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Abstract. In this article, we study the problem of recovering sparse spikes with over-
parametrized projected descent. We first provide a theoretical study of approximate
recovery with our chosen initialization method: Continuous Orthogonal Matching
Pursuit without Sliding. Then we study the effect of over-parametrization on the
gradient descent which highlights the benefits of the projection step. Finally, we show
the improved calculation times of our algorithm compared to state-of-the-art model-
based methods on realistic simulated microscopy data.
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1. Introduction

Off-the-grid super-resolution is the problem of recovering off-the-grid spikes from
linear measurements. It has applications in many fields. A prime example is single
molecule localization microscopy (SMLM) where positions and amplitudes of fluorescent
molecules have to be recovered from their diffraction limited measurements. The signal
of interest z, is modeled as a sum of K Dirac measures over R%:

K
o = Zaiéti (1)
i=1
where a = (a1, ...,ax) € R¥ are the amplitudes and t = (t1,...,tx) € REX? are the

positions of the spikes. The vector y € C™ of measurements is modeled as
Yy = Al’o + €, (2)

where A is a linear operator that maps the space M of finite signed measures over
R? to C™ with m the number of observations and e a noise. For example, in SMLM
with multi-angle total internal reflection fluorescence (MA-TIRF), the operator A is
the measurement of the intensity of illuminated cells on a 3D grid (2D position plus
incidence). Each measurement is the duality product (zg, ay) between the spikes and the
response of the system evaluated on a grid. For example, in SMLM each measurement
corresponds to the duality product between the signal and a shifted version of the
impulse response, i.e., Y, = (zo, h(- — t,,)) where h is the impulse response and ¢, the
position of the m-th camera pixel. In other fields, the operator A can be a finite number
of Fourier measurements, i.e. each measurement is the duality product with a sinusoid

wit) for some frequencies wy.

at a given frequency, e.g. ay(t) = e
A way to recover the true signal z from (2) is to find the minimizer of a non-convex
least-squares problem:
r* € argmin || Az — y||3 (3)
TEXK e

where

K
ZK,E = {Zai@i ta; € R,tl S Rd,VZ,] < {1,,K},Z 7£j, ||tz—tj||2 >e€,t; € D} (4)

=1

is a set modeling K spikes on a given domain D C R? with a separation constraint
between spikes. Theoretical guarantees for the recovery of zy have been given in [26] for
measurements operators A having a restricted isometry property (RIP). This property
is verified for a sufficiently large number of random Fourier measurements (see Section
4 for details). Another approach is to consider the convex program in the space of
measures

" € argmin || Az — y[f3 + Allz]lzv (5)

zeM
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where ||z||7v is the total variation for measures (i.e. the sum of absolute amplitudes for
spikes).

In [12], using Fourier measurements up to a frequency f., sparse signals with a
minimal distance between spikes of 2/ f. can be recovered exactly.

To solve (3), it has been shown [40, 38| that given an initialization sufficiently close
to the true positions, an unconstrained gradient descent in the space of parameters
converges to x*. These results partly explain the success of greedy sliding continuous
orthogonal matching pursuit (Sliding COMP, [29] called CL-OMP there) for the recovery
of x*. This algorithm adds a spike maximally correlated with the residual between
observations and the current estimation at each iteration and performs a descent (the
sliding step) on all parameters at each iteration. It was proposed in [7] (improving
on [39]) to perform an over-parametrized continuous OMP without sliding (OP-COMP)
followed by a projected gradient descent (PGD, projection on the separation constraint)
to avoid the costly sliding step at each iteration of Sliding COMP. This method has been
shown experimentally to be more efficient than Sliding COMP for large numbers of spikes
in a synthetic random Fourier measurement setting. However, there is no theoretical
study of the over-parametrized-COMP+ PGD method.

To solve the convex problem (5), Sliding Frank-Wolfe (SFW) [20] is the most
efficient algorithm compared to the earlier dual methods [10, 17, 33|, especially in
higher dimension. It is the continuous version of the Frank-Wolfe algorithm [25]. In
[20], Sliding Franke-Wolfe is guaranteed to converge to z* if there exists a non-generate
dual certificate, which is a difficult condition to check in practice (beyond the low-pass
filtering case). The approach of SFW is to construct z* by adding iteratively spikes and
to perform a sliding step on the regularized function at each iteration. In practice the
SFW is very close to Sliding COMP in terms of performed operations and recovery (see
Section 5).

In this article, we focus on the non-convex formulation with COMP, and we propose
a theoretical study of continuous orthogonal matching pursuit without sliding to provide
insights in the success of the over-parametrized COMP 4 PGD method. We provide a
fast implementation of this method and we evaluate its performance on synthetic SMLM
data.

1.1. Contributions
In the following, we focus on the noiseless setting. We give the following contributions.

e In Section 2, we detail the implementation of Over-parametrized Continuous
Orthogonal Matching Pursuit (without sliding) and Projected Gradient Descent.
Compared to [7] where it was first introduced, we provide an accelerated
implementation where we replace all gradient descents by their accelerated version
using FISTA (Fast Iterative Shrinkage Thresholding Algorithm) with restart.

e In Section 3, we give theoretical guarantees for Continuous Orthogonal Matching
Pursuit without sliding under a restricted isometry property (RIP) condition on
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the measurement operator A. In general, COMP without sliding does not yield
the true positions of zy. However, we show that the output of the K-th first
iterations of COMP without sliding still approximates the true positions with a
precision depending on the quality of the RIP constant. Qualitatively, this shows
that we can remove the sliding step from Sliding COMP and still be in a basin
of attractions of x( if enough measurements are available. In practice, adding an
over-parametrization permits to go beyond the quality of approximation given by
our result at the /K-th step.

e While over-parametrization permits to better localize spikes, we show experimen-
tally in Section 4, that the Hessian of the considered over-parametrized functional
becomes very ill-conditioned and even non-positive around the true solution. This
shows the necessity of a projection step to reduce the number of spikes in order to
estimate positions accurately in a computationally efficient way.

e Finally, in Section 5, we compare OP-COMP + PGD with Sliding COMP on
two problems: spike estimation for microscope calibration and single molecule
localization microscopy with data from the SMLM Challenge [35]. We show
that OP-COMP + PGD estimates positions with accuracy at least as good as
Sliding COMP with improved computation times. The computational improvement
increases when the number K of illuminated molecules increases showing that we
gain an order of magnitude with respect to K.

1.2. Related work

To solve directly the non-convex minimization problem (3), works are mainly focused
on studying the success of descent algorithms in the space of parameters (amplitude and
positions). It has been shown that, for operators having a restricted isometric property,
we can estimate the size of the basin of attraction of the global minimum [38, 40|. This
size is increasing explicitly with respect to the number of measurements through the RIP
constant for e.g. random measurement operators. The greedy Sliding COMP has been
used in the context of k-means clustering [30] or radar detection for off-the-grid targets
[18]. Exact recovery of COMP has been studied for kernels of particular shape (e.g.
exponential) |21, 22] (see Section 2). Our article focuses on approximate recovery. Still
in the non-convex context, preconditioning with respect to amplitudes and positions to
help local convergence for first-order methods has been studied in [16] when the number
of particles is known.

The idea of projected gradient descent for non-convex problems has been used
successfully in several domains such as sparse recovery (in the finite dimensional
context), low rank matrix recovery [13] or in spectral compressed sensing [9]. In
the specific case of off-the-grid sparse recovery, PGD (with a suboptimal initialization
scheme) has been proposed in [39].

For convex methods solving (5), other than Sliding Frank-Wolfe, there is a whole
body of works [10, 17, 33| based on solving the dual problem, which poses difficulties
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in high dimensions, even if we can cite recent advances using methods with adaptive
refining of a grid [23]. Concerning Sliding Frank-Wolfe, in the context of acoustic impulse
response estimation, the idea of performing a single descent over all parameters after a
greedy initialization is also used in [36].

Recently the idea of over-parametrization has emerged as a powerful tool to solve
non-convex problems. Chizat and Bach [15] showed that for an infinite number of
particles, the particle gradient descent converges to the global minimizer of a total-
variation regularized problem lifting an original non-convex problem.

Our main tool for the study of OMP is the restricted isometry property, as
introduced by Candés in compressed sensing [11]; it has many applications on inverse
problems with, for examples, low-rank matrix factorization [14] and deep-learning [31].
In particular, in the finite dimensional case, the RIP guarantees the success of sparse
recovery with OMP (e.g. [24]).

2. Sliding Continuous Orthogonal matching pursuit, Projected Gradient
Descent and over-parametrized initialization: definitions and
implementation

In this Section, we give the definition of COMP with or without sliding and of the
Projected (accelerated) Gradient Descent.

2.1. (Sliding) COMP and Over-Parametrized COMP without sliding

Sliding Continuous OMP [30] is based on the discrete OMP algorithm (that is
theoretically studied in [41]). Sliding COMP is described in Algorithm 1. We can choose
to perform the sliding step or not, and even over-parametrize (parameter K) if we desire.
We call over-parametrized COMP (OP-COMP) the simple execution of COMP without
sliding with K,, > K steps. It was observed in 7] that the complexity with respect to
K with the sliding step is O(K?) and O(K) without. From a computational point of
view, this shows the interest of avoiding the sliding step for large number of spikes if
possible.
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Algorithm 1 (Sliding) Continuous Orthogonal Matching Pursuit algorithm (COMP).
procedure COMP(A,y, K,is sliding)

@y

o §)

for k=1— K do
tpew < arg max, (Ad,, rF=1)) > Add new spike
tF) — t=D U {t e}
a®) < arg min,, || A Zle CLZ‘(StEk) —yll3
if is sliding then

a® t®) ¢ descent(a®,t*) > Sliding step
end if
rk) gy — A Zle az(k)%k)
end for

return a(K), t(5)

end procedure

In [21, 22], it is shown that COMP without sliding recovers exactly K spikes in K
steps for exponential impulse response but these results cannot be applied for low-pass
filter such as Gaussian filters which are more common in signal and image processing.
In particular the Gaussian case is close to the example of microscopy (see Section 5).
Our analysis of COMP without sliding in the next section relies on a restricted isometry
condition which includes these two examples.

2.2. Our method: OP-COMP + Projected Gradient Descent

It was observed in [39, 7| that over-parametrization (i.e. OP-COMP) permits to ensure
the approximate localization of all the spikes in the signal even without using the
sliding step (see also Section 4 and related work for a discussion on very heavy over-
parametrization). It is a way to go beyond the theoretical results from the next Section.
Unfortunately, the Hessian of the considered functional becomes ill-conditioned and non-
positive yielding very slow convergence of classical gradient descent to the true positions
as we will see in Section 4. Hence the motivation to add a projection step in the descent.

A legitimate question to ask ourselves is when to stop the over-parameterization. In
our implementation, we use a relative criterion based on the observation of the ground
truth y = Axg and the observation of our estimation Ax,

||A.ZE — ASL’OHQ
Ll L 6
Awl, = (©)

This criterion gives us a good estimation on when to stop the over-parameterization
as it guarantees that the over-parametrized solution reaches the same objective value
as a K-spike estimation that estimates well true positions. Indeed, under a restricted
isometry property assumption on A with constant v with respect to a kernel norm || - ||,



Estimation of off-the grid sparse spikes with over-parametrized PGD 7

(see Definition 4), given x € X ., we have that ||Azx — Azg||2 < €]|Axo||2 implies

) l—~vllx—=x
VI=Alle —aolln < ey/THAllaolls e Ve = zolln ™)

L+ ol

This means that if A has a sufficiently good RIP constant (i.e. \/(1—~)/(1+7) is
close to 1), we can have a good control on the relative error of the spikes only with their
observations. In our experiments (see Section 5), we observe that a relative stopping
criterion of € = 5% yields accurate estimations.

To reduce the number of spikes, we perform a heuristic projection P, based on the
separation constraint at each descent step. If two spikes are too close from each other,
their positions and amplitudes are merged, i.e. the projected descent is described by

(™D ¢y = P, (descent(a™, 1)) (PGD)

where our actual fast implementation of descent(a™,+™) is described in Section 2.3.

