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STEENROD OPERATIONS
VIA HIGHER BRUHAT ORDERS

GUILLAUME LAPLANTE-ANFOSSI AND NICHOLAS J. WILLIAMS

ABSTRACT. The purpose of this paper is to establish a correspondence between
the higher Bruhat orders of Yu. I. Manin and V. Schechtman, and the cup-¢
coproducts defining Steenrod squares in cohomology. To any element of the
higher Bruhat orders we associate a coproduct, recovering Steenrod’s original
ones from extremal elements in these orders. Defining this correspondence
involves interpreting the coproducts geometrically in terms of zonotopal tilings,
which allows us to give conceptual proofs of their properties and show that all

reasonable coproducts arise from our construction.
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1. INTRODUCTION

Steenrod operations, introduced by N. E. Steenrod in [Ste47], are invariants re-
fining the algebra structure given by the cup product on the cohomology of a space.
They are defined via a family of cup-¢ coproducts, which correct homotopically the
lack of cocommutativity of the Alexander—Whitney diagonal at the chain level. The
more refined homotopical information provided by Steenrod operations allows one
to distinguish non-homotopy equivalent spaces with isomorphic cohomology rings
(for example, the suspensions of CP? and S2V S%). Steenrod operations are univer-
sal and constitute a central, classical tool in homotopy theory [Ste62; MTG68]. More
recently, they were shown to be part of an E.-algebra structure on the cochains of
a space X [MS03; BF04], which encodes faithfully its homotopy type when X is of
finite type and nilpotent [Man01; Man06].

On the other hand, the higher Bruhat orders are a family of posets introduced
by Yu. I. Manin and V. Schechtman [MS89] generalising the weak Bruhat order
on the symmetric group. The elements of the (n + 1)-th higher Bruhat order are
equivalence classes of maximal chains in the n-th higher Bruhat order, with covering
relations given by higher braid moves. The original motivation for introducing these
orders was to study hyperplane arrangements and generalised braid groups, but they
have subsequently found applications in many different areas. They appear in the
contexts of Soergel bimodules [Eli16], quantisations of the homogeneous coordinate
ring of the Grassmannian [LZ98], and KP solitons [DM12]. The higher Bruhat
orders also provide a framework for studying social choice in economics [GROS].

In this paper, we show that these two apparently very different objects are in
fact combinatorially the same: the higher Bruhat orders describe precisely Steenrod
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cup-i coproducts and their relations. This provides a possible explanation for the
fact that, in the words of A. Medina-Mardones, “cup-i products of Steenrod seem
to be combinatorially fundamental” [Med22b, Sec. 3.3]. Let B([0,n],7 + 1) be the
(i+1)-dimensional higher Bruhat order on the set [0,n], and let A;; ATP: Cq( ™) —
Ce( ™)®@Cqo( ™) denote the Steenrod cup-i coproduct and its opposite on the chain
complex of the standard simplex.

Theorem (Construction 3.2, Theorems 3.5, 3.7 and 3.10). For every element U €
B([0,n],i+ 1), there is a coproduct

A7 Co(( M) = Ca( M @Ca( ")

which gives a homotopy between A;_1 and AP . If Unin and Unax are the mazimal
and minimal elements of B([0,n],i + 1), then {AVmin AVmaxy — TA; AP

Moreover, every coproduct on Co( ™) giving a homotopy between A;_1 and A5,
arises in this way, so long as it does not contain redundant terms.

From the perspective of the higher Bruhat orders, the fact that every coproduct
AY gives a homotopy between A;_; and AP, corresponds to the fact that the
elements of B([0,n],7 4+ 1) are equivalence classes of maximal chains in B([0,n], 7).
In fact, from any covering relation U <V in B([0,n],i+1), one can construct a chain
homotopy between AY and A} (Construction 3.12). Moreover, as we demonstrate
in Section 4.4, any coproduct AY defines a Steenrod square Sq? in cohomology,
and for any two U,V € B([0,n],i + 1) we have Sq” = Sq) (Theorem 4.22).

Using the geometric interpretation of the elements of the higher Bruhat orders as
zonotopal tilings (Section 2.2), we obtain a clear geometric interpretation of homo-
topies (see the front page, as well as Fig. 2): terms in the image of the coproducts
correspond to faces of tilings, and the boundary map on Hom(Ce( ™),Ce( ™) ®
Ce( ™)) corresponds to the cubical boundary map. This gives a conceptual proof
of the fundamental property that the cup-i coproduct gives a homotopy between
the cup-(i—1) coproduct and its opposite, in contrast to the involved combinatorial
proofs in the literature.

The above results allow us to show that for cohomology of simplicial complexes
non-trivial coproducts from other elements of the higher Bruhat orders exist (Sec-
tion 4.1), whereas for singular cohomology only the Steenrod coproducts are possi-
ble (Section 4.2). In the former setting, there is a natural link to the generalization
of higher Bruhat orders to acyclic directed graphs [DKK22], see Section 4.1.1. We
also show how one can find coproducts giving homotopies between AlU and its op-
posite, using the “reoriented” higher Bruhat orders of [Zie93; FW00] (Section 4.3).
In his recent axiomatic characterisation of Steenrod’s cup-i products, A. Medina-
Mardones shows that, under a certain natural notion of isomorphism, there is only
one cup-i construction [Med22a]. Our cup-i constructions AV provide other choices,
which fall outside the scope of this result, but are still adequate for the purpose of
defining Steenrod squares in cohomology (Section 4.4). New formulas for Steenrod
squares could be of interest from the computational point of view [Med23b], notably
in the field of Khovanov homology [Can20]. At the same time, our unicity result
for singular homology (Theorem 4.14) concurs with the one of [Med22a].
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A consequence of the present results is that there is a dictionary between the
Steenrod coproducts and two important families of objects in other areas of math-
ematics, which are already known to correspond to higher Bruhat orders. The
first one is a family of higher dimensional versions of the Yang-Baxter (or “trian-
gle”) equation, called the simplex equations [Str95], which have been a subject of
renewed interest in the recent physics literature [BS23; KMY23; Yag23]. The sec-
ond one is a family of strict w-categories called cubical orientals, which define the
cubical w-categorical nerve [Str91]. The higher categorical structure of the higher
Bruhat orders was already observed in [MS89, Sec. 3|, and their correspondence
with cubical orientals can be found in [KV91], see also [LMP].

Finally, it seems that the cubical structure of the original Steenrod cup-i prod-
ucts is already present in the topological E..-operad defined in [Kau09], see Fig-
ure 11 therein. It would also be interesting to understand the possible connection
between our construction and the permutahedral structures on Es-operads unrav-
elled in [KZ17].

Outline. We begin the paper by giving background on Steenrod operations in
Section 2.1 and on the higher Bruhat orders in Section 2.2. In Section 3, we
give our main construction, showing how to build coproducts from elements of the
higher Bruhat orders, proving their key properties, and showing that all reasonable
coproducts arise in this way. After this, in Section 4, we give some extensions of
our construction in the previous section, discussing how it impacts simplicial and
singular cohomology, and extending it to the reoriented higher Bruhat orders. We
finish by showing that the coproducts we construct all induce the same Steenrod
squares.

Acknowledgements. We would first and foremost like to thank Hugh Thomas for
making the introduction that led to this collaboration. The initial discussions for
this paper took place whilst GLA was visiting the Max Planck Institute in Bonn,
which we thank for the hospitality. Thank you also to Arun Ram for helpful sug-
gestions. GLA thanks Anibal Medina-Mardones for useful discussions on Steenrod
squares, as well as Fabian Haiden and Vivek Shende for the opportunity to speak
about a preliminary version of this work in Odense, and for interesting discussions.
Part of this research was conducted while NJW was visiting the Okinawa Insti-
tute of Science and Technology (OIST) through the Theoretical Sciences Visiting
Program (TSVP).

2. BACKGROUND

In this section, we recall the definitions of Steenrod operations and higher Bruhat
orders, and set up notation.

2.1. Steenrod operations. We start by recalling basic conventions and notation.

2.1.1. Chain complexes. By a chain complex C' we mean an N-graded Z-module
with linear maps
81 62 63
C()(—Cl%Cé(—-"
satisfying 0,00,+1 = 0 for each p € N. As usual, we refer to d, as the p-th boundary
map and suppress the subscript when convenient. A degree-i morphism of chain
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complezes f: C — C', referred to as a degree-i chain map, is a set of morphisms
of Z-modules f,: C, — Cpy; satisfying 81’,+i+1fp+1 = fpOpt1 for p € N.

The category of chain complexes of Z-modules is endowed with a tensor product,
whose degree r component is (X ® V), 1= Gp1q=rX, ® Yy, and whose differential
is defined by d(z @ y) := 0(z) @ y + (—1)%*8@) 2z ® 9(y). The symmetry isomor-
phism T: X ® Y — Y ® X, which is part of a symmetric monoidal structure, is
defined by T(z @ y) := (—1)de8(*)deev)y @ 4.

2.1.2. Steenrod coalgebra. We denote the standard n-simplex ™ := {(zg,...,2,) €
R | 2o+ 4z, = 1,2; > 0}. We refer to faces of the n-simplex using their vertex
sets, where we use the notation [p,¢] := {p,p+1,...,q} and (p,q) := [p,q] \ {p, ¢}-
When we give a set {vg, v1,...,v} C [0,n], we mean that the elements are ordered
v <V < -0 < Vg

We will consider the Z-module given by the cellular chains Co( ™) on the stan-
dard n-simplex. This chain complex has as basis the faces of ", whose degree is
given by the dimension (for example, the face {vo,...,v,} has dimension ¢). The
boundary map of this chain complex is given by

q

O{vo, -, vg}) = _(=1)"{vo, ..., Bp, ..., 0} -
p=0

An overlapping partition £ = (Lo, L1, ..., Li+1) of [0,n] is a family of intervals
L, = [lp,lp+1] such that I = 0, ;42 = n, and for each 0 < p < i + 1 we have
l, < lpy1. For i > 0, the Steenrod cup-i coproduct is the degree-i linear map
A Co( ™) = Co( ™) ® Co( ™) defined on the top face by

Ai([0,n]) =D (-1 (LyULy U+ )@ (Ly ULz U---)
c

where the sum is taken over all overlapping partitions of [0, n] into 7 4+ 2 intervals.
By convention, one sets A_; := 0. If n < ¢ — 1, there are no such overlapping
partitions, and the coproduct is zero. Denoting by w, the shuffle permutation
putting 0,1, ..., n into the order

[Oyll]y [l27l3]) LRI (l17l2)) (l3al4)7 )

the sign is given by e(£) := sign(wg) + in. The coproduct A; is then defined
similarly on the lower-dimensional faces. Throughout this article, we shall reserve
the notation A; for the Steenrod coproducts. As proved by N. E. Steenrod in
[Ste4T7], the cup-i coproducts satisfy the homotopy formula

(2.1) ON; — (—1)'A0 = (14 (-1)'T)A;_4
for all i > 0. One can say that the difference between A;_; and it opposite measures

the obstruction to A; being a chain map.

