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We prove an approximation result for functions u €
SBV(Q;R™) such that Vu is p-integrable, 1 < p < oo, and
go(|[u]]) is integrable over the jump set (whose H™~! measure is
possibly infinite), for some continuous, nondecreasing, subaddi-
tive function go, with gy (0) = {0}. The approximating func-
tions u; are piecewise affine with piecewise affine jump set; the
convergence is that of L! for u; and the convergence in energy
for [Vu,[P and g([u;],vy,) for suitable functions g. In partic-
ular, u; converges to u BV -strictly, area-strictly, and strongly
in BV after composition with a bilipschitz map. If in addi-
tion H"~1(J,) < oo, we also have convergence of H"‘l(Juj) to
H(Ty).
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1 Introduction and main result

Approximation with regular objects is a fundamental tool in many problems in
functional analysis and in the Calculus of Variations. For instance, De Giorgi’s
theory of sets of finite perimeter depends crucially on the approximability with
piecewise smooth sets, a key step in the theory of Sobolev spaces is approxima-
tion by smooth functions (for example, the proof of the chain rule depends on
it), and similarly for functions of Bounded Variation. Indeed, in these cases a
possible definition of the relevant function space is via relaxation of a functional
defined on smooth maps, and the difficult part is proving that this is equivalent
to the intrinsic definition on measurable sets or functions.

More specifically, approximation and density play an important role in re-
laxation, I'-convergence, integral representation, semicontinuity and many other
aspects of the Calculus of Variations in which the topology of the function space
is complemented by a variational functional to be minimized. In these applica-
tions it is important to approximate in the relevant topology and in energy. In
this respect, the literature contains many approximation results for free discon-
tinuity problems, mainly focused on either linear growth or discontinuity sets
with finite measure, as appropriate for example for models of concentration of
plastic slip or for the Griffith model of brittle fracture. Our main aim here
is approximation in energy without the assumption that the jump set has fi-
nite measure. One natural application of our result is the study of superlinear
models of cohesive fracture.

The functional framework to settle this kind of problems is provided by (a
suitable subspace of) the space of Special functions of Bounded Variation, intro-
duced by De Giorgi and Ambrosio in [DGAS8S| to model a large class of problems
which are described by a volume energy and a surface energy (e.g., mixtures
of liquids, liquid crystals, image segmentation, fracture mechanics, ...). Indeed,
SBV(R™;R™) is the set of functions v € BV (R™;R™) whose distributional
derivative has no Cantor part:

Du=Vul™ + [ul ® v H L T,

where Vu is the approximate gradient and J,, v,, [u] = u™ —u~ are respectively

the jump set, its normal, and the amplitude of the jump, see [AFPQ0] for the
definitions.
In these problems, the general form of the energy is

Flu, A ::A@(m,VU)dm+/] Ag(x,u*,u’,yu)d’;'-lnfl7 (1.1)
wh

for A C R™ open and bounded, ¥ and g satisfying suitable growth and regularity
properties, u € SBV(A;R™). If one is interested in the (possibly constrained)
global minimization of F, lower semicontinuity and coercivity are further re-
quired in order to apply the direct method of the Calculus of Variations and to
establish the existence of a solution.

For many applications it is of crucial importance to be able to approximate
u € SBV(A;R™) in L'(A;R™) and in the sense of the energy by a sequence
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u; of more regular functions (for example piecewise regular), i.e., in a way that
Fluj, A] = Flu, A] as j — oo. This was the aim of several works appeared in
the recent years. Braides and Chiado-Piat in [BCP96l Sect. 5] focus on functions
u € SBVP C SBV, p > 1, i.e. such that Vu € LP and H"!(J,) < co. For
functions u € SBV? N L*° they provide an approximation u; € SBVP, regular
out of a closed rectifiable set, satisfying

u; — w strongly in BV, Vu; — Vu in L?, ”H”_l(JujAJu) —0. (1.2

Cortesani in [Cor97] and Cortesani and Toader in [CT99], on the positive side,
improve this result, by constructing for v € SBVPNL*, p > 1, a sequence
u; whose jump set is in addition piecewise regular, and precisely polyhedral.
Moreover they get

Vu; — Vu in LP,

1imsup/ g(m,u;r,u;,yuj)d}[n—l S/ g(m,u+,u_,yu)d’}-["_17
Ju.NA
J

j—o0 JuNA

on A CC €. On the negative side, they do not obtain strong convergence in
SBV.

The strong convergence in SBV holds for the result by De Philippis, Fusco
and Pratelli in [DPFPI7, Theorem C], in which, for v € SBV?, p > 1, the
authors construct u; regular out of the closure of its jump set, which is actually
essentially closed being contained in a compact C' manifold with C' boundary,
and differs from it only by an H"~!-negligible set.

The previous four results have been crucial for many applications involving a
penalization on the measure of the jump set. The case in which the jump set of
u is allowed to have infinite measure is quite different and few approximations
are available in the literature. An extension of the result by Cortesani and
Toader to BV was obtained in [ADCO05] in the setting of BV strict convergence.
In [KR16], the approximation of any BV function is obtained in the area-strict
sense through countably piecewise affine functions with the same trace as u
at the boundary. A different approximation is provided in SBV in [DPFP17,
Theorem B]. Precisely, the authors prove that if w € SBV with Vu € LP, p > 1,
then it is possible to construct u; regular out of the closure of its jump set,
which is actually essentially closed being (up to H™~!-null sets) a compact C!
manifold with C!' boundary, and satisfying

uj — u strongly in BV, Vu; = Vu in LP.

In particular, the convergence H"~!(Jy, \ Ju) — 0 is not ensured. Moreover, in
case p = 1, the jump of u; can be additionally taken contained in the intersection
of a compact C'' manifold with C'' boundary and of the jump set of the function
to be approximated (see [DPFPI17, Theorem A]). Related density results, with
different functional settings such as (G)SBD or BH, have been obtained in the
last years (see for example [ChaO4l Turl4l [CFT17] [Fril18, [FS18, [CFI19, [Cril9,
CC19] and [AABU22| [ABC23], respectively).
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Although all the quoted results are important advances, they are in general
not enough for many applications, not providing any information on the con-
vergence of the surface term or of the total energy F' in case that the measure
of the jump set is not finite. An easy example is that of an energy F' where
U = ¥(Vu) is superlinear for large gradients and g = ¢([u], v,,) is superlinear
for small amplitudes, the natural domain of finiteness being (a subset of) SBV'.
In this case, the only result available in the literature is [BCG14} Sect. 4], which
however applies only to u € GSBV with Vu = 0 L™-a.e. on ). The approxi-
mants satisfy Vu; =0 L"-a.e. on ) and have jump sets of finite measure. The
convergence is that of L' together with the convergence of the energies.

In this paper, we develop an original multiscale technique to approximate
functions v € SBV with jump set of possibly infinite measure and Vu € LP,
with p > 1. We stress that it encompasses at the same time both superlinear,
cohesive-type and Griffith, brittle-type surface energies as shown in Section [2]

Theorem 1.1. Let Q@ C R™ be an open bounded Lipschitz set, u €
SBV (;R™) such that Vu € LP(; R™*™) for some p € [1,00), and go(|[u]]) €
LY HIL ), with go : [0,00) — [0,00) continuous, nondecreasing, subad-
ditive, and gy *(0) = {0}.

Then there are sequences u; € SBV N L>*(Q;R™) and ®; € Lip (R™;R")
such that

(i) for each j there is a locally finite decomposition of R™ in simplexes such
that u; is affine in the interior of each of them;

(ii) u; — w in L' (Q;R™);
(iii) Vu; — Vu in LP(QR™™);

(tv) ®; is bilipschitz, with ®;(x)—x — 0 in L®(R™R"), D®; — Id in
L*R™"R™™), and ®;(z) =z for x € R™ \ Q;

(v) one can choose the orientation of the normal v; to J,; so that

lim go(|[u] = [uj] o @) dH" ™ =0 (1.3)
TS Iud ()

(with [u] = 0 outside J,,, and similarly for u;), and

lim go(I[u]l + l[us] © Dj]) |1 — vy 0 @5 dH" ™ = 0;  (1.4)
7S Tue; ()

(vi) if H"~'(Ju) < 00, then also H" 1 (J, AP (Jy,)) — 0;

(vii) if Vu = 0 L™-almost everywhere on Q, then Vu; = 0 L™-almost every-
where on Q for all j. If instead u € WHP(Q;R™) then u; € WHP(Q; R™)
for all j.
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Few remarks are in order. First, since ®;(2) = , the integrals in (1.3) and
(1.4) are over subsets of §2. Then, thanks to the subadditivity of gg from items

(iv)| and it follows that
lim / go(|[u]]) dH"t = / go(|[u]) A"
J Juj J.

u

(see the proof of Corollary below). Moreover, under suitable assumptions
discussed in details in Section [2], we can deduce the convergence of surface ener-
gies with density g : R™ x §"~! — [0, 00) depending suitably on the full jump
and the normal. Finally, if ¥ € C°(R™*") has p-growth (cf. again Section
then implies

li]r_n/Q\If(Vuj)dx:/Q\I/(Vu)dx.

In addition, the sequence (u;) ey can be chosen such that the convergence to u
is stronger, namely strict in BV and in area, see Corollary below.

We stress that energies with bulk density ¥ and surface density g as above
are in general not L' or weakly*-BV lower semicontinuous. Hence, our approxi-
mations can be used to prove relaxation formulas in the spirit of [Amb89, BC94|
BBB95]. This will be the object of future work in [CFI23].

The proof of Theorem is obtained through an explicit construction in
several steps. First, u can be extended to a function defined on a slightly larger
set at a small energy cost. This is not achieved by local reflections at the
boundary and a partition of unity process as usually done, which would require
u € LP. It is rather pursued through a regularization of the normal vector
at the boundary and the definition of a bilipschitz map which swaps an inner
neighborhood of the boundary with an outer one. Further details can be found
in Section B.11

We employ next a multiscale approach. More precisely, we find a suitable
scale § > 0, such that Vu is close to a constant and .J,, is close to a C'' manifold
in each cube of side § of a partition of R™. This is the object of Proposition [3.6]
At this point, we introduce a second scale ¢ <« 4. In each cube of side §
we consider a finer triangulation with simplexes of diameter less than ce and
volume larger than ce™. The heart of the paper is Proposition which, given
the values of u on the vertices of a single simplex, and two vectors for each
edge, representing the cumulated jump and the average gradient of w on the
edge, provides a piecewise affine interpolation, whose gradient and jump can be
estimated respectively only through the given gradient vector or the given jump
vector (see Figure . Proposition is then employed in Proposition (see
Figure to define a global projection, with good energy estimates, of any SBV
function on the space of piecewise affine functions.

The proof of Theorem contains a few additional steps, since the direct
application of Proposition to the given u would provide a piecewise affine
approximation with surface energy controlled only up to a multiplicative factor
by the surface energy of u. To avoid this problem, we first consider the exten-
sions UT of u with respect to the C' manifold approximating .J,, in each cube
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of side . We then apply the previous projection to U*. We finally introduce a
piecewise affine interpolation of the C'!' manifold and define the approximation
of u as the projections of U* on the two sides of it. This is performed in the
proof of Theorem [I.1] in Section [I.3] see also Figure [3]

The structure of the paper is the following. In Section 2] we provide several
consequences of Theorem [1.1} in particular we show that the approximating se-
quence can be constructed such that it converges also BV -strictly, area-strictly
and BV -strongly after composition with a bilipschitz map. Section [3| addresses
two key technical issues: the extension tool in Section 3.I] and the regulariza-
tion at scale § in Section Section [4] is devoted to the proof of Theorem
Precisely, Section [4.1] contains the construction of a relevant piecewise affine
interpolation on a single simplex. Section applies such construction to pro-
duce a piecewise affine approximation of a given SBV function. Finally, Section
[4:3] provides the full proof of Theorem by applying the projection of Section
42 to the extensions of u on the two sides of the regularized jump set and by
defining the approximation of u as such projections on the two sides of a suitable
perturbation of a piecewise interpolation of the regularized jump set.

2 Consequences of the approximation theorem

We discuss here some consequences of Theorem To this aim we fix p € [1,00)
and consider ¥ € C°(R™*") obeying for some C' > 0,

(&) < CEP +1). (2.1)

Throughout the paper C' will denote a constant, possibly depending on the
dimension (if not otherwise specified) and changing from line to line. Next we
select a function go : [0,00) — [0, 00) which represents a modulus of continuity
of the surface energy g introduced below (see in particular ) satisfying:

(H{°) go is continuous, nondecreasing, and gy *(0) = {0},
(HE") go is subadditive, namely for every (¢,t") € [0, 00) x [0, c0)

go(t +1t') < go(t) + go(t').

For example either go(t) = 1 At? or go(t) = t9, for ¢ € (0, 1], will do. Note that
by subadditivity and continuity of g¢ in zero, for every A > 0 there is C > 0
such that for all ¢ € [0, 00)

go(t) < A+ Cit. (2.2)

Then we consider any function g € C°(R™ x S"~1;[0,00)), such that
(HY) g(—s,—v) = g(s,v) for all (s,v) € R™ x S~ 1
(H3) for all (s,s',v) € R™ x R™ x Sn~1

9(s+ ") < g(s,v) + Cgo(ls']); (2.3)
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and either

(Hf) g(0,v) =0 for all v € S"~*

or

(H3,) there is @ > 0 such that g(0,v) > « for all v € S™71.