The heuristic projection P, is described in Algorithm 2. An important step in our
heuristic projection P, is that the merged positions are barycenters (using absolute value
of amplitudes) of previous positions. This way, we ensure that the projection step yields
a spike located in the convex hull of previous considered positions. As we suppose that
for a small enough €, the positions of all merged spikes belong in the same basin of
attraction, the output of P, also belongs in this basin of attraction. Note that P, also
performs a thresholding of very small amplitudes. It is possible to consider theoretical
“projections” on the separation constraints, e.g. considering for some given norm on M
the problem

. (8)

inf
ZGEK’E

K
x — E a;0t,
i=1

However, the choice of norm (kernel norm, Wasserstein distance) and the resolution of

this problem is not straightforward. To show the convergence of the whole method, one
would need to guarantee that the projection keeps positions in basins of attraction of
the functional, which is out of the scope of this paper.
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Algorithm 2 Projection on the separation constraint P..

procedure P(a,t, ¢, threshold)
sort(a;,t;)i=1,.  such that |a| > - > |ay]
fori=1,...,k do
if a; =0 then
Skip iteration
else if a; < threshold then
a; < 0
else
Get J = {j,j > i,|[t: = t;]l2 < €}
ti 4= =1 Djes laslt;
a; ZjeJ a;
a; <~ Oforall j€Jj#1
end if
end for
return (a;,t;);er with I = {i,a; # 0}
end procedure

In the experiments, we will compare K step Sliding COMP with OP-COMP
followed by accelerated PGD.

2.3. Implementation of descent algorithms with FISTA with restart

We describe the specific choices we made for each part of COMP (Algorithm 1).

e Calculating arg max,(Ad;, r*~V): we perform a descent on —(Ad;, r*~V) using
FISTA restart (see Algorithm 3) until convergence to an estimate t.o,,. For spatial
measurements on a grid with impulse response concentrated around spikes we
initialize the descent with the minimum on the grid (as is done in the experimental
part of this article). For Fourier measurements, it was observed that a random
initialization on D was efficient [7].

e Calculating argmin, ||A 3%, a;0 .0 —yl[3: This can be solved using the conventional
finite dimensional least-squares method. Indeed, we have

k
A Z a;0;, = Ba (9)
i=1

where B is the matrix whose columns are defined by B; = Ad,,.

e Calculating descent(a®, t®): as it is crucial to perform this step quickly given the
dimension of the objects, we use the FISTA restart algorithm (also called monotone

FISTA) [1] on the function
2

g(a7t) = (10)

k
A Z a;0t, — Y
i=1

2
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Indeed the inertia introduced by FISTA can cause the following problem. Instead
of decreasing towards the minimum of the basin of attraction, it can spiral around.
This is called the rebound phenomenon. This bouncing effect slows the convergence
of the system. To counter this effect, the FISTA restart method of resetting the
inertia at the lowest stage of the rebound was introduced. While some papers work
on an estimation of when to restart the inertia [2|, we can simply look at when the
energy of the system increases and reset the inertia. No theoretical works on this
prove the acceleration of this method compared to FISTA, but it is very efficient
in practice and simple to implement, [4, 5, 32|.

Algorithm 3 FISTA restart for a function f(z).

procedure FISTA RESTART(z, N, 7)
2@ 2
Yy 2
k<0
n <0
repeat
k+—k+1
n<n+1
2®) gy k=) 7 f (k1))
y®) k) 4 Z_J—r;(g;(k) — z(=1)
if f(z®) > f(2*~Y) then
n <0
end if

until £ > N
K)

return z
end procedure

We note that for all descent algorithms used in Sliding COMP and OP-COMP +
PGD, we use the FISTA restart. In PGD, after each projection, if at least two spikes
are merged, we reset the inertia of the system. Moreover, since we want our spikes to
be in the domain D, we perform another projection which clips the spikes outside of D.

3. Theoretical study of COMP without sliding

We show in this section that with some additional hypotheses, it is not necessary to
perform the descent step in Sliding COMP to obtain a controlled approximation of the
positions of the spikes. We first proceed to introduce some facts and assumptions on
the linear operator A and on Dirac measures.
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3.1. Definitions

We first introduce the notion of kernel norm which permits to use the restricted isometry
property in off-the-grid spike estimation (see e.g. [37]),

Definition 1 (Kernel, scalar product and norm). For finite signed measures over RY,
the Hilbert structure indexed by a kernel h (a smooth function from R? x R? — R) is
defined by the following scalar product between 2 measures v and s,

<I/1,V2>h = /Rd /Rd h(tl,tg)dVl(tl)dVQ(tg). (11)

We can consequently define
[l = (w1, 1) (12)

We have the relation
s+ vall2 = a2 + 2001, vodn + [l (13)

For the rest of the paper, we use the Gaussian kernel h(t,s) = e lt=sl?/(20%) taken
from [26]. We have that h follows Assumptions 1 hereafter.
A fundamental object used in our study is the concept of dipole.

Definition 2 ((£-)Dipole and separation). A &-dipole (noted dipole for simplicity) is
a measure T = a1y, — bids, where ||ty — si|la < &, with a1,b; € R. Two dipoles
T = a10;, — bids, and my = agdy, — bads, are e-separated if their support are strictly
e-separated (with respect to the [>-norm on R?), i.e. if ||t — talla > €, ||t1 — sall2 > ¢,
|s1 — talla > € and ||s1 — sall2 > €.

A typical assumption is that the kernel makes separated dipoles incoherent, i.e.
their scalar product yields a small residue controlled by the kernel.

Assumption 1. A Gaussian kernel h follows this assumption if there is a constant uy
such that, for all two §-separated dipoles, (w1, Ta)n < pp||71||nl|72|ln (mutual coherence).
Since we fix the kernel h for this paper, for simpler notations, we note p = py.

With a Gaussian kernel h, we have the following properties.

Lemma 3.1 (Consequences of choosing a Gaussian kernel). Let h(t, s) = e lt=sl3/(27*)

a Gaussian kernel of variance 202.
Then,

(i) the kernel h is symmetrical with respect to 0 and translation invariant;

%) h hit,t)=1= h(t :
(i) we have h(t,1) = 1= max_|h(t,s)]

(ii) if h verifies Assumption 1, then for any two £-separated spikes 0y, ds,

2
llt=sll3

(00, 0s)n = €722 < pal| 6|1 0s | = po- (14)

The following Lemma is an approximate Pythagorean identity where the norm of
the sum of dipoles is approximately equal to the sum of the norm of the dipoles.
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Lemma 3.2. (from [37]) Suppose for all two g-separated dipoles, (my,ma)n <
pllmilnllmelln (mutual coherence). Then for k, §-separated dipoles m, ..., such that
max; ||m; ||, > 0, we have

- I Zi:l,k mill7

N Zi:l,k H7Tz||i

To define the restricted isometry property (RIP), we need the notion of secant set.

1—(k—1)u <1+ (k-1 (15)

Definition 3 (Secant set). The secant set S(Xk ) of the model set Xk . is defined as

SPke) ={r -y, € Zke,y € Xk} (16)

Note: S(Xk.) can be written as Yk e — Yk
We can now introduce the Restricted Isometry Property (see [26]).

Definition 4 (RIP). The linear operator A has the v-RIP on S(Xk.) with constant
0<y<1ifforalzeS(XEk):

1 =llzli < [Az]3 < 1+ |27 (17)
Suppose that the operator A has the 7-RIP on S(Xk ) and consider e-separated

dipoles m;. Then we have

2 2

<(1+9)

k 2

>r

i=1

k

AZ?TZ‘

i=1

k

>

=1

(1—7) <

(18)

h h

Finally we introduce the set Z; ¢ . of {-concentrated dipoles, pairwise e-separated,

I
Zl,£,6 = {Zﬂ'l LT = aiéti - bzésl, a,b € Rl, tz € D, S; € Rd7 Vi € {1, e ,l},
i=1
It — sill2 <& Vi,j € {1,...,1l},1 # j,m and 7; are e—separated.} (19)

3.2. Main theorem

Let us first state our main result.

Theorem 3.3. Let K € N with K > 0. Let e > 0. Let xx, = Zfil a0y, € Yk
where ||a]|le = |ai| > las| > ... > |ak|. Denote o = |a1|/|ak]|. Assume that the
linear operator A has the v-RIP on S(Xk.¢) with a Gaussian kernel h with variance o?
following Assumption 1. We define sy, ..., s} the ordered K-th first output of COMP

without sliding. Let

) 1
= \/2" () (20)
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Suppose

< 21
TS SR (iKa—1) (21)

and 0
e > 18In (§> o’ (22)
Then for every l € {0,..., K}, there exists i € {0,..., K}, such that ||sf — t;]|2 < &.

This result states that if the unknown signal follows a separation assumption,
the operator A has a 7-RIP on such separated signals with respect to a kernel norm
following the mutual coherence assumption, then we can bound the estimation error of
the positions. The main hypothesis of this Theorem is the condition that u+~v = O ( %)
which seems restrictive; it is also dependent on the ratio of amplitudes. We express in
the following a second theorem where the amplitude are known and set to 1, yielding
more favorable conditions. We attribute this restrictive conditions to the fact that we
do not have exact orthogonality between spikes in this continuous setting compared to
the discrete finite dimensional case (|24, Theorem 6.24]).

The hypothesis €2 > 181n (%) o? is guaranteed if

e > 1.370 (23)

This inequality means that the minimum separation needed for a full recovery of the
spikes’ positions is larger than the standard deviation of the kernel h. This is in
accordance with the idea that if two spikes are too close with respect to the kernel width,
their observations are not separated enough to get recovered independently. Note that
we did not look to achieve the best constants to keep the proof as simple as possible.

The localization error of the spikes is bounded by & which converges to 0 when
i+ v is sufficiently small. Hence, for very well conditioned operators A, the K step
COMP without sliding has good recovery guarantees. Note that for a final descent
on parameters to converge, the bound ¢ must be smaller than the size of basins of
attraction of ¢g. In fact, using results on basins of attraction from [38] we just proved
that there exists a linear operator (with possibly a very large number of measurements)
where COMP with a final gradient descent converges to xy. For example, with a linear
operator composed of a large number of random Fourier measurements following the
RIP, this result is true (see [38] for a precise study of the basins of attraction of (3)).

The proof of this theorem is an induction on the steps of COMP where approximate
recovery at one step guarantees approximate recovery at the next steps. The main
difficulty is to control all residuals generated by the fact that we only have approximate
orthogonality between atoms (through the kernel norm).

3.8. Theorem for signals with fized amplitudes

The previous Theorem 3.3 is a general case that applies for signals with variable
amplitudes. For sparse signals of the form zy = Zfil d¢,, we give a theorem with
weaker conditions.
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Theorem 3.4. Let K € N with K > 0. Let ¢ > 0. Let xx, = > 0,3y,

(3

€ Yk
Assume that the linear operator A has the v-RIP on S(Xk <) with a Gaussian kernel h
with variance 0. We define s, ..., s% the ordered K-th first output of COMP without

sliding. Let
) 1
£ = \/20 In (1 a T 7)> (24)

D —
TS 00K - 1)

Suppose

and 0
e > 18In (5) o’ (26)

Then for every l € {0,..., K}, there exists i € {0,..., K}, [|sf —ti]l2 < €.

3.4. Relation between the RIP hypothesis and number of measurements

The major difference between the two theorems is the less restrictive upper bound on

i+ . Instead of having an upper bound of the order %, %

without dependency on the ratio of amplitudes. This means that the Gaussian kernel

it is just of the order

can be larger as it implies a less strict condition on the observation to observe a full
recovery of the true signal.

In the context of random Gaussian measurements we can guarantee that the
condition on 7 is verified if the number of measurements m is of order v%K 2d times
some logarithmic terms as demonstrated in [27]. In our case, this gives a number of
measurements m needed to guarantee an upper-bound on 7 of order K°d. For signals
with fixed amplitudes, m must be of order of K*d.

For the discrete sparse recovery case, success of OMP is guaranteed (neglecting log
terms) for m = O(K). Thus an open question is to determine if our conditions on v can
be loosened to yield better recovery results with respect to the number of spikes K.

