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An optimal spectral inequality for degenerate operators

Rémi Buffe*, Kim Dang Phung’, Amine Slimani ¥
26/09/2023

Abstract .- In this paper we establish a Lebeau-Robbiano spectral inequality for a degenerate one di-
mensional elliptic operator. Carleman techniques and moment method are combined. Application to null
controllability on a measurable set in time for the degenerated heat equation is described.

1 Introduction and main results

The purpose of this article is to prove a spectral inequality for a family of degenerate operators acting on
the interval (0,1). In arbitrary dimension, for a second-order symmetric elliptic operator P on a bounded
domain 2 with homogeneous Dirichlet or Neumann boundary conditions, the spectral inequality also called
Lebeau-Robbiano estimate takes the form

[ull2(q) < ceVA lull 2y »  Vu € span{®;;A; < A} (1.1)

where w C € is an open subset and where the functions ®; form a Hilbert basis of L? (2) of eigenfunctions of
P associated with the nonnegative eigenvalues )\; , j € N, counted with their multiplicities. In other words,
the family of spectral projectors associated to P enjoys an observability inequality on a set w C 2 for low
frequencies A; < X with a constant cost as ceVA,

The state of art to prove (1.1) is either Carleman inequalities for elliptic equations (see [LR], [LZ], [JL],
[L], [LRL], [LRLeR1], [LRLeR2], [Le], [LL] and [Q], [FQZ]) or observation estimate at one point in time for
parabolic equations (see [AEWZ], [BaP] and [BP]).

One of the key applications of (1.1) is either observability for parabolic systems or controllability for
parabolic systems, knowing that both are equivalent properties by a duality argument (see [Zu], [FZ], [FI],
[Mi] and [Mi2]).

Observability and controllability for the one-dimensional degenerate parabolic operator has been exten-
sively studied in many ways: Backstepping approach for closed-loop control (see [GLM] and [LM]); Carleman
inequalities (see [ABCF], [CMV], [CMV2] and [CTY]); Flatness approach (see [Mo] and [BLR]); Moment
method (see [CMV3] and [CMV4]).

We shall consider the linear unbounded operators P in L? (0, 1), defined by

= —% (xo‘%) , with a € [0,2)
D(P) = {d € H.,(0,1); PV € L*(0,1) and BC4(9) =0} ,
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where
1
H, 0(0,1) := {19 € L?(0,1); 9 is loc. absolutely continuous in (0,1], / 9 < 00, 9(1) = O} ,
0

and
19‘;2:0 ’ fOr « 6 [0? 1) 9

BC.(9) = {(xaﬁ/) for o € [1,2) .

lz=0 »

Such P is a closed self-adjoint positive densely defined operator, with compact resolvent. As a consequence,
the following spectral decomposition holds: There exists a countable family of eigenfunctions ®; associated
with eigenvalues A; such that

o {®;},,, forms a Hilbert basis of L?(0,1)
L4 P(I)j = )\j(I)j
e D<A < << A\~ H00.

An explicit expression of the eigenvalues is given in [Gu] for the weakly degenerate case a € (0, 1), and in
[Mo] for the strongly degenerate case « € [1,2), and depends on the Bessel functions of first kind (see [MM]).
The eigenvalues are simples and more proprieties are emphasized by Cannarsa, Martinez and Vancostenoble:
First, a uniform bound for the first eigenvalue

361,62 >0 Vo € [0,2) 1 <A <co (12)

(see [CMV3] (10) at page 176 and (34) at page 183 for a € [0,1); see [CMV4] proposition 2.13 at page 10
and (3.8)-(3.9) at page 13 for «a € [1,2)); Secondly, a uniform spectral gap

Iy>0 Vael0,2) VE>1 VA1 — Ve >2v(2—a) (1.3)
(see [CMV3] (74) at page 198 for a € [0, 1); see [CMV4] at page 30 for o € [1,2)).

We are interested in the spectral inequality for the sum of eigenfunctions. Such Lebeau-Robbiano estimate
is done with explicit dependence on a € [0,2). Our main result is as follows.

Theorem 1.1 .- Let w be an open and nonempty subset of (0,1). There exists a constant C' > 0 such that

2

1
> ag)? < 060(27@2\“/ > 4%y

A <A “IN <A

for any a €[0,2), {a;} € R and any A > 0.

This is equivalent to

1
Z Jaj|* < CeCEar vAN/ a;®;|
j=1,-.N @ lj=1,,N

for any a € [0,2), {a;} € R and any N > 0.

Here, our approach is based on a combinaison of both Carleman techniques and the moment method
for an elliptic equation. In one hand, it seems difficult to find the appropriate weight function in Carleman
techniques or logarithmic convexity methods for getting directly the desired spectral inequality. On the other

hand, the moment method is an appropriate tool to get the cost of controllability for the one-dimensional
degenerate parabolic operator.

As a consequence of Theorem 1.1, we have the following observability estimate from a measurable set in
time for the one-dimensional degenerate parabolic operator.



Theorem 1.2 .- Let w be an open and nonempty subset of (0,1) and E C (0,T) be a measurable set of
positive measure. There exists a constant C > 0 such that

He_proHLZ(o S CeC / ‘e_tpyo
’ wxE

)

for any o €[0,2) and any yo € L*(0,1).

