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Gaussian estimates for general parabolic
operators in dimension 1

Grégoire Nadin*

Abstract
We derive in this paper Gaussian estimates for a general parabolic equa-
tion wy — (a(:n)uw)m = r(z)u over R. Here a and r are only assumed to be

bounded, measurable and essinfgra > 0. We first consider a canonical equation
v(z)0ip — 0, (v(x)a(z)dpp) + Wyp = 0, with W € R, v bounded and essinfgr > 0, for
which we derive Gaussian estimates for the fundamental solution:

Vt > 0,2,y € R,

=7 e CIT@)-T@y)-Wi?/t - P(t,z,y) < tl%e—T(w)—T(y)—thz/Ct
where T is a corrector satisfying appropriate properties. We then show that any solu-
tion u of the original equation could be divided by some generalized principal eigen-
function ¢, so that p := u/¢, satisfies a canonical equation. As a byproduct of our
proof, we derive Nash type estimates, that is, Holder continuity in x, for the solutions
of the canonical equation.

Key-words: Gaussian estimates, parabolic equation, corrector, generalized eigenfunctions,
Nash type estimates.

AMS classification: 35B40; 35K10; 35K15

1 Introduction and main result

1.1 State of the art on Gaussian estimates

In this paper, we consider the equation

{ wyp — (a(:c)uz)m =r(x)u forallt >0, z€R, (1.1)

u(0,z) = ug(x) forall z >0,

where ug € L®(R) is a compactly supported, nonnegative and non-null initial datum.
We make the following hypotheses on the measurable functions » and a along all this
article: .

>0, |r(z)| <, <a(zr)<p forae xeR. (1.2)

*Institut Denis Poisson, Université d’Orléans, Université de Tours, CNRS, Orléans, France
(gregoire.nadin@cnrs.fr).



Under these hypotheses, it is well-known that one can define a fundamental solution U (t, z, y)
of (1.1), associated with the initial datum J,.

Of course a drift term b(x)u, could also be addressed, with b bounded over R. In that
case, one uses the change of variables v(t, z) := u(t, x)edo 20 in order to reduce to an equation
with no drift like (1.1).

When r» = 0 and a = 1, it is well-known that U(t,z,y) = ﬁe"m_mz/‘“. When r = 0
and a depends on z, it was proved by Aronson [2] using the Harnack inequality and by Fabes
and Stroock [6] that there exists a constant C' > 0, which only depends on g, such that

1
(jt1/2

Fabes and Stroock provided a direct proof of this estimate relying on methods developed by
Nash [14] to investigate the Holder continuity of the solutions.

Several generalization of this result have been provided for bounded domains with Dirich-
let [26], Neumann [23] or general [1, 24] boundary conditions. We also refer to [13] for
Gaussian estimates on graphs, and to [9, 10] for Gaussian estimates on general manifolds.

el < (13, y) < tl%e_x_yQ/Ct’

When 7 # 0, but r decays like r(x) ~ 77 at infinity, Zhang 25] derived Gaussian
estimates (in the more general framework of Riemannian manifolds).

If we do not impose a decay at infinity on 7, then an exponential growth rate is expected
in the estimate. Of course we could always easily derive from [2, 6] the estimate

1
(jt1/2

The aim of the present paper is to obtain more accurate estimates that encapsulate more
precisely the exponential growth rate created by r.

In order to be more precise, it is convenient to investigate the canonical form of equation
(1.1), namely

e Ol /t=lrlet < [7(¢, 2. y) < tl%e—x—w/cwnrnmt_

(1.3)

v(2)0ip — 0, (v(z)a(z)0,p) + Wp =0 forall t € (0,00),z € R,
p(0,7) = po(x) for all z € R,

where W is a constant and v € L*(R), essinfgr > 0. Such a canonical form arises when one
divides the solution of (1.1) by some appropriate eigenfunction (see Section 6.1 below), that
is: u(t,x) = ¢, (x)ep(t, x).

If v — 1 admits a bounded primitive, then Norris [21] proved that there exists a positive
constant C' > 0 such that the fundamental solution P(t,x,y) associated with equation (1.3)
with initial datum P(0, -,y) = ¢, satisfies

1

C
e TV < Pty < el )

t1/2

and thus

¢ () —Clo—Wit—y|? /t4t Co,(z) — = Wit—y|?
S 0 S A x < U t’ :I;, S A S A x y\ /Ct+’”{t'
Ct'/2¢,(y) < Ultz.0) t12¢,(y)



This is the type of estimates we want to derive when r # 0, for a general dependence of a
and r with respect to x.

The boundedness hypothesis on the primitive of v — 1 is satisfied in particular when «a
and r are periodic, and in that case Norris even obtains more accurate estimates [21]. But
we could construct counter-examples for which it is not satisfied anymore when r is almost
periodic for example.

Lastly, let us mention a paper of Norris and Stroock [22], which addresses general a and
r. They obtain a lower bound and an upper bound that are not of the same type. It is not
clear to us how to compare their result with the one derived in the present paper.

1.2 Statement of the result for the canonical equation

We address in this section the canonical equation (1.3) and we make the following hypotheses
on the measurable functions v and a:

1
1

Theorem 1.1. Assume (1.5). Let P(t,x,y) the fundamental solution of (1.3), associated
with the initial datum 6,. Then there exists a constant C > 0 (only depending on p, not on
W) such that

dp > 0 s.t. <v(z) < u,

<a(zr) <p forae zeR. (1.5)

==

Vt > 0,2,y € R, oTiE e~ CIT@-TW=-W*/t < p(¢ 2 y) < tl%e_T(x)_T(y)_Wﬂz/Ct. (1.6)
The function T is defined by the following Proposition.
Proposition 1.2. There exists a unique solution T of
—(a(@)v(@)T) +WT' = Wy(z) in R, T(0)=0 (1.7)

such that T(x)/|z| is bounded over R. Moreover, one has m < T'(x) < M for all x € R, for
m=1/u® and M = p°.