4. Ill-posedness of the over-parametrized problem

In this section, we show with simple experiments that, even if over-parametrization
permits to minimize the energy (3) (see next Section), it leads to badly conditioned
problem leading to slow and poor convergence of gradient descent. This illustrates the
fact that performing a projection in the descent is a key part of our algorithm for a fast
convergence. The code for these experiments is available for download at [8].

4.1. Presentation of the experiments

We place ourselves in the case of the recovery of one spike (note that this case is often
very informative for the study of limits of super-resolution algorithms [19, 38]). Results
on basins of attractions show that if the descent is initialized sufficiently close to the
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observed spike, then under the RIP condition there will be convergence to the desired
position (at a linear rate).

We place ourselves in 2D, i.e. xg = d; with t = 0. We observe this signal through
random Fourier measurements (where the RIP with a Gaussian kernel is guaranteed
theoretically). For this example, we take the number of measurements to be m = 40.
Then we initialize our signal x;,;¢ to be a sum of spikes positioned near the origin. This
aims to recreate the output of OP-COMP.

For our experiments, we compare four cases.

e Case 1: we set ziniy = 05 where s is close to ¢, ||t — s|| = 0.2. In this case the
number of true spikes is equal to the number of initialized spikes and there is no
need for a projection.

e Case 2: we set Tipic = %Z?:1 d;, where t; = (0.2,0) and t5 = (—0.2,0).

e Case 3: we set Tinix = % Ele ds; where for all i = 1,...,5, ||t — s;||2 = 0.2 and each
s; is equally distant from the other s;.
e Case 4: we set Tiniy = %25:1 ds, where for all i = 1,...,5, ||t — si|la = 107" and

each s; is equally distant from the other s;. The initialized spikes are very close to
the true spike (same as case 3 but initialized very close to the solution).

For each case, we perform a simple gradient descent without projection for a large
number of iterations and with a step selected with a line search.

A classical way to study the well posedness of first order algorithms is to calculate
the Hessian H of the function ¢ in (10) (calculated in [37, Proposition 2.2|). The
conditioning and non-negativeness of H permits to show local convexity and gives
information on convergence speed of gradient descent. We recall the expression of the
condition number of H, noted k(H), with H a complex square matrix,

_ ‘)‘mzn(H”

) = 13 ()

(27)
where |\ (H)| and |Apa. (H )| are respectively the moduli of the minimal and maximal
eigenvalues of H.

4.2. Results and remarks

In Case 1, the estimated spike converges to the true spike, see Figure 1. The norm of the
residue decreases to the numerical precision 107!, For the smallest eigenvalue of H, it is
negative only for the first iteration (we set manually the initialization). But after its first
iteration of Gradient Descent, it goes back to being positive and stabilizes at \,.;, ~ 2,
see Figure 2. For the condition number of H, it also stabilizes at x(H) ~ 25. This value
is fairly low compared to our following tests. The positiveness of \,.;, indicates that H
is positive definite at our estimated signal, i.e. it is in a basin of attraction.
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Figure 1: (left) Iterations of intermediate points Zienp and trajectory from
Tinir = 05 toward zo using Gradient Descent. (right) Norm of residue
|y — A%templ|2 at each iteration of Gradient Descent.
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Figure 2: (left) Smallest eigenvalue and (right) Condition number of H at
each iterations of the Gradient Descent for a one spike signal.

In Case 2, the trajectories of the spikes for the over-parameterized signal seem to
converge towards the ground truth, Figure 3. However, when we observe the norm of
the residue of the system, it decreases very slowly and does not have the same linear
convergence rate as Case 1. The estimation error on positions is approximately 1073
after 10 000 steps. When looking at the smallest eigenvalue and the conditioning of
the system, we observe that at least one eigenvalue of the Hessian is negative, Figure 4.
This indicates that the estimated over-parametrized functional is not convex around the
global minimizer. When looking at the conditioning of the Hessian, while manageable
far from the global optimum, it keeps increasing during convergence. This implies that
the system is numerically unstable as it gets closer to the global minimizer.
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Figure 3: (left) Iterations of intermediate points Zien, and trajectory from
Tinit = %551 + %552 toward zy using Gradient Descent. (right) Norm of
residue ||y — Azxl|s at each iteration of Gradient Descent.

L -
3 le07 % 1.e+08
g el
£ -l.e05 £
-GQJ, 2 1.e+06
Y .1.e03 s
7 S l.e+04
2 S
T -le-01 <
5 O l.et+02

-l.e+01 |

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Gradient Descent iterations Gradient Descent iterations

Figure 4: (left) Smallest eigenvalue and (right) Condition number of H at
each iterations of the Gradient Descent for a two spikes over-parameterized
signal.

In Case 3, we observe the same phenomena as in Case 2. The five spikes of the
over-parameterized signal converge towards the solution. However, this convergence is
very slow, Figure 5. For the smallest eigenvalue of the Hessian, it is still negative but
gets closer to 0 through the iterations of Gradient Descent. As for the condition number
of H, it increases and leads to computational instability (Figure 6). The estimation
error on positions is approximately 1072 after 10 000 steps.
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Figure 5: (left) Iterations of intermediate points Zienp and trajectory from
Tinit = %Zle Js; toward xq using Gradient Descent. (right) Norm of
residue ||y — Ax||2 at each iteration of Gradient Descent.
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Figure 6: (left) Smallest eigenvalue and (right) Condition number of H at
each iterations of the Gradient Descent for a five spike over-parameterized
signal.

The idea for Case 4 is to see what happens when we initialize the spikes closer to
the solution (distance lower than 107°) than the final estimation obtained after all the
iterations of a Gradient Descent from Case 3. In Case 4, the descent does not seem
to bring our initialized spikes closer to g, see Figure 7. Between the first and last
iterations of Gradient Descent, the residue’s difference is in the order of 10~!® and the
residual is of the order of 1071, There is a convergence of the iterates towards x but
it is very slow. At this scale, we attribute this behavior to the bad conditioning and
non-convexity of the functional: the smallest eigenvalue is very small (\;, &~ —10719)
and does not get positive during any step of the Descent, see Figure 8.
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Figure 7: (left) Iterations of intermediate points Zienp and trajectory from
Tinit = %Z?:1 Js; toward z( using Gradient Descent. (right) Norm of
residue ||y — Axl|s at each iteration of Gradient Descent.
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Figure 8: (left) Smallest eigenvalue and (right) Condition number of H at
each iterations of the Gradient Descent for a five spikes over-parameterized
signal.

We see that when the number of initialized spikes is larger than the number of true
spikes, the signal does not converge towards the ground truth with good accuracy and
in finite time. Gradient iterations do not improve the solution due to the ill-posedness
of this situation. A solution for this problem is to reduce the number of spikes during
the descent. In practice, the solution that we propose is to merge spikes close to each
other (see Algorithm 2) to avoid dealing with ill conditioned problems and project the
iterates into a convex basin of attraction of the global minimum. We must remark that
the choice of the separation criterion for merging spikes is a trade-off between accuracy
of the algorithm (resolving spikes close to each other) and computational speed (project
as fast as possible in the descent).

5. Experiments

In this section, we apply our OP-COMP + PGD algorithm to two microscopy
problems and compare its performances to the state-of-the-art method Sliding COMP.
More precisely, we consider the problems of microscope calibration from fluorescent
microbeads acquisitions (Section 5.4) and super-resolution reconstruction from SMLM
data (Section 5.5). While both problems are related to the recovery of sparse spike
signals, in the former microbeads usually follow a minimal separation distance in line
with the assumptions of our theoretical results. The code for the following experiments
is available for download at [8].

5.1. The MA-TIRF model

All reported experiments are performed with the multi-angle total internal reflection
fluorescence (MA-TIRF) model, which we briefly describe here. The principle of TIRF
is to illuminate the sample with an incident angle in the regime of total reflection [3].
In this regime, although all the incident light is reflected, an evanescent wave is created
above the glass coverslip. It allows for the excitation of fluorophores within a thin
layer of few hundred of nanometers at the basal surface of cells. MA-TIRF then simply
consists in the consideration of a set of acquisitions for multiple TIRF angles. As the
axial decay of the evanescent wave is related to the incident angle, MA-TIRF data
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convey information about the axial position of fluorophores. Let y € RN *N2xKagie he
our observation with N; and Ny the number of pixels for the first two dimensions and
Kang1e the number of incidence angles. Each entry of y is expressed as a weighted sum of
the application of an impulse response a; i, withi € {1,..., NyNo}, k € {1,..., Kangie },
on each spike of z¢ = Z]K:1 a0y, with t; € R3 ie. y;p = Z;il
of a; (t;) for the MA-TIRF model is given by

t. —Sktj3 _((tj,1*81)2+(tj,2*52)2)
Olz‘,k:(tj) - f( j,3)e / e 202 2032 dsyso (28)
Q

2mo109

aja; i (t;). The expression

where {(t;3) = ( f;“fle e*QSktm) e and €2; the i-th camera pixel region. It corresponds
to the combination of the evanescent excitation in the axial (third) dimension and
the lateral (first two dimensions) convolution with the impulse response, which we
approximate by a Gaussian kernel. For further details on this model, we refer the
reader to [20]. To implement this continuous formulation, we discretize it to obtain

ik(ty) = W(erf@;) — erf(v;)) (erf(U;) - erf(v;)) (29)

with erf(z) = £ [ e "dt the error function and

VT Jo
V20, V20,
tio — A /2 —y; t. Ao /2 — 1
oy = B2 B2y e hat B2y (31)

Y \/502 Y \/502

with (x;,v;) the coordinates of the ith pixel and Ay its width. This derivation from the
continuous formulation is straightforward by considering €2; = [; — Ay /2, 2+ Apy /2] X
[yz - Apx/27 Yi + AIDX/Q]

Finally, we recall that we place ourselves in the noiseless case, i.e. y = Axg with y
the observation, A the linear measurement operator following the MA-TIRF model and
xo the original signal to recover.

5.2. Metrics to evaluate the performance of algorithms

To evaluate the performance of each algorithm, we take into account the computation
time and the accuracy of the estimation. We introduce the true positive (TP), false
positive (FP) and false negative (FN) notations. They label each ground truth (GT)
and estimated spike differently according to whether a GT and an estimated spike are
close to each other (TP), if a GT spike is alone (FN) and if an estimated spike is alone
(FP). These notations are used to compute the Jaccard (Jac) index, the Recall (Rec)
and the Precision (Pre) metrics [35]:

ATP fee
4TP 1 #FP + #FN - ° " TP 4 #FN

ATP _ HTP
YT UTP 1 #FD

Jac = (32)
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These indexes and metrics allows us to evaluate the capability of an algorithm to give a
good estimation. The scores are between 0 and 1, ranging the performance from worst
to best. We note that to identify an estimated spike as TP, we check its distance to
the closest GT spike noted drper. We distinguish two cases in function of the smallest
distance between two spikes of the ground truth noted dy;,. Either the spikes of the
ground truth are well separated from each other, i.e. dyin > 40nm, then drp gr = 20nm.
Either dy;n, < 40nm, then drpgr = %dmin.

We also introduce the root mean squared error (RMSE) between the pairs of GT

and estimated spikes (from the TP set) along each dimension,

RMSE,, — #ﬂ;} (23]i — [zo)0)2 (33)

This metric gives us an estimation on how close the estimated signal is to the ground
truth in each dimension for every pair of GT and TP spikes.

5.83. Benchmarking algorithms and parameters

As previously introduced, there are two main differences between Sliding COMP and
OP-COMP + PGD. The first one is the absence of the sliding step within OP-COMP,
the second one is the addition of an over-parameterization step in OP-COMP and a
descent on all parameters with projections performed in PGD. To test if both differences
between the algorithms bring an added value, we introduce in our experiments the
modified sliding COMP algorithm: COMP + GD. It is a hybrid algorithm between
Sliding COMP and OP-COMP + PGD. For the initialization, it behaves as OP-COMP
to the difference that it stops at exactly K iteration for a K-spikes signal. It then
performs a Gradient Descent on all parameters but does not perform any projection.
This algorithm permits to ensure that the over-parameterization with projection is a
key part in improving the recovery of the positions of the spikes.

