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Abstract

In this paper we prove Poincaré inequalities for the Discrete de Rham (DDR) sequence on a
general connected polyhedral domain Q of R3. We unify the ideas behind the inequalities for all
three operators in the sequence, deriving new proofs for the Poincaré inequalities for the gradient and
the divergence, and extending the available Poincaré inequality for the curl to domains with arbitrary
second Betti numbers. A key preliminary step consists in deriving “mimetic”’ Poincaré inequalities
giving the existence and stability of the solutions to topological balance problems useful in general
discrete geometric settings. As an example of application, we study the stability of a novel DDR
scheme for the magnetostatics problem on domains with general topology.
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1 Introduction

Poincaré inequalities are a key tool to prove the well-posedness of many common partial differential
equation problems. Mimicking them at the discrete level is typically required for the stability of nu-
merical approximations. Poincaré inequalities for conforming Finite Element de Rham complexes can
be derived through bounded cochain projections as described, e.g., in |2, Chapter 5]; see also [14] for
a recent generalisation. In the context of Virtual Element de Rham complexes [4], similar results typ-
ically hinge on non-trivial norm comparison results, examples of which can be found in [5]]. Discrete
Poincaré-type inequalities in the context of the (non-compatible) Hybrid High-Order methods have been
derived, e.g., in [18]] (gradient), [[10] (symmetric gradient) and [13} [21]] (curl).

The focus of the present work is on the derivation of Poincaré inequalities for the Discrete de Rham
(DDR) sequence of [16] on domains with general topology. Unlike Finite and Virtual Elements, DDR
formulations are fully discrete, with spaces spanned by vectors of polynomials and continuous vector cal-
culus operators replaced by discrete counterparts. Discrete Poincaré inequalities thus require to bound
L?-like norms of vectors of polynomials with L?-like norms of suitable discrete operators applied to
them. To establish such bounds, we take inspiration from [[19], where it was noticed that the topolog-
ical information is fully contained in the lowest-order DDR subsequence, and [17]], where a Poincaré
inequality for the curl on topologically trivial domains of R? was derived. The lowest-order DDR se-
quence is strongly linked to Mimetic Finite Differences and related methods [|6, |8} (9, |11, (12} [15[]]. The
first step to prove discrete Poincaré inequalities in DDR spaces is thus precisely to establish the mimetic
counterparts stated in Theorems [4] [ and [7] below. Their proofs require to work at the global level,
with conditions accounting for the topology of the domain appearing for the curl. The discrete Poincaré
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inequalities for arbitrary-order DDR spaces collected in Section [2.7|below are then obtained combining
the mimetic Poincaré inequalities with local estimates of the higher-order components.

We next briefly discuss the links between the present work and previous results for DDR meth-
ods. Fully general Poincaré inequalities for the gradient and the divergence had already been obtained,
respectively, in [[16, Theorem 3] and [17] using different techniques. The main novelty of the proofs
provided here is that they are better suited to generalisations in the framework of the Polytopal Exterior
Calculus recently introduced in [[7]]. A Poincaré inequality for the curl on topologically trivial domains
had been obtained in [[I7, Theorem 20]. The main novelty with respect to this result consists in the
extension to domains encapsulating voids. The interest of the material in this paper is additionally that
it contains preliminary results to establish discrete Poincaré inequalities for advanced complexes, such
as the three-dimensional discrete div-div complex recently introduced in [[20]].

The rest of the paper is organized as follows. The definitions of the relevant DDR spaces and op-
erators are briefly recalled in Section 2] Mimetic Poincarés inequalities are derived in Section [3| and
then used to prove discrete Poincarés inequalities for the DDR complex in Section ] The latter are
used in Section[5]to carry out the stability analysis of a DDR scheme for the magnetostatics problem on
domains with general topology. Some arguments in the proofs of mimetic Poincaré inequalities rely on
specific shape functions for Finite Element spaces on a submesh, whose definitions and properties are
summarised in Appendix

2 Discrete de Rham construction

2.1 Domain and mesh

Let Q c R3 denote a connected polyhedral domain. We consider a polyhedral mesh My, := 7;, U %7, U
En UV, where 75, gathers the elements, 77, the faces, &, the edges, and V), the vertices. ForallY € M,
we denote by hy its diameter and set & := maxreq;, hr. For each face F' € ¥, we fix a unit normal nr
to F and, for each edge E € &y, a unit tangent ¢g. For T € 7y, Fr gathers the faces on the boundary T
of T and &r the edges in dT'; if F' € Fy, EF is the set of edges contained in the boundary 0 F of F. For
F € Fr, wrr € {-1,+1} is such that wrgng is the outer normal on F to 7.

Each face F € ¥y, is oriented counter-clockwise with respect to ny and, for E € Ef, we let wpg €
{-=1,+1} be such that wrg = +1 if tg points along the boundary dF of F in the clockwise sense, and
wrg = —1 otherwise; we also denote by n g the unit normal vector to E, in the plane spanned by F,
such that wrgnpg points outside . We denote by grad, and divg the tangent gradient and divergence
operators acting on smooth enough functions. Moreover, for any 7 : F — R and z : F — R? smooth
enough, we let roty r := (grady r)* and rotr z = divp(z*), with L denoting the rotation of angle —%
in the oriented tangent space to F.

We further assume that (75, 7,) belongs to a regular mesh sequence in the sense of |18, Definition
1.9], with mesh regularity parameter o > 0. This implies that, for each Y € 7, U 7, U &y, there exists a
point xy € Y such that the ball centered at xy and of radius ohy is contained in Y.

Throughout the paper, a < b (resp., a 2 b) stands fora < Cb (resp., a = Cb) with C depending only
on , the mesh regularity parameter and, when polynomial functions are involved, the corresponding
polynomial degree. We also write a ~ b when both a < b and b < a hold.

2.2 Polynomial spaces and L>-orthogonal projectors

For any Y € My, and an integer £ > 0, we denote by P (Y) the space spanned by the restriction to ¥ of
polynomial functions of the space variables. Let, for Y € 7, U F,, PY(Y) := PL(Y)" with n denoting
the dimension of Y. We have the following direct decompositions: For all F € 77,

PLF) = RY(F) @ REC(F) with RE(F) = rotp PH(F) and RE(F) = (x —xp)P L (F)



and, forall T € 73,

PUT) = GY(T) & G (T) with G(T) := grad P (T) and G>(T) := (x —x7) x P7I(T)
= RYT) & RSY(T) with R(T) = curl P*!(T) and RI(T) = (x —x7)P*1(T).
We extend the above notations to negative exponents ¢ by setting all the spaces appearing in the de-

compositions equal to the trivial vector space {0}. Given a polynomial (sub)space X!(Y) onY € My,
the corresponding L2-orthogonal projector is denoted by nﬁ( y- Boldface font will be used when the

elements of X¢(Y) are vector-valued, and ni\’,fy will denote the L2-orthogonal projector on X o (Y).