Thanks to assumption (HY), the surface energy with density g is well defined

as it does not depend on the chosen orientation of the normal to the jump set.

Assumption (H%)is useful to model cohesive-type energies, such as for example

the one of the Barenblatt model. Assumption (H,)is instead useful for surface

energies typical of brittle fracture, such as the one of the Griffith model (or, in

the scalar case, of the Mumford-Shah model) for which g is constant.
Exchanging the roles of s and s + s’ in yields that

lg(s + 5", v) — g(s, )| < C go(|s']). (2.4)

Moreover, if (H}) holds, the latter estimate with s’ = —s implies that for all
(s,v) e R™ x Sn~1

g9(s,v) < Cgo(|s]) - (2.5)
If instead (H$, ) holds, then by continuity there is also 8 > 0 such that g(0,v) <
for all v, and in particular for all (s,v) € R™ x §"~1

9(s,v) < B+ Cgo(ls). (2.6)

For u € SBV(2;R™) and for a Borel set A C €2, we define the energy

Eg g4lu, A] :== /

A\II(Vu)dx—l—/ g([u], vy )dH™ 1,

JuNA

where for any u € SBV(; R™) we denote by [u] the function which is the usual
jump of u on J, and 0 on Q\ J,.

Corollary 2.1. Under the assumptions of Theorem the sequence (u;)jen
introduced there satisfies

lijxn/gz\II(Vuj)dx:/SZ\IJ(Vu)dx, (2.7)
li§n /Juj g([uj},uuj)d?lnfl = /Ju g([u], vy )dH™ ! (2.8)

for all functions U € CO(R™*™) satisfying [2.1)), and all g € CO(R™ xS0, 00))
satisfying (HY ) (HS) and (H5) In particular,

lim By 4[uj, Q) = Ey 4[u,Q].
J
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We stress that the assumptions of Theorem include in particular inte-
grability of go(|[u]|) and ensure via (2.1) and (2.5)) that Eg 4[u, Q] is finite.

Proof. Standing the LP convergence of (Vu;)jen to Vu, we may consider a
subsequence, which we do not relabel, such that

lim sup
J

/Q (U (Vuy) — U(Va))da

is actually a limit, and (Vu;)jen converges to Vu L™-almost everywhere on
Q. Thanks to Egorov’s theorem, for every ¢ > 0 there is F with |Q\ E| < ¢
such that Vu € L (E;R™*™) and (Vu;);jen converges to Vu uniformly on E.
Therefore, we may use and item (iii) in Theorem to get

= limsup

limjsup ‘/Q(\I/(Vuj) — ¥(Vu))dx ;

/Q (V) — ¥(Tu)e

< c(/ [Vupde 10\ E1).
O\E

The conclusion then follows as € | 0 by absolute continuity. As the limit is

unique, convergence holds for the entire sequence.
We next deal with (2.8)). To this aim we first use the Area formula (cf.
[AFP00, Theorem 2.91], with f = ®; and E = ®;'(.J,,,)) which reads

/ g(fug], v, )aH" ™ :L g([uj) 0 @, v, 0 @) T 1d® V) By

I, )
(2.9)
We write J,,_1d%7 H(Tug )¢’j for the tangential Jacobian and remark that if ®; is
differentiable then Jn_ldq)f_l(‘]“i)@j = |cof (D®;) (v, o ®;)|. For H" '-almost
every x € <I>]-_1(Juj), the map ®; is differentiable in x in the directions of the

tangent space. The same holds for y — ®,(y) — y, which is Lipschitz with
Lipschitz constant bounded by |[D®; — Id|| s (gn). Therefore for H" *-almost

every z € ®51(J,,) we have |J,_1d% )%, — 1|(z) < C||D®; — 1d| po (gn)-
By the last expression converges to 0.
We observe that by subadditivity of gg

[ ol haret
®; (Juy)
</ ol = fug)o @, + [ go(ful) .
JL U0 () Ju
Using (1.3) and the assumption that go(|[u]|) € L(Q, "~ J,) we obtain that

/ go(|[u;] 0 @;)dH" ! < C < 0 (2.10)
D (Ju,)

J
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for all j. By (2.9)), the growth condition in (2.5), and the last step (2.10]), we

obtain

/ g([uj], l/uj )d%n_l — / g([uj] o (I)j, Vuj o (I)j)d,}'[n_l
Ju; ®5 (Juy)
<1 = Tpoad® DR e 1 g g([u;] 0 ®j, vy, 0 ®;)dH 1
g ®; () !
<oy | oy o]0 @Dt = o). (2.11)
j o \Juy

Using (1.3) and (1.4) in Theorem and the fact that gg is nondecreasing
with go~(0) = {0} we deduce xg-1(;, | — 1 and vy, 0 ®; = 1, H"~-almost
J R
everywhere on J,. Thus, Xo=1 (., YWu; © ®; — 1y, H" '-almost everywhere on
J “j
Ju. Dominated convergence, which we can use by (2.5) and integrability of
go(|[u]), then yields

1imsup/ ‘g([u], v, 0 ®5) — g([ul, yu)‘ dH 1 =0. (2.12)
J Jun®; ()

Moreover, (1.3)) in Theorem [L.I[v)] yields (with (2.5)) that

lim sup (/ g([ul, v )dH" +/ 9([uj] o @j,vy; 0 (I)j)dHn1> =0.
Y TR (Juy) @7 (Juy)\u

(2.13)
Therefore, we conclude that

lim sup
J

[ sl yan = [ ot vane

U Ju

< limsup
J

< limsup/ |g([u]] o ®j 1y, 0 ®;) — g([ul], Vu)|d7-l”71
J 5 (Juy )N

/ 9([us] 0 @5, vy, 0 Bj)dH" —/ g([u], v )dH™
& ()

Ju

< 1imSUp/ |g([u]] © (I)j71/uj o (I)]) - g([u]71/uj © (I)j)‘dHn_l
J @;1(Juj)mJu

< Climsup/ go(|[u] = [uj] o ®;|)dH" ' =0,
J 7 (Juy )N

where we have used (2.11)) in the first inequality, (2.13]) in the second one, (2.12)

in the third one, @ in the fourth one, and (|1.3)) in Theorem |1.1{v)|in the last
equality. O

We next show how to treat the case that g is bounded from below, in which
(HY,) holds. We stress that the case of the Mumford-Shah energy functional
corresponds to the choices ¥ = |- |? and g =1 as |[u]| > 0 on J,, for u € SBV.
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Corollary 2.2. Under the assumptions of Theorem if HV 1 (J,) < oo the
sequence (uj)jen introduced there satisfies

hm/ (Vuj)dx = / U(Vu)dz, (2.14)
Q

hm/ |, vy, JdH™ Tt = / g([u], vy )dH" ! (2.15)
Ju
for all functions ¥ € C’O(Rmxn) satisfying 2.1)), and g € CO(R™ x S"~1: [0, 00))
satisfying (HY ), (H3) and (H3, ). In particular,
lim By 4[uj, Q] = Ey 4[u, Q].
J

Proof. The proof is very Similar to the one of Corollary- The first part, until
(2.10), is identical. Using (2.6), H"~*(J,) < oo, |(vi)|in Theorem [1.1] and (2.10)

we have

[ ol o @i
TH(Juy)

< BOH™ (1) + H (87 () \ ) +c/ olllag]o @)
<C < oo
(2.16)
for all j. We use the latter and (2.9 to conclude that
| atwlomyan = [ )o@, 00p)ann
Ju; i (Juy)
-1
<1 =T 1d® (Juj)@j“Lw(q)j—l(Juj);,Hn,l) /1(J )g([uj] 0 ®;, vy, 0 ®;)dH" !
=o(1) (2.17)

which replaces (2.11). Using in Theorem Xg-1(s, ) — 1 pointwise
J i
H"~l-almost everywhere on J,,. As above, Xop-1(7, yVu; ©Pj = Vu H"~Lalmost
J h¥

everywhere on J,,. From H"~1(J,) < oo and integrability of go(|[u]|) we obtain
that 8 + go(|[u]]) € LY (;H" 1L J,). Dominated convergence, which we can

use by (2.6)), then yields
tim sup | o[, v, © @) — g([ul,va)| dHP L = 0. (2.18)
J JuN® 1 (Ju)
Moreover, items and in Theorem and ([2.6)), yield that

lim sup / g([“}v Vu)dHn_l + / g([Uj] o (I)jv Vy; O @j)dan_l = 0.
J TS (Juj) 7 (Ju )\

(2.19)
The rest of the proof is unchanged. O
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We can actually strengthen the conclusions of Corollary [2.1]and Corollary [2:2]
by constructing an approximating sequence converging in a stronger sense.

Corollary 2.3. In C’orolla'ry and Comllary the sequence (u;) en can be
chosen to additionally satisfy

lim|(®;)xDu; — Du|(2) =0 (2.20)
j
and
li;rn ||uJ ] @j - u||BV(Q) =0. (2.21)
In particular,
lir_n/ \Vuj|dx:/ |Vuldz, (2.22)
i Ja Q
li 1+ |Vu,[2d :/ 1+ |Vulds, 2.93
m [ 1 (90, Pde = [ T+ Vo (223)
tiw [ gl = [ fllare (2.24)
] JUrj J'U/

so that (uj)jen converges to u strictly in BV (Q;R™) and in area.

Proof. The proof is based on the fact that the construction of the sequence in
Theorem does not depend on the details of the energy considered. We define
the auxiliary functions gp : [0,00) — [0,00), g : R™ — [0, 00), by

’go(t) = go(t) +t, te [0700) s

and
g(s):=1s|, seR™.

It is easy to check that gy satisfies (HY%)-(HS°), and moreover that both g and
g satisfy (Hf)}(H) with respect to go. Further, g satisfies (Hf). In addition, if
u € SBV(;R™), having assumed that go(|[u]|) € L' (Q;H"" 1L J,), we infer
that go(|[u]]) € L*(Q;H" L J,). Therefore, we may consider the sequence
(uj)jen provided by Theorem with surface density go. Thus, to get 7
(2.24) it is sufficient to apply Corollary with Uy (§) := |£| and g, and then
WUy(€) := /1+ [¢]2 and . One applies either Corollary [2.1jor Corollary [2.2| with
densities ¥ and g to obtain convergence of the energy. From Theorem
for go we obtain

lim [uj] 0 @; — [u][dH" " =0,
7SI ue ()

and with and we conclude |(®;)xDu; — Du|(2) — 0. It remains to
prove (2.21). Recalling Theorem and and ([2.20)), it is enough to

check that
nm/ V(1 0 @;) — Vuldz = 0.
i Ja
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Let §; be the decomposition of Theorem then u; is affine in 7', for all
T € §;, and the chain rule gives

/ |V (u; o ®;) — Vul|de = Z / |V (ujo®;) — Vu|dx
Q Qne;(T)

TeS;
=> / ((Vuj 0 ;) DB, — Vulda.
TeS; Qﬁd);l(T)
The triangular inequality yields
/ |(Vuj o ®;)D®; — Vuldz < / |Vu; o ®;||DP; — Id|dx
Qne; (1) Qne; (1)

Jr/ [(Vu, fVu)o<I>j|d:17+/ |[Vuo ®; — Vu|dz
Qne;H(T) QNe;H(T)

and all terms tend to zero by Theorem and (2.20). This gives the

conclusion. O

Finally, we extend the above approximation results to functions belonging
to (GSBV(Q))™ with energy E|.|» 4, finite (we refer to [AF'P00, Section 4.5] for
the basic notation and theory).

Corollary 2.4. Let Q C R"™ be an open bounded Lipschitz set, u € L*(£;R™)N
(GSBV(Q))™ be such that Vu € LP(Q;R™*™) for some p € [1,00), and go(|[u]]) €
LY (Q;H L Jy), with go : [0,00) — [0,00) continuous, nondecreasing, subad-
ditive, and gy '(0) = {0}.

Then, there exists a sequence (u;);en € SBV NL>(Q;R™) such that all the
conclusions in Theorem hold, and in addition

liJr_n/Q\Il(Vuj)dx:/Q\IJ(Vu)dx, (2.25)

i [ gllus)va )i = [ gl v)ane (226)
IS T, Ju
J

for all functions ¥ € CO(R™*™) satisfying [2.1)), and all g € CO(R™xS" 1[0, 00))
satisfying (HY), (H3) and (H3). In addition, if H" 1 (J,) < oo, (2.26) holds for
all g € CO(R™ x S™71;[0,00)) satisfying (HY) (HS) and (H3, ).

Moreover, the sequence (u;);jen can be chosen such that (2.22)) and (2.23)
hold.

