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ABSTRACT ARTICLE HISTORY

In this paper, we present a mathematical model of malaria trans- Received 28 May 2017
mission dynamics with age structure for the vector population and Accepted 13 April 2018

a periodic biting rate of female anopheles mosquitoes. The human KEYWORDS

population is divided into two major categories: the most vulnerable Uniform persistence; basic
called non-immune and the least vulnerable called semi-immune. By reproduction ratio; stability;
applying the theory of uniform persistence and the Floquet theory periodic solution; immunity
with comparison principle, we analyse the stability of the disease-

free equilibrium and the behaviour of the model when the basic ~ AMS CLASSIFICATIONS
reproduction ratio Ry is greater than one or less than one. At last, ~ 3/N30;37N25;65L12;65U05
numerical simulations are carried out to illustrate our mathematical

results.

1. Introduction

Malaria is a common and life-threatening infectious disease in many tropical and subtropi-
cal areas. It is caused by the Plasmodium parasite which is transmitted by female anopheles
mosquitoes while they bite humans for a blood meal for the development of their eggs.
During the blood meal, the mosquito injects sporozoites into the blood stream. In few
minutes, the sporozoites enter the liver cells where each sporozoite develops into a tissue
schizont that contains 10,000 to 30,000 merozoites. After 1-2 weeks, the schizont ruptures
and releases the merozoites into the blood stream which then invade the red blood cells.
The clinical symptoms of malaria are due to the rupture of the red blood cells and release
of the parasites waste and cells debris into the blood stream. Note that human malaria
is caused by five different species of Plasmodium: Plasmodium falciparum, Plasmodium
malariae, Plasmodium ovale, Plasmodium vivax and Plasmodium knowlesi. However, P. fal-
ciparum is the most prevalent in Africa and it causes the highest mortality rate induced
by the disease [27]. The biology of the five species of Plasmodium is generally similar and
consists of two distinct phases: a sexual stage at the mosquito host and an asexual stage at
the human host.
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The World Health Organization (WHO) estimated that there were 214 million malaria
cases in 2015, resulting in about 438,000 deaths [39]. Moreover, in endemic regions, chil-
dren under 5, pregnant women and non-immune adults are most at risk of malaria mor-
tality [12]. Indeed, there are currently over 100 countries where there is a risk of malaria
transmission, and these are visited by more than 125 million international travellers every
year. International travellers to countries with ongoing local malaria transmission arriving
from countries with no transmission are at high risk of malaria infection and its conse-
quences because they lack immunity. Migrants from countries with malaria transmission
living in malaria-free countries and returning to their home countries to visit friends
and relatives are similarly at risk because of waning or lack of immunity. Despite exten-
sive efforts to eradicate it, malaria caused by P. falciparum remains a significant problem.
A characteristic of falciparum malaria disease that complicates control efforts is clinical
immunity: an immune response that develops with exposure to parasites and provides pro-
tection against the clinical symptoms of malaria, despite the presence of parasites [32]. This
immunity is not complete and one can lose it and become susceptible after interruption
of exposure. Those who have acquired immunity can host and tolerate malaria parasites
without developing any clinical symptoms. They may become asymptomatic carriers of
parasites and may transmit slightly the parasites to mosquitoes [15, 19, 34].

In order to reduce the spread of infectious diseases, mathematical models have been
proposed to study their dynamics [5, 25, 40]. Models can provide estimates of underly-
ing parameters of a real-world problem which are difficult or expensive to obtain through
experiment or otherwise [28, 29]. They can predict whether the associated disease will
spread through the population or die out [3, 8, 18]. It can also estimate the impact of a
control measure and provide useful guidelines to public health for further efforts required
for disease elimination.

Concerning the mathematical modelling of malaria, significant breakthroughs have
been made in the recent years since the first model introduced by Ronald Ross [31].
According to Ross, if the mosquito population can be reduced to below a certain threshold,
then malaria can be eradicated. Some years later, Macdonald [22] improved the model of
Ross. He showed that reducing the number of mosquitoes has little effect on epidemiology
of malaria in areas of intense transmission. Furthermore, Aron and May [1, 2] added vari-
ous characteristics of malaria to the model of Macdonald, such as an incubation period in
the mosquito, superinfection and a period of immunity in humans. An important addition
to the malaria models was the inclusion of acquired immunity proposed by Dietz et al. [9].

Other reviews on mathematical modelling in malaria include Ngwa et al. [26] and Chit-
nis et al. [6]. Indeed, in the Ngwa and Shu model, humans follow an SEIRS-like pattern
and mosquitoes follow an SEI pattern, similar to that described by Yang [42], but with only
one immune class for humans. Humans move from the susceptible to the exposed class at
some probability when they come into contact with an infectious mosquito, and then to
the infectious class, as in conventional SEIRS models. However, infectious people can then
recover with, or without, a gain in immunity, and either return to the susceptible class or
move to the recovered class. Moreover, Chitnis et al. extended the model of Ngwa and Shu
by assuming that although individuals in the recovered class are immune, in the sense that
they do not suffer from serious illness and do not contract clinical malaria, they still have
low levels of Plasmodium in their blood stream and can pass the infection to susceptible
mosquitoes.
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Recent works have shown that the age structure of vector population and the climate
effects are very important factors on the dynamics of malaria transmission [11, 20, 37]
because the dynamics of vector population and the biting rate from mosquitoes to humans
are greatly influenced by environmental and climatic factors. In addition, based on the
susceptibility, the exposedness and the infectivity of human host, Ducrot et al. [10] have
developed a deterministic mathematical model for the transmission of malaria with two
host types in the human population. The first type called non-immune is supposed to be
very vulnerable to malaria because it has never acquired immunity against the disease. The
second type called semi-immune is supposed to be non-vulnerable because it has at least
once acquired immunity in his life.

This article is an extension of the model studied in [10] in the sense that we consider the
life cycle of vector population and the climatic factors on the biting rate of female anopheles
mosquitoes [34]. Thus the model is formulated as a non-autonomous system of differen-
tial equations. Through rigorous analysis via theories and methods of dynamical systems
[16, 33, 43], we derive the epidemic threshold parameter Ry, for predicting disease per-
sistence or extinction in periodic environments and we explore the global stability of the
equilibrium state and the existence of positive periodic solution under certain conditions.

This paper is organized as follows. In Section 2, we formulate the mathematical model.
In Section 3, we show that the dynamical properties of the model are completely deter-
mined by the basic reproduction ratio Ry. Computational simulations are provided in
Section 4 in order to illustrate our mathematical results. Finally, we conclude in Section 5.

2. Mathematical model formulation

In the study of malaria transmission, it has been shown that the susceptibility and the infec-
tivity of the human host depend on certain genetic factors. These two clinical states depend
on whether the host has lost his immunity or if he has not yet acquired it. Indeed, acquired
immunity is a very important factor in the dynamics of malaria transmission. Several stud-
ies have shown that humans who have never acquired immunity during their lifetime have
a very high risk of succumbing to malaria compared to those who have already acquired it
at least once in their lifetime [15, 21, 23]. This is the main reason why many children under
5 old years die of malaria in endemic areas. In fact, newborns (from an immunized mother)
are protected because of the passive transfer of maternal antibodies through the placenta
in the first 3-6 months of life. After these first few months, they are vulnerable to clinical
episodes of malaria until they have built their own immunity. Thus, to better understand
the dynamics of malaria transmission, it is important to divide human hosts according to
their immune status. This will help to develop better strategies against the disease.