2.3 DDR spaces

The discrete counterparts of the spaces appearing in the continuous de Rham complex are defined as
follows:

X’gmd,h = {gh = ((gr) e, (GF)Fes, (qE)Ecs,, (qv)vew,) :
gr € P*U(T) forall T € T, g € P*~1(F) forall F € 7,

ge € P*"Y(E) forall E € &, and gy € Rforall V € (Vh},

Xi{url,h = {Kh = ((VR,Ty v;{’T)T€771’ (VR,F, VCR’F)FEﬁ,’ (VE)Eeah) :
vr.r € R¥1(T) and v';-(,’T e REK(T) forall T € Ty,
vr.r € REI(F) and v . € RSK(F) forall F € 7,

and vy € PX(E) forall E € Sh},

Xﬁiv,h = {Eh = ((wg.r.wg P)1em, (WF)Fes,)
Wg.rT € G*(T) and ng,T € GSK(T) forall T € T,

and wi € PX(F) for all F e fh}

and
PX(Th) = {qn € LX(Q) : (qn)r € PX(T) forall T € 75} .

2.4 Local vector calculus operators and potentials

2.4.1 Gradient

For any E € &, the edge gradient leg : X ’g‘rad E

/Gngr:_/CIEF'+[[CJVF]]E, (D
E - E

with derivative taken in the direction of ¢z and with [[- ]| g denoting the difference between vertex values
on an edge such that, for any function ¢ € C°(E) and any family {wvy,, wy,} of vertex values such that
tg points from V; to V,,

k(E) i k
— PH(E) is such that, forall g € X,y 1.

[[WV¢]]E = WV2¢(xV2) - WV1¢(xV1)'



For any F € ¥y, the face gradient leg : Xk — PK(F) and the scalar trace yf,” : X ’g‘ra ar =

—grad,F
P*+1(F) are such that, for all q, € Xk

—grad,F’
[6ha,v=-[ardvevs 3 ore [ar0onre) werpknn @
F — F Feep E
/"Y;C:HC]F diVFV = —/ G]I(;-qF v+ Z WFE / qE (V . nFE) Yy € Rc’k+2(F).
F - F ~ Fcr E
Similarly, for all T € 7}, the element gradient G'} : X Igmd r = PX(T) is defined such that, for all
1r —grad, T
/G?q v = —/quivv £y wTF/yj;“q (v-np) Vv e PNT), A3)
1 iF
T T Fery F
24.2 Curl

For all F € %, the face curl Cf. : X5 ) . — P*(F) and tangential trace y{ . : X5, p — PK(F) are

F ' —curl,F © Zcurl,F
k
such that, forall v, € X url,

/C{égFr:‘/vR,F-rotpr— Z a)pE/vEr VreSDk(F) 4)
F F

EE(SF E
and, for all (r,w) € 7’6‘+1(F) x REK(F),

k _ k c
Lyt,FKF'(rOtFr+w)_‘/FCFKFr+ Z “’FE/EVE"'*'/FVR,F'W'

EE(SF

For all T € 7}, the element curl Cck . xk — Pk (T) is defined such that, for all vreX k

T * Zcurl, T Zcurl, T’
/C,I;KT-WZ/VR,T-CUI'IW+ Z wTF/Vtk,FKF'(WX"F) VweSDk(T). 5
T T Fefr F
2.4.3 Divergence

For all T € 7p,, the element divergence D§ : &Q‘iv = Pk(T) is defined by: For all Wi € &’j‘iv P

/D%KTq=—/w§,T-gradq+ Z a)TF/qu quPk(T). (6)
T T Fe¥fr r

2.5 DDR complex
The DDR complex reads:

. xk Qﬁ; k Ci vk Dy ok 0
0 Xgrad,h X — Xdiv,h — P (7;1) — {0}’

—curl,h

k k k
where, forall (q,,v,,,w,) € Xo0q 4 X Xeyr n X Xy o

k . k— k Jk k k— k k k k
G4, = ((ﬂR,}GTgT,ﬂ;,TGTgT)TeTh, (WR’}GFQF,W;Q’FGFQF)FG?Z’ (Gp4qE)Ees,), (1)

ky . k=1 vk k ik k
Cypyy = ((ﬂgﬂl"CTKT’an,TCTKT)TE'E’ (Cryp)res,)- ®)

(Dyw, )1 =Diw, VT €T,



2.6 Component norms

We endow the discrete spaces defined in Section [2.3| with the L2-like norms defined as follows: For all
k k
(ih’Kh’Eh) € Xgrad,h X X “curl,h X Xdlv h>

2 . 2 .
”|gh”|grad,h = Z ngngrad,T with
TeT,

g a7 = ||qT||2Lzm+hT > |||gF|||% VT € T,
Fefp

Ecé&y,

|||qE|||§md,E =19k 32 ) + hE Z lavI® VE € &,
VeVg

2 .
MYy Mg s = § My Il a7 With
T<T,

2 .
”lKT”lcurl,T =|vg T”LZ(T R3) + ||V(R T||L2(T RY) + ht § lIlv F”lcurl F VT € Ty, 9)
Fe¥Fr

2 . 2
Y e Wurs e = R oy + Wil ey + 1 D, WENG 2y VF € i
EESF

and

2 . 2 .
|||£h|||div,h = E ”|ET|”div,T with
TeTn

2 . 2
M Gz = WG 715 sy + WG 30 gy + b D eIy VT € T
FE?T

(10)

2.7 Main results

Theorem 1 (Poincaré inequality for the gradient). For all p, € Xk Xgrad, i it holds

inf ”lp rh”|grad hs ”lth llcurt, 7
rheKerG

with hidden constant only depending on Q, the mesh regularity parameter, and k.

Proof. See Sectiond.1] |

Theorem 2 (Poincaré inequality for the curl). Forally, € gu f.p i holds

inf vy, = 2, llewrtn < N3P, laiv.n
eKerCh h —h cur’ Zh 1V, n»

with hidden constant only depending on Q, the mesh regularity parameter, and k.
Proof. See Section4.2] a

Theorem 3 (Poincaré inequality for the divergence). Forall w, € Xk it holds

=div,h’

inf lw, =z, llpk s ID5w,llz20),
2, eKer DY =h — 2pllDyh hZhlIL*(Q)

with hidden constant only depending on Q, the mesh regularity parameter, and k.

Proof. See Section[d.3] i



3 Mimetic Poincaré inequalities

This section contains Poincaré inequalities in mimetic spaces that are instrumental in proving the main
results stated in the previous section. Their proofs rely on the use of a tetrahedral submesh 9i; =
Th U T UE, U DBy, in the sense of [[18], Definition 1.8], with I, collecting the tetrahedral subelements
and &, €j, and B, their faces, edges, and vertices, respectively. We assume, for the sake of simplicity,
that this submesh can be obtained adding as new vertices only centers of the faces and elements of My,.
As a result of the assumptions in [[18, Definition 1.8], the regularity parameter of the submesh only
depends on that of M}, and, for a given element T € 7}, the diameters of the submesh entities contained
in 7 are comparable to 7 uniformly in .

3.1 Mimetic Poincaré inequality for collections of vertex values

Theorem 4 (Mimetic Poincaré inequality for collections of vertex values). Let (ay)vey, € RV be a
collection of values at vertices. Then, there is C € R such that

Z hy Z (ay - C)* < Z hr Z ev]el (11)

TeT, vVeVr TeT, Ec&Er
with hidden constant only depending on Q and the mesh regularity parameter.

