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Abstract

In the context of providing a mathematical framework for the propagation of
ultrasound waves in a random multiscale medium, we consider the scattering
of classical waves (modeled by a divergence form scalar Helmholtz equation)
by a bounded object with a random composite micro-structure embedded in
an unbounded homogeneous background medium. Using quantitative stochastic
homogenization techniques, we provide asymptotic expansions of the scattered
field in the background medium with respect to a scaling parameter describing
the spatial random oscillations of the micro-structure. Introducing a boundary
layer corrector to compensate the breakdown of stationarity assumptions at the
boundary of the scattering medium, we prove quantitative L?- and H?*- error
estimates for the asymptotic first-order expansion. The theoretical results are
supported by numerical experiments.

Keywords: Helmholtz equation, quantitative stochastic homogenization, transmission
problem, boundary layer



1 Introduction and context

The emergence of quantitative medical imaging techniques that can map the numer-
ical value of a physical parameter in a biological tissue constitutes a major shift of
paradigm for the theory of inverse problems. Imaging modalities are now expected not
only to produce images that are anatomically accurate (structural images) but also
stably and quantitatively reconstruct parameters of interest that can help discriminate
pathological states.

Medical ultrasound imaging is a powerful, safe, portable and cheap imaging modal-
ity that is used in countless physical exams. Ultrasonic pulses (in the MHz range)
are transmitted into the region of interest and the images are obtained by numeri-
cally backpropagating the echoes generated by the tissues and recorded on a receiver
array. Each tissue and its pathological state will be characterized by a distinct type
of speckle on the image.

The technique relies on the fact that most soft tissues have a mass density and
compressibility close to those of water (and ultrasonic waves travel in these tissues
almost as in water) yet have echogenic properties that can be explained by the presence
of acoustic heterogeneities of characteristic size much smaller than the wavelength, see
[1].

The quantification of these echogenic properties (known in the literature as
backscattering coefficient estimation [2]) relied until now on the introduction of an
ultrasonic reflectivity [3] and approximations of the scattered field derived under a set
of restrictive hypotheses that do not hold in many practical situations (usually assump-
tions of the low scatterer concentration, single scattering regime, strictly homogeneous
mass density in the medium, uniformity of the excitation beam ... [4]). Recently, using
a formal approach based on a separation of scale in the scattering process, Aubry &
al. have recently obtained spectacular results in quantitative speed of sound imaging
on experimental data [5].

In this paper, we aim at providing a mathematical framework for the propagation
of ultrasound waves in random multiscale media. Using the tools of stochastic homog-
enization, we provide a mathematical model for the acoustic properties of a soft tissue
as well as quantitative asymptotic expansions of the scattered field with respect to the
scale of the acoustic heterogeneities in the medium.

1.1 State of the art

Homogenization techniques are an essential tool to address the study of partial dif-
ferential equations with rapidly oscillating coefficients that exhibit periodic [6] or
stochastic [7, 8] variations, allowing to derive effective coefficients or asymptotic
expansions for the solutions.

In the case of stochastic homogenization, the recent quantification of convergence
rates in the case of the Poisson equation in unbounded domains, obtained indepen-
dently by Armstrong et al [9] as well as Gloria and Otto [10, 11] has initiated a
leap in results on the subject, relaxing some of the hypotheses of the aforementioned
papers. Using multiscale inequalities to quantify ergodicity, quantitative convergence
rates were obtained for correlated coefficients with long range correlations [12, 13] or



in the case of bounded domains [14, 15]. Additionally, the emergence of a theory of
fluctuations in stochastic homogenization has lead to introducing a new quantity : the
homogenization commutator. In the series of articles [16, 17] the authors have shown
that the fluctuations of the two-scale expansion error of the so-called commutator
characterizes the fluctuations of all the observables of interest (flux, gradient. .. ).

Classical wave scattering by a medium containing periodically distributed penetra-
ble objects has attracted a lot of attention in the recent years [18-20] with a particular
focus on the asymptotic analysis of the boundary corrector [21] and the construction of
effective transmission conditions [22]. We also refer to [23-25] for major contributions
to the study of the boundary layers for the Poisson equation.

1.2 Main contribution

In this paper, we are interested in the scattering of classical waves by a bounded
object with a random composite micro-structure embedded in an unbounded homoge-
neous background medium. The problem considered is modeled by a divergence form
scalar Helmholtz equation with discontinuous rapidly oscillating (at some scale € much
smaller than the wavelength) stochastic coefficients.

Building on the methods developed in [12, 26] we establish a first-order (with
respect to the parameter ) asymptotic expansion of the scattered field inside the
object (proposition 2). Introducing a boundary layer corrector to enforce transmission
conditions at the boundary of the object we prove L?- and H'-norm convergence rates
(proposition 6). Using the Lippman-Schwinger equation and results on fluctuations of
the commutator [16], we derive a quantitative first-order expansion of the scattered
wave outside the object. We also present numerical illustrations of the solution of
the multiscale problem as well as the correctors, and the first-order expansion of the
solution. Numerical convergence rates are computed to support the theoretical claims.

The article is organized as follows:

® In section 2 we present the model for the propagation medium and the stochastic
framework required to prove stochastic homogenization results.

