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RESEARCH ARTICLE

Asymptotic behavior for nonlinear textiles with glued yarns
Riccardo Falconi! | Georges Griso? | Julia Orlik!

IsMs Department, Fraunhofer ITWM,
67663 Kaiserslautern, Germany Abstract
2Laboratoire Jacques-Louis Lions (LJLL),

Sorbonne Université, CNRS, Université de This paper is dedicated to the homogenization and dimension reduction for a nonlin-

Paris, F-75005 Paris, France ear elasticity problem of a textile structure. The structure is represented as a squared
piece of cloth and modeled as a woven canvas made of long and thin fibers, crossing

Correspondence
Riccardo Falconi, Email: each other in a periodic pattern. The squared domain is partially clamped on the left
falconi.riccardo94 @gmail.com and bottom. The fibers are assumed to be glued, condition that allows to extend the

woven structure to a non perforate plate. The nonlinear elasticity problem is stated via
minimization over the energy functional. The homogenization is made via the peri-
odic unfolding method, with an additional dimension reduction. Since the existence
of a minimum of the limit energy functional is not ensured, sufficient conditions for

the existence are given by assuming that the material is homogeneous and isotropic.

KEYWORDS:
Homogenization, periodic unfolding method, dimension reduction, nonlinear elasticity, homogeneous and

istotropic material, plates, beam structures

1 | INTRODUCTION

This work is dedicated to the homogenization and dimension reduction of a textile structure under large deformation, i.e. in a
nonlinear elasticity context. Given the small parameters € and r, the structure we take into consideration is a squared piece of
cloth, consisting of long oscillating beams of length L, and with a square cross-section of width 2r. The fibers cross each others
in a 2¢ periodic pattern and they are assumed to be glued when they are right above each others. The cloth is partially clamped
on the left and bottom border, as shown in Figure [}

Assuming that r ~ g, as € goes to zero, the homogenization is done via unfolding method, an equivalent formulation of the two
scale convergence first presented by Damlamian et al. in® and further developed in® and” in the frame of elasticity. For decom-
position and limits for dimension reduction of plates and beams, we refer to> 1213114 The combination of homogenization and
dimension reduction can be found in Chapter 11 ofZ and in®. As one can see in Table this work is a natural continuation of
the investigations already done in the context of textile structures made of beams glued to each other, considered in>'1° for the
linear regime and in''% for the Karman regime. In all these cases, we will see that we can extend the glued fibers strucutre to a
periodically perforated shell (for the homogenization, we refer to®1%). We would also like to refer to'?2! concerning homoge-
nization and dimension reduction for plates with large deformations.

The homogenization of this kind of structure in the context of large deformations leads to a better understanding of the limit
model, and its effective asymptotic behavior, but also to its limitations in the actual approximation of a real textile. In this sense,
we prove that the limit model is of the kind

J(V)é/Q(II(V))dx—/f'(V—Id)dx.
Q Q
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(fig_uno)
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Linear model ([le(u)||* ~ €7*9) -
glued fibers (g =0or g ~ g3+a+p ST

Von Karmén model (|le(w)||* ~ &) -
glued fibers (g =0or g ~ g3tF)(18

Nonlinear model (||(Vo)" Vo — L ||> ~ &%) -
glued fibers (g = 0 or g ~ £2*7)

Linear model (]|e(w)||*> ~ €>*%) -
strong contact (g ~ £3*%) 1/

Von Karman model (||le(u)||> ~ €7) -
strong contact (g ~ €3)

Nonlinear model (||(Vo)" Vo — L ||> ~ €%) -
strong contact (g ~ £2)

Linear model (]|e(w)||*> ~ €>*%) -
loose contact (g ~ 2*®)L

Von Karman model (||le(u)|> ~ &) -
loose contact (g ~ €2)

Nonlinear model (||(Vo)" Vo — L ||> ~ €%) -
loose contact (g ~ €)

Linear model (||e(w)||*> ~ €>*%) -
very loose contact (g ~ £!*%)

Von Karman model (||le(u)|> ~ &) -
very loose contact (g ~ €)

TABLE 1 Leta, g > 0, let v be a deformation, u = v — I, its associated displacement, and e(u) = %((Vu)T + Vu). The table
shows all possible cases according to the type of deformation (x-axis) and the allowed in-plane slide of the fibers (y-axis), which
is modeled by a contact function g. The already studied cases are cited. On the top right, the case considered in this draft.

where Q is a quadratic form over the second fundamental form II of the middle-line displacement V. We know that this model
does not represent all the phenomena present in the nonlinear bending. However, we consider it a sufficiently good model to
start with, and that can be extended to allow more configurations. As a comparison to the work done earlier in earlier in 1920, this
paper provides more details, also related to some symmetries and anti-symmetries w.r.t. some rotations and translations present
in the plate structure, see Fig. 2 ] [3_] Also, the algorithm to compute the effective bending properties is given, which have a
practical effort for applied problems. On the other hand, the limit result that only developable surfaces are allowed is too strict.
In this sense, conclusions are drawn and new suggestions are presented to fill this gap.

We start by giving some notation in Section 2] then in Section 3] we proceed to the construction of a woven canvas in the square
Q = (0, L), as shown in Figure The structure is assumed to be clamped on the left and bottom boundary. Similarly to
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FIGURE 1 The 3D textile domain is made of long and thin fibers with squared cross section 2r, which cross each others in a
2¢ periodic pattern. A partial clamp is set on the left and bottom boundary of the domain.

what has been done in''> and'®, the assumption of glued fibers allows to quickly convert the woven canvas into a periodically
perforated plate S, which will be the actual domain we will work on. Given a plate deformation v € H ! (S7), we decompose
it as in® and derive the associated St.Venant tensor.
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In Section we proceed similarly as in'¥ and state the nonlinear elasticity problem as a minimization over the energy functionals:

inf J.(v)= inf </V/IZ(-,VU)dx—/fE-(U—Id)dx>, (1) [probo0]

veH!(SY) veH!(S¥)

where a, is the fourth order strain tensor describing the material law, and f, is the applied stress. Even though the existence of
a minimizer for this problem is not ensured (the functionals J, are not coercive), we do not set more assumptions since we are
merely interested on its solvability as € — 0.

However, in order to go to the limit we need to find a lower bound for the functionals, and this is done by choosing sufficient
forces in Section [5]such that the resulting deformations are large:

1
E“(VUE)TVUS — Ll s ~ €72

Then, compactness results ensure the weak convergence of the displacement fields. Section [6]is dedicated to the asymptotic
behavior of the deformation fields and the form of the St.Venant tensor. To this scope we use two unfolding operators, related
to each others: a 2D unfolding operator for the plate mid-line and a 3D global unfolding operator for the whole structure, where
a dimension reduction is additionally applied. The limit behavior of the fields representing the mid-line of the plate V and
their relation with the cross section rotation matrix R suggest a first characterization of the limit deformations, that is, they are
developable surfaces.
Once the weak asymptotic behavior of the fields are found, we proceed in Section [/| to the definition of limit minimization
problem:
__inf JV,Z2,0) = inf / Q(y) £(Z, V)+E(v))dx dy—|Y* |/f Y -1,)dx >
(V,6,2)eDXL2(Q) (V,6,2)EDXL2(Q)
QxXY*

Even though, it is possible to show that the functional J is coercive, the existence of a minimizer is not ensured because of
the presence of the shear fields Z which do not belong to a Hilbert space. For this reason, it is crucial to introduce a sufficient
condition, @D which ensures that our minimum is reached if Z = 0. Even though such condition is not satisfied in general,
it certainly holds for isotropic and homogeneous materials. With this condition, the existence of a minimizer in the limit is
ensured and a full homogenization of the unfolded limit problem is done, giving the homogenizing coefficients and the final
minimization problem over the homogenized energy functional:

At last, with a kind of I"-convergence technique, we prove that such homogenized minimization problem is in fact the limit
of the minimization problems (I)) as e — 0.
The study of the limit behavior for the large deformations of a textile structure with glued fibers leads to some important
outcomes, which we gather in the conclusive Section

e Whenever the fibers are glued, a woven canvas can be extended to a periodically perforated plate, and treated accordingly;

e Assumption (46)) is a sufficient condition for the existence of a minimizer for the limit functional. This assumption depends
on the geometry of the periodic structure and the isotropy and homogeneity of the material, which may vary from case to
case. For this purpose, the proof of Lemma[I0]and Remark 3] furnish a sequence of steps to check such condition.

e The solution of the minimization problem for the homogenized energy functional is a developable surface.

As a final remark, we would like to mention that even thought the homogenized model that we present, which only allows
developable surfaces in the limit, is in contrast with real experiments where folding appears (see e.g. the work done in). This
does not necessarily mean that it is incorrect, but rather incomplete: a forthcoming work, based on, will introduce penalizing
terms in the right hand side, that vanish in the limit, so that the minimization problem has solution near zero, allowing more
configurations since Z is not set to be zero.

2 | NOTATION

2) . . . o . o .

