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STEENROD OPERATIONS
VIA HIGHER BRUHAT ORDERS

GUILLAUME LAPLANTE-ANFOSSI AND NICHOLAS J. WILLIAMS

ABSTRACT. The purpose of this paper is to establish a correspondence between
the higher Bruhat orders of Yu. I. Manin and V. Schechtman, and the cup-¢
coproducts defining Steenrod squares in cohomology. To any element of the
higher Bruhat orders we associate a coproduct, recovering Steenrod’s original
ones from extremal elements in these orders. This correspondence allows us
to interpret the coproducts geometrically in terms of zonotopal tilings, under-
stand all possible choices of coproducts, and give conceptual proofs of their

properties.
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1. INTRODUCTION

Steenrod operations, introduced by N. E. Steenrod in [Ste47], are invariants re-
fining the algebra structure given by the cup product on the cohomology of a space.
They are defined via a family of cup-¢ coproducts, which correct homotopically the
lack of cocommutativity of the Alexander—Whitney diagonal at the chain level. The
more refined homotopical information provided by Steenrod squares allows one to
distinguish non-homotopy equivalent spaces with isomorphic cohomology rings (for
example, the suspensions of CP? and S? v S4). Steenrod operations are universal
and constitute a central, classical tool in homotopy theory [Ste62; MTG68]. More
recently, they were shown to be part of an E..-algebra structure on the cochains of
a space X [MS03; BF04], which encodes faithfully its homotopy type when X is of
finite type and nilpotent [Man01; Man06].

On the other hand, the higher Bruhat orders are a family of posets introduced
by Yu. I. Manin and V. Schechtman [MS89] generalising the weak Bruhat order
on the symmetric group. The elements of the (n + 1)-th higher Bruhat order are
equivalence classes of maximal chains in the n-th higher Bruhat order, with covering
relations given by higher braid moves. The original motivation for introducing these
orders was to study hyperplane arrangements and generalised braid groups, but they
have subsequently found applications in many different areas. They appear in the
contexts of Soergel bimodules [Eli16], quantisations of the homogeneous coordinate
ring of the Grassmannian [LZ98], and KP solitons [DM12]. The higher Bruhat
orders also provide a framework for studying social choice in economics [GROS].

In this paper, we show that these two apparently very different objects are in
fact combinatorially the same: the higher Bruhat orders describe precisely Steenrod
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cup-i coproducts and their relations. This provides a possible explanation for the
fact that, in the words of A. Medina-Mardones, “cup-i products of Steenrod seem
to be combinatorially fundamental” [Med22b, Sec. 3.3]. Let B([0,n],7 + 1) be the
(i+1)-dimensional higher Bruhat order on the set [0,n], and let A;; ATP: Cq( ™) —
Ce( ™) ® Co( ™) denote the Steenrod cup-i coproducts and their opposite on the
chain complex of the standard simplex.

Theorem (Construction 3.2, Theorems 3.4, 3.6 and 3.9). For every element U €
B([0,n],i+ 1), there is a coproduct

A7 Co(( M) = Ca( M @Ca( ")

which gives a homotopy between A;_1 and AP . If Unin and Unax are the mazimal
and minimal elements of B([0,n],i + 1), then {AVmin AVmaxy — TA; AP

Moreover, every coproduct on Co( ™) giving a homotopy between A;_1 and A,
arises in this way, so long as it does not contain redundant terms.

From the perspective of the higher Bruhat orders, the fact that every coproduct
AY gives a homotopy between A;_; and AP, corresponds to the fact that the
elements of B([0,n],7 4+ 1) are equivalence classes of maximal chains in B([0,n], 7).
It follows that from any covering relation U <V in B([0,n],i + 1), one can con-
struct a chain homotopy between AV and AY (Construction 3.11). Moreover, as
we demonstrate in Section 4.4, any coproduct AV defines a Steenrod square ngj
in cohomology, and for any two U,V € B([0,n],i + 1) we have Sq¥ = Sq} (Theo-
rem 4.15).

Using the geometric interpretation of the elements of the higher Bruhat orders as
zonotopal tilings (Section 2.2), we obtain a clear geometric interpretation of homo-
topies (see the front page, as well as Fig. 2): terms in the image of the coproducts
correspond to faces of tilings, and the boundary map on Hom(Ce( ™),Ce( ") ®
Ce( ™)) corresponds to the cubical boundary map. This gives a conceptual proof
of the fundamental property that the cup-i coproduct gives a homotopy between
the cup-(i—1) coproduct and its opposite, in contrast to the involved combinatorial
proofs in the literature.

The above results allow us to show that for cohomology of simplicial complexes
non-trivial coproducts from other elements of the higher Bruhat orders exist (Sec-
tion 4.1), whereas for singular cohomology only the Steenrod coproducts are pos-
sible (Section 4.2). We also show how one can find coproducts giving homotopies
between AlU and its opposite, using the “reoriented” higher Bruhat orders of [Zie93;
FWO00] (Section 4.3). In his recent axiomatic characterisation of Steenrod’s cup-i
products, A. Medina-Mardones shows that, under a certain natural notion of iso-
morphism, there is only one cup-i construction [Med22a]. Our cup-i constructions
AY provide other choices, which fall outside the scope of this result, but are still
adequate for the purpose of defining Steenrod squares in cohomology (Section 4.4).
New formulas for Steenrod squares could be of interest from the computational
point of view [Med23b], notably in the field of Khovanov homology [Can20]. At the
same time, our unicity result for singular homology (Theorem 4.7) concurs with the
one of [Med22a].
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Finally, a consequence of the present results is that there is a dictionary between
the Steenrod coproducts and two important families of objects in other areas of
mathematics, which are already known to correspond to higher Bruhat orders. The
first one is a family of higher dimensional versions of the Yang-Baxter (or “trian-
gle”) equation, called the simplex equations [Str95], which have been a subject of
renewed interest in the recent physics literature [BS23; KMY23; Yag23]. The sec-
ond one is a family of strict w-categories called cubical orientals, which define the
cubical w-categorical nerve [Str91]. The higher categorical structure of the higher
Bruhat orders was already observed in [MS89, Sec. 3|, and their correspondence
with cubical orientals can be found in [KV91], see also [LMP]. The precise connec-
tion between Steenrod coproducts and cubical orientals will be explored in detail
elsewhere.

Outline. We begin the paper by giving background on Steenrod operations in
Section 2.1 and on the higher Bruhat orders in Section 2.2. In Section 3, we
give our main construction, showing how to build coproducts from elements of the
higher Bruhat orders and proving their key properties. After this, in Section 4, we
give some extensions of our construction in the previous section, discussing how
it impacts simplicial and singular cohomology, and extending it to the reoriented
higher Bruhat orders. We finish by showing that the coproducts we construct all
induce the same Steenrod squares.

Acknowledgements. We would first and foremost like to thank Hugh Thomas for
making the introduction that led to this collaboration. The initial discussions for
this paper took place whilst the first author was visiting the Max Planck Institute
in Bonn, which we thank for the hospitality. Thank you also to Arun Ram for
helpful suggestions. GLA would like to thank Fabian Haiden and Vivek Shende
for the opportunity to speak about a preliminary version of this work in Odense,
and for interesting discussions. Part of this research was conducted while NJW
was visiting the Okinawa Institute of Science and Technology (OIST) through the
Theoretical Sciences Visiting Program (TSVP).

2. BACKGROUND

In this section, we recall the definitions of Steenrod operations and higher Bruhat
orders, and set up notation.

2.1. Steenrod operations. We start by recalling basic conventions and notation.

2.1.1. Chain complexes. By a chain compler C' we mean an N-graded Z-module
with linear maps
Codr 0y &y

satisfying 0,00,41 = 0 for each p € N. As usual, we refer to 9, as the p-th boundary
map and suppress the subscript when convenient. We say that a chain complex C
is based when each C,, is equipped with a basis, that is a set B,, for each p € N such
that C, = Z{B,}. A morphism of chain complexes, referred to as a chain map, is
a morphism of N-graded Z-modules f: C' — C’ satisfying 0, fp11 = fpOpy1 for
peN.
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The category of chain complexes of Z-modules is endowed with a tensor product,
whose degree  component is (X ® V), 1= @p1q=rX, ® Yy, and whose differential
is defined by d(z @ y) := 9(z) ® y + (—1)%*8@)z @ (y). The symmetry isomor-
phism T: X ® Y — Y ® X, which is part of a symmetric monoidal structure, is
defined by T(z ® y) := (—1)%&(@)deev)y & 1.