Regarding the projection step in OP-COMP + PGD, to set the projection distance
eps_dist, we use an oracle: we compute beforehand the smallest distance between all
the spikes in the true signal min_dist and set the projection distance eps_dist to be
0.75xmin_dist. However, this user-defined parameter can be easily estimated from the
observation of the dataset. In practice, if it is too large, we risk to project two estimated
spikes that should not be projected. In the opposite case, if it is too small, PGD does
not merge spikes that should be merged and slows down the computation due to the
large number of spikes and the slow convergence of an ill-posed problem (see Section 4).

5.4. Microscope calibration from fluorescent beads acquisitions

A standard practice for calibration in fluorescent microscopy is to image fluorescent
microbeads. They behave as point sources and the associated images thus constitute
direct measures of the system impulse response. The process of calibration then consists
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in a joint estimation of the impulse response and the microbeads position from these
data. This is usually addressed with alternating methods and we focus here on the
microbeads localization subproblem. Usually, such calibration samples are prepared
such that microbeads follow a minimal separation distance, in line with the assumptions
of theoretical results of the present work.

In this context, we synthesized fluorescent beads uniformly in the volume. We first
set a uniform grid of points in our volume. Then, from each point = = (x1, z2, x3) of the
grid, we randomly generated a spike ¢ = (¢, to, t3) within an ellipse centered at z, i.e.

(21 — 151)2 (rg — t2)2 (25 — t3)2
(s1/2)? (52/2)2 + (s53/2)2 <L (34)

with s1, so, s3 the lengths of each axis of the ellipse. Regarding spikes amplitudes, they

are sampled uniformly between 1 and 1.5. We show in Figure 9 a slice of the observation
y along two different incident angles. We observe that there is separation between the
beads with some responses still intersecting one another (i.e. we are not in the most
favorable case in terms of separation).

X (in um) X (in um)

Figure 9: Observation of a signal composed of 98 spikes along two different
incident angles through the MA-TIRF model.

We compare OP-COMP + PGD, COMP + GD and Sliding COMP on a signal
composed of 98 spikes. The 3D localization is presented in Figure 10. Most of the
spikes have been recovered by the three methods
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Figure 10: 3D Plots of a signal of size K = 100 and its estimation by

OP-COMP (in green) and then PGD (in blue) (top left), its estimation by
COMP (in green) and then GD (in blue) (top right) and its estimation by

Sliding COMP (in blue) (bottom center).
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We plot the residues ||y — Az||s at each step of all three algorithms in Figures 11, 12
and 13. At the end of OP-COMP, the initialized signal is composed of 135 spikes. After
10000 steps and about 35 projections in PGD, the norm of the residue stops decreasing
and we obtain a signal composed of 95 spikes. We observe that the norm of the residue
decreases far less than with GD without projection. Compared to Sliding COMP, the

norm of the residue of OP-COMP+PGD is similar.
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Figure 11: Norms of residue ||y — Ax||; at each iteration of OP-COMP
(left), Projected Gradient Descent (right) for a 98-spikes signal.

= =
< X
I 10° T 100
= — >
g - o
=] —
2 — 3
§ 107t § 1071
5 s A
£ £ . —
2102 21072
0 20 40 60 80 100 0 2500 5000 7500 10000 12500 15000 17500 20000
COMP iterations Gradient Descent iterations

Figure 12: Norms of residue ||y — Azl at each iteration of COMP (left),
Gradient Descent (right) for a 98-spikes signal.
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Figure 13: Norms of residue ||y — Az||; at each iteration of Sliding COMP
for a 98-spikes signal.

To compare these estimations in terms of localization, we use the metrics we
introduced previously (see Section 5.2) and the norm of the residue of each estimation.
Results with computation times are reported in Table 1. We conclude that for
solving (3), OP-COMP + PGD performs better than its counterpart with no over-

parameterization nor projection.
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OP-COMP + PGD | COMP + GD | Sliding COMP

Computation time 129 minutes 115 minutes 272 minutes
Norm of residue
5.84 x 1073 2.08 x 1072 8.69 x 1073
of estimation
Jaccard Index 0.771 0.567 0.664
Recall 0.857 0.727 0.806
Precision 0.884 0.720 0.790

RMSE (1,29, x
(21, 72, 72) (2.70,1.68,2.05) | (3.39,3.56,4.83) | (1.43,1.58,1.55)

n nm

Table 1: Table of comparison between OP-COMP + PGD, COMP + GD
and Sliding COMP on computation time, norm of residue, Jaccard index,
Recall and Precision metrics, and on RMSE along each dimensions.

We observe that in terms of computation time, Sliding COMP is largely outclassed
by both OP-COMP + PGD and COMP+GD. For all three Jaccard, Recall and Precision
metrics, we note that OP-COMP + PGD performs better than both COMP + GD and
Sliding COMP.

We conclude that in the setting where we need to estimate a large number of spikes
in the signal with a (relatively) good separation between each pair of spikes, OP-COMP
+ PGD is a well suited algorithm to recover such signal as it offers a lower computation
time and better performances when compared to the state of the art Sliding COMP.

5.5. SMLM localization problem

Single molecule localization microscopy is currently one of the most powerful super-
resolution technique in fluorescence microscopy with the potential to reach a resolution
of up to ten nanometers [35]. As opposed to conventional fluorescence microscopy where
all fluorescent molecules are activated and imaged at the same time, it proceeds by
sequentially activating and localizing sparse subsets of these molecules. The density of
molecules activated on each SMLM frame comes as a trade-off between the difficulty of
the localization problem (easier for low densities) and the temporal resolution in live
imaging (better for high densities).

Three-dimensional SMLM can be achieved by using a modified impulse response
whose shape varies axially (third dimension). These include for instance the popular
astigmatism [28] and double helix [34] responses. To encode the depth of molecules
through axial variations, such exotic impulse responses come with a larger lateral
support than conventional responses, thus increasing the difficulty of the localization
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problem. An alternative is to exploit MA-TIRF excitations to encode the depth of
molecules while keeping a conventional, narrower, response. This approach has been
numerically investigated and compared to the use of astigmatism and double helix
responses in [20].

In this work, we consider the simulated microtubules structures proposed in [35].
From the available ground truth positions of the Ky, simulated molecules, we generate
SMLM (with MA-TIRF) frames, each containing a subset of K < K, molecules. In the
state-of-the art reference [20], K varies between 5 to 15. As K gets larger, the probability
of two molecules being close from each other increases and the localization problem
becomes harder. In our experiments, we evaluate the performance of OP-COMP +
PGD and Sliding COMP over 100 batches where a batch corresponds to an observation
of a signal composed of K € {5,10,15,30} spikes (i.e., an SMLM frame). Regarding
parameters of model (28), we consider the setting described in [20]. In particular, we use
the number of pixels of the grid detector Ny = Ny = 64, the number of different angles
Kang1e = 4 and the excitation wavelength \; = 660nm. The latter is directly related to
the decay of the evanescent wave of the TIRF illumination. Moreover, following [20],
the variances o, and o9 of the Gaussian filter used in model (28) have been set to
o1 = 09 = 0.42)\;/NA with NA = 1.49 the numerical aperture of the system. This
corresponds to a fitting of the Gaussian filter model to the experimentally measured
filter of the SMLM challenge [35]. In this way, ), is also related to the spread of the
impulse response. A smaller wavelength leads to a narrower response and allows for a
better separability of the molecules’ observations.

In this setting, as opposed to the calibration problem presented in Section 5.4, the
separation assumption with respect to the shape of the measurements is not completely
verified: some spikes from the ground truth are very close to each other and the linear
measurements operator A does not give enough information to distinguish them. With
these shortcomings in mind, a direct application of OP-COMP without sliding + PGD
does not work as well as in the previous section. In these experiments, we add a small
sliding step at each iteration for both OP-COMP and COMP. In comparison to Sliding
COMP where several hundred iterations are performed in every sliding step, we only
performs 10 to 20 iterations of descent. This number is low enough to not slow down
the whole algorithms while still improving the global convergence.

Finally, to perform an adequate comparison, the number of iterations in the final
(projected) gradient descent is set to provide similar performance in terms of recovery
of positions when possible. When comparing execution times of OP-COMP + PGD,
COMP + GD and Sliding COMP in Figure 14 (in logarithmic scale) and their relative
differences in Table 2, we observe that for K € {5,10} (i.e. a small number of spikes), our
OP-COMP + PGD algorithm and COMP + GD are slower than Sliding COMP. But as
the number of spikes per batch grows, we notice an increasing time gain for OP-COMP
+ PGD compared to Sliding COMP as predicted by the theoretical computational
complexity of the algorithms. We gain 10% of computation time for K = 15 up to
75% for K = 30. Indeed, as the number of spikes gets larger, the descent step at each
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iteration of the Sliding COMP takes longer to compute.
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Figure 14: Computation time in logarithmic scale for OP-COMP + PGD,
COMP + GD and Sliding COMP on a 100 batches of sizes
K =5, 10, 15 and 30.

Number of spikes K

Relative difference from
5 10 15 30

Sliding COMP to

OP-COMP + PGD (in %) | 34.8 | 19.6 | —11.6 | —76.6

COMP + GD (in %) |1255|63.9| 1.7 | —73.6

Table 2: Relative differences in computation time in percentage between
Sliding COMP and both methods OP-COMP + PGD and COMP + GD
on a 100 batches of sizes K =5, 10, 15 and 30.

The recovery results in terms of Jaccard index, Recall and Precision metrics are
given in Figure 15.

We observe that the different indices and metrics are very similar for all three
methods for K =5, 10 and 15. This means that even if our method OP-COMP + PGD
and COMP + GD are faster than Sliding COMP, there is no significant degradation of
the quality of the estimation.

For the case of K = 30, we notice a drop in performance for every index and
metrics for all methods. This result is to be expected as the size of our observation y
as some spikes become very close. Both OP-COMP + PGD and Sliding COMP have
similar metrics in this setting for all three performance measures. However, for COMP
+ GD, we notice a drop in performances compared to OP-COMP + PGD. This validates
the benefit of having an over-parameterized initialization and a projection in the final
Gradient Descent.
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Figure 15: Score of Jaccard index, Recall and Precision metrics for
OP-COMP + PGD, COMP + GD, and Sliding COMP on a 100 batches of
sizes K =5, 10, 15 and 30.

For the RMSE metric for each dimension, we see that the distance between GT and
TP spikes is small for all three algorithms (Figure 16). We note that the RMSE in the
third dimension (the same associated to the different angles of incidence in MA-TIRF)
is lower than the RMSE for the first two dimensions.

An expected, we also observe that the RMSE increases with the number of spikes
K as the observation y limits our accuracy and the probability of having two ground
truth spikes close to each other increases with more spikes per batch.



Estimation of off-the grid sparse spikes with over-parametrized PGD 28

RMSE (in nm)

~&— RMSE x1,0P-COMP + PGD A RMSE x1,Sliding COMP -A- RMSE x1,COMP + GD
—®- RMSE x2,0P-COMP + PGD ® RMSE x2,Sliding COMP -® RMSE x2,COMP + GD
RMSE x3,0P-COMP + PGD RMSE x3,Sliding COMP RMSE x3,COMP + GD

5 10 15 30
Number of spikes

Figure 16: RMSE in each dimension for OP-COMP + PGD, COMP + GD,
and Sliding COMP on a 100 batches of sizes K = 5, 10, 15 and 30.

We also combine all batches from our tests with K = 15 in a single plot in the same
style as in [20] to obtain Figure 17. We note that all three estimations are close to our
initial microtubules. This supports our RMSE results presented earlier as for all three
algorithms, their RMSE are very similar and close to 0 in each dimension.

Figure 17: 3D Plot of estimations of a signal of size K = 15 x 100 by
OP-COMP + PGD (left) by COMP + GD (center) and by Sliding COMP
(right) with a color gradient for the third dimension and a size associated

to the amplitude of each spike.

In conclusion to this subsection, even though the signals recovered do not perfectly
fit the central separation assumption (very small distances between spikes for a low
quality observation), OP-COMP + PGD does perform as well as the state-of-the-art
Sliding COMP in classical metrics. As the number of spikes in a signal gets bigger, OP-
COMP + PGD gets faster than Sliding COMP. We provide in Section D an SMLM
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experiment with 50 spikes with much smaller wavelength (which are unfortunately
not available in real set up). This experiment shows that, should the resolution
of instruments improve, our algorithm will provide a consequent improvement on
computation times.

