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Understanding how a vision of he macroscopic world, namely the one in which we live, can be obtained out of a microscopic one, namely the one of "elementary" particles, is one of the oldest task in sciences, It relies in particular on how a continuous paradigm of the matter such as the one we actually perceive can be related to a discrete one like the one, say, of atoms or molecules. The scope of this equation is quite universal as it covers physics, biology, social sciences and more, all of these fields being hatted by a needed mathematical setting

In this talk we address the problematic 'Micro versus Macro¨, namely the question: how to recover the macroscopic scale, our scale, from a microscopic one, for example the cell's one?

Between Micro -living in N particles phase-space -and Macro -living in one particle configuration (physical) space -exists in fact an intermediate stage often called mesoscopic, involving a one particle dynamic on phase space. Vlasov equation lives at this stage, as the equation satisfied by the marginals of densities pushed forwarded by the N particles evolution, in the limit N → ∞.

The novelties of the results presented here are twofolds. First, in the case of indistinguishable objects such as particles or cells, we consider not only self-propelled dynamics but also particles in interaction with a chemical environment, leading to dynamics non-local in time but rather depending of the full history of the dynamics. Second, in the case of agent systems, that is evolution of distinguishable objects, we consider not only agents subjects to a single, precise, deterministic opinion, but rather subjects to a stochastic opinion driven, for any single agent, by a density of probability. With respects of this extension of standard opinion systems, the Vlasov equation that we derive in, to our knowledge, new.

Passing from Meso to Macro, namely from one particle dynamics on phase space to the similar one on physical space, is established through a monokinetic hypothesis -that is fixing the velocity of particles/agents as function of their positions -on the initial data, that is in the case of agent, to a return to deterministic opinions. The novelty here is that -by this journey through hydrodynamic Euler paradigm -one gets the same limiting "graph limit" equation than the one derived with standard methods involving graphs.

The final novelty consists in somehow following the inverse way, that is associating to any PDE on physical space a system of agents whose graph limit is the given PDE. This is achieved by letting the generator of the agent dynamics becoming singular in the limit of large numbers of agents.

General dynamics

At the microscopic level, the Newton law gives rise to a trajectory (x 1 (t), . . . , x N (t)) (possibly NOT a flow) in R dN :

Φ t N : ẋi (t) = v i (t) m i m i vi (t) = F i (t, x 1 (t), . . . , x N (t), v 1 (t), . . . , v N (t); {x i (s), v i (s), i = 1 . . . , N, 0 ≤ s ≤ t}) . Examples • two body interaction vi(t) = 1 N N j=1 G(xi(t), xj (t)) i = 1, . . . , N • Cucker-Smale vi(t) = λ N N j=1 1 + ∥xi(t) -xj (t)∥ 2 R 2 -β (vi(t) -vj (t)) β, R > 0 • topological interaction vi(t) = 1 N N j=1 K(M (xi, |xi -xj |)(vi(t) -vj (t)) 1 • chemotaxis vi(t) = 1 N N j=1 F (xi(t) -xj (t), vi(t) -vj (t)) + η∇xφ t (xi(t)), ∂tφ t (x) = ∆φ t (x) -κφ t + 1 N N j=1 χ(x -xi(t)),
• multi-agents (distinguishable particles) ξi(t) = 1 N N j=1 Gi.j (ξi(t), ξj (t)).

Methodology: one avoids the concept of empirical density, and rather consider a probabilistic distribution ρ in N (x 1 , . . . , x N ; v 1 , . . . , v N ) equal to the probability that each particle i is at position x i with velocity v i , propagated by Liouville equation to ρ t : = (Φ t N ) * ρ t=0 N , an object intractable when N becomes large. But averaging over all particles but one leads to the notion of marginal :

ρ t N ;1 (x, v) := ˙ ρ t N (x, x 2 , . . . , x N ; v, v 2 , . . . , v N )dx 2 . . . dx N dv 2 . . . dv N satisfying 1. as N → ∞, ρ t N ;1 (x, v) has a limit ρ t (x, v) 2. ρ t (x, v) satisfies the Vlasov equation ∂tρ t (x, v) + v∂xρ t (x, v) = ∂v G(x, x ′ ; v, v ′ )ρ(x ′ , v ′ )dx ′ dv ′ + η∇xφ t (x) ρ(x, v) , ∂sψ s (x) = ∆ψ s (x) + ψ t s * ρ s (x) 0 ≤ s ≤ t,

