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Abstract

In this paper we prove Poincaré inequalities for the Discrete de Rham (DDR) sequence on a
general connected polyhedral domain Ω of R3. We unify the ideas behind the inequalities for all
three operators in the sequence, deriving new proofs for the Poincaré inequalities for the gradient and
the divergence, and extending the available Poincaré inequality for the curl to domains with arbitrary
second Betti numbers. A key preliminary step consists in deriving “mimetic” Poincaré inequalities
giving the existence and stability of the solutions to topological balance problems useful in general
discrete geometric settings. As an example of application, we study the stability of a novel DDR
scheme for the magnetostatics problem on domains with general topology.
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1 Introduction
Poincaré inequalities are a key tool to prove the well-posedness of many common partial differential
equation problems. Mimicking them at the discrete level is typically required for the stability of nu-
merical approximations. Poincaré inequalities for conforming Finite Element de Rham complexes can
be derived through bounded cochain projections as described, e.g., in [2, Chapter 5]; see also [14] for
a recent generalisation. In the context of Virtual Element de Rham complexes [4], similar results typ-
ically hinge on non-trivial norm comparison results, examples of which can be found in [5]. Discrete
Poincaré-type inequalities in the context of the (non-compatible) Hybrid High-Order methods have been
derived, e.g., in [18] (gradient), [10] (symmetric gradient) and [13, 21] (curl).

The focus of the present work is on the derivation of Poincaré inequalities for the Discrete de Rham
(DDR) sequence of [16] on domains with general topology. Unlike Finite and Virtual Elements, DDR
formulations are fully discrete, with spaces spanned by vectors of polynomials and continuous vector cal-
culus operators replaced by discrete counterparts. Discrete Poincaré inequalities thus require to bound
!2-like norms of vectors of polynomials with !2-like norms of suitable discrete operators applied to
them. To establish such bounds, we take inspiration from [19], where it was noticed that the topolog-
ical information is fully contained in the lowest-order DDR subsequence, and [17], where a Poincaré
inequality for the curl on topologically trivial domains of R3 was derived. The lowest-order DDR se-
quence is strongly linked to Mimetic Finite Differences and related methods [6, 8, 9, 11, 12, 15]. The
first step to prove discrete Poincaré inequalities in DDR spaces is thus precisely to establish the mimetic
counterparts stated in Theorems 4, 6, and 7 below. Their proofs require to work at the global level,
with conditions accounting for the topology of the domain appearing for the curl. The discrete Poincaré
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inequalities for arbitrary-order DDR spaces collected in Section 2.7 below are then obtained combining
the mimetic Poincaré inequalities with local estimates of the higher-order components.

We next briefly discuss the links between the present work and previous results for DDR meth-
ods. Fully general Poincaré inequalities for the gradient and the divergence had already been obtained,
respectively, in [16, Theorem 3] and [17] using different techniques. The main novelty of the proofs
provided here is that they are better suited to generalisations in the framework of the Polytopal Exterior
Calculus recently introduced in [7]. A Poincaré inequality for the curl on topologically trivial domains
had been obtained in [17, Theorem 20]. The main novelty with respect to this result consists in the
extension to domains encapsulating voids. The interest of the material in this paper is additionally that
it contains preliminary results to establish discrete Poincaré inequalities for advanced complexes, such
as the three-dimensional discrete div-div complex recently introduced in [20].

The rest of the paper is organized as follows. The definitions of the relevant DDR spaces and op-
erators are briefly recalled in Section 2. Mimetic Poincarés inequalities are derived in Section 3, and
then used to prove discrete Poincarés inequalities for the DDR complex in Section 4. The latter are
used in Section 5 to carry out the stability analysis of a DDR scheme for the magnetostatics problem on
domains with general topology. Some arguments in the proofs of mimetic Poincaré inequalities rely on
specific shape functions for Finite Element spaces on a submesh, whose definitions and properties are
summarised in Appendix A.

2 Discrete de Rham construction
2.1 Domain and mesh
Let Ω ⊂ R3 denote a connected polyhedral domain. We consider a polyhedral mesh Mℎ ≔ Tℎ ∪ Fℎ ∪
Eℎ∪Vℎ, where Tℎ gathers the elements, Fℎ the faces, Eℎ the edges, andVℎ the vertices. For all. ∈ Mℎ,
we denote by ℎ. its diameter and set ℎ ≔ max)∈Tℎ ℎ) . For each face � ∈ Fℎ, we fix a unit normal n�

to � and, for each edge � ∈ Eℎ, a unit tangent t� . For ) ∈ Tℎ, F) gathers the faces on the boundary m)

of ) and E) the edges in m) ; if � ∈ Fℎ, E� is the set of edges contained in the boundary m� of �. For
� ∈ F) , l)� ∈ {−1, +1} is such that l)�n� is the outer normal on � to ) .

Each face � ∈ Fℎ is oriented counter-clockwise with respect to n� and, for � ∈ E� , we let l�� ∈
{−1, +1} be such that l�� = +1 if t� points along the boundary m� of � in the clockwise sense, and
l�� = −1 otherwise; we also denote by n�� the unit normal vector to � , in the plane spanned by �,
such that l��n�� points outside �. We denote by grad� and div� the tangent gradient and divergence
operators acting on smooth enough functions. Moreover, for any A : � → R and z : � → R2 smooth
enough, we let rot� A ≔ (grad� A)⊥ and rot� z = div� (z⊥), with ⊥ denoting the rotation of angle − c

2
in the oriented tangent space to �.

We further assume that (Tℎ, Fℎ) belongs to a regular mesh sequence in the sense of [18, Definition
1.9], with mesh regularity parameter r > 0. This implies that, for each . ∈ Tℎ ∪ Fℎ ∪ Eℎ, there exists a
point x. ∈ . such that the ball centered at x. and of radius rℎ. is contained in . .

Throughout the paper, 0 . 1 (resp., 0 & 1) stands for 0 ≤ �1 (resp., 0 ≥ �1) with� depending only
on Ω, the mesh regularity parameter and, when polynomial functions are involved, the corresponding
polynomial degree. We also write 0 ' 1 when both 0 . 1 and 1 . 0 hold.

2.2 Polynomial spaces and !2-orthogonal projectors
For any . ∈ Mℎ and an integer ℓ ≥ 0, we denote by Pℓ (. ) the space spanned by the restriction to . of
polynomial functions of the space variables. Let, for . ∈ Tℎ ∪ Fℎ, Pℓ (. ) ≔ Pℓ (. )= with = denoting
the dimension of . . We have the following direct decompositions: For all � ∈ Fℎ,

P
ℓ (�) = R

ℓ (�) ⊕ R
c,ℓ (�) with R

ℓ (�) ≔ rot� Pℓ+1(�) and R
c,ℓ (�) ≔ (x − x�)Pℓ−1(�)
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and, for all ) ∈ Tℎ,

P
ℓ ()) = G

ℓ ()) ⊕ G
c,ℓ ()) with G

ℓ ()) ≔ gradPℓ+1()) and G
c,ℓ ()) ≔ (x − x) ) × P

ℓ−1())
= R

ℓ ()) ⊕ R
c,ℓ ()) with R

ℓ ()) ≔ curlPℓ+1()) and R
c,ℓ ()) ≔ (x − x) )Pℓ−1()).

We extend the above notations to negative exponents ℓ by setting all the spaces appearing in the de-
compositions equal to the trivial vector space {0}. Given a polynomial (sub)space Xℓ (. ) on . ∈ Mℎ,
the corresponding !2-orthogonal projector is denoted by cℓX,.

. Boldface font will be used when the
elements of Xℓ (. ) are vector-valued, and 0c,ℓ

X,.
will denote the !2-orthogonal projector on X

c,ℓ (. ).

2.3 DDR spaces
The discrete counterparts of the spaces appearing in the continuous de Rham complex are defined as
follows:

- :
grad,ℎ ≔

{
@
ℎ
=

(
(@) ))∈Tℎ , (@�)�∈Fℎ

, (@�)�∈Eℎ
, (@+ )+∈Vℎ

)
:

@) ∈ P:−1()) for all ) ∈ Tℎ, @� ∈ P:−1(�) for all � ∈ Fℎ,

@� ∈ P:−1(�) for all � ∈ Eℎ, and @+ ∈ R for all + ∈ Vℎ

}
,

^:
curl,ℎ ≔

{
v
ℎ
=

(
(vR,) , v

c
R,)

))∈Tℎ , (vR,� , v
c
R,�

)�∈Fℎ
, (E�)�∈Eℎ

)
:

vR,) ∈ R
:−1()) and vc

R,)
∈ R

c,: ()) for all ) ∈ Tℎ,

vR,� ∈ R
:−1(�) and vc

R,�
∈ R

c,: (�) for all � ∈ Fℎ,

and E� ∈ P: (�) for all � ∈ Eℎ

}
,

^:
div,ℎ ≔

{
w

ℎ
=

(
(wG,) , w

c
G,)

))∈Tℎ , (F�)�∈Fℎ

)
:

wG,) ∈ G
:−1()) and wc

G,)
∈ G

c,: ()) for all ) ∈ Tℎ,

and F� ∈ P: (�) for all � ∈ Fℎ

}
,

and
P: (Tℎ) ≔

{
@ℎ ∈ !2(Ω) : (@ℎ) |) ∈ P: ()) for all ) ∈ Tℎ

}
.