® Section 3 is devoted to proving L2?- and H'- quantitative estimates of the
error between the solution of the original problem and the first-order two-scale
expansion (proposition 7).

e Using the expansions of the solution and its gradient inside the composite medium
established in the previous section in conjonction with the Lippman-Schwinger
equation satisfied by the scattered field eq (78), we derive in section 4 an explicit
integral representation formula for an H'- approximation of the scattered field
outside the composite medium of order (d + 1)/2 (Theorem 10), where d is the
dimension. This theorem along with Corollary 11 is the main result of the paper.
It makes it possible to relate the small-scale fluctuations of the composite medium
and the scattered wavefield that can be measured outside the medium. This
paves the way towards the resolution of quantitative inverse problems that aim
at characterizing the statistics of the composite medium from the statistics of the
scattered field.

® In section 5, we show numerical results on the original problem, the effective
coefficients and the homogenized problem, as well as the different correctors. We



compute the different norm errors between the solution of the original problem
and its various approximations to confirm the claims of proposition 8 and theorem
10.
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inhomogeneities randomly

distributed in D

Fig. 1: Scattering by an obstacle in the stochastic homogenization regime

2 Presentation of the model

We consider a bounded acoustic medium D C R%, d € [1,3] with a C*- boundary D
and we study the scattering of a time-harmonic plane wave

u'™(z) := exp(ikd - x) for x € R? (1)

with wave number k and direction § € S. We assume that a set S of randomly
distributed inclusions of characteristic size € > 0 lies inside the medium D. ¢ is small
compared to the wavelength of the incoming field 27k ~1!.

The outer medium R?\ D, the background D\ S¢ and the scatterers S¢ are assumed
to be homogeneous with respective parameters (Id, ng), (anr,nar) and (ag,ng). The
medium parameters are then given by

a. ‘= Id]le\B + aM]lD\gs +aglg-,

(2)

Neg 1= no]le\ﬁ —+ nM]].D\STs —|— ’I’LS]].SE7

where a); and ag are positive definite matrices of My4(R) and ng, nas, ng are positive.
The total field . is then the unique solution a.s. in H}. (R9) of the following problem:

— V- (ae(2)Vue (x)) — k*n. (2)ue(z) = 0 for z € RY,
i azt a(uf — uinc) . inc _ (3)
‘mlllﬁoo || <a$|(x) — ik (ue —u )(m)) =0.

Remark 1. In the context of acoustics u. is the pressure. a. and n. relate to the
mass density and the bulk modulus of the inner and outer media [27, Chapter 3.3].
We choose identical parameters for all scatterers. The study can easily be extended
to independent and identically distributed parameters as long as the assumptions of



uniform ellipticity for a. and uniform boundness from below and above for n. are
satisfied.

We will derive an asymptotic expansion of u.(z) with respect to ¢ for € R\ D
using quantitative stochastic homogenization techniques. Before doing so, let us specify
in this section the different assumptions that we make on the random distribution of
scatterers.

2.1 Description of the distribution of scatterers

Let (x;)sen be the point process in R? corresponding to the centers of the scatterers.

A scatterer s;, i € N centered at z; consists in an open connected Lipschitz domain

O of radius r := ma)é|x — y|. We denote by S := AUNSi the set of scatterers of radius
kIS i€

r=1in R% Let (Q,F,P) be a probability space. We make the following assumptions
on (x;)ien:
- (%;)ien is stationary, i.e. its distribution law is invariant by translation and
ergodic;
- the scatterers lie at a distance at least 6 > 0 from one another, i.e. there exists
6 > 0 such that
Vi # j, dist(s;,s;) >3 as.
We introduce the parameters

a:= aM]le\g +aglg,

n = nM]le\§ +nglg.

For € > 0, we define

N :={ieN|ex; € D}.
N corresponds to the collection of scatterers of size & that lie in D. We subsequently
denote

S€:= U es;ND. (5)
1EN
Note that we have then
Vr €D, ac(z) = a(f) and n.(z) = n<§)

Figure 2b illustrate an example of a realization of a. in D.

2.2 Stochastic setting

As it is customary in stochastic homogenization, we define stationarity and ergodicity
through an action (7,),cgre of the group (R4, +) on (€, F).
We thus equip (2, F) with (7),ere that verifies:

RIxQ — Q
- the map 7: is measurable,
(r,w) — Tpw



d _
- Vo,y ERY 1y = T 0Ty,
- For all z € R%, 7, preserves P, i.e.

VA € F, P(r,A) = P(A).

Definition 1 (Stationarity). In the rest of the paper, a random process f : RZx ) — RP
is said to be stationary (with respect to 7) if

Ve,y e R aewe, flz+yw) = flz, Tyw). (6)

Moreover, we assume that the action (7,),cgra is ergodic.
Definition 2 (Ergodicity). Any 7-invariant event has probability 0 or 1, that is,

VAe F, (VzeRY, 771A=4) = (P(A) € {0,1}). (7)

We can now write in terms of 7 the stationary and ergodic assumption on {z%}
the centers of the scatterers for the realization w € Q.

i€N

Vw e Q, Yy e RY (2% +yhioy = {67}, en (8)

