + 3 sin? 90)£8> .
0

11



This proves the following convergence:

T T
|G ol =gl — [ G5+ 21 = bl
We have to estimate now
T
[ et 2l = bl =11+ 13 (12.38)
But the expression inside parentheses in (12.38) vanishes wherever &<

is equal to &, that is outside of the support of ¥... Thus, we have the
estimate

T
\/ (s + 21 — [ir] — 4] + 4511

< supla(0)] [ w5078

(12.39)
and by construction the integral factor in the right hand side of (12.39)
tends to 0 as 7 tends to 0. Also, the supremum of |#2| is bounded
independently of 7. Therefore, we have in the limit the inequality

T T
/ (1 + 2| — 12§1) 1§ > / €, (12.40)
0 0

for all continuous function z on [0,7]. This is the weak formulation
of the multivalued relation (in the sense of measure-valued differential
inclusions)

&y € ng Sign(zg)- (12.41)
There is a slightly different way of writing things; as the measure & is
absolutely continuous with respect to the measure &j, there exists an
ng-measurable function ¢, such that

& = ong.

In fact, o€ is ng-essentially bounded, thanks to relation (12.36) Then
relation (12.41) is equivalent to

o¢ € Sign(zg), ng—almost everywhere. (12.42)

Let us move on to the atomic part of the measure &y; of course this
will be the difficult part of the proof. Since it is highly technical, it will
be only sketched.

We need more notations: define

x=p(l+3sin?6), X\ = 3sinfcosb. (12.43)

12



In order to emphasize the dependence of kK and A over 7, we will affix an
index 7 whenever necessary.
Then, close to an atom of n at t;, the equation for &, is asymptotic
to the equation
dz,
dt
The comparison between (12.44) and (12.17) can be performed with the
help of Lemma 12.1. The nice feature of (12.44) is that the passage to
the limit is easy here, provided, of course, that we use Theorem A.3.
Then, we find the following relations between the velocity on the left
of t; and the velocity on the right of ¢;, where we have deonted by m;
the mass of the atom of 7y at t;:

m if :1'5'0(751‘ - 0) >0and v = io(ti — 0) — Mmi(ﬁo(ti) + )\o(tl)) > 0, then
l"o(ti + 0) = V;

m if i?o(ti — 0) > 0, io(ti - 0) - umi(lig(ti) + )\D(ti),o and )\Q(ti) —
ko(ti) > 0, then @o(t; +0) > 0 and its value is given by

(ko(ti) — Ao(ti))(m; + ny)

(Ko(ti) + Ao(ti))(ms — ny)

where n; denotes the mass of £y at ¢;;

m if io(ti — 0) > 0, Q'U()(ti — 0) — ,umi(lﬁ()(ti) + )\O(ti),o and Ao(ti) —
/ﬁ;o(ti) < 0, then a'f()(ti + 0) =0.

+ (/io(ti) Sign(:tT) + )\o(ti))n-,- > 0. (12.44)

&o(t; +0) = &o(t; — 0),

For &,(t; — 0) there are analogous expressions, which are not given here
for simplicity.

The question now is to define m; and n; from the data of the problem.
In the case when & does not change sign at t;, we pass to the limit in
the energy equality (12.27), and we find the formula

_ 2V (t; — 0) — 2000 (t; — 0)(cos 0(;) + psin (t;))
= 1+ (cos O(t;) + pusin6(t;))? '

i

There are analogous, but much more complicated formulas in the two
other cases. O

Appendix: Some results on the weak * convergence
of measures

The construction of Radon measure is classical and is performed from two slightly
different points of view in Dieudonné’s treatise (Dieudonné, 1970) or the french origi-

nal (Dieudonné, 1968) and in Malliavin’s superb course book (Malliavin, 1995), with
french original (Malliavin and Airault, 1994).

13



I will assume that the reader if familiar with the weak convergence of measures
and the definition of the absolute value of a measure.
For a p integrable set A, we use the standard notation

/Afu:/flAM-

A measure p has an atom at & iff (i, 1;¢}) does not vanish. We say that the mass
of this atom is (1, 1{¢}). Then |u| also has an atom at x, and the mass of this atom is
[{tt, 14¢3)|. The basic case of a measure, which has an atom is the Dirac mass 6(- — §)
at £ € [0, 7], which is defined by

(0(- =€), 8) = 0(8).

It is a classical fact that every Radon measure can be decomposed into the sum of
its atomic part, of the form

W= 3 mad( — ).
@
and of its continuous part, which has no atoms and is defined as
(& a
Bo=p= .
Let us now recall Helly’s theorem:

THEOREM A.1 Let (l,L]')j>1 be a weakly * convergent sequence of Radon measures,
denote its limit by poo and define

Vi=1,2,...,00, Fjz)= / - (12.A.1)
/[0,z]

Then, there exists an at most countable set D € [0, T] such that for all z € [0,T]\ D,
the sequence (Fj (x))jeN* converges to Foo ().
There is a refinement of the above result when the limit g0 has no atomic part:

LEMMA A.2 Let the sequence of Radon measures (uj)j converge weakly * to a limit

Hoo without atomic part. Let F; be defined by (12.A.1); then the convergence of Fj to
F is uniform.

The proof of this result will be given in a later, developed version, of this article.
Its statement makes sensible the main result of the present appendix:

THEOREM A.3 Let (uj)jeN* be a sequence of measures over [0, T], which converges

weakly * to loo. Assume that p decomposes into its atomic part u* and its continuous
part u°. There exists a sequence of continuous functions ¥; with values in [0, 1] such
that the following assertions hold:

1 W p; converges weakly * to p®;
2 (1 —U;)u; converges weakly * to u, and in particular the integral f[O,x](l -

U;)u; converges uniformly to the integral f[o ol Uoos

3 the measure of the support of U; by || (1—TU;) tends to 0 as j tends to infinity.

14
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