2.4 Local vector calculus operators and potentials
2.4.1 Gradient
For any � ∈ Eℎ, the edge gradient �:

�
: - :

grad,� → P: (�) is such that, for all @
�
∈ - :

grad,� ,∫
�

�:
�@�

A = −
∫
�

@� A ′ + È@+ AÉ� , (1)

with derivative taken in the direction of t� and with È·É� denoting the difference between vertex values
on an edge such that, for any function q ∈ �0(�) and any family {F+1 , F+2} of vertex values such that
t� points from +1 to +2,

ÈF+qÉ� ≔ F+2q(x+2) − F+1q(x+1).
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For any � ∈ Fℎ, the face gradient M:
� : - :

grad,� → P
: (�) and the scalar trace W:+1

�
: - :

grad,� →
P:+1(�) are such that, for all @

�
∈ - :

grad,� ,∫
�

M:
�@�

· v = −
∫
�

@� div� v +
∑

�∈E�

l��

∫
�

@� (v · n��) ∀v ∈ P
: (�), (2)∫

�

W:+1
� @

�
div� v = −

∫
�

M:
�@�

· v +
∑

�∈E�

l��

∫
�

@� (v · n��) ∀v ∈ R
c,:+2(�).

Similarly, for all ) ∈ Tℎ, the element gradient M:
) : - :

grad,) → P
: ()) is defined such that, for all

@
)
∈ - :

grad,) ,∫
)

M:
)@)

· v = −
∫
)

@) div v +
∑
�∈F)

l)�

∫
�

W:+1
� @

�
(v · n�) ∀v ∈ P

: ()), (3)

2.4.2 Curl

For all � ∈ Fℎ, the face curl �:
�

: ^:
curl,� → P: (�) and tangential trace $:

t,� : ^:
curl,� → P

: (�) are
such that, for all v

�
∈ ^:

curl,� ,∫
�

�:
�v� A =

∫
�

vR,� · rot� A −
∑

�∈E�

l��

∫
�

E� A ∀A ∈ P: (�) (4)

and, for all (A, w) ∈ P:+1
0 (�) × R

c,: (�),∫
�

$:
t,�v� · (rot� A + w) =

∫
�

�:
�v� A +

∑
�∈E�

l��

∫
�

E� A +
∫
�

vc
R,�

· w.

For all ) ∈ Tℎ, the element curl I:
) : ^:

curl,) → P
: ()) is defined such that, for all v

)
∈ ^:

curl,) ,∫
)

I:
)v) · w =

∫
)

vR,) · curlw +
∑
�∈F)

l)�

∫
�

$:
t,�v� · (w × n�) ∀w ∈ P

: ()). (5)

2.4.3 Divergence

For all ) ∈ Tℎ, the element divergence �:
)

: ^:
div,) → P: ()) is defined by: For all w

)
∈ ^:

div,) ,∫
)

�:
)w)

@ = −
∫
)

wG,) · grad @ +
∑
�∈F)

l)�

∫
�

F� @ ∀@ ∈ P: ()). (6)

2.5 DDR complex
The DDR complex reads:

0 - :
grad,ℎ ^:

curl,ℎ ^:
div,ℎ P: (Tℎ) {0},

M:
ℎ

I:
ℎ

�:
ℎ 0

where, for all (@
ℎ
, v

ℎ
, w

ℎ
) ∈ - :

grad,ℎ × ^:
curl,ℎ × ^:

div,ℎ,

M:
ℎ
@
ℎ
≔

(
(0:−1

R,)
M:

)@)
, 0c,:

R,)
M:

)@)
))∈Tℎ , (0:−1

R,�
M:

�@�
, 0c,:

R,�
M:

�@�
)�∈Fℎ

, (�:
�@�)�∈Eℎ

)
, (7)

I:
ℎ
v
ℎ
≔

(
(0:−1

G,)
I:
)v) , 0

c,:
G,)

I:
)v) ))∈Tℎ , (�:

�v�)�∈Fℎ

)
, (8)

(�:
ℎwℎ

) |) ≔ �:
)w)

∀) ∈ Tℎ .
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2.6 Component norms
We endow the discrete spaces defined in Section 2.3 with the !2-like norms defined as follows: For all
(@

ℎ
, v

ℎ
, w

ℎ
) ∈ - :

grad,ℎ × ^:
curl,ℎ × ^:

div,ℎ,

|||@
ℎ
|||2grad,ℎ ≔

∑
)∈Tℎ

|||@
)
|||2grad,) with

|||@
)
|||2grad,) ≔ ‖@) ‖2

!2 () ) + ℎ)

∑
�∈Fℎ

|||@
�
|||2� ∀) ∈ Tℎ,

|||@
�
|||2grad,� ≔ ‖@� ‖2

!2 (� ) + ℎ�

∑
�∈Eℎ

|||@
�
|||2grad,� ∀� ∈ Fℎ,

|||@� |||2grad,� ≔ ‖@� ‖2
!2 (� ) + ℎ�

∑
+∈V�

|@+ |2 ∀� ∈ Eℎ,

|||v
ℎ
|||2curl,ℎ ≔

∑
)∈Tℎ

|||v
)
|||2curl,) with

|||v
)
|||2curl,) ≔ ‖vR,) ‖2

R2 ();R3 ) + ‖vc
R,)

‖2
R2 ();R3 ) + ℎ)

∑
�∈F)

|||v
�
|||2curl,� ∀) ∈ Tℎ,

|||v
�
|||2curl,� ≔ ‖vR,� ‖2

R2 (�;R2 ) + ‖vc
R,�

‖2
R2 (�;R2 ) + ℎ�

∑
�∈E�

‖E� ‖2
!2 (� ) ∀� ∈ Fℎ,

(9)

and
|||w

ℎ
|||2div,ℎ ≔

∑
)∈Tℎ

|||w
)
|||2div,) with

|||w
)
|||2div,) ≔ ‖wG,) ‖2

R2 ();R3 ) + ‖wc
G,)

‖2
R2 ();R3 ) + ℎ)

∑
�∈F)

‖E� ‖2
!2 (� ) ∀) ∈ Tℎ .

(10)

2.7 Main results
Theorem 1 (Poincaré inequality for the gradient). For all ?

ℎ
∈ - :

grad,ℎ, it holds

inf
Aℎ∈KerM:

ℎ

|||?
ℎ
− Aℎ |||grad,ℎ . |||M:

ℎ
?
ℎ
|||curl,ℎ,

with hidden constant only depending on Ω, the mesh regularity parameter, and : .

Proof. See Section 4.1. �

Theorem 2 (Poincaré inequality for the curl). For all v
ℎ
∈ ^:

curl,ℎ, it holds

inf
z
ℎ
∈KerI:

ℎ

|||v
ℎ
− z

ℎ
|||curl,ℎ . |||I:

ℎ
v
ℎ
|||div,ℎ,

with hidden constant only depending on Ω, the mesh regularity parameter, and : .

Proof. See Section 4.2. �

Theorem 3 (Poincaré inequality for the divergence). For all w
ℎ
∈ ^:

div,ℎ, it holds

inf
z
ℎ
∈Ker �:

ℎ

|||w
ℎ
− z

ℎ
|||�:

ℎ
,ℎ . ‖�:

ℎwℎ
‖!2 (Ω) ,

with hidden constant only depending on Ω, the mesh regularity parameter, and : .

Proof. See Section 4.3. �
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3 Mimetic Poincaré inequalities
This section contains Poincaré inequalities in mimetic spaces that are instrumental in proving the main
results stated in the previous section. Their proofs rely on the use of a tetrahedral submesh Mℎ =

Tℎ ∪Fℎ ∪Eℎ ∪Vℎ in the sense of [18, Definition 1.8], with Tℎ collecting the tetrahedral subelements
and Fℎ, Eℎ, and Vℎ their faces, edges, and vertices, respectively. We assume, for the sake of simplicity,
that this submesh can be obtained adding as new vertices only centers of the faces and elements of Mℎ.
As a result of the assumptions in [18, Definition 1.8], the regularity parameter of the submesh only
depends on that of Mℎ and, for a given element ) ∈ Tℎ, the diameters of the submesh entities contained
in ) are comparable to ℎ) uniformly in ℎ.

3.1 Mimetic Poincaré inequality for collections of vertex values
Theorem 4 (Mimetic Poincaré inequality for collections of vertex values). Let (U+ )+∈Vℎ

∈ RVℎ be a
collection of values at vertices. Then, there is � ∈ R such that∑

)∈Tℎ
ℎ3
)

∑
+∈V)

(U+ − �)2 .
∑
)∈Tℎ

ℎ)

∑
�∈E)

|ÈU+É� |2, (11)

with hidden constant only depending on Ω and the mesh regularity parameter.

Proof. We extend the collection (U+ )+∈Vℎ
to Vℎ setting the values at face/element centers equal to the

value taken at an arbitrary vertex of the face/element in question.
For any simplex ( ∈ Tℎ and any vertex + ∈ V( (with V( collecting the vertices of (), let q(,+

denote the restriction to ( of the piecewise affine “hat” function associated with + given by (77), and let
qℎ ∈ �1(Ω) be the piecewise polynomial function defined by setting

(qℎ) |( ≔
∑

+∈V(

(U+ − �)q(,+ ∀( ∈ Tℎ, (12)

where � ∈ R is chosen so that the zero-average condition
∫
Ω
qℎ = 0 is satisfied. We next prove the

following norm equivalences:

‖qℎ‖2
!2 (Ω) '

∑
)∈Tℎ

ℎ3
)

∑
+∈V)

(U+ − �)2, (13)

‖ grad qℎ‖2
R2 (Ω;R3 ) '

∑
)∈Tℎ

ℎ)

∑
�∈E)

|ÈU+É� |2. (14)

The conclusion follows from the above relations writing∑
)∈Tℎ

ℎ3
)

∑
+∈V)

(U+ − �)2 (13)
. ‖qℎ‖2

!2 (Ω) . ‖ grad qℎ‖2
R2 (Ω;R3 )

(14)
.

∑
)∈Tℎ

ℎ)

∑
�∈E)

|ÈU+É� |2,

where the second inequality follows from the continuous Poincaré–Wirtinger inequality, which holds
since

∫
Ω
qℎ = 0.