Proof. We extend the collection (av)ve, to By, setting the values at face/element centers equal to the
value taken at an arbitrary vertex of the face/element in question.

For any simplex S € ¥j and any vertex V € Bg (with B collecting the vertices of S), let ¢s v
denote the restriction to S of the piecewise affine “hat” function associated with V given by (77)), and let
¢n € H'(Q) be the piecewise polynomial function defined by setting

(¢n)is = ), (av=C)psy VS €Ty, (12)

VG%S

where C € R is chosen so that the zero-average condition fg ¢n = 0 is satisfied. We next prove the
following norm equivalences:

16nll32y = >, By >, (ay —C)%, (13)
L*(Q)

TeT, VeVr
lgrad ¢ull?s g o) = D, b D lav]el (14)

TeT, Ecér
The conclusion follows from the above relations writing
@ ™@
Dl D, (v =0 X gnll}ag, < llgrad gull?s o o) < D hr ) llavel
TeT, VeVr TeT, E€&r

where the second inequality follows from the continuous Poincaré—Wirtinger inequality, which holds
since fg on =0.
(i) Proof of (13). For any T € 7, by regularity of the submesh, we have hg ~ hy for all § € Ty (with




T collecting the subelements contained in 7'). It holds

2
A=Y / ( > <av—c>¢s,v)

TeT, Sexr VS \VeRBy

=33 3 (av - OPligsviiag,

TeT, SeTr VeBg (15)

2 Z hy Z Z (ay - C)?

TeT, SeTr VeBg

~ >k ) (ay =02

TeT, VeVr

where the second equivalence follows from the fact that card(Bgs) < 1, in the third one we have addi-
tionally used hg ~ hyp forall T € 7, and all S € T, and the last one is justified by the choice we made
at the beginning for ay, V € B, \ V,. This readily gives (13).

(ii) Proof of (14). The key argument to obtain (I4) lies in the de Rham theorem: Let (Y5 g)ecg (With
€s collecting the edges of S) be the basis for the edge Nédélec space given by (78). Then, summing
(86), we have

grad Z avgbs’v = Z [[a'v]]ElﬁS’E. (16)

VeBgs EcCg
Starting from (16 and proceeding in a similar way as in (13]) with (3] replacing (82), we have

[Veraao?= 3 33 avleP, a7

TeT, SeIr EcCg

with, for any v € R3, ||v|| denoting the Euclidian norm of v. Now, for any edge E € €g of any simplex
S € I, either E € &7 or, by the choice made at the beginning of this proof for ay with V face or
element center, [ay || g can be computed as the sum of jumps along the boundary of T (i.e. [ay ] =
Yeeer WeE[av] e forwe g € {-1,0,1}). Therefore,

> Mevlel = ). lav]el

SElT EE(ES EEST
and we infer (14)) from (17). |

3.2 Mimetic Poincaré inequality for collections of edge values

If the topology of the domain is non-trivial, a suitable condition for each void must be satisfied in order
to establish a mimetic Poincaré inequality for collections of edge values. Denote by b, the second Betti
number, i.e., the number of voids encapsulated by Q. Let (F,,)1<;<p, denote collections of boundary
faces such that y; = U Fes, F is the boundary if the ith void. We start by proving a necessary and
sufficient condition under which a function in the lowest-order Raviart—-Thomas—Nédélec face space on
the tetrahedral submesh is the curl of a function in the edge Nédélec space on the same mesh.

Lemma 5 (Condition on the cohomology). Denote by RT ' (Z,) and N'(Z}) lowest-order face and
edge finite element spaces on the submesh. Then, for all ¢, € RT'(X},), there exists xn € NY(Tp)
such that ¢, = curl x,, if and only if

div ¢, = 0 and Z &y, - ng =0 for all integer i such that 1 <i < by, (18)
FeFy, F

with ng denoting the unit normal vector to the boundary of Q pointing out of €.



Proof. To check that (I8)) is necessary, notice that the first condition comes from the identity div curl =
0, while the second one follows from Green’s theorem along with the fact that the flux of the curl of any
function across a closed boundary is zero.

We next prove that condition (I8)) is sufficient using a counting argument. From the de Rham The-
orem, we know that that the dimension of the space of harmonic forms is precisely the number of voids
b;. For all integer i such that 1 < i < b;, we define the linear form L; such that, for any vector-valued

function ¢ smooth enough,
Li($)=— ). / ¢ no.
F

Forany 1 <i < by, letx; € R? be any point inside the ith void and consider the function ¢, : R > x

”;__;"”3 € R?. Noticing that div ¢, = 0 and applying the divergence theorem inside the jth void, we infer

that L;(¢;) = 0if j # i. Let us now show that L;(¢,) > 0. Let r > 0 be the distance between x; and Q.
Denoting by S; the sphere of radius 5 centred in x;, we have that / s é; - Lex) f s 4r=2 =47 > 0.

Tx—x;T ~
Applying once again the divergence theorem to ¢; on the volume (V enclosed between S; and y;, we

have that 0 = /(Vi diveg;, = Li(¢;) - /S- ¢, - E=X0) Therefore,

llx—x;ll*

L(¢)—/¢, wox) (19)

[l — x|

Denoting by n;w.’ , the canonical interpolator onto R 71(X},), we know that, for any function ¢, div(n;w.’ WP =
n};)’o(div @) and L; (”;%T, @) = Li(¢) by definition of the interpolator. Therefore, for any integer i such
that 1 <i < by, n;w.’ n®;: is a discrete harmonic form and, by a counting argument, the linearly inde-
pendent family (ﬂéw., »®Pi)1<i<b, spans the space of discrete harmonic forms.

Let now ¢, be such that div ¢;, = 0. Then, ¢, = curl y,, +Zf’=21 A; n;{(r’htpi for some x, € N'(T)
and (;)1<i<p, € RP2. We prove that the condition L;(¢) = 0 for all 1 < i < b, is sufficient to ensure
that ¢, is in the range of curl by contradiction. As a matter of fact, if this were not the case, then there
would be i such that 1;, # 0. However, by (19), this would also imply L;,(¢,,) = 4;,L;, (71';%7., W ®i0) 0,
which is the sought contradiction. O

Theorem 6 (Mimetic Poincaré inequality for collections of edge values). Let (af)res, € R%n be a
collection of values at faces satisfying

Z wrrar =0 forall T € T, and (20)
FeFr
Z worar =0 for all integer i such that 1 <i < by,
Fefy,

where waor € {-1, 1} is such that wornp points outside the domain Q. Then, there is a collection
(@E)Ecs, € R&n of values at edges such that, for all F € F,

Z WFEQE = af and Z hr Z aé < Z h}l Z a% 21
Eec&p TeT, Ee&r TeT, FeFr

with hidden constant only depending on Q and the mesh regularity parameter.