Proof. We argue by density by constructing a sequence (ig)ren C SBV N
L*(£;R™) converging in L'(Q;R™) and in energy to u. This is well-known
nowadays, in any case for the readers’ convenience we recall the definition. To
this aim we fix a sequence (ap)ren C (0,00) such that ar < agy1, ax T 0o,
and such that there are functions 7 € CL(R™R™) satisfying Ti(2)= 2z if
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|z| < ak, Te(z) = 0 if 2] > agq1, and || DTgl|peemn;em) < 1. Then, the se-
quence @y, = Tp(u)€ SBV(Q;R™) converges to u in L'(Q;R™), Vi, = Vu
L"-almost everywhere on Q := {z € Q : |u(z)| < ax}, Ja, C Ju, Va, = Vu
H"~Lalmost everywhere on Jg,. Moreover, as

H Y {z e g, : |ut(z) =o00}) =0

(see [AF02, Proposition 2.12, Remark 2.13]) we infer that x.7,, — X, i (x) =
u*(z) H"~'-almost everywhere on Jg, N Qy, |[ix]| < |[u]| and @5 — u® H*1-
almost everywhere on J,. Therefore, we get

lim / Vi |Pdar = / VulPdz,
k- Ja Q

and thanks to the subadditivity and monotonicity properties of go also that
tim [ gol|fu] ~ (@] an" =0
J’lt

(for detailed proofs of similar properties see, for instance, [AF02, Lemma 6.1]
and [CFI22 Proposition 4.8]).

Next, for every k € N we apply Theorem in order to get a sequence
(Qk,;)jen approximating 4y and satisfying all the conditions in that statement.
Eventually, we conclude thanks to a diagonalization argument in view of the
properties of gg, ¥ and g and the arguments in Corollaries or and in
Corollary O

3 Technical results

In this section we collect the key technical tools we use to prove Theorem
For SBV functions having finite energy according to Theorem [I.1} we establish
first an extension result, and then some measure theoretic properties crucial for
our constructions.

3.1 Extension

In this section we prove an extension result for SBV functions. A standard
local reflection argument would work for SBV N LP functions. However, in the
present setting it is not clear that having finite energy implies finiteness of the
LP norm. In particular, to the aim of applications, both for approximation via
I'-convergence and for the determination of relaxation of variational integrals, it
is not natural to assume additionally u € L (see for example the forthcoming
paper [CFI23]), therefore we avoid the extra LP integrability condition. To
this aim, we introduce a global reflection argument based on a bilipschitz map
reflecting a neighborhood of 02 in 2, outside of Q itself.

The general strategy is standard, but to the best of our knowledge the details
are new. For example, a similar result was obtained in [CS11l Th. 3.1] with a
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more complex construction using the solution of an ODE (see [CSTI] Eq. (3.5)]
instead of the specific formula (3.21]) below for the construction of the reflection.

Theorem 3.1. Let  C R"™ be a bounded Lipschitz set. Then there are an open
set w C R™ with 0 C w and a bilipschitz map ® : w — w such that ®(x) =
forx € 0Q and P(wN Q) =w\ N

We recall that a map f: F — f(F) CR"”, for E C R", is bilipschitz if there
is L > 0 such that

e =yl <17(@) ~ )| < D~y (31)

for all z,y € E. This is the same as saying that f is injective, Lipschitz, with a
Lipschitz inverse f~!: f(E) — E.

Moreover, a set {2 is Lipschitz if for every x € 02 there are ¢, > 0, G, €
Lip (R"71) and an isometry A, : R™ — R" such that 4,0 = z and

B, ()N Q= B, (2) N A{(Y,yn) € R XR:y, < G(y)}- (3.2)

Obviously G, (0) = 0; if |y/| < e,/ (Lip (Gz) +1) then A, (v, Gx(y')) € Be, (x)N
0Q. If Q is bounded, there are ey and Lg such that one can choose ¢, > g and
Lip (G,) < Ly for all z € 99.

We start with defining a smooth vector field playing the role of the normal
field to 99, which under our hypotheses is only a function in L>(9Q; S"~1).

Lemma 3.2. Let Q@ C R™ be a bounded Lipschitz set. Then there are v > 0
and a map ¥ € C°(R™;R™) such that ¥(z) - v(x) >~ for H" t-almost every
x € 0 and || =1 on ON.

This is well-known (see, for example, [CM08|, Lemma 4.1]), for completeness
we include the short proof.

Proof. The compact set 92 can be covered by a finite family of balls B; :=
By, (zi), such that in each of the larger balls B} := By, (z;) (3.2) reads

BinNQ =B NnA{(z z,): z, < Gi(2)} (3.3)

for some G; € Lip (R"~1) and isometry A;. If 2’ is such that y := A;(2', G;(2")) €
00N Bf and G; is differentiable at 2/, then the outer normal obeys v(y) =
R;(—DG;(2"),1)/+/1 + |DG;|*(z'), where R; := DA; € O(n), so that
1
v-Rie, > " = - >0 (3.4)
/1 + max; (Lip (G;))?

H"~Lalmost everywhere on B NdS. We fix cutoff functions 6; € C2°(B7; [0, 1])
with 6; = 1 on B;, and set ¢*(z) :== >_. 0;(x)R;e,. Then for H"'-almost every
point & € 99) we have

V() v(e) = Y @) (Rien) -v(@) = Y i)yt =7, (3.5)

i:x€BY} i:x€BY}
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since at least one of the ;(x) equals 1.

It only remains to normalize. Condition implies |¢*| > ~* on 99, and
therefore |1*| > 7*/2 in a neighborhood of 9. We select ¢ € C*(R";[0,1])
such that ¢ = 0 on 99, and ¢ > 0 on the set [¢p*| < ~*/2. Then ¢ :=

¥*//|¥*|? + ¢ has the desired properties with 7 := ~*/ max |*|(O). O

Lemma 3.3. Let Q C R" be a bounded Lipschitz set, ¢ as in Lemma[3.4 There
are p > 0 and ¢ > 0 such that for any x,y € 0Q with |x — y| < p one has

|z —y| < c|(Id = ¥(y) @ Y(y))(z — y)l. (3.6)

Proof. We can assume x # y. After a change of coordinates, and choosing p
sufficiently small, we can assume that y = 0, and that

90N B(141),(0) = B141),(0) N{(z',G(2)) : & e R" ™'} (3.7)

for some L-Lipschitz function G : R*"! — R. The values of p and L have
bounds that depend only on Q. Let m := ¢(0), so that P :=Id — m ® m is the
projection onto the space orthogonal to m. Condition (3.6)) then translates into

2] < c|Pal (3.8)

for any « € 02N B,(0). As both sides of are continuous, it suffices to
prove it for H" !-almost every z. By (3.7), we have z = (2/, G(2’)) for some
2’ € R*~1\ {0}. Define & := (3/,0) := (p,0) € S"=2x{0} c R""!1x{0}. Let
IT := span{#, e, }, we remark that & - e, = 0 and that « € II. Let my be the
orthogonal projection of m on II, namely

mn:=(2TRF+e,Rey)m= (T -m)E+ (e, -m)e, €1l (3.9)

and m, :=m — mr, so that m=mpg+m_. Then, as z € II and m | € I+ we
have

|Pz|? = [(Id = (m+m 1)@ (mu+m1)z* = |z~ (mu-2)mu|*+|m o *mn-2)?.

(3.10
We distinguish two cases. If |m | > %'y, with ~ the constant from Lemma ,
the first term leads to

2
P3| > [z = (mn - )| > |2 = [mn o] = [m Pla] > 2-Jal (3.11)
4

which concludes the proof of (3.8)) in this case.
Assume now that |m,| < 57. For any 2/ € R"™! with |2/| < p we have
z = (2/,G(7') € 02N B,141)(0), and if G is differentiable in 2’ the outer

normal is
(s — 1 —DG(%")
® V14 [DGP(2) ( 1 > (3:12)

Recalling 9(2) - v(2) > 7,

m - v(2)=P(2) - v(2) + (¥(0) = ¥(2)) - v(2) 2 7 = [¥llcr |2 (3.13)
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so that, if p < v/(4][¢|lc1(1 + L)), the condition |m | < 1~ implies

mH~1/(z):m~1/(z)—mJ_-1/(z)z'y—iﬁy—|mJ_|2%7. (3.14)
By @13 wnd @3,
mp - v(z) = 1 [(en, -m) — (& -m)3' - DG(Z")]. (3.15)

V14 |DGJ?(2")

With a slight abuse of notation we have used the dot to denote the inner product
both in R”~! and R™.

Let ((t) := (t2',G(t2")), for t € [0, ]a’|]. For H" -almost every choice of
x' € Bl’) we have that for H!-almost every t the function G is differentiable in
t&’. Clearly ¢(0) =0, {(|2’|) = z, and ( is Lipschitz with

D((t) = & + (2'-DG(t2"))ey. (3.16)
We define
mij = (e, @2 — 2 @ ep)m = (& -m)e, — (e, -m)i €11, (3.17)
and compute
iz = O'Il' - Dottt = [ e m)E - DE(E) — (en - )t
(3.18)

Using first (3.15]) and then (3.14)),
|| v
mf-[‘~a;: 7/ my - v(C(t))v/ 1+ |DG|?(t3)dt < f|o:'|Z. (3.19)
0

With |mg|<1 and mi; -m = 0 (note that mi; € Il and mg; - mp = 0) we obtain

L
|Pz| > If‘%' >[a - mi| > . (3.20)
mi

Recalling that |z| < |2/|4+|G(2")] < (14 L)|2’], this concludes the proof of (3.8),
and therefore of (3.6) (with ¢ = 4(1 + L)/~?). O

We are now ready to prove Theorem [3.1} Before starting, we recall that by
Brower’s invariance of domain theorem any injective continuous map f : E C
R™ — R™ is open, in the sense that if F is open then f(FE) is open.

Proof of Theorem[3.1] Step 1. Let 1 be as in Lemma [3.2] p as in Lemma [3.3
and define f: 02 x R — R™ by

f(z,t) ==z + ty(z). (3.21)
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We claim that there are ¢ > 0 and C > 0, depending only on €, such that for
all z,y € 00, all t, s € (—¢,¢),

|z —y|+ [t —s| < Clf(z,t) — f(y,s)l. (3:22)
In order to prove (3.22)) we write
f@,t) = fy,s) = v —y + t(z) — sy(y). (3.23)

We shall choose ¢ < p. If |z — y| < p we can use Lemma Let P, be the
projection onto 1 (y)*. Then

By(f(z,1) = f(y,)) = Py(z —y) + 1Py (d(x) = ¢ (y)). (3.24)

For the second term we use |[¢(x) — ¥ (y)| < ||¢||cr]x — y|. For the first term,
we use (3.6). We then obtain

[f (2, 8) = fly, 9)| = [Py(z —y)| = [t [(z) — 4 (y)]
> oyl —elvllee—yl > 5 eyl (3.25)
provided that ¢ < 1/(2¢||¢||c1). To estimate t — s we write as
F(,8) = F(g,5) = (t— 5)6(@) + 2 — y + s(b(@) = b)) (3.26)

so that
it —s| < [f(z,t) = f(y, )|+ |z =yl + [s] [[¥]lcr [z — vl (3.27)

which, recalling that |s|||¥||c: < 1/(2¢), together with (3.25) concludes the

proof of (3.22)) in this case.
Assume now that |« —y| > p, still with |¢], |s| < e. Then (3.23) gives

1 1
P t) = f ) = o=yl — |t~ |s| > Sle—yl 4 5p—2e. (3.28)
Choosing ¢ < p/4 and recalling (3.27)), this concludes the proof of (3.22).
Step 2. We define w := f(0Q x (—¢,¢)) and check that f|sox(—c,c) is bilips-
chitz. Let y,y’ € w. Then there are z,z’ € 9Q, t,t' € (—e,¢), such that
Yy = f((t,t), y/ = f($/,t/)> (329)
which by (3.22) and (3.26) in Step 1 implies
1
gllz=al+ 1t =) <y —y'| < O]z — 2| + [t = 1']). (3.30)

Hence f[oax(—c,e) is bilipschitz. Let now @ : w — w be

O(y) = f(fa (), —f7 ' ®) (3.31)
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where f 1 and f{l denote the components of f~!. Obviously ®(y) = y if
y € 02 C w. We check that ® is bilipschitz. Indeed, arguing as above, setting

Y = f(z,—t) =®(y), Y :=f@, ~t)=o@), (3.32)

we get
1
gle =@l +lt =t <Y Y| < O(je — 2| + [t = ), (3.33)

therefore ® is bilipschitz.

It remains to show that w is open if € is sufficiently small. Assume £ <
eo/(1 + Lg), with g9, Lo the quantities introduced right after . Select y € w,
and let © € 09, s € (—¢,¢) be such that y = f(z,s). Choose A,, G5 as in
and let h: B. /1) % (—¢€,€) = w be defined by

h(z' t) := f(AL(Z, Go(2)),t). (3.34)

The map h is injective and Lipschitz, and therefore open. Therefore w contains
an open neighborhood of y = f(z, s). O

Remark 3.4. If ¢ were only L™, the map f(x,t) may not be invertible in
0N x (—¢,¢), for all choices of e > 0. This happens for example if OQ is (locally)
the graph of the function X(O,l)(x)|z|l+a forx € (—1,1), where 0 < a < 1 (see

E29)).