This is equivalent to

C 1
ly (’vT)HL2(0,1) < Ce @t / ly (x,1)| dzdt ,
wx E

for any a € [0,2) and any yo € L? (0, 1) where y is the weak solution of the degenerate heat equation

aty - aat (xa xy) =0 > in (07 1) x (OvT) ’

BCa(y) =0, on {0} x (0,T) ,
y(1,t)=0, te (0,T) ,
y(z,0) =y, r€(0,1) .

In the last years, a lot of works have been devoted to the observability on measurable sets (see e.g. [AE],
[EMZ], [PW], [WZ], [LiZ]). Applications to impulse control and finite-time stabilization can be rewritten as
in [BP].

2 Elliptic observation estimates (proof of Theorem 1.1)

In this Section, our aim is to prove Theorem 1.1 and we start with presenting the following three results: We
first have an uniform observability estimate for a single eigenfunction given by Proposition 2.1; Proposition 2.2
establishes a quantitative Holder type of estimate for an elliptic equation far from the degeneracy; Proposition
2.3 is an uniform observability estimate for the elliptic equation; We end this Section with the proof of
Theorem 1.1.

Proposition 2.1 .- For any w open and nonempty subset of (0, 1),

dp>0 Vael0,2) Vji>1 /\fbj\ZZp(Q—a).

Given T > 0 arbitrary, we now consider the following homogeneous elliptic problem:
d2p—Pp=0, in (0,1)x (0,T) ,
BCu(p) =0, on {0} x (0,T) ,
@, =0, on {1} x (0,T) , (2.1)
‘;0(70)2800 ) in (071) )
Orp (~,0) =¢1, in (07 1) ’

where ¢y and ¢ belong to span{®,;1 < j < N}.

Proposition 2.2 .- Let 0 < a < b < 1 and T > 0. There exist ¢ > 0 and § € (0,1) such that for all
€ [0,2), the solution ¢ of (2.1) satisfies

s
1-5
HQPHHl(GaT“’,%%)x(O,TM)) <c ||<P||H1((a.b)x(o,T)) (||<P0||H1(a,b) + ||901HL2(a,b)) ’

Proposition 2.3 .- Let w be an open and nonempty subset of (0,1). For any N > 1, T > 0, and any
€ [0,2), the solution ¢ of (2.1) satisfies

2 O(1+AN) 1 C\/m T"rﬁ r 2
\|<P("T)||L2(o,1)§m 1+5)e (T e )/0 /w|<f>| ,



where C > 0 is independent of N,T > 0 and « € [0,2). Here p is given by Proposition 2.1 and ~y comes
from (1.3).

Now, we are able to present the proof of Theorem 1.1.

Our strategy is as follows. We will use Proposition 2.3 and we observe the whole domain (including the
region where the ellipticity degenerates) from one region where the operator 87 + P is uniformly elliptic;
there, we use classical global Carleman techniques to observe from the boundary (a,b) x {0} with Proposition
2.2. That observation region provides precisely the right hand side of Theorem 1.1.

Proof of Theorem 1.1 .- We consider the above homogeneous elliptic problem with g () = 0 and ¢1 (z)

>, a;®; (x) where {a;} € R. Recall that ¢ can be explicitly written by Fourier series: For any = € (0,1),
j=1,N

¢ (x,t) = Z

j=1,--,\N

smh (\/7t> a;®

Let 0 < a < b < 1andset w= (a,b) and w = (Q‘IT“’, %21’) We have , for some constants C,C7,Cs > 0
independent on N and «,

Z la;]? < Z |aj|2—smh2 (\F/AL)CeCF by (1.2)

j=1,,N j=1,
= CeCF lle (-, 1/4)||L2 0,1)

C1———5VA 1/4 oy . ~
< Che ' - 5 |<p| by Proposition 2.3 applied to @ x (0,1/4)
5) -
< Cze 2 ”(lDHQH(}(wX(O 1) ||<,01Hi§2(w) by Proposition 2.2.

But,
2

2
ol = [ | 3 st
w

Jj=1,-,N

and for some constants c;,co > 0 independent on N and «, it holds

2 2 2 2
ol wx @1y = lellie@s) + ||3x<ﬂ||L2(wx(o ) 10l 22w 0,1))
a/2

IN

Oz p

2
12 oayz) + €1 [

cae2VAN Z |aj|2.
j=1,-\N

2
(o) 1 (007)

IN

Combining the above estimates completes the proof of Theorem 1.1.

3 Elliptic observability by the moment method (proof of Proposi-
tion 2.3)

In this section, we shall prove Proposition 2.3. Let w be an open and nonempty subset of (0,1). Given T > 0
arbitrary, we consider the following non-homogeneous elliptic problem:

2u—Pu=nh, in (0,1)x(0,7) ,

BC,(u) =0, on {0} x (0,T) ,

u,_, =0, on {1} x (0,7) , (3.1)
u(+,0) =ug , in (0,1) ,

atu (,0) =ux , in (071) y



where

M@= 5 T g (L00) @) vithg = X g () ®(a)

uo () = 3 a;®;(x) , (3.2)
j=1,--,.N

w@ = % b ()
j=1,-- N

3.1 Well-posedness property

Definition 3.1 .- Let N € N*. We denote Iy L? =span{®,;1 < j < N}. The space IIyL? endowed with the
L?(Q) norm is a finite dimensional Hilbert space.