Remark 2.1. Other equivalent formulas for the Steenrod coproducts are given in
[GR99; Med23a).

Remark 2.2. Comparing (L) to the sign from [Ste47], the extra term in here
arises in the passage from products to coproducts, see Section 4.4. It will follow
from Theorem 3.5 and Theorem 3.10 that this is the unique correct choice of signs
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for the Steenrod cup-i coproducts, given that the signs of the cup-0 coproduct are
all +.

Example 2.3. We give some examples of Steenrod cup-i coproducts for low-
dimensional simplices. For the O-simplex ©, we have Ag(0) = TAg(0) = 0®0. For

1

the 1-simplex *, we have

Ap(01) =001 +01®1,
TA(01) =01 ®0+1®01,
A1(01) = ~TA(01) = —01 01 .
Finally, for the 2-simplex 2, we have
Ap(012) =0® 012+ 01 ® 124 012® 2,
TA(012) = 01220 — 12® 01 +2® 012
A1(012) = 012® 01 — 02® 012 + 012 ® 12 ,
TA1(012) =01®012-012® 02+ 12® 012,
A(012) = TA(012) = 012 ® 012 .

2.2. Higher Bruhat orders. There are many ways of defining the higher Bruhat
orders. For the purposes of this paper, it will be useful to consider three of them,
namely those using admissible orders, consistent sets, and cubillages. The cubillage
perspective is the principal one we use for our construction.

2.2.1. Admissible orders. The original definition of the higher Bruhat orders from
[MS89] is as follows. Let ¢ and n be non-negative integers such that i +1 < n
Throughout this article we denote by ([0 "]) = {S C [0,n] \ |S| =4+ 1} the set of
(i + 1)-element subsets of [0,n]. Given K = {ko < k1 < -+ < kj11} € ( ]) the
set
Pack(K):={K\ k| ke K}

is called the packet of K. Here we have abbreviated K \ {k} to K \ k, which
we will continue to do. It is naturally ordered by the lexicographic order, where
K\ kqy < K\k, if and only if p < g, or its opposite, the reverse lexicographic order.

The elements of the higher Bruhat poset B(]0,n],i + 1) are admissible orders of
([0’"]), modulo an equivalence relation. A total order a of ([O’"}

1+1 i+1
for all K € ([O ”]) the elements Pack(K') appear in either lexicographic or reverse

) is admissible if

lexicographic order under «o. Two orderings v and o’ of ([0 ”]) are equivalent if they
differ by a sequence of interchanges of pairs of adjacent elements that do not lie
in a common packet. As these interchanges preserve admissibility, the equivalence
class [a] of an ordering « is well-defined.

The inversion set inv(a) of an admissible order « is the set of all (i 4+ 2)-
subsets of [0,n] whose packets appear in reverse lexicographic order in a. Note
that inversion sets are well-defined on equivalence classes of admissible orders. The
poset structure on B([0,n],i 4+ 1) is generated by the covering relations given by
o] <[] if inv(a’) = inv(a) U{K} for K € (72]) \ inv(a). It is possible to have
inv(a) C inv(a/) without having [a] < [¢] [Zie93, Thm. 4.5]. For n < i+ 1, we set

B([0,n),i +1) = {@7}.
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2.2.2. Consistent sets. An element [a] of the higher Bruhat poset B([0,n],i+ 1) is
uniquely determined by its inversion set inv(c). Inversion sets were characterised
intrinsically in [Zie93] as follows. A subset U C ([?_;_T;]) is consistent if for any
M e ([?J’r’;]), the intersection Pack(M)NU is either a beginning segment of Pack(M)
in the lexicographic order or an ending segment. We then have that a set U C ([?J:;])
is equal to inv(«) for some [a] € B([0,n],7+ 1) if and only if U is consistent [Zie93,
Thm. 4.1]. In this paper it will be convenient to work in terms of consistent sets,
so we will abuse notation slightly by writing U € B([0,n],i+ 1) if U is a consistent
set. The higher Bruhat order can then be defined on consistent sets by the covering
relations U < U’ if and only if U' = U U{K} for K € ([?J’rg]) \U.

A maximal chain in B([0,n],7 + 1) gives an order on ([?_’:;}
order these subsets are added to the inversion set. The consistency condition then

) according to the

ensures that this order is in fact admissible, and one can talk about equivalence of
maximal chains in the same way as equivalence of admissible orders. We then have
the following theorem, which could justly be called the fundamental theorem of the
higher Bruhat orders.

Theorem 2.4 ([MS89, Thm. 2.3]). There is a bijection between equivalence classes
of mazimal chains in B([0,n],i+ 1) and elements of B([0,n],i+ 2).

We will finally need the following construction from [Ram97, Def. 7.4], which
we call contraction, but which was called “deletion” in [Ram97]. For S C [0,n]
and U € B([0,n],i+ 1), we denote by U/S :=UnN ([0%2]1\5). We have that U/S €
B([0,n] \ S,i + 1), where this poset is defined using the natural identification of
[0,n] \ S with [0,n — |S|]. When S = {p}, we write U/p for U/S.

2.2.3. Cubillages. We now give the geometric description of the higher Bruhat or-
ders due to [KV91; Tho02]. Consider the Veronese curve £: R — Ri*T! given by
& = (1,42, ..., tY). Let {to,...,t,} C R with tg <--- <t, and n >i. The cyclic
zonotope Z(]0,n],i+ 1) is defined to be the Minkowski sum of the line segments

0&;, + -+ 0&

n 7

where 0 is the origin and @ is the line segment from 0 to &,. The properties
of the zonotope do not depend on the exact choice of {¢to,...,t,} C R. Hence, for
ease we set t, = p for all p € [0,n).

There is a natural projection m;+1: Z([0,n],n + 1) — Z([0,n],% + 1) given by
forgetting the last n — ¢ coordinates. A cubillage Q of Z(]0,n],i + 1) is a section
Q: Z([0,n],s + 1) — Z([0,n],n + 1) of the projection m;11: Z([0,n],n + 1) —
Z([0,n],i+4 1) whose image is a union of (i + 1)-dimensional faces of Z([0,n],n+1).
We call these (i + 1)-dimensional faces the cubes of the cubillage. A cubillage Q
of Z([0,n],i+ 1) gives a subdivision of Z([0,n],7+ 1) consisting of the images of
the projections of its cubes under m;;1. We usually think of the cubillage as the
subdivision, but it is necessary to define the cubillage as the section to make the ¢ =
0 case work, since for ¢ = 0 all the subdivisions are the same; see [GP23, Rem. 2.6]
for more details. In the literature, cubillages are often called fine zonotopal tilings,
for example, in [GP23].

Recall that a facet of a polytope is a face of codimension one. The standard
basis of R*! induces orientations of the faces of Z([0,7n],i + 1), in the sense that
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the facets of a face can be partitioned into two sets, called upper facets and lower
facets. If F is a j-dimensional face of Z([0,n],7 + 1), with G a facet of F, then G
is a lower (resp. upper) facet of F' if the normal vector to G which lies inside the
affine span of F' and points into F has a positive (resp. negative) j-th coordinate.

As was proven in [Tho02, Thm. 2.1, Prop. 2.1], following [KV91, Thm. 4.4], the
elements of B([0,n],i + 1) are in bijection with cubillages of Z([0,n],i 4+ 1). The
covering relations of B([0,n],i+1) are given by pairs of cubillages Q < @’ that differ
by an increasing flip, that is when there is a (i 4+ 2)-face F of Z([0,n],n + 1) such
that Q(Z([0,n],i+ 1))\ F = Q(Z([0,n],i+1))\ F and Q(Z([0,n],i+ 1)) contains
the lower facets of F', whereas Q'(Z([0,n],i+ 1)) contains the upper facets of F.

The cyclic zonotope Z([0,n],7 + 1) possesses two canonical cubillages. One is
given by the unique section Q;: Z([0,n],i+1) — Z([0,n],n+1) of m;;1 whose image
projects to the union of the lower facets of Z([0,n],7 + 2) under m; 2. We call this
the lower cubillage. The other is the section Q,, whose image projects to the upper
facets of Z([0,n],i + 2) under m;42, which we call the upper cubillage. The lower
cubillage of Z([0,n],i+ 1) gives the unique minimum of the poset B([0,n],i + 1),
and the upper cubillage gives the unique maximum. The lower and upper cubillages
are also known as the standard and antistandard cubillages respectively.

We now give a description of the cubes of a cubillage that will be useful later.
Every (i 4 1)-dimensional face of Z([0,n],n + 1) is given by a Minkowski sum

Ea+ Z 0¢;
leL
for some subset L € ([?ﬂ]) and A C [0,n] \ L, where {4 = 7 . 4 & We call L the
set of generating vectors and A the initial vertex, see Fig. 1. Here we have omitted
the ¢ from the labels of the vertices of the cubes, so that a label A means &4;
henceforth, we will always do this.
01245

234
12

0124 1245
23 34

012 125

12

Initial vertex {1} {3} {1,2}
Generating vectors {2} {2,4} {0,4,5}

FI1GURE 1. Cubes associated to some vertices and sets of generat-
ing vectors.

One can describe the upper and lower facets of a cube in terms of initial vertices
and generating vectors using the following combinatorial notion. Given L € ([?J’ﬁ])
and a € [0,n] \ L, we will use the notation

Ll =H{le L|l>a}].
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We then say that a is an even gap if |L|s, is an even number. Otherwise, we say
that a is an odd gap.

Proposition 2.5 ([Tho02, Lem. 2.1] or [DKK18, Prop. 8.1]). Let F be a face of

Z([0,n],n + 1) with initial vertex A and generating vectors L. Then we have the
following.

(1) Facets of F with generating vectors L \ I and initial vertex A are upper

facets if 1 is an odd gap in L\l and lower facets if I is an even gap in L\1.

(2) Facets of F with generating vectors L\l and initial vertex AU{l} are upper

facets if l is an even gap in L\ and lower facets if l is an odd gap in L\1.

2.2.4. From consistent sets to cubillages. One can explicitly describe the bijection

between cubillages of Z(]0,n],% + 1) and consistent subsets of ([ZO_:;]) Given a

cubillage Q of Z([0,n],i + 1), it follows from [Tho02, Thm. 2.1] that the cubes
0,n
[i+1]
generating vectors. Hence, given a consistent subset U of (

of Q are in bijection with the elements of ( ) via sending a cube to its set of
0,n
[i+2]
cubillage Qu of Z([0,n],i+ 1) is determined once, for every element of (

), the corresponding
[0,n]
i+1
knows the initial vertex of the cube with that set of generating vectors. Hence, we

), one

write AY for the initial vertex of the cube with generating vectors L in Qy.

i ; : 0,n
Proposition 2.6 ([Tho02, Thm. 2.1]). Given a set of generating vectors L € ([i+1])
and a € [0,n] \ L, we have that a € AY if and only if either

e LU{a} €U and a is an even gap in L, or
e LU{a} ¢ U and a is an odd gap in L.