Proof. Let (g g)sex,,Eces and (Y g)sex, Fegs (With Fs denoting the set of triangular faces of S)
be the families of basis functions respectively given by (78) and below. The main difficulty is to
extend the family (ar)recg, to a family (ar)reg, satisfying, for all S € T,



We perform the construction locally on each element T € 7,. Let g € L?>(T) be the piecewise constant
function on T7 such that

1
gis =15 Z wrrap VS e Ir. (22)
FeFsNFr

Recalling (20), by definition we have fT g = 0. Hence, using Lion’s Lemma [|1, Theorem 3.1.e], we infer
the existence of u € H (l)(T :R3) such that

3
divu = g and |u|H1(T;R3) < ||g||L2(T) < hTZ Z lar|, (23)
FeFr

where the last inequality follows from the definition of g after observing that |S| = h3T forall S € Tr
by mesh regularity. Setting ar = fF u - ng (with np denoting the unit normal vector to F, with
orientation consistent with that of F'), for all S € Ty and all F € &g \ Fr. We infer that, forall § C I,
ZFG%S wsrar = 0, noticing that

ZGJSFCYF= Z WSFAafF + Z WSFAOF

Fegs Fegs\Fr FegsNFr

= Z wgp/u-np+ Z WSFAaF
F

Fegs FegsnFr

:/divu+ Z WSFAF
S FegsﬂTT

@’z@ - Z WSFaf + Z wsrar =0,

Fe§sNFr FegFsnFr

where we have used the fact that u - ng = 0 on every face F' € #r lying on the boundary of T to obtain
the second equality. Let ur := |1T| fT u and, for all integer i such that 1 < i < 3, denote by u; and u; the
ith components of # and u7, respectively. It holds

|T|ﬁi:/ui:/u-ei:/u-grad(xi—xT-ei)
T T T

— - [divu i -xree) == [ Gi-xr-e) shr Y lal
T T

Fe¥fr
: ~ B3
so that, recalling that |T| ~ hs.,
_1
@7l 2 rps) S hp® D lerl. (24)
FeFr
Therefore, we can use the Poincaré inequality on the domain 7 to write

Nl 2 rgsy < llw—wrllp2ps) + 1@zl g2 ps)

)5 -1
et > lel.

< hT|u|Hl(T;R3) + ||ET||L2(T;R3) S T

(S]]

Fefr

Combining this result with the continuous trace inequality we have, for all S € Ty and all F € s \ Fr,

1 3
lor| < hellull 2 cpes) S hilullpeires) + Bl gy S ) larl.
FeFr



Therefore, summing over all tetrahedra inside 7" and all tetrahedral faces, we obtain

> > ks ) et (25)

SeIr FeFs FeFr

We next define the following piecewise polynomial function:

U= ), ), aryps € H(div;Q). (26)

SeXy FePBs

Since divy,, = 0 and, forall 1 < i < by, ZFeﬁ. WOF fF Y, - nr = 0, we can use Lemmato infer
from the uniform Poincaré inequality on the simplicial de Rham complex [2] the existence of

&, = Z Z agdp s € H(curl; Q)

SeX), EcCg
such that
curl ¢, =, and ”¢h”L2(Q;R3) < ”'ﬁh”LZ(Q;RS)- (27)
Summing (87), we have
curlg, = > > ( > wFEaE) Urs- (28)
SeX;, Fegs \Ee€EF

Hence, equating (26)) and (28)), we infer that, for all F € F;, C &n, Xges, WFEXE = aF. Moreover,
noticing that both ¢ ¢ and Y ¢ are only supported in §, we have

18 = 20 O [ S axdes

TeT, Sexr ¥S \ EcGs

=302 D aplldesila g

TeT;, SeIr EcCyg (29)

X 2 3

TeT, SeIr EcCg

ZZhTZa/;zg

TeT, EcéEr

2

and

9 = 2 ) [ | D arrs

TeT, Sexr ¥S \Fegs

Z Z Z aF||‘pFS||L2(SR3

TeT, SeTr FeFs (30)

APt

Te‘777 SeIr Fegs

250 Y o

TeT, Fe¥r

OB

where, in the last passage, we have additionally used the fact that h;l < h;l for all § € T by mesh
regularity. Finally, to prove @ it suffices to write

(E10) _
i Y a2 D onlsgm = Wilanm B Y 07t S ok .

TeT, Ee&r TeT, FeFfr

10



3.3 Mimetic Poincaré inequality for collections of face values

Theorem 7 (Mimetic Poincaré inequality for collections of face values). Let (ar)res, € R”" be a
collection of values at elements. Then, there is a collection (af)reg, € R7" of values at faces such

that, for all T € Ty,
Z wrrar = ar and Z h}l Z a/%g < Z hfaf% (31)
Fe¥r TeT, Fe¥r TeTy,

with hidden constant only depending on Q and the mesh regularity parameter.

Proof. Let (¢r)reg, and (¥s)seg, be the basis functions of the face Raviart-Thomas—Nédélec and of
the fully discontinuous piecewise affine spaces on the tetrahedral submesh, respectively given by (79)
and below. Define the following piecewise polynomial function:

S
bn= ) > aT%ws. (32)
TeT, SEIT
We infer from the uniform Poincaré inequality on the simplicial de Rham complex [2] the existence of

b, = Dreg, AFPF € RT Y (ZT}) € H(div; Q) such that

div e, = yp and ||yl 2 ops) S Wnllr2(q)- (33)

Summing (88), on the other hand, we obtain

diV¢h = Z Z Z a)SFaFlﬂs, (34)

TeT, SeIr FePs

where wgF is the orientation of F relative to S. Since each ¢/s is supported in S, we infer equating (32)
and that, forall 7 € 7, and all S € T,

S|
AT = WSFAF.
|| F;;
S
For all T € 75, summing this relation over S € T, we have

1

Z G'T% = Z Z WSFOfF — QTZ7$E|17:|£‘,: Z WTFAF,

SeIr FE%S FeFr

where we have used the fact that the contributions from the simplicial faces internal to T cancel out in
the right-hand side.

It remains to check that (31)) holds. Noticing that the only ¢ supported in S are those associated
with its faces F' collected in the set g, we have

180 = D Y, [ ( 3 aF¢F)2

TeT, SeIr S Fegs

= >0 D wrlleel g

TeT, SeIr FePFs (35)

SN

TeT, SeIr Fegs

2 ), kit ) o

TeT, Fe¥r

11



where we have used h;l o~ h;l (consequence of mesh regularity) in the third line. Likewise, we have
2 ISP &)
Wnlag = >, D, @ arrElVsliag = > hglad, (36)
TeT, SeIr TeTn
where we have used hg =~ hy and |S| ~ |T|. Finally, to prove (31), we write

_ , B (BL) _
Sart Y a2 DIl g = Wl B D hitad 0

TeT, Fe¥r TeT,

4 Proofs of Poincaré inequalities in DDR spaces

4.1 Poincaré inequality for the gradient

We start with the following preliminary lemma.

Lemma 8 (Continuous inverse of the discrete gradient). For all p, € Xk
such that

there is q, € Xk

“—grad,’ “—grad,h

G4, =Gyp, and g, llgraa.n < |||th lcurt, - (37)
Proof We provide an explicit definition of 4, and check that (37) holds. Specifically, we let q, €

gra dh be such that, for all E € &,

[avie = / G’ng VE € &Ep, (38)
e EL
qger’ =- G%p r+gvr]e Vre?’é‘(E), (39)
E g ~—F

for all F' € Fy,

/CZF diVFVZ—‘/G]f:PF'V+ Z wFE/C]E (v-nrE) Yy € REK(F), (40)
F F E

Eec&p

and, forall T € 73,

/qT divy+ ) pr/qp (v-np) Vv e REKT). (41)
T F

Fe¥fr

Notice that the vertex values (gv)veq, are only defined up to a global constant and that g (resp., gr) is
well-defined by condition (resp., @) since divy : REK(F) — PK=1(F) (resp., div : REK(T) —
P*=1(T)) is an isomorphism.