It is well-known that when g; € L?(0,7T'), the unique solution of (3.1) verifies u € H?(0,T; Iy L?) and is
given by the Duhamel formula

u(-,t) = Z cosh(y/A\jt)a; ®; + Z sinh \/>t b;®;
j=1,,N j=1,- Vi

+ Z Z /fb@k /0 Sinh(\/\j%t_s))gk(s)ds¢j.

=1,--,N k=1,

3.2 Construction of the control

Definition 3.2 .- We say that system (3.1) is controllable at time T if for any (ug,u;) € (IIyL?)? there is
g € L*(0,T;1Ix L?) as in (3.2) such that

u(T)=0u(-,T)=0.

Lemma 3.1 .- Equation (3.1) is controllable in time T if and only if, for any (ug,uy) € (I xL?)? there is
g € L2(0,T;TIxL?) as in (3.2) such that the following relation holds

—Auwﬁﬂ—AuﬁW /’/ (2,8) ¢ (2, T — t) dadt (3.3)

for any (o, ¢1) € (IyL?)?, where ¢ is the solution of (2.1).
Further, if the system (3.1) is controllable at time T with a control g € L?(0,T;yL?) satisfying the
bound

T
2 2 2
||9||L2((0,1)x(0,T)) = E /0 lg; ()" < KH(uovul)H(L2(O,1))2 =K E (a? + b?)
j=1,-,N

Jj=1,-,N

for some K >0, then the solution ¢ of (2.1) satisfies

T
2 2 2
IWRﬂhmm+WW“ﬂMW®§KAt/M

Proof of Lemma 3.1 .- Let g € L?(0,T;11yL?) be arbitrary and u be the solution of (3.1). Given ¢ the
solution of (2.1) then, by multiplying (3.1) by ¢ (x,T —t) and by integrating by parts we obtain that

1 1 1 1
/ 3tu('aT)<Po+/ U(',T)sm—/ U1s0(~,T)—/ U0y (- / / (z,t) o (z, T —t) dadt
0 0 0 0



and

/()T/Olh(a:,t)gp(x,T—t)dxdt_/OT/wg(x,t)@(x,T_t)dxdt_

Now, if (3.3) is verified, it follows that

1 1
/atuc,ﬂw/ w(T)pr =0
0 0

for any (o, 1) € (Il L?)? which implies that u (-, T) = dyu (-, T) = 0. Hence, the solution is controllable at
time T and g is a control for (3.1). Reciprocally, if g € L2(0,T;IIL?) is a control for (3.1), we have that
w(-,T) = Owu(-,T) = 0. It implies that (3.3) holds. Finally, one can choose (ug,u1) = (O (,T), ¢ (-,T))
and apply (3.3) to get the desired estimate thanks to Cauchy-Schwarz inequality and the proof finishes.

Proof of Proposition 2.3 .- Our aim is to construct a control g given by g (z,t) = > g (t) @ (x) such

k=1,-,N
that (3.3) holds. Let

po(x)= > ¢®(x),
j=1,--,N

prz)= 3 d;®;(z)

j=1,-,N

be the initial data of (2.1). Then, recall that ¢ can be explicitly written by Fourier series: For any = € (0, 1),

(RN PR DS SR SR | P
SN G G ) R (o D) RE

First, let us clarify the expression — fol urp (1) — fol udyp (-, T) :

—/Olulap(-,T)—/Oluoat(p(-,T) = Z e\/ro% (cj—l—\/lrjdj) /01 (—ul—\/YjU())@

J=LN ) ) (3.4)
-|-j lz: e \FT <j mdj>/o (—ul—&-\/)\»juo)(ﬁj

Next, let us clarify the expression fOT [, g(x.t)o(x, T —t)dzdt, that is fOT fol h(z,t)p(z, T —t)dxdt :

/T/g(ac,t)ap(x,T—t)dacdt
= k ;,NJ 12 < '+\/1/\>jdj>/w‘l)k¢j /OTgk (t)y e Vldt
+ Z Z vl ( &jdj)/wcbk@j/;gk tyeViitar .

N j=
Now, suppose that g (t) = axo? (t)+ Bro} (t) where 02, of belong to L? (0,T) and that the following moment

formula holds: . .,
/0 op (t) e~ VNitgt — 0 and /0 ol (¢) e~ VAt gt — i

T T (35)
/ op (t) eVAitgr = ik and / or (t) eVNitgr =0 ,
0 0
then, we obtain
r 1 1
[ [awne@r-naa = ¥ eS| AL
0 Je j=1,~,N 2 \/ )‘J w (3.6)
1 1
+ e~ VAT (cj ) /|<IJ |
j:lZ:N 2 VA w



By comparing the identities (3.4) and (3.6), one can deduce that if

1 1
/ (—u1 — 1\ )\j’u,o) (I)j = ﬁj/ |q)j|2 and / (—Ul + \/EUO> (I)j = aj/ |(I)J‘|2
0 w 0 ¥

for any j = 1,--, N, then (3.3) holds for any (¢g, ¢1) which implies by Lemma 3.1 that (3.1) is controllable

in time 7.
Therefore, one can conclude that the control given by g (x,t) := > [a;0¥ (t) + ;0]
j=1..N

! (7U1 — \/EUO) q)j . —bj — \/)\7]‘0,]'