Hence, using this assumption, we divide the human population into two major types:
the non-immune, namely those who have not acquired immunity (the most vulnerable),
and the semi-immune, those who have already acquired their immunity at least once in
their life (least vulnerable).

The non-immune population is divided into three epidemiological categories represent-
ing the state variables: the susceptible class S, the exposed class E, and the infectious class
I,. Similarly, the semi-immune population is divided into four epidemiological categories
representing the state variables: the susceptible class S, the exposed class E,, the infectious
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class I, and the immune class R,. Humans in the class R, have some immunity to the dis-
ease and do not get clinically ill, but they still harbour low levels of parasite in their blood
stream and can pass the infection to the susceptible mosquitoes [6].

Mosquito population is also divided into two major stages: the mature stage (those
which can fly) and the aquatic stage (eggs, larvae and pupae). The mature stage is divided
into three compartments: the susceptible class S,, the exposed class E, and the infectious
class I,. The immature stage represented by the compartment L is constituted by eggs,
larvae and pupae.

At any time ¢, the total size of humans, Nj(f), and mature mosquitoes, Ny(t), is
respectively denoted by the following equations:

Np(t) = (Se(t) + Sa(t)) + (Ee(t) + Ea(t)) + (Le(t) + 1a(£)) + Ra(t),
Nv(t) = Sv(t) + Ev(t) + Iv(t)'

Furthermore, we assume throughout this paper that:

(A1) all vector population measures refer to densities of female anopheles mosquitoes,

(A2) the mosquitoes bite only humans, with periodic biting rate 8(t),

(A3) there is no direct transmission (blood transfusion or from mother to baby) of
malaria,

(A4) all the new recruits are susceptible. There are no immigrations of infectious humans.

Note that in absence of disease, the vector population dynamics is described by the
following diagram .
Hence, according to Figure 1 we obtain the following system:

Nv (t) = ryL(t) — dyNy(1),
L(t) = bN,(t) — (d; + r,)L(t).

Moreover, female mosquitoes lay their eggs on the surface of water or near rivers. How-
ever, if there are too many eggs in the oviposition habitat or very few nutrients and water
resources, then females choose another site or lay less eggs. In addition, to complete their
development, larvae and pupae need water or nutrients [24]. Hence, using the logistic
growth [41], the per capita oviposition rate is given by

(140w

Finally, we get the following system:

Nv(t) = ryL(t) — dyNy (1),

L(t)

1
Ly="b (1 - ?> Ny(f) — (d; + ry)L(1), W

where the biological meaning of parameters b, ry, d,, d; and K is given in Table 1.
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Figure 1. Transfer diagram: the solid arrows represent the transition from one class to another and the
blue dashed arrow represents the eggs laying of female mosquitoes.

Table 1. Values for constant parameters of the model.

Symbols Biological descriptions Values Sources Dimensions
A constant recruitment rate for humans 5000 estimated /month

dp human death rate 0.00167 estimated /month

e transfer rate of humans from /. to R, 0.03 [10] /month

g transfer rate of humans from E, to R, 0.3 [10] /month

Ve disease-induced death rate for non-immune 0.00054 estimated /month

Ya disease-induced death rate for semi-immune 0.00027 estimated /month

Ve transfer rate of humans from £ to /, 3 [7] /month

Vg transfer rate of humans from £, to I, 2.7 [7] /month

Ba per capita rate of loss of immunity for humans 0.081 [10] /month

Cev probability of transmission of infection from I, to S,, 0.45 [10] dimensionless
Cav probability of transmission of infection from /5 to S, 0.35 [10] dimensionless
Cav probability of transmission of infection from Ry, to S, 0.002 [10] dimensionless
p probability of recruitment for humans 0.4 estimated /month

Iy transfer rate from L to adult - estimated /month

d, death rate for adult vectors - estimated /month

Cue probability of transmission of infection from /, to S, 0.07 [10] dimensionless
Coa probability of transmission of infection from /,, to S, 0.022 [10] dimensionless
Vy transfer rate of mosquitoes from £, to /,, 2.49 [10] /month

Bt biting rate of mosquitoes - estimated /month

K breeder site occupied by immature mosquitoes 150,000 estimated dimensionless
b eggs laying rate - estimated /month

d death rate of immature mosquitoes - estimated /month

2.1. Interaction between humans and mosquitoes

When an infectious mosquito bites a susceptible non-immune, the parasite enters the body
of the non-immune with probability ¢,, and he moves to the exposed class E,. Some
time after, he moves from class E. to the infectious class I, with constant rate v,. The
infectious non-immune moves to the immune class R, at rate «, after acquisition of his
immunity. The non-immune disappears from the population through natural death rate
dj, and malaria death rate y,. In the same way, when an infectious mosquito bites a sus-
ceptible semi-immune, the parasite enters the body of the semi-immune with probability
cyq and he moves to the exposed class E,. Some time after, he moves from class E, to the
infectious class I, with constant rate v,. By immunology memory, immunity of infectious
semi-immune might be rapidly restored at rate o, when they begin to be re-exposed to
infection. Immune individuals in class R, can lose their immunity at rate 8, and go back
to susceptible class S,. The infectious semi-immune leaves the population through natural
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Figure 2. Transfer diagram: the black dashed arrows indicate the direction of the infection, the solid
arrows represent the transition from one class to another and the blue dashed arrow represents the eggs
laying of female mosquitoes.

death rate dj, and malaria death rate y, (¥, < y.). At any time, the non-immune popu-
lation receives a new recruitment, pA, and the semi-immune population receives a new
recruitment, (1 — p) A, with p € [0, 1].

Similarly, when a susceptible mosquito bites an infectious non-immune (resp. semi-
immune, immune), it enters the class E,, with a probability c,, (resp. cay, Cap). Some time
after, it moves from class E, to the infectious class I, with rate v, where it stays for life.
Mature mosquitoes disappear from the population through natural mortality d,,.

Using the standard incidence as in the model of Ngwa and Shu [26], we define respec-
tively the infection incidence from mosquitoes to non-immune, k.(t), from mosquitoes to
semi-immune, k,(#), and from humans to mosquitoes, k().

Ke() = cueB ()22
(4 — tve Nh(t) >
- ()
ka(t) = cpaB(1) —Nh(t) >
- Ta(0) L . R
() = a3+ e B0 + EaBOLE

According to the above assumptions, we get the following schematic diagram (Figure 2) .

2.2. Mathematical model

Using the above assumptions and by making a balance of the movements in each class, we
obtain the following system:

Se(t) = pA — (ke(t) + di)Se (D),
Ee(t) = ke(t)Se(t) — (ve + dp)E.(2),
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L(t) = veEe(t) — atele(t) — (di + ve) Le(1),

Sa(t) = (1 = p)A + BaRa(t) — (ka(t) + dp)Sa(D),
Eo(t) = ka()Sa(t) — (dp, + va)Ea(),

Lo(t) = vaEq(t) — dpla(t) — (2 + va)la(D),
Ra(t) = atele(t) + aala(t) — (dy + Ba)Ra(D),

L) =b (1 - %) (Sv(®) + Ey(t) + I(D) — (di + rv)L(D),

Su(t) = ryL(t) — (dy + ky (), (8),
Ev(t) = ky(1)Sy(t) — (dy + vy)Ey (1),
Iv(t) = WEy(t) — dpIy (1),

with initial conditions:

Se(0) >0, E.(0)>0, I,(0) >0,
S,(0) >0, E;0)>0, I,00>0, R;(0) >0,
L) >0, 8,00 >0, E,(0)>0, I,(0) >0.