1. Equality of the discrete gradient. Let us first briefly show that

k k
By (38) and (39) along with the definition () of G%, it holds
Grq,=Ggp, VE€& (43)

Let now F € ¥,. By [7, Lemma 14] for (k,d) = (0,2), fF G';pF “TOtp 7 = — Y peg, WFE fE G’lng r
for all r € Pé‘*l(F), so that, by {@3), ”I;e,FGI;"QF = ﬂ’;e’FGlfp}_?F. On the other hand, plugging the

12



definition @0) of ¢ into (Z), we readily infer that 7 kFGIqu = 71'(Rk G The above relations
imply
Grq,=Ggp,  VFeT (44)

The equality of the components associated with an element 7 € 7}, is proved in a similar way. First,
using again [7, Lemma 14], this time with (k,d) = (0,3) (which corresponds to [[16, Proposition 1]),
we infer that fT G’}QT ceurly = =Y e, fF G];ng (v x np) forallv € g&*(T). Accounting for

#4), this yields ”I;z TG;q = ”I;e TG’;p . Then, plugging the definition of gr into (3), we get
T ;ékTG I}CI =7y g Gk P~ These equalities give

Grq,=Grp,  VFeT, (45)

Gathering (#3), (@4)), and {3)), and recalling the definition (7)) of the discrete gradient (@2)) follows.

2. Continuity. Using the fact that, for all T € 7y, hy < hr forall Y € 7 U &r and that the number of
faces of each element and of edges of each face is < 1 by mesh regularity, we have

S e Y ohe SiavPs S S e E S e S el

TeT, Fefr Ec&Er VeVg TeT, VeVr TeT, Ec&r
where, to apply Theorem ] we have used the fact that vertex values are defined up to a constant. Taking
absolute values in (38) and using a Cauchy—Schwarz inequality in the right-hand side, on the other hand,

we obtain |[gv [ £| S h2 ||G P ||L2(E) < h2 ||GEp lL2(g) for all T € 7j, such that E € Er. Plugging
this bound into the previous expressmn we obtain

Dihr D he D ke Y lavlP s DR D NGkp IR S NGEP, N2 (46)

TeT, Fefr Ec&fp EecVg TeT, Ee&r

where the last inequality is obtained recalling the definition () of [[-|llcurt,» With v, = Qﬁ p, and using
mesh regularity.

Taking in (39) r such that v’ = g, using Cauchy—Schwarz and trace inequalities in the right-hand
side, simplifying, and squaring, we obtain

g0} ) < PENGEP N2y +he D lavl,
VeVg

so that, using the fact that hg < h for all E € &, in the first term,

Dihr D he D NaEl g B hr D ke Y IGER I g

TeT, Fe¥r Ec&f TeT, Fefr Ecéfp

+ Z hr Z hr Z he Z lgvI® 47)

TeT Fe¥r EcEfp VeVe
. @I) k
Gyp, [

where, in the last inequality, we have additionally used the fact that 4 < diam(Q) < 1

To estimate the face components, we first take in (#0) v such that divp v = g (this is possible since
divp : RE*(F) — P¥1(F) is an isomorphism by [2, Corollary 7.3]) use Cauchy—Schwarz and trace
inequalities in the right-hand side to obtain

1gE 132y S HENGED L3 oy +hE D NN 2 )
EGSF
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so that, using the fact that hr < h for all F € ¥, in the first term,

Do ke D NaEl ey S B b Y GED s ey

TeT, FeFr TeT, Fefr

@I)
> hr Y he ) llgell g IG5, Wewet s

TeT, Fefr Ec&EF

(48)

where we have again used the fact that 4 < 1 for the first term.

The estimate of the element components is entirely similar: taking in @) v € RS*(T) such that
divv = g7 (which is possible since div : R KTy - P*1(T) is an isomorphism again by [2, Corollary
7.3]), we obtain ||qT||L2(T) h2 ||G p. ||L2 (TR +hr Ypes; ||qp||L2(F) Summing over T € 7}, using
the fact that hy < h < 1 for all T € 7, for the first term and (@8)) for the second, and recalling the
definition (@) of [[-[llcurt,, we arrive at

k
D llarla gy < NGKP, N s (49)
TeT,
Summing @6), @7), @8), and {9), the continuity bound in (37) follows. i
. .. k .

Proof of Theorem|I} Let q, € Xk Xorad.h be given by Lemma Noticing that p,—4, € Ker G}, we write

.
inf ”lp Khmgrad,h < ”lph - (ph - q )l”grad,h = |||qh”|grad,h < ”lQI;lph”lcurl,h- 0

rheKerG - - - - -

4.2 Poincaré inequality for the curl

The proof of Theorem [2]is analogous to that of Theorem [I] provided we establish the following result.

Lemma 9 (Continuous inverse of the discrete curl). For any v, € Xfuﬂ’ w thereisz, € Xfurl’ 5 Such
that
Chz, = Chyy, and llz, llearin S NCKY, laiv.n- (50)
Proof. Let
ar :=/C1’§3F VF € F,. (51)
F

Recalling that Dﬁgﬁg ,» = 0 and using the definition (6) of D’; it holds, for all T € 73,
0= ‘/Dllc"g;KT = Z wrF / Cryp = Z WTFAF,
r FeFr F Ferr

showing that (20) is met. If the domain encapsulates b, > 0 voids, we infer using (@) for r = 1, that, for
all integers 1 <i < by,

Z WOFaF = Z a)QF/FC;iKF:_ Z WoF Z wFE/VE=0,

Fefy, FeTy, Fefy, E€&r E

where we have used the fact that each edge in the summation appears exactly twice with opposite coef-
ficients, and therefore cancels out. We can thus invoke Theorem [6]to infer the existence of a collection
of values at edges (ag) € RE" satisfying (Z1). We then take zz € P°(E) such that

/ZEZhEZEZG'E VE € &;,. (52)
E

14



For all F' € #}, the face components zg r € R*1(F) and Zpp € RSK(F) are selected such that

/ZR,F-rotpr=/C1’§KFr+ Z /zEr Vr € Py (F) (53)
F F

EESF E

and
z';g’ r=0. (54)

Similarly, for any T’ € 7, the element components zg 7 € R*~(T) and e € REK(T) satisfy

/Z‘R,T ~curlw = /C’}KT W+ Z WTF / y{ngF -(w X np) vYw e GSK(T)  (55)
T T F

Fefr

and
Z;Q,T =0. (56)

Notice that defines zg 7 uniquely since curl : G“K(T) — R*71(T) is an isomorphism by [2,
Corollary 7.3].