1 (t)] @5 (x) where

fol (—u1 +VAjuo) @5 b+ \Fa] d8; = Jo
’ Ji, 19517 S, 19517

;=
’ I 1@ I, 1@

is an appropriate candidate. Notice that by Proposition 2.1, fw |®;|” # 0. It remains to construct the sequence
in (L2 (0 T))2 such that (3.5) holds. Such property is called biorthogonality of the

of functions (0f,0}), ., i ,
To do so, we apply the following result from Cannarsa, Martinez and Vancostenoble (see

family (02, Ué)k>1.
[CMV3] Theorem 2.4 at page 179) :
Theorem 3.1 .- (Existence of a suitable biorthogonal family and upper bounds) Assume that

Vn >0, pp >0

and that there is some r > 0 such that

vn > O, VHn4+1 — A/ HUn Z r.
),s0 in L2(0,T):

Then there exists a family (6,,),,-, which is biorthogonal to the family (e#~*)

T
Ym,n >0, / O (1) e'ntdt = 6,
0

Moreover, it satisfies: there is some universal constant ¢ independent of T', r and m such that, for all m > 0

we have
2 c= 1/
||9mHL2(0,T) < ce AT Vin B (T.r)

with
B(T,r) =

Now, define the increasing sequence of non negative real numbers (,un)n21 as follows
VAN*\/AN—(n—l) 1f1§n§N,
VAN + V/An—nN ifN+1<n<2N,

Hn = 2
(\/un_ﬁ + (AN)‘1/4) ifn>2N+1

We need to check that such sequence fulfills the assumption of Theorem 3.1 thanks to the fact that

VAk > (2 — a) given by (1.3). Indeed, for any 1 <n < N — 1

AN—(n—1) — V/AN-n 72—a
N VANt e
\/\/ AN— n+\/\/ — VAN—(n-1) 2(An)
forany N+1<n<2N -1,
VAnt1-N — vV An-n - Y2-a)
_2\/5()\]\[)1/47

Vi \/\ﬁ + VAnt1-N + \/\/Tv + VAN

Akt1—



for any n > 2N, /i1 — /i =7 (Aw) /" and
2v/ N1 - 2v/ A1
VN F VA VYV (14 v2) )

Consequently, it fulfills by a straightforward computation the assumptions of the above Theorem 3.1: Pre-
cisely,

VHN+1 — \/UN =

vn > 07 Hn > 0 and VHEn+1 =/ Hn >r )
with

and g:min<7(2_a) 2‘/X>.

S
o) 2v2 1442

By Theorem 3.1, we have a family (6,,),,-, which is biorthogonal to the family (e#~), _, in L?(0,T):

(3.7)

T

Vm,n > 0, O (t) e mtdt = S,
0

Therefore,
T
if 1 <n < N, then / O (1) VANt VAN-(n-Dt g — §
0

mn »

T
if N+1<n<2N, then / O (1) VANtV ANty — Omn -
0

That is, for any j =1,--, N,

T T
/ On—(j—1) () VANtV Ntg — 1 ; / O (1) eV ANte=VNit gt — 0 when m £A#N—(j—-1); (3.8)
0 0

T T
/ On; (1) VANtV Nt gt = 1 ; / Om (1) eV nteVAitdr = 0 when m #N+j. (3.9)
0 0

Finally, we set for any k=1,-, N,
o (t) = Ok (t) eV and o () = Oy _s—1) (t) e/
in order that by (3.8), for k,j =1,..., N,
T T
/ ad (t) e~VAitdt = 0 and / or (t) e~ VAitat = ik
0 0
and by (3.9)
T T
/ ap (t) eVt = ik and / or (1) eVAtdt =0 .
0 0
Further, it holds that for any k=1, N,

lo2 a0y < € N0n4kllZ2 0.2y and [lok][7a 0,7y < VN 10— (3.10)

2
k—1) HLZ(O,T) :

This completes the construction of our control given by g (x,t) := > [a;05 (t) + B0] ()] @, ().
J=1,\N



3.3 Cost of the control

Theorem 3.1 with (3.7) implies that there is some universal constant ¢ independent of T" and N such that for
any m=1,-,2N,

S L
10mllFo0m) < ceHVITB (T r) = cet VIR (T ()~ Y)
< @ PVAWB (T ()T

because /fim < ﬂ(AN)1/4 vm € {1,--,2N}. Therefore, by (3.10) we have

2 2 evE _
s (o8, + Rl ) 2T (o)) s
Our control given by g (z,t) := Y. [aj0Y (t) + Bjo] (t)] ®; (x) where
j=1,-,N
o Jo (w1 + Ajuo) @, _ bt \fa] and f. = Jo (Fu1 = VAjuo) @5 =bj — /Ny
i j = ;
Joo 12517 Jos 12517 S 12517 Jos 12517
satisfies N b2

= 2
j=1,\N j=1,,N (f |<I) | ) ( inf [ ¢j2> j=1,.N
j=1,,N 0¥

Combining the above estimates (3.11) and (3.12), there is some universal constant ¢ independent of T
such that for any NV > 1

T
||g||2L2((o,1)x(o,T)) = Z /0 | (8) + Bjoj (t)|2dt
j=1,,N
2 2
<2 3 @), o (Il +lotliaen) 513)
Py R
8(+An) sce2VANTe “2VAN g (T s(An)™ 1/4) (%2‘ + b?) :

<v mf /‘(I) ‘ > j=1,-,N
J

Recall that the bound

l9lZe (0.1 x 0. = D / o) (8) + Bio} ()] dt < K I|(uosun) [Freoyye = K D (@ +52)

j=1,\N j=1,\N

will imply that the solution ¢ of (2.1) satisfies

T
|mmﬂﬁmm+qumﬁm@5KAL/m2

Now our aim is to bound the quantity

8(1+ A c _

(1+An) 2062«//\NT6#\//\NB (T7§()\N) 1/4)
. 2

(j,_ll{lf,wa |51 )

appearing in (3.13) in order to get the cost K.