Before getting started, we find it convenient to give in Table[2”|the main definitions that will often appear throughout the work.
For the rest of the draft, the Einstein convention over repeated indexes will be used and, if not specified, the constants C, C,
and C, do not depend on the parameter &.
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Symbol Definition Meaning

L eR* Constant Lenght of the fibers.

I<LeR* Constant Length of the partial clamp.

Q = (0, L)? In-plane textile domain.

y =(0,2)? In-plane reference cell.

e € R Small parameter Distance between fibers.

N, eN = 2£ Number of 2e-segments in L.

n, €N = £ Number of 2&-segments in /.

K, ={0,...,2N,}? Set of nodes in Q.

kK €[0,1/3] Constant Ratio between fiber’s distance and their cross-section.
reR* = K¢ Width of the fiber’s cross section.

o, = (—k, k)? Reference fiber’s cross section.

, = O, = (—r,r)? = (—xe,ke)?* | Rescaled fiber’s cross section.

x € R? = (X1, Xy, X3) Variables in the fixed reference frame.

x' € R? = (X1, %) Variables in the fixed in-plane reference frame.

0, = % Partial derivative with respect to to x;, fori € {1,2,3}.
a, pe{l,2} Conétant Shorten notation for direction e, and e,.

a,b,c € {0,1} | Constant Shorten notation for the lines in the reference cell V.
M, Group Group of 3 X 3 matrices.

S, Group Group of 3 X 3 symmetric matrices.

I, Function Identitymap I, : x ER3* > x € R3

I, 3 X 3 Matrix Identity matrix

I 2 X 2 Matrix First fundamental form of a 3D surface

I 2 X 2 Matrix Second fundamental form of a 3D surface

TABLE 2

3 | THE TEXTILE STRUCTURE AND DECOMPOSITION OF THE DEFORMATION

Y In this section we start by defining our textile structure, which consists of a woven canvas made of long, thin fibers crossing each
other in a periodic pattern. Since the fibers are glued, we can see the structure as a perforated plate at first, and then extend the
deformations on the perforated plate to deformations on a non-perforated one. For this last one, decomposition and St. Venant
strain tensor are derived.

3.1 | Parameterization of a woven canvas made of glued fibers

We start by defining the 2-periodic function

- if t € [0, k],
(- =k .
q)(t)£< K<6(1—2K)2_4(1—2K)3_1> ifte [k, 1-kx],
) ifr e[l — k1l
—®e-D ift €[1,2]

\

and we rescale it to a 2e-periodic function setting @, (f) = e® ( - ), which is piece-wise C2(R) and overall C'(R). By definition,
. . €
such a function satisfies
2 n
D, || Loy + 6”®2”L°°([R) + [P, || o) < Ce.



Let P and P® be the straight reference rods in direction e; and e, defined by
PV = {x = (x1,%,,%3) € (0, L)X (—r,r) xR ‘ x3 € (D (x)) = r, @ (x)) + 1)},
P@ = {x = (x},%,,%3) € (—r,r) x (0, L) x R | x3 € (D (x)) = 1, D (x) + 1)}
For each in plane direction, we define two sets of curved rods by
P9 = {x = (X1, %y, %3) € (0, L) X (qge — r,qe + 1) X R ’ x3 € ((=D'® (x)) — r, (=)D (x)) + ) } q€{0,...,2N.,},

pen {x = (X, Xy, X3) € (pe —r,pe +r) X (0, L) X R | X3 € (1D (x,) —’,(—l)p‘l’g(xz)'ﬂ‘)}? pe{0,....2N}.

Note that the quantities (—1)7*! and (—1)? denote the fact that the woven fibers are alternate, allowing crossing between them.
The woven textile structure results to be

2N, 2N,
P = ( Urtu Pf’m) N (Qx (=2r,2r)),
p=0

q=0

where the restriction to € X (—2r, 2r) is done to simplify the definition of the domain, since in fact P, C (—r, L+ )2 X (=2r, 2r).
Now, since the fibers are glued, it is possible to partition the domain in small segments and fill the empty spaces as in Figure
[2°] Doing so, we can extend our woven textile to the following structure:

SF = (P.n(Qx{0})) X (=2r,2r). (2)[plate_holes

Note that this structure can be considered as a perforated plate, and that is why we name it S¥, being  * a notation for the holes.

FIGURE 2 A small segment of the textile domain. In gray, the glued fibers belonging to P.. It is possible to extend such structure

to the whole parallelotope by filling the white spaces. Doing this for every segment, it will result in the perforated plate S;.
(fig_extl)

3.2 | Boundary conditions and space of admissible deformations

Given the domain of our structure S*, we introduce the boundary conditions in the form of a partial clamp on the left and bottom
boundary:

Y= ((0,))x {0}) U ({0} X (0,)), [, =y x(=2r,2r). (3)[rc]
The space of admissible deformations of the whole textile structure is represented by the following set:

D= {ve 'S [v=1, ac.on oSN, |.

3.3 | From a woven canvas with glued fibers to a non-perforated plate
In juxtaposition to the perforated plate ([2), we define the non-perforated one by

S, = Qx (=2r,2r).
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Accordingly, we define the space of admissible deformations including the boundary conditions by setting
D, = {u eH'(S)* |v=1, ae on r,}.
Below, we use a result proven in48, which states that deformations defined over the woven canvas with glued fibers S’ can be
extended to deformations defined on the non-perforated plate S,.
Proposition 1 (Proposition 3.1 and Remark 3.2 in'!®). For every deformation v € H'(S*)?, there exists 7' € H'(S,)’ such that
5|55 =, ldist(@, SOB)l 2s,) < Clldist(v, SO(3))||L2(5£*).
Moreover, if v € D? then 0 € D,.

With the above proposition, we can now treat a deformation on the textile structure with glued yarns by using the results for
the deformation of a plate (such as decomposition and associated strain tensor) extensively described in Section 3 of.

3.4 | Decomposition of a plate deformation
Letv e H! (\S'E)3 be a plate deformation. Denote
D(v) = ||dist(Vv, SOB)l 2, Vo€ H'(S,).
From Theorem 3.4 in“, there exists a constant C(€) depending on the mid-surface such that any v € H'(S,)? satisfying
D(v) < C(Q)e?, (4) [Rcond ]
admits a decomposition of the kind:
v(x) = V(xy, %) + x3R(x), x5)e; + v(x) ae.x €S, (5)[Eq24nev]

where V € H'(Q)*, R € H'(Q; SO(3)) and v € H'(S,)*. In particular, the quantity V + x;Re, is called elementary deforma-
tion, while the quantity v is called warping (or reminder term).

Given the above decomposition and the definition of boundary conditions (3)), it follows that a plate deformation belongs to D,

if and only if
V=1, and R=1, a.e.ony, v=0 ae.onl,. (6) [EqEc]
Again from Theorem 3.4 in®, the above fields satisfy the following estimates (a € {1,2}):
_ — C
ol 2, + VOl 12s,) < CrD(v), 19, Rl 12y < ’371)(0),
c (7)[z0)
10,V = Re,ll 20 < =7 D), IVo =Rl 25, < CD().
r1/2 A

3.5 | Tensor of a plate deformation

mgradbeant) Given the plate deformation v € H'(S,)? as in (3)), we want to give an expression of the associated Green-St. Venant tensor

%((VU)TVU -L;),
with which we will be later easier to go to the limit with.
First, we note that since R beongs to SO(3), the following identity holds:
Vo)'vo-1, = SVU -R)Y (Vo - R3+BT(VU —R)+ (Vo - R)TIS.

g '

A(Uﬂ B(v)

The matrix B(v) is the sum of two symmetric matrices

B(v) = B, (v) + B, (v),

! As we will see later, the term A(v) will weakly converge to zero in the limit and therefore does not need to be calculated explicitely.



where the first term collects the fields of the elementary displacemnt, it is defined by

2[(0,V — Re)) + z;0,Re;] - Re, * s
B, (v) =| [0,V — Re)) + z;0,Re;] - Re, + [(3,V — Re,) + z;0,Re;] - Re; 2[(0,V — Re,) + z30,Re;] - Re, ],
[0,V — Re)) + z30,Re;] - Rey [(0,V — Re,) + z30,Re;] - Rey 0
while the second term collects the fields coming of the warping and is defined by
20,0 - Re, * *
B,(v) =|0,7-Re, + 0,0 - Re, 20,0 - Re,

0,0-Re; + 050 Re; 0,U-Rey +0;0 - Re, 20,0 - Rey

In conclusion, we have
(Vo) Vo —1; = A(v) + B, (v) + B,,(v).