(i) Proof of (13). For any ) ∈ Tℎ, by regularity of the submesh, we have ℎ( ' ℎ) for all ( ∈ T) (with
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T) collecting the subelements contained in )). It holds

‖qℎ‖2
!2 (Ω)

(12)
=

∑
)∈Tℎ

∑
(∈T)

∫
(

( ∑
+∈V(

(U+ − �)q(,+
)2

'
∑
)∈Tℎ

∑
(∈T)

∑
+∈V(

(U+ − �)2‖q(,+ ‖2
!2 (()

(82)'
∑
)∈Tℎ

ℎ3
)

∑
(∈T)

∑
+∈V(

(U+ − �)2

'
∑
)∈Tℎ

ℎ3
)

∑
+∈V)

(U+ − �)2,

(15)

where the second equivalence follows from the fact that card(V() . 1, in the third one we have addi-
tionally used ℎ( ' ℎ) for all ) ∈ Tℎ and all ( ∈ T) , and the last one is justified by the choice we made
at the beginning for U+ , + ∈ Vℎ \ Vℎ. This readily gives (13).
(ii) Proof of (14). The key argument to obtain (14) lies in the de Rham theorem: Let (7(,�)�∈E(

(with
E( collecting the edges of () be the basis for the edge Nédélec space given by (78). Then, summing
(86), we have

grad ©«
∑

+∈V(

U+q(,+
ª®¬ =

∑
�∈E(

ÈU+É�7(,� . (16)

Starting from (16) and proceeding in a similar way as in (15) with (83) replacing (82), we have∫
Ω

‖ grad qℎ‖2 '
∑
)∈Tℎ

ℎ)

∑
(∈T)

∑
�∈E(

|ÈU+É� |2, (17)

with, for any v ∈ R3, ‖v‖ denoting the Euclidian norm of v. Now, for any edge � ∈ E( of any simplex
( ∈ T) , either � ∈ E) or, by the choice made at the beginning of this proof for U+ with + face or
element center, ÈU+É� can be computed as the sum of jumps along the boundary of ) (i.e. ÈU+É� =∑

�′∈E)
l�′�ÈU+É�′ for l�′� ∈ {−1, 0, 1}). Therefore,∑

(∈T)

∑
�∈E(

|ÈU+É� |2 '
∑
�∈E)

|ÈU+É� |2,

and we infer (14) from (17). �

3.2 Mimetic Poincaré inequality for collections of edge values
If the topology of the domain is non-trivial, a suitable condition for each void must be satisfied in order
to establish a mimetic Poincaré inequality for collections of edge values. Denote by 12 the second Betti
number, i.e., the number of voids encapsulated by Ω. Let (FW8 )1≤8≤12 denote collections of boundary
faces such that W8 ≔

⋃
�∈FW8

� is the boundary if the 8th void. We start by proving a necessary and
sufficient condition under which a function in the lowest-order Raviart–Thomas–Nédélec face space on
the tetrahedral submesh is the curl of a function in the edge Nédélec space on the same mesh.

Lemma 5 (Condition on the cohomology). Denote by RT 1(Tℎ) and N1(Tℎ) lowest-order face and
edge finite element spaces on the submesh. Then, for all 5ℎ ∈ RT 1(Tℎ), there exists 6ℎ ∈ N1(Tℎ)
such that 5ℎ = curl 6ℎ if and only if

div 5ℎ = 0 and
∑

�∈FW8

∫
�

5ℎ · nΩ = 0 for all integer 8 such that 1 ≤ 8 ≤ 12, (18)

with nΩ denoting the unit normal vector to the boundary of Ω pointing out of Ω.
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Proof. To check that (18) is necessary, notice that the first condition comes from the identity div curl =
0, while the second one follows from Green’s theorem along with the fact that the flux of the curl of any
function across a closed boundary is zero.

We next prove that condition (18) is sufficient using a counting argument. From the de Rham The-
orem, we know that that the dimension of the space of harmonic forms is precisely the number of voids
12. For all integer 8 such that 1 ≤ 8 ≤ 12, we define the linear form !8 such that, for any vector-valued
function 5 smooth enough,

!8 (5) ≔ −
∑

�∈FW8

∫
�

5 · nΩ.

For any 1 ≤ 8 ≤ 12, let x8 ∈ R3 be any point inside the 8th void and consider the function 58 : R3 3 x ↦→
x−x8

‖x−x8 ‖3 ∈ R3. Noticing that div 58 = 0 and applying the divergence theorem inside the 9 th void, we infer
that ! 9 (58) = 0 if 9 ≠ 8. Let us now show that !8 (58) > 0. Let A > 0 be the distance between x8 and Ω.
Denoting by S8 the sphere of radius A

2 centred in x8 , we have that
∫
S8
58 ·

(x−x8 )
‖x−x8 ‖ =

∫
S8

4A−2 = 4c > 0.
Applying once again the divergence theorem to 58 on the volume V8 enclosed between S8 and W8 , we
have that 0 =

∫
V8

div 58 = !8 (58) −
∫
S8
58 ·

(x−x8 )
‖x−x8 ‖ . Therefore,

!8 (58) =
∫
S8

58 ·
(x − x8)
‖x − x8 ‖

> 0. (19)

Denoting by 01
RT ,ℎ

the canonical interpolator onto RT
1(Tℎ), we know that, for any function 5, div(01

RT ,ℎ
5) =

cℎ
P,0(div 5) and !8 (01

RT ,ℎ
5) = !8 (5) by definition of the interpolator. Therefore, for any integer 8 such

that 1 ≤ 8 ≤ 12, 01
RT ,ℎ

58 is a discrete harmonic form and, by a counting argument, the linearly inde-
pendent family (01

RT ,ℎ
58)1≤8≤12 spans the space of discrete harmonic forms.

Let now 5ℎ be such that div 5ℎ = 0. Then, 5ℎ = curl 6ℎ +
∑12

8=1 _8 0
1
RT ,ℎ

58 for some 6ℎ ∈ N1(Tℎ)
and (_8)1≤8≤12 ∈ R12 . We prove that the condition !8 (5) = 0 for all 1 ≤ 8 ≤ 12 is sufficient to ensure
that 5ℎ is in the range of curl by contradiction. As a matter of fact, if this were not the case, then there
would be 80 such that _80 ≠ 0. However, by (19), this would also imply !80 (5ℎ) = _80!80 (01

RT ,ℎ
580) ≠ 0,

which is the sought contradiction. �

Theorem 6 (Mimetic Poincaré inequality for collections of edge values). Let (U�)�∈Fℎ
∈ RFℎ be a

collection of values at faces satisfying∑
�∈F)

l)�U� = 0 for all ) ∈ Tℎ and (20)∑
�∈FW8

lΩ�U� = 0 for all integer 8 such that 1 ≤ 8 ≤ 12,

where lΩ� ∈ {−1, 1} is such that lΩ�n� points outside the domain Ω. Then, there is a collection
(U�)�∈Eℎ

∈ REℎ of values at edges such that, for all � ∈ Fℎ,∑
�∈E�

l��U� = U� and
∑
)∈Tℎ

ℎ)

∑
�∈E)

U2
� .

∑
)∈Tℎ

ℎ−1
)

∑
�∈F)

U2
� (21)

with hidden constant only depending on Ω and the mesh regularity parameter.

Proof. Let (5�,()(∈Tℎ ,�∈E(
and (7�,()(∈Tℎ ,�∈F(

(with F( denoting the set of triangular faces of ()
be the families of basis functions respectively given by (78) and (79) below. The main difficulty is to
extend the family (U�)�∈Fℎ

to a family (U�)�∈Fℎ
satisfying, for all ( ∈ Tℎ,∑

�∈F(

l(�U� = 0.

8



We perform the construction locally on each element ) ∈ Tℎ. Let 6 ∈ !2()) be the piecewise constant
function on T) such that

6 |( ≔ − 1
|( |

∑
�∈F(∩F)

l)�U� ∀( ∈ T) . (22)

Recalling (20), by definition we have
∫
)
6 = 0. Hence, using Lion’s Lemma [1, Theorem 3.1.e], we infer

the existence of u ∈ N1
0() ;R3) such that

div u = 6 and |u |N1 ();R3 ) . ‖6‖!2 () ) . ℎ
− 3

2
)

∑
�∈F)

|U� |, (23)

where the last inequality follows from the definition of 6 after observing that |( | ' ℎ3
)

for all ( ∈ T)

by mesh regularity. Setting U� ≔
∫
�
u · n� (with n� denoting the unit normal vector to �, with

orientation consistent with that of �), for all ( ∈ T) and all � ∈ F( \ F) . We infer that, for all ( ⊂ Tℎ,∑
�∈F(

l(�U� = 0, noticing that∑
�∈F(

l(�U� =
∑

�∈F(\F)

l(�U� +
∑

�∈F(∩F)

l(�U�

=
∑
�∈F(

l(�

∫
�

u · n� +
∑

�∈F(∩F)

l(�U�

=

∫
(

div u +
∑

�∈F(∩F)

l(�U�

(23), (22)
= −

∑
�∈F(∩F)

l(�U� +
∑

�∈F(∩F)

l(�U� = 0,

where we have used the fact that u · n� = 0 on every face � ∈ F) lying on the boundary of ) to obtain
the second equality. Let u) ≔ 1

|) |
∫
)
u and, for all integer 8 such that 1 ≤ 8 ≤ 3, denote by D8 and D8 the

8th components of u and u) , respectively. It holds

|) | D8 =
∫
)

D8 =

∫
)

u · e8 =
∫
)

u · grad(G8 − x) · e8)

= −
∫
)

div u (G8 − x) · e8) = −
∫
)

6 (G8 − x) · e8) . ℎ)

∑
�∈F)

|U� |,

so that, recalling that |) | ' ℎ3
)
,

‖u) ‖R2 ();R3 ) . ℎ
− 1

2
)

∑
�∈F)

|U� |. (24)

Therefore, we can use the Poincaré inequality on the domain ) to write

‖u‖R2 ();R3 ) ≤ ‖u − u) ‖R2 ();R3 ) + ‖u) ‖R2 ();R3 )

. ℎ) |u |N1 ();R3 ) + ‖u) ‖R2 ();R3 )
(23), (24)
. ℎ

− 1
2

)

∑
�∈F)

|U� |.