. - 1 1 —min [ X(2—a) 2V, H
First, by Proposition 2.1, ( o ‘2>2 < =Eae Next, recall that ¢ —mln( VoA 1+\/§> and since

a € ]0,2) with (1.2), we have that g’y(Z @) < ¢ < 1 where ¢ is a positive constant independent on « € [0, 2).
Finally, the estimate of B (T, r) in Theorem 3.1

~ 1 ‘mr i T< L (1—|—l)le2cﬁ ifr<4 1.1 2e 1
B(T.r) = (T+T2r2)eT L= - )T S o< (1) 2 Com
Tr) { or? iHT> L = or? ifr > S\ e e

leads to the bound

_ 1.1 2 N
B(T,c () < ((1+C)T+C;E)e2 =

1. c 2N
S C(l—f—f)e T(2—a)

for some C' > 0 independent on N > 0, a € [0,2) and T > 0. Therefore, by (3.13) one can conclude that

C(1+AN) 1, oY~
2 N C C
HgHL?((O,l)x(O,T)) < 702(2 ) VANT 7(2 = c(1+ T)e TA2(2—a)2 Z (a? + b?) ,

j=1,\N
which gives, using (2 Ty S <T+ m that
C(1+An) LY ovan (T+smi—s
2 N +
l911Z20,1yx (0,7)) < 2@ —a) <1 + T) (T4 7o) (af +07) -
j:17..,N

By the cost estimate in Lemma 3.1, we obtain that for any ¢ solution of (2.1) and any N > 1

C(1+Xn) 1\ ovax(r
2 2 N N|\T+
A T e (R e el A P

where C' > 0 does not depend on (N, T, «). This completes the proof of Proposition 2.3.

4 Elliptic observation by Carleman techniques (proof of Proposi-
tion 2.2)

In this section, we shall prove Proposition 2.2. Let 0 < a < b < 1 and Q = (a,b) x (0,7). We set
(x,t) = (x1,22) € Q, and for « € [0,2), introduce

(e}
Q:—82—’P:—V~Ax1,x2V~7 Axl,xg = .’1/'1 0 5 V: 81 .
t

0 1 02

Note that there exists Cy > 0 such that
1
||A||W3'°°(Q) < 007 A(.'L'l,,ibg)f 5 > FO‘€|27 Vg € RZ,V(ZEl,Q;‘g) €N ) (41)
where Cy > 0 is independent on « € [0,2). We set
v=¢e"yz

where 7 > 0, 2 € H? (Q), x (71, 22) = x1 (71) X2 (72) with

{ X1 EC(())O (aab)7 0§X1 < 17 X1 =1lon (3aT+b’a—tl3b)

x2€C®(0,T), 0<x2<1, xa=1on (0,%) and xo=0o0n (2F,7)
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and we shall consider weight functions ¢ € C°°(Q2) of the form
d(z1,20) = ML) NS0 e C™(Q), Vy#0onQ. (4.2)
Here, we give explicitely v as follows
(a1, a2) = — (21 — 0)> — B (22 + 1)** (4.3)

where zp = 22, 3 = 2 (%4) and k =max(In2/In (4T + 12) / (3T + 12)) ; In2/In (3/2)).

We set
Qs = Qe
We have Q4v = Sv + Av + Rv with

Sv=—-V-(AVv) — 72AV¢ - Vv, Av=27AV¢-Vv+27V-(AVe)y, Rv=—1V-(AVp)v

which gives [Quv — Rv|72 (g = SVl 720 + 140]|72 () +2(Sv, Av) L2(). Note that 0 < [|Qpv — Ru||72 () —
2(Sv, Av) 2 (q) implies
(80, Av) 12 () < 1Qu0]1 72 + IRV T2y - (4.4)

Now we compute (Sv, Av); . () By integration by parts, one has with standard summation notations
and A = (Aij)lgi,jSQ’

(Sv, Av) 2y = 27'/ AV*vAV¢ - Vv + 27-/ AV?$AVv - Vo
+ 27/ A0, 004,00, AeOs, @
+ 27’/ (AVv - Vo)V - (AV9) + 27’/ AVv -V (V- (AVe)) v
Q

+7° f [AV$ -V (AV$ - Vo) — (AV6 - Vo) (V - (AV9))] [v]*
+2Tf (AVv -n) (AV - Vv + (V- (AVe))v) —T3/ (AV - V) (AV - n) v
o o0
But by one integration by parts
1 1
/Q AV*0AV¢ - Vv = 3 /a (AVv - Vo) (AV¢ - n) — 3 /Q Oy Aij 03,005, 0 AR Oy, &