2.1.2. Steenrod coalgebra. We denote the standard n-simplex ™ := {(z¢,...,2,) €
R | xg + -+ + @, = 1}. We refer to faces of the n-simplex using their vertex
sets, where we use the notation [p,q] .= {p,p+1,...,q} and (p,q) := [p,q] \ {p, ¢}
When we give a set {vg,v1,...,v,} C [0,n], we mean that the elements are ordered
vg < vy < - < Vg

We will consider the Z-module given by the cellular chains C4( ™) on the stan-

dard n-simplex. This chain complex has as basis the faces of ™

, whose degree is
given by the dimension (for example, the face {vy,...,v4} has dimension ¢). The
boundary map of this chain complex is given by

q
O{vo, .- vg}) = > _(=1)"{vo, ..., Bp, ... g} -
p=0

An overlapping partition L = (Lo, L1, ..., Li+1) of [0,n] is a family of intervals
L, = [lp,lp+1] such that I = 0, ;42 = n, and for each 0 < p < i + 1 we have
lp, <lpt1. Fori > —1, the Steenrod cup-i coproduct is the chain map A;: Co( ") —
Co( ™) @ Cq( ™) defined by

Al([o, n]) = Z(—l)a(’c)(Lo ULy U-- ) ® (L1 ULsU-- ) s
L

where the sum is taken over all overlapping partitions of [0, n] into ¢ + 2 intervals.
If n < i — 1, there are no such overlapping partitions, and the coproduct is zero.
Denoting by w, the shuffle permutation putting 0,1,...,n into the order

[Oall]a [l27l3]a ey (ll7l2); (l35l4)7 ey

the sign is given by €(L£) := sign(wgz) + in. The coproduct A; is then defined
similarly on the lower-dimensional faces. Throughout this article, we shall reserve
the notation A; for the Steenrod coproducts. As proved by N. E. Steenrod in
[Ste4T7], the cup-i coproducts satisfy the homotopy formula

(2.1) OA; — (=1)'A;0 = (1 + (—1)'T)A;_1
for all 4 > 1.

Remark 2.1. Other equivalent formulas for the Steenrod coproducts are given in
[GR99; Med23a).

Remark 2.2. Comparing (L) to the sign from [Ste47], the extra term in here arises
in the passage from products to coproducts, see Section 4.4. In any case, it will
follow from Theorem 3.4 and Theorem 3.9 that this is the unique correct choice of
signs for the Steenrod cup-i coproducts, given that the signs of the cup-0 coproduct
are all +.
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Example 2.3. We give some examples of Steenrod cup-i coproducts for low-
dimensional simplices. For the 0-simplex ©, we have Ag(0) = TAg(0) = 0®0. For

1

the 1-simplex *, we have

Ap(01) =0®01+01®1,
TAp(01)=01®0+1®01,
A;(01) = =TA;(01) =-01®01 .
Finally, for the 2-simplex 2, we have
Ap(012) =0®0124+01® 12+ 012® 2,
TAp(012) =012 0-12®01+012® 2,
A1(012) =012®01 —02® 0124+ 012® 12,
TA1(012) =01®012-012® 02+ 12® 012,
A5(012) = TA5(012) =012 ® 012 .

2.2. Higher Bruhat orders. There are many ways of defining the higher Bruhat
orders. For the purposes of this paper, it will be useful to consider three of them,
namely those using admissible orders, consistent sets, and cubillages.

2.2.1. Admissible orders. The original definition of the higher Bruhat orders from
[MS89] is as follows. Let i and n be positive integers such that i+2 < n. Throughout
this article we denote by ([?_ﬁ]) ={S C[0,n]||S] =i+1} the set of (i+1)-element
subsets of [0,n]. Given K = {ko < ko < -+ < kiz1} € ([?J’FZ]), the set

P(K):={K\k|keK}

is called the packet of K, where here we have abbreviated K \ {k} to K \ k, which
we will continue to do. It is naturally ordered by the lexicographic order, where
K\ k, < K\k, if and only if p < g, or its opposite, the reverse lexicographic order.

The elements of the higher Bruhat poset B(]0,n],i + 1) are admissible orders
of ([ioﬁ]), modulo an equivalence relation. A total order a of ([io_;_"l}
if for all K € ([?jﬁ]), the elements P(K) appear in either lexicographic or reverse-
lexicographic order under . Two orderings o and o of ([Z.Ojg]

differ by a sequence of interchanges of pairs of adjacent elements that do not lie

) is admissible
) are equivalent if they

in a common packet. As these interchanges preserve admissibility, the equivalence
class [a] of an ordering « is well-defined.

The inversion set inv(a) of an admissible order « is the set of all (i + 2)-subsets
of [0,n] whose packets appear in reverse-lexicographic order in «. Note that in-
version sets are well-defined on equivalence classes of admissible orders. The poset
structure on B([0,n],i+ 1) is generated by the covering relations given by [a] < [o/]
if inv(a/) = inv(a) U{K} for K € ([?i;]) \ inv(e). Note that in general one can
have inv(a) C inv(e’) without having [a] < [¢/] [Zie93, Thm. 4.5]. For n < i + 2,
we set B([0,n],i+ 1) = {o}.

2.2.2. Consistent sets. An element [a] of the higher Bruhat poset B([0,n],i + 1) is
uniquely determined by its inversion set inv(«). Inversion sets were characterised

intrinsically in [Zie93] as follows. A subset U C ([?4"2]) is consistent if for any

M e ([?J’:;]), the intersection P(M) N U is either a beginning segment of P(M) in
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the lexicographic order or an ending segment. We then have that a set U C ([?J’rg])
is equal to inv(«a) for some [a] € B([0,n],7+ 1) if and only if U is consistent [Zie93,
Thm. 4.1]. In this paper it will be convenient to work in terms of consistent sets,
so we will abuse notation slightly by writing U € B([0,n],i+ 1) if U is a consistent
set. The higher Bruhat order can then be defined on consistent sets by the covering
relations U < U’ if and only if U' = U U{K} for K € ([?J’FZ]) such that K ¢ U.

A maximal chain in B([0,n],7 4+ 1) gives an order on ([?_ﬁ

order these subsets are added to the inversion set. The consistency condition then

) according to the

ensures that this order is in fact admissible, and one can talk about equivalence of
maximal chains in the same way as equivalence of admissible orders. We then have
the following theorem, which could justly be called the fundamental theorem of the
higher Bruhat orders.

Theorem 2.4 ([MS89, Thm. 2.3]). There is a bijection between equivalence classes
of mazimal chains in B([0,n],i+ 1) and elements of B([0,n],i + 2).

We will finally need the following construction from [Ram97, Def. 7.4], which we
call contraction, but which was called “deletion” in [Ram97]. For S C [0,n], we
denote by U/S :={K € U | SN K = @}. We have that U/S € B([0,n] \ S,i + 1),
where this poset is defined using the natural identification of [0, n]\\S with [0, n—|S]].
When S = {p}, we write U/p for U/S.

2.2.3. Clubillages. We now give the geometric description of the higher Bruhat or-
ders due to [KV91; Tho02]. Consider the Veronese curve £&: R — RiTL given by
& = (L,t,t2, ... tY). Let {to,...,tn} C Rwithtg < --- < t, and n > i + 2.
The cyclic zonotope Z([0,n],i+ 1) is defined to be the Minkowski sum of the line
segments
Wto ot @ ,

where 0 is the origin and @ is the line segment from O to &,. The properties
of the zonotope do not depend on the exact choice of {¢g,...,t,} C R. Hence, for
ease we set t, = p for all p € [0, n].

There is a natural projection m;4+1: Z([0,n],n + 1) — Z([0,n],i + 1) given by
forgetting the last n — i coordinates. A cubillage Q of Z([0,n],i + 1) is a sec-
tion Q: Z([0,n],i +1) — Z([0,n],n + 1) of the projection m;: Z([0,n],n + 1) —
Z([0,n],i+ 1) whose image is a union of (i 4+ 1)-dimensional faces of Z([0,n],i+1).
We call these (i 4+ 1)-dimensional faces the cubes of the cubillage. A cubillage Q of
Z([0,n],i 4+ 1) gives a subdivision of Z([0,n],7+ 1) consisting of the images of the
projections of its cubes under w;. We usually think of the cubillage as the subdi-
vision, but it is necessary to define the cubillage as the section to make the i = 0
case work, since for ¢ = 0 all the subdivisions are the same; see [GP23, Rem. 2.6]
for more details. In the literature, cubillages are often called fine zonotopal tilings,
for example, in [GP23].

Recall that a facet of a polytope is a face of codimension one. The standard
basis of R"*! induces orientations of the faces of Z([0,n],n + 1), in the sense that
the facets of a face can be partitioned into two sets, called upper facets and lower
facets. If F is a i-dimensional face of Z([0,n],n+1), with G a facet of F, then G is
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a lower (resp. upper) facet of F' if the normal vector to G which lies inside the affine
span of F' and points into F' has a positive (resp. negative) (i + 1)-th coordinate.