4 | THE NONLINEAR ELASTICITY PROBLEM
s4
s As depicted in Figure[3 | we define the non-perforated and perforated two dimensional periodic cell by
2
Y =0,2% Y* =Y\< U [a+K,a+1—K]x[b+1<,b+1—K]>.
a,b=1
and the three dimensional ones by
Y =Y x(=2k,2x), Y* = Y* x (=2«,2K).
It is then clear that €, S, and S; consist of a paving of e-sized cells of the kind Y, J and Y* respectively. We now set the total

2% | 2% || 4 ¥ 12

2 ko 1=2r K

FIGURE 3 On the left, the 2-periodic reference cell V, in darker its restriction to the mid-surface Y. The non-perforated plate
S, is a paving of ¢ cells of this kind. On the right, the 2-periodic perforated reference cell Y*, in darker its restriction to the

mid-surface Y*. The perforate plate S is a paving of € cells of this kind.
(fig_cells)

elastic energy to be the functional

JE(U)=/P/Z(.,Vv)dx—/fg-(v—ld)dx, Vo € DY, 8)[3]
S S

where the local energy density 171\/5 is the map from Y* X M; — R* U {+o0} defined by

S Loymar .
V/IZ(',M)EW(;,M>£ Q<g’z(M M 13)) if det(M) >0,
‘ + o0 if det(M)<0.
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In particular, Q is a positive quadratic form from Y* X S; - R* defined by

0, S) = a1y (NS;; Sy, forae. y €Y andforall S €S, (9)[ineq_q]
where g, € L®(Y*) are the coeffiecients of a fourth order tensor, which is periodic with respect of e, and e,, symmetric
(@;j1 = ajiy=ay;;) and positive definite. This last property implies that Q is coercive:
AC, > 0 such that Q(y,.S) > C0|S|2F fora.e. y € Y* andforall S € S

Hence, we have
AC, > 0 suchthat VM € M;, suchthat det(M) >0,

o~ (10) ineq_W
W(, M) > CIM™M - L% > Cydist* (M, SO(3))  ae.in Y*.
Remark 1. An example of a local elastic energy satisfying such assumptions is given by St. Venant-Kirchhoff’s material, for

which (4 and u are the Lamé constants)

W (M) = g(“(MTM ~L))" + %(tr(MTM -L)%) if det(M) >0,
+oo if det(M) <O0.

Finally, the nonlinear elasticity problem for the textile reads as

me = inf J,(0). (11) [probleni]

It is well known that the existence of a minimizer for J, in D, is still an open problem.

S | ABOUND FOR THE DEFORMATION FIELDS

S5
< >In order to find the weak convergences of the fields involved in the nonlinear elasticity problem, that are, those that appear in

the representation of tensor (see Subsection [3.3)) and deformation (see (5)), we need to bound them.

We start by establishing their dependency on the quantity D(v).

Lemma 1. The fields R and V satisfy
\C/‘_D(U) (12) est_fieldsl

ENE

IR =Ll g+ 1V = Lill g <

Proof. Estimate (I2), is a direct consequence of estimate (7),, the boundary conditions () and the Poincaré inequality. Then,
from (12)); and (7); we have

€ b,
E E

10,V = €.l 2@ < 110,V = Rey [l 12q) + IR = T3)e || 20y <

thus (I2)), follows from the above estimate, the boundary conditions (6) and the Poincaré inequality. O

5.1 | Assumption on the right hand side

(sec_forces) Now, we want to give the relation between the quantity D(v) and the applied forces.

Without loss of generality, the seek for a minimizer in (IT) implies that we can consider only deformations v € D? such that
J.(v) £ J.(1,;) = 0. Hence, by the definition of (8) and property (I0), we have

COD(u)zg/vT/E(-,vU)dzg /fg'(v—Id)dz . (13)[2neq]

Let now f bein H! (Q X (=2r, 2r))3. Define the rescaled forces
fo(x) =€ f(x),x,) forae. x=(x,x,,x;) € QX(=2r,2r). (14)[forces_est]|

2We denote | - |- the Frobenius norm of a 3 X 3 matrix.



By the decomposition in the previous subsection, we have that there exists a constant C; such that
/fs “(v-1I)dz| < /fs ((v=1;) +x3(R=1;)e; + 7, ) dx
S S

<C \/EeTIIfIILz(Q)<\/EIIV =Lyl 2 + 5\/2”R - Ll 2 + ||E||L2(sj)>
and thus from estimates (7), (I2) and the force assumption (T4), we get that

(G
D) < = 1/l (15)[e>_ineq]

0
The constant does not depend on € and 7.

5.2 | Fields bound and infimum for the minimization problem

In order 1o stay in the case of large deformations and under assumption @), from estimate (13) we find convenient to choose
T =2 and have

C
D) < =/ Ny (16) [nowon_1]
0
In addition, to ensure that @]} is satisfied and use decomposition @ (see®), we further assume that
C,C(Q)
< .
1/ 2 < C,
Applying (T6) to estimates (7), and (I2)), we can finally obtain a bound for the deformation fields
Ve = Lill i) + IR, = L]l 1) £ C, “5“L2(55) + £||V5||L2(55) < Ce?, (17) [estimates]

Moreover, assumption (I6) implies that for every v € D, satisfying J,(v) < 0, we get

/fg-(v—ld)dz < Cé. (18)[est_F|
SE

Hence,
0>J.@)= / Ijl\/e(Vv)dz - / f.-(v=1,)dz>-Cé.
S& SE
As a consequence
—~Ce®> <m,_ = inf J.(v).
veD,
The constant is strictly positive and depends on || f|| 12, but not on the parameter .

Given a minimizing sequence {0}, for the functional J, in D,, the above estimate implies that we can set

comy J@Y)
m = liminf — = lim .
=0 63 e—~0 ¢

Since J_(1,;) = 0, without a loss of generality, we can assume that JE(US) <0.

6 | ASYMPTOTIC BEHAVIOR OF A SEQUENCE OF DEFORMATIONS

5% In this section we give the asymptotic behavior of the fields of a sequence of deformations {v, }, decomposed as in (3).

6.1 | Weak limit of the macroscopic fields
We first set the left and bottom limit boundary of  in the following way (see also Figure[T )):
T(l,1) = {triangle whose vertexes are (0,0), (0,1), (,0)}.
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Then, we set the limit spaces
H(Q) = {¢ € H*(Q)

¢p=1, aein T( D},
T(Q)3><3 {d) c HI(Q)3><3

Below, we give the first weak convergences.

¢=1; ae.in T 1)}

(61re) | emma 2. There exist a subsequence of {e}, still denoted {¢}, and functions V € H. R € Hy(Q;SO(3)) such that

V. — PV strongly in H'(Q)*,

R, = R weakly in H'(Q)¥ and strongly in L*(Q)>* (19)[zw]
and Z, € L%(©)? such that
1 (0,V —Re,) = Z, weakly in L*(Q)’. (20)[conv_z]
Moreover, the following limit identities hoid:
0,V =Re;, 0,V =Re, ae.inQ. (21)[1q]

Proof. By estimates (I7),, (7); and Theorem 3.3 in®, there exist ¥ € H'(Q)*>, R € H'(Q)**® and Z, € L*(Q)? such that

convergences (T9)-(20) hold.
Now, we prove that R € H'(Q; SO(3)). By convergence (T9), and the compact embedding of H'(€2)**® in L*(€)**, we get that

R, — R strongly in L*(Q)>%,
R’R, - R'R strongly in L*(Q)™°,
det (R,) — det (R) strongly in L*3(Q).
On the other hand, since R, € SO(3) for every €, we have that
R’R, — I strongly in L*(Q)™,
det (R,) — 1 strongly in LY 3(Q).
As a consequence, RTR = I; anddet (R) =1 ae.in Q. ThusR € HY(Q; SO0B)).
Equalities (ZT)) follow from (20) and convergences (T9). Moreover, (ZI) implies that VY € H'(Q)>? and thus ¥ € H?*(Q)’.
It is left to prove that R € H}(Q; SO(3)) (and thus that ¥V € H%(Q)3). From the clamp conditions, we already know that in the
limit, the following boundary conditions hold:
V=1, and R=1; a.e.in 7. (22)(1in_BC]

Let 4 be in (0, /] and define the triangle T(4, /) whose vertexes are (0, 0), (4,0) and (0, /). By integrating the quantity R on the
domain T(4, ) on the lines directed by the vector Ae; — e,, using the limit identity (ZI)) and the above limit boundary conditions

(22)), we obtain:

1 AT I AT
/R(zl,zz)(/lel—ez)dzldzz=//R (,ua1 e,) dtdT = // (40,V = 0,V) ( T—z>dth
T(4,1) 0 0

| AT ]
=//A(),V(t,T—%)dth://I(V(AT,O)—V(O,T)) dT=//1T(/1el —e,)dT = / L(Je, — &) dz,dz,.
0 0 0 0 T(AD

As a consequence, we first get that R(1e, —e,) - (le; —e,) = |1e, —e,|? a.e. in T(4, /), from which we deduce that R(Je, —e,) =
Ae; — e, a.e. in T(4, /). Similarly, we prove that R(e; — 1e,) = e; — le, a.e. in T(/, A) for all 4 € (0, /].

Now, let a be in (0, /). Consider the triangle T(a, a) whose vertexes are (0, 0), (a, 0) and (0, a). Clearly, we have T(a, a) C T(a,!)
and T(a,a) C T(l, a). So in T'(a, a) we have
R(e, — ae,) = e, — ae, and R(ae, —e,) = ae, —e, a.e. in T(a, a).

