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MICROLOCAL PARTITION OF ENERGY FOR FRACTIONAL-TYPE
DISPERSIVE EQUATIONS

HAOCHENG YANG!?

ABSTRACT. This paper is devoted to the proof of microlocal partition of energy for
fractional-type dispersive equations including Schrodinger equation, linearized gravity
or capillary water-wave equation and half-Klein-Gordon equation. Roughly speaking, a
quarter of the L? energy lies inside or outside the “light cone” |z| = [tP’'(£)| for large
time. In addition, based on the study of half-Klein-Gordon equation, the microlocal
partition of energy will also be proved for Klein-Gordon equation.

1. INTRODUCTION

1.1. Background. The classical partition of energy states that the energy of the solution
w to linear wave equation

(0F = A)w =0,
(W) wli—o = wo € H'(RY),
Ow|i—o = wy € L*(RY),
inside and outside the light cone |x| = |t| satisfies, in odd dimension d,

lim (Ein(wg,wl,t) + Ein(wg,wl, —t)) = ||8tw||iz + ||V1,U||%2,

t——+o0

lim (EOUt(wOawlat) + EOUt(w()’wla _t)) = Hatw‘E? + vaH%%

t—400

(1.1)

where

Ein(wo,wl,t) = / (‘VU)’Q + ]@w\Z) dl’,

|| <[]

E°"(wg, wy,t) = / (|Vw]* + [gyw]?) da.
|z|>[]

A proof of this can be found in [10] and [11], where the authors applied this result to
study the soliton of focusing energy-critical nonlinear wave equation in dimension d = 3,5
via some nonlinear analysis on small data solutions. One may also refer to [3] and [4]
for the application in equivariant wave maps. In even dimension d, the limits (1.1) do
not hold in general settings. It is essential to add some extra corrections, which have
been calculated in detail for radial solutions in [6] and for general data in [§]. In these
references, the authors also discovered some special data such that the corrections vanish,
an application of which to 4-dimensional focusing energy-critical wave equation can be
found in [5].

'Ecole Normale Supérieure Paris-Saclay, CNRS Centre Borelli UMR9010, 4 Avenue des Sciences,
F-91190 Gif-sur-Yvette.
2Université Paris XIII (Sorbonne Paris-Nord), LAGA, CNRS (UMR 7539), 99 Avenue J.-B. Clément,
F-93430 Villetaneuse.
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2 MICROLOCAL PARTITION OF ENERGY FOR FRACTIONAL-TYPE DISPERSIVE EQUATIONS

The above results have been recently revisited in [9] using the tools of microlocal
analysis. Consider first a solution u of the half-wave equation

) (%= 1nd)u=o.

U|t:0 = Up € L2.

Since u = P+l stationary phase formula shows that one expects the microlocalized

energy of the solution outside a convenient neighborhood of {(z,§) : x = té—|} at time
t to vanish when ¢ goes to infinity. Because of that, it is natural to ask whether the
microlocalized energy close to the preceding point, truncated outside the wave cone, gives
rise to lower bound of the form (1.1). More precisely, if one defines this microlocalized
truncated energy as

(1.2) EMY, (g, 1) = HOp( W) u(t)][7,

T +t _
HW o ERS x| — [t]
(13) ax7>275<t7 x, f) =X ( | ‘24-6 ) X ( |t|6 ]]'|I‘>|t‘7

where y, Y € C>°(R%) are chosen to be real, radial and equal to 1 near zero with § €]0, %],
then it has been proved in [9] that in any dimension d,
(1.4) lim (EYYs(uo,t) + EyVs(uo, —t)) = |Jug||72.

{—4o00

This result may be used to recover (1.1) in odd dimension by taking u = (—id; + |D,|) w
Actually, the truncated energy in (1.2) may be expressed from the microlocalized trun-
cated energy for the solution u of the half wave equation and from extra terms. These
extra terms give a zero contribution at the limit ¢ tending to infinity in odd dimensions,
but not in even ones.

The heuristics underlying estimate (1.4) for the half wave equation are as follows.
Define the quantization Op (af¥;) of the symbol (1.3) by

/ et (2, €) (1, €)dE.

Ax.x.0
(Op ( xxé) f) (t,x) =

Then (1.2) may be written as

EMY (ug, t) = {(Op (a'¥;) ePlug, Op (al¥y) 6it|Dz|u0>L2

- <u0,e_“‘D””‘ Op ( Uy 3 s ) Op ( ) eit‘D’”luo>L2 .

If the symbols were smooth ones, so that symbolic calculus (whose details can be found
n [21]) could be used, one would expect the composition Op (CLXX5) Op (a'¥;) to be

1
(2m)4

(1.5)

equal, modulo negligible remainders, to Op (b), with b = ‘ax,foé 2, and the conjugation
e~ P Op (b) P! to be equal, up to remainders, to Op (c¢) where c(z, &) = b(x té')
Applying this to (1.5), one could write this quantity as (ug, Op (e) up) modulo a term

tending to zero when t goes to infinity, where e is given by

2 xz ~2 w

This symbol e roughly cuts-off the phase space on the domain

{<x,s> el S 1 fo -] w}
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When t — 400, the truncated domain tends to the half-space

(16) {09 sma & <o},

As a consequence, the sum of truncated energy at time ¢ and —t covers the whole phase
space.