Combining this result with the continuous trace inequality we have, for all ( ∈ T) and all � ∈ F( \ F) ,

|U� | . ℎ� ‖u‖R2 (�;R3 ) . ℎ
1
2
)
‖u‖R2 ();R3 ) + ℎ

3
2
)
|u |N1 ();R3 ) .

∑
�∈F)

|U� |.

9



Therefore, summing over all tetrahedra inside ) and all tetrahedral faces, we obtain∑
(∈T)

∑
�∈F(

U2
� .

∑
�∈F)

U2
� . (25)

We next define the following piecewise polynomial function:

7ℎ ≔
∑
(∈Tℎ

∑
�∈F(

U�7�,( ∈ N(div;Ω). (26)

Since div7ℎ = 0 and, for all 1 ≤ 8 ≤ 12,
∑

�∈FW8
lΩ�

∫
�
7ℎ · n� = 0, we can use Lemma 5 to infer

from the uniform Poincaré inequality on the simplicial de Rham complex [2] the existence of

5ℎ ≔
∑
(∈Tℎ

∑
�∈E(

U�5�,( ∈ N(curl;Ω)

such that
curl 5ℎ = 7ℎ and ‖5ℎ‖R2 (Ω;R3 ) . ‖7ℎ‖R2 (Ω;R3 ) . (27)

Summing (87), we have

curl 5ℎ =
∑
(∈Tℎ

∑
�∈F(

( ∑
�∈E�

l��U�

)
7�,( . (28)

Hence, equating (26) and (28), we infer that, for all � ∈ Fℎ ⊂ Fℎ,
∑

�∈E�
l��U� = U� . Moreover,

noticing that both 5�,( and 7�,( are only supported in (, we have

‖5ℎ‖2
R2 (Ω;R3 ) =

∑
)∈Tℎ

∑
(∈T)

∫
(

©«
∑
�∈E(

U�5�,(
ª®¬

2

'
∑
)∈Tℎ

∑
(∈T)

∑
�∈E(

U2
� ‖5�,( ‖2

R2 ((;R3 )

(83)'
∑
)∈Tℎ

∑
(∈T)

ℎ(

∑
�∈E(

U2
�

&
∑
)∈Tℎ

ℎ)

∑
�∈E)

U2
�

(29)

and

‖7ℎ‖2
R2 (Ω;R3 ) =

∑
)∈Tℎ

∑
(∈T)

∫
(

©«
∑
�∈F(

U�7�,(
ª®¬

2

'
∑
)∈Tℎ

∑
(∈T)

∑
�∈F(

U2
� ‖7�,( ‖2

R2 ((;R3 )

(84)'
∑
)∈Tℎ

∑
(∈T)

ℎ−1
(

∑
�∈F(

U2
�

(25)
.

∑
)∈Tℎ

ℎ−1
)

∑
�∈F)

U2
� ,

(30)

where, in the last passage, we have additionally used the fact that ℎ−1
(
. ℎ−1

)
for all ( ∈ T) by mesh

regularity. Finally, to prove (21), it suffices to write∑
)∈Tℎ

ℎ)

∑
�∈E)

U2
�

(29)
. ‖5ℎ‖2

R2 (Ω;R3 )
(27)
. ‖7ℎ‖2

R2 (Ω;R3 )
(30)'

∑
)∈Tℎ

ℎ−1
)

∑
�∈F)

U2
� . �
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3.3 Mimetic Poincaré inequality for collections of face values
Theorem 7 (Mimetic Poincaré inequality for collections of face values). Let (U) ))∈Tℎ ∈ RTℎ be a
collection of values at elements. Then, there is a collection (U�)�∈Fℎ

∈ RFℎ of values at faces such
that, for all ) ∈ Tℎ, ∑

�∈F)

l)�U� = U) and
∑
)∈Tℎ

ℎ−1
)

∑
�∈F)

U2
� .

∑
)∈Tℎ

ℎ−3
) U2

) (31)

with hidden constant only depending on Ω and the mesh regularity parameter.

Proof. Let (5�)�∈Fℎ
and (k()(∈Tℎ

be the basis functions of the face Raviart–Thomas–Nédélec and of
the fully discontinuous piecewise affine spaces on the tetrahedral submesh, respectively given by (79)
and (80) below. Define the following piecewise polynomial function:

kℎ ≔
∑
)∈Tℎ

∑
(∈T)

U)

|( |
|) |k( . (32)

We infer from the uniform Poincaré inequality on the simplicial de Rham complex [2] the existence of
5ℎ ≔

∑
�∈Fℎ

U�5� ∈ RT 1(Tℎ) ⊂ N(div;Ω) such that

div 5ℎ = kℎ and ‖5ℎ‖R2 (Ω;R3 ) . ‖kℎ‖!2 (Ω) . (33)

Summing (88), on the other hand, we obtain

div 5ℎ =
∑
)∈Tℎ

∑
(∈T)

∑
�∈F(

l(�U�k( , (34)

where l(� is the orientation of � relative to (. Since each k( is supported in (, we infer equating (32)
and (34) that, for all ) ∈ Tℎ and all ( ∈ T) ,

U)

|( |
|) | =

∑
�∈F(

l(�U� .

For all ) ∈ Tℎ, summing this relation over ( ∈ T) , we have

∑
(∈T)

U)

|( |
|) | =

∑
(∈T)

∑
�∈F(

l(�U� =⇒ U)
��

����*
1∑

(∈T)
|( |

|) | =
∑
�∈F)

l)�U� ,

where we have used the fact that the contributions from the simplicial faces internal to ) cancel out in
the right-hand side.

It remains to check that (31) holds. Noticing that the only 5� supported in ( are those associated
with its faces � collected in the set F( , we have

‖5ℎ‖2
R2 (Ω;R3 ) =

∑
)∈Tℎ

∑
(∈T)

∫
(

( ∑
�∈F(

U�5�

)2

'
∑
)∈Tℎ

∑
(∈T)

∑
�∈F(

U2
� ‖5� ‖2

R2 ((;R3 )

(84)'
∑
)∈Tℎ

ℎ−1
)

∑
(∈T)

∑
�∈F(

U2
�

&
∑
)∈Tℎ

ℎ−1
)

∑
�∈F)

U2
� ,

(35)
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where we have used ℎ−1
(

' ℎ−1
)

(consequence of mesh regularity) in the third line. Likewise, we have

‖kℎ‖2
!2 (Ω) =

∑
)∈Tℎ

∑
(∈T)

U2
)

|( |2
|) |2

‖k( ‖2
!2 (()

(85)'
∑
)∈Tℎ

ℎ−3
) U2

) , (36)

where we have used ℎ( ' ℎ) and |( | ' |) |. Finally, to prove (31), we write∑
)∈Tℎ

ℎ−1
)

∑
�∈F)

U2
�

(35)
. ‖5ℎ‖2

R2 (Ω;R3 )
(33)
. ‖kℎ‖2

!2 (Ω)
(36)'

∑
)∈Tℎ

ℎ−3
) U2

) . �

4 Proofs of Poincaré inequalities in DDR spaces
4.1 Poincaré inequality for the gradient
We start with the following preliminary lemma.

Lemma 8 (Continuous inverse of the discrete gradient). For all ?
ℎ
∈ - :

grad,ℎ, there is @
ℎ
∈ - :

grad,ℎ
such that

M:
ℎ
@
ℎ
= M:

ℎ
?
ℎ

and |||@
ℎ
|||grad,ℎ . |||M:

ℎ
?
ℎ
|||curl,ℎ. (37)

Proof. We provide an explicit definition of @
ℎ

and check that (37) holds. Specifically, we let @
ℎ
∈

- :
grad,ℎ be such that, for all � ∈ Eℎ,

È@+É� =

∫
�

�:
� ?�

∀� ∈ Eℎ, (38)∫
�

@� A ′ = −
∫
�

�:
� ?�

A + È@+ AÉ� ∀A ∈ P:
0 (�), (39)

for all � ∈ Fℎ,∫
�

@� div� v = −
∫
�

M:
� ?�

· v +
∑

�∈E�

l��

∫
�

@� (v · n��) ∀v ∈ R
c,: (�), (40)

and, for all ) ∈ Tℎ, ∫
)

@) div v +
∑
�∈F)

l)�

∫
�

@� (v · n�) ∀v ∈ R
c,: ()). (41)

Notice that the vertex values (@+ )+∈Vℎ
are only defined up to a global constant and that @� (resp., @) ) is

well-defined by condition (40) (resp., (41)) since div� : Rc,: (�) → P:−1(�) (resp., div : Rc,: ()) →
P:−1())) is an isomorphism.

1. Equality of the discrete gradient. Let us first briefly show that

M:
ℎ
@
ℎ
= M:

ℎ
?
ℎ
. (42)

By (38) and (39) along with the definition (1) of �:
�

, it holds

�:
�@�

= �:
� ?�

∀� ∈ Eℎ . (43)

Let now � ∈ Fℎ. By [7, Lemma 14] for (:, 3) = (0, 2),
∫
�
M:

� ?�
· rot� A = −∑

�∈E�
l��

∫
�
�:

�
?
�
A

for all A ∈ P:+1
0 (�), so that, by (43), 0:

R,�
M:

�@�
= 0:

R,�
M:

� ?�
. On the other hand, plugging the

12



definition (40) of @� into (2), we readily infer that 0c,:
R,�

M:
�@�

= 0c,:
R,�

M:
� ?�

. The above relations
imply

M:
�@�

= M:
� ?�

∀� ∈ Fℎ . (44)

The equality of the components associated with an element ) ∈ Tℎ is proved in a similar way. First,
using again [7, Lemma 14], this time with (:, 3) = (0, 3) (which corresponds to [16, Proposition 1]),
we infer that

∫
)
M:

)@)
· curl v = −∑

�∈F)
∫
�
M:

�@�
· (v × n�) for all v ∈ G

c,:+1()). Accounting for
(44), this yields 0:

R,)
M:

)@)
= 0:

R,)
M:

) ?)
. Then, plugging the definition (41) of @) into (3), we get

0c,:
R,)

M:
)@)

= 0c,:
R,)

M:
) ?)