Thus

Re,=e¢,, a€{l,2}, ae.inT(a,a).

Hence R =1, a.e. in T(a, a). As a is any element in (0, /), we have R = I, a.e. in T(/, /). O]
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From the regularity of R, some more identities hold in the limit.

(cor1) Corollary 1. There exist two anti-symmetric matrices AV, A® € L?(Q)> such that
0,R=RAY and 9,R =RA®. (23)[ia2]
Moreover, we have that
ADe, =APe,. (24)[1a.3]
Proof. Equalities (23] directly follow from the fact that R € H 1(Q; SO(3)), while (24) is an easy consequence of and
23). O

Since R depends on V via identity (23)) and the map V + R is one-to-one, from now on we will denote such dependency by
R(V). This allows to define the following limit set:

D= {v € HX(Q) ’ IR € H(Q: SO(3)) such that 9,V = Re, }

Now, for every deformation of the plate ¥V € D, the principal directions of the tangential plane ant any point x’ € Q are defined
by (0,V,0,V) = (R(V)e;, R(V)e,) and the known orthogonal vector to the surface by n = R(V)e;. In this sense, the associated
second fundamental form is defined by (we denote the entry terms with the usual notation L, M, N € L*(Q)):

L %\ . /Re,-0.Re "
II= = 3 1 1 e. / Q. ) T
<M N) <Re3 -0;Re, Re; - 02Re2> . BexXE (25)[second_torn
Note that we have
M(V) =R(V)e; - 9, R(V)e; = R(V)e; - 0,V = R(V)es - 05,V = R(V)es - ,R(V)e

With this notation, identities (23)-([24) lead to the following characterization of the anti-symmetric matrices in Corollary [T}

0 0 -L 0 0 -M
A0 =fo o0 -m|. A®=|0 0 -N (26) [matrices]
LM O MN O

We can now get our first important conclusion.

Corollary 2. The admissible deformations of D transforms the plate’s mid-surface Q X {0} into a developable surface.

Proof. Since the principal curvatures k, and k, are the roots of the second order equation det(II — kI) = O, it follows that the
Gaussian curvature K = k k, is equal to zero if and only if such equation has no constant term, which is satisfied if and only if
det(IT) = 0, or equivalently, if and only if LN — M? = 0. But this is true due to Lemma@]in Appendix. O

Remark 2. Note that since the mid-surface of the plate can be transformed into a developable surface, it follows that the nonlinear
homogenized plate has a very few amount of possible configurations. In particular, this leads to the impossibility to cover half
a sphere.

6.2 | Weak limit of the unfolded macroscopic fields

We can now proceed to the unfolding of the macroscopic fields of the plate deformations. Since these fields lie on the mid-surface
of the plate, which is the domain €, we start by defining the following unfolding operator.

Definition 1. (In-plane unfolding operator) For every measurable function ¢ in L?(2), one defines the measurable function
T.(¢) in L*(Q X ) by

!/
T.(p)Z,y) = (p(2e[2z—] + £y’> forae. (Z,))€eQxY™
£
Its properties are the typical ones and can be found in”Z. Among them, we recall that

(@)l 2 axp) < Cll@ll 2 Vo € L*(Q).

We have the following.



1z |

(61rev-0)y emma 3. There exist R € L2(Q; H ser0(Y )7 such that

T.(V,) = V strongly in L*(Q; H'(Y*))’, N
1
T.(VV,) = VYV strongly in L*(Q x Y*)>?
and
T.(R,) = R(V) strongly in L*(Q; H'(Y*))>°, 083
A~ 2
7.(VR,) = VR(Y) + V,R weakly in L*(Q x Y*)*°.
Moreover, there exists it € L*(Q; H;er o(Y™))? such that
7.(9,V. —R.e,) = Z,+0, @i — Re, weakly in L(Q; H'(Y*))’. (29)[3]

In addition, there exist an anti-symmetric matrix A € L2(Q; H;er oY) such that
R=R(OVA acinQxY" (30) Lin_wmg|
Proof. Convergences are a consequence of , and Proposition 1.39 in, while (28) are a consequence of (I9), and

Corollary 1.37 in”. Convergence (29) is a consequence of (20), (Z8) and Lemma 11.11 of Z.
By the strong convergence (20) and Proposition 1.9 of, we get

T.(R,) > R(V) strongly in L*(Q X Y*)¥. (31)[strong|
Now we prove (30). By the fact that for every € we have R, € SO(3) a.e. in Q, it follows that (0,R,)"R, + RT9|R, =0 a.e. in
Q. Hence, from convergences (28), (31)) and Corollary 1.18 of in the limit we obtain
(0,RO) +9, R) ' ROV) + ROV (R +0, R) =0 ae.inQxY?,
which together with identity (23) implies that
(0, R) RO +RMT (9, R) =0 ae.inQxY™.

Hence, identity follows since R € LX(Q; le ). O

er,0

6.3 | Weak limit of the unfolded warping

We can now proceed to the unfolding of the warping. Before doing so, we need to define a second unfolding operator, which
allows to unfold the complete three dimensional textile structure S7.

Definition 2 (Global unfolding operator). For every measurable function ® on S*, one defines the measurable functions IT, ()
on Q X YV* by
!
IL(0)(Z, y) = d)<2£ [ZZ—] + ey) for ae. (z,y) € Q x V*.
E
Note that this unfolding operator changes the convergence rate, since a dimension reduction is additionally applied. We have

c *
T (D)l L2y < 7”¢“L2(5’;)’ Vg € L(S)). (32)[est_Pi|
3

Moreover, we note that such operator is related to the previous one and due to the Trace Theorem, the convergences of the
macroscopic fields in Lemma [3|unfolded via 7, will be the same if unfolded via I1, .
Below, we show the asymptotic behavior of the unfolded warping components.

(#2P) | emma 4. There exist a subsequence of {¢}, still denoted {£}, and 0 € L*(Q; H! (¥*))? such that the following convergence

per
holds: !
SML.@,) =7 weakly in LY Q; H' (V") . (33)[Eas16]

Proof. The proof follows from estimates (T7)),, the change of convergence rate (32)) for I, and Theorem 1.36 in”. O
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As a consequence of convergences (31), (33) and Corollary 1.18 ofZ, we have (recall the definition of B, in Subsection [3.5)

1
2e
where for every ¢ € H'(Y*)?, the quantity &,is the symmetric gradient defined by
ay] ¢ . el k k
(ayl¢-e2+6y2¢-e1) | 0,,¢-e, * )
(ayl¢ * 63 + ay3¢ * el) E(ayzd) * e3 + ay3¢ * e2) ay3¢ * 63

1, (B,(@,) = &(RO)D) weaklyin L*(Qx Y*)™?,

() =

B I—= N =

6.4 | Limit Green-St.Venant tensor of the plate deformation

(34) strain_warp

Note that the tensor admits a weak limit in the form of a weak convergent subsequence. Indeed, from (I0), (T3)), (I8) and (32)),

we derive that {
|2 (Ve Ve, - 1)

<
L2(QxY*)
We now give a characterization of the tensor in the limit. From the computation in Subsection [3.5] we know that
1 T 1
gHg((wg) Vo, - L) = >

We start with the weak convergence of the term A.

11, (A(v,) + B, (v,) + B,,(v,)).

Lemma 5. We have !
2—HE (A(UE)) -0 weakly in L2(Q x Y*)><.
£
Proof. Step 1. We show that the convergence of the LHS of (33) holds strongly in the space L'(Q x Y*)¥3.
From estimate (7)), and the change of convergence rate of the unfolding operator (32), we have that

C
I, (Vo, = Rl 120xy) < THVUE - Rl 2 < Ce.
E

Hence
1

V2e

I, (Vo, —R,) > 0 strongly in L*(Q x Y*)>?

and thus

1 T T 1 : 1 #\3%3
I, ((Vo, =R " (Vv, —R))) = I, ((Vo, —R,)" ) —=II,(Vuv, —R,) = 0 strongly in L' (2 X Y*)”".
€ ( ) V2e ( ) V2e ( )

Step 2. We prove the lemma statement.

(35) [s-ting

From Step 1, the sequence I1, (A(v,)) converges strongly to zero in L!(Q x Y*)**3. Moreover, it is bounded in L?(Q x Y*)**3.

Indeed, from (I0), (T3) and (T8)), we have
CyD(v,)* < Co/ (Vo) Vo, —= L] dz < / W.(.Vv,)dz < |/f (v, —1,)dz| < C€°.
s, s, 5,

So, using inequality (T0) we get
(Vo) Vo, =]l 25,y < Ce¥2

Thus
1 T C T
E| I, (Vo = R)" (Vo —R))) L2Qxy) ~ 1tVoe =R (Vo = Rl s,
EN\/E
C 2C
< (Vo) Vo, =Ll 25 + —=IIVo, = R.|l 125, < C.
ENE e\/g

The boundedness in L? and the strong convergence in L' imply the weak convergence in L?. The proof of (33)) is complete.