As was proven in [Tho02, Thm. 2.1, Prop. 2.1], following [KV91, Thm. 4.4], the
elements of B([0,n],i + 1) are in bijection with cubillages of Z([0,n],i + 1). The
covering relations of B([0,n],i+1) are given by pairs of cubillages Q < Q' that differ
by an increasing flip, that is when there is a (i + 2)-face F' of Z(][0,n|,n + 1) such
that Q(Z([0,n],i4+ 1))\ F = Q' (Z([0,n],i+ 1))\ F and Q(Z([0,n],i+ 1)) contains
the lower facets of F, whereas Q'(Z([0,n],i+ 1)) contains the upper facets of F.

The cyclic zonotope Z([0,n],7 + 1) possesses two canonical cubillages. One is
given by the unique section Q;: Z([0,n],i + 1) — Z([0,n],n + 1) of w1 which
factors through the map Z([0,n],i+ 1) — Z([0,n], + 2) whose image is the union
of the lower facets of Z(|0,n],i 4+ 2). We call this the lower cubillage. The other
is the section Q,, which factors through the upper facets of Z([0,n],7 + 2), which
we call the upper cubillage. The lower cubillage of Z([0,n],i + 1) gives the unique
minimum of the poset B([0,n],7 + 1), and the upper cubillage gives the unique
maximum.

We now give a description of the cubes of a cubillage that will be useful later.
Every (i 4 1)-dimensional face of Z([0,n],n + 1) is given by a Minkowski sum

€A+ 0§
leL

for some subset L € ([?ﬁ]) and A C [0,n] \ L, where £4 = >, 4 & We call L the
set of generating vectors and A the initial vertex, see Fig. 1. Here we have omitted
the & from the labels of the vertices of the cubes, so that a label A means &4;
henceforth, we will always do this.

01245
234
12
0124 1245
23 34

012 125

12

Initial vertex {1} {3} {1,2}
Generating vectors {2} {2,4} {0,4,5}

FIGURE 1. Cubes associated to some vertices and sets of generat-
ing vectors.

One can describe the upper and lower facets of a cube in terms of initial vertices
and generating vectors using the following combinatorial notion. Given L € ([?jﬁ])
and a € [0,n] \ L, we will use the notation

\Llsa =€ L[l>a}].

We then say that a is an even gap if |L|s, is an even number. Otherwise, we say
that a is an odd gap.
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Proposition 2.5 ([Tho02, Lem. 2.1] or [DKK18, Prop. 8.1]). Let F be a face of

Z([0,n],n + 1) with initial vertex A and generating vectors L. Then we have the
following.

(1) Facets of F with generating vectors L \ I and initial vertex A are upper

facets if 1 is an odd gap in L\l and lower facets if I is an even gap in L\1.

(2) Facets of F with generating vectors L\l and initial vertex AU{l} are upper

facets if l is an even gap in L\l and lower facets if l is an odd gap in L\1.

2.2.4. From consistent sets to cubillages. One can explicitly describe the bijection

between cubillages of Z([0,n],i + 1) and consistent subsets of ([?_f;]). Given a

cubillage Q of Z([0,n],i + 1), it follows from [Tho02, Thm. 2.1] that the cubes
[0’"]) via sending a cube to its set of

i1
generating vectors. Hence, given a consistent subset U of ([g’_g]), the corresponding

[0,7]
i+1
knows the initial vertex of the cube with that set of generating vectors. Hence, we

of Q are in bijection with the elements of (

cubillage Qp of Z([0,n],7 + 1) is determined once, for every element of ( ), one

write AY for the initial vertex of the cube with generating vectors L in Q.

Proposition 2.6 ([Tho02, Thm. 2.1]). Given a set of generating vectors L € ([?J’r”l])
and a € [0,n] \ L, we have that a € AY if and only if either

e LU{a} €U and a is an even gap in L, or
e LU{a} ¢ U and a is an odd gap in L.

An analogous statement was shown for more general zonotopes in [GPW22,
Lem. 5.13]. It will also be useful to introduce the notation

BY :=[0,n]\ (LU AY)

for the vectors which are neither generating vectors nor present in the initial vertex.

3. COPRODUCTS FROM CUBILLAGES

In this section, we show how one can construct a coproduct AY: Cq( ™) —
Ce( ™) ® Co( ™) from any cubillage of Z([0,n],i + 1), equivalently, from any
U € B([0,n],i + 1). We show that all these coproducts give homotopies between
A;_7 and TA;_;. The cubillage perspective allows us to give a cleaner and more
illuminating proof of this important fact. It also allows us to show that all co-
products which satisfy the homotopy formula arise from cubillages, provided they
contain no redundant terms

Basis elements of Co( ™) @ Co( ™) are of the form X ® YV for X,Y C [0,n]. A
central observation is as follows. Given a basis element X @ Y € Co( ™) ® Co( ™),
we can always write X = LU A and Y = LU B, where L, A, and B are pairwise
disjoint. Given a subset S C [0,n]|, we say that LU A ® L U B is supported on
Sif LUAUB = S. The basic relationship between cubillages and elements of
Co( ™) ®Cq( ™) is as follows.

Proposition 3.1. There is a bijection between faces of Z(S,|S|) excluding & and S
and basis elements of Co( ™) @ Co( ™) which are supported on S.

Proof. As in Section 2.2.3, we have that every face of Z(S5,|5]) is determined by
its set of generating vectors L and initial vertex A. Defining B := S\ (L U A), the
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corresponding basis element of Co( ™) ® Co( ™) is LU A® L U B. This gives a
well-defined element unless L = & and either A = & or B = &, which is the case if
and only if the face is either of the vertices @ or S. Bijectivity is evident. O

Hence, we may identify basis elements of C¢( ™)®Cq( ™) with the corresponding
faces of Z(S,]S|), in particular in the case S = [0, n].

Construction 3.2. For any U € B([0,n],i + 1), where n > i, we now define the
cup-i coproduct

AV: Co( ") = Co( M @Ca( ™).
We define AV on the top face of ™ by the formula

AV(0,n) == Y (~1)FERARSUED L AV @ LUBY |

Le(y)
where
e(LUAY @ LUBY) = Y AV |y + > |Ll<i+ (n+1)|AY| € Z/2Z .
beBY leL

Here AY and BY are of course the sets from Section 2.2.4. We define this as a class
in Z/2Z, since this is all that the sign depends on, and doing so makes it easier to
write down the calculations in Appendix A.

For codimension one faces, we define

, U/i ,

AY 0.7\ {i}) := A7 (011 \ {i}) -
In this way, we inductively extend the definition to lower-dimensional faces too.
Once we reach a non-empty subset S C [0, n] with |S| < i—1, we define AY(S) := 0.

Hence, the terms of AV ([0, n]) are simply those terms corresponding to the faces
of U under the bijection in Proposition 3.1, with a certain sign attached. In what
follows, we will need to make calculations involving the signs e(L U AY @ LU BY).
We carry out these calculations in Appendix A, and refer to the relevant lemmas

from there when necessary.

3.1. Comparison to original Steenrod operations. Now, we claim that, up to
sign, for ¢ even, the original Steenrod cup-i coproduct A; is exactly the coproduct
A? coming from the minimal element & the higher Bruhat order, where nothing is

inverted, and the opposite of the Steenrod cup-i product T'A; exactly comes from
[0,7]
i
For i odd, the opposite is true. The coproducts coming from other elements of the

the maximal element of the higher Bruhat order ( ), where everything is inverted.
higher Bruhat orders can be thought of as intermediate coproducts between these
two cases.

In order to show this, we first prove a useful proposition describing what happens
to AV under taking the complement of U.

Proposition 3.3. IfU € B([0,n],i + 1), then we have

0,n]

[ B
NG AN

K2
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Proof. 1t follows from Proposition 2.6 that
[0,7n] [0,n]
Agiﬁ)\U =BY and B%H)\U =AY .

L
S (o v
Hence, ignoring signs, we have that A; and TA; have the same terms.
Comparing signs with Lemma A.1, we have that on the left-hand side the term LU

BY @ LU AY has the sign e(LUBY @ LU AY) =
e(LUAY @ LUBY)Y + (ILUAY |+ 1)(JLUBY| +1) +|L| + 1,

which is precisely the sign on the right-hand side, recalling the definition of 7" and
noting that |L| =i + 1. O

We can now compare our operations to the original Steenrod coproducts. The
fact that the Steenrod coproducts alternate between corresponding to the minimal
and maximal elements of the higher Bruhat orders causes a discrepancy in signs.
Our coproducts always give homotopies from the maximal element to the minimal
element, so getting a homotopy in the other direction requires a minus sign.