We emphasize that all the arguments above are merely formal. They hold only if all
the involved functions are regular enough. In fact, it has also been proved in [9] that the

cut-off operator Op (all¥5) may not even be bounded if the singular cut-off |z| > [¢] is
i €| > t, which seems to work formally.
The above formal point of view, though purely heuristic, makes expect that the

classical result (1.1) might be extended to a large class of dispersive equations. In general

system
Oy
— —P(D,) |u=0,

1

replaced by x -

as in half-wave equation, one may expect that the energy concentrates in the phase space
around x + tP’(£) = 0 and the partition of energy holds with generalized “light cone”

x| = [tP' ()]
The first result for Schrédinger equation has been given in [9] with truncation
cnr cnr 2
(1.7) B3 (uo, t) := ||Op (a3 (1)) u(®)]] . -
x+tE
(1.8) a5y (t 2, €) == x ( ) Lz g
" e[/l
The result is similar:
1
: Schr Schr 2
(1.9) t£+moo (B (uo, t) + BN (ug, —t)) = §||u0||L2.

Here the extra factors in the cut-off x is only for technical use, and the loss of half of
total energy ||uol%. is due to the convexity of P(§) = %

The goal of this paper is to examine if the microlocal partition of energy results
(1.4), (1.9) may be extended to a large class of dispersive equations. In particular, this
generalized result covers the system of linearized gravity or capillary water-wave with
infinite depth

(9tu

1
8tu

(LGWW) —|Du|Bu =0,

(LCWW) — |D,|2u =0,

1
or with finite and constant depth A,

(9tu

(LGWW),) — |D,|* tanh(h|Dy|)u = 0,

(9t

S D)3 tanh(h|D,|)u = 0.

(LCWW),) Z

Moreover, the system of half-Klein-Gordon

dyu

(HKG) — (D)u =0
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can also be covered by the generalized result, and the associated conclusion will further
imply the microlocal partition of energy for standard Klein-Gordon equation

(0 —A+1Dw =0,
(KG) w|t:0 = wWq € Hl(Rd),
Ow—o = wy € L*(RY).
One may have noticed that (1.4) and (1.9) are proved only for § €]0,1] or ]0, 3.
The case § > % seems useless since with such ¢ the cut-off x gives no information in
the concentration of energy. The critical case 6 = 0, however, leads to some interesting

results in the limit of truncated energy. The related results will be presented in detail in
the next part.

1.2. Main results. We consider the fractional-type dispersive equation:

(Qf - P(Dm) u=0,

(E) ’

U|t:0 = Uy,

where P is radial and smooth except at & = 0. For simplicity, P will be identified as a
function of p = |£| in what follows. We further assume that P is a fractional-type symbol.
Namely, the following hypothesis hold for some pg, p; # 0.

(1) PW is strictly positive and monotone on |0, 4+00[;

2.0) 3P 2 0, p = 0+, [PU(p) = Bo| ~ p™, [PP(p)| ~ p" 7Y
2.1) 3P 20, p— +o0, |PY(p) = Pi|~ p?', |PP(p)] ~ p"
3.0) Vj €N, j >3, Vp €]0, 1], [PD(p)| S p 7,

3.1) Vj € N*,j >3, Vp €|l o0, |PY(p)| S p" .

We introduce the symbol

(
(Hpo.p:) (
(
(

(1.10) alt,z,§) = ays(t,,8) = x (L]D(O) Laj>1e1pr o))

11

where § € R, xy € C®(R?) is real with x(0) = 1. The corresponding truncated energy is
defined as

E(up,t) = Ey5(uo, t) =] Op (ays()) (u(t)) ||7:

1.11 ‘
) =1 Op (ay5(1)) ("7 Pug) [I72,
where
(1.12) Op (ays(t)) (eitP(Dz)uo) (x) = (2;)61 /6iz§+itp(§)ax,5(t,$,€)ﬁ0(f)df.

In Proposition 2.1, 2.2, and 3.1, we shall prove that, under some extra conditions on
P, operator Op (a(t)), together with its variations to be introduced later, is bounded on
L% uniformly in [t| > 1. E(ug,t) is therefore a well-defined truncated energy, at least
when time |¢| is sufficiently large.

We first state the fundamental result which is available for fractional equations,

namely equation (E) with P'(§) = |£|P é—|, such as Schrédinger equation (p = 1), linearized

gravity water-wave equation (p = —%), and linearized capillary water-wave equation
(p=13)
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Theorem 1.1. Let y € CX(R%) be a real function such that x(0) = 1. We further
assume that P satisfies hypothesis (H,, ,,) with Py = P, = 0.

(i) If 6 < 0,
(1.13) hm E, s(ug,t) = 0.
(11) If § = 0,
(1.14) hm E, s(uo,t) = ﬁ/Gx(p,w)|ﬂ0(pw)|2pd_1dpdw,

where (p,w) is polar coordinate. The function Gy (p,w) is defined, when P is convezx, by

2
ir +\1/\2

(1.15) G (p,w) P"(p)rw + p‘lP’(p)y> dydr

)

27T

and, when P is concave, by
2

(1.16) Gy(p,w) g ( —P"(p)rw + p*lP’(p)y) dydr

27r

(i) If 0 < 0 < 3, we further assume that x is radial. Then

. 1
(1.17) Jim By s(uo, t) = ZHUOH%%

Remark 1.2. In (1.17), we manage to calculate the limit of E\ s(ug,t) and E, s(ug, —t) as
t — +oo, instead of their sum as in (1.1) and (1.9). Notice that the heuristics discussed
after (1.6) in the case of half-wave equations do not predict this fact. This shows the
limitation of this formal reasoning when sharp cut-offs are involved in the symbols.

Remark 1.3. For Schridinger equation, the special structure of P'(§) = £ allows us to
reduce the reqularity required for x. In Appendiz C, we will show that limits (1.13) and
(1.14) hold for all x € L.