These two assumptions are the minimal and classical assumptions on the distribution
of scatterers (z;);cn that we require for qualitative stochastic homogenization. In the
rest of the paper the dependency on randomness w € {2 is not mentioned explicitly.
We also assume that the process (z;);cn or equivalently S verifies a quantitative
mixing condition. We choose to express this condition as a multiscale variance inequal-
ity as introduced in [28]. This assumption is verified by the most common hardcore
point processes such as Matérn point process [29, Section 6.5.2] as proved in [28,
Section 3.
Hypothesis 1 (Mixing hypothesis). There exists a non-increasing weight function
7 : Rt — RT with exponential decay such that S verifies for all ¢(S)- measurable
random variable F(.5),

+oo 2
Var [F(S)] < E [ / / 028, F( 5)) dat~n(0 — 1)de| (9)
]Rd

where By(x) is the ball with radius ¢ > 0 and center z € R? and the oscillation
955, () F'(S) of F(S) with respect to S on By(z) is defined by:

98B, () F'(S) := sup ess {F(S"1S'n N (RY\ By(z)) = SN (R By(z))}
— inf ess { F(S")|S" N (R?\ Be(z)) = SN (RY\ Be(x))} .

Proposition 1 (Matern process [28, Proposition 3.3]). The Matérn process verifies
(9) with the weight function m:

7(l) = Ce ! (10)
for some C > 0.



Remark 2. Note that the Hypothesis 1 implies that the covariance function of S :
Cs(z) := Cov(S(0), S(x)) satisfies [30, Proposition 1.3]

Vo € RY, |Cs(x)| < /Oo m(€)de. (11)

max (3 (|z|—2),0)

where the notation < stands for ”inferior up to a multiplicative constant dependent
only on the dimension and possibly other controlled quantities” and will be used
throughout the paper. For a Matern process this implies that C's has an exponential
decay.

3 Two-scale asymptotic expansion of the field

3.1 Homogenized problem

We restrict our domain of study to Bgr the ball of radius R > 0 centered at 0, via
the Dirichlet-to-Neumann operator A : H2 (9Br) — H~2(8Bg). This operator takes
a Dirichlet data g € H%(BR) and maps it to the Neumann trace of u on 0Bg i.e.
Ag =Vu-ve H 2(0Bg) where u is the outgoing the solution of

—Au — E*nou = 0 in R?\ By, satisfying u|op, = g.

A is continuous, self-adjoint and non-positive and its expansion in terms of Hankel
functions can be found for example in [31], [32, Section 2.6.3] and [33].
We thus consider u. the a.s. unique solution in H'(Bg) to

{ — V- (acVue) — E*nou. =0 in Bp, (12)

V(ue —u'™) - v = A(ue — u™) on OBg.

The well-posedness of (12) for non-smooth coefficients is a difficult problem in 3d. We
refer to [34] for the proof in the L>° case. However, the proof relies on Fredholm theory
and unique continuation principle and therefore does not yield a uniform explicit
control with respect to € and w. To obtain this type of uniform control that will be
necessary for the homogenization process, we have to add some additional assumptions
on the coefficients. For kR sufficiently small or %k > 0 the sesquilinear form associated
to (12) can be proved to be coercive and the uniform bound in € and w of u. can be
achieved [35]. We also point out that some other methods were developed in [35] and
[36] to obtain uniform control of the solution, but they do not apply to our specific
problem. Here, we assume that the sesquilinear form associated to (12) is coercive so
that Proposition 14 holds. The following homogenization theorem follows directly.

Proposition 2 (Qualitative homogenization theorem). A.s. the unique solution
ue € HY(BR) of (12) converges weakly in H*(Bgr) towards ug, the unique solution in



HY(BR) of the following problem

— Aug — k*ngug =0 in Br\ D,

-V (ahomVuo) — k*nhomuy =0 in D,

ug —ug =0 on 0D, (13)
Vug -v — ahomVuS' -v=>0 on 0D,

V(ug —u'™) - v = Aug — u'™) on 0Bg,

where the superscripts ~ and T denote the traces outside and inside D.
The homogenized coefficients a™™ € My(R) and n"™ € (0,4+00) are defined as
follows

nhom = Eln), (14)

and for i € [1,d] the corrector ¢; is defined as in the forthcoming Definition 3.
We define for any integrable function f and any domain B the notation fB f as

fu = m

Definition 3 (Corrector). Let (¢;)ieqi,q) be the unique vector field such that for all
i €[1,d]
(a) a.s. ¢; € HE (R?) is the solution in D'(RY) of

{a?gm =Ele; - ale; + Vi),

-V (a(V(bi + ei)) =0 inRY (15)

with the anchoring condition
¢i = Oa
Uo
where [J, denotes the unit square centered at x

1 1 d
O = 2+x,2+x]. (16)
(b) V¢ is stationary, has finite second moments and vanishing expectation.

Once the uniform bound on wu,. is established, the proof of Proposition 2 follows
from the classical steps of stochastic homogenization using Tartar’s method [37] of
oscillating test functions. For the sake of completeness, we detail it in Appendix B.
a"°™ is definite positive ensuring the well-posedness of the homogenized problem (13).

3.2 Two-scale expansion error and boundary layer

The qualitative homogenization theory implies that a.s. u. converges to ug strongly in
L?(Bgr) and weakly in H'(Bpg). In order to upgrade this result to strong convergence

10



in H'(Br) and get a quantitative rate of convergence, one needs to consider the
contribution of the first-order corrector uy . € H*(Bgr \ D) x HY(D).