Theorem 3.4. For i even, we have

[0,n]

A% = (<728, and AU = (Cayra,
whilst for i odd we have
. [0,n] .
AZ = (C)FATA,  and AL = (C1)li2a,

(442
K2

[0.1]
i+1

Proof. Tt suffices to prove the claims for A? , since the results for A are then

obtained by applying Proposition 3.3. For L = {lo,l1,...,l;} € (1;')), the corre-

sponding term of AY is
LUA? = Ulli—3,li—2] U [li—1, 1],
LUBY =---Ulli—g,li1]U[li,n]

by Construction 3.2 and Proposition 2.6, since elements of (I;, n] are even gaps in L,
then elements of (I;_1,1;) are odd gaps, and so on. If ¢ is even, then the first interval
in LU A% is [0,1p], and so this is the term associated to the overlapping partition
[0,04],[l1,12],- -, [li,n] in the Steenrod construction. If ¢ is odd, then the first
interval in LUA? is [ly, 1], and so the Steenrod construction gives LUBY @ LUA?.
This gives a bijection between overlapping partitions of [0,n] into ¢ + 2 intervals
and elements of ([Q’"}). This establishes the statement, with the description of the

1+1
signs following from Lemma A.2. O

3.2. The homotopy formula. We now show how our construction can be used
to give a clean and conceptual proof of the fundamental fact that A; gives a chain
homotopy between A;_1 and TA; 1.

The boundary of a term in the coproduct has the following neat description.
Recalling Proposition 3.1, we may talk of upper and lower facets of a basis element F’
of Co( ™) ® Ce( ™), meaning the respective terms corresponding to the upper and
lower facets of the face corresponding to F'.
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Proposition 3.5. Let F = LUAY @ LUBY be a basis element of Co( ")@Ce( ™).

Adopting the notation F/k := LU Ag/k ® LU Bg/k, we have that
AR = Y (9e Yy
G lower facet H upper facet
n Z (—1)sF/R)+k+it2 p g
ke[0,n]\L

Proof. We abbreviate A := AY and B := BY. There are four different types
of terms in A((—1)*¥)F) to consider, corresponding to Lemmas A.3, A.4, A.5,
and A.G.

(1) We first consider terms of d((—1)*¥)F) given by (L \ k) UA ® LU B for
k € L. In the expansion of 9((—1)*¥) F'), this has sign (F)+|LUA| ., which equals
e((L\k)UAQ LUB)+|L|~x by Lemma A.3. This therefore equals e((L\k)UARQ LUB)
if and only if k is an even gap in L by Proposition 2.5, in which case (L\k)UA® LUB
is a lower facet of F. Upper facets then have the opposite sign to e((L\k)UARQ LUB).

(2) We now consider terms of d((—1)**)F) given by LU A ® (L \ k) U B for
k € L. In the expansion of 9((—1)*¥) F), this has sign e(F)+|LUB| < +|LUA|+1,
which equals e(LUA® (L \ k) UB) + |L|>; + 1 by Lemma A.4. This therefore
equals e((L\ k)UA® LU B) if and only if k is an odd gap in L by Proposition 2.5,
in which case LUA® (L \ k) U B is a lower facet of F. Upper facets then have the
opposite sign to e(LU A ® (L \ k) U B), as before.

(3) We now start considering terms which do not correspond to facets, by looking
at terms given by LU (A\ k) ® LUB for k € A. In the expansion of 9((—1)*¥) F),
this has sign e(F)+(LUA) <k, which equals e(F/k)+k+|L|+1 = e(F/k)+k+i+2,
by Lemma A.5, as desired.

(4) Finally, we consider terms given by LUA® LU (B \ k) for k € B. In the
expansion of A((—1)*¥)F), this has sign e(F) + |L U B|<x + |L U A| + 1, which
equals e(F/k) + k+ |L|+1=¢e(F/k) + k+ i+ 2, by Lemma A.G.

U

Showing that the coproduct AY satisfies the homotopy formula is now straight-
forward.

Theorem 3.6. For any U € B([0,n],i+ 1), and for any i > 0, we have that
DoAY — (=1)IAV 00 = (1 + (-1)'T)A? .

Proof. We reason in terms of the cubillage Qp and its induced subdivision
of Z([0,n],i). We consider the terms of d o AV ([0,n]) and apply Proposition 3.5.
The terms of d o AY([0,7n]) that correspond to Z/k for cubes Z of Qp have sign
e(Z/k) + k +1i + 2, by Proposition 3.5, whereas in —(—1)*AY ((=1)¥[0,n] \ k) they
have sign e(Z/k) + k + ¢ + 1, and so they cancel.

By Proposition 3.5, we have that the other terms of 3 o AV are given by facets
of cubes of the cubillage. These come in two sorts: internal facets, which are
shared between two cubes of the cubillage and lie in the interior of Z([0,n],¢) in
the induced subdivision; and boundary facets, which are only facets of a single cube
of the cubillage and lie on the boundary of Z([0,n],4) in the induced subdivision.
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Those that correspond to internal facets of the cubillage cancel out by Propo-
sition 3.5, since they are an upper facet of one term and a lower facet of another.
Hence, we are left with the terms corresponding to boundary facets. By Proposi-
tion 3.5 and Proposition 3.3, we have that the terms corresponding to lower facets
of the zonotope give A?_ 1, Whereas the terms corresponding to upper facets give

*Ag?) — (~1)ITAZ
as desired. O

Note that in proving Theorem 3.6, all of the work went into proving that the
signs matched up as desired. Working with chain complexes of Z/2Z-modules rather
than Z-modules, the result is immediate from the cubillage perspective. When we
consider Steenrod squares in Section 4.4.

Example 3.7. We illustrate how cubillages can be used to deduce the homotopy
formula for cup-i coproducts. For the cup-1 case and n = 2, corresponding to the
higher Bruhat poset B([0,2],2), there are two possible cubillages, giving two cup-1
coproducts. These correspond to the Steenrod coproduct A; and its opposite T'A;,
modulo signs. The cup-0 coproduct is

Ap(012) =0®012+01®124+012® 2 .
The opposite coproduct is given by
TA(012) =012®0—-12® 01 +2® 012,

where the sign of an element is given by applying the symmetry isomorphism 7.
For the two possible cup-1 coproducts AY, we wish to show that

AVod+00AY =A)—TA ,
that is, the homotopy formula holds. By Construction 3.2 and Fig. 2, our two cup-1
coproducts are
Al (012) = 012001 —02® 012+ 012 ® 12 ,
AZ(012) = 01 ® 012 + 012 ® 02 — 12® 012 .
Here the first is the Steenrod coproduct A; and the second is its opposite, T'Ay;
compare Example 2.3. We have that the first coproduct comes from the cubillage

at the top of Fig. 2, whereas the second comes from the bottom cubillage. We now
verify the homotopy formula for A?. On the one hand, we have

A7 00(012) = AP(12) — A7(02) + AZ(01) = —12® 12+ 02 ® 02 — 01 ® 01
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while on the other hand
90 A7(012) = —0(01 ® 012) + 9(012 ® 02) — A(12 ® 012)
=-1®0124+0®012+01 ® 12 — 01 ® 02 + 01 ® 01
+12202-02002+01®02+012®2—012®0
—2®012+1®012+12®12-12® 02+ 12® 01
=(0®012+01®124+012®2) — (2® 012 - 12® 01 + 012 ® 0)
+(1®012-1®012) + (01 ® 02 — 01 ® 02) + (12® 02 — 12 ® 02)
+12®12-02®02+01® 01 .

Note that the terms from A% o d cancel out, as can be seen in the final line above,
and that the remaining terms from 0 o A? come from faces of the cubes of the
cubillage. Internal faces have terms coming from two cubes, which cancel each
other out, as seen in the penultimate line. After all cancellations, the remaining
terms come from the boundary of the zonotope, which give precisely Ag — T'Ag, as
seen in the third last line. The top of Figure 2 indicates how the verification of the
homotopy formula works for Aiou}.

Example 3.8. The figure appearing on the first page of the paper is an example
of a coproduct for the 4-simplex which does not come from the Steenrod coproduct
or its opposite. We do not carry out the full verification of the homotopy formula,
but instead illustrate in the figure that terms corresponding to internal faces of the
cubillage cancel.

In fact, Construction 3.2 comprises all coproducts that satisfy the homotopy
formula, up to redundancies. The idea is to run the proof of Theorem 3.6 in reverse,
so that if a coproduct satisfies the homotopy formula, then the cubes corresponding
to its terms must have come from a cubillage.

Theorem 3.9. Suppose that we have a degree-i coproduct Ai: Co( ™) = Co( ™)®
Ce( ™) with i > 0, such that

(3.1) Do Al — (=1)!Al 00 = (1+ (~=1)'T)A? | .