17 (AVv- Vo)V - (AV§) .
2 Ja

Therefore,
(Sv, Av) 2y = 27/ AV2HAVv - Vo + 7'/ (AVv - Vo)V - (AV9)
Q Q
+7 [ [AV6- V(A0 Vo) — (AV9- T0) (V - (AV6))] ol
+ R1 + Ro
with

Rl :27'/ Aijﬁxivauvaxj/lkg&%¢—T/ 8:,3@Aij8mjvazivAk48xk¢
Q Q

+27/QAV11 V(Y- (AVS)) v

Ry = —27/3 (AVv-n) (AV¢-Vu)+ T /BQ (AVv - Vv) (AV¢ - n)

—QTf (AVv~n)(V-(AV¢))U—73/ (AV¢ - Vo) (AV - n) |v]?
o

o0

11



where n is the outward normal vector to 9S2.

Notice that from the form of A and ¢ given by (4.1) and (4.2), we have the existence of C; > 0 independent
on « € [0,2) such that for 7 > 0 sufficiently large
2
L?(Q)) '

AVZPAVY - Vv = N2p(AVY) - V) + \pAV2 YAV - Vv > —Cord|V|? |

2
) e e

Note also that from the form of A and ¢ given by (4.1) and (4.2), we have

and

T / (AVv - Vo)V - (AVg) = 7 / (AV - V0)p(AV - (AVY) + A2AVe) - Vb))
Q Q

2 2
2] 1172 _ 1/2
> Cyr ) H¢ WHH(Q) CarA H¢ vu‘

2

L2()

)

> OyT\? H(bl/QVv‘
L2(Q)

for A > 0 chosen sufficiently large (independently on « € [0,2), and where the constants Cy, C5,Cy > 0 are
independent on « € [0,2). Arguing in the same way, there exist constants Cs > 0 and Ag > 0 such that for
all a € [0,2) and for all A > Ao,

2

w [ [AV0-V (AV0-V9) — (AVo- Vo) (V- (V)] of > Cor A 6772

@)
Summing up, (4.4) becomes

2 2

Carat |02 |+ Cara® [¢1/2 0|

+ Ry

L2(Q) L2(Q)

1/242 129, |7 37244 172, |7
<CL{ (TN 4 TA) ||[¢/ "V LZ(Q)JrT Mot v

2 2
) 160y + [Rol ey

where the constants are independent on « € [0,2). Fixing A > A\ large, and then taking 7 > 7y sufficiently
large (constants may depend on A from now), we obtain the existence of Cg > 0 such that

2 2 2 2
Co° [[vll72(0) + CoT VUl 120y + R < 1Qovll720) + IRV Z2(0) -
Next, one can see that from the form of A and ¢, there is C7 > 0 such that for all a € [0, 2),
”RU”i?(Q) < Crr? ||UH%2(Q) -

Therefore, taking 7 > 0 sufficiently large yields the existence of Cs > 0 such that

Cs (72 03y + 7 IV0ll3a) ) + Bz < Q0] - (4.5)

Now we treat the boundary term Ry: Since v = AVv-n =0 on 9Q\I' where I' = {(21,0) ;21 € (a,b)},
one can deduce that

b
Ry =T/ B2 |0 (21, 0)[* dary
“ b
+2T/ x$01901v (21,0) Dav (21, 0) day —T/ x$02¢ |01 v (361,0)|2 dxy

b b
+ 27'/ (V- (AV9¢))v (x1,0) Oqv (21,0) dzy + 7'3/ (AV¢ - V) 826 v (x1,0) | day

12



which gives the existence of Cy > 0 independent on « € [0,2) such that for any 7 > 0 sufficiently large

[Ba| < Co (71020 (50l (uy + 7 0 (Ol ) -

Finally, by (4.5) we have for any 7 > 79 with 79 > 1, the following inequality

Cs (73 ||U||2L2(Q) +7 ||VU||2L2(Q)) < ||Q¢’U||iz(ﬂ) + Co (T [|02v (’70)||2L2(a,b) + 73 |v ('?O)HQHl(a,b)) : (4.6)

Let U — (252, 5520) x (0,2), Wi = ([a, %22] U [£552,1]) x [0, 2], Wa = [a] x [5,2F] and W =
Wi U W,. We have suppVyxy =W and x =1in U.

Coming back to the function 2z where v = e™%xz, Qv = €7°Q (x2) = €™ (xQz + [@, x| 2) where the
bracket (@, x] = —02x — 2(9ix)0 — ¥(02x) — 2(0rX)2*0r — (dr X))z~ is a differential operator of order

one, supported in W, which is away from a neighborhood of the degeneracy {x = 0}. From (4.6) and taking
any 7 sufficiently large yields

b 112 - 2 - 2 b 112 - 2
7 |e ¢ZHL2(U) +7]le ¢VZHL2(U) < C (He ¢XQZHL2(Q) +7]le ¢Z”L2(W) +|le ¢VZHL2(W))
+C (7‘ eT¢("O)Z(-,O)H2 ) .