Now we proceed to the weak convergence of the terms B,; + B,
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(1em67) | emma 6. One has |
—I1, (B, (1v,) + B, (1)) = E(Z, V) + &,(D) weakly in L*(Q x Y*)™°,

2¢e
where the second quantity is the symmetric gradient of a function 0 € L?(Q; H ;er(y *))3, while the first quantity is the symmetric
matrix
Zy —y»LY) * 0
EZ,V) =21, = y;sMOV) Zy - y3NOV) O, (36) [Ex]
0 0 0

where L, M, N € L*(Q) are defined in (23), and where
-1
Zup=5(2a-9V+2,:0.9), (@p e (L2} (37) [zetas]

Proof. Step 1. The weak convergences.
From Lemma convergence and Corollary 1.18 ofZ, together with convergence (34), we get that

ing (B, (v) +B,(v,)) =~ E+ E+ E,R"D) weakly in L*(Q x Y*)*°,

where the first quantity E izsethe symmetric matrix that gathers only the macroscopic spaces and is defined by
(Z, + y;0,Re;) - Re, * «
E= % [(Zl +y30,Re;) - Re; + (2, + y30,Re;) - Rel] (Z, + y30,Re;) - Re, = (38) [macro_s]
%(Zl + 30,Re;) - Re; %(Zz + y30,Re;) - Re; 0

and the second quantity E is the symmetric matrix that gathers the macroscopic-microscopic fields and is defined by

(aylﬁ - I’iel + y3ayl ﬁe3) . Rel * %

(9,3 —Re, + 730, Re;) -Re, + (9,6 — Re, + 7,0, Res) -Rey| (9,8~ Re, + 50, Re;) - Rey -+ (39)[mierocs)
AN ~
5(9,, 1 —Re; +y;0, Re;) - Re;

Step 2. Simplification of the limit form of the tensor.

Setting and taking into account the limit identities (23)), we have that

E=

B =

~ A~

1 A~
5(9,,11 —Re, +y;0, Re;) - Re; 0

0;Re; - Re, = 0,Re; - Re, and 0;Re; - Re; = 0,Re; - Re; = 0.

At the same time, the fact that R € SO(3) implies that Re; - Re; = 0 and Re; - Re, = 0, thus that (¢ € {1,2})
0;Re; - Re; = —Re; - 0 Re, and J,Re; - Re, = —Re; - . Re,

Applying these changes to the quantity (38)) and using the notation in (23), we get that

0 0 *
E=£ZWV)+| 0 0 x|
32, Re; 3Z,-Re; 0

Now, note that the quantity (39) can be rewritten as

0yl (ﬁ + y3Re3) . Rel * * iiel . Rel * %
E= %[ayl (i + y;Re;) - Re, +,, (1 + y;Re;) -Rel] 0, (i +y,Re;) -Re, *|-|1(Re, -Re, + Re, Re;) Re,-Re,

1 (f+ v.R L (DL vR 1Re, - IRe, -

50y, (11 + y;Re;) - Re, 50,, (11 + y3Re;) - Re, 0 >Re, - Re; sRe; - Re; 0

Define the displacement 0 € L2(Q; H! (Y*))? by setting

per
0= R" (u+ y;Re; +0) +y5((Z, - Rey)e; +(Z; - Reyey). (“40)®)
Straightforward computations give

0,0=R"0, (i +y;Re; +7), 2, 0=R"0, (i + y;Re; +7), 0,0=R"Re; +0,0+(Z, -Rey)e; +(Z, - Reye,.
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and therefore we obtain

E+E+&,R™D)
ﬁel -Re, * *
=E&(2.V) - %(ﬁel -Re, + Re, -Re;) Re, - Re, *
%ﬁe] -Rey %ﬁez -Re; 0
0, (i + y;Re;) - Re, * s 0 0
+ %[6yl(ﬁ+y3ﬁe3) ‘Re, +0, (1 + y;Re;) -Rel] o, (i + y;Re;) - Re, |+ 00 4 ERTD)
%ayl (ﬁ + y3ﬁe3) ‘Re, %6y2 (ﬁ + y3ﬁe3) -Re, 0 5Z1-Re; 22, -Re; 0
f{e1 -Re, * *

= E(Z. V)~ [1(Re, -Re, +Re, -Re;) Re,-Re,  + [+,
%(ﬁel -Re; + Re; - Re)) %ﬁez ‘Re; Re; - Re,
The lemma statement follows by the above equality and identity (30). O

Finally, from Lemmas [5|and[6] we get that

%HE((VUE)TVUE “L) = EZ. V) +E,0) weakly in LAQx V),
E

where € and 0 are defined in (36) and (@0) respectively.

7 | THE LIMIT MINIMIZATION PROBLEM AND HOMOGENIZATION
s7
&n In this section we go to the limit with problem (TT]) and give a characterization of the minimization problem for the limit energy
functionals. Then, we give the sufficient conditions to ensure that such problem admits a minimum. At last, we prove that such

minimum is in fact the limit of the minimum for the energy functionals as € — 0.

7.1 | Limit of the total elastic energy functional

In order to go to the limit for ¢ — 0 and find the limit form of the total energy functional, the limiting results of Section [6|and
the properties of the periodic unfolding will be needed. Denote the space

H, )= {ce HL0 | / cdy=0]
y*
and we equip it with the semi-norm

||C||Hl'w(y*) =

2
/ 1€,©dy.
y*

Note that this semi-norm is in fact a norm equivalent to the usual norm of H;er(y*)3.
Now, let (V, Z,0) € D x L?(Q)> x L>(Q; H! (¥*)) and define

per

J¥,2,0) = / OW(EZ, V) + E,D)) dx'dy - | V| / f-OV-1pax'. (41)[3_1in]
QxY* Q
In the following, we show that the above defined quantity is an admissible limit energy functional.

(#rop2) proposition 2. Let {1}, € D, be a minimizing sequence of admissible deformations satisfying
Coom, J.?)
liminf — = lim .
e—>0 ¢ e—0 53

We have

WACH)
TP, 2°, 1% < liminf 2 = lim 2
=0 53 =0 63

(42)[3-prep
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where (W, Z°,7%) € D x L*(Q)3 x L>(Q; H! (Y*))is given by Lemmasland@

per

Proof. As a consequence of the weak convergences in Lemmas [3Jd][5] and [6] together with the weak lower semi-continuity of
the quadratic form of the functional .J, we get that
2

| z 1
3 / 0 (£ V) + & (@) dx'dy < liminf — / Q< -} S (Vo)) Vel — 13)) dx. (43) [E0-105)]
*=loiy S
On the other hand, the product between strong and weak convergences leads to
ggg/f L] = ) dx = / [ =1)dx'dy =y I/f V0 = 1,)dx" (44) [22-108]
QxY*
Hence, the statement follows from @3)) and (@4) O

7.2 | Homogenization of the limit energy functional

Let A € L*(Y*)%* be the matrix associated to the positive quadratic form Q. We rewrite the limit energy functional J defined
by (@1) in the matrix representation and with the explicit values of the second fundamental form given in (23] by setting

Zy -y RW)e; -0,V ell,y(ﬁ) Zi —yRW)ey -0,V ell.y(@
Z =y RW)e; -0,V elZ,y(ﬁ) Zin =y RW)e; - 0,V e15,(0)

— Zp = y3RW)e; - 0,V e,(0) 122 — v RWV)e; - 05,V e2,(0) I TEH (v ’ s
gwzo= [ 0 +| ) ( sl |- [0 1pay. (45)[T_maeriz]
e 0 elS.y(i;) 0 913.y(ﬁ)
0 €3, y(/\) 0 €3 y(A)

Now, note that the existence of a minimum for the functional J (V, Z, D) cannot be ensured, since D x L2(Q)3 x L*(Q; H;er(y*))
is not a subset of a Hilbert space. For this reason, before proceeding to the actual homogenization we need to introduce an

assumption so that the minimum of the functional does not depend on Z € L2(Q).

From now on, we assume that the quadratic form Q introduced by Q) is such that

JW,0,0) < TV, Z,0), VYW, Z,0) €Dx LY Q)P x L*Q;H! (). (46) [condition]

per

It is important to note that this condition is not satisfied in general. Nonetheless, we will give in Appendix examples of materials,
for which the condition (&6) is satisfied.

In order to find the minimum for the functional J(V,0, D) with respect to 0 € L?>(Q;H! (Y*)), we consider the associated

per
Euler- Lagrange equation and get that the minimum is reached with the solution to the following problem:

(Find ¢ € L2(Q; H! (")) such that:

per

[(—y;R(OV)es -0,V e, ©Y] (en1,(@)
—y3R(V)e; - 0,V el2,y(a elz,y(@)

3 _ ) ~
/ A || 7RO 0V Hen, @ N, @G 0g o vpe r2@:H! ).