(1) If, for i > 0, we have that for all non-empty S C [0,n], AL(S) has a
minimal number of terms amongst coproducts which satsify this formula,
then we have that A, = AV for some U € B([0,n],i + 1).

(2) For i =0, if we have that Al(p) = p®@p for all p € [0,n] and that A}(S)
otherwise has a minimal number of terms for non-empty S C [0,n], then
we have A, = AV for some U € B([0,n],1).

Proof. We start with the i > 0 case by showing that A%(S) = AV(S) for some U €
B(S,i+1) for each non-empty S C [0, 7] by induction on the size of S. We first claim
that AL(S) = 0 for |S| < i, the zonotope Z(S,i+1) being degenerate for |S| < 4, and
so having no cubillages. For the |S| < i—1 cases we have A? | (S) = 0,50 AL(S) =0
is the coproduct with the minimal number of terms which satisfies (3.1). For |S| = 4,
we have that A? | (S) = S®S, so that TA? |(9) = (71)(i71)25®5 = (-1)"18®s,
so the right-hand side is still zero, and we have that A’(S) = 0 is still the minimal
coproduct satisfying (3.1).



STEENROD OPERATIONS VIA HIGHER BRUHAT ORDERS 15

+012 ® 2

01 +012 ® 12

+01 ® 12
0
+0 ® 012
+012® 2
01
+01 ® 12
0 —01 ® 012

+0® 012

012

-012®0

—2® 012

—012®0

012®1 | +012® 1
+012 ® 01
02
\Oe,,
*o, j@
(%0\/
—02 ® 012
o
012
+012 ® 02
L'Qn/
X\i‘/ LT\dw/
/\ﬁ/\,
—-12® 012
~1®012 | +1® 012

—2® 012

12

+12 ® 01

12

+12 ® 01

FIGURE 2. The upper and lower cubillages of Z(3,2), the associ-

ated Ay coproducts, and their boundaries



16 GUILLAUME LAPLANTE-ANFOSSI AND NICHOLAS J. WILLIAMS

We then continue our induction to show that for |S| > ¢ + 1 we have that
AL(S) = AY(S) for some U € B(S,i+1). For the time being, we assume that i > 0.
We use the perspective from Proposition 3.1 that basis elements of Co( ™)@Cq( ™)
which are supported on [0, n] can be identified with faces of Z(]0,n],n + 1). Faces
of dimension < 7 + 1 can then be projected to dimension i + 1 to give cubes in
Z(]0,n],i + 1). From this perspective, the right-hand side of (3.1) gives us the
terms corresponding to the upper facets of Z (5,4 + 1) subtracted from the terms
corresponding to the lower facets. On the other hand, we know inductively that

El

(—1)IA8(8) = Y AT (S \ sp),
p=1

by induction, where S = {s1,52,...,5g/} with s; < s3 < --- < 515 and U, €
B(S \ sp,i+ 1). These terms are all supported on proper subsets of S, so they
cannot cancel with any of the terms in the right-hand side, which are supported
on S.

Hence, in order to cancel the terms on the right-hand side, we must have that
the terms of AL(S) are of the form LUA® LUB with |L| =i+1and LUAUB = S,
with L, A, and B disjoint as ever. By Proposition 3.5, we have that the boundary of
such a term is given by its lower facets minus its upper facets plus terms supported
on smaller subsets. By assumption, A%(S) cannot have more terms than a cubillage
of Z(S,i+1). Then, if the terms of A%(S) do not form a cubillage, we will have that
OAL(S) contains terms which do not cancel, and so the homotopy formula cannot
be satisfied. Hence, A}(S) = AY for some U € B(S,i + 1). Note that the signs of
the terms of A(S) are determined by the signs of the terms of (14 (—1)'T)AZ | (9):
cubes of the cubillage with facets on the boundary of Z(S,i 4 1) have their signs
determined, since their signs need to agree the those of the terms from their facets
in (14 (=1)"T)AZ ,(S). In turn, cubes with shared facets with cubes lying on
the boundary also have their signs determined by the fact that the terms from the
shared facets must canel. Continuing in this way, the signs of terms are determined
for the whole cubillage.

We now compare the signs for the terms of (3.1) which are supported on subsets
of S. Indeed, since these terms do not appear on the right-hand side, we must
have cancellations, which implies that U, = U/s, for all p € {0,1,...,|S|}. By
induction, we conclude that AL = AV for some U € B([0,n],i + 1).

For i = 0, we likewise use induction on the size of S. The right-hand side is now
always zero, but by induction we have that (—1)*A%(5(S)) = Z‘pszlo AZU"(S \ Sp),
where S = {s0,51,...,5} With sp < 51 < --- < 515 and U, € B(S \ sp,1).
Indeed, the base case of this is assumed to hold. In order to cancel with these
terms, we must have that the terms of Aj(S) are of the form {s} UA® {s} U B for
{s}UAUB = S, where these sets are again disjoint. Since we know that A7 (S9)
has |S| terms, by assumption we must have that A(S) has |S| terms too. Because
the terms of O(A}(S)) supported on S must cancel with each other, we must have
that they form a cubillage of Z(S,1). This gives that AL(S) = AV (S) for some
U € B([0,n],1), since both choices of sign make the terms of 9(A}(S)) supported
on S cancel. As before, if the terms supported on S\ s, are to cancel, then we
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must have that in fact U, = U/s,. We conclude by induction that A} = AV for
some U € B([0,n],1). O

Remark 3.10. Of course, one can find other coproducts which satisfy the homotopy
formula by taking A} := AlUfAZUIJrAiU” for U,U",U" € B([0,n],i+1), for instance.

3.3. Homotopies from covering relations. We now show how, given U,V €
B([0,n],7) with U <V a covering relation, one can construct a homotopy from
AY | to AV | This is essentially just a different way of recasting Construction 3.2,
but this perspective will be useful in Section 4.3. We will obtain an alternative
proof of Theorem 3.6: since A? | and (—1)""!T'A? | correspond to the minimal
and maximal elements of B([0, n], ), we can take the sequence of homotopies corre-
sponding to any maximal chain of covering relations in B([0, n], 7). Such a maximal
chain then gives an element of B([0, n],i+1) and the coproduct giving the homotopy
will be precisely the one from Construction 3.2.

Construction 3.11. Let F be a face of Z([0,n],n + 1) with generating vectors L
and initial vertex A such that |L| =i+ 1, with B :=[0,n] \ (L U A) as usual. We
define a coproduct

AP Co( ™) = Co(( M @Co( ™)
by AF([0,n]) := (=1)*EVASLUB) [,y A @ L U B. Then we extend inductively to
lower-dimensional faces analogously to the usual way:

AT ([0,n] \ p) = (~1)7ELARSELEWDL U (A\ p) @ LU (B \ p)

if p¢ L, and AF([0,n]\ p) =0 if p € L. Here we have only specified the coproduct
on basis elements, with the values on other elements obtained by extending linearly.

Theorem 3.12. Let U,V € B([0,n],4) such that U <V, with this covering relation
given by the dimension i + 1 face F of Z([0,n],n+ 1). Then we have

doA] —(-1)'A] 0d=AT, —A, .
That is, AF gives a homotopy from AY | to AV .

Proof. By Construction 3.2, we have that
AL (0n]) = AL (0,n) = Y0 (=) DG+ D (—1)F T E .

G lower H upper
facet of F facet of F

The left-hand side is then also equal to this by Proposition 3.5, as in the proof of
Theorem 3.6. O

The alternative proof of Theorem 3.6 is then as follows.

Proof. If we let U € B([0,n],i + 1), then, comparing Construction 3.2 and Con-
struction 3.11, we have that
AV = 3 AT

F cube of U
We then have that

oAl —(—1)AVod= > (90Af —(-1)’Af00) .

F cube of U
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The faces of U can be ordered such that they form a maximal chain of covering
relations in B([0,n], ) by Theorem 2.4. Hence, we have that

i [0,n]
Z (aoAiF_ (—1)2A506) :A?fl _Az(i?)
F cube of U
by Theorem 3.12. This then equals A7 | + (—1)*TAY | by Proposition 3.3. O

4. IMPLICATIONS OF CONSTRUCTION

In this section, we extend our construction of cup-i coproducts to simplicial
complexes (Section 4.1), and to singular homology (Section 4.2). In this latter
case, under natural restrictions, only the Steenrod coproduct and its opposite are
possible. Next, we show how to construct homotopies between AY | and TAY
for arbitrary U € B(]0,n], %), using the so-called “reoriented higher Bruhat orders”
(Section 4.3). We finish by showing that our coproducts can be used to define
Steenrod squares in cohomology and that, in fact, they all induce the same Steenrod
squares.