Assume that v and r are 1—periodic in z, and that fol v = 1 by rescaling. Then there
exists a unique periodic solution x = x(x) of

—(a(g:)y(z)xl)/ + WX =W (v(z)—1) + (a(x)l/(z))/ inR, x(0)=0

since the right-hand is of average 0 (such a quantity is introduced in [11] for example). One
has T'(x) = x(x) + z, with x bounded. Hence, even if it means increasing C, one can recover
Norris’ estimate (1.4).

For more general dependences in x, say v and a almost periodic for example, v having
average 1, one can still define x(z) := T'(x) — x, but this quantity is not bounded in x in
general.

We could identify y as a corrector (see [12]) and ajom := lim, 100 £ [ v(y)a(y)T"(y)*dy
is an effective diffusivity in the almost periodic or random stationary ergodic frameworks. We



were not able to push further this observation, and hope to be able to derive more accurate
estimates in these frameworks in a future work.

This illustrates why we need to introduce function 7" in order, somehow, to quantify the
fluctuations in the estimate created by the heterogeneity.

The proof of Theorem 1.1 follows the same steps as in [6] (for W = 0) and [21] (for periodic
coefficients). However, we need to adapt these proofs in order to take into account the
heterogeneity through the corrector 7', and to check that this corrector satisfies appropriate
properties. These are the main difficulties in this paper.

It would be interesting to extend these results to multi-dimensional frameworks. The
main difficulty would be the introduction of an appropriate corrector 7. The methods we
use in our proof to derive the properties of T are one-dimensional ones. We thus leave this
for future works.

As a byproduct of our result of independent interest, we derive, as in [6], a Nash estimate
for the solutions of the canonical equation.

Theorem 1.3. Assume (1.5) and let p a solution of (1.3), with p(0,-) € L*(R). For each
5 € (0,1), there exist C' = C(u,0) and 5 = B(pu,0) € (0,1) such that for all R > 0 and
(s,€) € (12, 00) x R:

max{ /|t —¥'|, |T(x) —T(a") - W(t - t’)|}>5
R
forall (t,x), (t',2") € (s,00) xR, such that |T(x)=T(§)—Wt| < R, |T(2")-T(§)—Wt| < R.
In particular, one has (for another constant depending on p and ¢ that we still denote
C), forallt >0, x,2" € R:

p(t, x) —p(t',2")| < C ||p||Lw<<s—R2,s>xB<s,R>>(

C
p(t, z) — p(t,2")] < ez Ip(0, )llzr eyl — 217, (1.8)
2

We could also derive the following L' — L> continuity estimate (for which we do not
provide a proof since it is immediate from Theorem 1.1).

Proposition 1.4. Assume (1.5) and let p, q two solutions of (1.3), with p(0,-)—q(0,-) € L*(R).
Then there ezists a constant C' = C(u) (independent of W) such that for all t > 0:

C
lp(t: ) = 4t M@ < =0 ) = (0, )ll2ey.

Vi

1.3 Statement of the result for the original equation

Before stating our result for the original equation, we need to introduce the eigenelements
that will unable us to reduce to a canonical equation. Let

= su fR (7’(3:)@2 - a(,jl,’)(gp/)2)d.§l}
L <p€H1%R) Jg p2da '

(1.9)



The bounds (1.2) on a and r ensure that 7 is well-defined and finite.
For 7 > 7, we know from [7, 16] that

(a(:)s)gbx)x +(r(x) —v)p=0, z€R, ¢>0, ¢0)=1, lim ¢(x)=0 (1.10)

T—r—+00

admits a unique solution ¢ = ¢,. We define similarly a unique solution 57 with
lim, ,_ ¢,(x) = 0 instead of lim,_, ~ ¢-(z) = 0.

The main result of this paper is the following.

Theorem 1.5. Assume (1.2) and let v > ~. Let U(t,x,y) the fundamental solution of
(1.1), associated with the initial datum 6,. Then there ewists two constants C > 0 and
W € R (depending on ) and a function T, = T,(x) = =W ¢, () /b (x), where ¢, is defined
in Lemma 6.5, such that for allt > 0,2,y € R:

L_04(2) o @-r,0-wifeit < (s gy < OO0 i @-n,00-wi/ce (g 1)
Ct'/2 ¢, (y) - Y2 0,(y)

Indeed, the Q‘iy refers to the derivative of ¢,with respect to .
When a = 1 and r = 0, one has ¢,(z) = e V7", W = 2,/7, and T,(z) = x. Hence,
Ut,r,y) = ﬁe“w_yw‘“ could also be written

Ut,z,y) = ! e~ VIW—2) = gle—y—27t>+7t _ L(b“/_(x)e—\Tw(x)—Tw(y)—thz/ﬂxth

Vint Virt d,(y)
which is consistent with Theorem 1.5 (even if our result is less accurate in this case since we
need to introduce a constant C' > 0). In this case the estimate does not depend on ~ after
simplification.

When a and r are periodic with respect to x, then one can prove that x — 7, (x) stays
bounded with respect to x. Hence, we recover Norris’ result [21] in that case.

It is not possible in general to replace T’ (x) by z. If r = r(z,w) is random stationary
ergodic with respect to (z,w), then we expect the fluctuations of 7, (x) around z to be of
order vz Inlnxz. We leave this particular case for a future work.

When 7 = 0, one can prove that v = 0, that ¢,(x) — 1 as v — v locally in = and that
T, (x) converges to the constant x as v — 7. Hence, we could recover Aronson’s [2] original
result as well. One needs to be careful however since the constant C' also depends on 7.