We will see later that our proof of Theorem 1.1 does not hold for P with nonzero
Py, Py, such as half-Klein-Gordon equation (HKG), where P, = 1. In order to deal with
this difficulty, one way is to add some cut-off in frequency £. To be precise, we introduce
the modified truncated symbol
(1.18)

P/
"t ,€) = ayg(t, @, §) = (%ﬁ) Liaf(ape) (1 = x1) <|t|io) X (ﬁl) !

where ¢, €; satisfies

+ 00, if —1<p; <O,
(119) O<€0< , 0<e < 1 .
+1 _ if pp < —1,
Po —(p1 +1) D1

and x;, xn € C2° are radial and equal to 1 near zero. This symbol will be concerned
only when p; < 0 < pg, the reason of which will be explained later. The corresponding
truncated energy is denoted by

B (g, ) = B33 (ug, 1) := || Op (a3(1)) u(t)][3=
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Theorem 1.4. Let y € CX(R%) be a real function such that x(0) = 1. We further
assume that P satisfies hypothesis (Hy, ,,) with py < 0 < po, Py, Py > 0, and €, €1 satisfy
condition (1.19).

(i) If 6 <0,
(1.20) Jim E7(ug, t) = 0.
(ii) If 6 =0,
: Mo 1 ~ -
(1.21) tkinooEX,(;d(uO,t) = W/Gx(ﬁ% w)|tio(pw)|?p™ " dpdw,

where (p,w) is polar coordinate. The function G (p,w) is the same one defined by (1.15)
and (1.16).

(113) If 0 < 6 < %, we further assume that x is radial. Then

: mo 1

(1.22) Jim B o, t) = [luo 7.
Remark 1.5. In this theorem, we only consider the case py < 0 < pg, which is enough to
cover all Py, Py # 0. Actually, when py < 0 (resp. py > 0), the hypothesis (H,, ,,) with
Py > 0 (resp. P > 0) is equivalent to (Hy, ,, ) with Py = 0 (resp. P, = 0), which has
been studied in Theorem 1.1.

Another way to deal with nonzero Fy, P; is to add extra factor in the cut-off y,
namely, considering an alternative truncated symbol

o a x+tP'(&
(1.23) ™ (t,2,8) = al A (t,7,€) = X (W) Liaf> 1P @)1

where A € C°°(R¥\{0}) is strictly positive, radial and satisfies the following condition for
some og, 07 € R:

(Coo.01)

The associated truncated energy is denoted by

E™(ug, t) = B\ (ug, ) := || Op (a1 (1)) u(t) 72,
and the result becomes

Theorem 1.6. Let x € C®°(RY) be a real function such that x(0) = 1. We assume that

P satisfies hypothesis (Hy, ,,) and A satisfies condition (C,, ) with oo = po, 01 < p1.
(i) If 6 + % <0,

(1.24) lim B\ (ug,t) = 0.

t—+oo

(ii) If 5 + % = 0,

. a 1 a N -
(125) tLHinooEx,lg,A<u0’t) = (27T)d/let(p,w)|uo(pw)|2pd ldpdwa
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where (p,w) is polar coordinate. The function G;lt(p,w) is defined, when P is convez, by

2
Pt (-W@MH—p*P@M>@W

(126) G (p,w)

Y

27T A pot

and, when P is concave, by

(1.27)
il —P"(p)rw + /p~ ' P'(p)y
/ / ( A1p7t ) dydr

(i) If 0 < 6 + % <1 5, we further assume that x is radial. Then

2

GY(p,w) L

1
(1.25) lin 2% (o, 1) = 4 ol

t—=o0

Remark 1.7. The proof of Theorem 1.1 fails when |x/t| is close to Py or Py. The extra
factor A together with condition oo = po, 01 < p1 allows us to eliminate this case, and a
demonstration similar to Theorem 1.1 will work when |z/t| is away from Py, P;.

As a byproduct of Proposition 2.1 and 2.2, where the uniform-in-¢ boundedness on L?
of Op (a(t)) and Op (a™*?(t)) will be proved, these operators are also uniformly bounded
with y identically equal to 1, namely

Theorem 1.8. Let py,p1 # 0 and P satisfy the hypothesis (H,,,,). There exists a
constant C' > 0 independent of t, such that,
(i) when Py = P, =0,

10D (Ljaj> o)) lerzy < C

holds for all |t| > 0;
(ii) when Py, P, > 0,

HOP(ﬂm»ﬁwaml )(mgm)Xﬁ(ui¥>>Haw><(7

holds for all |t| > to > 1, where €y, €1 are arbitrary parameters satisfying (1.19) and
X1, Xn € C° are equal to 1 near zero.

The boundedness of Op (1) for measurable sets £ C R?? is of great concern in
micorlocal analysis, and the results above give a positive answer to some FE defined
via convex functions. If one changes to Weyl quantization, this problem is known as
localization of Wigner distribution. In fact, in this case, we have

(Op” (1) u,v) 2 = / W(u, v) (z, €)dude,

d
2

where

Wi, 0)(.€) = —— / evule + Lyoie — D)y
(2m)2 Jrd 2 2

is the Wigner distribution of (u,v). It has been found that the operator properties of
Op" (1g) (boundedness, positivity, spectrum, etc) is related to the geometry of E. For
example, when F is an ellipsoid, in [12] and [16], the authors gave some sharp estimates
of the L?>-norm of Op” (1g), which is related to the size of the ellipsoid. As another
example, when E is a polygon on R? with N sides, it was proved in [15] that the norm
of Op"” (1g) can be controlled by 1/N/2 for N > 3. In the same paper, the author also
proved that there exists open set E such that Op” (1g) is not even bounded on L?. The
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readers may refer to [15] for more results on this topic.

By applying the results of Theorem 1.4 and 1.8 to half-Klein-Gordon equation
(HKG), we are able to obtain the following microlocal partition of energy for Klein-
Gordon equation, which is an analogue of partition of energy for wave equation.