4.1. Simplicial complexes. So far we have only considered coproducts on the
chain complex of the simplex, but it is natural to ask for arbitrary simplicial com-
plexes what coproducts A/ exist and give a homotopy between A? | and TAY ;.

A finite simplicial complex X is a set of non-empty subsets of [0, n] such that for
each o € X, and non-empty 7 C o, we have that 7 € ¥. Given a finite simplicial
complex X, one can form its geometric realisation ||X|| by taking a p-simplex for
every o € ¥ with |o| = p+ 1, and gluing them together according to X, see [Hat02,
Sec. 2.1]. We will hence refer to the elements of ¥ as simplices. We write X, for
the set of p-simplices of ¥, that is, simplices o € ¥ with |o| = p+ 1. A simplex
o € ¥ is mazimal if there is no 7 € ¥\ {0} such that 7 D 0. We denote the set of
maximal simplices of ¥ by max(3). The cellular chain complex C4(X) of ¥ has ¥,
as basis of C,(X), with the boundary map defined as in Section 2.1.1.

Given a finite simplicial complex ¥ on [0, n], our analogue of the higher Bruhat
poset is as follows.

Definition 4.1. Given a set of subsets U C ([?jrg]) and a subset M € ([Z.Ojg]), we

say that U is consistent with respect to M if and only if the intersection P(M)NU

is a beginning segment of P(M) in the lexicographic order or an ending segment.
We then say that U is X-consistent if it is consistent with respect to all (i + 2)-

simplices of ¥.. We write B(X,¢ + 1) for the set of X-consistent subsets of ¥; ;.

As the notation suggests, we have that {UNX; 4, | U € B([0,n],i + 1)} C
B(X,i + 1), with the equality B(X,7 + 1) = B([0,n],i + 1) if ¥ is a n-simplex.
However, the reverse inclusion does not hold in general, as the following example
shows.

Example 4.2. Consider the simplicial complex ¥ on [0,3] with max(X) =
{012,013,023,123}. Then {012,123} is a X-consistent subset of ¥q, and so an
element of B(X,2), since ¥ has no 3-simplices. However, this is clearly not a
consistent subset of ([053]) in the usual sense.
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Remark 4.3. Note that B(3,47+ 1) is just a set, rather than a poset. It is not clear
in general whether there is a sensible partial order on B(X,i + 1). Whilst for an
element of the higher Bruhat orders U € B([0,n],i + 1), if U # ([&’_’;]), there is
always K € (I27)\ U such that U U {K} is consistent, this is not the case for

i+
B(%,i+ 1). Indeed, consider the simplicial complex ¥ on [0, 6] with

max (%) = {0135,0145, 0235, 0245}

and consider

U = {013,024, 145, 235}.
Then U is X-consistent. However, if we were to try to add 025 to U, then consistency
with respect to 0235 requires that we add 035 as well. But then consistency with
respect to 0135 requires that we also add 015. In turn, consistency with respect to
0145 requires also adding 045. Finally, consistency with respect to 0245 requires
adding 025, which is what we were trying to add in the first place.

Hence, these subsets have to be added to U simultaneously, rather than one-by-
one, and so one cannot hope for covering relations in B(X,¢ + 1) given by adding
single subsets. It is worth also saying that having the relation on B(3,7 + 1)
as straightforward inclusion does not work, since this does not coincide with the
relation on B([0,n],i 4+ 1) [Zie93, Theorem 4.5].

Lemma 4.4. IfU € B(X,i+1) and o € X, then U, :=U N (ii2) € B(o,i+1).

Proof. Tt follows from the definition of a simplicial complex that (;7,) C %, and so
U, is a consistent subset of (;2) in the usual sense, so that U, € B(o,i+1). O

We can then construct coproducts on Co(X) as follows.

Construction 4.5. Let ¥ be a finite simplicial complex on [0,n] and let U €
B(3,i+ 1). As in Lemma 4.4, given a simplex o € ¥, we write U, := U N (112)
Then, we define

AV: Co(Z) = Co(B) ® Cu(X)
o AV7(0)

We can now show that the coproducts AV on Co(¥) from Construction 4.5
satisfy the homotopy formula, and that all coproducts satisfying the homotopy
formula arise like this.

Theorem 4.6. For any U € B(X,i+ 1) we have that
Do AV —(—1)AV 0d = (1 + (-1)'T)AZ | .

Moreover, any coproduct A} satisfying this formula arises from Construction 4.5,
where we also assume that Al(c) = o ® o for all o € Tg if i = 0.

Proof. The homotopy formula follows from applying Theorem 3.6 simplex by sim-
plex. Note that if 7 C ¢ then U, = U, /(o \7), so that Construction 4.5 also ensures
the terms from (—1)*AY o 9 cancel the terms from d o AV correctly.

To see that any coproduct A} with a minimal number of terms arises in this
way, apply Theorem 3.9 to the maximal simplices of ¥. For such a simplex o,
we must have Al(o) = AEJ(U)(J) for some U(o) € B(o,i + 1). We then define
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U := Uyemax(z) U(0). This is X-consistent, since every (i + 1)-simplex of ¥ lies

in a maximal simplex ¢, and U N ( ) must be consistent. Moreover, we must

i+2
in fact have that U(o) = U,, since Al(r) = Ag(o)/(a\ﬂ(o) by definition of the
coproduct AEJ(U) by Construction 3.2, so that U(c) cannot contain anything less

than U N (lil) We conclude that AL = AV. O

4.2. Singular homology. It is then furthermore natural to ask the same question

for singular homology: can one describe all coproducts A’ which give homotopies

1
between Aig_l and TA?_l? Here, since there are infinitely many singular sim-
plices o: ™ — X, for X a topological space, it is not feasible to define coproducts
differently for each singular simplex. Making this restriction, one obtains that the

only possible coproducts are the Steenrod ones.

Theorem 4.7. Let X be a topological space with Ce(X) its singular chain complex.
Suppose that Al: Co(X) — Co(X) ® Co(X) is a coproduct such that the formula
for Al(o) does not depend upon the particular singular simplex o: ™ — X, but
only on its dimension. Suppose further that

Do Al — (=1)!AL0d = (1+ (~=1)'T)A? , .

Then A = A? or (=1)'TA? ifi > 1. Ifi =0, then A, = A? or TA?, assuming
Al(o) =0 @ o for each 0-chain o.

Proof. Suppose we have a coproduct A} as above. We assume first for simplicity
that ¢ > 1. Given a singular simplex o: P — X, we already have that Al(o) =
AY () for some U € B([0,p],i + 1) by Theorem 3.9. We prove by induction on p
that in fact U = g or U = ([Z(Jﬁ;]) For p < 4, we must have A}(c) =0. Forp=i+1,
there are no other options for U, so this case is also immediate.

Suppose then that the claim holds for p — 1, where p > ¢ + 1, so that Al(c) =
AV(o) for U=0o0r U = ([0;’:11}) for all singular (p — 1)-simplices o: P71 — X.
Consider a singular p-simplex o: P — X. Then, by Theorem 3.9, we must have
that Al(o) = AV, for some U € B([0,p],i + 1). Consequently, we must have that
Al(o/q) = Ag/q, where o /q: P~! — X are the singular simplices given by taking
the face of 0: P — X which does not contain g. But by the induction hypothesis,
we therefore either have U/q = & for all ¢ or U/q = ([OZ.’TQ\Q) for all ¢q. This
implies that either U = @ or U = ([Z(L_I;]) This then shows that Al(0) = AZ (o)
or Al(c) = (=1)'TA? (o), as desired. The claim for i = 0 follows similarly, recalling
the treatment of the ¢ = 0 case in Theorem 3.9. (|

4.3. Reoriented higher Bruhat orders. In this section, we address the question
of whether one can find chain homotopies between AY , and TAYV | instead of
between A? | and TAY ;. The relevant posets in this case are the “reoriented
higher Bruhat orders” of S. Felsner and H. Weil [FWO00, Section 3], which were first
considered by G. M. Ziegler [Zie93]. Given some inversion set U, one reorients so
that U is a minimal element, rather than &.

These posets are defined as follows. Given U,V € B([0,n|,i 4+ 1), the reoriented
inversion set of V. with respect to U is defined to be the symmetric difference
invy (V) := (U\V)U(V\U). The reoriented higher Bruhat order with respect to U
By ([0,n],7 + 1) has the same underlying set as B([0,n],i 4+ 1), only the covering



STEENROD OPERATIONS VIA HIGHER BRUHAT ORDERS 21

relations are given by V < V" for invy (V') = invy (V) U{L}, L ¢ invy (V). Hence,
By ([0,n],% + 1) measures inversions against U, whereas B([0,n],7 + 1) measures
inversions against &.