(2)

The growth of the whole human population and mature vector is respectively described by

the following equations:

Nu(t) = A — dpNi(t) — yele(t) — vala(D),

Nv(t) = ryL(t) — dyNy (D).

The evolution of the immature mosquitoes is described by the following equation:

Lt)y=">b (1 — iKt)) Ny(t) — (dj + ry) L(t).

Hence, the system (2) can be written as follows:

Z(t) = g(t, Z(t)),
Z(0) > 0,

where
Z(t) = (Se(t), Ee(), (1), Sa (1), Ea(t), I (), Ra(£), L(t), Sy (), Ey (), I, (1)

and

g:Ry xR — RHU

3)

(4)

(5)
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defined by
PA — ke(t)Se(t) — dpSe(t)
ke(£)Se(t) — veEe(t) — dpE,(t)
VeEe(t) — atele(t) — dple(t) — yele(t)

(1 = p)A + BaRa(t) — ka()Sa(t) — dpSa(t)
ka(t)Sa(t) — dpEa(t) — vaEa(t)
VaEa(t) — dpla(t) — aala(t) — vala(t)
dele(t) — dpRa(t) + atala(t) — BaRa(?)

gt Z(1) =

b <1 - %) Ny(t) — (dj + ry) L(t)
roL(t) — dySy(t) — ky(H)Sy (1)
ky(£)Sy () — dyEy(t) — vyEy (1)
WEy () — dyIy (1)

We assume that

(A5) the biting rate B(f) is a continuous w-periodic positive function with @ =12
months,

(A6) all the parameters of the model are positive except the disease-induced death rates,
¥e and y,, which are assumed to be non-negative.

3. Mathematical analysis
3.1. Positivity and boundedness of solutions

Lemma 3.1: For any positive initial condition, ¢ = (5.(0), E.(0), 1,(0), S;(0), E;(0), 1,(0),
R,(0), L(0), S,(0), E;,(0), I,(0)), the system (2) has a unique positive solution u(t, ¢) for all
t>0.

Proof: For any positive initial condition ¢, the function g(t, ¢) is continuous in (¢, ¢) and

Lipschitzian in ¢. So, thanks to Theorems 2.2.1 and 2.2.3 of Hale and Verduyn Lunel [13],

the system (2) has a unique solution u(¢, ¢) on its maximal interval [0, fi,ax) of existence.
Moreover, for all t > 0, let

e(t) = min {Se(1), Ec (), Ie(£), Sa(t), Ea(t), Ia(£), Ra(1), L(1), Sy (1), Ey (1), I (1)} .

Let us suppose that there exists t; > 0 such that e(t;) ¢ R’ and e(t) > O forall t € [0, ).
Ife(t) = Se(t), then S, () > 0and k.(t) > 0. Thus, from the first equation of system (2),
we have

Se(t) > —(ke(t) + dp)Se ().
It then follows that

5]
Se(t1) > S.(0) exp [—/ (ke(t) + dp) dt:| > 0,
0
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which leads to a contradiction.
If e(t) = E.(), then S.(¢) > 0 and k.(¢) > 0. Thus, from the second equation of sys-
tem (2), we have

Ee(t) > —(dp + ve)E.(1).
It then follows that
E.(t1) > E.(0) exXp [_(dh +ve)t1] > 0,

which leads to a contradiction.
If e(t) = I.(t), then E.(¢) > 0. Thus, from the third equation of system (2), we have

1e(t) > —(ae +dp + Ve)le(t).
It then follows that
I (t1) > 1.(0) exp [—(cte + dh + Ve)tl] > 0,

which leads to a contradiction.

Similar contradictions can be obtained if e(t) = S,(t), e(t) = E; (), e(t) = I,(¢), e(t) =
R, (1), e(t) = L(t), e(t) = Sy(t), e(t) = Ey(t) and e(t) = I,,(t). Hence, the solution u(t, ¢)
is positive. |

Thus the system (2) is mathematically well-defined over the whole R}!. Nevertheless, the
region of biological interest is I" defined by

F = (Se) Ee» Ie>Sa’Eas Ias Raa L) Sl)s Ev) Iv) S R}i_l L S K

Lemma 3.2: The compact I' is a positively invariant set, which attracts all positive orbits in
R!!. Moreover, all the solutions are bounded.

Proof: According to Equations (3), (4) and (5), we have

Ni(t) = A — dpNi(t) = yelo(t) — Valo(t) < A — dpNy (1),
Nv(t) = ryL(t) — dyNy(t) < ryK — dyNy(1),

. L(t) bryK  bry
Thus if
A ry K
Nu(t) > —, Ny(t) > and L(t) > K,
dy dy
then

Nu(t) <0, Ny(t) <0 and L(t) <0, respectively.
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Moreover, let us consider the following ordinary differential equations:

Nu(t) = A — dyNy(b),
br,K B br, L)
dy dy ’

Nv(t) = r,K — dyNy(t),

L(t) =

with respective general solutions:

A A
Np(t) = a4, + (Nh(O) - d_h) exp (—dpt),

ry K

K
Nv (t) = d

+ (NU(O) -

v

L(t) = K+ (L(0) — K) exp (—%t).

v

By applying the standard comparison theorem, we have for all ¢ > 0,

> >

Ny(®) < r;K, if Ny (0) < r;K,

v v

L(t) <K, ifL(0)<K.

Thus the compact set I' is positively invariant, and then the solutions are bounded. |

3.2. Disease-free equilibria

Let us consider the following threshold parameter:

Kz(dlir)(%)‘

This threshold plays an important role in the dynamics of malaria transmission because it
allows to regulate the mosquitoes population dynamics.

Proposition 3.3: The model (2) has a:

o trivial disease-free equilibrium

E~ =(S},0,0,5%,0,0,0,0,0,0,0) ifx <1,
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e non-trivial disease-free equilibrium
ET = (5},0,0,5%,0,0,0,L*%,8%,0,0) ific > 1,

sV

where

and

1 r, K 1
L*=K(1-=), &="2(1-=).
(1-5) =" (%)

Proof: Solving the system at the disease-free equilibrium, we get

A A
S=pp Si=0-pg. Si=700
v

and
L*
b <1 - ?> Sy — (d+r,)L* =0. (6)

Replacing S? by its expression in (6), we have

L*\ ry .

Hence, it yields that

I*=0 or L*=K<1—M>=K(l—l>.

bry K

Thus

e Ifk <1,L* =0, then S = 0. Hence, we obtain E™.
o Ifk > 1,L* > 0, then S} = (r,K/dy)(1 — 1/k). Hence, we obtain ET.