An analogous statement was shown for more general zonotopes in [GPW22,
Lem. 5.13]. It will also be useful to introduce the notation

BY = 10,n]\ (LU A])

for the vectors which are neither generating vectors nor present in the initial vertex.

3. COPRODUCTS FROM CUBILLAGES

In this section, we show how one can construct a coproduct AY: Cq( ™) —
Co( M) ®@Co( ™) from U € B([0,n],i+ 1), equivalently, from any any cubillage Qy
of Z([0,n],i4+1). We show that all these coproducts give homotopies between A;_
and TA;_1. The cubillage perspective allows us to give a clean and illuminating
proof of this important fact (Theorem 3.7). It also allows us to show that all
coproducts which satisfy the homotopy formula arise from cubillages, provided they
contain no redundant terms (Theorem 3.10).

Basis elements of Co( ™) ® Co( ™) are of the form X @ Y for X, Y C [0,n]. A
central observation is as follows. Given a basis element X ® Y € Co( ™) @ Co( "),
we can always write X = LUA and Y = LUB, where L=XNY, A=X\Y,
and B =Y \ X. Given a subset S C [0,n], we say that LU A® LU B is supported
on S'if LUAUB = S. The basic relationship between cubillages and elements of
Co( ™) ®Cq( ™) is as follows.

Proposition 3.1. There is a bijection between faces of Z(S,|S|) excluding @ and S
and basis elements of Co( ™) @ Co( ™) which are supported on S.
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Proof. As in Section 2.2.3, we have that every face of Z(S5,S|) is determined by
its set of generating vectors L and initial vertex A. Defining B := S\ (L U A), the
corresponding basis element of Co( ™) ® Co( ™) is LUA® L U B. This gives a
well-defined element unless L = @ and either A = @ or B = &, which is the case if
and only if the face is either of the vertices @ or S. Bijectivity is evident. O

Hence, we may identify basis elements of Co( ™)®C,e( ™) with the corresponding
faces of Z(S,]S|), in particular in the case S = [0, n].

Construction 3.2. For any U € B([0,n],i + 1), where n > i, we define the cup-i
coproduct
AV Co( M) = Co(( M@ Ca( ™)
on the top face of ™ by the formula
AV([o,n]) = > (-1 EARRIUED Ly AT @ LUBY

Le(yy)
where
e(LUAY @ LUBY) = Y |AY |y + > LI« + (n+1)|AY| € Z/2Z .
beBY leL

Here AY and BY are the sets from Section 2.2.4. We define this as a class in Z/2Z,
since this is all that the sign depends on, and doing so makes it easier to write down
the calculations in Appendix A.

For codimension one faces, we define

A ([0, n)\ {p}) = A77(0, 1]\ {p}) -
In this way, we inductively extend the definition to lower-dimensional faces too.
Once we reach a non-empty subset S C [0,n] with |S| < i, we define AV (S) := 0.
We have thus defined the map AY for basis elements of Co( ™); one can then extend
linearly.

Hence, the terms of AY ([0, n]) are simply those terms corresponding to the faces
of U under the bijection in Proposition 3.1, with a certain sign attached. In what
follows, we will need to make calculations involving the signs e(L U AY @ LU BY).
We carry out these calculations in Appendix A, and refer to the relevant lemmas
from there when necessary.

3.1. Comparison to original Steenrod operations. Now, we claim that, up to
sign, for ¢ even, the original Steenrod cup-i coproduct A; is exactly the coproduct
A? coming from the minimal element & the higher Bruhat order, where nothing is

inverted, and the opposite of the Steenrod cup-i product T'A; exactly comes from
[0,7]
P2
For i odd, the opposite is true. The coproducts coming from other elements of the

the maximal element of the higher Bruhat order ( ), where everything is inverted.
higher Bruhat orders can be thought of as intermediate coproducts between these
two cases.

In order to show this, we first prove a useful proposition describing what happens
to AV under taking the complement of U.
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Proposition 3.3. IfU € B([0,n],i + 1), then we have

[0,n]

NGNS

K2

Proof. Tt follows from Proposition 2.6 that
[0,n] [0,n]
AL _pr g N Z gy

0.7\ 11
Hence, ignoring signs, we have that Ai( el and TAY have the same terms.
Comparing signs with Lemma A.1, we have that on the left-hand side the term LU

BY ® LU AY has the sign e(LUBY @ LU AY) =
e(LUuAY @ LUuBY)Y+ (LU AY |+ D)(JLUBY |+ 1)+ |L| +1,

which is precisely the sign on the right-hand side, recalling the definition of 7" and

noting that |L| =14+ 1. O

It is also useful to consider the following well-known fact about the initial vertices
of the cubes of the lower cubillage.

Lemma 3.4. For the lower cubillage of Z([0,n],i+ 1), which is given by U = & €
B([0,n],i+ 1), we have

LUAT = Ullis, lica] Ullioy, 1]

LUBT =+ Ulli—2,li-1]U[li,n]

for the cube with generating vectors L = {lg,l1,...,l;} € ([fﬁ])

Proof. This follows from Proposition 2.6, since elements of (I;, n] are even gaps in L,
elements of (I;_1,1;) are odd gaps, and so on. O

We can now compare our operations to the original Steenrod coproducts. The
fact that the Steenrod coproducts alternate between corresponding to the minimal
and maximal elements of the higher Bruhat orders causes a discrepancy in signs.
Our coproducts always give homotopies from the maximal element to the minimal
element, so getting a homotopy in the other direction requires a minus sign.

Theorem 3.5. For i even, we have

. [0,n] )
AZ = (=1)"2A;  and A<i+2):(—1)’/2TAi,

?

whilst for i odd we have

_ [0,n] .
AT = (-D)FITA;  and AL — (C)lifla,

[0.m)
(33) for ¢ odd,

since the remaining statements are then obtained by applying Proposition 3.3. For

Proof. Tt suffices to prove the claim for AY for i even and for A

L={lp,l1,...,l;} € ([?jﬁ]), one obtains the corresponding term of A? by Construc-
tion 3.2 and Lemma 3.4. If i is even, then the first interval in LU A? is [0, o], and
so this is the term associated to the overlapping partition [0, 1], [l1,12], ..., [l;,n] in

the Steenrod construction. If i is odd, then the first interval in L U Af is [lo, 1],
[0,n] [0,n]
and so the Steenrod construction gives L U A(L“’Q) ®LU Bg“)

bijection between overlapping partitions of [0,n] into ¢ + 2 intervals and elements

. Since this gives a
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of ([0 "]), modulo signs the terms of A; coincide with those of A? for i even and

[0, n])

AS 27 for ¢ odd. The fact that the signs coincide follows from Lemma A.2. O

3.2. The homotopy formula. We now show how our construction can be used
to give a clean and conceptual proof of the fundamental fact that A; gives a chain
homotopy between A; 1 and TA; ;.

The boundary of a term in the coproduct has the following neat description.
Recalling Proposition 3.1, we may talk of upper and lower facets of a basis element F
of Co( ™) ® Co( ™), meaning the respective terms corresponding to the upper and
lower facets of the face corresponding to F'.

Proposition 3.6. Let F = LUA® LU B be a basis element of Co( ™) @ Co( ™).
Adopting the notation F/k := LU (A\ k) ® LU (B\ k), we have that

A-VME) = Y (@G + Y (1t
G lower facet H wupper facet
+ Z E(F/k)+k+z+2F/k,
k€[0,n]\L

Proof. There are four different types of terms in d((—1)*¥)F) to consider, corre-
sponding to Lemmas A.3, A.4, A.5, and A.G.

(1) We first consider terms of d((—1)*¥)F) given by (L \ k) UA® LU B for
k € L. In the expansion of 9((—1)*¥) F'), this has sign (F)+|LUA| -, which equals
e((L\k)UAQ LUB)+|L|~x by Lemma A.3. This therefore equals e((L\k)UAQ LUB)
if and only if k is an even gap in L. Then by Proposition 2.5, (L\ k) UA® LU B
is a lower facet of F' if and only if k£ is an even gap in L. Upper facets then have
the opposite sign to e((L\ k) UA® LU B).

(2) We now consider terms of d((—1)*F)F) given by LU A ® (L \ k) U B for
k € L. In the expansion of 9((—1)¥) F'), this has sign e(F)+|LUB| < +|LUA|+1,
which equals e(LUA ® (L \ k) UB) + |L|>k + 1 by Lemma A.4. This therefore
equals e((L\ k)UA® LUB) if and only if k is an odd gap in L. Similarly to before,
by Proposition 2.5, LU A ® (L \ k) U B is a lower facet of F' if and only if k is an
odd gap in L. Upper facets then have the opposite sign to e(LU A ® (L \ k) U B),
as before.

(3) We now start considering terms which do not correspond to facets, by looking
at terms given by LU (A\ k) ® LU B for k € A. In the expansion of 9((—1)*(*) F),
this has sign e(F)+ (LUA) <k, which equals e(F/k)+k+|L|+1 = e(F/k)+k+i+2,
by Lemma A.5, as desired.

(4) Finally, we consider terms given by LUA ® LU (B \ k) for k € B. In the
expansion of d((—1)*U) F), this has sign e(F) + |L U B|<x + |L U A| + 1, which
equals e(F/k) + k+ |L| +1=¢(F/k) + k + i+ 2, by Lemma A.6.

(]

Showing that the coproduct AV satisfies the homotopy formula is now straight-
forward.

Theorem 3.7. For any U € B([0,n],i + 1), and for any i > 0, we have that
9o AY — (=1)'AV 00 = (1 + (-1)'T)AZ, .
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Proof. We reason in terms of the cubillage Qp and its induced subdivision
of Z([0,n],i +1). We consider the terms of d o AV([0,n]) and apply Proposi-
tion 3.6. For k € [0,n], the terms of d o AV ([0,n]) that correspond to F/k for
cubes F of Qu have sign e(F/k) + k + i + 2, by Proposition 3.6, whereas in
—(=1)!AV((=1)*[0,n] \ k) they have sign e(F/k) + k + i + 1, and so they cancel.
By Proposition 3.6, we have that the other terms of 9o A are given by facets of
cubes of the cubillage. These come in two sorts: internal facets, which are shared
between two cubes of the cubillage and lie in the interior of Z([0,n],i + 1) in the
induced subdivision; and boundary facets, which are only facets of a single cube of
the cubillage and lie on the boundary of Z([0,n],7+ 1) in the induced subdivision.
Those that correspond to internal facets of the cubillage cancel out by Propo-
sition 3.6, since they are an upper facet of one term and a lower facet of another.
Hence, we are left with the terms corresponding to boundary facets. By Proposi-
tion 3.6 and Proposition 3.3, we have that the terms corresponding to lower facets
of the zonotope give Aiu whereas the terms corresponding to upper facets give

(%) i—1 A D
A =) TAL,,
as desired. O
Note that in proving Theorem 3.7, all of the work went into proving that the
signs matched up as desired. Working with chain complexes of Z/2Z-modules rather

than Z-modules, the result is immediate from the cubillage perspective. We will
work with Z/2Z-modules when we consider Steenrod squares in Section 4.4.