6. Conclusion

In this article, we showed, for an off-the-grid K sparse signal with separation condition,
that with a sufficiently good RIP constant of the linear measurement operator, we
can estimate a solution in K iterations up to a controlled accuracy for the non-convex
problem.

We also showed that in comparison to Sliding COMP, our method OP-COMP +
PGD becomes really efficient when the number of spikes is large. In bad and good
settings (depending on the separation between spikes of a signal), OP-COMP + PGD
has at least comparable precision to Sliding COMP. We also showed that the over-
parametrization step and the projection in the descent bring a non-negligible added
value to our method as removing these steps decreases the precision.

For future works, we can investigate the same convergence guarantees for noisy
observations. A possible extension of our theorem could be to extend the setting to
kernels beyond the Gaussian case. Moreover, is it possible to get less strict bound for
the v RIP as in the discrete case? Also, we can focus on determining conditions on
estimating a projection distance instead on relying on an oracle projection distance.
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A. Appendix: Proofs of technical results

In this appendix, we detail the proofs of the technical results we need to prove our main
theorem.
We start with the proof of Lemma 3.1,

Proof of Lemma 3.1. We have that h(t,s) = e llt=sl3/(20%)
(i) We can write h(t,s) = p(||t — s||2) where p(z) = e /@) for t,s € R?, ie. his

symmetrical with respect to 0 and translation invariant.
(i) We have that h(t,t) = p(0) = 1. However, —z?/(20?) < 0 for z € R with equality
when z =0, i.e. h(t,t) = max |h(t,s)]

teRe scRd
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(iii) For any two spikes dy,,ds, such that ||ty — solla = €/3, from the definition of the
scalar product with respect to h, we have (8, 0y, )p = e~ lto=0ll3/(20%) — ¢=(¢/3)/(20%)
Moreover, from Assumption 1 and (ii), (d4,ds,)n < p. By combining both
equations, we have

_(e/3)?
(019, 0so)n = € 27 < pul|6¢ || 0s[n = po- (35)
Taking ¢, s such that ||t — s||s < €/3 = [|to — so||2, we have
_(/3)?
(04, 05)n, < €7 202 < pu. (36)

]

Lemma A.1 (Bound on the norm of a dipole). Let m = ad; — bds be a dipole and h a
kernel. Then, we have,
Irlln < la = b] + [al |05 = dl[n- (37)

Proof. Remark that ad; — bds = a(d; — d5) + (a — b)ds. With the triangle inequality,
7l < I(@ = 0)ds|n + lla(de — d5)|ln = |la — bl + [al[|6: — ds]|n- (38)
]

Lemma A.2 (Norm of a dipole for a Gaussian kernel). Let m = ad; — bds be a &y-dipole
such that 0 < & < € and h be a Gaussian kernel of variance 20%. Then, we have the
following properties:

3

(i) |7l = (a = b)> + 2ab(1 — e~ 207), (39)
(i) |72 < (a—b)* +2Jab|(1 — e 2?). (40)

Proof. From ||7||2, we develop to get (39),

Il = llad: — bés |l (41)
= a®||6,|; + *[|6s 117 — 2ab(d, 0 )n (42)
llt—sl3
=a® + b — 2abe” 37 (43)
[

= a® + b% — 2ab + 2ab — 2abe” 357 (44)

2 2 &
I7|l7 = (a —b)* + 2ab(1 — e 2o2). (45)

Then, since & < &, e 6/(20%) > ¢=€%/(20%) ypnd

2 2

2ab(1 — e 27 < 2|al[b](1 — e 27). (46)

We inject (45) into (46) to get (40). O
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Lemma A.3 (Bound scalar product of two spikes). Let ds,0; be two Dirac measures
with s,t € R, Let A be a linear operator with the v-RIP on S(Xk.). Then,

(1 + ’7) <58a 5t>h - 27 < <A557 A6t> S ( )(587 5t>h + 277 (47)

and
[(Ads, Ady)| < (1 — ) {(0s, 0¢)n + 27. (48)

Proof. Let us start by developing (Ads, Ad;),
1
(Ad, Ady) = 5 (I1AS 15 + [l A8z — [|A(, = 8)113) (49)

The v-RIP and Lemma 3.1 imply

(A0, A8) > + (L= NN8ll7 + @ =Nloellz = T+ (05 = d)llz) (50

2
= (1-7) — 50+ D6~ 8 61)
= 1=y = 5 (14 7) (I8J5 + 131 — 206, 5) (52)
=17 = (L)~ (3 6) (53)
= (1+7){6, 8 — 27, (54)

Similarly,

(A5, A8) < 5 (L+ ISR+ (4D — =D = 8)IZ)  (55)
= (147) ~ 5= DG~ B} (56)
— 1t %(1 =) (151 + 13— 25, 81) 657)
= 17— (=)~ (3 6) (5%)
= (1 = 7){0s, o) + 2. (59)

We have just shown the first result. Now, to bound [{Ads, Ad;)|, we compare the upper
and lower bounds. If (1 4 v){(ds, d;)n, — 2y > 0, then

[(1 = 7){ds, 6e)n + 2] = [(1 + 7){ds, 6 )n — 27]. (60)

Otherwise consider the case (1 + v)(ds,d:)n — 2y < 0. Then as v < 1, we have
(1 — 4)(ds,0¢)p, + 2y > 0. By taking the difference between the two absolute values,
we obtain

(1= 7){0s, 0 + 29[ = [(1 + 7){0s, 0y — 27|
= (1= 7)(0s, 0e)n + 27 — (=1) x (1 +9){0s, 3e)n — 27) (61)

= (1 _7)<5575t>h+27+ (1+’y)<55a6t>h _27 (62)
= 2(J5,01)n > 0. (63)
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We conclude

[(Ads, Ade)| < max (|(1 = 7){ds, 0)n +29], [(1+7)(0s, de)n — 29])  (64)
= (1= ){0s, 0e)n + 2. (65)

Lemma A.4 (Bound on the scalar products of two dipoles). Let w1, o be two e-separated
dipoles. Let A be a linear operator with the v-RIP on S(Xk.). Then we have,

(L +3) (e, mahn — y(lmilly + Imall7) < (Ami, Ama) < (1= ) (m, mo)n +y(llmllh + lIm(7)

(66)
and
[(Amy, Ama)| < [y, mo)al + 7y [lmll7 + w2l — (o, wo)al - (67)
Proof. With the v-RIP, we have,
1
(Am, Amz) = 5 (NA7L3 + [[ A5 — [[A(m1 — 7)) (68)
1
> < (W=l + m2lE) = (L 4+ Dllm = mo ). (69)
We develop the norm of the difference between two dipoles,
Iy = molli = llmall; + llmall; — 271, m2). (70)

By injecting in our previous inequality (68), we get,

(Am, Ams) > 2 (1= 3) (I + ImalE) = (U 2) (Il + sl = 20w, i) ) (71)
= (L), mob = Al + i) (72)

Similarly,
(Am, Amy) < 2 (L4l + Imal) = (=)l = ml?) (73)

We inject in this result (70) and obtain

(Am, Amy) < 2 (LD Um I+ Iml) = (= ) Uml} + Imall ~ 2, ma))) — (74)

= (1 =)y, mn + y(Imallh + l1mal7)- (75)

The previous bounds (72) and (75), combined and rewritten, give
v (o, mo)n = Imll; = malli) < (Amy, Amg) — (mo, ma)n <y ([|milli + [1m2ll; — (71, m2)n) -
The bounds are symmetrical, giving us,

[(Amy, Amy) — (m, mo)nl < [l + Imell — (e, ma)a) - (77)
Using the triangle inequality, we get

|(Amry, Ama)| — [{m1, ma)n| < [(Am, Ama) — (71, T2)l - (78)
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This implies
[(Amy, Ama)| < [y, modal + 7y [lmll7 + w2l — (mo, wo)al - (79)

B. Appendix: Proofs for Theorem 3.3

In this appendix, we detail the proof of our main theorem. We start by technical
Lemmas.

Lemma B.1. Let d, a Dirac measure and z = Zizl m; € Zl,&% such thatVi=1,...,1,
ds and m; are g-separated and § < €/3. Assume that the linear operator A has the y-RIP
on 8(Xk,). Denote D = r{naX |7:lln/]|a]|e where a € RE. Then,
ie{l,...,
| Az |13

lall%

<I(1+9)(1+(1—-1)uD> (80)

Furthermore, we have,

(A5, Az)]
lalloo

Proof. With the ~-RIP,
| Azl = ||AZ7T1||2 1+l Zmllh (82)

< k= (1+7)dD +~1(1+ D?). (81)

From Lemma 3.2, we get

Az |3 l
H||a||12‘2 <(L+NA+(1-1p ZHGHZ <1+ + (=)D (83)

:w

This concludes the first part of the proof.
We now bound [(Ads, Az)|. With the triangle inequality,

l
[(A49,, Az)| Z [(AS,, A1), (84)

el la Hoo

Then, using the result (67) from Lemma A.4,
!
(A8,, Az) w Il o
e <3 G o n| I8+ Tt = (G el ) (85)
lalloo p lalloo lall% lalloo
As §5 and m;,0 = 1,...,1 are €¢/3-separated, we have (s, m)n < pl|dsl|nllmilln = pol|7illn-

We inject this into our inequality (85) to obtain

Ay, Az)| < 2 ,-
. SZ( [l (1+:‘|Z||‘Lh+“||:z||”£))' (86)

alls
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After rearranging the terms in (86), we get

(A8, Az)| < milln |72
Tall SZ(“* D lale (1 la \12)) (&7)

i=1

< (1+7)uD +~1(1+ D?). (88)

The following lemma gives a condition on £ to bound the scalar product of a &-
separated dipole.

Lemma B.2 (Condition on §). Let k+1 = K with k,l, K € N and K > 0. Let « > 1

and
, 1
52\/20 1n<1—(4Ko¢—1)(u+7))’ %)

with p,y € RY such that 4 < 7= Consider x; and D defined in Lemma B.1 and
suppose D < 1. Then

e,% - 1—((2k—1a— 1)(11—7),u — (dka — 1)y — 2/1104.
-7

(90)

Proof. Using the hypothesis that D < 1, we obtain x; < (1 + 7)ul + 2vI. Hence (90) is
verified if
2 1—(2k—1Da—-1)(1—-9)u— (4ka—1)y —2a(1 +v)ul — daryl

e 27 < T (91)
_ 1= [(2k — Da—1)(1 —7) +2a(1 +y)p — [(4k + 4 — 1]7‘ (99)
1 -y
Since we suppose that 0 < v < 1, this inequality is verified if
e 57 < 1= [((2k = Da— 1)(1 =) + 2a(1 + )] — [(4k + 4)a — 1], (93)
Using our hypothesis on v, we can bound some values of our previous inequality,
1—-vy<1 and 20(1 + ) < 4a. (94)
Thus, (93) is verified if the following inequality is true,
e 5 < 1 — [(2k — Do — 1 + dallp — [(4k + 4l)a — 1]n. (95)
Finally the previous inequality is verified if the following inequalities are true,
e_% <1—[dka+4la —1)p— [4(k+ o — 1)y (96)
o7 < 1— [k + D —1)(s+ 7). (97)
Using our hypothesis that k£ + [ = K, we obtain the condition
¢ <1 - (4Ka— 1)+ ) (98)

which is exactly (89) (by taking the natural log). O
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The following lemma gives a bound on y by rewriting some conditions on p+ v and
K.