We have one degree of freedom in this estimate, which is v > ~. It would thus be tempting
to try to optimize this inequality with respect to v. Bu the reader should keep in mind that
C, W and T, depend on v, and that it may happen that C' — 400 as v — 7 or +00. We
were thus unable to carry out such an optimization. One should thus choose v depending
on the type of behavior of U one wants to quantify.

1.4 Estimates for Green functions of the canonical elliptic equa-
tions

We now consider the Green solution G = G (z, y) solutions of the canonical elliptic equation

—(a(z)v(2)G,), + WGy + AW?p(2)G = v(x)d, in R, (1.12)

bt



for some A > 0.

Proposition 1.6. Assume (1.5). Then there exists a constant C = C(u) > 0 independent
of W, such that for all z,y € R,

L 2o (viio—v0) (r0)-T0) < ¢y (2,y) < —— =2 (vioi1-1) (10)-T().
WCVA+C - W«/AC+

This immediately follows from the classical identity G (z,y) fo —Aw? 'P(t, x,y)dt and
the following computation, available for all a,b > 0 and X € R:

00 6—b|X—t\2/t
/ e—at dt _ —2\/_(\/ CL+ \/_)
0 NG V a+ b

See for example [3] for a proof of this identity.

2 Properties of the function T

In this section we first prove the existence and the properties of 7" and of an adjoint
function 7. Then we introduce a flow X associated with T and the particular solution
f(t,z) = T(x) — Wt of the canonical equation, that will be a crucial tool in the proof of
Theorem 1.1.

In the rest of the paper, we will assume that W > 0. The case W < 0 could be addressed
with the change of variable x — —x.

2.1 Proof of Proposition 1.2.
Proof of Proposition 1.2. We define Tk the unique solution of

—(a(2x)v(2)TR) + WTj = v(z)W in (0,R), Tr(0) =0, Tr(R) = 0.

If W =0, then T, = 0. If W > 0, then one can easily prove that T > 0 over (0, R)
and it follows that R — Tg(x ) is increasing for all x > 0 (and R > z). Moreover,
T is uniformly bounded in VV[ by elliptic regularity estimates. We could thus define
T(SL’) —llmR_H_OOTR( )

Let 7 € [0, R] such that (avT})(T) = max)p avly. We want to prove that that
(VTHp)(T) < p. If (WTR)(T) < 0 we are done. Assume that (vTk)(T) > 0. We recall
that u > a,v > 1/u. As Tp > 0 over (0,R) and Tg(R) = 0, one has TH(R) < 0 and
thus T < R. For € > 0 small enough, one thus gets (avT})(T + ¢) < (avT})(T) and thus
(avT})'(T) < 0. This leads to

WTh(E) < —(avT}) (7) + WTL(E) = v(@)W.

Hence, T5(Z) < v(T) < . We conclude that maxpy g arT), < p* and thus maxj, A T < 1,
from which 7" < p® follows by letting R — +oo. The inequality 77 > 1/u° is proved
similarly.



Assume now that S is another solution of (1.7) such that S(x)/|x| is bounded. Let
R =S5 —T. One has

—(a(z)v(z)R) + WR' =0in R, R(0) =0.
Assume by contradiction that there exists zy such that R'(z¢) > 0. Then one gets
(avR')(x) = (avR')(xo)elro ™) > (avR') (xg)eV/H*e=20),

This is a contradiction since R’ would then grow exponentially, contradicting R(zx)/|z|
bounded. Hence R’ < 0. One gets R' > 0 by symmetry and thus R is constant equal
to 0 since R(0) = 0. This shows uniqueness: S =T O

We could similarly construct an adjoint solution.
Proposition 2.1. There exists a unique solution T of
(a(z)v(z)T) + WT' = v(z)W in R, T(0)=0 (2.13)

such that T(xz)/|z| is bounded over R. Moreover, one has m < T'(z) < M for all z € R, for
m=1/p* and M = u*.

Proof. We just apply the change of variables S(z) := —T(—z) and use Proposition 1.2. [

2.2 Definition and properties of the flow X (¢;y)

It will sometimes be more convenient, in particular when proving the lower bound in Theorem
1.5, to use the flow X (¢,y) instead of the time 7', which is the inverse of  — T'(y) — T'(z).
Namely, let X (¢;y) the unique (since m < 7T < M) solution of

T(X(ty) —Wt=T(y) foralltyecR. (2.14)

Lemma 2.2. The function X satisfies the semi-group property, in the sense that for all
s>0,t>0 andy € R, one has

X(s:X(ty) = X(t+s39).
Proof. One has
T(X(s, X(t y))> —Wt—Ws=T(X(t:y)) — Wt = T(y).
The conclusion follows. O

Lemma 2.3. The function

s a time-global solution of

V()0 f — 0z (v(z)a(x)0, f) + WO, f =0 for allt € R,z € R. (2.15)
Moreover, f(t,x +-) — (t,y) admits as a unique root X (t;y) for all t,z € R, and one has:
VE>0,z,y € R, mlz| < |f(t,z+ X(ty) — F(0,y)] < M|zl (2.16)

and W/M < X' <W/m over R.