Example 3.8. We illustrate how cubillages can be used to deduce the homotopy
formula for cup-i coproducts. For the cup-1 case and n = 2, corresponding to the
higher Bruhat poset B([0,2],2), there are two possible cubillages, giving two cup-1
coproducts. These correspond to the Steenrod coproduct A; and its opposite T'Aq,
modulo signs. The cup-0 coproduct is

Ag(012) =0® 012+ 01 ® 12+ 012®2 .

The opposite coproduct is given by

TA(012) =012®0—-12®014+2®012 .
For the two possible cup-1 coproducts AY, we wish to show that

AVod+00AY =Ay—TA,
that is, the homotopy formula holds. By Construction 3.2 and Fig. 2, our two cup-1
coproducts are
Al 012) = 012® 01 — 02® 012+ 012 ® 12,

A7 (012) = —01 ® 0124 012 ® 02 — 12® 012 .
Here the first is the Steenrod coproduct A; and the second is —T'A;; compare
Example 2.3. We have that the first coproduct comes from the cubillage at the top

of Fig. 2, whereas the second comes from the bottom cubillage. We now verify the
homotopy formula for A?. On the one hand, we have

AZ00(012) = A?(12) — A7 (02) + AZ(01) = -12® 12+ 02® 02 — 01 ® 01 ,
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012
+012 ® 2 012 ® 1 +012 ® 1 —012® 0
01 +012 ® 12 +012 ® 01 12
02
N\
OV,Q
+01 ® 12 > AN +12 @ 01
(%0{
0 —-02® 012 2
+0® 012 —2® 012
2z
012
+012 ® 2 —012® 0
01 +012 ® 02 12
:Qn/
401 ® 12 X”n' »@' +12® 01
/\"/\,
1
0 —01 ® 012 —12® 012 2

—-1®012 | +1 ® 012
—2® 012

+0® 012

FIGURE 2. The upper and lower cubillages of Z(3,2), the associ-
ated Ay coproducts, and their boundaries
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while on the other hand
90 A7(012) = —0(01 ® 012) + 9(012 ® 02) — A(12 ® 012)
=-1®0124+0®012+01® 12 — 01 ® 02 + 01 ® 01
+12®02-02®02+01®02+012®2—012® 0
—2®0124+1®012+12®12-12® 02+ 12® 01
=(0®012+01®12+012®2) — (2®012 - 12® 01 + 012 ® 0)
+ (12612 — 12-012) + (0102 — 01:-02) + (12202 — 12202)
+12®12-02®02+01® 01 .

Note that the terms from A% o d cancel out, as can be seen in the final line above,
and that the remaining terms from 0 o A? come from faces of the cubes of the
cubillage. Internal faces have terms coming from two cubes, which cancel each
other out, as seen in the penultimate line. After all cancellations, the remaining
terms come from the boundary of the zonotope, which give precisely Ag — T'Ag, as
seen in the third last line. The top of Figure 2 indicates how the verification of the

homotopy formula works for Aiou}.

Example 3.9. The figure appearing on the first page of the paper is an example
of a coproduct for the 4-simplex which does not come from the Steenrod coproduct
or its opposite. We do not carry out the full verification of the homotopy formula,
but instead illustrate in the figure that terms corresponding to internal faces of the
cubillage cancel.

In fact, Construction 3.2 comprises all coproducts that satisfy the homotopy
formula, up to redundancies. The idea is to run the proof of Theorem 3.7 in reverse,
so that if a coproduct satisfies the homotopy formula, then the cubes corresponding
to its terms must have come from a cubillage.

Theorem 3.10. Suppose that we have a coproduct Al: Co( ™) = Co( ")@Co( ™)
with 0 < 1 such that

(3.1) Do Al — (=1)!AL0d = (1+ (—-1)'T)A? | .

If i = 0 suppose further that Al(p) = p® p for all p € [0,n], and suppose otherwise
that for all non-empty S C [0,n], AL(S) has a minimal number of terms amongst
coproducts which satisfy (3.1). Then we have A, = AY for some U € B([0,n],i+1).

Proof. We prove the result by showing that for all non-empty S C [0,n], there
exists U € B(S,i+ 1) such that for all non-empty S’ C S, AL(S") = AV(S"). We
use induction on the size of S, with the result then established in the case S = [0, n].
For |S| <i— 1, we have A? |(S) = 0, so the right-hand side of (3.1) is zero. For
|S| = i, we have AY | (S) = £S® S, and so TA? |(S) = (—1)*"1A? |(9) and the
right-hand side of (3.1) is also zero. Hence, for |S| < i, AL(S) = 0 has the minimal
number of terms whilst satisfying (3.1).

We now consider the case |S| =i+ 1, which is the first non-trivial base case. We
have that (A% 0d)(S) = 0 by the previous paragraph. For ¢ > 0, the right-hand side
of (3.1) has terms corresponding to the lower facets of Z(S,4 -+ 1) minus the upper
facets, and so by Proposition 3.6, we have that A}(S) = £5® S satisfies (3.1). Note
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that the sign is determined by the right-hand side of (3.1) and that Proposition 3.6
also shows that no other single term will satisfy (3.1). For ¢ = 0, we have that
AL(S) = S ® S by assumption. These base cases then hold, since we have A(S) =
AY(S) for the unique element U € B(S,i + 1); for proper subsets S’ of S, we must
have A%(S’) = AV (S’) = 0 by the previous paragraph.

We now show the inductive step, where we suppose that |S| =k > i+ 1. We
know from the induction hypothesis that there exist U, € B(S'\ sp, i+ 1) such that
AL(S) = Agp(S’) for all non-empty S’ C S'\ s, where S = {s1,52,...,55}. For
each L € (ifl), let s, = min S\ L and let X ® Y7, be the term of A%(S) which has
in its boundary the term Ag” UL® BgsL UL of AL(S\ sL).

Note that we may talk about generating vectors of a term analogously to those of
a face by Proposition 3.1. We claim first that each term X ®Y7, has i+1 generating
vectors, namely given by L. Indeed, since X ® Y7, has A%L UL® BgSL UL in its
boundary, its generating vectors must either consist of L or LU{s} for s € [0,n]\ L.
Hence, suppose that we have X; = LU {s} U A and Y, = LU {s} U B for some
disjoint A, B C S\ (LU {s,sp}) with LU{s}UAUB = S\ si.. However, X; ® Y,
then has both LUA® LU{s}UB and LU {s} UA® LU B in its boundary. Thus,
after cancelling (X ® Y) with (A} 0 9)(S), there must still be a term supported
on S\ {sr} with generating vectors L. Thus terms supported on S\ {sp} with
generating vectors L can never be completely cancelled by the boundary of X ®Y7,
for any L' € (ifl) if X1 ® Y1, has i 4+ 2 generating vectors. We conclude that we
must have X, = LUA, Yy, = LU B, with L, A, B disjoint. Moreover, each term
X1 ® Yy is then distinct. Since there are then (J_‘Ell) of these terms, which is the
number of cubes of a cubillage of Z(S,i+ 1), and so these comprise all the terms
of AJ(S), as by assumption this has the minimum possible number of terms.

We now show that X; ® Y7, is actually supported on S. The alternative is
that it is supported on S U {t} \ sy for t ¢ S. If AU B # @&, then taking the
boundary at an element of A or B gives a term with generating vectors L which
is not supported on S and so cannot cancel with any of the other terms in the
formula (3.1). Indeed, a consequence of the previous paragraph is that all terms
of (0 o A})(S) with generating vectors L are in the boundary of X ® Y. If
AUB =@, then |S| =i+ 2and X, @Y = L' U{qp} ® L or L' ® L' U {qr'}
for some g € [0,n]\ L' all L’ € (i‘j_/l). If g1 ¢ S, then boundaries of X ® Y7, can
only cancel with those of X @Yy if qr» = qr,. But even in this case we cannot get
cancellations, since L and L’ differ by at most one entry. Thus ¢;- € S for all L,
as required.

Using Proposition 3.1 we can then identify the terms X ® Yz of A/(S) with
(i + 1)-dimensional faces of Z(S,|S|) with generating vectors L. It is clear from
Proposition 3.6 that if these faces do not form a cubillage of Z(S,i 4+ 1), then
boundaries from facets of these faces will not cancel. The signs of the terms of Aj(S)
are moreover determined by the signs of the terms from the facets of Z(S,i + 1)
given by the right-hand side of (3.1). Hence, there is a cubillage U € B(S,i + 1)
such that AL(S) = AV(S).

It then follows from Proposition 3.6 that the terms of (9 o A%(S)) supported on

S\ sp are given by A?/S’”. If these terms are to cancel, we must have U/s, = U,
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and so we indeed have A/(S") = AV(S’) for all non-empty S’ C S, as desired. The
result then follows by induction. O

Remark 3.11. Of course, one can find other coproducts which satisfy the homotopy
formula by taking A} := AV —AV' 4+ AU” for U, U’,U" € B([0,n], i+1), for instance.

3.3. Homotopies from covering relations. We now show how, given U,V €
B([0,n],i) with U <V a covering relation, one can construct a homotopy from
AY | to AV | This is essentially just a different way of recasting Construction 3.2,
but this perspective will be useful in Section 4.3. We will obtain an alternative
proof of Theorem 3.7: since A? | and (—1)""!TA? | correspond to the minimal
and maximal elements of B([0, n],7), we can take the sequence of homotopies corre-
sponding to any maximal chain of covering relations in B([0, 7], ). Such a maximal
chain then gives an element of B([0, n],i41) and the coproduct giving the homotopy
will be precisely the one from Construction 3.2.

Construction 3.12. Let F' be a face of Z([0,n],n + 1) with generating vectors L
and initial vertex A such that |L| =i+ 1, with B := [0,n] \ (L U A) as usual. We
define a coproduct

Al Co(M) = Co(( M@ Ca( ™)
by AF([0,n]) := (=1)sFVASLUB) [,y A @ L U B. Then we extend inductively to
lower-dimensional faces analogously to the usual way:

AT ([0,n] \ p) = (= 1)7ELARSLLEWDL U (A\ p) @ LU (B \ p)

if p¢ L, and AF([0,n]\ p) = 0 if p € L. Here we have only specified the coproduct
on basis elements, with the values on other elements obtained by extending linearly.