Lemma B.3 (Condition on v and p). Let k +1 = K with k,l, K € N, K > 0. Let
a € R* and o > 1. Let k; := (1+~)ulD +~I(1 + D?) and suppose D < 1. Suppose that

v p< ﬁ with v, € RT. (99)
Then 1 — (dka — 1)y — 2K
P ke —1)1-7) (100)
Proof. Since D < 1, we have
ki = (1+9)plD + (1 + D*) < (14 ~)ul + 271 (101)
We deduce that our conclusion (100) is verified if
< 1 — (4ka —(21]3;36 : ?c)y((l(l_:)v)ul + 27[)' (102)
Because 0 < 7 < 1, we have that (102) is guaranteed if
(2ka — 1) < 1 — (dka — 1)y — 2a((1 4 )l + 291); (103)
which, since 1+ v < 2, is in turn guaranteed if
(2ka—1Dp <1 — (dka — 1)y —4ad(p + 7). (104)
By rearranging the terms in this inequality, we obtain,
(2k+4)a—1Du+ A(k+Da—1)y < 1. (105)
Since 0 < k,l < K and k + [ = K, the above inequality is guaranteed if
AKa—1Dpu+ (dKa— 1)y < 1, (106)
which is equivalent to the hypothesis p+v < 1/(4Ka —1). O

The following lemma gives a numerical bound on the norm of the difference between
the amplitudes of the true signal and their estimation by a least-squares estimation.

Lemma B.4 (Bound for estimated amplitudes). Let y = Zle a0y, € Yk, and
51,...,5 € R with I,k € N such that k+1 = K > 2. Suppose ||s; —t;||» < € < €/3 and

m2x|<(5si,(5sj)] < pforall 1 <, < 1. Suppose i+ < 557 . with o > 1. Assume
i#]

1Ka—1)
that the linear operator A has the v-RIP on S(Xk.¢). Let

2 n 1
“ \/2" (@) Hon
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and let l .
b € arg min ||A(Z bids, — a;0p) — A Z a;0y,||3. (108)
beR! i—1 i=l+1
Then ;
b= arlls 77 (109)
lall
Proof. For this proof, we note the upper-bound of u + v < m with § = 5 for

simpler notations.

Let m = b;0s, — a;0;,. With Lemma A.1, we have ||m||n = ||bids, — @iy, ||n =
15— 2)8s, (B, — 85l < 15— 5), I+l 15, — 84, I = 16—l +1aall 35, i, I

Consider the matrix B = (Ady,, ..., Ads,) with B¥ its conjugate transpose, we
have b = (BYB)™'BHy is the solution of the least squares estimation (108) with
y=A Zfil a;0y, .

The norm ||(B¥B)~!||2 is linked to the smallest eigenvalue of B¥ B that we note
MAnin(BH B). Indeed, we have

(B B)~ I3, =

1
|)‘mm(BHB>‘2.
To find a bound on A,;, (B B), we use the Gershgorin circle theorem [6]. There exists
1 <1 <[, such that,

[ Amin(B"B) — | Ab,, |13] < [(Ad,, Ad, ). (111)
JF#i

(110)

With the triangle inequality, we have

| Amin(B" B) — || Ady, 2 — | Amin(BB)|. (112)

3| = 11 Aé,,

Multiplying by —1 and injecting (111), we get

Amin (B B)| = [ 46.,[13 > = Y |(A6.,, A6y, (113)
i
Ain(BYB)| > [|Ad, 15 = Y [(Ads,, Ady,)] (114)
J#i
Ain (B B))| = | 46,112 = (1 = 1) max (A3, Ad,)[. - (115)

Using Lemma A.3, we have |[(Ad,,, Ad,,)| < (1 —7)(Js,,ds,) + 2. Thus, using the RIP,

we have
Amin(BEB)| > (1 =)[105,[[7 =200 = 1)y = (1 = 1)(1 =) max |(ds,, ds, )| (116)
=1—(20=1)y = (=1 =) max|{ds,, d,)|- (117)

i#]
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Using the mutual coherence (see (14)) and the hypothesis on 7 + 1, we obtain

Amin(BEB)[ > 1= (2l = 1)y = (1 = 1)(1 = 7)p (118)
>1—Q2—1)y—(—1)p (119)
>1-2Ky—Kp>1-2K(v+p) (120)
Zl—Lzl——. (121)

BK(4K — 1) BAK — 1)
As K > 2, we conclude with )
| Amin(BIB)| > 1 — 5 (122)

Now that we have a bound on the lowest eigenvalue of B B, we calculate and bound
16 — ay.4|3. We have

b—ayy = (BYB)"'B"y — a1, = (B"B) " (B"y — B" Bay,). (123)
On the one hand, we have

Ad,, X
By = A Z a;6, ie. = a;(Ad,,, Ad,). (124)
As, | 7 i=1

On the other hand,

(Ads,, Adg,) -+ (Ads,, Adg,) ar
B Bay, = : : . (125)
(Abs,, Adg,) -+ (Abs,, Adg,) a
Hence,
!
(B Bay], = a;(As,,, Ad,). (126)
j=1
Using (123) and combining (124) and (126), we obtain,
1o —avallz = [|(B"B)~(B"y — B Baw)|3 (127)
I | K ! 2 1
S ZZ_; JZ_; CL]‘<A651., A(;tj> — ]2_; aj<A55i7 A55j> m (128)
Lo K 2
= SIS 0548, Ay = 3,00+ S ai(Ady,, AG) L (129)
i=1 | j=1 j=l+1 ‘)‘min(B B)‘

With the triangle inequality;,

l l K 2
1
lb—arally < Y D lasl[{ATs, Ay, — ) + D lasll(A6,,, Ad,)| N (BABE
=1 j=1 j=I+1 | m7,n< )|
(130)
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To find an upper bound to this equation, let us bound each term separately.
Firstly, forall 1 <¢ <[,l+1<j < K, with Lemma A.3, we have,

[(Ads,, A, )| < (1 =) (06,501, )0 + 27 < (L — )+ 2. (131)

Secondly, for all 1 <1 <[,1 < j <, we separate the cases where i = j and i # j. We
use the Cauchy-Schwarz inequality and Lemma A.4,

[ Ads,[[2[| A(de, — ds,) l2, i=j
|[(Abs,, A(0r; — 65,01 < {06, 01, — 05 )] oy (132)
+7‘”55i i21+ ||5tj _58]‘"2_ <53i75tj _65j>h ’

Using the property that (71, 72)| < pl|lmil[al|m2||n for 71, 7> §-separated dipoles from
Assumption 1, the Cauchy-Schwarz inequality, and ||A7||2 < /1 + 7||7||n with the RIP,
we get

( (1410, = 5o, lIn, i=j

(A0, Ay, — 8 <3 s, — b1 1 RPN
+ (1 + H(Stj - (SSJHI% + |<55i75tj - (55j>h ) ’

([ (1+ )61, — 0,1, i=j
B “Hétj - 58;‘”’“& . . (134)

) 1 7]

L + (1 + ||5tj - 58]'”}1 + ILL||5tj - 583'“}1) )

14+ 9)||0e, — 6. || ns i=j
:{< I8, = 3, T

P AN = 05, lln +v (L + 110, — 05 17) . i # .

We use the fact that ||s; —;]]s < & = \/202 In <(1_(4Kai1)(#+7))> from hypothesis (107),

( 2

(1+7)y/2(1 - e722), i=j
€2 2

| 1T+ V20— 57) g+ 291 —e737), i
(((1+)V2@Ka—D)(p+7), i=j

p(l+9) V24K — 1) (1 +7) oy (137)
| +2@Ka-1)(p+7) '
With the hypothesis on p + v, we have,

(1+7)/7 i=j .

L+ /5 + A+ 55)7 i #)

|<A55i7A(5tj - 5SJ)>‘ < (136)

IN

IA

|<A53i7 A((stj - 58;)>‘
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By injecting the bounds (13

1) an

om(BEBY[2 nBHB z;

# (1)) 4 1 ) )Z|aj|+(1— u+2V)ZI%I
Z#J

d (138) in (130), we get

I — ara]l3 < 77l

]2 (139)

By dividing both sides by ||a]|%,, we obtain the following upper-bound,

2
BK

1D — axa3
lallZ% = [Amin (BT B)[?

T R )(l—l)+((1—7)u+27>(f(—l)] .

Taking the square root on both sides of this inequality, we get

Hb—@llez < \/Z
lalloe = [Amin(BYB)|

+(ﬂ<1+v>\/57[(+<1+5%> )(l—1)+<(1—7)u+27>(K—l)]-

We take the max between p(1 + ) BLK +(1+ BLK)'V and (1 — v)u + 27 to obtain

Hb—a1;l||2 < \/Z
lalle ™ [Amin(BY B)|

+ max (u(l + )4/ 52[( (1+ 5%)% (L=y)u+ 27) (K — 1)] :

Remarking that

c1 = ”(1+V)\/BTK+ (H,BLK) 2”\/5TK+ (1+51K)7§2(u+7) (143)

and

(1+7)

(140)

2
BK

(1+7)

(141)

2
BK

(1+7)

(142)

= (1= y)p+2y <2(u+9), (144)

we have max(cy,¢) < 2(p+ ) and

|b— a2 1 2
fale = ‘)\mm(BHB)|\/Z ((”’V)\/ BK +2(M+7)K) (145)

1 2 2
< pom@m) VK (“ TR T BaKa - 1>) (146)

1 2 WK
= Do (BB ((1 3+ e 1)) D
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For K > 2, we can bound ~ by

1
YySpt+y =

= BK(Ka—1) = 145" (148)

We get, for K > 2,

o — Cll:l||2 (1 + 145) \/>+ (iK1 <1 i ﬁ) \/ng %5 (149)

lalloo | Amin (B B)| B | Amin (B B)|
Using the bound (122) on A, (B B), we get

b — ayal|s 1 1 2 22
[ ~1-2 ((”@) ﬁ*ﬁ)‘ (150)

By choosing 8 = 5, we obtain numerically that

b — aall2

<0.77. (151)
lalle

]

The next proposition states that for any e-separated signal plus a residue, the
output given by the maximum of the correlation between this signal and a single spike
is in the &-radius of a spike of the signal.

Proposition B.1. Let k, I, K € N such that k+1 = K > 2. Let zp. = ¢, a6, € Yk.c

where ||alloo = |a1| > |az| > ... > |ak|. Denote a = |a;|/|ak]|. Assume that the linear
operator A has the v-RIP on S(Xk <) with a Gaussian kernel h of variance o2,
Let
€= 4/20? ln( ! ) (152)
(1-(“4Ka=1)(n+7))
Let X =z + 2 where z; = Zfikﬂ a;0, — bids, € Zigs and s* € arg max |(Adz, AX)|.
3€Rd
Suppose
153
PEY < 5K (4Ka—1) (153)
and 0
62)>1802h1(?;> : (154)

Then, there exists ig € {1,...,k} such that ||s* —t;,|]2 <& < 5.
Proof. Preliminary bounds.
e With our hypotheses (152) and (153), we have, for K > 2

&2 1 9

e 2? = (1 - (4Ka—1)(p+7)) > “ %21 (155)
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&2 9 1
2(1—e 22 | <2(1—— ) ==. 1
(1= %) <2(1-55) =3 150

Using Lemma A.2, we have

We obtain

”a’idti _ blész

|alloo

O, — Og;|ln + |b;i — a4

lalloo

ho il

(157)

On one hand, |a;|/||a]|« < 1. On the other hand, applying Lemma B.4 guarantees
that [|b — a14]|2/||al|e < 0.77. We deduce that |b; — a;|/||allec < 0.77. Combined
with (157), we obtain

5 — bids, 1
a tZH : Alr 18, = 6|+ 0.77 < S 07T <L (158)
Al oo
Hence,
01— bids,
D= o, dlh . (159)
i€{k+1,....K} el

This inequality (158) will be useful to use Lemma B.2 and Lemma B.3 later in the
proof.

e From (153), we deduce that the hypothesis

1
< - 160
pHY S e (160)

of Lemma B.3 is verified.
e We have that (155) implies:

—@Ka-D(uty) ~ 9 (161)
and
1 10 1 10
&= \/202111 (1 ~ (Ko —1) (N+7)> < 4/20%1n <§> = 5«11802111 <§)
(162)
Using the hypothesis (154), we obtain
€< % (163)

Main proof of Proposition B.1. We divide R? into three sets:
o By ={seR:Fige{1,....k} [ ||s —till2 < &}
e By={seR*:Jige{l,....k} /£ < |ls —tilla < £}
® Eg = {S € Rd : Vtz, ”8 — tZHQ > %}

We note that F, Fy and E3 are pairwise disjoint and E; U Es U F3 = R™. Moreover,
since § < g, the set Fy is non-empty.
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a) Construction of the proof Our goal is to show that if s* € argmax |(Adz, AX)]
seE1UEsUES
then s* € E;. To proceed, we separate the proof in two parts.