Theorem 1.9. Let w be the unique solution to Klein-Gordon equation (KG), namely
(07 — A+ 1w =0,
wli—g = wy € H'(R?),
Oyw—o = wy € L*(RY),

where wy, wy are real, so as w. Then, the truncated energy

EFC (wo, wi,t) =] Op (a5 (1)) dw(t)||z2 + || Op (ac (1)) Vo (t)]IZ-

(1.29)
+ (1 Op (aX4(t)) w(t)]|7-
satisfies
) 1
(1.30) tl}gloo EfG(wg,wl,t) = Z (H”LUoHJZLp + ||w1\|%2) y
where
§
(1'31) aKG(taxa’f) = afm(t,x,f) = 1|m|>|t%|x (W ’

0<e<1, and x € C®(R?) is a real and radial function equal to 1 near zero.

Remark 1.10. In view of the similarity between wave equation and Klein-Gordon equa-
tion, one may ask what (1.30) will become if we apply the same truncation Ligsy as in
classical result (1.1). The answer is, for all 0 < ry < 71,

(1.32)

lim (|atw’2 + ‘VU)’Q + |w|2) dx = H]l]ﬁo,m[(‘DwaUH?{l + H]l}Powl[(’DmelH%Q?

t—roo ro<|%‘<n

where |po, p1[= P~ (|ro,r1[). Since P’ takes value in [0, 1], we have in particular,

lim (|ow]? + |Vw|* + [w]?) dz = 0.

t—=to0 |Z“>|t|
A detailed discussion of (1.32) will be given in Section D.

1.3. Non-nullity of the limit in critical case. In Theorem 1.1, 1.4, and 1.6, we
calculate the limit of energy in three cases. In sub-critical case § < 0 (or § + % < 0), the
truncated energy tends to 0, no matter which y we choose. This phenomenon also exists
in super-critical case 0 < § < % (or0<d+% < %), where the limit is always half of total
energy ||ugl/z2. In critical case d = 0 (or 0 + % = 0), however, the limit does depend on
our choice of x. If we further assume x to be radial, it is not difficult to check that the
limits (1.14), (1.21), and (1.25) are bounded and non-negative.
In fact, when x is radial, the function G,, Gilt can be written in the form

/ oD ( VEP" (p)1 + +/ P'(P)/Px/> dx
Rd

2

1 1
4 (2m)d

Y

Ap°
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where + and — stand for convex and concave case, respectively, z = (r1,2') € R x R41,
and A > 0, 0 € R. By Plancherel Theorem, it equals to

adel (& P o) ! ( p )2d
L ’X< ) P/<p>€> P \Pe))

which, after a change of variable, reads

Z.P”(mps%w’(p)\s’ﬁ
/6 BT R (€) dé
]Rd

Therefore, G, can be estimated by

1 1

4 (2m)%d

(1.33) EW

2

1

1 112
0 < Gy(p,w) < ZWnX”Ll-

A natural question is then whether limits (1.14), (1.21), and (1.25) are nonzero
for nontrivial initial data ug. The answer is positive for fractional equation, i.e. with

P'(&) = |P71¢, p # 0. More precisely,

Proposition 1.11. Under the assumption P'(£) = |£[P71E, (1.33) can be written, up to
some multiple with constants, as

2
G(p) = /d eiﬁ/’pﬂ*%(]ﬁf—i—\é’ﬁ)i (f) de| .
R

If p# 20+ 1 and x € S(R?) with x(0) # 0, G(p) is nonzero except on a set of null
Lebesgue measure.

Proof. Since x is a Schwartz function, the complex function

1 .z Pe2 1igr)2
— isey (BET+51E17) ¢
F(Z’).—W/IMGQA 25102 X(f)df

is analytic on upper half plane {z € C : Imz > 0} and continuous on its closure. In [17],
the authors proved that either the real zeros of such function form a set of zero Lebesgue
measure, or it is identically zero. The same result holds thus for G(p) = |F(p"~1=27)|2.
Due to the fact that x(0) # 0, G is nonzero as pP~ 1271 is small enough, and G is therefore
nonzero almost everywhere. O

As a consequence, the limits (1.14), (1.21), and (1.25) are strictly positive for all
nontrivial ug € L? under the assumption p # 1 (or p # 20, +1). If p=1 (or p = 20, +1),
the function G, (p) (or G*) will no more depend on p and the limits (1.14), (1.21), (1.25)

will take the form ¢o(x)||uol|72, where

1
2(2m)d

2
Z'EQ 1er12Y A
/de<251+2|5|>x(§)d§ _
R

To obtain a nonzero limit, it suffices to choose y such that the quantity above is nonzero.
For example, one may take

-x to be positive and supported in a sufficiently small ball centered at zero;

-x to be Gaussian;

-x of the form x = x(-/R), with x € C2°, x(0) # 0, and R > 1.

olx) = '
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1.4. Plan of this paper. The proof of Theorem 1.1, 1.4, and 1.6 will be divided into two
parts: uniform boundedness of truncated operator and calculation of limit. In Section
2, we will prove that Op (a(t)) and Op (a™(t)) are uniformly bounded on L? in three
steps. The first two steps are exactly the same, while the difference arises in the last step
where one may see the difficulties caused by nonzero Py, P;. As a byproduct of this proof,
Theorem 1.8 can be shown easily. Section 3 is devoted to the uniform boundedness of
Op (a™(t)), which is much simpler than that of Op (a(t)) and Op (a™4(¢)) thanks to the
extra factor A. The uniform boundedness of truncated operators allows us to calculate
the limits stated in Theorem 1.1, 1.4, and 1.6 only for some regular data ug, which will
be precised in Section 4. In Section 5, we will prove the microlocal partition of energy
for Klein-Gordon equation by studying the half-Klein-Gordon equation.