. These equalities give

M:
)@)

= M:
) ?)

∀� ∈ Tℎ . (45)

Gathering (43), (44), and (45), and recalling the definition (7) of the discrete gradient (42) follows.

2. Continuity. Using the fact that, for all ) ∈ Tℎ, ℎ. . ℎ) for all . ∈ F) ∪ E) and that the number of
faces of each element and of edges of each face is . 1 by mesh regularity, we have∑

)∈Tℎ
ℎ)

∑
�∈F)

ℎ�

∑
�∈E�

ℎ�

∑
+∈V�

|@+ |2 .
∑
)∈Tℎ

ℎ3
)

∑
+∈V)

|@+ |2
(11)
.

∑
)∈Tℎ

ℎ)

∑
�∈E)

|È@+É� |2,

where, to apply Theorem 4, we have used the fact that vertex values are defined up to a constant. Taking
absolute values in (38) and using a Cauchy–Schwarz inequality in the right-hand side, on the other hand,
we obtain |È@+É� | . ℎ

1
2
�
‖�:

�
?
�
‖!2 (� ) ≤ ℎ

1
2
)
‖�:

�
?
�
‖!2 (� ) for all ) ∈ Tℎ such that � ∈ E) . Plugging

this bound into the previous expression, we obtain∑
)∈Tℎ

ℎ)

∑
�∈F)

ℎ�

∑
�∈E�

ℎ�

∑
�∈V�

|@+ |2 .
∑
)∈Tℎ

ℎ2
)

∑
�∈E)

‖�:
� ?�

‖2
!2 (� ) . |||M:

ℎ
?
ℎ
|||2curl,ℎ, (46)

where the last inequality is obtained recalling the definition (9) of |||·|||curl,ℎ with v
ℎ
= M:

ℎ
?
ℎ

and using
mesh regularity.

Taking in (39) A such that A ′ = @� , using Cauchy–Schwarz and trace inequalities in the right-hand
side, simplifying, and squaring, we obtain

‖@� ‖2
!2 (� ) . ℎ2

� ‖�:
� ?�

‖2
!2 (� ) + ℎ�

∑
+∈V�

|@+ |2,

so that, using the fact that ℎ� ≤ ℎ for all � ∈ Eℎ in the first term,∑
)∈Tℎ

ℎ)

∑
�∈F)

ℎ�

∑
�∈E�

‖@� ‖2
!2 (� ) . ℎ2

∑
)∈Tℎ

ℎ)

∑
�∈F)

ℎ�

∑
�∈E�

‖�:
� ?�

‖2
!2 (� )

+
∑
)∈Tℎ

ℎ)

∑
�∈F)

ℎ�

∑
�∈E�

ℎ�

∑
+∈V�

|@+ |2

(9), (46)
. |||M:

ℎ
?
ℎ
|||2curl,ℎ,

(47)

where, in the last inequality, we have additionally used the fact that ℎ ≤ diam(Ω) . 1.
To estimate the face components, we first take in (40) v such that div� v = @� (this is possible since

div� : Rc,: (�) → P:−1(�) is an isomorphism by [2, Corollary 7.3]) use Cauchy–Schwarz and trace
inequalities in the right-hand side to obtain

‖@� ‖2
!2 (� ) . ℎ2

� ‖M:
� ?�

‖2
R2 (�;R2 ) + ℎ�

∑
�∈E�

‖@� ‖2
!2 (� ) ,
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so that, using the fact that ℎ� ≤ ℎ for all � ∈ Fℎ in the first term,∑
)∈Tℎ

ℎ)

∑
�∈F)

‖@� ‖2
!2 (� ) . ℎ2

∑
)∈Tℎ

ℎ)

∑
�∈F)

‖M:
� ?�

‖2
R2 (�;R2 )

+
∑
)∈Tℎ

ℎ)

∑
�∈F)

ℎ�

∑
�∈E�

‖@� ‖2
!2 (� )

(9), (47)
. |||M:

ℎ
?
ℎ
|||2curl,ℎ,

(48)

where we have again used the fact that ℎ . 1 for the first term.
The estimate of the element components is entirely similar: taking in (41) v ∈ R

c,: ()) such that
div v = @) (which is possible since div : Rc,: ()) → P:−1()) is an isomorphism again by [2, Corollary
7.3]), we obtain ‖@) ‖2

!2 () ) . ℎ2
)
‖M:

) ?)
‖2
R2 ();R3 ) + ℎ)

∑
�∈F) ‖@� ‖2

!2 (� ) . Summing over ) ∈ Tℎ, using
the fact that ℎ) ≤ ℎ . 1 for all ) ∈ Tℎ for the first term and (48) for the second, and recalling the
definition (9) of |||·|||curl,ℎ, we arrive at∑

)∈Tℎ
‖@) ‖2

!2 () ) . |||M:
ℎ
?
ℎ
|||2curl,ℎ . (49)

Summing (46), (47), (48), and (49), the continuity bound in (37) follows. �

Proof of Theorem 1. Let @
ℎ
∈ - :

grad,ℎ be given by Lemma 8. Noticing that ?
ℎ
− @

ℎ
∈ KerM:

ℎ
, we write

inf
Aℎ∈KerM:

ℎ

|||?
ℎ
− Aℎ |||grad,ℎ ≤ |||?

ℎ
− (?

ℎ
− @

ℎ
) |||grad,ℎ = |||@

ℎ
|||grad,ℎ

(37)
. |||M:

ℎ
?
ℎ
|||curl,ℎ . �

4.2 Poincaré inequality for the curl
The proof of Theorem 2 is analogous to that of Theorem 1 provided we establish the following result.

Lemma 9 (Continuous inverse of the discrete curl). For any v
ℎ
∈ ^:

curl,ℎ, there is z
ℎ
∈ ^:

curl,ℎ such
that

I:
ℎ
z
ℎ
= I:

ℎ
v
ℎ

and |||z
ℎ
|||curl,ℎ . |||I:

ℎ
v
ℎ
|||div,ℎ. (50)

Proof. Let

U� ≔

∫
�

�:
�v� ∀� ∈ Fℎ . (51)

Recalling that �:
ℎ
I:

ℎ
v
ℎ
= 0 and using the definition (6) of �:

)
it holds, for all ) ∈ Tℎ,

0 =

∫
)

�:
)I

:
)
v
)
=

∑
�∈F)

l)�

∫
�

�:
�v� =

∑
�∈F)

l)�U� ,

showing that (20) is met. If the domain encapsulates 12 > 0 voids, we infer using (4) for A = 1, that, for
all integers 1 ≤ 8 ≤ 12,∑

�∈FW8

lΩ�U� =
∑

�∈FW8

lΩ�

∫
�

�:
�v� = −

∑
�∈FW8

lΩ�

∑
�∈E�

l��

∫
�

E� = 0,

where we have used the fact that each edge in the summation appears exactly twice with opposite coef-
ficients, and therefore cancels out. We can thus invoke Theorem 6 to infer the existence of a collection
of values at edges (U�) ∈ REℎ satisfying (21). We then take I� ∈ P0(�) such that∫

�

I� = ℎ� I� = U� ∀� ∈ Eℎ . (52)
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For all � ∈ Fℎ, the face components zR,� ∈ R
:−1(�) and zc

R,�
∈ R

c,: (�) are selected such that∫
�

zR,� · rot� A =

∫
�

�:
�v� A +

∑
�∈E�

∫
�

I� A ∀A ∈ PA
0 (�) (53)

and
zc
R,�

= 0. (54)

Similarly, for any ) ∈ Tℎ, the element components zR,) ∈ R
:−1()) and zc

R,)
∈ R

c,: ()) satisfy∫
)

zR,) · curlw =

∫
)

I:
)v) · w +

∑
�∈F)

l)�

∫
�

$:
t,� z� · (w × n�) ∀w ∈ G

c,: ()) (55)

and
zc
R,)

= 0. (56)

Notice that (55) defines zR,) uniquely since curl : G
c,: ()) ↦→ R

:−1()) is an isomorphism by [2,
Corollary 7.3].

1. Equality of the discrete curl. By definition of I� , it holds c0
P,�

�:
�
z
�
= c0

P,�
�:
�
v
�

for all � ∈ Fℎ.
The equality of the higher-order components is obtained plugging (53) into the definition (4) of �:

�
z
�

,
which leads to

∫
�
�:
�
z
�
A =

∫
�
�:
�
v
�
A for all A ∈ P:

0 (�). By [16, Proposition 4] (which corresponds to
[7, Lemma 14] with (3, :) = (3, 1)), the equality of the face curls implies 0:

G,)
(I:

) z) ) = 0:
G,)

(I:
)v) ).

The equality of the projections on R
c,: ()) results plugging (55) into the definition (5) of I:

) z) with
test function w ∈ G

c,: ()). Gathering the above results, we obtain I:
) z) = I:

)v) for all ) ∈ Tℎ, from
which I:

ℎ
z
ℎ
= I:

ℎ
v
ℎ

follows recalling the definition (8) of the discrete curl.

2. Continuity. Let us now show the bound in (50). Concerning edge components, we write∑
)∈Tℎ

ℎ)

∑
�∈F)

ℎ�

∑
�∈E�

‖I� ‖2
!2 (� ) .