We have the following “local” version of the homotopy formula.

Theorem 3.13. Let U,V € B([0,n],i) such that U <V, with this covering relation
given by the dimension i + 1 face F of Z([0,n],n 4+ 1). Then we have

(3.2) doAF — (—=1)AF0d =AY AV .
That is, A gives a homotopy from AY | to AV .

Proof. By Construction 3.2, we have that
AL ((0,n]) =AY (0,0) = D ()T Da+ Y (—)

G lower H upper
facet of F facet of F'

since, by assumption, the cubes of U and V only differ in that U contains the lower
facets of F' whilst V' contains the upper facets. It then follows from Proposition 3.6
that 9 o AF([0,n]) = AV ([0,n]) — AY 1([0,n]) + (=1)*AF 0 9([0,n]). This is
the desired statement for [0,n], with the result following similarly for other basis
elements of Co( ™). O

We can now give an alternative proof of the homotopy formula.

Alternative proof of Theorem 3.7. If we let U € B(]|0,n],i 4+ 1), then, comparing
Construction 3.2 and Construction 3.12, we have that

AV= M Al

F cube of U
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We then have that
oAl —(—1)AV o0 = > (90Af—(-1)'Af00).
F cube of U
According to the fundamental theorem of the higher Bruhat orders (Theorem 2.4),
the faces of U can be ordered such that they form a maximal chain of covering
relations in B([0,n], 7). Hence, using the above Theorem 3.13, we have that

, [0,n]
S (9oal - (1Al od) =22, - Al
F cube of U
which is equal to A? | + (—1)'T'A? | by Proposition 3.3. O

This gives a clear conceptual picture of our construction: to any element in the
higher Bruhat orders, it associates a linear coproduct; and to any relation between
two elements in the higher Bruhat orders, it associates a chain homotopy between
the corresponding coproducts.

4. IMPLICATIONS OF THE CONSTRUCTION

In this section, we extend our construction of cup-i coproducts to simplicial
complexes (Section 4.1), and also consider singular homology (Section 4.2). In this
latter case, under natural restrictions, only the Steenrod coproduct and its opposite
are possible. Next, we show how to construct homotopies between AY and TAY
for arbitrary U € B([0,n],i + 1), using the so-called “reoriented higher Bruhat
orders” (Section 4.3). We finish by showing that our coproducts can be used to
define Steenrod squares in cohomology and that, in fact, they all induce the same
Steenrod squares.

4.1. Simplicial complexes. So far we have only considered coproducts on the
chain complex of the simplex, but it is natural to ask for arbitrary simplicial com-
plexes what coproducts A} exist and give a homotopy between Aig_l and TA?_ 1-

A finite simplicial complez is a set ¥ of non-empty subsets of [0, n] such that for
each o € X, and non-empty 7 C o, we have that 7 € X. Given a finite simplicial
complex X, one can form its geometric realisation ||X|| by taking a p-simplex for
every o € ¥ with |o| = p+ 1, and gluing them together according to X, see [Hat02,
Sec. 2.1]. We will hence refer to the elements of ¥ as simplices. We write 3, for
the set of p-simplices of ¥, that is, simplices o € ¥ with |o| = p+ 1. A simplex
o € ¥ is mazimal if there is no 7 € ¥\ {0} such that 7 D 0. We denote the set of
maximal simplices of ¥ by max(3). The cellular chain complex C4(X) of ¥ has X,
as basis of C,(X), with the boundary map defined as in Section 2.1.1.

Given a finite simplicial complex ¥ on [0, n], our analogue of the higher Bruhat
poset is as follows.

Definition 4.1. Given a set of subsets U C ([?_Lg]) and a subset M € ([g’_%]), we say
that U is consistent with respect to M if and only if the intersection Pack(M)NU is
a beginning segment of Pack(M) in the lexicographic order or an ending segment.

We then say that U is X-consistent if it is consistent with respect to all (i + 2)-

simplices of ¥.. We write B(X,¢ + 1) for the set of X-consistent subsets of ¥; ;.
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As the notation suggests, we have that {UNX;y; | U € B([0,n],i + 1)} C
B(X,i 4+ 1), with the equality B(X,i 4+ 1) = B([0,n],i + 1) if ¥ is a n-simplex.
However, the reverse inclusion {UNX,11 | U € B([0,n],i+ 1)} 2 B(X,i+ 1) does
not hold in general, as the following example shows.

Example 4.2. Consider the simplicial complex ¥ on [0,3] with max(¥) =
{012,013,023,123}. Then {012,123} is a X-consistent subset of X5, and so an
element of B(X,2), since ¥ has no 3-simplices. However, this is clearly not a
consistent subset of ([0:’33]) in the usual sense.

We observe that B(X,7 + 1) is just a set, rather than a poset. It is not clear
in general whether there is a sensible partial order on B(X,4 + 1). Whilst for an
element of the higher Bruhat orders U € B([0,n],: + 1), if U # ([?jr’;]), there is
always K € ([1.04’;]) \ U such that U U {K} is consistent. This is not the case for

B(3,i+ 1), as the following example shows.
Example 4.3. Consider the simplicial complex ¥ on [0, 6] with
max(E) = {0135, 0145, 0235, 0245}

and consider

U = {013,024, 145, 235}.
Then U is X-consistent. However, if we were to try to add 025 to U, then consistency
with respect to 0235 requires that we add 035 as well. But then consistency with
respect to 0135 requires that we also add 015. In turn, consistency with respect to
0145 requires also adding 045. Finally, consistency with respect to 0245 requires
adding 025, which is what we were trying to add in the first place.

Hence, one cannot hope for covering relations in B(¥, i+1) given by adding single
subsets; subsets have to be added to U simultaneously, rather than one-by-one, in
order to preserve consistency. It is worth also saying that having the relation on
B(X,i+ 1) as straightforward inclusion does not work, since this does not coincide
with the relation on B([0,n],i+ 1) [Zie93, Thm 4.5].

Next, we observe that restricting an element of the poset B(X,7+ 1) to a face o
of ¥ gives an element of the corresponding poset B(o,i + 1).

Lemma 4.4. IfU € B(X,i+1) and 0 € %, then Uy := U N (,7,) € B(o,i+1).

Proof. Tt follows from the definition of a simplicial complex that (112) C X. There-
fore, U, is a consistent subset of (,7,) in the usual sense, and so U, € B(o,i+1). O

We can now construct coproducts on the cellular chain complex Co(X) of any
finite simplicial complex ¥ as follows.

Construction 4.5. Let X be a finite simplicial complex on [0, n], let U € B(X,i+1),
and given a simplex o € X, let us write U, := U N (212) Then, we define

AV Co(D) = Co(B) @ Co(X2)
o Ag" (o)

As in the case of the standard simplex, the coproducts AY on C,4(Z) from Con-
struction 4.5 satisfy the homotopy formula, and all reasonable families of coproducts
satisfying the homotopy formula arise from this construction.
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Theorem 4.6. For any U € B(X,i+ 1) we have that
doAY — (-1)'AY 00 = (14 (-1)'T)AY, .

Moreover, any coproduct A} which satisfies this formula, and for which Al(o) =
o®ao forall o € Xg if i =0, arises from Construction 4.5.

Proof. The homotopy formula follows from applying Theorem 3.7 simplex by sim-
plex. Using the notation for contraction from Section 2.2.2, we have that if 7 C o,
then U, = U, /(o \ 7). Hence Construction 4.5 also ensures that the terms from
(—1)!AY 0 9 cancel the terms from 9 o AV correctly.

To see that any coproduct A} with a minimal number of terms arises in this
way, we apply Theorem 3.10 to the maximal simplices of ¥. For such a simplex
o, by Theorem 3.10, we must have that there exists some some U(co) € B(o,i+ 1)
such that Aj(7) = AEJ(U)(T) for all 7 C 0. We then define U := U, ¢ pax(s) U(0).
We claim that U(o) = U, := U N (;2) Indeed, for any o,0’ € max(X) with
oNo’ # @, we have that AV (1) = Al(r) = AVE@) (1) for all 7 C 0 No’. Since
different cubillages would result in different coproducts, we conclude that

U(e) N (735) =U(@)/(c' \ o) =U(e Na') = U(o') /(o' \ o) = U (') 0 (7).

Hence,

Us=UnN (ii2>

- U U(e) N (212)
o/ E€max(X)
U ve)n(s)
o’ €max(X)
U U)n(7)9) =U(0).
o’ €max(X)

We conclude that A = AV, O

4.1.1. Order complezes of tree posets. In [DKK22|, Danilov, Karzanov, and Ko-
shevoy define higher Bruhat orders for finite acyclic directed graphs G. For G =
0 — 1 — -+ — n, their construction returns the higher Bruhat order B([0,n],i+1).
In this subsection, we explain how their work relates to our notion of Y-consistent
sets for simplicial complexes 3 in the case where ¥ is the order complex of the poset
given by an acyclic directed tree. This allows us to apply some of their results in
Section 4.4.

Recall that the Hasse diagram of a poset P is the directed graph with vertices
the elements of P and arrows x — y the covering relations x < y in P, and that a
chain in P is a subposet such that the induced order from P is a total order. We
rephrase the construction [DKK22] in terms of chains instead of tuples, in order to
relate it better with the present paper. We assume that the finite acyclic directed
graph G is a tree T, and we replace it with the finite poset P whose Hasse diagram
is T. We call such a poset P a tree poset. The definition of the higher Bruhat
orders for P is then quite analogous to the original one from Section 2.2.1.
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Definition 4.7. Let P be a tree poset, and let us denote by chains; 1 (P) the
chains of P of size i + 1. Given a chain K € chains;;(P), its packet is the set of
chains
Pack(K) :={K \ k| k € K} C chains;1(P).

The packet Pack(K) can be ordered according to the lexicographic order, given
by K\ k' < K\ k for k < kK, or its opposite, the reverse lexicographic order.
A total order v on chains;1(P) is admissible if it orders every packet Pack(K)
either lexicographically or reverse lexicographically for every K € chains;;o(P).
Two admissible orders « and o’ on chains; 1(P) are equivalent if they differ by
swapping adjacent chains which do not lie in a common packet. The inversion
set inv(a) of an admissible order « on chains;1(P) is the subset of chains;;2(P)
whose packets appear in reverse lexicographic order in a.

The higher Bruhat poset B(P,i+1) has elements equivalence classes of admissible
orders on chains; 1 (P), with covering relations [a] < [o/] when inv(a/) = inv(a) U
{K} for some K € chains; 2(P) \ inv(a).

As usual, we abuse notation by also considering the elements of B(P,i + 1) to
be the inversion sets themselves, so that we can write inv(a) € B(P,i + 1).