Definition 4 (first-order corrector). Let u; . € H(Bg\ D) x H*(D) be the first-order
corrector defined by:

Ure(z) :=1p(z Zgbz( )8u0 z) for x € Bg. (17)

This definition of u; . corresponds to the usual definition inside D. Since there is
no micro-structure outside of D, we extend it to u; . = 0 in Bg \ D.
Since w'™ € C>®(R?) and 0D is C* wug, is in H?*(D) (see Appendix A,
Proposition 15). Therefore, Ule, is indeed in H'(D). Similarly, we introduce
we € HY(Bg \ D) x H*(D), the two-scale expansion defined as follows :
Definition 5 (Two-scale expansion).

we(x) = uo(x) + eur (z) for z € Bp. (18)

3.3 Two-scale error - boundary corrector

We want to quantify the error Z. := u. — w. between the solution of (12) and its two-
scale expansion (18) in H'(Bgr \ D) x HY(D).

In a bounded Lipschitz domain U, it has been shown [14, Chapter 6] in dimension 3
that for the Poisson equation, both with Dirichlet and Neumann boundary conditions,
the following holds

2 1
E[Vue = Vwel|p2n]? S e'/? [uollw2.0 vy -

The order 1/2 of the error is due to the fact that u; . and thus w. do not satisfy
the Dirichlet or Neumann boundary conditions on 0U. To obtain an error of order ¢,
one needs to take into account what happens at the boundary and add the correct
boundary corrector [14]. We establish a similar result for the Helmholtz transmission
problem. Let us define two extended correctors which appear naturally while deriving
the problem verified by Z..

Definition 6 (Extended corrector). Let 3 := (8;)ieq,q1 be the unique vector field and
let o := (0 jm)i,j,me[1,4) be the unique tensor field such that for all i, j,m € [1,d],
(a) As. B; € HE (RY) and 0, j,, € HE (R?) are the solutions in D'(R?) of:

loc

{ ~ABi(y) = 9;(n(y) — n™), (19)

_Ao'i,jm(y) = aj(h'm(y) - amqij(y)v

with
qi = ale; + V¢;) — a"e;

11



and are anchored with the condition:
][ Ui,jm = ﬁl =0. (20)
Oo Oo

Furthermore, o; is skew-symmetric and verifies a.s.

V- 0; = (q; (21)
where for 7,5 € [1,d],
(V-0:); E OmTijm (22)
m=1
and S verifies a.s.
VB =n-—n"m (23)
(b) VB; and Vo jm are stationary, have finite second moments and vanishing

expectation.
o is the classical extended corrector in stochastic homogenization of the operator
—V -aV and can be found for example in [26, Lemma 1]. The well-posedness of § is
proven in the exact same manner.

We can now write the problem verified by Z..
Lemma 3 (Two-scale error). Z. = u. — we is a.s. the unique solution in H'(Bg \
D) x HY(D) of:

~AZ. —k’nogZ. =0 in Br \ D,
-V -a.VZ. - k*n.Z. =V - F. + k*G, inD,
Z- - 75 =eu. ondD,
VZ7 -v— aEVZ:' -V (24)
d
=F.-v+ EZ (V- (050u0)") - v — k*e(B°uo) T - v ondD,
i=1
VZ. v=AZ,) ondBg,

where F. € HY (D), G. € HY(D) are defined as follows

d
Z a=¢¢ — %)V (Osuo) + ek?Buq, (25)
=1
d
Ge =) (ndf — B5)iuo. (26)

i=1

12



Here, ¢° denotes ¢°(-) := ¢(2). 7 and of are defined similarly from 3; and o; and
for the rest of the paper. Note that we have then

Ve () = 2(VO)(0).

Proof. Let us first derive the problem satisfied by Z. before proving well-posedness.
In Br\ D and on 0Bg, u. and w, verify the same equation and so does Z.. Using the
equation (12) for u. and equation (13) for ug, we have moreover

—V-(a.VZ.) - k*n.Z.

=-V. (ahomVuo) — kK*nphomyy + v - (ae(Vug +eVuie)) + E*ng(ug + eure) in D.
(27)

By the definition of the extended corrector of Definition 6,

—k2nlomayy + k*n.(uo + EULe)
d
= k*(n. — nhom)uo + ek’n, Z @7 0;ug
i=1

k2(V - 5)( Juo + ek n52¢ dyuo (28)
d

= k?eV - (Buo) +k® Y —B50iug + ne¢Sdiug

i=1

= k%G, + ek®V - (B%uo).

By the skew-symmetry of o;, i € [1,d], for all z € D,

d d
v. (Z(V~o’i)( YO (z ) 52 z))0;uo(x))

i=1 =1

e S (Onot ()

i,7,m=1

d
=& D 0m(0f jm(@)Dsuo(x)) = 05(05 jpu (%) (Bismuo ()

ijm*l

= —¢ Z 6 ,jm aszO(I)))

3,7,m=1

= —¢V. (Zo YV O;u( ))

(29)



Therefore, we obtain

7V( homvuO) +V- (aE(Vuo + €VU1,E))

v (e + 960 = e ) o) +25 - (0077 ()

M-

V- (V- 00(2)0m0) + eV - (a:07V (910)) (30)

1

.
Il

|
<I

d
&‘Z (acgp; — 05)VO; u0)>

i=1
P — Buo).