H'(a,b)
Let D = mgx¢, Dy = mmz}x¢, Dy = r(na;)qb (+,0) and Dy = mUimb. We have for any 7 > 79 sufficiently large

2
+7°
L2(a,b)

7005 (,0)

- 2 2 r 2 r 2 2
e?rPu (HZ||L2(U) + HVZ||L2(U)) < CerP 1Q2[72(0) + e’ (T”ZHLZ(W) + ||VZ||L2(W))
T 2 2
+Ce2 P (711002 ()0 + 7 12 (0 0y )

Our choice of 9 given by (4.3) allows to get D > Dy and Dy > Dy > Dg. Indeed, by a straightforward
computation,

maxp —ming < - (852)" = %+ (35) + B4 (54 1)
k
. 2
n@xw - m(}nw < -p? )
2k 2k
= 32 (3 (T + 4)) (1+2(§E}I}§) ) <0.

Using W C Q and optimizing with respect to 7 yield the desired interpolation estimate (see e.g. [R] or
[LRLeR1, Lemma 5.4, page 189]). This completes the proof of

5
1-6
H@HHI((Z“T“’,%%)X(O,%» < C||90||H1((a,b)x(o,T)) (||<P0HH1(a,b) + ||901\|L2(a,b)) ]

since Qp = 0.

5 Observability estimate for the eigenfunctions (proof of Proposi-
tion 2.1)

In this section we aim to prove Proposition 2.1. Given 0 < a < b < 1, we will use the notation X <Y , or
Y 2 X to denote the bound |X| < ¢Y for some constant ¢ > 0 only dependent on (a, b).
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Cannarsa, Martinez and Vancostenoble proved (see [CMV4] proposition 2.15 at page 10) that
Vae(l,2) Vi>1 ||®]l7a,p 22—

In this section, we extend this result to « € [0,2). To this end, we focus on the case « € [0,1) and apply the
following observability estimate.

Proposition 5.1 .- For all o € R, for all o € [0,1), for all ¥ € D(P)

o 930 + |22

£200,1) ~ (H( - ‘72) 19”1%0,1) +(1+0?%) ||7‘9||i2(a,b)) ‘

Since ®; € D(P) is the normalized eigenfunctions of P associated with an eigenvalue \;, j € N*. Applying
Proposition 5.1 with ¥ = ®; and 02 = \;, we obtain

Aj 2
< .
T S -

Using 1+/\1 < 1i§\j and (1.2), one can deduce that

%(2704) .

Vael0,1) Vi>1 [ ®]7a, 21
This completes the proof of Proposition 2.1.
Now, we prove Proposition 5.1. Before proceeding to the proof we need two lemmas.
Lemma 5.1 .- There exists C > 0 such that for all o € R, for all a € [0,1),

o2 ||19||L2 0.1) + ‘ a/219/

o (1P 9+ 00F)
for all ¥ € D(P).
Lemma 5.2 - There exists C' > 0 such that for all o € R, for all a € [0,1),
WP < C ([P = 02) 9l[3a0 + 19157 (s ey )
for all 9 € D(P).
Proof of Proposition 5.1 .- By Lemmata 5.1 and 5.2,

2 Hﬁ”LZ 0.1) + ‘ a/219/

O (1P~ o) D00+ 190 (s )

Let x € C§° (0,1) such that 0 < x < 1 and x =1 on [3%t2 30 We have

L2(0, 1)

1
2 o 2 2 2
||'l9HH1(3a4+b)atSb) = ||X?9||H1(3a+b atab) < HﬁHLZ(a,b) + ‘A X 'Pﬁﬁ‘

S 19022 + ’/ —a’ W‘ + 07 (1017200
2
/S H —0 )19||L2(O,1)+(1+0- )Hﬂ”LQ(a,b)
by Cauchy-Schwarz. Combining the above estimates ends the proof Proposition 5.1.
Proof of Lemma 5.1 .- Let us consider ¢(z) = 227 and v = e®9. Note that for a € [0,1), v € D(P)

because ¢ € D(P). We set
Py = e?Pe? — o2

14



with

_ i ai _ _ 2, 2-a _ 2 _ _ i _
S= dx(x dm) (2— )z o, A=2(2 a)a:dx+(2 a),

in order that Pyv = e? (P — 0%) ¥ and Pyv = Sv+.Av which gives \|P¢v||iz(0,1) = ||Sv||iz(0’1) + ||Av||iQ(0,1) +
2(SU,A'Z))L2(071).

Classical computations lead to

(Sv, Av) 201y = (2—)? Hff“/%'Hiz(o,n +(2-a) ||ff(2*a)/2v||iz<o,1) - 2=

+(2-a) lim [Jc1+a|v'(x)|2 + 2o (2)o(e) + (2 — )’ 23 |u(@)? + 0z |u<x)|2} .

The above limit vanishes from the boundary conditions and the regularity of v. Therefore, the fact that
2 R
0 < [[Pyvll2(0,1) — 2(Sv, Av) £2(0,1) implies

2 2
N2 || /2,0 N4 |],.(2—a)/2 2 - ’ 2
2(2 — a) ‘ L 2R =) Hx ooy S NPl +22 = @) (1)
2 2
= He¢ (P—0o?) 19||L2(0,1) +202—a) [9'(D]” -

Since x%/29 = ¢=¢ (xa/2 - (2- a)$(2—a)/2,u)7

2 2 2

’ /2y <2 ‘ %%y +2(2 - a)? Hx@_o‘)mv‘ )
L2(0,1) L2(0,1) L2(0,1)

Combining the two above inequalities, we get, for « € [0,1)

|

2 1 9 ,
Loy S m(||6¢(7)_U2)19HL2(071)+2(2—a)|19’(1)|)