Chemotaxis Theorem [Natalini, P. (2021)]

Let W 2 thw second order Wasserstein distance. Then, for ρ t solution of Vlasov,

W2 (Φ t N #(ρ in ) ⊗N ) N ;1 , ρ t 2 ≤ τ (t)N - 1 d (d > 2) R 2dN ∥∇φ t Z in -∇ψ t ρ in ∥ 2 ∞ (ρ in ) ⊗N (dZ in ) ≤ τc(t)N - 1 d (d > 2)
Theorem [Natalini, P. ( 2021)] if µ t , u t solves the Euler system:

   ∂tµ t + ∇(u t µ t ) = 0 ∂t(µ t u t ) + ∇(µ t (u t ) ⊗2 ) = µ t f (• -x ′ ; u t (•) -u t (x ′ )µ t (x ′ )dx ′ + η∇ψ t ∂sψ s = ∆ψ s -κψ s + ψ s * ρ s then µ t (x)δ(v -u t (x)
) solves the Vlasov system.

Numerical evidence morality [Menci, Natalini, P. (2023)]

• in many situations the most striking features of the particle level are preserved by passing to the one of Vlasov • the fidelity of Euler versus Vlasov is increased by the presence of the chemical interaction • and this even without monokineticity • the nonlocal integral Euler system keeps memory of the interactions at the microscopic level • adding an additional pressure term of size , still keeping the nonlocal integral term, helps • existence of an optimal value realizing an improved correspondence between Vlasov moments and Euler solutions

Agent system: ξi (t) = 1 N N j=1 G N ij (t, ξ i (t), ξ j (t)) = 1 N N j=1 G(t, i N , j N , ξ i (t), ξ j (t)), i = 1, . . . , N
• for Hamiltonian and Cucker Smale, G ij does NOT depend on ij: (preserves indistinguishability)

• for opinion systems it does (do NOT preserve indistinguishability)

• implement main field methods by letting i, j be dynamical variables (though remaining at rest).

We can follow two points of view • direct formal discrete-continuous limit ξ i (t) ∼ y(t, i/N ) one opinion assigned to each agent i ⇝ ∂ t y(t, x) = G(t, x, x ′ , y(t, x), y(t, x ′ )) dν(x ′ ) • Liouville paradigm random opinion assigned to each agent i + average on all but one agent (marginal) + hydrodynamic limit ⇝ same equation

Theorem [Trélat, P. (2022)] Let ρ in = N ⊗ i=1 δ i N (x i ) N ⊗ i=1 µ in ( i N , ξ i ). Then, dW 1 ((Φ t N #ρ in ) s N,1 , µ t ) D(t)
N , where µ t is solution to the Vlasov equation

∂ t µ t (x, ξ) = ∂ ξ G(t, x, x ′ , ξ, ξ ′ )µ t (x ′ , ξ ′ )dx ′ dξ ′ µ t (x, ξ) .
Moreover, if µ in (x, ξ) := δ(ξ -y in (x)). (monokinetic assumption), then µ t (x, ξ) = δ(ξ -y t (x)) and y t is solution to the (nonlinear) Euler equation ∂ t y t (x) = Ω G(t, x, x ′ , y t (x), y t (x ′ )) dx ′ . i.e. the continuous limit (graph limit) of the agent system ξi =

1 N N j=1 G( i N , j N , ξ i , ξ j ).
Particle approximations of PDEs: we have the following facts and we get the following (final) scheme x y(x) develop a semigroup of solutions. Then there exists an explicit N -dependent particle system ξ t j (as before with ϵ ∼ (log log N ) -1 ) such that ∥y t -y t N ∥ L ≤ C(log log N ) -α , y t N (x) := N j=1 ξ t j 1 j/N,(j+1)/N ) (x).

G

  -agent systems N →∞ -→ graph limit = (time derivative) integral equation ? Gε ⇝ x-singular as ε → 0And one can define "canonically" the following, for any quasilinear PDE,

  , P. (2022)] Let ẏ(x) = L j=0 a j (x)D l