Proof. One easily verifies that f satisfies (2.15) and the fact that X (¢;y) is the unique root of
f(t,x++) — (t,y). Estimate (2.16) follows from m < 7" < M. By translating the origin one
can assume that y = 0. As f(¢, X(¢;0)) = 0, one has f, + X'(¢;0) f, = 0 at (¢, X(¢;0)) and
thus, as fy = —W and —M < f,(t, X(¢;0)) < —m, one has W/M < X'(t;0) < W/m. O

Similarly, let Y'(¢;y) the unique solution of TV(Y(t; y)) — Wt = T(y) for all t,y € R. We
could prove that
g(t,x) =T (x) — Wt

is a time-global solution of

{ g(t, Y(?fth)) > (() for all ¢ e) R. W = loralit e e i (2.17)
Moreover,
vt > 0,2,y R, mly| <|g(t,y+Y(t;x)) —g(0,2)| < Mly|.
Lemma 2.4. There exists a constant 7 = 4u” /W such that
T —T| <. (2.18)
Hence,
|IX —Y| <27/m. (2.19)
Proof. Let R:=1T — T. One has
(av(T+T)) =WR inR, R(0)=0.
Integrating, one gets
WR(z) = (a(T +T))(z) — (av(T +T)')(0) < 2u*(M —m) < 4u”.
On the other hand, WR > i—z(m — M) > —4p.
Next, as T'(X (t;y)) — ( t;y)) =T(y) — T'(y), one has
m|X(ty) = Y ()| <IT(X(59) =TV ()| < UT =T)) + (T = T)(Y(ty))] < 27
U

Lastly, we have the following technical inequality.

Lemma 2.5. There exists a constant C' = C(u) > 0 (independent of W) such that for all
t>0,z,yecR:

Proof. One computes

1f(t,x) — £(0, )| Mz — X (t; )|
Mz =Y (t;y)| + MY (t;y) — X(t )]

wla(t, @) = g(0,y)| + MY (ty) — X (t:y)l.
Now, (2.19) yields | X — Y| < 27/m and Lemma 2.3 gives | X (t;y) — Y (t;y)| < 2Wt/m for

all t > 0 and y € R. Hence, |X(t;y) — Y(t;y)| < 2VWir forall t > 0 and y € R. The
conclusion follows since Wt = 4™ does not depend on .

VARVANRVA
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3 The upper bound

We define for all a > 0:
Golt, ) == et

Easy computations yield

—1(2)0,Go — 0, (v(z)a(2)0,Go) — W0,Go = —a’v(x)a(x)(0,9)*Gy for all t € R,z € R.

(3.20)
Proof of the upper bound in Theorem 1.1. Take o € Randlet Vi(t) := [ v(2)Gap(t, 2)p*(t, z)dx.
Easy computations yield
Vi () = 4a?k? [Lu(x ) f (t 2)Goar(t, ©)p?*(t, v)dz
—2k(2k —1 fR (2)Gaar (t, 2)p2(t, 2)p**2(t, z)dx.

Let U := G (t, 2)p"(t, x), so that U, = akg,Gurp® + kG arp.p" ! and thus

2 2
Goar(pe)’p™ 2 = (Gakp:cpk_1> = ﬁ(% — akngakp’“) :
We get

Vi (t) = 402k? [{vagiGoarp™ — @ Je V@(Wi — 20k, Gonp VU, + a2k2g§G2akp2k>
< 1602k [, vag?Goap™ — 1 [ vaw?

Next, the Nash inequality applied to ¥ yields that there exists a constant C' > 0 such
that:
Vo, (t) < 160°k? | all e M2 Var () — 20V (1) / Vi (). (3:21)

We now use the same arguments as in Section 1 of [6]. Namely, let p; = 27,
Uj(t> = HGa(tu )p(tv ')Hij(l/(x)dx) and WJ( ) - max{s (1/4= 1/2pJ)U ( ) 0<s< t} Then

C (t1/4—1/21’ >2j+1

(1) < 8 x 2o’ M?||al|U;(t) — =
Uj(0) < 8 x 2a?M alloli(0) = 35 (37—

U;(t)

and thus one derives from Lemma 1.4 of [6] that there exists a constant, that we still denote
C, such that ' .
Wy(t) < Wi (@02 ol

We thus conclude that, even if it means increasing C,

sup W;(t) < CeCo" Wy (t).
J

Hence,
C o
UJ@) = ||Ga(t7 ')p(tv ) "ij(u(x)dx) < F/4-1/27+1 e“N l(t)



Letting j — +o00, it follows that

C o2
IGalt, )p(t, oo < 77" WA(E).
We also know that
Ui(t) < 160”M?|allcUs (1)
and thus Uy (t) < Uy(0)e'0@*Mllalet — Ag Wy (t) = max{U;(s),0 < s < t} by definition of
W1, we have proved that Wi (t) < U;(0)e“®" for some constant C' and thus, even if it means
increasing C":

Gt Wt e < g G0, )00, Mt (322)

On the other hand, one easily checks that
0 < V/(t) = 4a” / v(z)a(x)g;(t, 2)Gaok (t, 2)p(t, v)dz < 40 M?|la]| Vi (#).
R
It follows that V; is nondecreasing and V;(t) < et M’lallty/ (0).
Now, using again (3.21) with k£ = 1, we get
U/ (1) < 1662M2||al| oo Uy (£) — Q(L)LLU ()7
= et 2 \Up(t)) "1
As Uy = V; and V; is nondecreasing, Lemma 1.4 of [6] yields:

C .2 C on2
Ur(t) = [|Ga(t, )p(t; )| 2wy < t1/4 e Uo(t) = /4 ¢ e 11Ga(0,-)p(0 s N 2w (@)da) -
(3.23)
Combining (3.22) and (3.23) thanks to the semi-group property, we eventually obtain
C' on2
|Galt, Ip(t, oo < 27567 1Ga(0, )P0, ) 2w ()a0)
that is, for all t > 0,2 € R:
ag(t,xz) c Ca?t ag(0,y)
*Hp(t,x) < e v(y)e™ Y po(y)dy.
R
It terms of the gaussian P(t,x,y) associated with the initial datum ¢, this reads
P(t,z,y) < tl%ecazt‘ag(t’m”ag(o’y).
For any t > 0, =,y € R, we now take a = %, which yields
C  _lto)—g0u)?
P(t,z,y) < 172¢ o,
It now follows from Lemma 2.5 that, for a generic constant C' = C'(u) > 0:
C _leo-roy?
P(t,z,y) < /2 .
This proves the upper bound in Theorem 1.1.
O