∑
)∈Tℎ

ℎ)

∑
�∈E)

U2
�

.
∑
)∈Tℎ

ℎ−1
)

∑
�∈F)

(∫
�

�:
�v�

)2
. |||I:

ℎ
v
ℎ
|||2div,ℎ,

(57)

where we have used (52) along with the fact that each edge � ∈ E) is shared by exactly two faces in F) ,
the mimetic Poincaré inequality (21) together with the definition (51) of U� in the second passage, and���∫
�
�:
�
v
�

��� . |� | 1
2 ‖�:

�
v
�
‖!2 (� ) . ℎ� ‖�:

�
v
�
‖!2 (� ) ≤ ℎ) ‖�:

�
v
�
‖!2 (� ) for all � ∈ Fℎ and all ) ∈ Tℎ

to which � belongs together with the definition (10) of |||·|||div,ℎ to conclude.
To estimate the face component, we let A in (53) be such that rot� A = zR,� and use Cauchy–Schwarz,

inverse, and trace inequalities in the right-hand side to infer ‖zR,� ‖R2 (�;R2 ) . ℎ� ‖�:
�
v
�
‖!2 (� ) +

ℎ
1
2
�

∑
�∈E�

‖I� ‖!2 (� ) . Squaring the above relation and using standard inequalities for the square of
a finite sum of terms, we obtain, after noticing that ℎ� ≤ ℎ for all � ∈ Fℎ,∑

)∈Tℎ
ℎ)

∑
�∈F)

‖zR,� ‖2
R2 (�;R2 ) . ℎ2

∑
)∈Tℎ

ℎ)

∑
�∈F)

‖�:
�v� ‖

2
!2 (� )

+
∑
)∈Tℎ

ℎ)

∑
�∈F)

ℎ�

∑
�∈E�

‖I� ‖2
!2 (� ) . |||I:

ℎ
v
ℎ
|||2div,ℎ,

(58)

where the conclusion follows noticing that ℎ ≤ diam(Ω) . 1, recalling the definition (10) of |||·|||div,ℎ
for the first term, and invoking (57) for the second one.
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The estimate of the element component is obtained in a similar way, starting from (55) with w such
that curlw = zR,) , leading to ∑

)∈Tℎ
‖zR,) ‖2

R2 ();R3 ) . |||I:
ℎ
v
ℎ
|||2div,ℎ . (59)

Summing (57), (58), and (59), recalling the definition (9) of |||z
ℎ
|||curl,ℎ as well as (54) and (56), the

bound in (50) follows. �

4.3 Poincaré inequality for the divergence
Theorem 3 is established in the same way as Theorem 1 (see the end of Section 4.1) starting from the
following result.

Lemma 10 (Continuous inverse of the discrete divergence). For any w
ℎ
∈ ^:

div,ℎ, there is z
ℎ
∈ ^:

div,ℎ
such that

�:
ℎzℎ = �:

ℎwℎ
and |||z

ℎ
|||div,ℎ . ‖�:

ℎwℎ
‖!2 (Ω) . (60)

Proof. The face components of z
ℎ

are obtained applying Theorem 7 with U) =
∫
)
�:

)
w
)

for all ) ∈ Tℎ
and letting I� ∈ P0(�) be such that∫

�

I� = |� | I� = U� ∀� ∈ Fℎ . (61)

For all ) ∈ Tℎ, the element component zG,) ∈ G
:−1()) is defined by the following relation:∫

)

zG,) · grad @ = −
∫
)

�:
)w)

@ +
∑
�∈F)

l)�

∫
�

I� @ ∀@ ∈ P:
0 ()). (62)

Finally, we set
zc
G,)

= 0 ∀) ∈ Tℎ . (63)

1. Equality of the discrete divergence. To check the first condition in (60), it suffices to show that �:
)
z
)
=

�:
)
w
)

for a generic ) ∈ Tℎ. To this end, we start by noticing that∫
)

�:
)w)

= U) =
∑
�∈F)

l)�U� =
∑
�∈F)

l)�

∫
�

I� =

∫
)

�:
) z) ,

showing that c0
P,)

(�:
)
z
)
) = c0

P,)
(�:

)
w
)
). To show the equivalence of the higher-order components,

it suffices to use (62) in (6) written for z
)

to infer
∫
)
�:

)
z
)
@ =

∫
)
�:

)
w
)
@ for all @ ∈ P:

0 ()).
2. Continuity. Let us now show the continuity bound in (60). Observing that, by (61), for all � ∈ Fℎ

it holds ‖I� ‖2
!2 (� ) = |� | I2

�
= |� |−1U2

�
. ℎ−2

)
U2
�

for all ) ∈ Tℎ such that � ∈ F) (the last inequality
being a consequence of mesh regularity), we have∑

)∈Tℎ
ℎ)

∑
�∈F)

‖I� ‖2
!2 (� ) .

∑
)∈Tℎ

ℎ−1
)

∑
�∈F)

U2
�

(31)
.

∑
)∈Tℎ

ℎ−3
) U2

)

.
∑
)∈Tℎ

ℎ−3
) |) | ‖c0

P,) (�
:
)w)

)‖2
!2 () ) . ‖�:

ℎwℎ
‖2
!2 (Ω) ,

(64)

where, to pass to the second line, we have used the mesh regularity assumption to infer ℎ−3
)

|) | . 1.
To estimate the element components, we take @ in (62) such that grad @ = zG,) , use Cauchy–Schwarz,
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trace, and inverse inequalities in the right-hand side, pass to the square and use standard inequalities for
the square of a finite sum of terms to obtain

‖zG,) ‖2
R2 ();R3 ) . ℎ2

) ‖�:
)w)

‖2
!2 () ) + ℎ)

∑
�∈F)

‖I� ‖2
!2 (� ) .

Summing the above relation over ) ∈ Tℎ, using the fact that ℎ) ≤ diam(Ω) . 1 for the first term in the
right-hand side and (64) for the second, we obtain∑

)∈Tℎ
‖zG,) ‖2

R2 ();R3 ) . ‖�:
ℎwℎ

‖2
!2 (Ω) . (65)

Summing (64) to (65) and recalling the definition (10) of |||·|||div,ℎ along with (63) yields the inequality
in (60). �

5 Stability analysis of a DDR scheme for the magnetostatics problem
We apply the Poincaré inequalities stated in Section 2.7 to the stability analysis of a DDR scheme for
the magnetostatics problem which generalises the one presented in [17] to domains with non-trivial
topology. We introduce the space of discrete harmonic forms

H:

div,ℎ
≔

{
w

ℎ
∈ ^:

div,ℎ : �:
ℎwℎ

= 0 and (w
ℎ
,I:

ℎ
v
ℎ
)div,ℎ = 0 for all v

ℎ
∈ ^:

curl,ℎ

}
.

For a given source term f ∈ N1(Ω;R3), we consider the following DDR approximation of the mag-
netostatics problem: Find (2

ℎ
, u

ℎ
, p

ℎ
) ∈ ^:

curl,ℎ × ^:
div,ℎ × H:

div,ℎ
such that, for all (3

ℎ
, v

ℎ
, q

ℎ
) ∈

^:
curl,ℎ × ^:

div,ℎ × H:

div,ℎ
,

�ℎ ((2ℎ
, u

ℎ
, p

ℎ
), (3

ℎ
, v

ℎ
, q

ℎ
)) = (O:div,ℎ f , vℎ)div,ℎ,

where the bilinear form �ℎ :
[
^:

curl,ℎ × ^:
div,ℎ × H:

div,ℎ

]2 → R is given by:

�ℎ ((2ℎ
, u

ℎ
, p

ℎ
), (3

ℎ
, v

ℎ
, q

ℎ
)) ≔ (2

ℎ
, 3

ℎ
)curl,ℎ − (u

ℎ
,I:

ℎ
3
ℎ
)div,ℎ + (I:

ℎ
2

ℎ
, v

ℎ
)div,ℎ

+ (�:
ℎuℎ

, �:
ℎvℎ)!2 (Ω) + ( p

ℎ
, v

ℎ
)div,ℎ + (u

ℎ
, q

ℎ
)div,ℎ,

(66)

with discrete !2-like products (·, ·)curl,ℎ and (·, ·)div,ℎ defined as in [16, Section 4.4]. We define the
graph norm on this product space as

‖(2
ℎ
, u

ℎ
, p

ℎ
)‖ℎ ≔

(
‖2

ℎ
‖2

curl,ℎ + ‖I:
ℎ
2

ℎ
‖2

div,ℎ + ‖u
ℎ
‖2

div,ℎ + ‖�:
ℎuℎ

‖2
!2 (Ω) + ‖ p

ℎ
‖2

div,ℎ

) 1
2
, (67)

with norms ‖·‖curl,ℎ ≔ (·, ·)
1
2
curl,ℎ on ^:

curl,ℎ and ‖·‖div,ℎ ≔ (·, ·)
1
2
div,ℎ on ^:

div,ℎ induced by the corre-
sponding discrete !2-products.