Remark 4.8. When P is a total order, (i + 1)-chains in P can be identified with
(i 4+ 1)-element subsets of P, and we recover the usual higher Bruhat orders from
Section 2.2.1.

The difference between Definition 4.7 and [DKK22] is as follows. The elements
of the admissible orders in [DKK22] are tuples of paths, rather than chains. When
the Hasse diagram of the poset P is a tree T', a chain in P uniquely determines a
tuple of paths in 7" by connecting one element of the chain to the next. Hence the
two definitions coincide when P is a tree poset.

Theorem 4.9 ([DKK22, Thm 2.1]). Let P be a tree poset. Then the higher Bruhat
poset B(P,i+ 1) has a unique minimum and a unique mazimum, respectively given
by the emply set @ and the set of all chains chains; o(P).

Remark 4.10. The algorithm used to show [DKK22, Thm 2.1] does not work for
B(P,i+ 1) in the case where P is not a tree poset, since the analogue of [DKK22,
(4.2)] fails to hold in this case. The algorithm of course still works for the definition
of higher Bruhat orders for directed graphs from [DKK22], which diverges from
Definition 4.7 in the case where P is no longer a tree poset.

We say that maximal chains in B(P,i+1) are equivalent if they differ by swapping
(i + 2)-chains which do not lie in a common (7 + 3)-chain, in precise analogy to the
equivalence of admissible orders in Definition 4.7.

Theorem 4.11 ([DKK22, Thms 5.1 and 5.2]). Let P be a tree poset. There is a
bijection between equivalence classes of mazimal chains in B(P,i+1) and elements
of B(P,i + 2), given by sending a mazimal chain in B(P,i+ 1) to the sequence of
elements of chains;o(P) in the order they are added to the inversion set.

Recall that the order complex of a poset P is the simplicial complex X(P) with
k-simplices given by chains of P of size k + 1, that is, 3(P)j := chainsg41(P). The
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following Lemma relates the construction of [DKK22] and the present one for order
complexes of tree posets.

Lemma 4.12. Given a tree poset P, with [a] € B(P,i+ 1), we have that inv(«a) is
Y (P)-consistent, so that inv(a) € B(X(P),i+ 1).

Proof. Let U = inv(«) for [a] € B(P,i+ 1). Note that U consists of chains in P
of size i + 2, which are indeed (i + 1)-simplices of X(P). We need to check that
U is consistent with respect to all (i + 2)-simplices of X(P). Let M € X(P);42 =
chains; y3(P). Then, by Definition 4.7, we have that Pack(M)NU € B(M,i + 1).
Since M is a total order, we have that Pack(M)NU must be a beginning or ending
segment of Pack(M). Hence, U is indeed X(P)-consistent. O

Unfortunately, the converse to Lemma 4.12 is false, as the following example
shows. There exist YX-consistent sets U € B(X(P),7 + 1) such that there is no
[a] € B(P,i+ 1) with U = inv(«).

Example 4.13. Consider the following tree poset P
4 5
3
1 2.

We have that U = {13,23,25,14} € B(X(P),i + 1) is X(P)-consistent, as can be
seen from restricting U to the maximal chains of P. However, an admissible order
a on chains; (P) with inv(a) = U would have to have 1 < 5 < 2 < 4 < 1, which is

a contradiction.

4.2. Singular homology. Having studied simplicial complexes, it is natural to ask
for singular homology as well: can one describe all coproducts A which give ho-
motopies between A?_l and TA?_l? Here, since there are infinitely many singular
simplices o: ™ — X, for X a topological space, it is not feasible to define coprod-
ucts differently for each singular simplex. Making this restriction, one obtains that
the only possible coproducts are the Steenrod ones.

Theorem 4.14. Let X be a topological space, and let Co(X) denote its singular
chain complez. Suppose that we have a coproduct Al: Co(X) — Co(X) ® Co(X)
such that the formula for AlL(o) does not depend upon the particular singular simplex
o: " — X, but only on its dimension. Suppose further that we have

Do A} —(-1)'Ajod = (1+ (-1)'T)AZ, ,

that Al has the minimal number of terms among all the coproducts satisfying this
equation, and if i = 0, we have Ai(c) = 0 ® o for each 0-chain o. Then for all
i >0, we have A = A? or (=1)'TA?.

Proof. Suppose we have a coproduct A} as above. We assume first that i > 1.
Given a singular simplex o: P — X, we already have that Al(c) = AV (o) for
some U € B([0,p],i+ 1) by Theorem 3.10. We prove by induction on p that in fact
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U=oorU= ([O p]) For p < i, we must have Al(0) = 0. For p =i+ 1, there are
no other options for U, so this case is also immediate.

Suppose then that the claim holds for p — 1, where p > ¢ + 1, so that Al(c) =
AV(o) for U=0o0r U = ([Oﬁ_ 1]) for all singular (p — 1)-simplices o: P71 — X.
Consider a singular p-simplex o: P — X. Then, by Theorem 3.10, we must have
that Al(o) = AV (o), for some U € B([0,p],i + 1). Consequently, we must have
that AL(o/q) = A?/q(a/q), where o/q: P~! — X are the singular simplices given
by taking the face of 0: P — X which does not contain ¢. But by the induction
hypothesis, we therefore either have U/q = & for all ¢ or U/q = ([O’p]\q) for all q.
This implies that either U = @ or U = ( ]) This then shows that Al(c) = A7 (o)
or Al(o) = (—1)'TA? (o), as desired. The claim for ¢ = 0 follows similarly, recalling
the treatment of the ¢ = 0 case in Theorem 3.10. O

4.3. Reoriented higher Bruhat orders. In this section, we address the question
of whether one can find chain homotopies between AV and TAY | instead of between
A? and TAi-a . The relevant posets in this case are the “reoriented higher Bruhat
orders” of S. Felsner and H. Weil [FWO00, Section 3], who attribute them originally
to G. M. Ziegler [Zie93].

These posets are defined as follows. Given U,V € B([0,n],i + 1), the reoriented
inversion set of V' with respect to U is defined to be the symmetric difference
invy (V) := (U\V)U(V\U). The reoriented higher Bruhat order with respect to U
By ([0,n],% + 1) has the same underlying set as B([0,n],i 4+ 1), only the covering
relations are given by V <V for invy (V') = invy (V) U{L}, L ¢ invy (V). Hence,
By ([0,n],7 + 1) measures inversions against U, whereas B([0,n],i + 1) measures
inversions against <.

In much the same way as in Section 3, we can construct coproducts which
give homotopies between AY and TAY from equivalence classes of maximal chains
in By ([0, n],i+1). However, now that we have reoriented the higher Bruhat orders,
there is a subtlety. Note that U is always minimal in By ([0, n],i+1) whilst ( o, "]) \U
is always maximal. But there may be other minimal and maximal elements in the
poset By ([0,n],i+ 1) [FW00, Sec. 3], unlike for the ordinary higher Bruhat orders.
Hence, we must restrict to maximal chains in By ([0,n],4+ 1) from U to (0 "]) \U
to obtain a chain homotopy.

Construction 4.15. Let W be a maximal chain of By ([0,n],i + 1) from U
to ([0 ") \ U. Let further W be given by the sequence of faces (Fi, Fs,..., F))
of Z([0,n],n + 1), with (L1, Ls,...,Lp) the sequence of generating vectors of
these faces, with L, € ([?J:;]) The elements of the maximal chain are then
Ve € B([0,n],i +1) for 0 < ¢ < p, where invy(V,) = {L1,Ls,...,Lq} and
invy (V) = 2.

Recalling from Construction 3.12 the definition of a coproduct AZF‘? given by a
single face F, of Z([0,n],n + 1), we define

Lo,¢U L,.cU

These “reoriented” coproducts satisfy the homotopy formula as follows.
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Theorem 4.16. For any mazimal chain W of By ([0, n],i+1) from U to ([?J’r’;]) \ U,
we have that

Do A, — (1)1 AW, 00 = (14 (—1)" ')AV .

Proof. This follows from Theorem 3.13 in the same way that Theorem 3.7 follows
from Theorem 3.13. The difference is that when L, € U, the corresponding face
of Z([0,n],n + 1) must be traversed in the opposite direction to the direction it is
traversed in B([0,n],¢ + 1), meaning that one adds the upper facets and subtracts
the lower facets, rather than vice versa. This is because, in terms of B([0,n],i+ 1),
such subsets need to be removed from the inversion set, rather than added. This
difference is taken care of by the extra minus signs in the definition of A;/_VH. O

Of course, the next question is whether one can understand the coproducts which
give homotopies between AYY, and (—1)""'T'AYY,, but it is not clear how to extend
our techniques to these cases.

We end this section by illustrating Construction 4.15 with an example.

Example 4.17. As in Example 3.8, we consider the chain complex Cq( 2) of the
2-simplex. We choose U = {01} € B(]0,2],1) to reorient the higher Bruhat orders.
Hence, we wish to find a homotopy between the cup-0 coproduct given by

AY(0,2)) =1® 012+ 01 ® 02+ 012 ® 2

and its opposite, instead of between the normal cup-0 coproduct Ag and its oppo-
site TAF. There are two maximal chains in By ([0,2],1), namely W; = (01,12,02)
and W, = (02,12,01), denoted by the sequences of subsets L, that get added to
the reoriented inversion set. Using Construction 4.15, they give the following two
coproducts.

AM = 101 ®0124012® 12 — 02® 012,
A2 = 1012®02-12® 012 — 012 ® 01 .

Comparing the signs of the terms to those of Example 3.8, one sees that they
coincide except for 01 ® 012 and 012 ® 01. These are the two terms with L = 01,
in our usual notation, which is the element of U. It is routine to verify that AV
and AYV2 give homotopies from TAY to AY.

4.4. Steenrod squares. Let X be a finite simplicial complex. For i > 0 and U €
B(%,i+ 1), we denote by AV : Co(X) — Co(X) ® Co(X) the associated coproduct
from Construction 4.5. We will consider here cochains on ¥, which are groups

CP(X) := Homz(C, (%), Z).

Endowed with a codifferential, a degree one map §: CP(X) — CPT(X) defined by
§(u)(c) := u(dec), which satisfies §2 = 0, they form a cochain complez C*(X).

Definition 4.18. For i > 0, and U € B(X,i + 1), we define a cup-i product
U CP(R) @ CIUE) — CPTITH(Y)
UKV U vﬁ.f v

by the formula
(u =7 v)(e) = (u@v)A] (c) .
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Since the coproduct Agj is a linear map, the product vZU is also linear.