First, we choose a specific element s; € E; and any sy € Ey. Then, by showing that
|(Ads,, AX)| > |(Ads,, AX)|, we rule out the possibility that s* € Es.

Then, we choose a specific element s; € E; and any element s3 € E3. By showing that
|(Ads,, AX)| > |(Ads,, AX)|, we rule out the possibility that s* € Ej.

Finally, since s* ¢ FE, U E3 and that E; U Fy U E3 = R™ then s* € Ej ie.
Jig / |[s" — till2 < &

b) Comparison between sy € E; and sy € FEy Let sy € E; and iy such that
|s1 — tiyll2 < €. As s* does not change if we multiply X by —1, we suppose that
ag > 0 without loss of generality. We have

[(Ads,, AX)| = (Ady,, AX) (164)
k
= (Aby,, Aai 0, + A ) aidy, + Az) (165)
i=1;i#i0
k
= (Aby,, Aai)0r,) + (Ade, A D aidy) + (Ady,, Az). (166)
i=13iig

We focus on the term <A551,A2f:1#i0 a;0:,). We split the sum in two terms, with
I'={i#ip:a; >0} and J = {i # iy : a; < 0} to get,

k k
(Ady, A Y aid,) = Y ai{As,,, As,) (167)
i=13i#io i=13i#io
= Z ‘ai’<A5817A5ti> - Z ‘ai|<A5817 A5t1> (168)
el ieJ

Using Lemma A.3, we get

k
<A5817A Z ai(sti> > (1 + '7) Z |ai|<581> 6ti>h - 272 |all

i=1;i#i0 iel iel
— )Y @il (0ay, 0e)n — 29 ) as]
e e (169)
= (L+9) ) lail (e, 6000 — 2 Y lail

iel icl
[s1 z“
DY lade” F =293 Jail,
ieJ icJ
Since we have ||t;, —s1[[2 < § < § and the ¢; are pairwise e-separated, we use the triangle
inequality to get for ¢ # iq,
. € 2e
[tig = s1ll2 +1ls1 = tilla = [[ts —till2 e 3T [s1 =till > € so that |ls; — &[> > 3
(170)
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This means that for i # i, with Lemma 3.1 (iii), we have e~ls1-%l3/(*) < ;= By
injecting this result into (169), we obtain

k
<A5817 A Z a’iéti> > (1 + 7) Z |ai‘<6817 6ti>h - 272 |CL1‘

i=13i#io i€l i€l (171)

— (L= lail =29 ail.

ieJ ieJ
Since Vi € I, (ds,,0:,)n > 0 and |I| + |J| = k — 1, we have that

(A6, 4 3 ad) 2 —(1 =Y lad =27 Y lai. (172)

i=15i4g = i=15i4g

In the worst case, all the amplitudes a; are negative (i.e. |J| = k — 1), this implies

k k
(A0, A D> aity,) > —(L=yp+2y) Y ail. (173)
i=L:iig i=1;iig

Going back to [(Ads, AX)|, we use Lemma B.l with the upper bound x;, >
|(Ads,, Az)|/||al||o defined in (81). Using Lemma A.3, with (166) and (173), we obtain
with a;, > 0,

K
[(A8,1, AX)] = (14 7)aig | sy 81y b — 2laaig |y = (L= +27) D Jas] = [lafloori
i=13ii0
lls1=tig 13 i i
= (L+Dlaigle™ 22 = (L= D> lail =27 Y lail = [lafleor
i=1;iio i=1

(174)

Now that we have a lower bound for [(Ads,, AX)|, let us calculate an upper bound for

|(Ads,, AX)],

k k
|<A5827 AXH = Z a’i<A5827 A6t1> + <A5527 AZ> < Z |ai<A5827 A6t2>‘ + |<A5527 AZ>| .
=1

=1

(175)
There is jo such that £ < ||t;, — s*||2 < /3. With Lemma B.1, we get an upper bound
for [(Ads,, A2)| /l|alloc,

k
|<A652?AX>’ < |aj0|’<A6827A5tj0>‘ + Z ‘ai|’<A582>A5ti>

i=Lsi#jo

+ ||a]| ok (176)
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We use the upper bound given in Lemma A.3 to get,
|<A6827AX>| < (1_7)‘aj0|<58275tj0>h+27’aj0’

k b (177)
(=) D lail{Ge, Gidn+20 Y lail + llallsory
i=L5i#jo i=13ijo
llsa—t5, 13
[{(Ads,, AXY] < (1 =)]ajole” 22— + 29]ayy
k lls2—t;13 F (178)
A=) Y lale™ = 42y Y ail + flallsore:
i=L3iZj0 i=13i7jo

Since [|tj, — sal2 < § < §, with the triangle inequality, we get, for i # jo,

. € €

Itjo — s2lla + |[s2 — till2 > ||t — till2  i.e. 3 + ||se — til]|]2 > € so that ||sg—t;|2 > 7

(179)

By using this property in (178) and by the fact that, as in (14), for all ¢ # jo,
e~ ls2=t5ll3/(20*) <, we obtain

5 k k

_ &
[(A8s,, AX)] < (1= lajole 22 + (1= D> lail +27 ) lai| + aflore. (180)

i=1L;i#jo i=1

A sufficient condition to prove |(Ads,, AX)| > |(Ads,, AX)| is

k k
lls1—tiq 113

(A6, AX)| = (T4 ]ale™ 22 — (=g Y Jail =27 Jai| = [lalloori >
. 7,:1;7,1&10 i=1 (181)
_&
(L= Dlajle 2 + 1= D lail +29 ) lail + lallooks > [{Ads,, AX)] .
i=1;ijo i=1

Consider any s; € Ej, if for all s, € Es, the previous inequality (181) is verified, then
s* ¢ Fy. Now take s; = t; = t;, € Ey with iy = 1 and, we rewrite the middle inequality
in (181) as

(1 —7)|0ljo|e_2%22 < (@ +Nar| = (T =)p (Z il + Y !ai|>

=2 1=1;i#50

A (182)
~ 47" il — 2lallorr
=1

By dividing both sides by (1 —7)|aj,|, we get that the inequality above is verified if the
one following is verified,

v 1 - d
e 207 < T [|a1| (1 =)u <Z il + Y |ai|>

i=2 i=13i#j0

—y (4(2 o) - |a1|> - 2||a||oom].

(183)
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If we rewrite S°F_, |a;| as |jal|;, we obtain

e 1| ad lalls = fai| | llalli = aj,|
e = —— | — —(1—7)u +

1_7 ‘ajo‘ ’&J'o’ ’&J'o’
(184)
_AHalh —laa] - llafls
_— Kl -
‘ajo‘ |aj0’
With a = [ai1|/|ax| = |lallec/ min; [a;| then (|laflv — |a1])/|aj| < (B = Da, (Jalli —

laj))/]aj,| < ka —1 and (4]ally — |ai1])/]aj,| < (4k — 1)a. We deduce that the above
inequality is verified if

o £ - 1—(2k—Da—-1)(1—9)u— (dka — 1)y — 2K«
11—~ ’

(185)
With Lemma B.2, since (152) is verified and we have shown with (159) that D < 1,
we have that (185) is verified and in turn [(Ads,, AX)| > [(Ads,, AX)|. We deduce that
|<A58*7AX>| > |<A5517AX>| > |<A5527AX>|

c) Comparison between s; € E; and s3 € E3 For this case, we use the same lower

bound (174) for |(Ads,, AX)|. Let s3 € Ej,

k k
[(Abyy, AX)| = | ) a;(Abs,, Aby) + (Abay, Az)| <D [ai{Ady,, Ady,)| + [(Ad,,, Az)|.
i=1 =1
(186)
We use Lemma B.1 and the upper bound «,; defined in (81) to get
k
[(Adey, AX) <D il [(Ady, AGe) | + [lal| oot (187)
i=1
Using Lemma A.3,
[(Ad,,, AX)| < (1 — Z || (s, 0,V + 272 |as| + || a|soki. (188)

Since s3 € Ej3, we have that Vi € {1,..., K}, [[s3 — ti|]s > § and with Lemma 3.1 (iii),
we obtain

k k
[(A8sy, AX)| < (L= ) lail +27 ) lail + llalloct (189)
=1 =1

A sufficient condition to prove |<A581, AX)| > \(A(SSS, AX)| is

lls1—t

ioll3
el 1= 3 Iaz|—272m lalleon >
1=1;1F£10 ) (190)

(1- v)uz jasl +27 ) fa| + [lallooti.
i=1 i=1
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Consider any s; € E;. If for all s3 € Ej3, the previous inequality (190) is verified, then
s* ¢ E3. Now take s; = t; =t;, € Ey with ig = 1, we rewrite (190) as

k k
(I +lar] =2l > (1 = 7)p (22 Jai| = !a1!> +4y ) lail. (191)
i=1 =1

By isolating u, we get

_ el - S lai| = lar])y = 2riflalle 1= (4]lalls/]as] = 1)y = 261|alloo/lar|
(2320 lasl = ar)(1 =) 2llall1/a1] = 1)(1 =)
(192)

This is verified if
1 — (dka — 1)y — 2Kr0

2ka—1)(1—7)
As shown in Lemma B.3 thanks to (160) and the fact that D < 1 (from (159)), we have
that (193) is true. We deduce that [(Ads,, AX)| > [(Ads,, AX)| and [(Ads, AX)| >
|{(Adsy, AX)| > [(Adsy, AX))|.

(193)

d) Conclusion: We have shown that for all s € Ey U Ej, there is s; € E; such that
|(Ads,, AX)| > |(Ads, AX)|. This shows that s* is necessarily in F; as EyN(E;UE3) = ()
i.e. there exists an ¢y such that ||s* — ;|2 < &. O

We can now prove Theorem 3.3 by induction.

Proof for Theorem (3.3). Let us define the set
k

X;(El = {xk,e +agc k=K1 xpe = Zaﬁti € Xk
i=1
b (194)
ZLee = Z a;0, — bids, € Zl@,%; {t;;i=1,..., K} pairwise e—separated} )
i=k+1

Let us define Xk := 2k, and, for l € {1,..., K — 1}, Xg; = Tk, — Zi‘:l bids:, where
b; is the amplitude output by OP-COMP at step . Our goal is to show by induction
that for all | =0, ..., K, we have that Xy, € Xffl

a) Induction assumption For every [ € {0,..., K}, Xk, € Xffl
Let P(l): Xk, € X;(El We give a proof by induction on .

b) P(0) We have Xko = k. € Xk, Using the definition of ngi, we have that
XKo0 =Tk € X;(’fo with z1¢ ¢ =0, P(0) is true.
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c) Induction step Let I € {0,..., K — 1} and k = K —[. Assume P(l). We show
P(l+1).

To ease our notations, we consider a permutation # of the positions ¢ (and the
corresponding permutation a of the amplitudes a) such that for the first I outputs
of COMP without sliding s7,...,s;, we have Vi = 1,..., 1+ 1, ||tk 11 — s7|l2 < & The
hypotheses of Proposition B.1 are verified for X, so there exists ig € {1,...,k — [}
such that [|s7,; — &[]z < & < § and

I+1 K +1
XK,lJrl =TK,e — Z bjés; = Z d(ggz — Z bde;f (195)
j=1 i=1 j=1
k K l
= D @l + Y @l — Y bbb, — bl (196)
i=1si7i0 i=K—1+1 j=1
L (] L (]
=T 1,cE8kK—1,e =Y€Zy ¢, ¢

To show that y + diéﬂ-o — bl+1557+1 € Zigs, as we have ensured that m,., :=
ai(SgiO

s-separated with every m; := aK_l"‘i(stsz —bidgr fori=1,...,1.