Remark 3.1: In practice, it is very difficult to find regions completely devoid of anophe-
les. Hence, we only consider the non-trivial disease-free equilibrium because it is more
biologically realistic. So, in the rest of the paper we assume that ¥ > 1.
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3.3. Threshold dynamics

Linearizing the system (2) at the equilibrium state E™, we obtain the following system (only
the equations for the infectious classes):

Ee(t) = Pcveﬁ(t)Iv(t) — (Ve + dp)Ee(t),
Le(t) = veE(t) — (ote + dp + Ye)le(2),
Eo(t) = (1 = p)ewaBOIL, () — (dy + va) Ea(t),
Ia(t) = VaEa(t) — (dp + oq + va) La(2),
Ra(t) = el (t) + agla(t) — (Ba + dn)Ra(t),
Ev(t) = ﬁ(t)% (Cevle(t) + cavla(t) + EavRu(t)) — (dy + vy)Ey (1),
h
jv(t) = VEy(t) — duly(t).
This system can be rewritten as follows:
U(t) = (F() = V() U(),

where

U(t) = (Eo(t), To(1), Ea(1), La(t), Ra(£), By (1), L (1),

0 0 0 0 0 0 PeveB (D)
0 0 0 0 0 0 0
0 0 0 0 0 0 (1 —p)evaB(t)
F() = 0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 Ceuﬁ(t)s_j 0 cauﬂ(t)ﬁ Eavﬂ(t)s_i 0 0
Ny Ny N
0 0 0 0 0 0 0
and
M, 0 0 0 0 0 0
—ve M, 0 0 0 0 0
0 0 M3 0 0 0 0
vinh=1] 0 0 —vg, My 0 0 0
0 —0 0 —o, Ms 0 0
0 0 0 0 0 Mg O
0 0 0 0 0 —v, dy
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with
My =ve+dp, My=dy+oe+ye, Mz=v,+dp,
My=dp+oa+ve Ms=dy+ fa M=y +dy.
Forall t > s, let Y(t,s) be the evolution operator of the linear periodic system
() = =V(D)y.
That is, for each s € R, the 7 x 7 matrix Y (¢, s) satisfies the equation:
Y(t,s) = —V(H)Y(ts), Vi=s,  Y(ss) =1,

where I is the 7 x 7 identity matrix.
Let C,, be the ordered Banach space of all w-periodic functions from R to R” which is
equipped with the maximum norm ||.|| and the positive cone

Cl={peCy:0(1) >0, VteR}.

Let us suppose ¢ (s) € C, is the initial distribution of infectious individuals in this peri-
odic environment, then F(s)¢(s) is the rate of new infections produced by the infected
individuals who were introduced at time s, and Y (¢, s)F(s)¢ (s) represents the distribution
of those infected individuals who were newly infected at time s and remains in the infected
compartments at time f for ¢ > s. Hence, the distribution of accumulative new infections
at time ¢ produced by all those infected individuals ¢ (s) introduced at the previous time is
given by

t [e¢)
VU(t) = / Y(t,5)F(s)p(s) ds = / Y(t,t — a)F(t — a)¢(t — a) da.
—00 0

Let £ : C, —> C, be the linear operator defined by

(L)) = /OO Y(t,t —a)F(t —a)p(t —a)da, VteR, ¢ € C,.
0

Then, L is the next infection operator, and the basic reproduction ratio is R := p (L), the
spectral radius of L.
In order to calculate R, we consider the following linear w-periodic system:

1
w(t) = [Xp(t) - V(t):| w(t), VteR,, A e (0,00). (7)
Let W(t,s,1), t > s,s € R, be the evolution operator of the system (7) on R”. It is clear
that

W(t0,1) = dp_y (), Yt>0.

The following result will be used in our numerical calculation of the basic reproduction
ratio.
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Lemma 3.4 ([36]): (i) If p(W(®,0,A)) =1 has a positive solution Ay, then Lo is an
eigenvalue of L, and hence Ry > 0.

(ii) If Ro > 0, then A = Ry is the unique solution of p(W(w,0,1)) = 1.

(iii) Ro = 0ifand only if p(W(®,0,1)) < 1, forall A > 0.

Proposition 3.5: Lete > 0. If Ry is the basic reproduction ratio corresponding to biting rate
B(t) = eB(t), then Ry = ¢Ry.

Proof: If B(t) = ¢B(t), then the linear system (7) becomes
. e
n(t) = [XF(t) - V(t)] w(t), VteRy, e (0,00).
Let
E(t)=¢F(t) and V() = V()
and W(w, 0, 1), the monodromy matrix of the following system:
; 1a ~
w(t) = [XF(t) — V(t)} w(t), VteRy, i€ (0,00).
It is easy to remark that
N A
W(w,0,A) = W (a), 0, —> .
e

Thus it then follows that
p(W(w,0,Ro)) =1 = p (W <a),0, —°)> =1.
P

Hence, Ry = ¢Ry. [ |

We have proved that the biting rate is an important parameter for the dynamics of
malaria transmission. Thus it could be used as a very good strategy to control malaria.

Remark 3.2: Let 8 = (1/w) fow B(s) ds be the average number of bites. Then, the basic
reproduction number, Ry, of the associated autonomous system is given by the spectral
radius of the matrix FV ! [35]. So

Ro = \/r;f <1 - %) (ﬁga + 7%38)

- 32(1 —
R(z)a _ UaVvaa,B ( P) (&Eav +Cuv) )

with

dyM3MyMgN; \ M5
= VeVyCueB2P O ..
RZ = vl L (2 4o ).
% dyMMyMgN; \ M5 "

We observe that the basic reproduction number, R, depends on the threshold «. It could
also be used to control the transmission of malaria.
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3.4. Stability of disease-free equilibrium E*

In this part of the paper, we focus on the stability of the disease-free equilibrium E*. For
that, we first study the global behaviour of the model (1).
Let

(x(1), y(£)) = (Ny(8), L(1)).

Then, we write the system (1) as follows:

X =rny — dyx,
- A (8)
y=5b (1 K) x—(di+ry)y.

The system (8) has two equilibrium points:

e a mosquito-free equilibrium, My = (0, 0),
e amosquito persistence equilibrium, M; = (x*, y*), with

K 1 1
x* — Ty <1 _ _) and y* — K (1 — —) 5 lfK > 1
dy K k

As mentioned above, the equilibrium M) is not biologically realistic, so we suppose that
Kk > 1.

Theorem 3.6: If« > 1, then the equilibrium M), is locally asymptotically stable.

Proof: By linearizing the system (8) at the steady state M;, we obtain the following system:

X =ryy — dyX,

. b bry 1
y=—x—|d+r+—1——||y
K dy K

Let us consider the following matrix:
—a; o«
B = ( 1 2 )
o3 —0y

b b 1
a1 =dy, oy =ry, «o3=— and a4=dl+rv+ﬁ<1——).
K dv K

with

The matrix B has two eigenvalues:

\/(oq —a4)? + 4oz + oy +ay \/(011 —ag)? + dopoz — o — oy
=— 5 and A= 5 .

Itis clear that the eigenvalue A always is negative. Now, we aim to show that the eigenvalue
Az is also negative if k > 1. Indeed, we have

Al

1
o3 — ooy =bry | ——1).
K
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Thus if « > 1 both A; and X, are negative. Then, from Poincaré-Lyapunov theorem [24],
we conclude that the equilibrium M; is locally asymptotically stable if « > 1. |

Theorem 3.7: Ifk > 1, then the equilibrium M is globally asymptotically stable in A, where

K
A = {(x,y)eRi:xf r2 ,ySK}.
v
Proof: To prove the global stability of M;, we consider the following Lyapunov function:
V:R* — R
() — 5 (816 — x> + 8200 — y9?),

where §; and §; are positive constants. Note that

o V(x*,y*) =0and V(x,y) > 0if (x,y) # (x*,y"),
e otherwise, calculating the derivative of the function V, we get

V(x,y) = 81(x — X))+ 82(y — y*)y
= 81()( — x*) (Tvy - dvx) + 32()’ _y*) [b (l - %) x = (dl + Tu))’] )
Let
F=x—x j=y—y and X=Gp"

Denote (.,.) the scalar product in R?. Then, we have

. - = 82b
Vixy) = (A%, X) - %yzx
with
b
A= —82(1’1} + dl) 82;
511’U —51dv
Let A=N—M with
0 4 b 82(ry + dp) 0
N = 2 and M=(2vO ! (Sd)'
511’U 0 14
Now, we construct the symmetric matrix S = —M + %(N + NT),

Let

1 b
pr=ax(ry +dp), PBr= > <51fu +52;) and B3 = 81d,.