In much the same way as in Section 3, we can construct coproducts which
give homotopies between AY and TAY from equivalence classes of maximal chains
in By ([0,n],i+1). However, now that we have reoriented the higher Bruhat orders,
there is a subtlety. Note that U is always minimal in By ([0, n],i+1) whilst ([?J’:;]) \U
is always maximal. But there may be other minimal and maximal elements in the
poset By ([0,n],4 4+ 1) [FWO00, Sec. 3], unlike for the normal higher Bruhat orders.
Hence, we must restrict to maximal chains in By ([0,n],7+ 1) from U to ([?4’_7;]) \U.

Construction 4.8. Let W be a maximal chain of By([0,n],i + 1) from U
to ([?J’:;]) \ U. Let further W be given by the sequence of faces (Fi, Fs, ..., F))
of Z([0,n],n + 1), with (L1, Ls,...,L,) the sequence of generating vectors of
these faces, with L, € ([?4’_7;]). The elements of the maximal chain are then
Vg € B([0,n],i+ 1), where invy (V) = {L1, L, ..., Ly} and invy (V) = @.

Recalling from Construction 3.11 the definition of a coproduct qu given by a
single face F, of Z([0,n],n + 1), we define

AV = 3" AT - ST AR
L,gU L.€U
The idea behind Construction 4.8 is that if L,. € U, then we need to traverse the

corresponding face of Z([0,n],n + 1) in the opposite direction to usual.

Theorem 4.9. For any mazimal chain W of By ([0,n],i4+1) from U to ([SJ’:;]) \ U,
we have that

Do AW, — (=1)TTAY 00 =1+ (-1)"'T)AY .

Proof. This follows from Theorem 3.12 in the same way that Theorem 3.6 follows
from Theorem 3.12. The difference is that when L, € U, the corresponding face
of Z(]0,n],n + 1) must be traversed in the opposite direction to the direction it is
traversed in B([0,n], 4+ 1). This difference is taken care of by the extra minus signs
in the definition of AY,. O

Of course, the next question is whether one can understand the coproducts which
give homotopies between AYY, and TAY,, but it is not clear how to extend our
techniques to these cases. Construction 4.8 and Theorem 4.9 rely on the fact that
the elements of the maximal chain W belong to the usual higher Bruhat orders.
We end this section by illustrating Construction 4.8 with an example.

Example 4.10. As in Example 3.7, we consider the chain complex Co( 2) of the
2-simplex. We choose U = {01} € B([0,2],1) to reorient the higher Bruhat orders.
Hence, we wish to find a homotopy between the cup-0 coproduct given by

AY(0,2) =1®012+ 01 ®02 + 012 ® 2

and its opposite, instead of between the normal cup-0 coproduct Ag and its opposite
TAfF. There are two maximal chains in B ([0, 2], 1), namely W; = (01,12,02) and
Wy = (02,12,01), where these are the sequences of subsets L, that get added to
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the reoriented inversion set. Using Construction 4.8, these give the following two
coproducts.

AV =401 ®012+012® 12 - 02® 012,

A2 = 1012®02-12® 012 — 012® 01 .
Comparing the signs of the terms to those of Example 3.7, one sees that the signs
of the terms coincide except for 01 ® 012 and 012 ® 01. These are the two terms

with L = 01, in our usual notation, which is the element of U. It is routine to verify
that these give homotopies from TAY to Af.

4.4. Steenrod squares. Let ¥ be a finite simplicial complex. For ¢ > 0 and U €

B(X,i+ 1), we denote by AV: Cq(X) — Co(X) ® Co(X) the associated coproduct

from Construction 4.5. We will consider here cochains on X, which are groups
CP(X) := Homz(C,(X), Z).

Endowed with a codifferential, a degree one map §: CP(X) — CPT!(X) defined by

§(u)(c) := u(de), which satisfies 62 = 0, they form a cochain complez C*(X).

Definition 4.11. For i > 0, and U € B(X,7 + 1), we define a cup-i product

UL CP(R) ® CU(E) — P
UV > U vll-] v
by the formula
(u =7 v)(e) = (@ v)A](c) .

Since the coproduct AV is a chain map, the product —V is a cochain map, that
is, a group homomorphism which commutes with the codlfferentlal 4 on C*(%).

Proposition 4.12. For two cochains u € CP(X), v € CU(X), the cup-i product —Y
satisfies the formula

o(u v? v) = (=1)"u v,U v (=1)" Py, vgj dv—(—1)"u vgl v—(—1)P \/21 u .

Proof. Let ¢ be a chain of Cpy4—i+1(X). Using Theorem 4.6 we have

(u®v)OAY (¢) — (1) (u @ v)AY(9c) = (u @ v)(1 + (—1)'T)AZ | (c)
= (W@ B)AZ, () + (~1)i(u o) TAZ (0
= (u@v)A7 () + (=1)"*P(v @ u)AT  (c)

(4.1) = (u =7 v)(c) + (=1)*P(v =7 u)(c) -
By definition, the two terms on the left-hand side are
(u®v)IAT () = [(du® v) + (=1)"(u® §v)] A7 (c)
(4.2) = (6u Y v+ (=1)Pu Y 6v)(c) ,
(4.3) (u®v)AY (9c) = (u—{ v)(9c) = (6(u =7 v))(c) -

Substituting (4.3) and (4.2) into (4.1), sending the term §(u —Y v) to the right-
hand side, and all the other terms to the left-hand side, and multlplylng both sides
by (—1)%, we get the desired formula. O
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So far, we have worked over Z, and the cup-i products are defined on integral
cochains. From now on, we will work over Z/2Z. We denote by Co(X;Z/2Z) the
free Z/2Z-module generated by the simplices of 3, endowed with the differential
O({vo, ..., vq}) == Z;J):O{U()? ooy Upy .. vq}. We denote its dual cochain complex
by C*(X;Z/2Z) := Hom(C4(X;Z2/2Z),2Z/2Z), with codifferential é(u)(c) := u(dc).

Lemma 4.13. Let u € CP(X;Z/2Z) be a cochain.

U
%

(1) If u is a cocycle modulo 2, then u —; wu is also a cocycle modulo 2.

(2) Ifu is a coboundary modulo 2, then u —Y w is also a coboundary modulo 2.

Proof. Suppose that du = 2v, for some v € CP*1(%;2/2Z). By Proposition 4.12,
we have
Stu~Yu)=20v-Yutu-Yv+u-2, u),
which proves Point (1).
Suppose that u = dw for some w € CP~1(X;Z/2Z). By Proposition 4.12, we
have

S(w =Y dw+w -2 w)=0w- swt+w Y Pw+w -2, ow+dw -2 w

o 2 2
Fow—_wFw—,_ w+2w—; 5w

zéwvgéwZU\/?u

over Z/2Z, which proves Point (2). O
Lemma 4.13 thus allows us to define the function
SqV: HP(%;2/2Z) — H*(%;Z2/22)
[w] = [u—{ ],
where [u] denotes the cohomology class of a cocycle w.

Proposition 4.14. Let U € B(X,i + 1) be such that U = U’ N ;41 for some
U’ € B([0,n],i+1). Then, SqZU is a group homomorphism.

Proof. As in Section 4.3, let YW be a maximal chain in By ([0,n],i + 1) from U’
to ([?j;]) \ U’. By restricting W to ¢ for a simplex o € ¥, we obtain a maximal
chain W, in By, (o,i + 1). We then define a chain map AYY,: Co(3;2/2Z) —
Ce(2;2/2Z) ® Cu(X;2/2Z) by the formula A)Y5 := AYY5(c). Combining Theo-
rem 4.6 and Theorem 4.9, we have that Amj_l satisfies the homotopy formula with
respect to AY.

Then, we define \-/Z.Vil as in Definition 4.11, and run the proof of Proposition 4.12
again over Z/2Z, showing that VKVH satisfies the boundary formula with respect

to AY. For u and v two cocycles in C*(3;Z/2Z), we obtain

Su=Yv)=0u-v+u-Y,v+u—Yvt+ov-Yu

:uvgjv—i—vv?u.

Thus, we have

(w+v) <Y (wtrv)y=u-Yutv-Yv+u-Yorvblu
U

=U -

u+vv?v+6(UVﬁlv),

and therefore in cohomology Sq¥ (u + v) = Sq¥ (u) + SqV (v), as desired. O
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Theorem 4.15. Suppose that U,V € B(X,i+ 1) are such that U =U'NX; 41 and
V =V'NXi for some U, V' € B([0,n],i+1). Then, we have Sq¥ = Sq; .