In Appendix A, we collect technical inequalities which are frequently used in this
paper, as well as some criteria of L?-boundedness for pseudo-differential operators. Sev-
eral stationary phase lemmas are presented in Appendix B which is a key technique in
calculating the limit of truncated energy. As mentioned before, our main result Theorem
1.1 can be refined for Schrodinger equation, whose rigorous statement and proof will be
given in Appendix C. Appendix D is devoted to the discussion on the classical partition
of energy for Klein-Gordon equation due to the study of asymptotic behavior of solution
to half-Klein-Gordon equation. The last part, Appendix E, contains some details omitted
in Section 4, especially for concave P.

1.5. Notations and conventions. To end this section, we clarify some notations and
conventions used in this paper.

- We say a is a symbol on R? if a is a function on {(z,£) € R? x R?}. The
corresponding (pseudo-differential) operator is defined by

1

L / ¢a(z, €) f(€)de.

Op (a) /(2) = 755

To make this definition meaningful, we will assume in this paper that a is a measurable
function with at most polynomial growth in £ and that f belongs to the class of Schwartz
functions.

- For any function P : R — C, which can be regarded as a symbol independent of
x, the corresponding operator will be denoted by P(D,).

- The kernel (or kernel function) of a linear operator A : S(R?) — &’(R?) is defined
as (if it exists) a tempered distribution K on R? x R? such that

Au(z) = / K y)u(y)dy.

For the simplicity of notation, in this paper, we will use the symbol of kernel function to
represent the operator, i.e.

Ku(z) = / K (&, y)uly)dy.

- A function F' : R? +— C is said to be radial, if there exists a function f : [0, co[— C,
such that F(x) = f(|z|) for all x € R In this case, we will not distinguish function F'
and f. That is, we will write instead F'(z) = F(|z|) or f(z) = f(|z|) for x € R4

- We will use ¢, C', sometimes equipped with superscripts and subscripts, to represent
all the small and large constants respectively.

- For non-zero quantities p, r, the notation p ~ r means that there exists constants
c,C >0, such that ¢ < 2 < C'.
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2. L?>-BOUNDEDNESS OF MICROLOCAL TRUNCATION OPERATORS

The goal of this section is the demonstration of following proposition, which eventu-
ally implies Theorem 1.8.

Proposition 2.1. Let pg,p1 # 0, 0 € R, and x € C°(R?). There exists a constant C > 0
independent of t, such that, for all |t| > 0,

10p (ax,5(1)) [l 22y < €,

where the symbol a, s5(t) is defined in (1.10) and P satisfies the hypothesis (Hy, ,,) with
PO = P1 == 0

In parallel, we shall also prove the following result:

Proposition 2.2. Let py > 0> p;, § € R, and x € C=(R?). We assume that P satisfies
the hypothesis (Hy, ,,) with Py, P, > 0. Then the modified truncated symbol

which has already been defined in (1.18), corresponds to a bounded operator on L?*, uni-
formly in |t| > to > 1. Here x;, xn € C° are radial and equal to 1 near zero and €y, €
satisfy the condition (1.19).

One can see in the following proof that our demonstration cannot eliminate the trun-
cation in £ in the definition (1.18) of a™°d. In fact, after some change of scaling, we will
decompose the symbol a (or a™°?) into three components, two of which are bounded for
all Py, P, > 0, while our treatment for the last component does not hold for nonzero
Py, Pi. The complementary cut-off in £ is used to solve this problem. Remark that it is
still unknown whether such restriction is essential.

To begin with, one observes that, it is equivalent to study the cut-off inside the cone,

namely
in T+ tpl(é)
a™(t,z,§) = x <—|t|5+5 Liaj<iePr ),

x +tP'(§)
X( 5+ )

is bounded uniformly in ¢ and 6 € R, due to Lemma A.10 together with Lemma A.5. In
this section, we will distinguish @ and a™ and denote both of them as a.

With a reflection in &, ¢ can be assumed to be positive. The application of Lemma
A .4 allows us to replace a by

since the operator with symbol

z_

\/Z<

) - e (w+P (%)
a(t,x,ﬁ)—a(t,ﬂx,%)—x — |1 P,(%)’.

Now, we split @ into high and low frequency, namely & = @’ + af, where

a(t,x, &) = alt,r,£)x(&),




12 MICROLOCAL PARTITION OF ENERGY FOR FRACTIONAL-TYPE DISPERSIVE EQUATIONS

and y € C®(R?) is a radial function which equals 1 near zero. In the following, we shall
treat high and low frequency part at the same time. Before entering the next step, we

introduce some notations which will be frequently used in this section. In all cases, we
set

p=tz €]0, +ool.
With 7 = 0 for low frequency part and j = 1 for high frequency part, we set

-when P; =0,
[ ,<!£\)
X(tz):="—% Zt& =P (=), v,=+;
() = T B0 =P (5]
-when P; > 0, P' > P,
X(ea)= G- p s =P () - =

Vi
-when P; > 0, P' < P,
| - ,(lfl)
Xtx) =P —-——, 2t =P -P|—=) vj=—
() =P = D S =P P () v

Remark that for all nonzero &, = is strictly positive. With these notations, our
problem can be reduced to the uniform-in-u, ¢ boundedness of

(P + v, X) & + (P + vE) & i
bb(t,lJ,,.]},f) =X ( ’ ’ | IM . ’ |£|> 10<%<1X (%) )

P X)Z 4 (P =) 5
bﬂ(tauv'xag):X(( ]_'_VJ )|1’|+( ]+VJ )|§I> 10<%<1(1_>~<) <i)