(B B
S_</32 —/33)'

Then, we have
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Moreover, we have

=~ M.+ § (V5] + X 1]
= — (MX,X) + 1 [(X, NX) + (NX, X)]
= — (MX,X)+ L [[NX, %) + (NX, X)]

Thus the matrix S has two eigenvalues (] and 1, defined as follows:

JBr— B3 + 483 + B1 + s JBr— B3 + 482 — (B + B)
=— and = .

M“1 > >

Taking
1 Ty
§i=— and SH=——-—,
! Ty ? dy(ry + dy)
then we obtain

_dﬁ —|—rﬁ

<0 and pup=0.
dyry

M1 =
It then follows that
(AX,X)=(SX,X) <0 forall X € R

Moreover, if (x,y) € A\ My, it yields that V(x, y) < 0. Hence, LaSalle’s invariant prin-
ciple [17] implies that M is globally asymptotically stable in A.

Theorem 3.8 ([36]): (i) Ro = 1lifonlyif p(Pp_v(w)) = 1.
(i) Ro < Lifonlyif p(®p_v(w)) < L.
(iii) Ro > lifonlyif p(Pr_yv(w)) > 1.

Proof: (i) If'Rg = 1,thenfrom Lemma 3.4 (ii), we have p (W (w, 0, 1)) = p(Pp_v(w)) =
1. Otherwise, if p(®r_y(w)) = 1, then Lemma 3.4 (i) and (ii) imply that Ry = 1.

(ii)) (a) Assume that Ry > 1. Since Ry is positive and the linear operator £ is compact

and positive, then thanks to Krein-Rutman theorem [14], R is an eigenvalue of

L with a positive eigenfunction w in C,. Thus, for some fty € [0, w], w(ty) > 0
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and we have
w(t) = (F(t) — V(t) w(t) + (RL — 1) F(Hw(t), VteR 9)
0

with F(f)w(t) # 0 for all ¢ in R. Moreover, by applying the constant-variation
formula to Equation (9), we obtain

w(ty) — Wty + o, tg, Dw(ty) =k
with

1 to+w
k.= (— — 1) / W(ty + w, s, 1)F(s)w(s) ds.
7?'O to

Note that if the matrix V(¢) is irreducible, then W(t,s, 1) is strongly positive for
eacht>s,s € Randk <« 0if Ry > 1. Hence,

—w(ty) + W(ty + w, to, Dw(ty) = —k >0 inR’.

Since —w(ty) < 0, then from [14], p (W (to + o, tg, 1)) = p(Pp_v(w)) > 1.

Assume that p(®r_y(w)) > 1. Thus we have p(W(w,0,1)) = p(Pr_y(w)) >
1 and from Lemma 3.4 (iii) we get R > 0. It then follows that (9) is still valid.
Hence, if Ry € (0, 1), then in the case where V (¢) is irreducible, it follows that
p(W(ty + w, tp, 1)) = p(Pr_y(w)) < 1 that leads a contradiction. So Ry > 1.

(iii) is a consequence of the conclusions (i) and (ii) above.

Lemma 3.9 ([38]): Let r = 1/wln p(Par()(w)), then there exists a positive w-periodic
function v(t) such that e v(t) is a solution of z(t) = N (t)z(t).

Theorem 3.10: The disease-free equilibrium E* is locally asymptotically stable if Ry < 1
and unstable if Ro > 1.

Proof: Let A(t) be the Jacobian matrix of (2) evaluated at E*. Then, we have

where

_(E@®) — V() 0
AW = ( Ao (t) Azz) ’

o =4 o o
Ay = 0 0 —as s |
0 0 (0% —
o 0 0 0 0 0 —pi(®
0 0 0 0 Ba 0 —pa(®)
A (t) = ,
0 0 0 0 0 0 0
0 —p3(®) 0 —pg(®) —ps@®) O 0
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with
S*
p1(8) = peyeB(t),  p2(t) = (1 — pleyaf(), p3(t) = Cevﬁ(t)N_i)
h
t) = t S: t) =¢ t S:
pa(t) = cavB( )N_;’ ps(t) = cavB( )N_}T'

E* islocally asymptotically stable if p(® 4,,(w)) < 1 and p(Pp_y(w)) < 1[33].
We note that A, is a constant matrix and its eigenvalues are given by

_\/(051 — oy)? 4+ dopos + oy + oy

A =
! 2
Vi — ag)? + dares — op — oy
Ay = ,
2
A3 = Ay = —dp,.

Since k > 1, then all the eigenvalues A1, A2, A3 and A4 are negative. It then follows that

p(®4,,(w)) < 1. Furthermore, the stability of E* depends on p(®p_y (w)).

Hence, if p(®r_v (@) < 1, then ET is stable, but if p(®r_y (w)) > 1, then E* is unsta-
ble. Thus, thanks to Theorem 3.8, E™ is locally asymptotically stable if Ry < 1 and unstable

ifR() > 1.

Theorem 3.11: Ify, = y, = 0and Ry < 1, then the disease-free equilibrium E* is globally

asymptotically stable.

Proof: If y, = y, = 0, we can rewrite (3) and (4) as follows:

Nu(t) = A — dpNy (1),
Nv(t) = ryL(t) — dyNy(t).

Thus there exists a period @’ such that for all t > «/,
Ny(t) <S5 +€ and Ny(t) = Nj —¢, foralle > 0.

It then follows that

Se(t) - Sk ) Sa(t) - Sk and Sy (t) _ Sﬁ—i—e‘
Nu(t) — NZ —¢€ Ny(t) — NZ —€ Ny(t) — NZ —€
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Thus from the system (2), we have

E e(D) < Cve— S IB(t)I (t) — (Ve + dpn)Ec(1),
Nh
Ie(t) = VeEe(t) — (ate + dp) (1),

*

Ea(t) = Cva Sa ,B(t)Iv (t) — (dp + va)Ea(t),
Nh

fa(t) = VaEq(t) — (dp + aa)La(t),

Ra(t) = aele(t) — (dy + Ba)Ra(t) + agly(2),
Bm§£+
Iv(t) =V Ey () — dp I, (D).