0 e33’y(/c) e33,y(u/3) ’ per
QxY* A
Y 0 el3’y(é) ey3,(i)
0 e23’y(’c\) 1 \eys ()

\

We introduce the first three vectors of the canonical basis of R® and denote them by:
Vii=e, Vo=V, =e, Vy =e;
and denote the 6-entries vector representing the symmetric gradient by
— T
€y = (ell,y €2y €0y €33,y €13,y 923,y)

With this notation, the correctors are the solutions to the following cell problems:
Find 7,, € H[‘W(y*) such that

/A(y3va,,+?y'(;?aﬁ)) g(dy=0, VvdeH V), V(p) e{l,2)% (47)[eell_sols]

per

y*
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Hence, we obtain that the problem

Find ¢ € L*(&; H! (Y*)) such that

per

J,0,¢) = min J,0,D), YV eD
peL2QH] (V)
admits the solution s
e== ) (RO)e; - 0,pV) Zp- (48)[Ea62)
a,f=1
With the above assumption, the limit minimization problem reduces to the following:
inf 7(0,0,0), (49) [min 1]
€

where € € L>(Q; H! (Y*))is given by (@8] and where D is a closed subset of a Hilbert space.

per
Before proceeding to the existence of a minimum for the above problem (@9), we continue the homogenization process and
obtain the homogenized energy functional, with which it will be easier to deal. Namely, replacing (@8) in @5)) and integrating
over the reference cell Y*, we first obtain the homogenizing coefficients: ((a, f) € {1,2}?)

. 1 — A~ — A
CZZZ,ﬂ, = W/A()’) <_y3Vaﬂ + ey()(aﬂ)(J’)) : (_y3Va’ﬁ’ + ey<)(a/ﬂ/)(J’)) dy.
y*

The homogenized energy functional .7 can therefore be rewritten in the following homogenized form:

JoV) = J(V, 0, 6) = /cﬁZ’;’,ﬂ,(R(V)% -()aﬂl?) (R(V)e3 . 0,1,13,17) dx' — |y /f - (V-1,)dx'. (50)[1 0]
Q Q
Finally, from the minimization problem (#9) can be rewritten in the following form:
2 0

7.3 | Existence of a minimum in D for the homogenized limit functional 7,

For every ¢ € R3, set

-6 x 0
EQ) =-8 -8 0].
0 0 0

In order to prove that the functional 7, admits a minimum on D, a couple of preparatory lemmas are needed.

(1en8) | emma 7. Let (¢, @) be in R3 x H' _(V*). If

per
€(C)+€y(@) =0 a.e.in Y%, (51)[Eqs11]
then ¢ =0 and i = 0.
Moreover, there exists two constant C,, C; > 0 such that for every (¢, w) € R3xH! (%

per
Co(IE1P + DIy 50)) S NEQ) + E@DNIT250y < CrIEP + 1B 5 )- (52)|a812]
Proof. The proof is done in the same way as for Lemma 6.5 in', but in a weaker formulation. Define the map
—V17381 — 1383
(y) = TY1)’3532 - b |,
i hZ
—jQ - 7252 — V1283
which by construction satisfies £,(t) = £({). Under assumption 1) we get E(t+ iv) = 0. Hence, T + 0 is a rigid motion and
there exist a and b € R? such that 1(y) + @&(y) = a + b A y, which leads to
W(y) =|a, — y;b; + y,bsy [+ )’1J’3C§ + 1138
2
a3+ yby —yiby ) {2+ 2+ v
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By the 2-periodicity in direction e, (&0(0, y,, y3) = @(2, y,,y3)) and direction e, (i0(y,,0, y3) = W(y,,2,y;)), we obtain that
£, =&, =0 and that

b; £ y38 =0,
b, +y,=0

which immediately implies that b = 0 and {5 = 0. Finally, from the fact that i € HIIM(J?*) we get a = 0 and thus that 0 = 0.

Concerning inequalities (52), we have that the right hand side is obvious, while the left hand side follows from a contradiction
argumentation. O

°n-positive) y emma 8. The quadratic form associated to J, is positive definite.

Proof. We will use a contradiction argumentation. Let { be a not null 2 X 2 symmetric matrix such that
chny Saplur < 0.
From the definition of ¢"*", we proceed backwards with the homogenization steps and obtain that
2
02 i Coplup = / A[EQ) +&,M)] - [E©) + &,(0)] dy, where h = — Z CupHap-
s a,f=1
y*

From the coercivity of the matrix A, we immediately get that the above inequality leads to £() + & y(/l\1) = 0, thus Lemma
implies that ¢ is a null matrix, which is a contradiction. O

We are ready to prove the main results of this subsection.

Theorem 1. The functional J, admits a minimum on D.

Proof. Set
m= 11;2% Jo(V), m € [—o0,0].

Step 1. We show that m € (—o0, 0].
We assume that J,(V) < 0 for every V € D. This, together with the coercivity of .J,, implies that

IRO)e; - GROVe (12,0, + 2IROD)es - ROV |, ) + IROe - ROV |12, ) < CLY| / [ W-1pydz.

From the definition of anti-symmetric matrices A(V()) and A® (V) from Corollary |1} we can rewrite the above estimate in the
following way:

AL, g + ALV g + IAZONE o < 1Y / fov-1dz.

Now, from the definition of Frobenius norm and the matrix representation (Z6), we get

Z IACON g0 = / AL GNP dx' = 2(IAS DI 0, + 285 O o) + IAZT O )

altjl

<207 / f-W=1,dx".
From the fact that R(V) € SO(3) and thus |[R(V)|[ «q) < V3, the above inequality and the fact that V € H%(Q) implies that

2
”v Id”HZ(Q) Z |aaﬂv”L2(Q) (”alR(v)llzz(Q) + ”aZR(v)”Lz(Q)) < Cly*l / f : (v - Id)dz’-
a,p=1

Now, we have
[V / f-O=1pdz <ClfllpollV =Lillrg < Cl el = Lillpa
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from which we derive a bound for ||V — I || 2(q)- Thus

As a consequence, we can give a lower bound for J,.

Step 2. We show that m is a minimum.
Let {1}, € D be a minimizing sequence satisfying J,(V?) < Jy(I,) = 0 and such that

m=inf (V) = lim Jo(V)). (53) @
From Step 1, there exists a constant C > 0 independent on n and such that
V) = Lilli2@p < CllS i)
By the fact that D is a closed subset of a Hilbert space, there exist a subsequence of {n}, still denoted {n}, such that
V0~ V% weakly in D. (54) [conv_int |

In particular. we have

APYY =~ AD%)  weakly in L*(Q)¥°.
Now, from the positive definiteness of the quadratic form of the homogenized limit functional (50) in Lemma [§] we know that
the quadratic part of J, is weak lower semi-continuous. Hence, this fact and the weak convergence (54) imply that

JoOV°) = / clom ALV AL () dx' - |V / -0 —1)dx
Q Q
< liminf / hom A<”>(v0)A<‘”(v3)dx’— lim 1Y"| / 00— 1dx < lim JoO¥%) =m

n——+oo aﬂa/ﬁ, 35
Q

On the other hand, from equality (53], we have that
JoV%) <m < Jy(V), forevery V € D,

thus the infimum m is in fact a minimum. O

7.4 | The minimum of J, is the limit of the energy functionals.
Set

m = min J,(V). (55) (xEzimm]
It is left to show that m coincides with the limit of the energy functionals as € — 0.

te-theorem)? ph sorem 2. Suppose that f, is defined as in Subsection and let J, be the energy functional defined in (50). For every
minimizing sequence {v, }, for the functionals .J, we have

v m
lim Je(Ve) = lim — = m = min J,(V).
=0 £ e—0 83 veD

Proof. Step 1. In this step, we prove that for every minimizing sequence {v, }, for the functionals J, we have

. J(v)
lim = liminf =< > m.
-0 53 =0 53
In order to prove that, let {t?}, be the minimizing sequence for the functionals J, introduced in Proposition From @2)), the

definition of the limit energy functional .J,, and due to assumption (@6)), we have

WACH
lim 2 = liminf = > 7(°, 2%, 2% > J(V°,0.7°) > min J°,0,0) = J(°,0,0 = J,(V°) > m.
=0 g e—0 g3 ﬁELz(Q;HIlm_O(y*))

Step 2. In this step, we prove that for every W € D, we have

lim sup —= < JW). (56) Linsup_eq]

e—0
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Let (W, ) be in D x L2(Q; H1 (V") and let {(W,_,R,,D,)} € WX (Q) x W2(Q)*3 x W=(S,) be the sequence of fields

given in Lemma.m Appendlx that approx1mates (W R(W), ). Without loss of generality, we can choose
D=WW, with WeC®Q), and W e H', (V") n W'

per

In this sense, we can set

A~

w <x1,x2, ) W(x )W( ) ae. x €S’
We define the following sequence of deformations:
w£<x', g) = W,(x") + x;R, (x")e; + ezW(x’)ﬁ\/<§) ae. x €S,
Straightforward calculations lead to that, from the properties of the global unfolding operator, we obtain that
Vw, -R, =
(alwé “R.e; + 1,0 Ree; + WO, W+ 0, WW| 0,1, - Ree, + x,0,Re; + W0, W +£20,W | ewayﬁ/) | O]