Theorem 11 (Stability of the discrete bilinear form). The discrete bilinear form (66) is inf-sup stable
for the graph norm ‖·‖ℎ, i.e., for all (2

ℎ
, u

ℎ
, p

ℎ
) ∈ ^:

curl,ℎ × ^:
div,ℎ × H:

div,ℎ
, it holds

||| (2
ℎ
, u

ℎ
, p

ℎ
) |||ℎ . sup

(3
ℎ
,v

ℎ
,q

ℎ
) ∈^ :

curl,ℎ×^
:
div,ℎ×H

:

div,ℎ\{0}

�ℎ ((2ℎ
, u

ℎ
, p

ℎ
), (3

ℎ
, v

ℎ
, q

ℎ
))

||| (3
ℎ
, v

ℎ
, q

ℎ
) |||ℎ

. (68)
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Proof. Let (2
ℎ
, u

ℎ
, p

ℎ
) be given, and let �P > 0 be the maximum of the hidden constants in the

continuity estimates (60) for the divergence and (50) for the curl.
Let z

ℎ
∈ ^:

div,ℎ be given by (60), i.e., such that

�:
ℎzℎ = �:

ℎuℎ
and ‖z

ℎ
‖div,ℎ ≤ �P‖�:

ℎuℎ
‖!2 (Ω) . (69)

Since �:
ℎ
(u

ℎ
− z

ℎ
) = 0, there exists ("

ℎ
, #

ℎ
) ∈ ^:

curl,ℎ ×H:

div,ℎ
such that u

ℎ
− z

ℎ
= I:

ℎ
"
ℎ
+ #

ℎ
. Using

(50) applied to "
ℎ
, we infer the existence of

"′
ℎ

such that I:
ℎ
"′
ℎ
= I:

ℎ
"
ℎ

and ‖"′
ℎ
‖curl,ℎ ≤ �P‖I:

ℎ
"
ℎ
‖div,ℎ. (70)

Noticing that ‖u
ℎ
− z

ℎ
‖2

div,ℎ = ‖I:
ℎ
"
ℎ
‖2

div,ℎ + ‖#
ℎ
‖2

div,ℎ by orthogonality, using a triangle inequality we
infer that

‖I:
ℎ
"
ℎ
‖2

div,ℎ + ‖#
ℎ
‖2

div,ℎ . ‖u
ℎ
‖2

div,ℎ + ‖z
ℎ
‖2

div,ℎ
(69)
≤ ‖u

ℎ
‖2

div,ℎ + �P‖�:
ℎuℎ

‖2
!2 (Ω) . (71)

We define

3
ℎ
≔ 2�2

P2ℎ
− "′

ℎ
, v

ℎ
≔ I:

ℎ
2

ℎ
+ p

ℎ
+ 2�2

Puℎ
, q

ℎ
≔ #

ℎ
− 2�2

P pℎ
. (72)

The following bound is readily inferred using triangle inequalities:

‖3
ℎ
‖2

curl,ℎ + ‖I:
ℎ
3
ℎ
‖2

div,ℎ + ‖v
ℎ
‖2

div,ℎ + ‖�:
ℎvℎ‖

2
!2 (f) + ‖q

ℎ
‖2

div,ℎ

. ‖2
ℎ
‖2

curl,ℎ + ‖"′
ℎ
‖2

curl,ℎ + ‖I:
ℎ
2

ℎ
‖2

div,ℎ + ‖ p
ℎ
‖2

div,ℎ + ‖u
ℎ
‖2

div,ℎ + ‖#
ℎ
‖2

div,ℎ
(70), (71), (67)
. ||| (2

ℎ
, u

ℎ
, p

ℎ
) |||2ℎ .

(73)

Plugging the test functions (72) into the expression (66) of �ℎ gives

�ℎ ((2ℎ
, u

ℎ
, p

ℎ
), (3

ℎ
, v

ℎ
, q

ℎ
))

= 2�2
P‖2ℎ

‖2
curl,ℎ − (2

ℎ
,"′

ℎ
)curl,ℎ

−
hhhhhhhhhh2�2

P (uℎ
,I:

ℎ
2

ℎ
)div,ℎ + (u

ℎ
,I:

ℎ
"
ℎ
)div,ℎ

+ ‖I:
ℎ
2

ℎ
‖2

div,ℎ +��������
(I:

ℎ
2

ℎ
, p

ℎ
)div,ℎ +

hhhhhhhhhh2�2
P (I

:
ℎ
2

ℎ
, u

ℎ
)div,ℎ

− (�:
ℎuℎ

,�����
�:

ℎI
:
ℎ
2

ℎ
)!2 (Tℎ ) − (�:

ℎuℎ
,
����:

ℎ pℎ
)!2 (Tℎ ) + 2�2

P‖�
:
ℎuℎ

‖2
!2 (Ω)

+
��������
( p

ℎ
,I:

ℎ
2

ℎ
)div,ℎ + ‖ p

ℎ
‖2

div,ℎ +
XXXXXXXX
2�2

P ( pℎ, uℎ
)div,ℎ

+ (u
ℎ
, #

ℎ
)div,ℎ −

XXXXXXXX
2�2

P (uℎ
, p

ℎ
)div,ℎ

= 2�2
P‖2ℎ

‖2
curl,ℎ − (2

ℎ
,"′

ℎ
)curl,ℎ + ‖I:

ℎ
2

ℎ
‖2

div,ℎ + ‖ p
ℎ
‖2

div,ℎ

+ 2�2
P‖�

:
ℎuℎ

‖2
!2 (Ω) + (u

ℎ
,I:

ℎ
"
ℎ
+ #

ℎ
)div,ℎ .

(74)

Using Cauchy–Schwarz and generalised Young inequalities, we have

(2
ℎ
,"′

ℎ
)curl,ℎ

(70)
≤ �P‖2ℎ

‖curl,ℎ‖I:
ℎ
"
ℎ
‖div,ℎ ≤

3�2
P

4
‖2

ℎ
‖2

curl,ℎ +
1
3
‖I:

ℎ
"
ℎ
‖2

div,ℎ . (75)

Moreover, the decomposition u
ℎ
= z

ℎ
+I:

ℎ
"
ℎ
+#

ℎ
gives (u

ℎ
,I:

ℎ
"
ℎ
+#

ℎ
)div,ℎ = ‖u

ℎ
‖2

div,ℎ−(uℎ
, z

ℎ
)div,ℎ

with

(u
ℎ
, z

ℎ
)div,ℎ ≤ ‖u

ℎ
‖div,ℎ�P‖�:

ℎuℎ
‖!2 (Ω) ≤

1
3
‖u

ℎ
‖2

div,ℎ +
3�2

P
4

‖�:
ℎuℎ

‖2
!2 (Ω) . (76)
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Plugging (75) and (76) into (74), we have

�ℎ ((2ℎ
, u

ℎ
, p

ℎ
), (3

ℎ
, v

ℎ
, q

ℎ
))

≥
5�2

P
4

‖2
ℎ
‖2

curl,ℎ + ‖I:
ℎ
2

ℎ
‖2

div,ℎ + ‖ p
ℎ
‖2

div,ℎ +
5�2

P
4

‖�:
ℎuℎ

‖2
!2 (Ω) +

2
3
‖u

ℎ
‖2

div,ℎ −
1
3
‖I:

ℎ
"
ℎ
‖2

div,ℎ

≥
5�2

P
4

‖2
ℎ
‖2

curl,ℎ + ‖I:
ℎ
2

ℎ
‖2

div,ℎ + ‖ p
ℎ
‖2

div,ℎ +
11�2

P
12

‖�:
ℎuℎ

‖2
!2 (Ω) +

1
3
‖u

ℎ
‖2

div,ℎ

& ||| (2
ℎ
, u

ℎ
, p

ℎ
) |||2ℎ .

Denoting by $ the supremum in (68), we then use the previous bound to write

||| (2
ℎ
, u

ℎ
, p

ℎ
) |||2ℎ . �ℎ ((2ℎ

, u
ℎ
, p

ℎ
), (3

ℎ
, v

ℎ
, q

ℎ
)) ≤ $ ||| (3

ℎ
, v

ℎ
, q

ℎ
) |||ℎ

(73)
. $ ||| (2

ℎ
, u

ℎ
, p

ℎ
) |||ℎ .

Simplifying, the conclusion follows. �

A Results on the trimmed finite element sequence on tetrahedral meshes
In this section we provide the explicit expression of the polynomial basis functions used in Section 3.
These bases can be easily described on a reference element (see [3]). However, in order the compute
their norms, we need to know their expression on the physical element. The transformation from the
reference to the physical element is given by the pullback of the mapping between the two.

We consider a simplex ( with vertices+0, +1, +2, and+3 ordered so that, denoting by x+8
the coordi-

nate vector of +8 ,
{
x+1 − x+0 , x+2 − x+0 , x+3 − x+0

}
forms a direct basis of R3. The basis for the local

affine Lagrange space P−
1 Λ

0(() � P1(() spanned by “hat” functions is

q0(x) ≔
[
(x+2 − x+1) × (x+3 − x+1)

]
· (x+3 − x)

det
(
x+2 − x+1 , x+3 − x+1 , x+3 − x+0

) , q1(x) ≔
[
(x+2 − x+0) × (x+3 − x+0)

]
· (x − x+0)

det
(
x+2 − x+0 , x+3 − x+0 , x+1 − x+0

) ,

q2(x) ≔
[
(x+1 − x+0) × (x+3 − x+0)

]
· (x − x+0)

det
(
x+1 − x+0 , x+3 − x+0 , x+2 − x+0

) , q3(x) ≔
[
(x+1 − x+0) × (x+2 − x+0)

]
· (x − x+0)

det
(
x+1 − x+0 , x+2 − x+0 , x+3 − x+0

) .

(77)
The basis of the lowest-order local face Raviart–Thomas–Nédélec space P−

1 Λ
1(() � RT 1(() is

523(x) ≔
(x+1 − x+0) × (x − x+0)

det
(
x+1 − x+0 , x+2 − x+0 , x+3 − x+2

) , 513(x) ≔
(x+2 − x+0) × (x − x+0)

det
(
x+2 − x+0 , x+1 − x+0 , x+3 − x+1

) ,
512(x) ≔

(x+3 − x+0) × (x − x+0)
det

(
x+3 − x+0 , x+1 − x+0 , x+2 − x+1

) , 503(x) ≔
(x+2 − x+1) × (x − x+1)

det
(
x+2 − x+1 , x+0 − x+1 , x+3 − x+0

) ,
502(x) ≔

(x+3 − x+1) × (x − x+1)
det

(
x+3 − x+1 , x+0 − x+1 , x+2 − x+0

) , 501(x) ≔
(x+3 − x+2) × (x − x+2)

det
(
x+3 − x+2 , x+0 − x+2 , x+1 − x+0

) ,
(78)

where the function 58 9 is associated to the edge �8 9 with vertices+8 and+ 9 . The basis of the lowest-order
local edge Nédélec space P−

1 Λ
2(() � N1(() is

5123(x) ≔
2(x − x+0)

det
(
x+2 − x+1 , x+3 − x+1 , x+1 − x+0

) , 5023(x) ≔
2(x − x+1)

det
(
x+2 − x+0 , x+3 − x+0 , x+1 − x+0

) ,
5013(x) ≔

2(x − x+2)
det

(
x+1 − x+0 , x+3 − x+0 , x+2 − x+0

) , 5012(x) ≔
2(x − x+3)

det
(
x+1 − x+0 , x+2 − x+0 , x+3 − x+0

) ,
(79)
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with function 58 9: associated to the simplicial face �8 9: with vertices +8 , + 9 , and +: . Finally, the basis
of P−

1 Λ
3(() � P0(() is

q0123(x) ≔
6

det
(
x+1 − x+0 , x+2 − x+0 , x+3 − x+0

) (80)

Lemma 12 (Dual basis). The following identities hold:

q8 (x8′) = X88′ ∀8, 8′ ∈ {0, 1, 2, 3} (81a)∫
�(8 9) ′

58 9 · t� = X
8 9

(8 9 ) ′ ∀(8 9), (8 9)′ ∈ {23, 13, 12, 03, 02, 01} (81b)∫
�(8 9:) ′

58 9: · n� = X
8 9:

(8 9: ) ′ ∀(8 9 :), (8 9 :)′ ∈ {123, 023, 013, 012}, (81c)

where X10 = 1 if 0 = 1, X10 = 0 otherwise.