Let us consider the following auxiliary system:
h(t) = Ac(Dh(D),
with

hi(t) = (Eo(0, To(8), Ea(), T(0, Ra(0), By (8), T,(0)

and the matrix A (t) defined by

c
—M,; 0 0 0 0 0 veS
Nh
Ve —M, 0 0 0 0
Cva
0 0 —M; 0 0 0
Ac ()= NZ
()= 0 0 Vg —My 0 0
0 o, 0 o, —Ms5 0
St +e€ St 4€ S* +e€
0 %vﬂ(ﬂbﬁ 0 Qwﬂ(ﬂpﬂ< Qwﬂ() —Ms
h h
0 0 0 0 0 Vy —d,

B(1) (CuvI () + cevle(t) + CavRa (t)) (dy + vy)Ey (1),

ﬁ()

a0

(10)

(11)

From Theorem 3.8, if Ry <1, then p(®Pr_y(w)) < 1. Clearly, lim, g+ 4, (0) =
®r_y(w) and by continuity of the spectral radius, we have lim, ¢+ p(P4, (@) =
p(Pr_y(w)) < 1. Thus there exists €; > 0 such that p(P4 (w)) < 1, for all € € [0, €;].
From Lemma 3.9, there exists a positive w-periodic function v(t) such that fz(t) =e"tu(t)
is a solution of (11) with r = 1/wln p(P 4, (w)). Since p(P4, (w)) < 1, so r <0. The w-

periodic function v(t) is bounded and it then follows that lim;_, fl(t) = 0. Applying
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comparison theorem [16] on system (10), we get
tl_l)l'l(;lo(Ee(t), Ie(t)> Ea(t)’ Ia(t): Ra(t)’ Ev(t), IU(t)) == (O) 0’ O, 0) O) 0’ O)

Hence, from the first and fourth equations of system (2), we get

lim S.(t) =S, and lim S,(¢) =S.

t—00 t— 00
Moreover, from Theorem 3.7, we have

lim L() =L* and lim S,(t) = S;.

t— 00 t— 00

It then follows that the equilibrium E* is globally attractive. |

3.5. Persistence of malaria
Let us consider the following sets:
X:= RE,
Xo:={(Ser.. ., Ip) € X|Eo > 0,I, > 0,E; > 0,1, > 0,R; > 0,L > 0,E, > 0,1, > 0},
9Xo == X \ Xo.

Let u(t, ¢) be the unique solution of (2) with initial condition ¢, ®(¢) the periodic semi-
flow generated by periodic system (2) and P : X — X the Poincaré map associated with
system (2), namely:

P(¢) = CD(C‘))¢ = u(a)’ d))’ Vd’ e X,
P (@) = ®(mw)p = u(mw, ), VYm > 0.

Proposition 3.12: The sets Xo and 09Xy are positively invariant under the flow induced
by (2).

Proof: For any initial condition ¥ € Xj, by solving the equations of system (2) we derive

that
t t s
Se(t) = exp (—/ hi(s) ds) |:Se(0) +pA/ exp (/ hi(7) dt) ds:|
0 0 0
t t s
> pAexp (—/ hi(s) ds> |:/ exp (/ hi(t) dr) ds]
0 0 0

>0, Vt>0, (12)

t
E.(t) = exp(—M;t) (Ee(O) + / ke(s)Se(s) exp(M;s) ds)
0

t
> exp(—M;t) </ ke(5)Se(s) exp(M;s) ds)
0

>0, Vt>D0, (13)
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t
I.(t) = exp(—M;t) (Ie(O) + ve/ E.(s) exp(M3s) ds)
0

t
> Ve exp(—M;t) ([ VeEe(s) exp(Mys) ds)
0

>0, Vt>0,

t t s
Sa(t) = exp (—/(; hy(s) ds> |:Sa(0) + /o (1 = p)A 4 Ru(s)) exp (/0 hy (1) d‘[) ds]
t t s
> exp (—/ hz(s)ds> |:/ (1 = p)A 4+ Ru(s)) exp (/ hy (1) d‘l,') ds}
0 0 0

>0, Vt>D0, (14)

t
E,(t) = exp(—M3st) (Ea(O) + / ka(s)Sa(s) exp(Ms3s) ds)
0

t
> exp(—Ms3t) (/ ka(s)Sa(s) exp(Ms3s) ds)
0

>0, Vt>0, (15)

t
I,(t) = exp(—Mat) (Ia(O) + va/ E,(s) exp(Mas) ds)
0

t
> v, exp(—Myt) ( / E,(s) exp(Mys) ds)
0

>0, Vt>0, (16)

t
R,(t) = exp(—Mst) (Ra(o) + / (aele(s) + agly(s)) exp(Mss) dS)
0

t
> exp(—Mst) (/ (atele(s) + agly(s)) exp(Mss) d5>
0

>0, Vt>D0, (17)

t t s
L(t) = exp <— /0 h3(s) ds) [L(O) + b/o Ny (s) exp </0 hs(7) dr) ds]
t t s
> bexp (—/ h3 (1) ds) / Ny (s) exp (/ h3 (1) dt) ds
0 0 0

>0, Vt>D0, (18)
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t t s
Sy(t) = exp (—/ hy4(s) ds) |:Sv(0) + 7y / L(s) exp (/ (ha(T)) dr) ds]
0 0 0
t t s
> 1y exp (—/ hy(s) ds> |:/ L(s) exp (/ hy(T) dr) dsi|
0 0 0

>0, Vt>0, (19)

t
Ey(t) = exp(—Mst) (Ev 0) + / ky (s)Sy (s) exp(Mes) d5>
0

t
> exp(—Mpt) ( / ko ()4 (5) exp(Mes) ds)
0

>0, Vi>0, (20)

t
I, (t) = exp(—dyt) (Iv(O) + vy f Ey(s) exp(dys) ds)
0

t
> vy exp(—dyt) (/ Ey(s) exp(dys) ds)
0
>0, Vt>O0, (21)

where

h(t) = ke(t) +dp, ha(t) = ka(t) + dp,
Ny (1)

hs(t) = K

+di4ry,  ha(t) = ky(t) + dy.

Thus Xj is positively invariant. Since X is positively invariant and 9X is relatively closed
in X, it yields that dX is positively invariant. |

Note that from Lemma 3.2, I" is a compact set which attracts all positive orbits in X that
implies that the discrete-time system P : X —> X is point dissipative. Moreover, Vng >
1, P™ is compact, it then follows that P admits a global attractor in X.

Lemma 3.13: If R > 1, there exists n > 0 such that when ||¢ — E* || <n, V¢ € Xo, we
have

lim sup ”P”(gb) — E+|| > .
n— oo

Proof: Suppose by contradiction that limsup,,_, . ||P" (¢) —ET H < 1 for some ¢ € Xj.
Then, there exists an integer N7 > 1 such that for all n > Ny, | P"(¢) — E* || < 1. By the
continuity of the solution u(¢, ¢), we have ||u(t, P"(¢)) — u(t,ET) || <o forall t > 0 and
o > 0.Forallt > 0,lett = nw +t', where t' € [0,w] and n = [t/w]. [t/w] is the greatest
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integer less or equal to t/w. If || ¢ —E* || < n, then by the continuity of the solution u(t, ¢),
we have

|ut,¢) — u(t, EY)| = ||u(t’ + no,¢) — u(t' + no, EY) |
= | @ + nw)p — (' + nw)E™||
= | @ ()P (nw)p — ()P (nw)E™||
= [P (¢) — 2P (EY)|
= [®@)P" (@) — 2(HEF| <o0.
Moreover, there exists o* > 0 such that for all t € [0, w],

Se(t) _ S St S L SO S,

—_— * f—

> = -0, >——o0 and —— >
Nup(t) = N, Nu(t) = N, Nu(t) — N,

Hence, we obtain the following system:

%

Ee(t) > (S—‘; - a*) cveB (DI (1) — (Ve + dp)Ec(t)
Nh

je(t) = VeEe(t) — (acte + dj + Ye) (1)

Eq(t) > (S_i - 0'*> cvaBO Iy (t) — dpEa(t) — vaEq(2)
Nh

fa(t) = VaEa(t) — (dp + ag + va)La(t)
Ra(t) = dele(t) — (dy + Ba)Ra(t) + ataly(t)

*

Ev(t) > B(1) (I% - O'*) (Cavla(t) + cevle(t) + EuvRu(t)) — (dy + vy)Ey(2)
h
L}(t) = vy Ey(t) — dply(t).