Proposition 4.19. For two cochains u € CP(X), v € C4(X), the cup-i product —Y
satisfies the formula

S(u =Y v) = (=1)0u =Y v (=1)"Pu =¥ sv—(~1)'u =2 | v—(~1)Plv -2 | u.
Proof. Let ¢ be a chain of Cpy4—i+1(X). Using Theorem 4.6 we have
(u®v)OAT (¢) = (~1)"(u @ v) AT (9c) = (u @ V)AL () + (-1)'(u ® v)TAT, (c)
= (w® V)AL () + (-1)"* (v ® U)A? 1(¢)

(4.1) = (u =7, v)(e) + (=1)*P(v u)(c) -
By definition, the two terms on the left-hand side are

(u® v)OAT (¢) = [(Ju ® v) + (=1)(u® 60)] AT (c)
(4.2) = (6u —Y v+ (=1)Pu -V 6v)(c) ,
(43) (1@ v)AY (9¢) = (u Y 0)(3e) = ((u —Y v))(c)
Substituting (4.3) and (4.2) into (4. ), sending the term §(u —Y v) to the right-

hand side, and all the other terms to the left-hand side, and multiplying both sides
by (—1)%, we get the desired formula. o

So far, we have worked over Z, with the cup-i products defined on integral
cochains. From now on, we will work over Z/2Z. We denote by Co(X;Z/2Z) the
free Z/2Z-module generated by the simplices of X, endowed with the differential
O({vo, -, vg}) = 220 _o{vo, -+, Tps .., v}. We denote its dual cochain complex
by C*(3;Z/2Z) := Homz(C.(X;2/2Z),2Z/2Z), with codifferential 6(u)(c) := u(dc).

Lemma 4.20. Let u € CP(X;Z/2Z) be a cochain.

U

(1) If u is a cocycle modulo 2, then u —; w is also a cocycle modulo 2.

U

(2) If u is a coboundary modulo 2, then u —; u is also a coboundary modulo 2.

Proof. Suppose that du = 2v, for some v € CPT1(%;Z/2Z). By Proposition 4.19,
we have

Stu~Yu)=20v-Yutu-Yv+u-2, u),
which proves Point (1). Suppose now that u = dw for some w € CP~(%;Z/2Z).
By Proposition 4.19, we have

S(w =Y dw+w -2, w)=0w-Y éw+w-Y w+w-—2, dwtdow -2, w
+ow =7 wrw =72 dw+2w—7 ,w
:5wv?5w:uV§Ju
over Z/2Z, which proves Point (2). O
Lemma 4.20 thus allows us to define the function
SqV: HP(%;Z/2Z) — H*7(%;Z/22Z)
[u] = fu =7 ] |

where [u] denotes the cohomology class of a cocycle w.
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Proposition 4.21. Let U € B(X,i + 1) be such that U = U’ N X4 for some
U' € B([0,n],i+1). Then, Sq! is a group homomorphism.

Proof. As in Section 4.3, let YW be a maximal chain in By ([0,n],7 + 1) from
U to ([?jg]) \U'. Let (Ll,LQ,...,L(V,vLLl)) be the sequence of (i + 2)-subsets
of [0,n] added to the reoriented inversion sets by W. Given a simplex o € X,
one can define W, to be the maximal chain in By, (o,i + 1) given by the sub-
sequence of (Ll,L27...,L(H21)) contained in 0. We then define a linear map
AW Co(252/2Z) — Co(2;2/2Z) ® Co(X;2/2Z) by the formula AYY, :=
Aﬁj(o). Combining Theorem 4.6 and Theorem 4.16, we have that AYY, sat-
isfies the homotopy formula with respect to AY.

Then, we define V}/X1 as in Definition 4.18, and run the proof of Proposition 4.19
again over Z/2Z, showing that v}fVH satisfies the formula of Proposition 4.19 with
respect to —Y. For u and v two cocycles in C*(X;Z/2Z), we obtain

5(uV}/_\‘}_1v):5UVH1v+UvH_1 5U+U\-/1Uv+vvgu

:uvgjv—i—vv?u.

Thus, we have

(w+v) <Y (wtrv)y=u-Yutv-Yv+uYorvYu

ZUvgu+vv?v+6(UvH1v),

and therefore in cohomology Sq¥ (u + v) = Sq¥ (u) + SqV (v), as desired. O

Theorem 4.22. Suppose that U,V € B(X,i+ 1) are such that U =U' NX;y1 and
V =V'NY%y for some U', V' € B([0,n],i+1). Then, we have Sq! = Sq; .

Proof. Tt suffices to show this in the case where U’ <V’ in B([0,n],i + 1). Sup-
pose that, as in Construction 3.12, this covering relation is given by a face F' of
Z([0,n],n + 1) with generating vectors L. If L ¢ %, then U = V, so we can as-
sume L € ¥. Defining Aﬁl as in Construction 3.12 and applying Theorem 3.13,
we obtain a chain homotopy between AV and AY. Indeed, note that for ¢ € X
with L € o, we will have AY (o) = A} (o) and AL (o) = 0; for L C o, we will
have 9o Al (0) — (=1)*Af,, 09(c) = AV (0) — A} (o) by Theorem 3.13. This, in

u

Y and —Y. Since

turn, gives rise to a cochain homotopy between the products —
homotopic maps induce the same map in cohomology, we thus have SqZU = qu . g

4.4.1. Order complex case. In the case where ¥ = X(P) is the order complex of
a tree poset P, we can make stronger statements. Define the re-oriented higher
Bruhat orders By (P,i + 1) for a tree poset P and U € B(P,i+ 1) by applying the
definition of the re-oriented higher Bruhat orders from Section 4.3 to Definition 4.7
in the obvious way.

Proposition 4.23. Let ¥ = %(P) be the order complex of a tree poset P, and let
U e B(P,i+1). Then, Sq¥ is a group homomorphism.

Proof. The proof is similar to that of Proposition 4.21. The difference is that
B(P,i+1) is a poset, whereas B(X, i+ 1) is not necessarily a poset for an arbitrary
simplicial complex Y. Hence, we may let W be a maximal chain in By (P, i + 1)
from U to chains;12(P) \ U. The remaining details of the proof are identical. O
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Theorem 4.24. Let ¥ = X(P) be the order complex of a tree poset P. For any
U,V € B(P,i+ 1), we have Sq} = Sq) .

Proof. Again, the proof is similar to Theorem 4.22. It suffices to show this in the
case where U<V in B(P,i+1). This covering relation is given by L € chains; 11 (P),
so that V = UU{L} and L ¢ U. We will define a homotopy AY5" from AV to AY'.

Given a simplex o € X(P), define U, := U N (zil) and V, := VN (211) If
L € o, then U, = V, and we define Agﬁv(a) =0. If L C o, then U, <V, and
this flip is induced by a face F,, of the zonotope Z(o, |o|) with generating vectors
L. In this case, we define AY5Y (o) := Afjl(a). For a simplex 7 C o, we have that
Af}_’l(T) = Af_;l(T), since Uy = U, /(o \ 7) and V, =V, /(o \ 7).

Applying Theorem 3.13 to each of the maximal simplices of 3(P), we obtain
that A%, is a chain homotopy from AY to AY. Hence, we have that SqY =8q/,

as in the proof of Theorem 4.22. O
REFERENCES
[BFO4] Clemens Berger and Benoit Fresse. “Combinatorial operad actions on
cochains”. Math. Proc. Cambridge Philos. Soc. 137.1 (2004), pp. 135—
174.

[BS23] Vladimir V. Bazhanov and Sergey M. Sergeev. “An Ising-type formula-
tion of the six-vertex model”. Nuclear Phys. B 986 (2023), Paper No.
116055, 59.

[Can20]  Federico Cantero Mordn. “Higher Steenrod squares for Khovanov ho-
mology”. Adv. Math. 369 (2020), pp. 107153, 79.

[DKK18] Vladimir I. Danilov, Alexander V. Karzanov, and Gleb A. Koshevoy.
Cubillages on cyclic zonotopes, membranes, and higher separatation.
2018. arXiv: 1810.05517 [math.C0].

[DKK22] Vladimir I. Danilov, Alexander V. Karzanov, and Gleb A. Koshevoy.
On Manin—Schechtman orders related to directed graphs. 2022. arXiv:
2203.06919 [math.CO].

[DM12]  Aristophanes Dimakis and Folkert Miiller-Hoissen. “KP solitons, higher
Bruhat and Tamari orders”. Associahedra, Tamari lattices and related
structures. Vol. 299. Progr. Math. Birkh&user/Springer, Basel, 2012,
pp. 391-423.

[Eli16] Ben Elias. “Thicker Soergel calculus in type A”. Proc. Lond. Math. Soc.
(3) 112.5 (2016), pp. 924-978.

[FWO00] Stefan Felsner and Helmut Weil. “A theorem on higher Bruhat orders”.
Discrete Comput. Geom. 23.1 (2000), pp. 121-127.

[GP23] Pavel Galashin and Alexander Postnikov. “Purity and Separation for
Oriented Matroids”. Mem. Amer. Math. Soc. 289.1439 (2023).

[GPW22] Pavel Galashin, Alexander Postnikov, and Lauren Williams. “Higher
secondary polytopes and regular plabic graphs”. Adv. Math. 407 (2022),
Paper No. 108549, 52.

[GROS] Adédm Galambos and Victor Reiner. “Acyclic sets of linear orders via
the Bruhat orders”. Soc. Choice Welf. 30.2 (2008), pp. 245-264.


https://arxiv.org/abs/1810.05517
https://arxiv.org/abs/2203.06919

28

[GROY]

[Hat02]

[Kau09]

[KMY23]

[KV91]

[KZ17]
[LMP]

[LZ98]

[Man01]
[Man06]
[Med22a]

[Med22b]

[Med23a)]

[Med23b)

[MS03]

[MS89]

REFERENCES

Rocio Gonzélez-Diaz and Pedro Real. “A combinatorial method for
computing Steenrod squares”. J. Pure Appl. Algebra 139.1-3 (1999),
pp. 89-108.

Allen Hatcher. Algebraic topology. Cambridge University Press, Cam-
bridge, 2002, pp. xii+544.

Ralph M. Kaufmann. “Dimension vs. genus: a surface realization of the
little k-cubes and an E., operad”. Algebraic topology—old and new.
Vol. 85. Banach Center Publ. Polish Acad. Sci. Inst. Math., Warsaw,
2009, pp. 241-274.

Atsuo Kuniba, Shuichiro Matsuike, and Akihito Yoneyama. “New solu-
tions to the tetrahedron equation associated with quantized six-vertex
models”. Comm. Math. Phys. 401.3 (2023), pp. 3247-3276.

Mikhail M. Kapranov and Vladimir A. Voevodsky. “Combinatorial-
geometric aspects of polycategory theory: pasting schemes and higher
Bruhat orders (list of results)”. Cahiers Topologie Géom. Différentielle
Catég. 32.1 (1991). International Category Theory Meeting (Bangor,
1989 and Cambridge, 1990), pp. 11-27.