1. Equality of the discrete curl. By definition of zg, it holds 71'2) FCf,gF = ﬂ(;, FC1I§KF for all F € 7p,.
The equality of the higher-order components is obtained plugging into the definition (4) of Cllég o
which leads to fF C,]f@F r= fF Cllf_gF rforallr € Pé‘(F). By [16, Proposition 4] (which corresponds to
[7, Lemma 14] with (d, k) = (3, 1)), the equality of the face curls implies n’;’T(CigT) = n’é’T(C';gT).

The equality of the projections on R®¥(T) results plugging (53) into the definition (3] of Cl;gT with
test function w € Gk (T). Gathering the above results, we obtain C ?gT =C ;KT forall T € 7j, from
which g’,;g n= Q];,K ,, follows recalling the definition (8)) of the discrete curl.

2. Continuity. Let us now show the bound in (50). Concerning edge components, we write

D 3 e Y el s Y hr Y ek

TeT, Fe¥fr Ec&Er TeT, Ecér

2
< Yot 3 ([ ete] <ncinion

TeT, Fefr

(57)

where we have used (52)) along with the fact that each edge E € Er is shared by exactly two faces in Fr,
the mimetic Poincaré inequality (2I)) together with the definition of ar in the second passage, and
|fp CIIEKF| < |F|2 ICEy pll2cry S hEIICEY plliziry < hrllCEvpll 2 forall F € F and all T € 7,
to which F belongs together with the definition (T0) of |- |lldiv,» to conclude.

To estimate the face component, we let 7 in (53] be such that rotr r = zg  and use Cauchy—Schwarz,
inverse, and trace inequalities in the right-hand side to infer ||zg, r|| L2rr2y S hr ||C§g ey +

1
hi Ypeep l12E|lL2(E)- Squaring the above relation and using standard inequalities for the square of
a finite sum of terms, we obtain, after noticing that hr < h for all F € ¥,

Z hT Z ”z'R,FHiZ(F;Rz) < h2 Z hT Z ”C;{’KF”?}(F)

TeT, Fe¥r T<eT, Fe¥r

+ > hr Y e D Nzl S €K, I, A

TeT, Fe¥r Eec&Er

(58)

where the conclusion follows noticing that & < diam(Q2) < 1, recalling the definition (T0) of |- |lldiv.»
for the first term, and invoking for the second one.
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The estimate of the element component is obtained in a similar way, starting from (53) with w such
that curlw = zg 1, leading to

2 laralyz gy < K IG (59)
TeT,
Summing (57), (58), and (§9), recalling the definition () of [z, llcurt.n as well as (54) and (56), the
bound in (50) follows. i

4.3 Poincaré inequality for the divergence

Theorem [3]is established in the same way as Theorem [I] (see the end of Section [4.1)) starting from the
following result.

. . . . k . k
Lemma 10 (Continuous inverse of the discrete divergence). For any w, € Xy thereisz, € Xy
such that

Djz, = Dyw, and ||z, llaiv.n < ID}w,ll2q)- (60)
Proof. The face components of z, are obtained applying Theorem with ar = fT D’}m pforallT € 7,
and letting zr € P°(F) be such that

/ZF=|F|ZF=aF VF € % 61)
F

For all T € 7y, the element component zg 1 € G*~1(T) is defined by the following relation:
_ k k
/zg,T -gradg = — / Drw,q+ E WTF / ZF q Vg € P, (7). (62)
T T Fery F

Finally, we set
zcg’T =0 VT € 7. (63)

1. Equality of the discrete divergence. To check the first condition in (60), it suffices to show that Dl;gT =
D?m r for a generic T € 7. To this end, we start by noticing that

k k
/TDTETZOZTZ Z WTFaF = Z (UTF‘/FZF :‘/TDTET’

Fe¥r Fefr

showing that ﬂ(;),T(D];@T) = ﬂ%’T(D§mT). To show the equivalence of the higher-order components,
it suffices to use (62) in (@) written for z . to infer [ D4z, q = [ Diw; qforall g € PF(T).

2. Continuity. Let us now show the continuity bound in (60). Observing that, by (61)), for all F € F,
it holds ||zx |2 = |F| z% = |F|‘1cy12F < h;za% for all T € 75, such that F € Fr (the last inequality

L(F)
being a consequence of mesh regularity), we have

b Y el < Sk Y b Y bt

TeT, Fefr TeT, Fefr TeT, (64)
-3 0 k 2 k 2
< D hP IS r(DFw Iy < IDRw, N2 g
TeT,

where, to pass to the second line, we have used the mesh regularity assumption to infer h;3 IT| < 1.
To estimate the element components, we take ¢ in (62) such that grad ¢ = zg, 7, use Cauchy—Schwarz,
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trace, and inverse inequalities in the right-hand side, pass to the square and use standard inequalities for
the square of a finite sum of terms to obtain

2 2 2
.11 s, < IBADEW 2oyl D 2 s,
Fe¥Fr

Summing the above relation over T € 7}, using the fact that A7 < diam(Q) < 1 for the first term in the
right-hand side and for the second, we obtain

D MzG 71172 oy S IDRWIT - (65)
TeT,
Summing to and recalling the definition (TO) of ||-|l|giv.» along with yields the inequality
in (60). i

S Stability analysis of a DDR scheme for the magnetostatics problem

We apply the Poincaré inequalities stated in Section to the stability analysis of a DDR scheme for
the magnetostatics problem which generalises the one presented in [[17] to domains with non-trivial
topology. We introduce the space of discrete harmonic forms

g’;vh = { € X5, : Diw, =0and (w,.Cyv,)av,n =O0forally, € X5, }

For a given source term f € H'(Q;R?), we consider the following DDR approximation of the mag-
k
netostatics problem: Find (O'h,uh,p ) € rl n X de n X édiv’h such that, for all (Ih’Kh’ih) €

k k k
Xcurl h X Xdlv h Xédlv h’

Ah((gh,ﬂh,gh)’ (Ih,Kh’gh)) = (lﬁiv,hf’ Kh)div,h’

where the bilinear form Ay, : [X curl.h X Xk

k 2 . .
X5 gdw’h] — R is given by:

An((@p P (T3 0100 4,)) = (T Ty eurtn = (1 CAT) i+ (CRT 0¥ v, )
+ (D];lﬂha Dﬁkh)y(g) + (£h7 Kh)div,h + (Eha gh)div,h,

with discrete L2-like products (-, *)curl,» and (-, -)giv,» defined as in [|16, Section 4.4]. We define the
graph norm on this product space as

D=

2 2
1@ 2, )l = (1 st + ICE T B+ Nty B+ 1D 2 g + 12, 3 s) - (67)

1
with norms ||“|leurt,n = () eypy, O0 X, Igurl p and [|-|ldgiv,n = on X giv ,, induced by the corre-

(" .)giv h
sponding discrete L-products.