Theorem 3.5. Let Q C R"™ be a bounded open Lipschitz set, 8 > 0, and u €
SBV(Q;R™) such that Ej.pp g,[u,Q] < oo, for some p > 1 and go satisfying
(H{®)-(H°). Then there are an open set Q' with Q C Q' and || < || +6, and
a function U € SBV (R™;R™) such that U = u on 2, |DU|(0Q2) = 0,

/ VU de < / VulP dz+ 0, (3.35)
Q Q
and
[ wlwnae < [ aluanrtvo. @30
Q'NJy Ju
In particular,
Ejp,go U, Q] < Eppp gy [u, Q] + 26. (3.37)

IfH"1(J,) < oo, then additionally H" 1 (Jy) < 0o and H"~H(JyNQ'\Q) < 0;
if Vu =0 L™-almost everywhere on Q then also VU = 0 L™-almost everywhere
on Q. Ifue WHP(Q;R™) then U € WHP(Q/; R™).

Proof. We consider the open set w and the bilipschitz map ® provided by The-
orem[3.1} Thus, [AFP00, Theorem 3.16] yields that uo ®~! € SBV (w\ Q; R™),
with

| Lip(®)[' " @[ D(ulanw)| < [D(uo ®7H)] < |Lip(®7H)[" ' @4|D(ulanw)]
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where ®4 denotes the push forward of measures. In particular, by the Coarea
formula (cf. [AFP00, Theorem 2.93]) we conclude that

/ V(o d P dr < c/ IVl da, (3.38)
w\Q

QNw

and by the Coarea formula between rectifiable sets (cf. [Fed69, Theorem 3.2.22])

/J go(|[uo @ )aH 1 < C go([l)dH™=,  (3.39)

uwod—1 JuN(2Nw)

for a constant C' depending only on n and Lip(®~1).

Having fixed # > 0, up to restricting w, we may assume that both right-hand
sides of and are actually less than or equal to 6, and in addition
that w is Lipschitz with |w \ Q] < 6.

Then, to conclude, set ' := QU w and

u(z) x € Q,
Uz) =< u(® 1(z)) zcw\Q, (3.40)
0 reR™\ V.

By construction U = w on . Moreover, recalling that ®|sq is the identity and
that w is Lipschitz, [AFP00, Corollary 3.89] implies that U € SBV(R™;R™),
|DU|(092) = 0, and moreover that DUL Q' = Dul_Q+ D(uo ® 1) (w\ Q).
Finally, estimates and readily follows from and (3.39).

In the case H"1(J,) < oo the additional estimate follows from the same
proof, using 14 gg in place of gg in . Similarly, if either Vu = 0 or J, = 0,
the same property is immediately inherited by U on Q U w. O

3.2 Approximate regularity on an intermediate scale

Given a SBV function satisfying the hypotheses of Theorem [I.1] we show that at
an intermediate scale, denoted by 4, the regular part of the gradient is uniformly
approximately continuous, and the jump is approximately given by a fixed jump
concentrated on a C! manifold. Having fixed g satisfying (H{)-(H$°), for every
u € SBV(Q;R™), we introduce the notation

o = go(IRl)H" LI, (3.41)

We remark that p,, is a finite measure on 2 concentrated on a o-finite set with
respect to H" "L J,. The main result is the following.

Proposition 3.6. Let Q C R"™ be open and bounded, p € [1,00), and go be
satisfying (H°)-(H3"). There is a constant C' depending on p, n and m, such
that for every w € SBV (;R™) with p,(2) < 0o and Vu € LP(Q;R™*™), and
for every 6 > 0, after fizing an orientation of J, there is § € (0,6] such that,
setting As == {z € QN IZ"™ : dist(z,00) > d/n} and Q% := z + (=6,0)", the
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following holds: there are R : As — SO(n), s : As — R™, n: Ay — R™*",
0 As = CLHR"™™Y), and x : As — R™ such that, setting

L.=z,+RAW. 0:(¢/)) : y eR" '}, (3.42)

one has ||Dg. ||~ < 0 and

S [ vu ks Z/ [y

zEAs zEAs NJu \L
+ / IN|ve — Raen|dH™ ! 3.43
22 Jasog, D e (345
+ Y / — 5. )AH" T < CO1L + o (Q) +9)) .
zEAs Q NL.

If H"=1(J,) < oo then additionally

> HTHQEN (JuAL)) < C6. (3.44)

z€EAs

Before proving it we introduce a preliminary pointwise result for the jump
part of the energy.

Lemma 3.7. Let Q C R™ be open, and go be satisfying (H]")-(H3’). Let u €
SBV (Q;R™) with 1, () < co. Then, for H" ‘-almost every x € J, there are
R, € SO(n), s, € R™\ {0}, p, € CL(R"™1) such that ¢, (0) =0, Dp,(0) =0,
and, letting L, := = + R (Y, 0= (y')) : v/ € R* 71},

/ a0l [ul a2
By (z)NJy\ Ly

" / (g0l — 521) + go(|[ul) e — Ruenl) a1 | =00
B, (z)NLg

(3.45)

1
lim —————
r=0 p1 (B (2))

If H"1(J,) < oo, then additionally
lim H" Y (B.(z) N (JLALL))
r—0 fiu (B ()

Proof. We first observe that for H"~!-almost every = € J,, by [AFP00, Th. 2.83(i)]

we have
tiay LB g gl £ 0 (3.47

therefore to prove (3.45) it suffices to show that for #"~!-almost every = € .J,
there is L, as stated such that, setting s, := [u](x), one has

1

m 1
r—0 "=

=0. (3.46)

/ go(|[u] — s, )dH" 1 =0, (3.48)
B, (z)NL
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1 / _1
im —— go(|[u]|)dH"™ ™" =0, 3.49
e A (Iwd]) (3.49)
and )
lim —— / I — Roen|dH™ 1 =0, (3.50)
r—0 7 By (z)NLaNJy

We first observe that (3.48]) implies (3.49)). Indeed, subadditivity and mono-
tonicity of go imply go(|sz]) < go(|[u]|) + go(|[u] — sz]) and therefore

(B () \ L) = pu(Br (7)) — (B () N L)
<tu(Br(@)) = go(|sVH" ™ (By(2) N Ly) + / go(|[u] = so|)dH" 1.
B (z)NLy
(3.51)
We divide by w,_1r"! and take the limsup as r — 0 to obtain, with

n—1
lim H* 1 (B,(z)N L,)

r—0 wnr"—l

=1, (3.52)

and (ETS)

. 1
llliljélp o p(Br(z)\ L) =0, (3.53)
which is . Therefore it remains to prove .

For any j > 0 let A; := {x € J, : |[u](z)] > 277}. As u € SBV(Q;R™),
we have H"1(A;) < oo, and A; is countably (n — 1)-rectifiable. Therefore for
H"t-almost every z € A; there are RI, @) as in the statement such that the
corresponding set L’ obeys

Lo BB (@) 0 (45015))

r—0 rn—1

=0 (3.54)

and v, (z) = Rie,. As |[u]| € L*(Q;H" 'L J,), and H"'(4;) is finite, for
H"t-almost every x € A;

1
i [l = slaH =0 (359
r=0 "7 J AAB, ()
and similarly
1
m / v — v (2)|dH" ! = 0. (3.56)
r=0r A,;NB,.(x)

We recall that for z € J, we defined s, = [u](z) # 0. We first show that (3.54)
and ([3.55)) imply

1
lim —— / ] — su|dH™ =0 (3.57)
=0 rh LiNB.(z)
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for H"!-almost every z € A;. Indeed, we have

/A ] — s |dH" ! g/ ] — s |dHm !
LYNB,(z) A;NB(x)

+ (Isa[+27)H" (L3 \ A7) N By(x))

and the conclusion then follows from (3.54) and (3.55).
We next show that (3.57)) implies that for H"~'-almost every x € 4;

1

11m 1
r—0 rn—

[ ol = s =o. (359
LiNB,(x)

Indeed, using ([2.2), namely that for every A > 0 there is C\ > 0 such that
go(t) < A+ Cit for all t € [0, 00), with (3.57]) we obtain

= )\wn_l.

(3.59)

lim sup
r—0 T

n—1 j
5 / go(llu] — saJdHm " < Al 72— Br@) 0 L)
" B, (z)NL3,

r—0 rn—1

Since A was arbitrary this concludes the proof of (3.58]).
Let N C J, be an H" !-null set such that (3.58) holds for all z € J, \ N

and all j such that x € A;. For any = € J, \ N we define L, as L for the
smallest j € N such that € A;. This proves (3.48)). Condition (3.50) follows

similarly from (3.56) using A; C J,, and (3.54).
Assume now that H"~1(.J,) < co. Then we can replace (3.54)) by

lim H" Y (B.(z) N (JLALL)) ~ lim H" (B, (z) N (A;ALL))

r—0 pn—1 r—0 rn—1

=0. (3.60)

The second equality leads as above to (3.45)); from the first one, one immediately
obtains (3.46) (using again (3.47)). O

Proof of Proposition[3.6. As Vu € LP(Q;R™*"), there is f € CO(Q;R™*")
such that ||Vu — f||]£p(g) < §. Let 6 > 0 be such that |f(xz) — f(y)|P < 0 for all
z,y € Q with |z — y| < §y/n. For any z € As we set 7, := f(z) and obtain

S [ Wumnlrdr <2 Y [ (Vun sl < 270D
2€4; 7 Q2 z€A; Y Q2

(3.61)
as any point € R™ belongs to at most 2" of the cubes Q%, z € As. This treats
the first term.

The jump terms are treated using Lemma [3.7] For p,-almost every = € Q
there are R, € SO(n), 4, € R™ \ {0}, and ¢, € CY(R"!) as stated, we
define RI :=1Id, §; := 0, and ¢, := 0 on the others. We recall that [A@ =
2+ RoA(y, $2(y)) : ¥/ € R"1} and define, for any = € Q, the measure

g =go(|[ul )H" (S \ La) + go(|[u] = 3:)H" 'L L,

S —1 S (362)
+go(|[u]]) [vu — Ruen| H" 'L Ly .
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By Lemma [3.7] for u,-almost every z € Q
=0 and ll_r:% | Dée |l (py,) =0 (3.63)
(we write B’ for balls in R"~1). We define, for k € Ny,

. 1
Ekﬁ ::{{E c0: ||D90m||Loo(BI§) > 59}
k (3.64)

1
U{ze:3re(0,-

-] with 1, (By(2) N Q) > O (B,(2) N )}

Obviously E¥¢ C EM? if k < k. By (13.63)), for p,-almost every x € Q there is
k such that = ¢ E*Y. Therefore

pa([) EM) =0. (3.65)
keN

We select kg> 2/6 such that s, (E*?) < 6, and assume that § is such that
26/ < 1/ks.

For some (s, z,R, ) : As — R™ x OxSO(n) x C}(R"~1) (still to be defined)
and any z € Ay we intend to estimate an error measure defined in analogy to

(-62) by S. :=z.+R.{(Y,¢-(¥')) : ¥ € R"'} and

m = go(al - L\ S2) + [go (][] — s:]) +g0(full v — Roen JH LS.,
(3.66)
namely to prove

S ma(Q2) < CO(1 + (),

zEAs

with a constant C' > 0 depending on n, p.
Let F:={z€ As : Q: C E*:9) . If 2 € F, we set 5, := 0, z, := 2z + 2dey,,
R,:=Id, ¢, := 0, so that S, N Q% =0 and m,L Q% = p, L Q%. Therefore

ST ma(@Q) = 3 1@< 2 (| Q1) < 2 (BF0) <270, (3.67)

z€F zeF zeF

Consider now z € As \ F, and select z, € Q7 \ Eke:% We set s, := 5.,
R, :=R,_, and

Sy i= i/iz =T, + Rz{<y,7 Pu, (y/)) : y/ € Rn_l} . (3'68)
Note that with this choice m, = ", . Moreover, as z, € Q% we have Q% C

By ms(x2) N Q. As 20y/n < 1/ky, . & E*e:% implies 1, (Basym(r2) NAQ) <
Ou(Basm(z2) M), so that

> omaQ) < D Opu(Bosym(x:) NQ). (3.69)

2EAS\F 2EAS\F
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Each ball By /5(x.) overlaps with a finite number C(n) of cubes with center in
0Z"™ and side of length §, which implies that they have finite overlap. Therefore

Y. m=(QF) < COpu(9). (3.70)

2€As\F

Recall that ¢, satisfies ||D¢$Z‘|L00(Bé/k ) < 36 and ¢,_(0) = 0. We fix a, €
6

C;(Bé/ke; [0,1]) such that a; =1 on B} , and [[Da.||p~ < 2k, and set ¢, :=

a:@q.. Then @, € CL(R"™Y) with || Dz || e 1) < [ D@z, sy, ) (lzlr+

3/kg
%HD@ZHLOO) <0, and ¢, = $,. on Bi/ke(xz).

Combining this remark with the results in (3.61), (3.67), (3.70) gives the
first assertion.

Assume now that additionally H"~1(.J,,) < co. We proceed in the same way,
replacing the measure 1, defined in by M, = 1y, + H" ! L(JuAf/z)
and fu, by f, = (go(|[u]|) + 1)H"'LJ,. By in Lemmawe obtain
that holds with M, in place of 7, so that we can define E*? with M,
and fi,. Similarly, we consider in place of m. defined in the measure
M, :==m, +H" L (J,AS.). The rest of the proof is unchanged, replacing m.
by M, and i, by fiy. O

4 Proof of the approximation theorem

4.1 Explicit construction on a single simplex

We show how to construct the piecewise affine approximation in a single simplex,
assuming that the values at the vertices and the jumps on the sides are given.
On each edge we shall use a function of the form illustrated on the right-hand
side of Figure For simplicity we deal here only with scalar functions, the
construction will then be applied componentwise.