Proof. The proof of (81a) readily follows from the orthogonality of the cross product.
Let us check (81b) for 523, the other being similar. For (8 9) ∈ {23, 13, 12, 03, 02, 01}, we have∫

�8 9

523·t� =

∫ 1

C=0 (
((((((((((((((((((

C [(x+1 − x+0) × (x+9
− x+8

)] · (x+9
− x+8

) + [(x+1 − x+0) × (x+8
− x+0)] · (x+9

− x+8
)

det
(
x+1 − x+0 , x+2 − x+0 , x+3 − x+2

) .

If 8 = 0 or 8 = 1, then (x+1 − x+0) × (x+8
− x+0) = 0. If 8 = 2 and 9 = 3, we can use the vector triple

product to write (x+1 − x+0) × (x+2 − x+0) · (x+3 − x+2) = det
(
x+1 − x+0 , x+2 − x+0 , x+3 − x+2

)
, so that∫

�23
523 · t� = 1.
Finally, let us check (81c) for 5123. Using the change of variable induced by 7 : (_ 9 , _:) ↦→

_ 9 (x+9
− x+8

) + _: (x+:
− x+8

) + x+8
, along with the fact that n� =

(x+9
−x+8 )×(x+:

−x+8 )
2 |�8 9: | , we have∫

�8 9:

5123 · n�

=

∫ 1

_ 9=0

∫ 1−_2

_:=0
2
(x+8

− x+0) + _2(x+9
− x+8

) + _3(x+3 − x+8
)

det
(
x+2 − x+1 , x+3 − x+1 , x+1 − x+0

) ·
[
(x+9

− x+8
) × (x+:

− x+8
)
]

= 2
∫ 1

_ 9=0

∫ 1−_2

_:=0

(x+8
− x+0) ·

[
(x+9

− x+8
) × (x+:

− x+8
)
]

det
(
x+2 − x+1 , x+3 − x+1 , x+1 − x+0

)
=

det
(
x+9

− x+8
, x+:

− x+8
, x+8

− x+0

)
det

(
x+2 − x+1 , x+3 − x+1 , x+1 − x+0

) = X
8 9:

123. �

Lemma 13 (Norm of the basis function). The functions given by (77)-(80) have the following !2-norms:
For all 8 ∈ {0, 1, 2, 3}, all (8 9) ∈ {23, 13, 12, 03, 02, 01}, and all (8 9 :) ∈ {123, 023, 013, 012},

‖q8 ‖2
!2 (() =

|( |
10

' ℎ3
( , (82)

‖58 9 ‖2
R2 ((;R3 ) =

|�012 |2 + |�013 |2 + 201 |�012 | |�013 |
90|( | ' ℎ( , (83)

‖58 9: ‖2
R2 ((;R3 ) =

|�;8 |2 + |�; 9 |2 + |�;: |2 + 2|�;8 9 | + 2|�;8: | + 2|�; 9: |
180|( | ' ℎ−1

( , (84)

‖q0123‖2
!2 (() =

1
|( | ' ℎ−3

( , (85)

where, for {8, 9 , :, ;} = {0, 1, 2, 3}, 2:; = n:;8 · n:; 9 is the dihedral angle associated to the edge �:; .
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Proof. We will only show the computation for one function of each space, the others being similar. In
order to integrate over the simplex S, we consider the change of variable induced by 7 : (_1, _2, _3) ↦→
_1x+1 + _2x+2 + _3x+3 + (1 − _1 − _2 − _3)x+0 . Notice that | det �7 | = 6|( |.

Let us first consider the family given by (77). Using the orthogonality of the cross product, and the
identity (a × b) · c = det(a, b, c), we notice that

q3(7) = _3

[
(x+1 − x+0) × (x+2 − x+0)

]
· (x+3 − x+0)

det
(
x+1 − x+0 , x+2 − x+0 , x+3 − x+0

) = _3.

Hence, we have ∫
(

q2
3 =

∫ 1

_1=0

∫ 1−_1

_2=0

∫ 1−_1−_2

_3=0
(_3)26|( | = |( |

10
.

Then, we proceed with the family (78). We have

523(7) =
_2(x+1 − x+0) × (x+2 − x+0) + _3(x+1 − x+0) × (x+3 − x+0)

det
(
x+1 − x+0 , x+2 − x+0 , x+3 − x+2

)
=

1
6|( | (_22|�012 |n012 + _32|�013 |n013) .

Expanding the product, we obtain∫
(

523 · 523 =

∫ 1

_1=0

∫ 1−_1

_2=0

∫ 1−_1−_2

_3=0

(
1

3|( |

)2 (
_2

2 |�012 |2 + _2
3 |�013 |2 + 2_2_3201 |�012 | |�013 |

)
6|( |

=
2

3|( |
|�012 |2 + |�013 |2 + 201 |�012 | |�013 |

60

Finally, we prove that (84) holds for 5123 given by (79). We have

5123(7) = 2
_1(x+1 − x+0) + _2(x+2 − x+0) + _3(x+3 − x+0)

det
(
x+2 − x+1 , x+3 − x+1 , x+1 − x+0

) .

Noticing that (x+8
− x+0) · (x+9

− x+0) = 2|�08 9 |, we have∫
(

5123 · 5123 =

∫ 1

_1=0

∫ 1−_1

_2=0

∫ 1−_1−_2

_3=0

(
2

6|( |

)2 (
_2

1 |�01 |2 + _2
2 |�02 |2 + _2

3 |�03 |2

+ 4_1_2 |�012 | + 4_1_3 |�013 | + 4_2_3 |�023 |
)
6|( |

=
1

3|( |
|�01 |2 + |�02 |2 + |�03 |2 + 2|�012 | + 2|�013 | + 2|�023 |

60

�

Lemma 14 (Link with the differential operators). For all face � of (, we define l(� ∈ {−1, 1} such
that l(�n� is outward pointing. Then, the followings identities hold;

grad q8 =
∑
9<8

5 98 −
∑
9>8

58 9 ∀8 ∈ {0, 1, 2, 3}, (86)

curl 58 9 = l(�8̂
l�8̂�8 9

58̂ + l(� 9̂
l� 9̂�8 9

5 9̂ ∀(8 9) ∈ {23, 13, 12, 03, 02, 01}, (87)

div 58 9: = l(�8 9:
q0123, ∀(8 9 :) ∈ {123, 023, 013, 012}, (88)

where 8̂ denotes the complementary of 8 in {0, 1, 2, 3}.
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Proof. First, let us prove (88). Noticing that div x = 3, it only remain to check that

sgn det
(
x+9

− x+8
, x+:

− x+8
, x+8

− x+;

)
= l(�8 9:

. (89)

This holds, since (x+9
− x+8

) × (x+:
− x+8

) = ‖x+9
− x+8

‖‖x+:
− x+8

‖n� , and x+8
− x+;

is always
outward pointing.

Then, to prove (87), we use the identity curl(G × H) = div(H ⊗ G> − G ⊗ H>) in (78) to write

curl 58 9 =
3(x+;

− x+:
) − (x+;

− x+:
)

det
(
x+;

− x+:
, x+8

− x+:
, x+9

− x+8

) , (90)

where (:;) is such that {8, 9 , :, ;} = {0, 1, 2, 3} and : < ;. Noticing that x+;
− x+:

is an inward pointing
to the face :̂ , and x+8

− x+:
lies outward pointing in the plane of �:̂ , we have

det
(
x+;

− x+:
, x+8

− x+:
, x+9

− x+8

)
=

1
6|( |l�:̂�8 9

= − 1
6|( |l�;̂�8 9

. (91)

where we inserted x+:
− x+8

in the second argument of the determinant to get the second inequal-
ity. Inserting x − x in (90) and replacing the denominator according to (91), we obtain curl 58 9 =

6|( |
(
l�:̂�8 9

2(x − x+:
) + l�;̂�8 9

2(x − x+;
)
)

We infer (87) recalling (89).
Finally, let us prove (86). We only prove the equality for q0, the other three being similar. By the

assumption on the basis, we have det
(
x+2 −x+1 , x+3 −x+1 , x+3 −x+0

)
= 6|( |. Then, a direct computation

shows that

grad q0 = −
(x+2 − x+1) × (x+3 − x+1)

6|( |

= −
(x+2 − x) × (x+3 − x+2) + (x+2 − x) × (x+2 − x+1) + (x − x+1) × (x+3 − x+1)

6|( | .

Noticing that

503(x) =
(x+2 − x+1) × (x − x+1)

6|( | , 502(x) = −
(x+3 − x+1) × (x − x+1)

6|( | ,

501(x) =
(x+3 − x+2) × (x − x+2)

6|( | ,

we infer that grad q0 = −501 − 503 − 502. �
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