; Vi

We emphasize that our definition of X does not ensure its strict positivity, but one may

always eliminate the part X < 0, due to the uniform boundedness of operator with
symbol

(P + v, X) & + (P + vE) &
Y J J |z| J J €]

W

which is also a consequence of Lemma A.10 and Lemma A.5.
Now, we decompose b* (¢ = b, #) as the sum of by, b, b with cut-off 0 < % < 1 and

% ~1land 0<1—2 <1, respectively. To be precise,

bb(t7 /’1/73;.75) = bIE)(t?/’L?x’f) + 6L(t7 /‘1’7 x?f‘) + b[i_(t7u7x7 6)7

X
bé](ta Hy T, 5) - bL(t7 W, T, §)X0 (?) ’

—

—

~ X
bL(tnuvwvg) = bb(t,p,x,f)\l/ (E) )

L L X
bl(tv 2 x,f) =b (tnua x7£>X1 (1 - E) )
where o, x1 and ¥ are radial, smooth and compactly supported. xg, x1 are supported in
a small neighborhood of zero and equal to 1 near zero, while ¥ is compactly supported in

10,1]. By regarding u as a t-independent parameter, we can reduce Proposition 2.1 and
2.2 to the following proposition:
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Proposition 2.3. There exists t, u-independent constants C' > 0, such that,
(i) if Po, P, =0, for allt,u > 0,

(2.1 | Op (4 (t, 1)) ll sy < C.

(2.2 10p (Bt ) llea < €,
(ii) if Py =P, =0, for allt,p > 0.

(2.3 1 Op (Bt 1)) ey < C:

(1) if Py, P, > 0 and p1 < 0 < po, for all u>0,t > 1,

(2.4) HOp (ba(t,u)(l —X1) (tf—eo) e (téi))

Before giving the proof, we indicate below the consequence of this proposition, which
implies Proposition 2.1, 2.2, and will be used in the end of this section to conclude
Theorem 1.8.

<C.
L(L2)

Corollary 2.4. Let x, xi, xn be defined as before.
(1) If P verifies (Hy,,,) with po,p1 # 0 and Py = P, = 0, the operator

tP'
Op (x <%m(§)) 1|z>|tP'(s>|)

is bounded on L? uniformly in t # 0 and pu > 0.
(i1) If P werifies (H,, ) with po,p1 # 0 and €y, €1 satisfy conditions (1.19), the

operator
+tP
o (x () vt = (55 w (757

is bounded on L?* uniformly int > 1 and p > 0.

2.1. Study of symbol b; and b. In this part, we shall prove (2.1) and (2.2). One
observes that both 0§ and 0* are supported for X ~ = which allows us to reduce our
problem via dyadic decomposition.

Proof of (2.2). We start with a homogeneous dyadic decomposition
n
1= (5):

where ¢ € C>°(RY) is radial and supported away from zero. In this way, we may decom-
pose b as Y, by, and b as Y, _, b, where
(2.5)

. P X)E 4 (P =)<
bk(t,u,x,§)=x<( e )'z':( L )'£'>‘I’<§>w(2kw)s&(%ﬂ>,

where 1) € C®(R?) is also radial and supported away from zero. The extra factor i
comes from the truncation X ~ Z ~ (£ 2|€|)? ~ 255, This factors implies that the by’s
are almost orthogonal so that it suffices to prove the uniform (in k, ¢, ) boundedness of

Op (bk>

—
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Remark that, due to the compact support of x and the fact that 0 < c < £ <1 —¢

for some small ¢ > 0, we have -

- _ x _
21X~ = (7 4 00 - [+ D)
|z €]

(2.6) ¢

x

<m0l - @ sn
|z €]

When #25®i+1) > 1, we shall apply Calderon-Vaillancourt Theorem (see Lemma
A.11). For each derivative in z, if it acts on x, one gains trpt < tm32k by (2.6).
If 0, acts on ¥ or v, one obtains factors of size t7227*i As for the derivatives in &,
similarly, it leads to factors of size P”(&/vE)t 2pu~t, 2-1P"(€//t)t™2 or 7227, which
are all controlled by t7227%, as €] ~ 2F\/t and 2¥P5 < 1. Since

722 7hes x a9k — 1o kD)

we may conclude by a change of scaling (Lemma A.4).
When #28#+1) < 1, we shall use Lemma A.9. We first check the assumption (A.6) of
this lemma with g, €]0, +00[ defined below

fop27Ri i Py 4y X~ 205
“’f—{ 1, if P+, X ~ 1.
Note that we have either P; + ;X ~ Pj+ ;= ~ 1 or Pj+ v;X ~ P; + 1,2 ~ 2kPi In
fact, by definition, P; +v;X and P, + v;E are both strictly positive. Thus, it is sufficient
to consider |k| > 1. When P; is nonzero and kp; < 0, we have X ~ = ~ 27 < 1 and
then P; + v;X ~ P; + v;2 ~ 1. While P; is nonzero and kp; > 0, we have similarly
X ~E~2i> 1 and Pj+v; X ~ P+ 1,2 ~ 2FPi - Otherwise, P; equals to zero, which
implies trivially P; + ;X = X ~ 2" and P; + 1,2 = £ ~ 2. Due to observation
X ~ Z ~ 25 it is easy to obtain that, for all a, 5 € N“~! and N € N,

b “lal—1a],d(w, —60), _
10002bi(t, 1, 1w, p0)| < Copnvgie(rs p)pi ™ BI<%> N

where z = rw, £ = pf are polar coordinates and

gk<?n7 p) = ﬂpNZk\/z]ert%QkPj :
The operator of kernel g, is controlled by
gkl 22 (arap) S (VE2F x VI2MP3)3 = (127eitD)3 < 1,
which is no more than the assumption (A.5) of Lemma A.9. As a result, we may conclude

(2.2) by (A.7). O

The idea of proof of (2.1) is similar. The only difficulty is that b; has a singularity
near X = =. We may treat the part away from X = = as above and study the area near
X = E by convexity (or concavity) of P.