[(P =) 0 2oy + 1O -

1,04/219/

N

It remains to bound o? ||'l9||iz(071). By Cauchy-Schwarz,

1 1
o 0lze 00 = /0 7’1919—/0 (P~ 009 = a2

2 1
- / (P — o?)90
L2(0,1) 0

2
< ’:c“”ﬁ’ oyt 191l 20,0y | (P = o) 9] 12 o1
2
< ’ /29’ (o) + 2|2 20,1y |(P—0o?) 19||L2(0,1)
o 2 2
S ’ /2’ L2(0,1) + ”(P - 02) 19”112(0:1)

where H19||2Lg(0,1) <4 H:m?’||2L2(071) comes from one integration by parts. This ends the proof of Lemma 5.1.

Proof of Lemma 5.2 .- Denote a = 3‘1T+b and b = %3}’ in order that 0 < a <d < b < b < 1. Let us
consider ¢(x) = e*¥, with A > 0, ¢» € C* (0,1), ¥’ # 0 on [a, 1] and ¥'(1) < 0. Let x € C* (0, 1) such that
0<x<1,x=0o0n[0,a] and x =1 on [b,1], and let v = e™®x¥ with 7 > 0. We set

Py =e™Pe™ ¢ — o2
with
S = —% <xo‘;;> — 22 |¢ P — 0%, A= 27:10“(;3’% +7(z%¢')
in order that Pyv = €™ (P —0?) (x¥) and Pyv = Sv + Av which gives ||P¢v||iz(0’1) = ||S”||2L2(0,1) +
HAU||i2(o,1) +2(Sv, Av) £2(0,1)-
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Classical computations lead to

1 1
(SoAv)zon =27 [ @00 +ra [ ey
0 0
712 2 312a///22 31201 71y 2
—50(7’¢)\v| +27 o (@) "+ ar v (@) [o? = 7¢' (1) 0" (V)] .

But, using ¢ = e*¥ with 1 having a non-vanishing gradient, there exist five constants Cy, Cy, Cy, C3,Cy > 0
independent on a € [0,1) such that

1 1 1
(Sv, Av)12(0,1) 27’)\200/ ¢\v/|2+73)\401/ ®* |v|2—7)\C’2/ o]
0 0 0
1 1
e / oluf? — FNC / & ol 4+ 716 (V] o' (1)
0 0

Therefore, the fact that 0 < ||P¢”HL2(0 1 2(Sv, Av)r2(0,1) implies by taking A > 0 sufficiently large, and
7 > 0 sufficiently large the following 1nequahty

2 2 2
[0l 51 0,1y + 1V DI S I1Ppvll72(0,1) -
Taking the weights off the integrals and using commutators, we have
2 2
|79/ (1) |2 S ||P¢>79||L2(0,1) + ||19HH1(5,’5) :

This ends the proof of Lemma 5.2.

6 Observability estimate for the degenerate heat equation (proof
of Theorem 1.2)

In this section, we prove that the refine observability from measurable set of Theorem 1.2 is a corollary of
the spectral Lebeau-Robbiano inequality of Theorem 1.1.

Let @ € w and x € C§° (w) be such that 0 < x <1 and x =1 in w.

We start with Theorem 3.1 of [BP, page 1142] stating that (¢) implies (i) where:
(¢) 3Cy > 0, V{a;} e R, VA >0

Sl <0 [ 0
;<A “x<A
(i1) Vt > 0, Ve € (0,2), Vyo € L*(0,1)

_ 1—¢/2 2
A

e yOHLz o1) Sde® F et

Therefore, by Theorem 1.1 we know that (i¢) holds with Cy = C’ﬁ > 1.

By Nash inequality and regularizing effect, we get for some constants ¢ > 1 and 6 € (0,1) independent on
(yo,t) and «a € [0,2)

1)’ -
el <€ (1 77) 7l B -
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2 2 2 1-¢/2
. 1 °of o <cf o Cf 1\?
Therefore, since 1 + == < 4ez#, with Cy = 16cez e=t > 4ez2 e%i (c(1+ — and p =1 —
Vit Vit

(1—-6)(1—5%), we obtain

1—p

HeftP < Oy He tpy0||L1 (w) Hyonlz?(o,l) ’

Yo ||L2(O 1)
which implies by Young inequality

o—tP

He_tpyOHLQ(()J) S sHyO||L2 01) + Cl H y()HLl(w)

IA

1 <1 ﬁ Ci# —tP
s11yoll 20,1 + (1606 2 ) es=t e He yOHLl(w) :

Reproducing the proof of Theorem 1.1 of [PW, page 684], we have for our system that (4i7) implies (iv)
where:

(ZZZ) 3K1,K2,‘€ > 0, Vs >0

1
||67thOHL2(O,1) <s ||y0HL2(O,1) + ?K16% ||67tpy0||L1(w) 5

(iv) Vyo € L?(0,1)

)

e ol oy < B | e

with
K
K3 = cKl e“®2 when E C (0,T) is a measurable set of positive measure;
2
K, B2 .
Ky = e when E = (0,T) for some x > 0 independent on 7T .
2
Therefore, with K; = (1606%)(1_8)(1_%) and Ky = WCI we have K3 < CeC - 2 This

completes the proof of Theorem 1.2.
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