We consider points Ay, ..., A,+1 € R™ such that their convex envelope, the
simplex T := conv({A41,...,An+1}), has positive measure. The basic construc-
tion is outlined in general for values uq,...,u,+1€ R of the function on the
vertices, and jumps s;;€ R on the (oriented) edges, with s;; = —s;; (which ob-
viously implies s;; = 0). We then define the average gradients on the edges §;; :=
uj — u; — S;j. The definition of ¢ implies that whenever {7,j,k} C {1,...,n}
then

&ij + &k + Eki + 5ij + Sjk + Sk = 0. (4.1)

The compatibility conditions arising from longer paths are not independent, as
each path can be written as a concatenation of triangles. On the edge joining
A; with A;, we require our target function to take the form (see Figure |1

v(A; +t(A; — Ag)) =u; + 15 + sijXi>1/2

(4.2)
=u; + t(uj — UZ) + Sij (Xt>1/2 — t).
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Ay Ao Al A2

Figure 1: Sketch of the construction in Proposition in the 2d case. Left:
decomposition of the triangle. The blue lines represent the jump set of v. Right:
profile along a single edge. The parameter s denotes the jump in the middle,
the parameter £ the rest of the height change, which corresponds to the uniform
slope in the rest.

Proposition 4.1. Let Ay, ..., Apt1 € R™ be such that T := conv({A1, ..., Ani1})
has positive measure. There is a decomposition of T into n + 1 closed poly-
hedra Ty, ...,Tyy+1 with disjoint interior such that the following holds. Let

2
UL, .. ., Unt1 €ER, fixs € R, := Rgfxl) , and define § € R, by &;;+5:5 = u;j —u;.
Then there is v : T — R affine in each T; \ U, 0T; and such that

i#£j
diam(7T)™!
vol < eTE g ol <3l (43)
H T, NT) <H"HOT), (4.4)
and with
v(A; + (A — Ay)) = wi + 65 + SijXt>1/2 (4.5)

foralli<je{l,...,n+1}, t €[0,1]. The constant C' depends only onn. The
function v depends linearly on {u;} U {s;;}.

The function v on a face of T does not depend on the opposing vertex. Pre-
cisely, for any k, if x € conv({A1, ..., Apt1}\{Ar}) then v(z) depends only on
Ai, u; fori #k and on si; fori,j # k.

Proof. We first observe that each point x € T can be uniquely represented as
x ="\ A; for some A € A= {A € [0,1]": S0 = 1}, We define the
polyhedra T; by

Tj = {> _NAi: X€ AN > \; fori # j}, (4.6)

see Figure [I(left) (in the case that 7' is regular, this amounts to the Voronoi
decomposition of T'). We remark that the condition A\; < A\j =1-3%", 2j Ak for
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all ¢ # j is equivalent to
2M <1— > A foralli#j, (4.7)
k#i,j
so that
el v=A;+) N(Ai—4;) XeAasin [{17).
i#]
We define v; : T; — R by

vj(x) =05 (A; (z — Ay)),

J

where A is the matrix with columns given by A; —A; fori # j, and 9; : R* - R
is defined by

ﬁj()\h ey )‘jfla )‘j+17 ey )\n+1) = Uj + Z )\zgﬂ (48)
i#]
so that v; (32, Mid;) = uj + >, Ai&ji- We define v by setting
v:=v; in T;\ U T;. (4.9)
i<j
Obviously A; € T; and v(A;) = u;. Further, for any j the function v is affine
in T} \ UKJ. 0T}, with
Vo(z) = (A7) V(A7 (@ — A7) = (A7) (&)iny
for all x inside 7}, and therefore
Vol < AT lopl(i)igsl  on T;

from which we infer that

[det Ay Vo] < [lcof Ajlplé]  on T

By definition of A;, it holds |det A;| = n!|T|. As a cofactor is a homogeneous
polynomial of degree n — 1, one obtains ||cof A;||,, < Cdiam(T)"~!, for some
dimensional constant C' < co. This proves the first bound in .

To conclude that v € SBV(T'), with the claimed estimates, we note that
since by construction v is affine on each T}, it jumps only on the points z =
> NiA; € 0T; N 0Ty, for some j # k. Necessarily A; = A, and the conditions
&ij + sij = uj —ug, » o, Ay = 1 with A; € [0,1], the antisymmetry of £, and the
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compatibility condition in (4.1]) imply that

= Vi) ZAA =uj =k + Mjr — N+ > Nil&i — &ki)
i¢{j.k}
=it ong— e+ A&+ D Nil&i+ &)
i¢{j,k}
=sei+ D il + &+ &) (4.10)
i¢{j,k}
= Skj — Z Ai(Skj + 8ji + Sik)
i¢{j,k}
()\ +>\k Skj Z )\ 5]2 +32k
ig{s,k}

Therefore v € SBV (T') with |[v]| < 3]s| and

HH () <D HPHOT N OTy) < HMHAT). (4.11)
i#£]

The last inequality is proven in below. This concludes the proof of
and . Condition follows directly from the definition above.

By construction, it is clear that v does not depend on the vertex Ay on the
opposing face Fj, since on Fy, we have A\, = 0 and F, N T}, = (.

It remains to prove the geometric inequality that was used in the last step
of . By Fubini’s theorem one easily checks the following: Consider a set
a of k + 1 points in R™, 0 < k < n. Then for any = € R™ one has

HEH (conv(a U {z})) = ——H"(conv(a)) - dist(x, aff-span(a)), (4.12)

1
k+1
where aff-span(a) is the smallest affine space that contains « (if & = 0 then
conv(a) = aff-span(a) = a and H°(conv(a)) = 1).

Fix now ¢ # j € {1,...,n+ 1}, and consider 07; N 0T};. Then

n+1
OT; N OT; ={)  MpAp : XEAN =), = max \, }
p=1
A+ A,
—{2n ; £ My EA N =y —maxd} (413)

p#{i,5}

C_NAL AT €A AT = max A},

where A* := {\* € [0,1]": 22:1 Ay =1}, A7 = # and {A}},=2,.  n is any
relabeling of the n — 1 points in o;; := {A1,..., Any1} \ {4i, 4} (the inclusion
in the last step follows from the fact that A\] = 2\; > 2X7 for all p > 1). By
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symmetry, all n sets {\* € A* : A} = max, )\;} have the same area, and as they
are disjoint up to H" !-dimensional null sets we obtain

H" (9T, N ITy) < %H"_l(conv{A;}) = %Hn—l (conv(aij U {Ai +4; ))

2
(4.14)
so that (4.12]) gives

A+ A
H"HOT; N OTy) < H™2(conv(ayy)) - dist(%, aff—span(aij))

(4.15)

n(n—1)
By convexity

#,aﬁ—span(aij)) < %dist(Ai,aﬂ—span(aij))—i-%dist(/lj,aﬁ"—span(aij)).

(4.16)
Let F; := conv({A1,..., Ant1}\ {A4:}) = conv(a;; U{A,}) be the face opposite
to the vertex A4;. By (4.12),

1

dist (

HU(F) = m?—["_g(conv(aij)) - dist(A;, aff-span(a;;)). (4.17)
Combining (L13), (T6) and ([T7) gives
1 1
n—1 . N\ < n—1 . = ayn-—1 .
H"H(0T; N 0T;) < QnH (F) + QnH (EF}). (4.18)

We sum over all pairs (i, 7) with i # j and obtain

n+1 n+1

n— L e n— "
Z’H, Y01, N aTy) < Z Z ~H YF) = ZH Y(E) = H"1(oT)
i#£] i=1 j#i =1
(4.19)
which concludes the proof. O

4.2 Projection on piecewise affine functions

In this section, we use Proposition to construct a good piecewise affine
interpolation of any vectorial function u € SBVj,.(R™; R™) over a suitable par-
tition of R™ in simplexes. First, Lemma states the general properties of the
chosen partition. Proposition then can be applied componentwise in each
simplex of a suitable shift of the partition. The resulting interpolation can be
interpreted as a projection of u over piecewise affine functions and enjoys good
energy estimates, see Proposition [4.3]

Lemma 4.2. For any n > 1 there is a countable set of simplezes To C P(R™)
such that, denoting by Vert(rg) the set of vertices of 79 € To, one has:

(i) #Vert(ro) =n+1; |10| > 0 for all 79 € To;

(ii) 1o N7} = conv(Vert(rg) N Vert(7})), in particular |79 N 7)| = 0 if 79 # 75
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(ii) Uyyeq, T0 = R™;

(iv) For any 19 € To there is z € Z™ such that Vert(ro) C {z + >, Xie; + A; €
{0,1}, 4 € {1,...,n}}, with the e;’s the canonical basis vectors;

(v) If o € Ty, then 10 + 2e; € Ty, with e; any of the canonical basis vectors.

We recall that conv(f)) = @. Condition [(i)] and condition with 79 = 7
imply that 79 is a closed simplex. Conditio implies that for all € > 0, the
rescaled simplex 7y has diameter at most £4/n, and together with condition
that its volume is at least €”/n! (indeed, it is 1/n! times the determinant of a
matrix with entries in {—e,0,e}). The last two imply that this is a refinement
of the natural subdivision of R™ into unitary cubes, with period [0, 2]™.

Proof. This can be obtained taking any partition, as for example the Freuden-
thal partition, of [0, 1], reflecting this along the coordinate axes to obtain a
partition of [—1,1]", and then extending periodically. O

In the rest of this section we define for any € > 0 and ¢ € B, a projection
IL; ¢ on the space of functions that are affine on each polyhedron in a refinement
of ¢ + &7p. The projection will be used on functions v € SBV (R™;R™). As it
depends on point values, we shall only obtain a well-defined result for values
of the translation ¢ outside a null set. The null set, however, depends on wu.
To avoid this, the precise definition is given not on equivalence classes but on
functions from R™ to R™. In order to understand the key properties, it is useful
to consider first the action of Il  on elements of SBV (R™; R™) (or, equivalently,
SBVioc(R™; R™), since II, ¢ is local).

Let uw € SBV(R™;R™). For any couple of vertices a # b € Vert(r) of a
simplex 7 € ¢ + €7y, we consider the slice u’~?(t) := u(a + t(b — a)). For

a

L2"-almost every pair (a,b) we have u2=¢ € SBV (R; R™) with
1
u(b) — u(a) = / (W™ (Odt+ > luh () (4.20)
0

with
(uh™)'(#) = Vu(a + t(b— a))(b - a)
and
(=)0 = [ul (@ + (b — ))sgn(Varao-a) - (b= @)

(see [AFPOQ, Sect. 3.11] or [Bra98| Th. 4.1(a)]). The parameters s and £ entering
the piecewise affine construction in Proposition [£:I] are then defined from the
two components of (4.20). Precisely, we define the jump over an edge [a, b] by

Sla,b] ‘= Z [u](a + t(b - a))sgn(ya%»t(bfa) : (b - a)) (4'21)
t€(0,1)NJ b—a
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Figure 2: Sketch of the construction for Proposition [I.3] The dots mark the
points on which II, ¢ f coincides with f, the black triangles (one of them is
colored red) are the elements of 7. ¢, on which Proposition is applied. The
blue segments are the (eventual) discontinuities introduced by the construction
of Proposition and delimit the polygons which compose 7. The function
II. cu is affine on the smaller polyhedra (one of them is colored green).

(setting it to zero if the sum does not converge or is not defined) and corre-
spondingly the integral of the absolutely continuous part of the gradient by
Elap) = u(b) — u(a) — sja.p- (4.22)

For £2"-almost all pairs (a, b)

1
§lah) = / Vu(a+t(b— a))(b— a)dt. (4.23)
0
By monotonicity and subadditivity of gg,

gollsaal) < D, gol[ul(a+tb—a))l). (4.24)

te(O,l)ﬁJub_a
Similarly, for £2"-almost all pairs (a,b), using (4.23) and Jensen’s inequality,

&la,b]
b — al

In Proposition we will turn both estimates (4.24]) and (4.25]) into estimates
relating the energy over shifts of the segment, averaged over all possible shifts

of size less than e, and integrals over J, and ), respectively.

P 1
§/0 [Vu(a +t(b—a))Pdt. (4.25)

Proposition 4.3. There is a locally finite subdivision of R™ into countably many
essentially disjoint polyhedra, Ty, finer than Ty and with the same periodicity,
and C > 0 such that, for any € > 0 and ( € Be, to any function f : R" — R™
one can associate a function Il ¢ f : R® — R™, affine in the interior of each
element of T := ( + 74", so that the following holds:
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(i) If either 7o € Ty or 79 € Ty* then diam(7y) < v/n and |1o| > 1/C;

(i) 1. ¢ is a projection, in the sense that Il (Il o f =1l ¢ f for all f, and it
commutes with translations, in the sense that 1. ¢[f(-—()] = [He 0 f](-—C);

(iii) One has I, ¢ f € SBVioc(R™;R™) and, with Tz ¢ == ( + €70,

IDIL..f1( | or)=0. (4.26)

7'67-5,4

If u € SBVio(R™;R™), then for L™-almost every ( € B, one has

H (0 | on)=o.