By combining (28) and (30), we obtain the error satisfied inside D.
Using the jump conditions of u. and ug across 9D, one gets:

Z- —ZF =eup., (31)

€

and the flux jump:

VZ7 -v—aNVZ v
d
((ac(e; + Vo5) — ahomei)aiu0)+ v+ e(ac iV (0ug)) T v

1

(3

a |l

(e(V - 05)0uo)™ - v + e(acdf Vdiug)*

(32)

<

1
d
€ ((QEQSZ: — CTZS)V(81UO))+ -V + V- (Ufain)+ -V

i=1

d
=F. v+ 62 V- (050iu0) T - v — K2e(Bug) T - v

=1

The well-posedness of (24) is a direct consequence of Proposition 14. Since a.s. for
i,5,k € [[1,d]], i, Bi, Oik € Hlloc(Rd) then ¢;, Bi, Oik € Hl(D) Moreover, ug €
H*(D) and uy,. € H'(D). Therefore, Iy, Ge € H'(D), u1,5p € Hz(dD) and F. v+
€ Z?Zl V- (050iu0)t-v—k2e(B7uo) T -v € H~2(dD), and we can apply Proposition 14.

O

As it is customary in homogenization in the presence of boundary since [23], we
introduce the boundary corrector v. also called boundary layer, that ensures that
Z. — v, verifies the transmission conditions on 0D.

14



Definition 7 (Boundary corrector). Let v. be the a.s. unique solution in H'(Bg\ D) x
HY(D) of

— Av. — K*nguv. =0 inBr \ D,
—V-a. Vv, — angvs =0 inD,
vo — vl =eup . ondD,

d
Voo v —aVolv= EZ (V- (050iu0)T) - v — k*e(B°uo) T - v ondD,
i=1

Ve - v = Av,) on OBg.
(33)
The well-posedness is once again a consequence of Proposition 14.
Remark 3. The definition of this corrector is very similar to the boundary layer
introduced in [38] which deals with the periodic case.
However, all the analysis done in [38] cannot be applied here as it uses the L>(R%)-
boundness of the corrector which does not hold here.

Proposition 4 (Two-scale error with the boundary layer). A.s. Z. — v, is the unique
solution in H'(BRr) of

—V-a.V(Z. —v.) — k*n.(Z. —v.) =V - F. + k*G. inBg, (34)
V(Z.—wve) v=ANZ. —ve) on0Bpg.
Moreover, Z. — v, verifies a.s.
1Ze = vell gy S 1Fellp2py + 1Gell L2y - (35)

Once again, we apply the Proposition 14 for the well-posedness of (34).
In order to quantify the convergence of u. towards ug +euy « +v., we are now left with
estimating the right hand side of (35). This is easily done with the a.s. corrector esti-
mates established in [39, Theorem 2] for coefficients verifying the mixing Hypothesis 1
as we show in the next section.

3.4 Convergence rate of the two-scale expansion

In this section we estimate the convergence of the two-scale expansion error with and
without the boundary layer v, both in H!'- and L?-norms.
As mentioned above, the proof relies on the corrector bounds established in [39,
Theorem 4] for correlated fields satisfying the Hypothesis 1. We recall these results
below.
Proposition 5 (Corrector bounds). Under the mizing Hypothesis 1,
(a) (P — a.s. corrector bound):

There exists an a.s. finite (non-stationary) random field x — C(x) such that for
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all z € RY,

(F 1o+ 192) < comton (30

x

where for all y € RT,

VI ifd=1,
pa(y) = { [log(2+y)|7  ifd=2, (37)
1 ifd=3.

(b) (Corrector bound in average):
Furthermore, for all y € RY, C(y) satisfies the following stochastic integrability

Elexp(=C(y)7)] <2 (38)

for some constant C' > 0 depending on d, ng, nyr, ns, ay, as and erponent
~v > 0 depending on d and the exponential decay rate of .

(c) (Mean-value property):
There exists a stationary %-Lipschitz continuous random field r. > 1 (the so-
called minimal radius) satisfying (38) such that for all £ > 1

/ V6P S (0 + ra(2) (39)
By(x)

For any bounded domain B C R?, we consider the covering of B with squares of
size € and define P.(B) as the set of centers of those squares, i.e.

P.(B) :={x € 2% 0, N B # §}.

We prove the following estimate for the two-scale expansion error with the boundary
layer in H'(Bg).

Proposition 6 (H!- convergence of the two-scale expansion with the boundary cor-
rector). Let u. € HY(BR) be the a.s. solution of (12) and ug € H'(Bg) such that
ug|,, € W2°(D) be the solution of (13). Let uy . be the corrector defined by (17) and
ve be the boundary corrector solution of (33).

Then a.s.

1
e = w0 — £u1.c = vell sy S a2 oy ) (40)

where pg is defined in Proposition 5 and x. is the random variable defined as:

2

xei= [t Y e (41)

z€P. (D)
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with C also defined in Proposition 5. In particular, x. satisfies the stochastic
integrability (38) and it holds

N

B [llue o — cure = 0ol ] S a2 ol - (42)
Remark 4. This result is an equivalent of the result obtained in [14, Chapter 6], both
for Dirichlet and Neumann boundary conditions on dD. The proof of Proposition 6
follows similar steps as the proofs in [14], that dealt with the case ug|, € W2°(D).
In Appendix C, Proposition 19, we extend the result of the proposition to the case
where ug|,, € W't*?(D) for o € (0,1] and p € (2, 00]. It will be needed in the proof of
Proposition 8. However, for the sake of simplicity, we choose to display here the proof
in the more regular setting as it relies on the same ideas but requires less technicity.
Note that ug),, is indeed in W2°°(D). By Proposition 15, since D has a C*- boundary,
and u'™® € C*(BR), ug|,, is in H*(D). By [40, Corollary 9.15], one has the embedding
H*(D) = W*2(D) — C?(D).