10



4 The lower bound

Define for all ¢ € (0,1):
ot 2! = e~ TP fot2t)

with o = 4M?,
Lemma 4.1. One has:

—v(2")0ip — O (v(2")a(a") Dy p) — Wyp > 0.
Proof. One computes:

—v(&/)0hp = By (v(a")alw')Orrp) = Wop ) 2
_ ) (T (= W)* el @) (T — (= )W) (1)

2v(a')a(a’)g? (% >> p e
O’( ;)2 /,0
2u(x >(< )Z( ) >0 (since o — 4M2),

Let
Go(t) = /R p(t, 2" \v(z') In (P(t,:r’,Y(—l;:):)))dx’.

Define the auxiliary functions

Q) = / olt, 2! Yo(a!)da'

and

1/2 ! —1x
H,(t) == G.(t) —Q(t) In (U/tl/z) = /Rp(t,x/)l/(:c') In (t P, éy( = )))dx/,

where C is given by the upper bound in Theorem 1.1, which yields that H,(t) < 0 for all
t>0.

Proposition 4.2. For all R > 0, there exists a positive constant Bgr such that for all
€ (—R,R): B
G.(1) > —Br+Q(1)InC.

Proof of Proposition 4.2. Equivalently, we need to prove that H,(1) > —C for some positive
constant C' depending on R.
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We compute using Lemma 4.1 (here P is always considered at (t,x’ ,Y(—l;x)), p at

(t,2'), and v at 2’):

H(t)> [ (—(av — W)l PEPy b P yda!
2 = p:c’):c’ px’) Il( — )dl’ + vdx
R C R 2t
P

—I—/RP((VaP )or — WPy )da'

We could integrate by parts and get

H. (t) > / (avpa)er — Wpy ) In ( d —i—/—ydx
—W/ 2 da! —/pxzua—dx +/p1/aF””2dx
= [pZvdd' + [, pua%%d:c’

> fR ,oz/a dx

We are left with the term involving P%. As v and a have positive infimum, we could
use the spectral gap inequality after a change of variables X = T'(2') — W(1 —t), and

u(t, X) =InP(t,2,Y(-1;x)):

2
/pua “da > C’/ [T =W (-1)?/C2- t)j; (t, 2, x)da’

dx
T/(T-HX +W(1—1)))

:é/ -IXP/C(- t>1; (T (X £ W(1 - 1)),2)

_ é/e—lﬂ/c@—t)u?;/ (8, X)T' (T (X + W(L - 1)))dX
R

> %/Q—IXQ/C@—UU:%, (t,X)dX  since T >m
R

2 ~ 2
> C’(Tmt) / e IXIP/C2-1) (u(t,X) — Gx/(t)) dX by the spectral gap inequality
—1)Jr

2m

- oo /R p(t.a") (I P (2!, X (1)) — Go(0)) T/

- 27?”2/[)@ x’)(lnP(t 7 X (L) -G (t)>2dx’ since T' > m
- C(Q—t) R ’ sy ) = >

12



where
o1 X12/C(21)

«(t) = t,X dX
G ( ) m/ 2 —t 1/2 ( )
= NYnP(t,2,Y (-1 T'(2")da'.
As P(t,2',z) < C//t"/? by the upper bound in Theorem 1.1, one gets, as ¢ — (In q—ém(t))z/q
is decreasing on (e?7%® oo):

2 (Gu(t) — In(C/t12))?
/pl/ap dr > CQm (Galt) — In(C/17) p(t, 2" \P(t, ', x)dz’

(2 - t) U/t1/2 /P(t,x’,Y(—l;x)) 262+§1(t)

~ el 2 / /
> (Galt) =W/ fy ) V08 Pt )

for all t € [1/2,1], for some new constant depending on p, that we still denote C'.
We now notice that

tV2P(t, 2 Y (~1;2))

G, (t) — In(C/t1/?) VT () da!

1 /
—m/RP(t ') In(

2P (t 2 Y (~1;2))
C

< C/Rl/(:v')p(t,:v') In( Ydx!

= CH,(t) <0,

for some generic constant C' > 0. Hence, (G, (t) — ln(a/tl/z))2 > (C’Hx(t))z.
On the other hand, we know from the upper bound of Theorem 1.1 that there exists
A > 0 such that for all

/ v(z')P(t, 2", Y (=1;2))da’ <1/2  forall (t,z) € [1/2,1] x (=R, R).

| T(a')—W (t—1)|>A

Hence, as [, v(«/)P(t,2',Y (~1;2))dx f v(2)P(0,2',Y (—1;z))da’ = 1since P(0,-,Y(—1;2)) = dy(—1
one gets f|1~“(9c’)—W(t—1)|§A v(z )P(t Y (~1;2))de’ > 1/2 for all (¢,z) € [1/2,1] x (=R, R).

This yields for all ¢t € [1/2,1]:
fp(m,y(_l;x))ze%@z(t) v(a')p(t,«")P(t, o', Y (—1;x))da’

> fRupP—eeré“(t) fR’/P

—A2 o Gm
> / fT wi—1)<a VP — Clezt G0
> % —A%o _ 12+ CHs (t)+In(C/t1/?)