Ralph M. Kaufmann and Yongheng Zhang. “Permutohedral structures
on Ey-operads”. Forum Math. 29.6 (2017), pp. 1371-1411.

Guillaume Laplante-Anfossi, Anibal M. Medina-Mardones, and Arnau
Padrol. Framed polytopes and higher categories. Forthcoming.
Bernard Leclerc and Andrei Zelevinsky. “Quasicommuting families of
quantum Pliicker coordinates”. Advances in Math. Sciences (Kirillov’s
seminar), AMS Translations 181. 1998, pp. 85-108.

Michael A. Mandell. “E, algebras and p-adic homotopy theory”. Topol-
ogy 40.1 (2001), pp. 43-94.

Michael A. Mandell. “Cochains and homotopy type”. Publ. Math. Inst.
Hautes Etudes Sci. 103 (2006), pp. 213-246.

Anibal M. Medina-Mardones. An axiomatic characterization of Steen-
rod’s cup-i products. 2022. arXiv: 1810.06505 [math.AT].

Anibal M. Medina-Mardones. The diagonal of cellular spaces and effec-
tive algebro-homotopical constructions. To appear in EMS Surv. Math.
Sci. 2022. arXiv: 2111.06164 [math.AT].

Anibal M. Medina-Mardones. “New formulas for cup-i products and fast
computation of Steenrod squares”. Comput. Geom. 109 (2023), Paper
No. 101921, 16.

Anibal M. Medina-Mardones. “New Formulas for Cup-i Products and
Fast Computation of Steenrod Squares”. Computational Geometry 109
(Feb. 2023), p. 101921.

James E. McClure and Jeffrey H. Smith. “Multivariable cochain oper-
ations and little n-cubes”. J. Amer. Math. Soc. 16.3 (2003), pp. 681—
704.

Yurii I. Manin and Vadim V. Schechtman. “Arrangements of hyper-
planes, higher braid groups and higher Bruhat orders”. Algebraic num-
ber theory. Vol. 17. Adv. Stud. Pure Math. Academic Press, Boston,
MA, 1989, pp. 289-308.


https://arxiv.org/abs/1810.06505
https://arxiv.org/abs/2111.06164

REFERENCES

[MT68) Robert E. Mosher and Martin C. Tangora. Cohomology operations and
applications in homotopy theory. Harper & Row, Publishers, New York-

London, 1968, pp. x+214.

[Ram97]  Jorg Rambau. “Triangulations of cyclic polytopes and higher Bruhat

orders”. Mathematika 44.1 (1997), pp. 162-194.

[StedT] Norman E. Steenrod. “Products of cocycles and extensions of map-

pings”. Ann. of Math. (2) 48 (1947), pp. 290-320.

[Ste62] Norman E. Steenrod. Cohomology operations. Vol. No. 50. Annals of

Mathematics Studies. Lectures by Norman E. Steenrod written and

revised by David B. A. Epstein. Princeton University Press, Princeton,

NJ, 1962, pp. vii+139.

[Stro1] Ross Street. “Parity Complexes”. Cahiers de Topologie et Géométrie

Différentielle Catégoriques 32.4 (1991), pp. 315-343.

[Str95) Ross Street. “Higher categories, strings, cubes and simplex equations”.

Appl. Categ. Structures 3.1 (1995), pp. 29-77.

[Tho02] Hugh Thomas. Maps between higher Bruhat orders and higher Stash-

eff-Tamari posets. 2002. arXiv: math/0212097 [math.CO].

[Yag23] Junya Yagi. “Integrable 3D lattice model in M-theory”. J. High Energy

Phys. 1 (2023), Paper No. 22, 37.

[Zie93] Giinter M. Ziegler. “Higher Bruhat orders and cyclic hyperplane ar-

rangements”. Topology 32.2 (1993), pp. 259-279.

APPENDIX A. SIGN CALCULATIONS

In this appendix we carry out the calculations on signs which are used in the

paper, most notably in Proposition 3.6, but also in Proposition 3.3 and Lemma 3.5.

Throughout this section, we use our convention of taking e(L U A ® LU B) as an

element of Z/2Z to simplify calculations. We begin by examining how the sign

changes when the halves of the tensor are swapped.

Lemma A.1. Given L, A, B C [0,n] which are disjoint and such that LUAUB =

[0,n], we have that
e(LUB®LUA)
=e(LUAQLUB)+ ([LUA|+1)(JLUB|+1)+|L|+1.
Proof. Our starting point is that

(A1) e(LUB®LUA)=> |Blca+ Y |Ll<+ (n+1)|B].
acA leL

We then make the following calculations, in which we use the fact that n + 1 =

|ILUAUB| and z = 22 in Z/2Z.
(n+1)|B|=|LUAUB||A|+|LUAUB||B|+ (n+ 1)|A|
= |LI[A[ + [A] + [B||A] + [LI|B| + [A[| B| + |B| + (n + 1)|A]
=|LUA|ILUB|+ |A|+ |B| + |L| + |A||B| + (n + 1)| 4]

=|LUA||LUB|+ |LUA|+|LUB|+ |L|+ |A||B] 4+ (n+ 1)|A]
= ([LUA|+1)(|JLUB|+ 1)+ |L| + 1+ |A||B| + (n + 1)|A] .
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From this and (A.1), noting that
Z |Bl<a = Z |Al>p = Z(‘A|<b +|4]) = Z |Al<p + |A||B]
acA beB beB beB

we obtain that

SLUB®LUA) =Y Al + S |Llc + (n+ 1D)4]
beB leL

+(|LUA+1)(|[LUB|+1)+|L|+1,
from which the result follows. U
We now compare our signs with those associated to the overlapping partitions.

Lemma A.2. Given L = {lp,l1,...,l;} € ([Sﬁ]), let L be the overlapping partition
[0,00], [lo,l1], - - [Liyn]. Further, let A = [0,lp) U (l1,l2) U... and B = (I3,15) U
(Is,l4) U.... Then we have
(L) =e(LUARLUB)+ Y |Ll<+|L|+1.
€L

Hence, (L) =e(LUA® LUB) + [i/2].

Proof. By definition, the sign associated to the overlapping partition is

(A.2) e(L) = sign(wg) + in,

where w, is the permutation defined in Section 2.1.2. One can calculate the sign
associated with the permutation w, as

sign(wg) = Z [AU L|sp

beB

= Z |Al>p + Z L] >

beB beB

= Z |Al<p + [A]|B| + Z |L]>p -

beB beB
We then note from Lemma 3.5 that B consists of the odd gaps in L for |L| even,
and even gaps in L for |L| odd. Hence, for all b € B, we have that |L|s, = |L| + 1
in Z/2Z, and so

(A.3) sign(we) = > |Al< + |A|B] + |B|(|L| + 1),
beB
We then calculate that

(IL]+1
(|IL|+1
(|L|+1
(1L +1

mn n
(n+1)+|L|+1
|JAUB|+ |L> 4+ |L| +|L| +1

|JAUB|+|L|+1.

—_— — ~— —



REFERENCES 31

Putting this together with (A.2) and (A.3), we obtain

(L) =Y |Al«o + |AlIB| + [BI(IL| + 1) + (|| + )|AU B| + | L] + 1
beB
> |Al<y + |Al|B] + (|| + )| A] + |L| + 1
beB
e(LUA®LUB)+ Y |Ll<i+ (n+1)|A| + |A||B| + (L] + 1)|A| + |L| + 1
leL
=e(LUA®LUB)+ Y |Ll«i+|LUA|A|+ (L] + 1)|A] + L] + 1
leL
=e(LUA®LUB)+ Y _|Ll« +|A||Al +|A] + |L| +1
leL

=e(LUA®LUB)+ Y |Ll«+|L|+1.
leL

Since |L| =i+ 1, one can then straightforwardly verify that

S ILla+ Ll +1=i/2€2/2Z
leL

for ¢ even and |i/2] for i odd. O
We now carry out the sign calculations which feed into Proposition 3.6.
Lemma A.3. For k € L, we have that
e(LUA®LUB)+|LUA|cp =c((L\k)UA® (L\ k)U(BUE)) + |L|>k .

Proof. We note that

Z |Al<p = Z |Al<b + |Al<k

beB be BUE

and
Z [Ll<i = Z |L|<t+ |Ll<k -
leL I€EL\k

Using these, we obtain from the definition of (LU A ® L U B) that
e(LUA®LUB)+|LUAlck= Y |Alcs+ Y L+ (n+1)]A]

be BUk IEL\K
= Y Ao+ D I\ Kl<+[Llsk+ (n+ 1A
be BUk IEL\K

e((L\k)UA® (L\ k)U(BUE))+ |L|> .

Lemma A.4. For k € L, we have that
e(LUA®LUB)+|LUB|c+|LUA|+1
=e((L\k)U(AUE)® (L\k)UB)+|L|sr+1.
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Proof. We break down this calculation into the following three steps.

ST Al = [AUKl<y + B>k

beB beB
Z |L|<t = Z |Ll<i+ |Ll<k ,
l€L leL\K
= Z [L\ El<i + [Llsk + [ Ll<k
leL\k

(n+ 1A+ |LUA| = (n+1)JAUE|+ (n+ 1)+ |LUA|
=(n+1)AUk|l+|B|.
Using these, we obtain that
e(LUA® LUB)+|LUA|
=e((L\K)U(AUK) @ (L\ k) UB) + [Blsk + [Ll<k + [LI>k + | B
=e((L\F)U(AUK)© (L\k)UB) + |Bl<k + |Ll<k + [L]>k
and hence the result follows.
Lemma A.5. For k € A, we have that
e(LUA® LUB) + |LU A|<
=e(LU(A\k)® LUB)+|L|+|LUAUB|<;+1.
Proof. Here we note that

S Al = ST 1AN ke + 1Bl

beB beB
and

(n+ 1DIA| = nlA| + |4
=n|A\ k| +n+|A4|
=n|A\k|+|L|+|B|+1.

Using these two facts, we deduce that

e(LUA® LUB)+ |LUA|
— e(LU(A\K)® LU B) + |Blsk + |L| + [B| + 1+ |LU 4] 4
=e(LU(A\k)®LUB) +|L|+|LUAUB|<, +1.

Lemma A.6. For k € B, we have that
e(LUAQLUB)+ |LUA|+|LUB|<,+1
=e(LUA®LU(B\k))+|L|+|LUAUB|<,+1.

Proof. Here we use that

Z |Al<o = Z |Al<b + [Al<k

beB beB\k



REFERENCES 33

and (n+1)|A| 4+ |L U A| = n|A| + |L|. This allows us to deduce that
e(LUAQLUB)+|LUA|+|LUB|<,+1
=e(LUA®LU(B\k))+|Al<k+|L|+|LUB|<x +1
=e(LUA®LU(B\k))+|L|+|LUAUB|<,+1.
U
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