Proof. By (35), one only needs to show that a.s.
1
el g2y + 1Gell L2 py © Wd(g)Xa l[uollyy2.(p -
The definition of F; by (25) and G¢ by (26) implies that a.s.

1Fell z2(py + 1Gellp2py S € (||¢EHL2(D) 0%l 2(py + ||6E||L2(D)) [[uollyy2.(py -
(43)

It then suffices to bound a.s. the norm of each corrector on the right hand side by
ta(%) (up to a constant) to obtain the desired estimate.

We prove the bound for [|¢|,2p). The two other estimates for |5 ;) and
[0°I| L2(p) are established in a similar manner.

We pave D with squares of size €, change of variable and use the a.s. corrector bounds

17



(36) to obtain

2 2
161720y S D 16°M172o0.)

z€P. (D)

= > [ eor

zEP-(D)

< Z ‘7‘[:’2 |o|? (44)

z€P.(D)

Sm? (e Y e

ZGPE(D)
< 1 2.2
S pa( )X
€
By [14, Lemma A4], x. satisfies (38) which concludes our proof. O

The boundary corrector ve, defined by (33) solves an a.s. comparable problem as
the one verified by u. in D, with an oscillatory boundary data on dD. The result-
ing complexity drives us to derive convergence rates of the two-scale expansion error
without v.. We start with the estimate in the H'-norm.

Proposition 7 (H!- convergence rate of the two-scale expansion). Let u. € H*(BR)
be the solution of (12), ug € H'(BR) such that ug|, € W>>(D) be the solution of
(13) and uy . be defined by (17).

Then, it holds a.s.

PR B P
e — UOHHl(BR\B) + flue —uo — Eul,sHHl(D) S 52#(1(2)2)(5 ||UOHW2,<><>(D) , (45)

where X. is a random variable that satisfies the stochastic integrability (38). In
particular

< 2 ua(0)? ol )
(46)
In the rest of the article Y. denotes a random variable satisfying the stochastic
integrability (38). Its expression in the specific estimate (45) is made explicit in the
proof.

1 1
2 2 2 2
E It = wll3nzap)| +E [lue = uo = curelin p)

[©)

Proof. Thanks to Proposition 6, we only need to estimate the norm of v. in
HY(Br \ D) x HYD), and the conclusion follows by the triangle inequality.

We lift the trace jump of v, across 9D by considering v, := v. — en.u; . where 7, is a
smooth cutoff satisfying for all x € Bpr

0< 775($> <1, 7e=0in D2gﬂd(%)7 ne = lin BR\ epa(L) |V775(33)| S

epa(t)’
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where D, = {z € Bg|dist(x,0D) > r} for r > 0.
By Proposition 14, since n.u; . € H(D), 9. is a.s. the unique solution in H'(Bg) to

— A, — k*ngd. =0 inBr \ D,
—V-a.Vo, — k*n.t. =€V - a:V(neu1 ) + eanE(naul,g) inD,
Viz v —aVol v=a.-V(nuie) v
d (47)
+ EZ (V- (050m0)t) v — Ee(Bfug)t - v ondD,
i=1
Ve - v = A(0,) ondBg.

On the boundary it holds that

d d
> V(05 0iu0)T) v =k e(Buo) T v =D V(05 0iuone) ) v — ke (Buone) T v. (48)

i=1 i=1
Furthermore, for all i € [1,d],

d
V- (V:(070;uone)) = Z Ojm (07 jmivone:)) = 0.

jm=1

Thus, . verifies for all w € H'(Bg)

S e 12 -
/BRaEVv5 Vw — k*n.0.w (A(vg),w)H,%(aBR)’H%(aBR)

d
= / —2a.V(neuy c) - VW + ek*ne (neuy )0 — € Z V - (050;uone) - Vw (49)
D

i=1
— k?eV - (B%uon.)w + k*euon. - V1w,

where w denotes the conjugate of w and (-, -) denotes the duality

H™2(8BR),H? (9Br)
product H’%((?BR),H%(@BR). By the coercivity of the sesquilinear form, we then
obtain

d

>V (ofduon.)

i=1

10l g By S € 1Mevaellgapy +€

L2(D)
+ eIV - (B%uone)ll 2 py + € [1B8%uonell 2 p) -
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Let S, := supp(n.) denote the support of 7.. By definition of ¥, it holds

lvell g1 B3y + 10l 71 ()
d
ZV ) (Ufaiuone)

=1

Se ||77£u17€||H1(D) te

L2(D)
£ £ 1 £
< (19 a5, + WMo,y + 5 s,

+ellVoillpas, ) Hello®llas

ne)

€

+—rr llo°l
||,z
pa(L) L2(Sne)

1
+e ||VBEHL2(5,,,E) +e ||B€HL2(S%) + m ”ﬂEHL?(S%)) HUOHW?&O(D) :
g

(51)

We prove the bounds on the corrector ¢, the two other estimates are established in a
similar manner. Let x! and x2 be the random variables defined by

2

. d
L= Y e,

1
Eﬂd(g) ZEPE(SHE)

Nl=

d

Co= | Y ()™

1
eha(2) 2€P.(S,.)