Theorem 11 (Stability of the discrete bilinear form). The discrete bilinear form (66) is inf-sup stable

for the graph norm ||-||p, i.e., for all (O'h,uh, ) eX _curl _dw n X ,b W it holds
An((@pp . p )y (T 90.4,)
(e 2,)lln < sup T ©®
(Th Yid )e—curl hxgw hxbkiy,h\{o} _h’_h’gh h
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Proof. Let (o,,u,,p, ) be given, and let Cp > 0 be the maximum of the hidden constants in the
continuity estimates (16_%]) for the divergence and (50) for the curl.
Letz, € Xdiv’h be given by (60), i.e., such that

Dﬁéh = Dju, and llz,, lldiv.n < CpllDju,ll 2 (- (69)

Since D¥ »(w, —z,) =0, there exists (a/h,ﬂ )eX _curl n X .bk , suchthatu, —z, = Q’;lgh +éh. Using
(50) applied to ,,, we infer the existence of

k k
@), such that Cj ), = Cra,, and ||}, lleurt,n < CplIClia,ldiv.n- (70)
Noticing that [|u,, zhll div.h = =||C _h|| avnt ||ﬂ I div.h by orthogonality, using a triangle inequality we
infer that
k@B + 18, 1B < Nty + 12, s 2 Nty I, + Coll Dty 2 an
Cn@pllgiv,n TP, Ndiv,n S W8 ldiv,n T 12 div,n Uplldiy,n T CPIE R 2 ()
We define
T, =2C0, -a,, v, =Cko, +p +2C%u =B —2C3 (72)
= APy — &y Yy =0, TP, Py 4, =P, PP,

The following bound is readily inferred using triangle inequalities:

k 2
1T 2art o + 1CRT, Gy + 125G+ IDTY _hHLZ(o—) + g, v n
k 2 2 2
||£h||cur1 nt ||Qh||curl nt ||Qh£h||div,h + ”Bh”div,h + ||£h||div,h + ”éhlldiv,h (73)
@ @I) (i)

(s s 2

Plugging the test functions (72)) into the expression (66) of A, gives

Ah((O'h,uh,P )s (Ih,Kh,gh))
= 2C2||0'h||cur| n = (T @) )eurl
— 2C T ER e + (W, € i
+ nc"ohniw n + (Chep i + 2G5 (C Lo ety v

Ky
(Djpttys DRELT,) 12 (7 = (D, Dp )27y + 2Co I Dy |17 g (74)

+W+ ||£h||div,h +W

+(uy, B, div.h —W
k 2 2
= 2CPIIO-h”curl h (O-h’ g;’l)curl ht ”C O-h”div h + ||£h”div,h

+2Co D 1172 ) + (W, Cray, + B, aiv,i-
Using Cauchy—Schwarz and generalised Young inequalities, we have

3G}

2
(ghegz)curl,h CP”O'h”curl h”C ah”dlv n< _Ho'h”cur] nt3 || _h”div,h' (75)

3

Moreover, the decomposition u;, = zh+C a'h+ﬁ gives (uh,C ah+ﬁ Mdiv.h = ”"h”dw p— (W2, )div,h
with

1
(uh,zh)dlvh < ”uh”dlv hCP”Dhuh||L2(Q) 3”Eh||t21iv,h+ ”D h”LZ(Q) (76)
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Plugging and into (74), we have

Ah((zha Ehv Eh)’ (Zha Zha gh))

2
2

2
2

p k. 2 2
2 4 oy leumn + 1€ gy + ||£h”div,h t 5

2
2 ey, uy -
Zh

2

2 1
P k 2 2 P k 2 2 k 2
2 4 ”ghncurl,h + IIthhlldiV,h + HBh”div,h + 4 ||Dhﬂh”L2(Q) + §||£h||div,h - g”ghgh”div,h

2

1
P k 2 2
12 ”DhEhIILZ(Q) + §”£h”div,h

Denoting by $ the supremum in (68)), we then use the previous bound to write

(@t G S An((Cgo e P, (T304, < ST, )

Simplifying, the conclusion follows.

< Sl uyp )l

O

A Results on the trimmed finite element sequence on tetrahedral meshes

In this section we provide the explicit expression of the polynomial basis functions used in Section [3}
These bases can be easily described on a reference element (see [3[]). However, in order the compute
their norms, we need to know their expression on the physical element. The transformation from the
reference to the physical element is given by the pullback of the mapping between the two.

We consider a simplex S with vertices Vp, V1, V2, and V3 ordered so that, denoting by xv; the coordi-
nate vector of V;, {le — Xy, Xy, =Xy, Xy, — xVO} forms a direct basis of R?. The basis for the local
affine Lagrange space P A%(S) = P!(S) spanned by “hat” functions is

610x) = [(xv, —xvy) X (xv, —xv)] - (x —xv;)
’ det (xy, — Xvy, Xvy — Xy, Xy, —Xvp)
[(le _xVo) X (xV2 _xV())] : (x _xV())
det (Xv, — Xy, Xy, — Xy, Xyy —Xvp)
(77)
The basis of the lowest-order local face Raviart-Thomas—Nédélec space P AL(S) = RT(S) is

[(xV2 _xvl) X (xV3 _xvl)] : (xV3 _x)
det (xv, — Xv,,Xv, —Xv,, Xy, —Xv;)
[(le _xVo) X (xV3 _xV())] : (x _xV())

det (xv, — Xy, Xvy — Xy, Xy, — X))

$o(x) =

. $3(x) =

$2(x) :

(xV1 _xVO) X (x _xVo)

$r3(x) =
det (xy, — Xy, Xv, — Xy, Xy, —Xv,)
¢ (x) — (xV3 _xVo) X (x _xV())
12 =
det (xv3 — XV, XV, — XV, XV, —le)
(xv; —xv;) X (x —xv,)
Por(x) = > 1 1

det (xv, —xv,, Xy, —Xv;, Xy, —Xv)

, P13(x) =
. Po3(x) =

s ¢Ol (x) =

(v, —xv,) X (x —Xxvp)

det (xv, —Xv,, Xv, — Xy, Xvy —Xv,)
(v, —xv;) X (x —xv,)

det (xv, —Xv,, Xy, —Xv,, Xy, — X))
(xv; —xvy) X (x —Xxv,)

det (xv, —Xv,, Xy, — Xy, Xy, — X))
(78)

’

’

’

where the function ¢, j is associated to the edge E;; with vertices V; and V;. The basis of the lowest-order

local edge Nédélec space PI‘Az(S) = N1(S) is

2(x —xv,)

P1a3(x) = -
det (xv, — Xv,,Xv, —Xv,, Xy, —Xv,)

2(x —xv,)

Poi3(x) = -

det (xv, — Xy, Xv, — Xy, Xy, —Xv,)

19

s Ponz(x) =

» Porn(x) =

2(x —xv,)

det (xv, — Xy, Xvy — Xy, Xy, —Xvp)
2(x —xv,)

det (xy, — Xvy, Xv, — Xy, Xy, — X))

(79)



with function ¢; ik associated to the simplicial face F;;x with vertices V;, V;, and V. Finally, the basis
of PrA(S) = PU(S) is

6

Bo123(x) = (80)
det (xv, — Xy, Xv, — Xy, Xy, —Xv)
Lemma 12 (Dual basis). The following identities hold:
bi(xir) = 5;2, Vi,i’ € {0,1,2,3} (81a)
¢t (U), V(ij), (ij)" € {23,13,12,03,02,01} (81b)
Eijy
/ $ijx NF = ‘51{{]"{1«)’ V(ijk), (ijk) € {123,023,013,012}, 81c)
Fajiy

where (52 =1lifa=0>, 62 = 0 otherwise.