TETe ¢

(iv) The function Il. . f on a set w depends only on the value of f on the set
(W)E\/ﬁ'

(v) If A : R™ — R™ is affine and A € R, then for any function f one has
I c(Af+A) = ML o f) + A; if u,v € SBVioc(R™;R™) then for almost
every ¢ € Be one has I, ¢ (u 4 v) = I cu + 11, cv;

(vi) For anyn € R™*™ and 19 € To, one has for any u € SBVjoc(R™;R™) that

f (/ VI, cu — n\de) ¢ < C \Vu — Pz, (4.27)
B. C(+eTo (eT0)ene
f(/ (gl )ag < [ ([l yar ",
B. Jnsﬁguﬁ(CJrETo) JuN(eT0) ey e
(4.28)

][ H* (T, cu N (¢ +em0))d¢ < CH™ (T, N (e70)e.e), (4.29)

€

]{95 ( /CWO e cu — “‘df”> d¢ < Ce|Dul((e70)c.c)s (4.30)

and, for every n — l-rectifiable set X,

- Ck
£ ([ Meculann=)dc < S ulla ...y + ChslDul(Sac.0)
B, ) €

(4.31)

where
HH(E N B, (x))

Tnfl

ks = sup (4.32)

r>0,cER™

Here ¢, € [14+/n,00) is a constant that depends only on n; C may depend
on n, m, p.
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(vit) If u € SBVioc(R™;R™) and Vu = 0 L™-almost everywhere then for almost
every ¢ € B, one has VII, cu = 0 L"-almost everywhere. In particular, if
u = xg for some set I/ then there is a countable union of polygons F ¢
such that Tl. cu = xfp, .. If H"1(J,) = 0 then for almost every ( € B.
one has H" ' (Ju, u) = 0.

Condition (4.27)) easily implies that for any Borel set w C R™ and any 7

][ (/ |VIL cu — n\pdx)dc <C |[Vu —n|Pdz. (4.33)
B w (

W)Zc*e

Indeed, it suffices to sum over all 79 € Ty such that there is ( € B, with
(C+emo) Nw # (B, which implies e79 C (w)(14,/m).- Analogous observations hold
for (4.28)), (4.29) and i4. 0)).

We remark that (4.31)) fails if we remove the derivative term in the right-hand
side. Consider for example the sequence u;(z) := %(jxﬁ, where (z) := 2 — |z]
denotes the fractional part of x € R, which converges uniformly to 0 as j — oo.
As Vuje; = 1 almost everywhere, for any € and ¢ we have 011, cu; = 1
almost everywhere, and since Il cu; is piecewise affine on a scale € we obtain
e cujl| e > %6, which does not depend on j. Similarly, one cannot estimate
Il cu in L' only in terms of the L' norm of w.

Proof. The grid 7y is defined decomposing each simplex 1y € 7y as in Proposi-
tion The projection II. ¢ f is defined by application of the construction in
Proposition componentwise in each simplex 7 € 7z ¢ = ¢+ €7o.

Precisely, let 7 = ( + €79, for some 79 € Tp, and let {wy,..., wpt1} =
Vert(7) be its vertices. In order to define the cumulated jump over the edge
[w;,w;] we consider the slice vzfj(t) = f(w; + t(w; — w;)), for t € [0,1]. If

Ulfj € SBV((0,1); R™) then we set

sh= > pllw), (4.34)
te(o,l)mJU‘f'
©j

otherwise we set sfj := 0. The function I, ¢ f is then defined in 7 using Propo-
sition [4.1] componentwise. As discussed above, if f =u € SBVioc(R™;R™) then
for almost every choice of ¢ one has that v}, € SBV((0,1);R™) for all choices
of 79 and of 1, j.

(i)} The upper bound on the diameter follows from Lemma and the fact
that 7, is a refinement of 7. The lower bound on the volume follows from the
fact that both grids are locally finite and periodic.

Assume for simplicity that f is scalar. For any 7 and w1, ..., w,41 as
above, one easily obtains that (II; ¢ f)(w;) = f(w;). Let slfj be defined as in
(4.34). By (4.5) the function UEE’Cf has a unique jump point in (0, 1), which is
Zf] Therefore sir;“f =
and II. ¢ is a projection. The relation to translations follows observing that

located at 1/2, and the amplitude of the jump is exactly s

f

S
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for any 19 € 7o the vertices of ¢ + 7y are translated with respect to the vertices
of eTy by (.

m Let T # 7 € T.¢ be such that H"1(drNA7r’') >0, so that by
Lemma [4.(ii)| 01 N 97" = conv(Vert(r) N Vert(7’)). Proposition implies
that Hs,(f\armar’ only depends on the in-plane vertices Vert(r) N Vert(T/), on
the values of f on such vertices, and on the jumps s, on the in-plane edges
o C 0rNIr'. Hence |DH€>Cf|<Ure7;_< 01) = 0. The second condition follows

from the fact that H* 'L J, is o-finite.

Given a set w C R", the function Il. ¢ f|, only depends on the values
of f on the vertices of the simplexes intersecting w. Since their diameter is by
construction not greater than ey/n, Il. ¢ f|., only depends on the value of f on
the neighborhood (w)., /-

It follows from the fact that the function constructed in Proposition
depends linearly on the prescribed values on the vertices u; and jumps s;;.

By it suffices to prove the first bound in the case n = 0. Let
70 € To, and {w1,...,wy11} = Vert(erg). For any ¢ € B., by the uniform
estimate in we have

/ VL culPdz < Ce™ "5“[”““’” (4.35)
CHeTo |wl - w]|
Next, we claim that for all ¢, j
P
/ Sertwn |4 o / \VulPda. (4.36)
B. lw; — wj‘ By gy (ws)

Indeed, starting from (4.25)) and integrating over all translations ( € B, we get,
setting £ := w; — w;,

J.

£C+[wiij] P

1
d i H)|Pdtd
i C</BE/O|Vu(C+w+t)| td¢

1
- / / Vu(e)Pdedt < / Vulde
0 Bs(w1+tl) B .

(e (wi)

since |{| = |w; — wj| < ey/n. Therefore, from (4.35) and (4.36) we conclude

]LBE ( /Cero |VHE’<u‘pdx) ¢

< CZ/ \VulPdz < C \VulPdz,
B(1+f)g(w1) (57'0)(1+\/H)5

which concludes the proof of 1-
Analogously, using ((iii)}, (4.3)), and ., we get

/ ol cul 1™ < C" S ol(schiwmg ) (437)
Jr, cuN(C+eTo)

.3
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by monotonicity and subadditivity of gg, where as before the w; are the vertices
of eTg. We claim that

[ anllscetunmnlidc < = [ sl (039
B Bagymye (wi)Ndy

Indeed, we start from (4.24), integrate over translations, and separate the com-
ponent (, along ¢ from the orthogonal ones, which we denote by (', so that
¢ =+ (l/|f]. Using the Coarea formula we estimate as follows

/go<|8<+[wlw]]\d<</ S aolful(C + wi + £0)])d¢

Be te(0,1)

// Zgo <+wl+t€+ce|£|)l)d<’d<e

/
g/ > ¢ okt
£ te(—e,e(1+v/n))

<2 [ o)) [ - 7 e,

JuNB oy ymye (wi) ( )

4.39

Clearly, (4.38) easily follows from (4.39).
Hence, by (4.37) and (4.38))
f go(|[M. ¢l JdH™~1dc < C gol|ullyar !
< JJn, cu C+€To) JuN(eT0) (24 /m)e
(4.40)

which concludes the proof of .

The proof of is similar. Let g1 : [0,00) — [0,00) be defined by
gl(()) = O, g1(s) = 1 for s # 0. The derivation of above uses only
, , and the fact that gy is nondecreasing and subadditive, and g; has
the same properties. By -, si5 =0 if v;; does not jump on [O 1], thus we
obtain instead of (| - ) the estimate

/ g1 (|[Me cu] pAH" ™ < C" 1>~ g1([5¢ 4wy ])- (4.41)
Ju_ cuN(¢+eTo)

,J

The rest of the computation leading to (4.40]) is unchanged. This proves (4.29)).
Next, we estimate the L' distance of u from II. cu. By ([4.3)) for 7o € To one
has the pointwise estimate

f / |TI; cu — u|dz d¢
e J(+eTo

][ /<+em w(C +w;) — u(z)|dr d¢ + Ce™ 7[ Z‘fﬁwuw; \dC.

A B 2,7
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We observe that for all choices of i, ( and = we have x € ( + e19 C (¢79)e and
C+w; € (+emg C (e19)e. Therefore, each addend in the first term can be
estimated using Poincaré’s inequality for BV functions by

1
Fo[ mcrw)—u@lrdc< o [ [ jut) - ) ldvay
B, J(+eTo | 5| (e70)e Y (e70)e
ETO )e _
<lEMl [y aldy < Ol Dul((emo).),
|BE| (ETO)E

where @ denotes the average of u in (e79).. For the second one, we write using

({4.36) with p=1

5”][
B

Combining the two gives (4.30)).

Finally, we prove ([4.31): for any 79 € Ty and ¢ € B., we have H"~1(XN (¢ +
e79)) < Ckxe™ !, As the map Il cu is affine on each element of ¢ + 75", we
have

Z €+ [wswi)dC < 05/ |Vu|dz.

< i (eT0)ce

C
ML cull oo (crere) < 7 IMectull L1 (¢reme) - (4.42)
We sum over all 79 such that ¢ + ey intersects ¥ and obtain

[ Mecularnt < CE L cala s (443
> €
for a.e. ( € B.. Then we use and a triangular inequality to conclude.

If Vu = 0 £™-almost everywhere, then with 7 = 0 implies
VI, cu = 0 L™-almost everywhere for L£"-almost every (. If u takes values
in {0, 1}, then for each application of Proposition we have that &; = 0,
therefore the constructed function is piecewise constant and takes values in the
set {u1, ..., upt1} € 40,1}

Finally, if #"~1(J,) = 0 then necessarily v € W, (R”;R™). In turn, the
slices of u are Sobolev functions for £"-almost every ¢ € B, so that Ji_ .o = 0,
in turn implying that II. cu is actually continuous and in Wl’l(R"; R™) (alter-

loc
natively, this follows also from (4.29)).

4.3 Global construction

We are now ready to establish Theorem [1.1] The proof contains two different
scales, denoted by § and ¢ in the following. The scale § is the one at which
the function u has approximately regular jump and gradient, and is identified
in Proposition [3.6] The second scale ¢ < 6, used for the construction in Propo-
sition [4.3] is the one on which we construct a piecewise affine approximation of
u. This is achieved in each cube at scale § by applying Proposition to the
extensions, obtained via Theorem of w itself restricted to domains separated
by the regular part of its jump set. In turn, the regularization L, of the jump
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Figure 3: Sketch of the grids used in the proof of Theorem The grid (7', V")
is taken in R"~1, it is then rotated. Similarly, H, and L, are graphs (of ¢, and
©2, respectively) in these rotated coordinates.

set J, will be separately approximated using piecewise affine elements in R*~!
using again the scale e. Figure[3|shows a sketch of the construction, the different
parts will become clear during the proof.

Proof of Theorem[I.1l Let u € SBV(;R™) and 6 € (0,1]. To simplify the
notation we work at fixed 0, and in the end choose a sequence 6; — 0. It is not
restrictive to assume additionally that

t < go(t) for all ¢ € [0, 00); (4.44)

indeed, this follows by proving first the theorem with go(t) 4+t in place of go and
then deducing the statement for gy as a by-product. By , for any A > 0
(fixed below, it will depend on # and ¢ but not on € and ¢’; A = 65 will do)
there is C > 1 such that

go(t) < X+ Cxt for all ¢ € [0,00). (4.45)

This will be used to estimate terms of the form go(|[w]|) on sets of finite n — 1-
dimensional measure in terms of the jump.

Step 1: Choice of the scale § on which u is regular and of the sets As, Aj.
By Theorem [3.5] we can assume that v € SBV(R™;R™) with |Du|(J,NdQ) =0,

/ |Vu|pd$§/ |[Vul|P de + 6, (4.46)
/ Q
and
/ go(|[ul JdHm 1 < / go(|[ul)aH™ " + 6, (4.47)
Q'NJ, QNJy,
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for some bounded open set ' with Q C € and || < 2|Q2|. We choose §y € (0, 6]
such that 30py/n < dist(2, 9') and

/ |VulPdz + 1, ((092)3,/ms,) < 0, (4.48)
(035 7

where 11, := go(|[u]|)H" 1L J, as in - I HH(J,NQ) < oo, then Theo-
rem gives H"1(J,) < oo and we may also require

H*H(Ju N (09)3 yms,) < 0. (4.49)

By Proposition used with Jp in place of 6, there is § € (0, o] C (0, 6] such
that, with 45 := {z € (6Z™)NQ : dist(z, 9Q)>6+/n}, there are R : As — SO(n),
s:As > R™ n:As - R™" p: As — CLR" 1), 2 : As — R"™ which, setting

L=z + RAW, 0:(y) 1y €R"'} (4.50)
and QF := z 4+ (—6,0)™, satisfy || Dy.| L~ < 6 and

Z/ Vi — . |Pds + Z/ () dr—?

zEAs zE€EAs Q mJu

+Y / — 8:)+g0(|[u]])|[vu — Reen|JdH™ ™ < CO.

z€As @zNL:

(4.51)

Here and in what follows we do not explicitly indicate the dependence of C' on
pu () and |Q. If H"~1(J,) < oo we have in addition

> HTHQIN (JLAL)) < C6. (4.52)

zEAs

We further define A5 := {z € (0Z)" : dist(z,00) < dy/n}. We observe that
Q: C By a(2), so that by (L33

Z/ |VulPdz + Z/ dH" !