1 o~ A2/0 _ (12 CH (1)
2

13



for some generic constant C' > 0 depending on 11, where we have used that t — [, v(2)p(t, 2)da’
is bounded with respect to t.
We conclude that there exists a constant C' > 0 such that

2
/ pl/%dl’ > (%e‘AQ/U — CeQJrCH’”(t)) (ch(t))2
R
It follows that for all ¢t € [1/2, 1]:
1
H(t) > <§e—A2/o _ 062+CHz(t)> (Hx(t))z

Assume that CH,(1) < —A; — In(4C) — 2. Then if there exists ¢ € [1/2,1] such that
CH,(ty) = —2 —In(4C) — 2, one would get for all ¢ € [ty, 1]:

o

1
Hi(t) = e~ (H, (1) > 0,

and it would easily follow that H, would be increasing on (to, 1), contradicting CH,(1) < — A;—ln(ZlC)—Z

We have thus proved that CH,(t) > —A; — In(4C) — 2 for all t € [1/2,1], from which it
follows that

H!(t) > ie—f“% (ch(t))2 >0 on[l1/2,1].

Integrating on (¢,1) and using H, < 0, this gives H,(1) > —8¢4’/?. We have thus proved
that

O

Proposition 4.3. For all r > 0 large enough, there exists a constant C', which only depends
on p, such that for allt > 0 and x,y € R such that

T (x) = T(y) = Wt <1V,

one has

P(t >
(,aﬁ,y)_c\/E

Proof of Proposition 4.3. First of all, adapting [6], a translation and scaling argument yields
that it is enough to show that there exists a constant C' > 0, which only depends on u, not
on W, such that for all z,y € (—R, R):

1
> —.
- C

Let us prove this claim. Assume that (4.24) is proved with a constant C' = C(u) > 0.
Take 0 > 0, z € R, and let PZ(¢,2',y) := o P(0%,0(2' + 2),0(y’ + 2)). Then P, satisfies

P(2,X(1;2),Y(-1;y)) (4.24)

v(o(2'+2))0,P; — 0, (v(o(2' + 2))a(o(2' 4 2))0, P7) + oW, P; = 0 for all t € (0,00),z € R.

14



It follows from (4.24) that, as the constant C' > 0 does not depend on W, one has for all
z,y € (—R, R):
P,(2,X2(1,2),YZ(-1,y)) > C, (4.25)

where X7 is the unique solution of
T (X:(t, ') — oWt =Tz (2))
and 77 is the unique solution 7" of
—(vlo(z' + 2))a(o(@’ + NT) +oWT' = oWr(o(z' +2)) in R, T(—2)=—=»

such that z — T'(2’) /2" is bounded over R (see Corollary 6.6). Hence, by uniqueness one has
T?(z') = T(o(2' + 2)) /o — 2. Tt follows that X?(t,2') = X (0?t,0(2' + 2))/0 — 2. Similarly,
YZ(t,2') =Y (0?t,0(x’ + 2))/o — 2. Hence, we get from (4.25):

P(20%, X (0%, 0(z' +2)),Y(=0*t,0(y + 2)) > C/o (4.26)

for all ',y € (=R, R), 0 > 0 and z € R.
Let t > 0 and z,y € R such that

IT(x) = T(y) — WH| < rVE.

Let u,v € R such that z = X (¢t/2,\/t/2u) and y = Y (—t/2,\/t/2v). By definition of X and
Y, one has

my/t/2lu—v| < |T(\/t/2u) = T(\/t/20)]
< |T(Vt/2u) = T(/1/20)| + |T(\/1/20) = T(/8/20)]
= |T(z) — T(y) — Wt| + |T(\/1/2v) — T(/t/2v)| by def. of X and Y
< (r4+v2M)Vt since |T'| < M and |T'| < M.

Hence, [u —v| < (r +v2M)V/2/m.
We now take o = /t/2, z = L(u+wv), 2/ = (u—v), ¥ = (v —u), and
R = (r +v2M)/v2m. As |2'| < R and |y/| < R, one gets from (4.26), using the defi-

nitions of v and v, the result of Proposition 4.3.

Let us now turn back to the proof of (4.24). Consider the adjoint fundamental solution

~

P(t,z,y). One has the semi-group property:

P(2,x,y):/RV(y)P(1,x, 2)P(1, z,y)dz.

Also, one easily checks that P(t,x,z) = P(—t, z,1).

15



Hence,
P(2,x,y):/V(Z)P(—l,z,x)P(l,z,y)dz.
It follows from the Jensen inequality tﬂlflat
In P(2, X(l'x) Y( Ly))
> In (fR 1,2 X(l g;))P(LZ,Y(—1;y))e—\z\2/0)dz
> InQ(1 f Je~12*/C 1 (15(—1,z,X(l;x))P(l,z,Y(—l;y)))dz
=lnQ(1 ) (G ( >+C¥x<—1>)

where
Ga(t) := / V(Z)e—\T(w)—W(1+t)\2/cr(2+t) In (P(t, z,X(l;x)))dz.
R

It follows from Proposition 4.2 applied to G, and G’x, that:

1 _
InP(2,X(1;2),Y(-1;9)) > InQ(1) + %< —2Br+2Q(1) lnC’).
One could easily check from the definition of @) that Q(1) > 1/C for some constant C' > 0.
The conclusion follows. 0

Proof of the lower bound in Theorem 1.1. We know from Proposition 4.3 that there exists
C > 0 such that for all ,y such that |T'(x) — T(y) — Wt| < 3v/, one has P(t,x,y) > c%/i
Consider z,y € R, t > 0 and let k£ € N such that

IT(z) — T(y) — Wt| < Vkt.
We choose points xg =y, x1, ..., x_1, ¥ = x such that for all: =0,....k — 1:

T (wis1) = Ta:) = W[k < V/t/k.