Let us consider the following auxiliary linear system:
J(t) = Mo+ (D] (1), (22)
where

T(8) = (Be(8), T(1), Ea(0), Ta(0), Ra(8), By (8), Ty (0) "
and M, (t) a matrix defined by

—M; 0 0 0 0 0 ceBq
ve =M 0 0 0 0 0
0 0 —M3 0 0 0 cwaB(Dq2
0 0 Vg —My 0 0 0 >
0 o, 0 o, —Ms 0 0
0 cfgs 0  cawf®)qgs CawPf(H)qs —Ms 0
0 0 0 0 0 Vy —d,
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with
s 5 5:
= _ g% =2 —¢* and =+ —o"
q N} Q2 N; q3 N;

Once again by Lemma 3.9, there exists a positive w-periodic function v(t) such that
J(t) = e"v(t) isa solution of system (22) withr = (1/w) In p(®py_ . (@)). p( Py, . () > 1
implies that r > 0. In this case, J(t) — oo as t — o0. Applying the theorem of comparison
[16], we have

Jim [(Ee(8), Le(1), Ea(1), La(), Ra (1), Eu (), L ()| = o0,

that contradicts the fact that solutions are bounded. [ |

Theorem 3.14: If R > 1, there exists £ > 0 such that any solution u(t, ) with the initial
condition ¢ € X satisfies

liminf S.(¢t) > &, liminfE.(t) > &, liminfl.(t) > &, liminfS,(t) > &,
t—00 t—00 t—00 t—00

liminf E;(¢t) > &, liminfI,(¢) > &, liminf R,(¢t) > &, liminfL(t) > &,
t—00 t—00 t—00 t—00

liminf S, (¢t) > &, liminf E,(¢) > &, liminfI,(t) > &,
t— 00 t—00 t—00
and the system (2) has at least one positive periodic solution.

Proof: Let us consider the following sets:

My = {¢ € 0Xo : P'(¢) € 9Xo, n = 0},
D = {(S,0,0,54,0,0,0,L,$,,0,0) € X: S, > 0, S, > 0, L >0, S, > 0}.

It is clear that D C Mj. So we must prove that My C D. That means, for any initial condi-
tion ¢ € 0Xg, Ec(nw) = 0 or I,(nw) = 0 or E;(nw) = 0 or I,(nw) = 0 or R;(nw) = 0 or
E,(nw) = 0 or I,(nw) = 0, for all n > 0.

Let ¢ € 0Xy. Suppose by contradiction that there exists an integer n; > 0 such
that E.(nyw) > 0, I.(nyw) > 0, E;(mw) > 0, I,(nyw) > 0, R;(njw) > 0, E,(nw) > 0,
I,(njw) > 0. Then, by replacing the initial time t=0 by t = mw in (12)-(20), we
obtain S.(t) > 0, E.(t) > 0,L.(t) > 0,S,(t) > 0, E,(t) > 0,1,(t) > 0,R,(t) > 0,L(t) > 0,
Sy(t) > 0, Ey(t) > 0,I,(t) > 0, that contradicts the fact that 0Xj is positively invariant.

The equality My = D implies that E* is a fixed point of P and acyclic in Mj, every
solution in My approaches to E*. Moreover, Lemma 3.13 implies that E™ is an isolated
invariant set in X and W*(E™) N X, = . By the acyclicity theorem on uniform persistence
for maps [43, Theorem 3.1.1], it then follows that P is uniformly persistent with respect to
(X0, 9X0). So the periodic semiflow ®(t) is also uniformly persistent. Hence, there exists
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& > 0 such that
liminf S.(¢t) > &, liminfE.(t) > &, liminfl.(t) > &, liminfS,(t) > &,
t—00 t— 00 t— 00 t— 00
liminf E;(¢t) > &, liminfI,(¢t) > &, liminf R,(¢) > &, liminfL(t) > &,
t—00 t—00 t— 00 t—00

liminf S, (¢t) > &, liminfE,(t) > &, liminfI,(t) > &.
t—00 t—00 t—00

Furthermore, thanks to Theorem 1.3.6 in [43], the system (2) has at least one periodic
solution u(t, ¢*) with ¢* € Xj.

Now, let us prove that S} (0), S’ (0) and S} (0) are positive. If S} (0) = S%(0) = S}(0) = 0,
then we obtain that S} (t) > 0, S} () > 0and S}(t) > 0 forall > 0. But using the periodic-
ity of solution, we have S,(0) = S.(nw) = 0, S4(0) = S;(nw) = 0 and S,(0) = S, (nw) =
0, that is a contradiction. [ |

4. Numerical simulations and sensitivity analysis

In this section, we simulate the model in order to illustrate our mathematical results. The
numerical values of the model are given in Table 1.
Using the periodicity of the function B(t), we can write it in the following form [4, 30]:

B(t) = [m + by cos (%t>i| per month,

where a; and b; are constants chosen such that the function B(¢) is positive.

Figures 3-5 show that malaria is persistent and the system admits at least one positive
periodic solution that illustrates our mathematical result of Theorem 3.14. Furthermore,
we remark that the number of infected humans is very high (see Figures 3 and 4) that means

"
1400 7 %10’
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200 1F
9 0
o 3 % “‘:l 100 m‘” 140, 100. 100° 200 0 50 100 150 200 250 300
me (month) time (month)
(a) Exposed non-immune. (b) Infectious non-immune.

Figure 3. Distribution of infected non-immune with d; =4,r, =15,d, =3.5,b = 180,y, =
0.00054, y; = 0.00027 and a; = 5,b; = 3. The initial conditions are given by S.(0) = 500, E.(0) =
250, ¢ (0) = 150, S,(0) = 1000, E;(0) = 500, /;(0) = 1000, R,(0) = 2000, S, (0) = 10,000, E,(0) =
4000, /,(0) = 2000 and L(0) = 15,000. We obtain x = 40.6015 and Ry = 1.7127 > 1. (a) Exposed
non-immune and (b) infectious non-immune.
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Figure 4. Distribution of infected semi-immune with d; =4,r, =15,d, =3.5,b =180, y. =
0.00054, y; = 0.00027 and a; = 5,b7 = 3. The initial conditions are given by S.(0) = 500, £.(0) =
250, /o(0) = 150, S4(0) = 1000, E4(0) = 500, I5(0) = 1000, R4(0) = 2000, S, (0) = 10,000, £, (0) =
4000, /,(0) = 2000 and L(0) = 15,000. We obtain x = 40.6015 and Ry = 1.7127 > 1. (a) Exposed
semi-immune and (b) infectious semi-immune.
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(a) Exposed mosquitoes. (b) Infectious mosquitoes.

Figure 5. Distribution of infected mosquitoes with d; =4,r, =15,d, =3.5,b =180, ). =
0.00054, y; = 0.00027 and a; = 5,b; = 3. The initial conditions are given by S.(0) = 500, E.(0) =
250, 1¢(0) = 150, 54(0) = 1000, £,(0) = 500, /;(0) = 1000, Rz(0) = 2000, S, (0) = 10,000, £,(0) =
4000, /,(0) = 2000, and L(0) = 15,000. We obtain « = 40.6015 and Ry = 1.7127 > 1. (a) Exposed
mosquitoes and (b) infectious mosquitoes.

that we are in the endemic region. In addition, we notice that the density of infectious non-
immune is critical (see Figure 3b). As we mentioned it above, the non-immune humans are
very vulnerable to malaria virus. Hence, it is very important to develop control measures
in order to reduce their infectious number. These control measures can consist in fight-
ing against immature mosquitoes proliferation (by reducing «), avoiding contact between
humans and mosquitoes (by reducing the biting rate 8(t)), by protecting a proportion of
non-immune through vaccination or by reducing the number of female anopheles already
present in the area.