Proof. Tt suffices to show this in the case where U’ < V' in B([0,n],i + 1). Sup-
pose that, as in Construction 3.11, this covering relation is given by a face F' of
Z([0,n],n+ 1) with generating vectors L. If L ¢ ¥, then U = V, so we can assume
L € 3. Defining Af;l as in Construction 3.11 and applying Theorem 3.12, we ob-
tain a chain homotopy between AY and AY. This, in turn, gives rise to a cochain
homotopy between the products —¢ and —!. Since homotopic maps induce the

same map in cohomology, we thus have SqZU = qu/ . O
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APPENDIX A. SIGN CALCULATIONS

In this appendix we carry out the calculations on signs which are used in the
paper, most notably in Proposition 3.5, but also in Proposition 3.3 and Lemma 3.4.
Throughout this section, we use our convention of taking e(L U A ® LU B) as an
element of Z/2Z to simplify calculations. We begin by examining how the sign
changes when the halves of the tensor are swapped.

Lemma A.1. Given L, A, B C [0,n] which are disjoint and such that LUAUDB =
[0,n], we have that
e(LUB®LUA)
=e(LUAQLUB)+ ([LUA|+1)(JLUB|+1)+|L|+1.

Proof. Our starting point is that

(A1) eLUB®LUA) =Y |Blea+ 3 [Llc+ (n+1)|B.
a€cA leL

We then make the following calculations, in which we use the fact that n +1 =
|ILUAUB| and z = 22 in Z/2Z.
(n+1)|B|=|LUAUB||A|+|LUAUB||B|+ (n+1)|A4|

= [LI[A[ + [A] + [B||A] + |[L{|B| + [A[| B| + |B| + (n + 1)|A]
=|LUA|[LUB|+|A|+|B|+|L|+ |A||B| + (n + 1)| 4|
=|LUA|LUB|+|LUA|+|LUB|+ |L| + |A||B| + (n+ 1)|A|
=([LUA|+1)(JLUB|+ 1)+ L]+ 1+ |A]|B] + (n + 1)|A] .

From this and (A.1), noting that

Do IBlea =D Ao =Y (1Al +1A]) = > |Al<y + |AlIB]

acA beB beB beB
we obtain that

e(LUB®LUA) =" |Alap+ Y |[Ll< + (n+1)|4|
beB leL
+(LUA +1)(LUB[+1)+|L|+1,

from which the result follows. O

We now compare our signs with those associated to the overlapping partitions.
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Lemma A.2. Given L = {lp,l1,...,l;} € ([?J’ﬁ]), let L be the overlapping partition
[0,%0], [lo, 1], - - -, [liym]. Further, let A =[0,1p)U(l1,12)U. .. and B = (I1,12)U(l3,14).
Then we have
e(£)=e(LUA®LUB)+ Y |Lla+|L|+1.
leL
Hence, (L) =e(LUA® LU B) + [i/2].

Proof. By definition, the sign associated to the overlapping partition is

(A.2) e(L) = sign(wg) + in,

where w, is the permutation defined in Section 2.1.2. One can calculate the sign
associated with the permutation w, as

sign(we) = > [AU L[5
beB

=Y |Alss+ > |Llsp

beB beB
=Y |Alws +1AlIBI+ ) [Llss -

beB beB
We then note from Lemma 3.4 that B consists of the odd gaps in L for |L| even,
and even gaps in L for |L| odd. Hence, for all b € B, we have that |L|s, = |L| + 1
in Z/2Z, and so
(A.3) sign(we) = Y |Al<y + Al B| + |BI(IL| + 1).

beB
We then calculate that

in=(|L|+1n

(LI +D)(n+1) +[L]+1

(|L| + D|AUB| + |L|> + |L| + |L| + 1
)

= (IL|+ 1)JAUB| + |L| +1.

Putting this together with (A.2) and (A.3), we obtain

e(£) = |Al<s +|AlB| +|BI(L| + 1) + (L] + 1)|AU B| + |L| + 1
beB
= |Al<o + [Al|B| + (|| + )| A] + L] +1
beB
=e(LUA®LUB)+ Y |Ll«+ (n+ 1)|A|+|A||B| + (IL| + 1)|A| + |L| + 1
leL
=e(LUA®LUB)+ Y |Ll<+ |[LUA|A]+ (|| + 1)|A] + |L| + 1
leL

e(LUA®LUB)+ Y |Ll<«i + [Al|A| +|A| + |L| + 1
leL

=e(LUA®LUB)+ Y |Lla+|LI+1.

leL
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Since |L| =i + 1, one can then straightforwardly verify that

S ILla+|Ll+1=i/2€Z/2Z
leL

for ¢ even and [i/2] for ¢ odd. O
We now carry out the sign calculations which feed into Proposition 3.5.
Lemma A.3. For k € L, we have that
e(LUA@LUB)+|LUA|<, =e((L\k)UA® (L\k)U(BUK)) +|L|> -

Proof. We note that

Z [Al<o = Z [Al<b + |Al <k

beB be BUk

and
Z |L|<i = Z |Ll<i + [Ll< -
leL leL\k

Using these, we obtain from the definition of (L U A ® L U B) that
e(LUA®LUB)+|LUAlc= > Al + Y |Ll<i+ (n+1)|A]

be BUK lEL\k
= > lAlew+ > IL\kla+|Llsk + (n+1)|A
be BUK lEL\k

=e((L\k)UA® (L\k)U(BUE))+|L|> .

Lemma A.4. For k € L, we have that
e(LUAQLUB)+|LUB|<,+|LUA|+1
=e(L\kE)U(AUE)®(L\kK)UB)+|L|sr+1.
Proof. We break down this calculation into the following three steps.

ST Al =D [AUKl<y + B>k

beB beB
SoILla= Y L« +]|Ll<k
lcL leL\k
= Z |IL\ k|<; + |L|>k + | L|<k ,
l€L\k

(n+ 1A+ |LUA|=(n+1)JAUE|+ (n+ 1)+ |L U A|
=M+ 1)AUE|l+|B|.
Using these, we obtain that
e(LUA®Q LUB)+ |LUA]|
=e((L\K)U(AUK) @ (L\k)UB) + |Bl>k + |Ll<k + [L]>k + | B
=e((L\F)U(AUK)© (L\k)UB) + |Bl<k + |Ll<k + [L]>k

and hence the result follows. O
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Lemma A.5. For k € A, we have that
e(LUA® LUB)+|LUA|<
=e¢(LU(A\k)QLUB)+|L|+|LUAUB|<,p+1.

Proof. Here we note that

Z |Al<p = Z |AN kl<p + |B|>k

beB beB
and

(n+1)|A] = n|A| + |A]
=nlA\ k[ +n+ |A]
=n|A\kl+|L|+|B|+1.
Using these two facts, we deduce that
e(LUAQ LUB)+|LUA|
— e(LU(A\K)® LU B)+ | Blsg + Ll + Bl +1+|LU Al
=e(LU(A\k)®LUB)+|L|+|LUAUB| +1.

Lemma A.6. For k € B, we have that
e(LUARLUB)+ |LUA|+|LUB|<,+1
=e(LUA®LU(B\Ek))+|L|+|LUAUB| + 1.

Proof. Here we use that
Z |Al<6 = Z |Al<b + [Al<k
beB beB\k
and (n+ 1)|A| +|L U A| = n|A| + |L|. This allows us to deduce that
e(LUAQLUB)+|LUA|+|LUB|<,+1
=e(LUA®LU(B\k))+|Al<x +|L| + |LUB|<, +1
=e(LUAQLU(B\k)+|L|+|LUAUB|<p+1.
O

THE UNIVERSITY OF MELBOURNE, SCHOOL OF MATHEMATICS & STATISTICS, PARKVILLE, VIC,
3010, AUSTRALIA

Email address: guillaume.laplanteanfossi@unimelb.edu.au

URL: https://guillaumelaplante-anfossi.github.io/

DEPARTMENT OF MATHEMATICS AND STATISTICS, FYLDE COLLEGE, LANCASTER UNIVERSITY,
LANCASTER, LA1 4YF, UNITED KINGDOM

Email address: nicholas.williams@lancaster.ac.uk

URL: https://nchlswllms.github.io/

THEORETICAL SCIENCES VISITING PROGRAM, OKINAWA INSTITUTE OF SCIENCE AND TECHNOL-
0GY GRADUATE UNIVERSITY, ONNA, 904-0495, JAPAN

Email address: nicholas.williams@oist. jp



	1. Introduction
	Outline
	Acknowledgements

	2. Background
	2.1. Steenrod operations
	2.2. Higher Bruhat orders

	3. Coproducts from cubillages
	3.1. Comparison to original Steenrod operations
	3.2. The homotopy formula
	3.3. Homotopies from covering relations

	4. Implications of construction
	4.1. Simplicial complexes
	4.2. Singular homology
	4.3. Reoriented higher Bruhat orders
	4.4. Steenrod squares

	References
	Appendix A. Sign calculations