The semi-group property yields for all £ > 0:
P(t,z,y) > // 1 0 P(t/k, 2y, o)) da)...da),_ .
|z —a;| <

If |2} — ;| < 1-+/t/k, one has
T (241) =T (@) =Wt/ k| < [T (@i01) =T (2

)
since [T'| < M, and thus P(t/k, ), 2}) > - 1t/k.

Hence,

Plt,z.y) > (%)k(% TR) = MOM) VR > OOV

for some alternative constant that we still denote C'. As |T'(z) —T(y) — Wt| < Vkt, we thus

conclude that
e~ CIT(2)=T(y)-Wt|*/t

CVt

P(t,z,y) >

WK T (2] 40) =T (2i30) T () =T ()] < 3V/t/k



5 The Nash type estimate

We now let
T R, s) :={(t,z) eRxR, [T(x) —=T(§) —Wi| <R, t = s}
and we consider the fundamental solution P&®) = PER) (¢ s 2, y) associated with equation

v(z)p: — (a(x)v(z)ps) , — Wp, =0 inT(§, R, s),
{ p(t2) = (() ) for all (1,2) € OT(€, R, 5) N (s,00),  °27)

with initial datum P(s, s, -, y) = §,/v(y).
Lemma 5.1. For each 6 € (0,1), there is an o = ap, ) > 0 such that

o)W ()2
PER(t 5 0,y) > — o o-CHE
s 09) 2 5=

for all (t,x) € T(¢,0R,s), (s,y) € T(,,0R,s), and t € (s,s + R?), where C = C(p)
is the same as in Theorem 1.1. In particular, if one also has t — s > ~YR%, then
PED(t,s,2,y) > gre '),

Proof. By translation, we can assume that & = 0 and s = 0, and we denote
T(R) := T(0,R,0). There exist two nonnegative functions on R* mes; and mes, with
total mass less or equal to 1 such that

POM(,0,2,y) = P(t,0,2,y) = [y v(X(R+Wr,0)P(t,r,z, X(R +Wr,0))mes; (r)dr
— Jo V(X (R +Wr,0)) P(t,r, 2, X (=R + Wr,0))mes, (r)dr,

where we remind to the reader that z := X(+R + Wr,0) is the unique solution of
T(z) = £R+Wr. We refer to [11] for a proof of this claim in the periodic framework, that is

indeed still available in the general framework, with mes; (r) = \ngo’R) (r,0, X(R+Wr,0),y)|
and mes, (r) = |P£O’R) (r,0,X(=R+Wr,0),y)|.
Hence, by Theorem 1.1, one has

POR( 0, 3. y) > —=CT@-TW- W/t _ o g, L —r2a-s7/0r

CVt o<r<t \/T

for (t,z) € T(0R). In particular, there is an € € (0,1 — §), depending only on C' and ¢, such
that )
POR(E0 1 ) > — e CIT@=Tlw)- Wi/t
( Y Ny
for all (¢,2) € T(0R) and t € (0,£2R?], and y with |T'(z) — T'(y) — Wt| < eR.
We could conclude as in the derivation of the lower bound in the proof of Theorem 1.1
that
POB (G 0 g y) > —2 e CIT@-TW)- W/t
( vz i
for some a > 0, for all (t,z) € T(,,0R,s), (s,y) € T(£,0R,s), and t € (0, R*). This
concludes the proof.
[
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Lemma 5.2. For each 6 > 0, let p := 1 — ¢ where € is given by Lemma 5.1. Then for all
s,£€R and R > 0:
Osc(p; s,€,0R) < pOsc(p; s,€, R)

for any solution p of (1.3), where
Osc(p; s, €, R) := sup{|p(t, z) — p(t',2")|, (t,2), (t',2") € T(&, R, )}
Proof. We need to adapt the proof of lemma 5.2 in [6]. Define

M(R) +m(R)}.

S = {y ER, |T(y) — T(€) — W(s — R?)| < 6R and p(s — R, y) > .

We can assume that
1
S| > 5\{?; eR, |T(y) —T(¢) —W(s — R*)| < dR}|,

otherwise we consider 1 — p instead of p. For all (t,z) € T(£,0R, s — 62R?), one has
p(t,x) =m(R) > [pv(y)(p(s — R*y) —m(R)) PER(t, s — R? 2, y)dy

> MR f o — R x,y)dy
> Mi(R);m(R) [ vly) Lee™ 10 /0=%) gy using Lemma 5.1

> ME g 1 (y) 210 0= gy = £ (M(R) — m(R))

where ¢ is an arbitrary small constant only depending on p and §. The conclusion follows
with p:=1—¢. O

Proof of Theorem 1.3. The first part of the Theorem could be derived as Theorem 5.3 of [6]
using Lemma 5.2.
In order to derive (1.8), we first notice that it follows from Theorem 1.1 that

C L IT(@) T () — W2
p(t,z) < %/]Re IT(@)=TW)=Wt2/Cty () y)dy < \/,Hp( ) )
Take t = t/ = s, ¢ = X(—t;z) and R = +/t/2. By definition of X, one has
T(x) =T — Wt = 0 and |T'(z") — T() — Wt| = |T(x) — T(2')|. Hence, if

|T(x) —T(2")| < +/t/2 = R, one gets from the first part of the Theorem:

T (z) — T(a)[\?
( t/2 ) ’

Ip(t,z) — p(t, )| < C|pll(t/2.0xBe.r)

If |T(z) — T(2")| > +/t/2, this inequality still holds with C' = 2. Hence, for all ¢ > 0 and
x, 2’ € R, one has

T(x) =T\ _ C
Ip(t, ) = p(t, )| < C!|P||L°°<<t/2,t>xB<a,R>>( 7 ) S (0, )| 2y — 217
2

for some generic constant C' depending on p and /. O
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6 Proof of the estimates for the original equation

6.1 Definitions and properties of the Wronskian and the invariant
measure
We first define the Wronskian, which is known to be constant.