Proof of (2.1). As before, we begin with the homogeneous dyadic decomposition in \%,

namely b = > ko b1k and b, = >0 bk, with
(P + v X) & + (P + vE) g X o ¢
bl,k:X< p 1§<1X1 (1—E>¢(2 pJX)(p(%\/E).

It suffices to prove that Op (by ) is bounded on L? uniformly in k,¢, . In comparison
with b, defined by (2.5), the main difficulty is that the non-smooth term cannot be

—_—
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deleted. In the case t2k@i+1) < 1, we may repeat exactly the same argument as the study
of by since this argument does not require any regularity in |z|, [£].

When #2¥®i+1) > 1 we will separate the singularity near
following decomposition :

= 1. Consider the

[ <

bl,k’ = bll,k + lll,lcv
1—p;
by = bupa (VI2E 2 (2 - X)),

where ¥; € C®°(R?) is radial and equal to 1 near zero.
The proof of boundedness of b}, is similar to that of the case 2kt < 1. By
setting i €]0, +oo[ as before, namely
o2 i Py 4v X~ 2R
M = n if P+ v, X ~ 1,

we may have, for all o, 3 € N~ and N € N,

Ctal—1g ,d(w, —0), _
020510 9)] < Copovhur 1 () o,
where
(2.7) hi(rp) = > ()L, (),
nN\/fzkpﬁjﬂ
with

l—pj l—pj
2

Jp =22, 28 (n 4 1),

( 1 lfpj pjfl 1 17;7]- pjfl
[\/EP’ <t’§2an) — M P! (ﬁz’fT(n n 1)) + chT} ,
; if P >0,
neT 1p; pj—1 1-p; pj—1
[\/EP’ (t—%z’fT(n+ 1)) — o ip! (t—%2k7n> + csz} ,
if P" <0.

\

Note that by writing in polar system r = |x| p = [£], b} is supported for p ~ 2k\/t and
l—p]-

V12F 7|2 — X| <« 1 due to cut-off §;. We first make a decomposition in p, namely
pelC2VECVElc U Uy,

pj+1
nN\/EQk 2

and then the support \/kal%E — X| < 1 ensures that r lies in I,, defined above, once
p belongs to J,. This gives the control hy defined in (2.7).

In order to apply Lemma A.9, it suffices to check that the operator with kernel hy, is
uniformly bounded on L?*(R, ), which can be reduced to |I,,||J,| < 1 and that {I,,} forms

41
a uniformly finite cover. The first assertion is obvious since n ~ \/ZQkaT implies that

1—p.: 1—p: - .
Tl S 28 (VAP (57528 (4 1) = VP (39 ) | 4 2t

l—pj 1— pj—l

< 2k (\/¥2k<pj—1)t—%2’“ L | 9cok )51.

As for the second one, we observe that I,, N I,,;; # @ if and only if

‘\/ZP’ (t—%gk’%n) N (t_%Qkﬁ(n - l))‘ < 20245
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Without loss of generality, we may assume [ > 0. Actually, the left hand side has the
following equivalence:

ViP (1722 ) =i (1722 )|

1-p 1-pj
= ‘ZleP" (t_%QkT(n + 3l)> ) , for some s € [0, 1],

l—p]-

1—p; p;i—1
~2b 5 % (t—%zk%(msz))J , since |P"(p)] ~ !

l—p]- pj—l

~E T 9k —1) — ok

41
To prove the last equivalence, we may use the fact that n,n+1[ ~ \/%QkpjT, which implies
that

pj+1 P+l

ANV <n<<n+sl<n+1 <OV
In conclusion, we have that I, N I,,.; # @ holds for finitely many [. As a result,

hilleas S sup Ly, @ Lp, fle@ey < sup B 117,11, || 222y S 1.

Pj Pj
nN\/EQk 2 nN\/EZk 2

It remains to study the smooth symbol b, which reads

§ (P + v;X) & + (P + vE) & -
1,k_X< J J ||M J J |§I>¢(2 kpX)(p(Qké;/g)

(1) - Ve E - X))

x 1

[

—

Remark that this symbol is smooth, since the singularity % = 1 is removed by (1 — x1)

factor. Under the condition t2F®i+1) > 1 it verifies the condition of Calderon-Vaillancourt

Theorem (see Lemma A.11). In fact, each derivative in x leads to a factor of size 2 ot
17pj

(from x), t~227*%5 (from ¢ and y1), or 2872 (from (1—¥1)). The condition ¢2¢@i+1) > 1

1—p.
implies that t~227% < 2’“%, while the compact support of x and support of (1 — 1)

ensures that
pj—1

7227 SIX-E|Sh

1—p.
ie t2 pt < 2% The same argument for J¢ gives that each derivative in £ leads to

a factor of size 2_’“%. The desired result thus follows from a change of scaling (Lemma
A4). O

2.2. Study of symbol by with Py, = P, = 0. In the case P, = P, = 0, due to the
lack of almost orthogonality as by’s and by 1’s, the remaining symbol by will be treated
via Cotlar-Stein Lemma (Lemma A.3). As before, we start with homogeneous dyadic
decomposition in &, namely bg = lx>0 ) k>0 Cr and by = Lxso > k<o Cks With

. Ck:x((zﬂj+ujx)|%:(l%+uj5)|%) y (%)90(2%\/5)

It suffices to prove the (uniform in ¢) boundedness of »,_, ¢, as the multiplication with
1 x~0 is trivially bounded on L2.