ZEA] zeA; /RNy

<o / VulPde + (095 ) < C6.
(025 ym

(4.53)

For v € Bs), and z € AsUA} we define Q) := y+2z+(—0/2,0/2)" C Q%, and ob-
serve that since 201/n < 2dp+/n < dist(Q, 9Q") we have Q C UzeAguAg Qlc .
Further, for £"-almost every choice of v € Bs;, we have

H o Jun | 0Q7] =0 and 7—[”_1<U(LZHBQZ)>:0. (4.54)

2EASUAS 2€As

This follows from the fact that H*~ 'L J, and H" ! LU, Ay L. are o-finite. In
the rest of the proof « is a fixed value with property (4.54) and we write @, in
place of Q7.
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Step 2: Approximation of the interface.
Let € € (0,2). For every z € A;, we let

LT =2 4RAW yn) ¥ €ER™, yn > 02(y)}, (4.55)

so that L, = 0L}, and then let L, := R™\ L.\ L. Fix a triangulation (77, V")
of R"~!, with V/ = ¢Z"~!, as in Lemma We define 1, : R"~! — R setting
Y, = ¢, on V', and 9, affine in each element of 7.

We stress that the triangulation (77,V’) used above to approximate L, is not
related to the triangulation (7. ¢, Vz ¢) used in Proposition for the definition
of Il . The usage of the same scale € for both triangulations is only to avoid
having one more small parameter. In any case, it would be crucial for both
scales to be much smaller than §.

We claim that there is a modulus of continuity w,, infinitesimal as € | 0, such
that for all z € As we have

”902 - wzHLOC(Rn—l) S EWge and HD(pZ - DT/)ZHLOO(]Rnfl) S We. (456)

In the following we shall assume that ¢ is sufficiently small to ensure w. < 6.
To prove , we observe that since ¢, € C1(R"™!) there is a modulus of
continuity @, such that |Dy.(y) — Dy, (7)] < &: whenever |y — g| < ey/n. As
there are finitely many choices of z, we can assume that @w. does not depend
on z. Counsider now an element 7" € T'. For every edge (a,b) of 7/ we have
D, | (b—a) = p.(b) — p.(a), so that

|(Dtz |7 — D2 (b)) (b — a)| < @eb— a

for all edges (a,b) of 7/. As the simplexes 7/ are uniformly nondegenerate this
implies |D, — Dy,| < C&., for some constant C' depending only on n. This

proves (4.56)).

Using this interpolation and a shift § € (—e, &) we define the set
HY = wARAW yn) 1y € Ry > (y')+6}, (4.57)

which is a polyhedral approximation of L}, and H, := 0H}, H; := R"\H,\H}
(see Figure . We choose 3 such that

Hr! ( U (#. man)> =0. (4.58)

zEAs

Condition (4.58)), which holds for almost all 8, will be needed to estimate the
(unilateral) H"~!-difference between the jump of the approximation and J,,, see

text after (4.76)) and the proof of (4.128)).

Step 3: Construction of w, ¢ and we. In this step we define an approximation
w,,¢ on each cube @, for z € A; and ¢ € B.. This requires two different
extensions of u on different sets, a sketch is given in Figure [
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Figure 4: Sketch of geometry in the construction of U} and U, in Step [3| in
the proof of Theorem [1.1} assuming n = 2, R, = Id, and that L, is the graph
of a parabola. The set EJ is the area above L. (inside the ball B,), O is a
neighborhood of L, intersected with the larger cube Q%, and O; is a smaller
neighborhood of L, intersected with a neighborhood of @,. The set H, is an
approximation of L, with the graph of a piecewise affine function, and the part
inside @, belongs to Oé Figure [3[ shows how this construction interacts with
the rest.

If L.NQ% =0 we set w, ¢ = Il cu. The other case is more complex. We pick
Y. € L. NQ3, let B, := Bs /z5(y2), so that Q7 CC B, C ', and consider the
sets E;t =B, N Lf. One checks that, since ¢, is 8-Lipschitz with § < %, the
sets EF are Lipschitz with a constant C. For this it is convenient to use that a
bounded open set A is Lipschitz if and only if there are a nontrivial open one-
sided cone E and r > 0 such that B,.(z)N(x+E) C Aand B, (x)N(z—E)NA =10
for all z € 0A, see [AFP00, Remark after Def. 2.60].

Let M > 0 be fixed, it will be chosen below depending only on the dimension n.
By Theorem there are U € SBV(R"; R™) which extend the restriction of u
to EX, respectively. In particular, we have UX = w on EF, and |DU|(OET) =
|DU |(OE;) = 0. For e sufficiently small, letting O% := (L, )2 N Q%, from
Neso O = L. N Q% C OET we obtain

n

£ 1> 1> (S 9
Bl o UZ . O5)+ IDU 0D+ Vel o) +1Dul(O\ L) < G- (4:59)

for all z, and the same for U_". If H"~!(J,) < oo, then we also have for € > 0
small enough

> HTH Ty N 0%) +H (- N O3) < C6. (4.60)
zE€As

The function w, ¢ will be defined as a discretization of U on H} N Q., and
similarly with the other sign. By Proposition it depends on UZF on a
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small neighborhood of the sets HX NQ., and by Proposition the relevant
properties of w, ¢ can be estimated by corresponding properties of UF on 2c,é-
neighborhoods of HX N Q. (see also ) Therefore we need to estimate UZF
on these sets.

Let Oi = (L) me N (Qz)ae. From (4.55), (4.56) and (4.57)) we obtain H, C
(L,)2e and (H)2e,e € LT U (L) (2+2¢.)e, Which imply

(Hf NQ2)2e.c € (LI NQHUOS (4.61)

and the same for the other sign, provided that M > 2+ 2¢, and ¢ is sufficiently

small. Recalling (4.51), (4.59)) in particular implies

[l
z n z NQz 2cxe
R (4.62)
>y goll[UZ 1)aH" " < €0
z€EAs JU;O(Hz_ﬂQz)2c*E
and
Z/ |VUZ+—772|pdm+/ IVUZ —n.|Pdz < C6. (4.63)
seAs (A NQ:)2e e (H NQ2)cse

We next estimate the difference between u, U} and U around H,, this will
be important after (4.104) (cf. (4.108)-(4.109)). We pick z1,...,2x € L, such
that

L.nQ.c|JB, B; := Bue(wi), (4.64)
i

and .
o:cl B, B} = Bone (). (4.65)
i

This implies in particular K < C;‘f:i:l, for a constant C'. We can pick the
points so that the larger balls B} have finite overlap uniformly in e, namely
Zfil XxB: < C, and that they are all contained in (Q.)sne. For e sufficiently
small, Bf C O%. As ¢, is i-Lipschitz, the sets Bf N L} and B} N L] are
uniformly Lipschitz, therefore there is a constant C' such that for any i there
are b, h; € R™ with

1 *

g”“ - h;r”Ll(B;fﬁL;") + || Tu — hMLl(B;mLZ;H"—l) < C|Du|(Bf NL}). (4.66)
In (4.66]) we write T'w for the inner trace on the boundary of Bf N L}, which on
By N L, coincides with u™. The corresponding estimate holds with the other

sign (then with Tw = w™). This in particular implies

/B?*nL [lu] = (B = h)|dH" " < C|Du|(B] \ L2). (4.67)
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We observe that Lip (¢.) < % also implies for some constant C'
Camnrt, S <|BnLz) (4.68)
C — (2 z C — 3 z
as well as
n—1 n—1

o SHTNBINL) <0 % <H"YBiNH,) < Ce"1. (4.69)

By Poincaré’s inequality applied to U} on B}, using u = U} on Bf NL}, (4.66)
and (4.68),

12" = hf |l sy < Ce|DUS|(B]) (4.70)

and analogously for U and h; , so that
/ \Uf —U; —hi +h; |de < Ce(|DUS| + | DU |)(BY). (4.71)
B;

Finally, a direct application of Poincaré’s inequality to U} — u on B}, using
uw=U} on Bf N L} and (4.68), leads to

/ \US — uldx < Ce(|DUS| + |Du|)(B}), (4.72)
B}

obviously the same holds for U, . Summing (4.72)) over all balls shows that
IUF = ull a6y < Ce(IDUS| + | Dul)(O3) (4.73)

and the same for U, . Summing instead (4.72]) only over the balls with centers
contained in (0Q.)snme N L, gives

1UF = ull 2160 )men(@yae) < Ce(IDUS| + |Dul) ((0Q2)sme NO3),  (4.74)

and the same bound for U .
For z € As with L, N Q% # 0 we define w, ¢ : R™ — R™ by

. {HE’CUj in H,

C. © (4.75)
I, U; in H,

we recall that if instead L, N Q% = 0 we had set w, ¢ = I cu. In both cases,
the function w, ¢ is piecewise affine. For almost all ¢ € B, we have

H" (I g NH) =M (I ;NOQ.) =0 (4.76)

for any function f, and in particular for U} and U;. With this choice, and
recalling (4.58), Ju, . N Q. splits (up to H"~1-null sets) into the disjoint union
of Jy_ .y+ N HINQ., Jy. = NHZ NQ:, and a subset of H. NQ-, with

[w, ] =0 Uf —1.:U;, H" '-ae on H,NQ.,. (4.77)
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By (4.56)) and the fact that ¢, is 8-Lipschitz we also obtain

W, . — Reen| <CO - H" lae. on QENH.NJy, . (4.78)

If H"~1(J,) < oo then using (4.29)) separately on U} and U (cf. the discussion
to get (4.33))), then (4.61)), U™ = w on L} N Q,, and finally (4.52]) and (4.60)

we obtain

f S OHTHQNHS Ny ) +HTH QN HL Ny - )dC
B- z€As , '

<O HHQIN T\ L) + H TN O N Ty ) + HHOI N - ) < C6.
ZEAs
(4.79)

We define w¢ := TI. cu and then we € SBV(U.ca,0a; @=R™) by setting
we = Wy on Q, if 2 € Aj, and we = wg if z € A;. For any ¢ € B,
the function w¢ is piecewise affine and obeys property This concludes the
construction of we.

Step 4: Estimates on we and Vwe.

We first check that we have not added too much jump on the boundary between
adjacent cubes by replacing wg by w. ¢ and compute with (4.58) and (4.76)

/ lwg — w ¢|dH™ ! =/ e cu — e (U [dH™ !
0Q. ' 0Q.nHY '

(4.80)
M e
0Q.NH;

for z € As. By estimate ([4.31)) with ¥ =0Q. N H,

C
0 n—1 +
— dH d¢ <—|lu—-U]||; H
][5 /anmHzr |w€ wedl ¢< € ” 2 H((0Q=NHTD)e. )

+ CD(u = UN(0Q- N H )ac.e)-
(4.81)

Recalling that U} = w on Ef and (4.61), both domains can be restricted to
(0Qz) me N (L) are- The first term is estimated by (4.74), and we conclude

f / w2 — w, (|dH " dC < C(\Dul + | DU | + |DUS ) (9Q2)snse 1 OF)
B. J0Q.