— blﬂésal is a &-concentrated dipole, we just need to make sure that m . is

d) §-separated dipoles Using the reverse triangle inequality we have for all i €
{4 Mt = siallz = It = tigllz = [ltig = sipall 2 e =& >e— 5> 5

To control distances [|sj,, — sj|]2 for i = 1,...,1, we use that |[tx_;1; — sjlla <& < 3
(from P(1)). Starting from ||t;, — tx_14]]2 > €, we have

[T [ > € (197)

Le. [Eio = i1+ i1 — 87 + 87 — Torrilla > € (198)

sothat [l — sjyalla + lIsiiy = sillz + 187 — tr—isillz > € (199)

hence % + |Isf1 — sill2 + % > e (200)
* * €

S0 5741 = sill2 > 3" (201)

We showed that {sj,i = 1,...,l} are g-separated with s}, ;. Since the supports of
{mi,i = 1,...,1} are g-separated with the support of 71, we have that y + dié{io
bl+1(557+1 € Zl+1,§,§-

Finally, by setting zi11¢ < =y + a0

By bl+155;+1, we get
Xkt = Thore + 21165 € X (202)

That is, the statement P(I + 1) also holds true, establishing the induction step.
e) Conclusion Since both the base case and the induction step have been proven as

true, by induction, the statement P(I) holds for every [ € {0, ..., K} which implies that
for every [ € {0,..., K} thereis i € {0,..., K}, ||sf — ti]l2 < &. O
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C. Appendix: Proofs for Theorem 3.4 (result without amplitudes)

The proof is essentially the same as Theorem 3.3. As the induction is same, we just
update the induction step in the following Proposition.

Proposition C.1. Let k,l, K € N such that k+1= K > 2. Let x = Zle 0, € Ykpe-
Assume that the linear operator A has the v-RIP on S(Xk <) with a Gaussian kernel h
of variance o®. Let

1
§:=4/20%In < ) 203
- (K -1+ 7) 209
O, — 0s; € Z1g,c and s* € argmax |[(Adz, AX)|.

Let X = xy . + 2 where 2 = ZK

i=k+1
seRd
Suppose
_ 204
Y<K —1) (204)
and 0
e > 180 In (§> : (205)

Then, there exists ig € {1,...,k} such that ||s* —t;,|]2 <& < 5.

This proof is similar to the one of Proposition B.1. The elements that differs are
the less strict hypothesis.

Proof. Preliminary bounds.
e With our hypotheses (203) and (204), we have, for K > 2,
&2 1 9

i =1— (K = D)(u+7) > 1- 5= 15 (206)

&2 9 1
201 —e 22 | <2(1—-—— ) ==. 2

We obtain

We can bound ||0;, — ds,||p for all i € {k+1,..., K},
It =513
‘ 51‘/1' - 532’ h = ’ 5ti ht H(SSZ h 2<5t1758¢>h = 2(1 —e 207 ) (208>
2 1
so that 10¢, — 05, ||n < 2 (1 — e_;o?) = (209)
Hence,
D:= max |0y — sl < 1. (210)
ie{k+1,.,.K}

This inequality (210) will be useful to use Lemma B.2 and Lemma B.3 later in the
proof.

e From (204), we deduce that the hypothesis

pty <

R 211
“4Ka -1 (211)

of Lemma B.3 is verified.
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e We have that (206) implies (1 — (4K — 1) (u + 7))71 < 4, so that

= o (i) < Y (3) = hy e ().

(212)

Using the hypothesis (205), we obtain £ < £.
Main proof of Proposition C.1. We divide R? into three sets:
o By ={seR:Fige{l,....k} /|ls —till2 < &} ;
e By={seR*:Jige{l,....k} /£ < |ls —tiplla < £}
o By={seR:Vt,|ls —til]s > £}

We note that F, Fy and Ej3 are pairwise disjoint and E; U Es U E3 = R™. Moreover,
since § < £, the set Ej is non-empty.

b) Comparison between sy € E; and sy € FEs Let sy € E; and iy such that
|s1 — ti||l2 < € We have

k
(Ady,, AX)| > (Ad,,, AX) = (Ab,,, Ady, + A > &, + Az) (213)
i=1si%i0
= (Ad,,, Ad, ) + (Ad,,, A Z 8,.) + (Ad,,, Az). (214)
i=1;i#i0

Using Lemma A.3, we get

k k
(Ade, A D7 6,y = (L4+7) Y (6s,00)n Z 2y > —2vy(k — 1). (215)

1=1;i7#i0 1=1;i7#10 1=1;i110

Going back to |(Ads,, AX)|, we use Lemma B.1 with the upper bound x; > |(Ads,, Az)|
defined in (81). Using Lemma A.3, with (214) and (215), we obtain,

[(Ads,, AX)| = (1+7)(0s,, 0, )0 — 27 = 2v(k — 1) — iy (216)
lls1—tilI3

Now that we have a lower bound for |(Ads,, AX)|, let us get an upper bound for
|{Ads,, AX)],

k k
(A, AX)| = | > (AS,,, Ady,) + (AS,,, Az) Z (Ab,,, Ao, )| + [(Ad,,, Az)|. (218)

S2
i=1

There is jo such that £ < [|t;, —s*||2 < 5. With Lemma B.1, we get an upper bound for

|{Ads,, A2)];
k

|<A5827 AX>| < |<A5S27 A(;tj0>| + Z <A5827 A6t1>

i=Lii#jo

(219)
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We use the upper bound given in Lemma A.3 to get,

k
’<A(582> AXH S(l - 7)<5327 5tj0>h + 27 + (1 - 7) Z <5827 5t¢>h
i=15i#jo
k
+ 2y Z 14+ K
i=1:ij0 (220)
llsg—t, 113 llsa—t; 113
g(l—fy)e*% +2y+ (11—~ Z e T
i=13i#jo

+29(k — 1) + £y.

Since [|tj, — s2l2 < §, with the triangle inequality, we get, for 7 # jo,

. € 2¢ €
||tj0—82||2+”82—ti||2 > ||tj0_tl||2 1.e. §+||82—t2||2 > ¢ so that ||SQ —t; ||2 > g > g
(221)
By using this property in (220) and by the fact that, as in (14), Vi # jo, e~ I5274l3/27%) <
14, we obtain

(A8, AX)| < (1 — y)e 52 + (1 — )k + 27k + Ky, (222)

A sufficient condition to prove |(Ads,, AX)| > |(Ads,, AX)| is

lls1— t10||2
Ads, AX)| > (1 202 — 29k — K; >

(A5, AX)] 2 (1 4+ 7)e” i )

(1= 7)e™ 52 4 (1= 9k + 29k + 1y > |{Ad,,, AX)] .
Consider any s; € Ej, if for all s, € Es, the previous inequality (223) is verified, then
s* ¢ Fy. Now we take sy = t; = t;, € Fy with iqg = 1, we rewrite the middle inequality
n (223) as
(1 —7)6_;72 <(147v) =1 =)k — 4vk — 2x;. (224)

By dividing both sides by 1 — v and rearranging some terms, we get

2 1
o 57 < s (1 — (1 =y)puk — (4k — 1)y — 2/@). (225)

With o > 1, we deduce that the above inequality is verified if

o ir o —((2/€—1)04—1)(11—7)u—(4ka—1)7_2,@0&.
-

(226)

With Lemma B.2, since (203) is verified and we have shown with (210) that D < 1,
we get that (226) is verified and in turn [(Ads,, AX)| > [(Ads,, AX)|. We deduce that
|(Adg, AX)| > |(Ads,, AX)| > |(Ads,, AX)|.
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c) Comparison between s; € Ey and s3 € F3 For this case, we use the same lower
bound (217) for |(Ads,, AX)|. Let s3 € Ej,

k k
(A, AX)| = |) (Ady,, Aby,) + (AS,,, Az) Z (Ab,,, Az)| . (227)
i=1 i=1
We use Lemma B.1 and the upper bound x,; defined in (81) to get
k
[(Adsy, AX)| 537 (228)
Using Lemma A.3,
k b b st
s t; lls3—t;ll3
(Abyy, AX)| < (1=9) D (Gays Ge)n+ Y 24k = (1=7) Y e 27 +2vk+r. (229)
i=1 i=1 i=1

Since s3 € Ej, we have that Vi € {1,..., K}, [[s3 — t;l|2 > § and with the mutual
coherence in Assumption 1, we obtain

|(Adsy, AX)| < (1= 7)pk + 27k + K. (230)

A sufficient condition to prove [(Ads,, AX)| > |(Ads,, AX)| is

839

sy — tzouz

(14+7)e 22 —2vk — Ky > (1 — y)pk + 29k + K. (231)

Consider any s; € Ey. If for all s3 € Ej3, the previous inequality (231) is verified, then
s* ¢ FE3. Now take i = 1 and s; = t;, € E, we rewrite (231) as

(147) > (1 —y)uk + 47k + 2. (232)

With a > 1, this is verified if
— (4dka — 1)y — 2R
(2ka —1)(1 — )
As shown in Lemma B.3 thanks to (211) and the fact that D < 1 (from (210)), we
get that (233) is true. We deduce that [(Ads,, AX)| > [(Ads,, AX)| and |(Adg, AX)| >
|(Ads,, AX)| > |(Ads,, AX)].

839

(233)

d) Conclusion We have shown that for all s € Fy U Es, there is s; € Fj such that
|(Ads,, AX)| > |(Ads, AX)|. This shows that s* is necessarily in Fy as E1N(EyUE3) = ()
i.e. there exists an ig such that ||s* —t; |2 < &. O
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D. Appendix: Towards improved precision in SMLM, recovering signals
with a large number of spikes

We compare all three OP-COMP + PGD, COMP + GD and Sliding COMP algorithms
on a batch with K = 50 spikes. Since our method scales well with a larger number of
spikes, our goal is to reduce the number of batches by increasing the number of spikes
K in each batch. However, in the classical setting, we note that recovering spikes from
their observation is limited by the quality of said observation.

The idea is to decrease the width of the observation kernel. For the MA-TIRF
model, this can be achieved by decreasing the excitation wavelength ;. We choose to
change \; = 660nm in the classical setting to \; = 110nm, the adapted grid is finer with
192 x 192 points on the same domain.

Even though these settings (low variance and fine grid) are uncommon and very
hard to set up in a practical sense, we anticipate such advancements in acquisition
methods and the potential improvements given by OP-COMP + PGD algorithm over
Sliding COMP.

When comparing the estimated signal from OP-COMP + PGD, COMP + GD and
Sliding COMP, we plot both ground truth and estimated signal, see Figure 18. We
observe that the estimated signals are close to the ground truth with all three methods.

+  Ground Truth X Estimation by PGD + Ground Truth X Estimation by GD + Ground Truth X Estimation by Sliding COMP
v Initialization by OP-COMP v Initialization by COMP

|
: < % bos 5
* x * y i *
g X % x,@: > % fo.4? x%’
¥ ! *
me * ¥ X%*?( ¥ x X o3 Fox 5 x
HK e TP [ HK e o2 )
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Figure 18: 3D Plots of a signal of size K = 50 and its estimation by
OP-COMP (in green) and then PGD (in blue) (left), its estimation by
COMP (in green) and then GD (in blue) (center) and its estimation by

Sliding COMP (in blue) (right).

To compare these estimations, we use the same metrics we introduced previously
and the norm of the residue of each estimation. We get the following table,
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OP-COMP + PGD | COMP + GD | Sliding COMP

Computation time 333 minutes 327 minutes 537 minutes
Norm of residue
3.58 x 1074 1.09 x 1073 2.46 x 1072
of estimation
Jaccard Index 0.839 0.776 0.741
Recall 0.940 0.882 0.860
Precision 0.887 0.843 0.865

RMSE (1,29, x
(21, 72, 72) (3.07,2.70,1.50) | (3.17,2.65,2.47) | (4.36,2.80,2.07)

n nm

Table 3: Table of comparison between OP-COMP + PGD, COMP + GD
and Sliding COMP on computation time, norm of residue, Jaccard, Recall
and Precision metrics and on RMSE of each dimensions.

We observe in Table 3 that all metrics of OP-COMP -+ PGD are better compared
to Sliding COMP with a 40% improvement in computation time. We obtain faster a
result closer to the ground truth in both RMSE and index terms. When comparing OP-
COMP + PGD with COMP + GD, the over-parametrization with projection is more
efficient as we have significant gains in all three metrics (Jaccard, Recall and Precision).
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