Lemma 6.1. Let W, := a&vqﬁV - agb’y@. Then W., is a positive constant over R.

Then, if U is the fundamental solution associated with (1.1), easy computations yield
that P(t,z,y) = U(t,x,y)d(y)/¢d(x)e? is the fundamental solution associated with (1.3)

with W = W, and v = v, := ¢,¢,. In order to derive Theorem 1.5 from Theorem 1.1, we
need to check that v, and W, satisfy hypotheses (1.5).

As v, plays the role of an invariant measure, we want this function to satisfy good
ellipticity properties.

Proposition 6.2. For v > v, define v, := %557, that we will just denote v if there is no
ambiguity. Then

e infp Uy > 0,
e v, is bounded.
The proof of this Proposition will rely on the following Lemma.

Lemma 6.3. For all v > v, there exists € > 0 such that

Py
Vz € R, %(ZE) >

Proof. Assume first that z = 0. We know from Lemma 2.7 of [16] that if v >~/ > , for all
0<e< (\/7 —infgr — /7' — infg r)/\/infR a:

Ve >0, ¢(z) < op(x)e .

The same result applies to sz with the change of variable z — —z, yielding:
Vo <0, ¢ () < dy()e™.

Hence, 5;(0) > 5;, (0) +e.
Let now prove the following claim

V>0, 0(z) > 6y(a).

Define the Wronskian Z(z) = ¢/, (2)¢, (2)— ¢, ()¢, (x). Then, (aZ)'(z) = (¥—7) v @&Y(z) <0.

As Z(0) < —¢, one has Z(z) < —e¢ for all x > 0, and thus 5;,(x)/$7/ (x) < 5;(:5)/%(:5) for
all x > 0, and the claim follows by integration from 0 to x > 0.
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Combining these two inequalities, one gets

5“/ (z) g'y’ (%) o
TEY w7 e

Moreover, we know that 57/ (x) > ¢ (x) for all z > 0. Hence,

Ve >0, Ing,(x)>Ing,(z)+ ez

Taking the first order Taylor development near zz = 07, one gets

¢,(0) _ ¢,(0)

= >

$,(0) — 9,(0)

In order to handle the case x # 0, we just translate the origin and take ¢,(-)/¢,(x). O

Proof of Proposition 6.2. We first notice that

Wy _ ¢ _ &
avy o, by
The Harnack inequality yields that % and % are bounded, so v, admits a positive infimum.
Y

Lastly, Lemma 6.3 yields that ’

W.
_“/25
av.,

and thus v, is bounded. O

6.2 Convexity of ¢, with respect to v
Lemma 6.4. For all v,7 > v, one has for allx € R, o € (0,1):

gb/(l—ff)wrav’ ()

¢(1—0)v+m’ (I)

o(z) o)
0@ " by

Proof. We could always assume that x = 0 by translation. Next, classical arguments from
Lemma 2.5 of [16] give

<(l-o)

Ot—orion (¥) < 6(2)76,(2)” forall z € R.

Expending near x = 07, one gets

¢/(1—0)’Y+J'y’(0) <(1- U)¢;(O) + Uqb{y’ (0),

which ends the proof when x = 0. Ol
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6.3 The derivative ¢7 and its properties

Lemma 6.5. The function v — ¢., admits a deriwative gz.ﬁV Jor all v > v, which is the unique
solution of

(a(2)é) + (r(x) =) dy = ¢, in R, ¢, (0) =0 (6.28)

such that x k2% 1s bounded over R.

TPy
Proof. First, the convexity of v — In ¢, (z) mentioned in the proof Lemma 6.4 yields that
one can always define a left derivative

' - ~lng,
6 (w) = 6,(x) x_lim_ ﬂ%(:cv) - ; dy(a).

On the other hand, we know from Lemma 6.4 that v — ¢ (r)/¢,(x) is convex for all
x € R. One could easily check that

, [y —infgr
<3y ——
|¢'y(x)/¢“/(x)‘ — il’lfRCL
Vy+d—infgr

Hence, it is a well-known property of convex functions that ¢/ (z)/¢,(x) is Z==is
Lipschitz-continuous with respect to v on any ball of radius d. By exchanging the derivatives

o,

with respect to v and x, we get that  — —— is bounded over R.
TP~

Lastly, if ¢ is another solution of (6.28) such that = — % is bounded over R, then
v

z 1= ¢, — 1 would satisty
(a(2)2) + (r(z) —7)z =0 over R, 2(0) = 0.

We could thus write it z = A¢p, + BQNSV since these functions are two independent solutions of
the equation. Moreover, z(0) = A+ B = 0 and thus B = —A. Dividing by z¢.(x), as 57/%
converges at least exponentially to +00 as © — +o00 by Lemma 6.3, one gets a contradiction
unless A = 0, which means that z = 0. Hence Q'ﬁﬁ, is uniquely defined. O

Corollary 6.6. The function T, := —W,Yd)ﬁ,/% is the unique solution of
—(v(2)a(2)T) + W, T, = Wyu(z) in R, T,(0) =0

T.
such that © — =2 is bounded over R.

T

Proof. The existence follows from Lemma 6.5 and easy computations. The uniqueness follows
from Proposition 1.2. O
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6.4 Proof of Theorem 1.5

Proof of Theorem 1.5. Let U the fundamental solution associated with (1.1), easy computa-
tions yield that P(t,z,y) = U(t,z,y)p,(y)/d~(x)e?" is the fundamental solution associated
with (1.3) with W =W, and v = v, := %&Fw. Proposition 6.2 yields v, satisfies hypotheses
1.5. Corollary 6.6 yields that T, := _Wvév /®~. The conclusion follows.

[
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