Proof. The proof of (8Ta) readily follows from the orthogonality of the cross product.
Let us check for ¢,3, the other being similar. For (ij) € {23, 13,12,03,02,01}, we have

Uil(x, _xW’L [(xv, —xv) X (xv; —xv)] - (xv; —xv;)
/E”¢23'tE=/t_ :

=0 det(xvl_xV()’xV2_xV0’xV3_xV2)

Ifi =0ori =1, then (xy, —xv,) X (xy, —xy,) =0. If i =2 and j = 3, we can use the vector triple
product to write (xv, —Xv;,) X (Xy, —Xy,) - (Xv; —Xv,) = det (Xy, — Xy, Xv, — Xv;, Xy, —Xv,), so that
/E23 ¢23 e =1

Finally, let us check for ¢1,3. Using the change of variable induced by ¥ : (1;,4x) +—

. (xv; —xv; )X (xv, —xv;)
Aj(xy; —xv;) + Ak (xy, —xv,) +xv,, along with the fact that np = Y ‘;lF“UVk M , we have
p ijk

/ 123 nF
I]k

/ /1 Y (xy; —xvy) + L2(xy; —xv,) + B3(xv, —xv;)
;=0 J 1=0

det .)CV2 Xy, Xv; — Xy, Xy, —xvo)

: [(ij _xV[) X (ka _xV[)]

2/ /1 L (xy, —xv) - [(xv, —xv;) X (xy, —xv,)]
;=0 J A det xV2 Xy, Xv; =Xy, Xy, _xV())
_det(xy, —xv,, Xy, —Xv, Xy, Xy,

= =% o
det (xy, —Xv,,Xv, —Xv,, Xy, —Xv,)

123°

Lemma 13 (Norm of the basis function). The functions given by (TT)-[80) have the following L?-norms:
Foralli € {0,1,2,3}, all (ij) € {23, 13,12,03,02,01}, and all (ijk) € {123,023,013,012},

3
_ |Forzl? + [Fors1? + cot| Fora| | For3|
”¢1J”L2(S R3 - 90|S| ~ hSa (83)
EGP + |Efj1? + | Ei)? + 2| Fiij| + 2| Fiire| + 2| Fy x| ~ ol a4
||¢t]k||L2(S R3 - 180|S| - s ( )
1
13
¢o123ll72 gy = 5 hg”, (85)

where, for {i, j, k,1} = {0,1,2,3}, cxi = nyy; - niq; is the dihedral angle associated to the edge Ej;.
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Proof. We will only show the computation for one function of each space, the others being similar. In
order to integrate over the simplex S, we consider the change of variable induced by ¥ : (11, A2, 43) —
Aixy, + oxy, + A3xy, + (1 — 41 — A2 — A3)xy,. Notice that | det Dy| = 6|S].

Let us first consider the family given by (77). Using the orthogonality of the cross product, and the
identity (@ X b) - ¢ = det(a, b, ¢), we notice that

[(xV] _xVo) X (xV2 _xV())] : (xV3 _xVO)

det (xv, — Xv,, Xv, — Xy, Xy, —Xv;)

1 1-24 1-21-2 |S|
[a=[ [ [ " awres =L
s =0 =0 Ja3=0

Then, we proceed with the family (78)). We have

$3(¢¥) = 13

= A3.

Hence, we have

A2 (xy, —xy,) X (xv, —xv,) + B3(xy, —xv;) X (xy; — Xy)

det (xy, — Xy, Xv, — Xvp, Xy, —Xv,)

$(¥) =

=® (22| Foi2|nor2 + 32| Foi3lnoi3) -

Expanding the product, we obtain

! -4 pledimd 2
/¢23'¢23=/ / / (—) (/1§|F012|2+/1§|F013|2+2/12/13001|F012||F013|)6|S|
S =0 J =0 Ja3=0 315]

_ 2 |Foi2]? + | Foi3|* + cot | Foz| For3|
3[9] 60

Finally, we prove that (84)) holds for ¢,,3 given by (79). We have

/ll(xvl _xVo) +/12(xV2 _xVo) +/13(X'V3 _xV())
det (xv, —xv,, Xy, —Xv,, Xy, —Xy,)

Gi1o3(P) =2

Noticing that (xv; — xv,) - (xv; — xv,) = 2|Fo;j|, we have

: - =it (9 2 2 2 2 2 2 2
123 P123 = ol 11£01 > 1E£02 31£03
¢ ¢ (/l|E|+/l|E|+/l|E|
S =0 J =0 Ju=0 65|

+ 421 2| Fora| + 421 43| Foi3| + 42243| Fo3|) 6| S|
1 |Eoi|? +|Eoa|? + |Eos|* + 2| For2| + 2| Foi3| + 2| Foos|

~38] 60

O

Lemma 14 (Link with the differential operators). For all face F of S, we define wsg € {—1, 1} such
that wsgnr is outward pointing. Then, the followings identities hold;

gradg; = > ¢, > ¢y Vi € {0,1,2,3}, (86)
J<i J>i

curl ¢,; = wsr,wrE, §; + WsFwFE;; V(i) € {23,13,12,03,02,01}, 87)

div ¢, ;1 = WsF, Po123, V(ijk) € {123,023,013,012}, (88)

where i denotes the complementary of i in {0, 1,2, 3}.
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Proof. First, let us prove (88). Noticing that divx = 3, it only remain to check that
sgndet (xy, — Xv,, Xv, — Xv,,Xv, = Xv,) = WSF;- (89)

This holds, since (xvy;, — xv;) X (xy, —xv,) = [lxy;, — xy;||llxv, —xv,|lnF, and xy, — xy, is always
outward pointing.
Then, to prove (87)), we use the identity curl(A x B) =div(B® A" —A® B") in to write

3(xy, —xv,) = (xy, —xv)

det (xv, — Xy, Xy, — Xy, Xy, —Xv;)

Clll’l ¢l] = . (90)
where (k) is such that {7, j, k, [} = {0, 1,2,3} and k < [. Noticing that xy, — xy, is an inward pointing
to the face k, and xy, — xy, lies outward pointing in the plane of F;, we have

1 1
det (xvl XV, XV, — Xy, Xy; —xv,.) = ﬁwFﬁEij = _ﬁwFiEif' 91)

where we inserted xy, — xv, in the second argument of the determinant to get the second inequal-
ity. Inserting x — x in (90) and replacing the denominator according to (1), we obtain curl¢,; =

6|S| (wFI;EUZ(x —xv,) + WRE;2(x - xv,)) We infer recalling (89).

Finally, let us prove (86). We only prove the equality for ¢, the other three being similar. By the
assumption on the basis, we have det (xy, —Xv,, Xy, —Xv,, Xy, —Xy,) = 6|S|. Then, a direct computation
shows that

_ (xV2 _xvl) X (xV3 _xV1)

grad ¢ = 8ls]
_ ey —x) X (v —xy) + (v, =) X (Xy, —Xy) + (X —Xyy) X (Xy; —Xyy)
B 6|S| '
Noticing that
(v, —xy) X (x —xy) vy —xy) X (x —xy)
Po3(x) = 61| s P(x) = oI5| ;
_ (xV3 _xV2) X (x _xVQ)
$o1(x) = 615] )
we infer that grad ¢o = —dg; — Pp3 — P5- O
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