These two random variables satisfy the stochastic integrability (38) since the prefactor

cd N 1 . . . .
(D)~ TS is the appropriate renormalization.
By following the proof of Proposition 6, it holds a.s.

sz 1 s~
5||¢6||L2(S%) szﬂd(g)z){é- (53)
It remains to estimate ¢ ||V ¢° ||L2($n )- Using the mean value property of Proposition 5,
we get a.s.

1 1.1
elIVellas,,) S €2 ma(2)? X2 (54)
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By combining (53) and (54), we obtain

1

elVellpes, ) +ellollags, ) + —a5 19712, )
€ c pa(z) :
1 11~ 3 s~ 1 11~ (55)
Serua(2)2xE +etpa(2)?xe +e2na(2)2xe
1 —
S et pa(2)x,
€
where we define XN§ as
—~ —~ 1 —~
X2 = X2+ (epa(D) + X2 (56)

As g and ;c\g satisfy the stochastic integrability (38) , E also satisfies (38).
This gives us the following estimate for v. in H*(Bg \ D) x H*(D),

—_

1 1~
”vE”Hl(BR\B) + HUEHHl(D) S 52Nd(g)2xg HUOHWzoo(D) : (57)

Therefore, we conclude by the triangle inequality

llue — uO”Hl(BR\E) + Jlue —uo — Eul,sHHI(D)

S llue —uo —eug e — USHHI(BR) + ||U5||H1(D) + ”UEHHl(BR\B)

1 1.1/ 1 1
Serpal2) (62ud(

e
Dixe 2 ) ol o)

SR R
S EQNd(g)QXE ”uO”W?vOO(D) )

(58)

where the random variable ¥, defined as
T = e pa(2) e + 2 + (emal2) + DXL, (59)
satisfies the stochastic integrability (38). O

We expect the homogenization error u. — ug to be of order O(g) in L?(Bg) as
ug verifies the proper transmission conditions on dD. This is the subject of the next
proposition.

Proposition 8 (L2 rate of convergence of the homogenization error). Let
u. € H'(BR) be the a.s. solution of (12) and uy € H'(Bg) such that ug|, € W2>(D)
be the solution of (13).

Then, it holds a.s.

1.~
lue = woll L2y S epa(2)Xe luollwzo= oy » (60)
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where Xz is a random variable satisfying the stochastic integrability (38). In particular

-

3 1

2 2

E [[lus = wollzain] S ca2) ol <o - (61)
Remark 5. A similar result has been shown in the periodic case in [38]. Though, we
cannot adapt the proof, since it uses the L>°-bound of the corrector, that does not
hold in the stochastic setting. In [14, Theorem 6.14], the result is shown for Poisson

equation in the Dirichlet case. Our proof is an adaptation of the latter result.

Proof. To prove (60), we use Proposition 6 and the bounds on the correctors, which
imply that a.s.

llue — u0||L2(BR) S llue —uo —eur e — UEHLz(BR) tellue |L2(D) + ||v€||L2(BR)

1
S ea(2)Xe [ollz. oy + €16 L2 (p) w0 llwe.oe () + 10l 2 (5

1
S €Md(g)xe ||u0||W2=°°(D) + ||UE||L2(BR) :
(62)

It remains to estimate the L?-norm of the boundary corrector, which we do by using

a duality argument as in [38].
Let h € L?(Bg). We wish to estimate

/ ot
Br

To do so, we introduce the auxiliary function W, € H*(Bg) solution of

(63)
VW, -v=AW,) ondBg.

{ —V-a*VW. — k*n.W. =h in Bg,
Here a? denote the transpose of a.. o
We write the variational formulation verified by W, in H!(Bg) and choose ©. as a
test function. Recall that ¥, := v, — en.uy ¢ is the unique solution in H'(Bg) to (47).
We obtain

~ 7 * . ~ 1.2 ~ ~
/BRth_/BR aiVWe - Vi, — k*n.W.o, <A(”E>7W6>H—%(aBR>,H%(aBR)' (64)
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We choose in the variational formulation of @ (49), W as a test function and subtract
the two expressions to obtain

d
/ D.h = / —ea:V(neure) - VWe + 6k2n5(n5u175)W5 —€ <Z V- (Uf@iuon5)> - VW,
Br D

=1
— K%V - (Bugne )We + E*eugn. - VW..
(65)

We use the estimate (55) and get

/ Ueﬁ / neul,sﬁ
Br D

1~ 1 1~
g)%l; 12l g2y + Ezud(g)QXE’ Well grrs.y lluollyy2.00 ) -

1

1 15
+e20a(2)? X Well g s,y lwollwz.o )

Se E

(66)

S e?pa(

It remains to show that

—_

1 1
IWellins,.) < €2 a3 1Al s,

™

for a random variable E satisfying the correct stochastic integrability. Following [3§],
we apply homogenization results to W to obtain the desired estimate.
We thus introduce Wy € H%(Bg \ D) x H?(D) solution of

— AWy — E*ngWy = h inBr\ D,

— V- d""VWy — kW =h inD, ©7)
VW, v —a"™" VW v =0 ondD,

VWy v =AW,) ondBg.