Thus, let us assume that after some years, humans become more conscious about malaria
mortality and then, develop some personal methods to avoid mosquitoes bites and also
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Figure 6. Distribution of infected non-immune with a7y =3,b7 =25,d=4,d, =7.5b=
90, ¥e = Y4 = 0. The initial conditions are given by S.(0) = 500, E.(0) = 500, /,(0) = 1000, S4(0) =
1000, £4(0) = 500, [;(0) = 1000, R4(0) = 2000, S,,(0) = 10,000, £,,(0) = 8000, /,,(0) = 4000  and
L(0) = 15,000. We obtain ¥ = 9.47 and Ry = 0.3828 < 1. (a) Exposed non-immune and (a) infectious
non-immune.
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Figure 7. Distribution of semi-immune infected with a7 =3,b7 =25,d=4,d, =75b=
90, ¥ = Y4 = 0. The initial conditions are given by S.(0) = 500, E.(0) = 500, /.(0) = 1000, S4(0) =
1000, E4(0) = 500, /,(0) = 1000, R,(0) = 2000, S, (0) = 10, 000, £, (0) = 8000, /,,(0) = 4000 and
L(0) = 15,000. We obtain k = 9.47 and Ry = 0.3828 < 1.(a) Exposed semi-immune and (b) infectious
semi-immune.

to reduce the mosquito population. By applying these measures, we obtain the following
figures (Figures 6-8).

Figures 6-8 show that the solution of the system approaches the disease-free equilibrium
E* which is globally asymptotically stable; that illustrates the result of our Theorem 3.11.
Moreover, Figure 6 shows that the number of infected non-immune is rising in the short
time but the disease cannot persist due to the current prevention and control measures.
However, the application of these control measures must be intensified over the first 60
months of infection in order to reduce the malaria death rate for the non-immune.
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Figure 8. Distribution of infected mosquitoes with a; = 3,b1 = 2.5,d = 4,d, = 7.5,b =90, y. =
ya = 0. The initial conditions are given by S.(0) = 500, E.(0) = 500,/.(0) = 1000, 5,(0) =
1000, £4(0) = 500, /;(0) = 1000, R;(0) = 2000, S, (0) = 10, 000, E, (0) = 8000, /,(0) = 4000 and
L(0) = 15,000. We obtain ¥ = 9.47 and Ry = 0.3828 < 1. (a) Exposed mosquitoes and (b) infectious
mosquitoes.
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Figure 9. Distribution of infected non-immune and semi-immune with d; =6.5,r, =7,d, =
7.5,b = 20, Y. = Y4 = 0 and a; = 5, by = 3. The initial conditions are given by S.(0) = 500, £.(0) =
250, ¢ (0) = 150, S,(0) = 1000, E;(0) = 500, /;(0) = 1000, R,(0) = 2000, S, (0) = 10,000, E,(0) =
4000, /,(0) = 2000 and L(0) = 15,000. We get « = 1.3827 and R = 0.2139 < 1. (a) Infectious
non-immune and (b) infectious semi-immune.

Next, we perform some sensitivity analysis to determine the influence of parameters
k and B(t) on the dynamics of malaria transmission. First, we analyse the impact of the
parameter k.

If we take the precautionary measures in the aquatic stage by reducing the parameter
K, the number of infectious humans and mosquitoes decreases rapidly as Figures 9 and 10
show it. Thus the parameter « is very important in the dynamics of malaria transmission.

Now, let us suppose that the only control measure applied by the humans consists in
avoiding the bites of the mosquitoes. Let 0 be the efficiency of intervention measures. By
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Figure 10. Distribution of infected mosquitoes and immune humans with d; = 6.5,r, = 7,d, =
75b=20,7% =y, =0 and a; =5,b; =3. The initial conditions are given by S.(0) =
500, E¢(0) = 250, /x(0) = 150, S4(0) = 1000, £4(0) = 500, /;(0) = 1000, Rz(0) = 2000, S,(0) =
10,000, £, (0) = 4000, /,,(0) = 2000 and L(0) = 15,000. We get ¥ = 1.3827 and Ry = 0.2139 < 1.
(a) Infectious mosquitoes and (b) immune humans.
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Figure 11. Distribution of infected non-immune and semi-immune with d; =4,r, =15,d, =
3.5,b =180, y. = Y4 = 0and a; = 5, by = 3. The initial conditions are given by S.(0) = 500, £.(0) =
250, [,(0) = 150, S4(0) = 1000, E;(0) = 500, /,(0) = 1000, R,(0) = 2000, S, (0) = 10,000, £,(0) =
4000, 1,,(0) = 2000 and L(0) = 15,000. We get ¥ = 1.3827 and Ro = 0.2126 = 1.4173 x 0.15 < 1.
(a) Infectious non-immune and (b) infectious semi-immune.

considering this prevention, we use B (1) = (1 — 0)B(t) to replace B(t) in the model. If
0 = 0.85, then we obtain the following results.

By applying this prevention measure, we remark that malaria disappears in the pop-
ulations as shown in Figures 11 and 12. It must also be noticed that the basic repro-
duction decreases with this effort. In fact for the biting rate ,3(1‘) = (1 — 0)B(t), we have
obtained 7@0 = (1 — 0)Ry. This numerical result is consistent with our theoretical result
of Proposition 3.5.
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Figure 12. Distribution of infected mosquitoes and immune humans with d; =4,r, = 15,d, =
35b=180,% =y4 =0 and a; =5,b; =3. The initial conditions are given by S.(0) =
500, £.(0) = 250, /.(0) = 150, S4(0) = 1000, E4(0) = 500, /;(0) = 1000, R4(0) = 2000, 5,(0) =
10,000, £, (0) = 4000, /,(0) = 2000 and L(0) = 15,000. We get « = 1.3827 and Ry = 0.2126 =
14173 x 0.15 < 1.(a) Infectious mosquitoes and (b) immune humans.

5. Conclusion

Based on the model in [10], we have formulated a mathematical model of malaria transmis-
sion with periodic biting rate and mosquitoes population structured in the heterogeneous
humans host population. The basic reproduction ratios associated to the model has been
determined and a new other threshold dynamics, «, has been determined too. We have
shown that « is an important parameter which allows to control the dynamics of mosquito
populations. Thus for the autonomous model, we clearly observe that basic reproduction
number increases with «. It also emerged from our study that the basic reproduction ratio
is highly influenced by the biting rate. Then, these parameters could be used to fight against
the disease in the populations.

Furthermore, we have determined the biological realistic disease-free equilibrium, ET,
of the model and then we have completely investigated its stability by using the Floquet
theory. Indeed, we have proved that if the basic reproduction ratio, Ry, is less than one, then
E* is globally asymptotically stable and malaria dies out of the populations. Otherwise,
if Ry is greater than one, the system admits at least one positive periodic solutions and
malaria persists in the populations.

However, it must be noticed that our model is limited due to the following reasons:

(i) seasonality is not incorporated in the evolution of immature mosquitoes, that is a
mathematical simplification,
(ii) the immature class is not differentiated (eggs, larvae and pupae).

One can develop a more realistic model by incorporating these above assumptions and
also include the investigation of the stability of positive periodic solution. Otherwise, this
study could be applied to some regions with realistic data on malaria transmission that
would allow to show the impact of climate on the transmission.
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