So, we have
~ 2 ~
“ng - R£||Loo(9><y*) < Z (||0aWE - Rgea”Lm(Q) + SKllaaR£e3lle(Q)) + £”WVyW”L°°(QXy*) + £ ||VWW||LM(QX);*)

Now, from the estimates in Lemma|l I|and the fact that ¥ < 1/3, we get that

5 —~
IVw, = Rl pogsy < T 26 (IW Iy v W oo ymy) - (58)[est_int]

So, from the fact that for every M € M;, one has det(M) = Me, - (Me, A Me;), the distributive properties of the dot and cross
product and the fact that | det(M)| < |[Me,||,||Me,||,||Mes||, where || - ||, is the Euclidean norm, we first get that

| det(Vw,) — det(R,)|
< [(Vw, = Re[,[[(Vw, = R)e [ [[(Vw, — Resll + (IR [ [(Vw, —Ro)e |1 [I(Vw, — R )esl,
+ I(Vw, —Roe [l |IR. e I, [[(Vw, — R )es|l, + [(Vw, — Re|l,[[(Vw, — Roe 1 |IR €51l
+ IR e[, [IR €[, [[(Vw, — Resll, + (IR € [ [[(Vw, —Roe L [IR 5], + [[(Vw, — R e[, IR eI, R e;]l,.
Then, from the above estimate and (38) and the fact that ||R_e;||, = 1 a.e. in S*, we obtain

|(det(Viw,) = (x)] = | det(Vuw,) — det(R,)(x)| < ( ) +3\/_< ) (48 ) +Ce(IW o IW 1o ymy)» 2. in S
from which it follows that if € is sufficiently small, we have | det(Vw,) — 1| < I a.e. in S, thus that
det(Vw,) >0 a.e.in S’.
Therefore, from the estimates and convergences in Lemma [TT]and identity (37), we derive that
T, (Vew, = R,) [l 20xyeypa < Ce
Since, for any e, the identity
(Vw)" Vw,-1; = (Vw,—R)" (Vw,—R,)+R (Vw, —R,)+(Vw, —R)"R, + (R, ~RROW))" R, +R" (R, —RR(W)), (59)[5d Lin]
holds, the above estimate implies that
I, (V)" Vi, = 1) [l 2 gxyryme < Cé.

Applying the unfolding operator to identity (59), the convergences in Lemma[IT|lead to

%HE (Vw, =R)"(Vw, —R,)) >0 strongly in L*(Qx Y*)’,
£
ine (R, —R(W)) -0 strongly in L*(Qx Y*)*,
. —y;RW)e; - 9, RW)e, % s
—I0, (R (Vw, —R,) + (Vw, —R,)"R,) = | —y;RW)e; - 0, RW)e, —y;RW)e; - ,R(W)e, * | + &,(iD)
&
0 0 0

= E(0,R(W)) + £,()  strongly in  L*(Q x Y*)*°.
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As a consequence, we get that

RS

5 I, (V) Vw, 1) > £(0,RW)) + £,() strongly in  L*(Q x Y*)>4.
E

The above convergence, together with the strong convergence of the forces, implies that

lim 7, (W,. R, @,) = lim / Hg(Q(y,(ng)TVwe—13))dx’dy—/f&-(Wg—Id)dx/

QXY* Q
- / (3. £(0.ROW)) + £,(@) — [ / FoW=I)adx.
QxXY* Q

This allows to reach the following inequality:

Since the space C®(; H}m(y*) N Whe*)3) is dense in L*(Q;H

lim sup % <lim J. V. R,, w,) =JW,0,D), VW eED and & = WW € C®(&; H, V90w yH)>.

e—0

Ilm()?*)), the above inequality holds for every i in

L*(Q; Hll,er(y*)). Thus, it holds especially for € and therefore

lim sup % <Jw,0,0) = J,W), vw e D.

-0

The proof of (56)) is complete.
Step 3. Combining the results of Step 1 and Step 2, we obtain that for V° € D limit of a minimizing sequence, we have

m m
m < J,(V°) = liminf — < limsup — < min J,(W) = m.
-0 g3 =0 53 webD

As a consequence, the minimum m defined in (53)) is the limit of the energy functionals. O

8 I
(s8)

CONCLUSIONS

In this last section, we draw the conclusions for the homogenization of a textile structure with glued fibers subject to nonlinear
deformations:

®

(i)

(iii)

Since the fibers are glued, the textile can be extended to a periodically perforated plate, and treated accordingly. This
simplification has been already done in''®, where a von-Kérmén regime was taken into account.

The existence of a minimum for the limit energy functional (1)) is ensured only if the minimum is reached for Z = 0, hence
if the condition on the material behavior (@6) holds. This sufficient condition depends on the geometry of the periodic
structure and the isotropy and homogeneity of the material, which may vary from case to case, as shown in Remark [3]
In this sense, even though conditions for this particular textile has been given explicitly, no general formulation could be
made, nor it was possible to affirm that condition is necessary.

Any limit deformation V € D is a developable surface. This also implies that the solution of the minimization problem
for the homogenized energy functional is a developable surface. This triviality of the solutions is due to the limit identity
(21)) highlights the limitations of the homogenization of the nonlinear model if compared with reality, where folds appear.
This is due to the fact that in reality, € is not really zero and thus (Z1) is not an identity, but rather a controlled distance.
A forthcoming work, based on”, will introduce penalizing terms in the right hand side, that vanish in the limit:

ex -1
J t(Ue) =/Q<;’ E(A(UE) +B,(v,) + Bw(vg))> dx — / fe -V, —1;)dx
S S

+éelloR e, + R €[l 2y + €110, V, - Roe, — 0,V - Reeyll 12 Vo, € D

In this sense, the minimization problem has solution near zero, allowing more configurations since Z is not set to be zero.
We can then reconstruct the solution after the homogenization.
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9 | APPENDIX

Here in Appendix we collect some additional results.

9.1 | Additional regularity of the anti-symmetric matrices AV and A®
(temabc) [ omma 9. Let A, A® be the matrices defined in ([26) with entries L, M, N € L*(Q). We have that
APAD = ADA®  and  9,A® =0,AD  in H'(Q)™
and

M?=LN, oM=0d,L, oN=0dM.

Proof. Since Q is a bounded domain in R? with Lipschitz boundary, we extend V in a field, still denoted V, belonging to
H?*(R?)? and such that VV € L®(R*)>? (see Theorem 3.15 and Lemma 3.16 in™). Then, we regularize the field V in oder to
obtain a sequence {V,}, in C*®(Q)* such that

VY, — V strongly in H*(Q)%,
VY, = VPV  weakly* in L*(Q)>?.
Let us define the sequence of matrix fields {R,,}, by setting

(60) [E355,

R, =(0,Y, 9,V, 0,V,A0,V,).
By construction R, belongs to C*(Q)>3 and is uniformly bounded in H'(€)*3 n L*(Q)>3. From (80), we have (a € {1,2})
R,e, — Re, strongly in H'(Q)’.
Then, taking into account the above convergence and (60), we easily check that
R,e; — Re; weakly in H!(Q)%, R, — R weakly* in L®(Q)¥4.
Now,we define the sequences of matrices {Aff‘) }, such that (a € {1,2})
A =R"9,R,.
One has A € H'(Q)* and
AW =A@ weakly in L*(Q)™°.

Note that
0,R, =9, (0,R,) = 9;(RA?) = (0, RIA? + R, AP = R(ADVAD +9,A?),

n) = 01
0y R, =0,(0|R,) = 9,(RA) = (,R)A" + R&,AY = R(APAD +9,AD),
which leads to
ADAD +9,A® = APAD +9,AD.

By the fact that
AVAD ~ AWA@ weakly in L'(Q)>,
APAD ~ A@DAD weakly in L'(©Q),
we pass to the limit in the space of distributions (D(Q)’ )3X3 and we obtain
ADA® 49 A? = APAD 4 9,AV acin (DQ))™.

Finally, a simple computation shows that

-LM -LN 0 -LM -M? 0
ADA® = | _M?2 —MN 0 , APAD = | _LN —-MN 0
0 0 -ML+N) 0 0 -ML+N)
Hence,
0 0  —(0,L-0,M) 0 M2 —LN 0
0 0 —(02M _ 01N) - 02A(1) _ alA(Z) = ADA®D _ AOAD — _(Mz - LN) 0 ol,

o,L —,M 9,M — 9,N 0 0 0 0
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which implies that M? = LN, that d,L. = 9;M and that 3,M = 9, N.