The regularity of Wy comes from Proposition 15. Moreover the following estimate
holds

HWOHHZ(D) S ||hHL2(BR)' (68)
However, we have no guarantee that Wy, is in W°°(D), since h is only in L?(Bg).
Therefore we cannot apply the result of Proposition 7. Note that even if we could, this
would yield a control with the W?%°°(D) norm of Wy, that we cannot directly link to
2l 12y Instead, Proposition 18 gives a W 2:2+5(D)-control, for s > 0, of the two-
scale expansion error.
By the fractional Sobolev embedding (cf. [41, Theorem 7.58]), there exists an exponent
s(d) > 0 such that we have the embedding:

W22(D) < W225(D).
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In particular, this yields
Wolly, 3205 ) S IWollrz(py S 17l L2 - (69)
For a = 1, p =2+ s> 2, Proposition 18 implies then

HWsHHl(snE) S We = Wo - EWLEHHI(S%) + [[Wo + EWLEHHI(S%)

1 101
S 52Ud(g)2X6,p ”WOHW%J’(D) +[[Wo + 5W1,6||H1(5"6) )

where
d

Wie =Y ¢{0,;Wo *&,
=1

and Y, verifies (38). The mollifier & is defined by (C17) and W is the Sobolev
extension in H'(RY) of Wo,, (cf Lemma 17).

Using Lemma 22, with f = VW, 7 = spta(L), p=2+s,a = 1, =2, =1 = L, we
obtain .
1 1
IV Wollags,) S e2ma(2)F Wolly 5., ()
It also holds by the combination of (C39) and (C43) that
el
€ ||VW1,E||L2(3,]E) ~ Ezﬂd(g)ZXE,p ”WO”W%”’(D) ‘ (72)

with

5 11 1y 1

e = X2p+ €% P Ha(2)" 7 Xp
and )g;, )ngp are defined in (C40) and satisfy (38). With the same arguments, similar
estimates can be derived for [Woll>(s, ) and € [[Wicll (s, - This yields that

[t

1 L
Wl s,y S a2 M) (73)
where )?‘;*Tp =14+ Xcp+ )a; satisfies (38).
We combine (66) and (73) to obtain
< ena(3) (e (D3NT 4 w3t
02l 2y  2pa(D) (bmal) I+, ) Tollwaepy - (74)
Therefore, by (62) we get
1.
[[ue — u0||L2(BR) S Eud(g)Xe ||u0||W2=°°(D) ) (75)
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where Y, defined by

_ 1 11~ —~

Xe = Xe +e21a(2) X+ XEX 245
satisfies the desired stochastic integrability thanks to the following version of Holder’s
inequality [16].

Lemma 9 (Holder’s inequality). For all random variables Y1,Ya, given k1, ke > 0,

if Elexp(Y{™)] < 2 and Elexp(Y5™2)] < 2,

. 1 152 (76)
then there exists C > 0, such that E|exp 6(Y1Y2) mitr2 | | < o0.
O

4 Asymptotic expansion of the scattered field
4.1 Main result

The convergence estimates that we established in the previous section provide an
asymptotic expansion of the field at order €. Outside D, u. is approximated at first-
order by ug according to Proposition 7. Physically, ug corresponds to the wave that
interacts with the effective medium of parameters a°™ and n"°™. It depends on the
distribution of the scatterers as a"®™ does but it is deterministic and thus is not
characteristic of one realization in a given medium. In the context of ultrasounds the
measurements are usually done using the same sensor array that transmits the plane
wave excitation (ultrasonic transducers can be used as transmitters and as receivers).
So ug contains only the contribution from the boundary 0D while we would like to
characterize the speckle field generated by the small heterogeneities. We are then
interested in this section in obtaining the next order term in the expansion of the field
outside of D.

We introduce Gy the Green function associated to the homogenized problem (13) i.e.
Gy verifies in D'(Bg) for all y € Bg,

— AGo(y) — k*noGo(-,y) = 8(- — y) inBr\ D,

— V- (a""VGo(,y)) — k*n""Go(,y) =6(- —y) inD,

Go(y)” = Go(-,y)™ ondD, (77)
VGo(y)™ v —a""VGo(,y)t - v=0 ondD,

VG - v =A(Gy) on 0Bg.
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For all a > 0, we define D® := {z € Bg|dist(z,D) < a}. For z € Bg \ D%, u, verifies
the following Lippman-Schwinger equation

ue(2) = ug(z) + /D(ahom —as(2))Vue(x) - VGo(z, z)dz
(78)
— k2/ (nhe™ —n_(x))ue (2)Go(z, 2)dx.
D

We make use of the asymptotic expansion of u. in H'(D) and obtain for all
z € By \ D«

d
ue(2) = ug(z am™ — a (x)(e; S (z) ) Ojup(z) - x, z)dx
() = o >+/DZ( (@) + £V65(2) ) Ortal) - VGl ) »

— k2 /D(nhom —ne(x))ug(x)Go(z, 2)dx + R°(2),

d
R (2) := /D(ahom —ae(x) (Vus(x) - Z(ei + 5V¢f(m))8iuo(x)> -VGo(z, z)dz

i=1

—k? /D(nh"m —ne(x))(ue(z) — up(z))Go(x, z)dx.
(80)

Using the strong