(4.82)
so that, using (4.54)),
lim sup f / lw? — w, ¢ |dH" " d¢= 0. (4.83)
e—=0 ; . J0Q. ¢ ¢
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We next address the L' convergence. For any z € As for which L, N Q% # (), by
the definition of we and Proposition we have for L"-almost every (€ B,

/ |we —u|dx:/ IIL. U —u|dac+/ I U, — uldx
Q-NHF NHZ

z NHZ z z

<[ (MU - U+ UF - ul)de (4.84)
Q.nHE
s [ Uz —Us s ) de
Q:NH;
We recall that U} = v on Q. N H \ O C E and [@.73) to obtain

U —ulde <|US —u 5e
/Q I oo .
<Ce(|DU| +|DU_ | + | Dul)(O3).
With ([4.30) in Proposition [4.3]
Fo[ U - Uldedc < CEDUS (@2 0 H e
Be JQ.NHY

< Ce(|Dul(Q) + [DUS|(02))

(4.86)

and an analogous estimate holds for the term with the other sign. Recalling
(4.59) we obtain

> ][ / lwe — uldz d¢ < CO (4.87)
2€A5: L.NQ.#D e/ Q2

for e sufficiently small. If L, N Q% = 0 or z € A} the computation is simpler as
we = wg = I, cu, and only (4.86) with u in place of U appears. From this we
conclude that

][ / |we — uldzd¢ < C6. (4.88)
B. Jo

Moreover, from w¢ = wg on Q. \ 0%, from (&.59) and estimate ([.27) in Propo-
sition we deduce

][ /\VwC—Vu\pdde
B. Jo

gC][ /Vwo—Vupda:—i-/ Vwe[P + |Vu|P)dz ) d
X (), IVt Vapdas | (Vuc” + [Vap)ds)d¢

€ 2€AsUAS H

<c > / |Vu — 1, |[Pdz+C8 < C0, (4.89)
Z€A5UA§ (Qz 2cxe

where the last estimate follows from (4.51)), and the constant C' > 0 depends on
u, on the dimension n, on p and on €.
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Step 5: Definition of the deformation ®.
We select ¢’ € (0,4) and define & : R™ — R™ by

O(x):=at+ Y ax(@)R. ((RI (@ —2.))) + B — 0=(RY (z — 2.))")) €n,

2€As:L,NQ%E#D

(4.90)
where (RT'z)’ denotes the first n— 1 components of the vector RZx and we fixed
a function o, € C*(Q,;[0,1]) with o, =1 on QY := z+ v+ (76+T6” 5+T‘5/)”,
|Da.| < 6/(6 —4"). The map ® is Lipschitz since o, 1., ¢, are, by definition
O(z) = x for z € Q, by |®(x) — x| < 2e for all z, we can assume
2¢e < (6§ — ¢')/4. For e sufficiently small, ®(Q,) = Q. for all z € §Z" by
construction, and if we define @/, :== z + v + (—%, %/)" cC Q) cc @, from

(4.50), (4.56) and (4.57) we obtain
H.NQ, = ®(L.)NQ., and & (H,)NQ, = L.NQ".. (4.91)

In order to show that @ is invertible with Lipschitz inverse it suffices to prove
that D® is uniformly close to the identity. Indeed, using (4.56) we obtain

”D(I) - IdHOO < max ||Dwz - DSDZHOO -+ max HDO‘ZHOO(sz - (PzHOO'HBD
zE€As 2€As

12¢

Swg—i—é_é/.

(4.92)

In particular, if € is sufficiently small on a scale depending on ¢ and ', we can
ensure

|1D® —1d||o0 < %9. (4.93)
Therefore,
(1= 50—yl < 18(x) — B()| < (1+ )z — ],
which implies that ® is globally bilipschitz. Property follows.

Step 6: Estimate of the jump energy.

We are now able to estimate the energy of the jump contribution. We start to
decompose it as

| ol ] = o] o @) g
B JON(J,U8=1 (Ju,))

Sf
B- 2€AsUA}

+F Y / go(|ws,c —w?])dH"~1d¢ (4.94)
Bs ZEA(S 8Qz

/ go(|[u] — [we] o ®f) dH™Ld(
(Juuq>71(‘]w<))m@z

where we separated the boundary contributions from the ones in the interior,
then used ®(x) = z on 0Q,, (4.54) to infer that [u] = 0 almost everywhere on
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0Q., [4.76) to infer [w, ] = [w?] = 0 almost everywhere on 9Q., and finally
used |[we]| < |w. ¢ — wg| + [wzr ¢ — wg| and subadditivity of go on 9Q. N IQ.
for z,2" € As, |[we]| = |w. ¢ — wg\ on 0Q. N9OQ, for z € A5, 2/ € A}, and
[[we]] =0 on 0Q. NOQ. for z, 2" € Aj.

We start from the boundary term. From (4.45) we get

>

€ 2€As

<#AHTOQA+Onf T

€ z€As

/ go(Jw=.c — wl])dH"1d¢
8QZ

/ lws,c — weldH"1d¢ < oy co,
0Q- g

(4.95)

by (4.83)) and choosing ¢ sufficiently small. For A\ < 46 the entire term is bounded
by C6.

We now turn to the first term of (4.94). We start from z € As. Splitting

Jo U@ (Ju) =(J, UR ™ (Jy)) N (L URT(H))
U(Ju U (Ju)) \ (Lo UR™(H))

and using the subadditivity of gg to estimate the integral on the second set, we

get
]l / go(|[u] — [we] o @) dH™ 1 d¢ < T, + 11, + 111,  (4.96)
e (JuUP 1 (Juw))NQ2
with

L= [ aoll[u] = fuc] o @) ar~dc,
Be J(LU®~1(H:))NQ-

I, = / go(|[ull) dH™ Y, (4.97)
Jquz\Lz

111, ::][ / go(|[w¢] o @) dH" 1 dC.
o1 \HONQ.

We start from I,. We add and subtract s, write
b g][ / 90(|[u] = s2]) + go(|[we] 0 @ — 5.|) dH"dC (4.98)
= J(LUP1(H:))NQ-

and observe that

go(|[u] = s:1)x @1z \L)ne. < go([w]DXxra\z.)nq. +90(s:1)X @1 (H.N\L.)NG. >

and similarly for the other term. Therefore

I <I! + 12 + 2411, + 111, (4.99)
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where

Il = / go(|[u] — =) A", (4.100)
L.NQ;
2 .= ][ / go(|[we] o ® — s, |) dH™dC, (4.101)
e ¢71(HZ)OQZ
and
2= go(|s:VH" H(L.A®HH,))NQ.). (4.102)
First note that
> (I +11) < Co (4.103)
zEAs
thanks to ([4.51)). For I? we use first the Coarea formula, ([4.92)) and (4.77) to
obtain
12 <2 ][ / go(|Te ((UF = US) = s.]) dH"~dC. (4.104)
B. JH.NQ:

We cover H, N @, with the balls B; introduced in (4.64]), and start from esti-
mating the term

I2(By) ::72 /H N go(|Te ¢ (US —U) — s,|) dH"1dC. (4.105)
£ zn i

By subadditivity,

go(Me ¢ (U —U) =s.|) < go(|hf —hy —s.))+g0(|Me c(UF —UZ) =R +h ).

(4.106)
The first term, using (4.69) twice and subadditivity, leads to
J e e e R ([ )
H=0B: (4.107)

<C [ ool = seD) + g0l i — ulllanr,
L.NB;

where the first integral is controlled by I!. Using (4.45)) in the second term of
(4.106)) and the second term of (4.107)), for any A > 0 we have

13(B;) <C go(|[u] — s.|)dH™ ™ + CAe™ !
L.NB;
+0A/ b —hy — ]| dH" (4.108)
L.NB;

cOf [ e Uz bt i
B. JH,NB;
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The term in the second line can be estimated with (4.67). For the last line we
use first (4.31)) and then (4.71]), and obtain

][ / e (UF = UZ = hi +hi)[dH" ™" d¢
B. JH.NB;
< [ ws-vs—wf 4 nside+CDUs |+ DU B (4109
< C(DU?| + DU |)(B)).
Using that Lip (p,) < %, and Zfil xp: < C, summing over i yields
2 <CL 4 CA" ! 4 C\|Du|(O \ L.) + Cx\(|DUS | + |DU;|)(0Z), (4.110)

so that by (4.59) summing on z € As we find for A < §6 and ¢ sufficiently small

Y 12<co.

zEAs

We next turn to I2, and observe that by (4.91)) and ([4.92)

H' T ((LAPTHH)) NQx) SHM (LN Q:\ QL) + H'HOTH(H:) NQ:\ QL)

<SH UL NQ:\ QL)+ 2H TN (H. N Q2 \ QL).
(4.111)

Therefore
1 < 4 max ol )M ((H2 U L) 1(Q:\ @L).
z S

As H" N (U, ea, (H-UL)NQ.) < oo and Uy .5 Q. = Q-, choosing ¢’ sufficiently
close to § we have

ST (HUL)N(Q.\ QL) <fand Y T <. (4.112)

zEAs zEAs

Similarly, if H"~1(J,) < oo, for ¢’ sufficiently close to § we have

H 0 | (@:\ QL) <6 (4.113)

z2€As

For III, we use the Coarea formula and (4.92)). We obtain
I, < 2 ][ / go(|[ws.c]l) dH dc. (4.114)
BE sz,chZ\HZ
Therefore 11T, < QHI: + 2IIT, with

mr =4/ wIM SN aHde, (4119
B. JHECUJHQJ\HJ
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and similarly for IIT;. We use inequalities (4.28)) to infer

doarf<c ) / go(|[UF]) a1, (4.116)

zEAs zEAs +ﬂ(H ﬁQ 2cxe
and the same for IIT . Both can be estimated via (4.62)), we conclude that

3L < Co. (4.117)

z€EAs

We next treat the bulk term in in the case z € Aj. Since ®(z) = = and
we = w< on (., recalling Pr0p051t10n E

f wllla] - WA dH A SV 4V, (4118)
wUJ NQ -

where

Voim [ gl ann
‘]U.HQZ

' (4.119)
- ][ / go(([wd]]) dH 1 dC.
B, J,wgﬁQz

As for 1T}, we use inequality (4.28)) in Proposition and obtain

V,<C go(|[u]]) dH"* (4.120)
JuN(Qz)2¢.e
so that
2€A} 2€A}

for ¢ sufficiently small, where in the last step we used (4.48)). Combining the
previous estimates, (4.94)) yields

][ / go(|[u] — [w¢] o ®[) dH" " d¢ < C6. (4.122)
QN(JuUP ! ()
We claim next that for e sufficiently small
][ / go(|[u]| +|[we] o ®|) [ — v 0 @ dH™1d( < CO. (4.123)
AN(JuUS = (Ju, )

Thanks to subadditivity and monotonicity of gy, (4.122) implies that it suffices
to prove

][ / go(|[Wl]) [u = Ve, 0 @[ dH"HdC < C8. (4.124)
QN(JuN® = (Ju,
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Similarly, by (4.103)), (4.112)) and (4.121]) it suffices prove

> ][ / go(|[ul)|ve — Vi, 0 @|AH" 1 dC < CO.  (4.125)
B. JQ.NL.N®—1(H,)

zEAs

From (4.78)) we obtain that [v,, o ® — R.e,| < 0 almost everywhere on Q. N
®~1(H.). The claim follows then from (4.51)) and integrability of go(|[u]|).

Step 7: Choice of , conclusion of the proof.

From (4.88)), (4.89) , (4.122)) and (4.123)), it is easy to check that there is a subset
B C B, with |B|/|B:| > 1/2, such that for all ¢ € B (4.76) holds and we have

/ |we — ul|dz < CO,
Q

/ |[Vwe — VulPde < C9,
Q

/ aol[lu] ~ ] o @) 1" < o,
QN (VD1 (J,)

/ go([[u] + [fwe] o @) [y — v, 0 @] dH" < C.
QN(JL U8~ ()

If H"=1(J,) < oo then, using ([4.79)), we can choose B so that additionally

> H Q. N Ju, \ H.) < CO,

z€EA;

which by the Coarea formula as usual implies

S HTHQ. Ny, \ H)) < CO. (4.126)
z€As

Properties and follow; [(1)] and had already been proven. Prop-
erty is immediate.

It remains to prove We assume that H"71(J,) < oo and start from a
bound on ®~!(Jy,, ) \ Ju. We split the jump set of w¢ into the contribution
inside each cube @, for z € Aj U As, and then for each z € A5, we split the
jump set J,,, into the part in H, and the rest. We obtain

HHANST (T )\ Ju) € Y HHQ N E T ()
zEAg

3 (M@ N 0T H)\ L)+ HTH@ N 07 \ H))).
z€As

(4.127)
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In the first term in the second line, we use (4.58)) to drop the part on 9Q, and
then separate the contributions inside and outside L,. Equation (4.91)) ensures
that Q. N®~1(H,)\ L, = . We obtain

> HHQ.N® N (H)\ )
z€EAs

< 30 (W@ Lo\ J) + Qe N BN (H.)\ QL) < .

zEAs

(4.128)

where the last inequality follows from (4.52)), (4.112) and the Coarea formula.
The other two terms in (4.127) can be bounded by (4.126)) and (4.49)), and we

conclude

HH QN (T, ) \ Ju) < CO. (4.129)

The converse inequality is proven by a different argument based on lower semi-
continuity. As discussed in the first lines of the proof, taking a sequence 6; — 0
we obtain a sequence w; which has all stated properties, except that is
replaced by the weaker assertion

limsup H"~H(Q N &7 (Jw,) \ Ju) = 0. (4.130)

J

In particular w; converges to u in L' (;R™), and since Vw; converges to Vu
strongly in LP(2; R™*™), with p € [1,00) given, there is a function f : R™*" —
[0,00) with superlinear growth at infinity such that

limsup/ f(Vw;)dz + H" (2N Jy,) < 0o (4.131)
J Q

(if p > 1, then f(§) := |§|? itself will do; if p = 1, de la Vallée-Poussin Theorem
gives the conclusion). By the SBV closure and lower semicontinuity theorem
[AFP00, Theorem 4.7], we deduce

H QN T,) < limjinf HH QN T,) = limjinf H QN D (), (4.132)

where the last equality can be obtained from the area formula and By
additivity of H" 1,

H QN TN\ D (Jw,) =H"H QN T) — H QN @ ()
+HHQN R (Ju,) \ ).
Using first and then ,
limsup H"~H(Q N J, \ @5 (Ju,)) < limsup H" QN D (Ju,) \ Ju) =0,
J

J
J

(4.133)

(4.134)
which concludes the proof.

O
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