9.2 | Examples of materials for which condition (46) is satisfied

In order to satisfy condition (@6)), we first need to understand the geometry of our periodic structure and spot the transformations

for which it is invariant.
If we extend by periodicity the reference cell
y:er = Interior U (Zpel + 2ge, + W) )
(p.q)€Z?
w note that it is invariant under the following R* — R maps:
Cl: y=04+y,5.-¥),
C2: y- (), L+ 2, —03),

C3: y'_)(1+y1’l+y23y3) and Y'_’(y1,J’2,—Y3)~

In the next Lemma, we prove that

Lemma 10. Let (a,b,¢) € R3 x R3 x H;er(y*). Set
b, + y;a, * * e (€)  *
E(a,b) =|b, + y;a, by + yza; x|, E,(€) =|egp,(0) ey (€)
0 0 0 913,y(c) 923,y(c) 633,y(c)
Define the quadratic form
[(b, + y;a, e (©)] [(b: + »sa e11,(©)Y]
b, + y;a, elz,y(c) b, + y;a, eu‘y(c)
Oa.b.c) = /A b; + y;a, ey ,(C) b; + y;a, + ey ,(€) dy,
: 0 e33,y(c) 0 e33’y(c)
Y 0 e13,(0) 0 e13,(©)
0 623’y(c) 1 L 0 323’y(c) |
where the matrix A € L*(Y,)*° is symmetric and positive-definite.
If A is invariant under transformation C1, that is
AL+ y1, 5, —y3) = A(y) forae. ye Y, ,
then we have
min Q(a,b,c¢) = Q,(a) + Q,(b)
ceH!, (V")
where Q, and Q, are positive-definite quadratic forms in R3,
Proof. We first solve the following minimization problem
min  Q(a,b,¢) = O(a,b, ¢) = Q(a, b).
ceH], (V)
So, the displacement ¢ € H[‘W(y*ﬁ is the solution of the following variational problem:
Find ¢ € H;er()?*) such that
[(b, + y;a, ell’y(é) 1 err,(d)
b, + y;a, e1p,(€) ey ,(d)
9 b, + y;a e5, (¢) ey, (d)
A 3 393 + 22,y . 22 dy — 0, vd e Hl (y*)
/ 0 e33.,(6) e33,(d) per
Y 0 e, @ || [ers @
L 0 323,y(é) i ‘323,y(d)

(61) ]

(62)[ci.iny,
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We introduce the 6 correctors as solutions of the following cell problems (6;; is the Kronecker symbol):

0y ell,y()?,-a) ell,y(d)
0 e]2,y()?ia) elZ,y(d)
03 ey, (X ey ,(d)
A 3i + 22,y A, . 22,y d :0’
./ Y3 0 e33,y(;(ja) 333,y(d) d
Y 0 e, (79| |ews,@
623,y()?,~a) | e23,y(d)
[(61; ell,y()?ib) 1 ell,y(d)
0 e12,y()(ib) e12,y(d)
03 e (7)) ey ,(d)
A 3i + 22,y Ai . 22,y d =0,
[ 0| e, @D || [en, @]
Y 0 e, (IO |exs @
[\ 0 633’y(}/(\ib) 1 \es;,(d)

(Find (77, 75, 75, 21> 73» 73) € H,,(P")° such that

vd Hllm(y*), Vie {1,2,3},

vd € Hjm(y*), Vi e {1,2,3}).

Hence, we obtain that ¢ depends linearly on the vectors a, b and the correctors

3 3
é= Z a7+ Z b,
p o

).

where A € L®(Y* P4 A, € L*(Y* )2, 0y € L®(Y* )2 with zero entries and Oy,

Now, set

- (A O
A= 1 Y4
<024 A,

per per per

b
7

entries. Replacing in the quadratic form (61]), we can rewrite it in the following compact form:

Q(a,b) = / A (b+y;a) - (b+y;a) +A, :Ey(;?’ﬁ + Eyo?”)B] (b +y;a)dy,

y*
where

e, (7)) e, (22 e, (¥3)
e, (1) e, (X2) einy(13) € [2(VH3,

— . (fa\ —. (b 4 -
a= ,b= e R, and E(y) = ~ P ~
<0> <O> Y ezz,y()(1) ezz,y()fz) ezz,y()(3)

We can rewrite (66) as

e33,(X1) €33,(72) es3,(X3)

Q@.b) =( / [V3A| + ;A E (7] 2 ady + / [As+ A E,ZN] b-bdy)
y* y*

+2(/ygAlﬁ-de+/A1[(Ey(;?a)5) -B+y3(Ey(;?b)B)-5] ay).

(63) estieots]

(64)[c_tomd]

(65)[om1]

€ L=y, )>, also with zero

(66) [compaci-)

(67) 5o

To prove the lemma statement it is left to show that if A is invariant with respect to transformation C1, then the term in the

second parenthesis is identically equal to zero.
Hence, consider the transformation

peH V)V deH V),

per per

For any ¢ € H;er(y*)3 we have

ey @O (e @G
e, (@)W) e1,($)5)
ezz,y((g)(J’) — ezz,y(d’)(;’)
933,y(¢~7)(Y) e33,y(¢)(’)7)
GEMCICON I e L)
e (D) | \=es (D)

o) = ¢ (e, + d,(Me, — by;(Pe;  forae. 7= (14 y,)e; + yre, — yse5 € V.
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Letd be in H}m()?*). Choosing de Hllm()?*) as test-function in equation (63));, we obtain

0y ell,y()?ia)(y)
0 e, (ZHW)

/ A) |y O 4 e, (X))

0 e33,y()/{\,«a)(Y)
Y 0] [e,(ZH)

0 e, (2 () ]

Now, we use the change of variable , this gives

. 622’y(g)(y)

e @G

e11,@()
€7, y((l)(Y)

€33, ()
e3,(d ()
€3 ,(d)(y)

e, @)
elz,y(d)(’j’)

e33,@()
e13,y(d)6’)

0y, ell,y()?,-a)(j;) i
0 elz,y()?,-a)(j’)
63 e, (ZH()
AO) -y | 2+ 24,
/ o] e ZH®
d 0 e, (ZH®)
0 923,},()?,-0)(% |
which can be rewritten as (since A satisfies (62))
5” en‘y(ZZ)(J")
by elz,y(g)(J’)
A 01| s, (ZHW)
o] e @w
| _e23,y()/{\,-a)()’) ]
Due to the expression (63)) of the matrix A, we obtain
8, en,y(g)()ﬁ
5y e1z,y(z)()/)
03 ex, (XD
[ ao|-n| | [
5. e33,(Z)W)
8 e13,(ZW)
| 323,};()?,-“)0/) ]
This gives ~
20 ==x ae. ye Y’
Proceeding in a similar way we prove that
=1 ae. ye Yy,

Finally, a change of variable and property (62) imply that

623,y(5)@>

€] ],y(d)(J/)
elz,y(d)(Y)
ezz,y(d)(Y)
e33,y(d)(Y)
—ey3,(d)(y)
—923,y(d)()’)

dy=0.

€11, ()
e, (d()

. ezz,y(d)(.)’) dv=0.

exs, @ |
e13,y(d)(y)
€3 ,(d)(y)

ie(1,2,3).

ie(1,2,3).

[ysoi-bay= [ -ya@a-bay=- [ ya0& b

/ A\(E,(7°()a-bdy = / A\DE,(7°G))a-bdy=- / A\(E,(7°(»)a-bdy,

A A

%

/ » A ME,(2°(»))b-ady = / -y;A\DE,(2* )b -ady = - / A\WE,(2"(»)b-ady

%
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and therefore the above three integrals are equal to zero. As a consequence, the second parenthesis in is equal to zero and
the statement follows by setting

Q,(a) = / [ A+ ;A E(79)]a-ady,  Q,b) = / [A1 + A E,(Z")] b -bdy,
which are positive-definite quadratic forms. O

(rem) Remark 3. With an identical argumentation, it is possible to prove that the same result holds if instead of transformation C1,

the matrix A is invariant under transformation C2 or C3. In particular, the invariance under such transformations is ensured
whenever a material is homogeneous and isotropic.

However, two more considerations are worth mentioning:

e A sufficient condition for the lemma statement to hold is the absence of mixed terms in the quadratic form (66)), i.e., that
the second parenthesis in (67) is equal to zero. In general, given a periodic reference cell and a quadratic form defined on
it, one need to verify manually such condition, looking for invariant transformation in the cell geometry and giving the
consequent assumptions on the material.

e Since the condition is not necessary, it is possible that the quadratic form (66)) admits its minimum for b = 0 even if the
second parenthesis in (67) is not zero.

9.3 | Strong convergence of the test functions

We recall an equivalent formulation of Lemma C in“, where estimates (68)) hold with a stricter bound. Note that we can assume
one fourth of the bounds given in the Lemma’s original formulation since, in that proof, they have been chosen arbitrarily small.
(tentl) | emma 11. Let W be in D. There exists a sequence of pairs {(W,,R,)}, in W>*(Q)3 x W1 (Q)>3 such that
Ww,=1,, R, =1, ae.in y.
The following convergences hold (¢ € {1,2}):
W, - W stronglyin H*(Q)%,
R, - R(W) stronglyin H'(Q)>,
(R,—R) > 0 stronglyin L*Q)’,

(0,W, —R,e,) - 0 stronglyin L*(Q)°.
Moreover, the following estimates hold (a € {1,2}):
. 1 1 1
IdistR,, SOGlle) < 350 19 W ~Reeollim < 350 IRMwio) < 74 (68)[Ease]
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