We first check that Op (¢x)’s are bounded uniformly in &, ¢, u. More precisely, all the
c’s satisfy the following estimate:




MICROLOCAL PARTITION OF ENERGY FOR FRACTIONAL-TYPE DISPERSIVE EQUATIONS 17
Lemma 2.5. There exists C' > 0 independent of k,t, such that for allt >0 and k € Z,
(2.9) | Op (cx) || £(z2y < C'min (max (1, (t2kPi+1))=Na ), (t t2kPit)y 3 ) <C,
where Ny € N depends only on dimension d.

Proof. We observe that ¢, is supported for X < = ~ 2*Pi which implies from one hand,
as in (2.6),

) —_ i —
ks |IX — 2| < '(Pj + v, X)— + (P + v;5)

|z
o] < V2, ¢ ~ V2",

As a consequence of the second result, || Op (i) ||£(z2) can be trivially bounded by

. d
10D (&) ey S Nlekllzzmen S (125FFD)3,

It remains to check that
| Op (cx) llzez2y < C'max (1, (t2k(pj+1))’Nd) ,

which can be proved via Calderon-Vaillancourt Theorem (see Lemma A.11). In fact,
from each derivative in z, we may obtain extra factors of size 2 p~ (action on )

or 7227 (action on yp). As we have seen that t~2p~! < t7227*5 cach derivative
-1

o
|§|‘N“’

and, from another hand,

in x leads to a factor of size (t%Qkpj) Similarly, the action of 0 on X, xo, ¢ gives

factors of size t’%u_IQk(pf_l), t’%2_k, and t’%2_k, respectively. We may also check that
=27 12kPi =) < 9-k¢=3 . To sum up, ¢ is smooth and satisfies

0207 ¢z, g)( (I;%)Ia' <\/;2k)ﬁ|, Va, 3 € N¢.

By Lemma A .4, it is equivalent to consider rescaled symbol

(7, §) = ck (2“]; : ) )
which, as a result of (2.10), satisfies for all v € N?¢,
(tQk(pj"Fl))_"Yl‘

(2.10)

10 ¢Ckll Lo o) S

By applying Calderon-Vaillancourt Theorem (Lemma A.11) to ¢, we have, due to esti-
mate (A.8), that

” Op (Ck) HL(LQ) = H Op (ék) ”ﬁ(L?) g C’max (1, (t2k<pj+1))7Nd) .
O

In order to conclude (2.3) by Cotlar-Stein Lemma (Lemma A.3), it is sufficient to
check condition (A.2) and (A.3), namely

Lemma 2.6. There exists t, p-independent constants C, such that for all t, > 0,
(211)  sup > ||Op (cx) Op (c1)" Hg ) SO sup > 110p (ex) Op (@) Hg 12 <G,

k€Lt ez, -z
(212) sup 3 [ Op ()" Op () |22 < € sup S 110p (e)” Op () [1242) < C.
k€L €7y k€L ycq

where Z_ = ZN] — 00, 0[ corresponds to low frequency part and Z, = Z N [0, 400 corre-
sponds to high frequency part.
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Proof of (2.11). By symbolic calculus, Op (cx) Op (¢;)" is an operator of symbol

crter (2, €) =

(271r)d / e iey(w, & + male +y, €+ mdn

By definition (2.8), ¢(,€) is supported for [¢| ~ 2!y/t. Thus, cpfic is nonzero only if

|l — k| < Ny for some large Ny € N*. As a consequence, (2.11) can be reduced to the
uniform boundedness of Op (¢;), which has already been proved in Lemma 2.5. O

Proof of (2.12). We apply again the symbolic calculus to obtain the following expression
of symbol of Op (¢x)" Op (¢;),

1
(2m)

Recall that ¢; is supported for |z| < V2% and |¢| ~ 22! with the estimate (2.10).
We shall check that for all [,k € N,

(2.13) 10p (cx)” Op (e1) [l eqrzy S 2721,

which is enough to conclude (2.12). Due to (2.9), we may ignore the case |k — | < No,
for some fixed large Ny € N. Remark that it is possible to prove (2.13) only for [ > k,
since for terms with [ < k, we have

10D (cx)™ Op (c1) [l 222y =] (Op (ex)” Op (@) Iler2)
:H Op (Cl)* Op (Ck) HL(L2) 5 2_%”_1’3"

One observes that the bound of operator with symbol cjfic; can be controlled by

CZﬁcl (fﬂ, 5) =

/ e (y €+ n)eyly, €)dndy.

10p (cpten) lleway < kbl taande) < |l /e‘iy”ck(y,é“+77)0z(y,€)dy||L2<dnds>-
The integrand of the last integral is supported for
(2.14) €4+ nl ~ PV IE] ~ 2VE, and Jy| < min(2% V7, 2 V)

Moreover, we may apply integration by parts in y to obtain some extra bounds in the
estimate. To be precise, for all N; € N

/e‘iy"ck(y, E+n)aly,&)dy
Ny
:/(_Ay) e ey (y, €+ n)aly, €)dy

In|?
:/e—iy"(—Ay>N1 (MM%{)) |7}|_2N1dy
= Z Caﬂ/eiynmagcl(y’§)|m2N1dy.

|l +|B|=2N1

Since we have reduced our problem to the case [ > k+ Ny, the integral above is supported
for |n| ~ 2!v/t. Together with (2.10) and (2.14), we have

/e_iy"ck(y,ﬁ + n)cl(y,ﬁ)dy‘

< X Cas [ 05atne ] ot o)l dy

lal+|8|=2N1
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CN—lal s\ —18l -
Z 1\5+m~2k\/2]1|§\~2l\/{ <2k’p]\/¥> (2”’]\/%) (2l\/¥) 2N1/1|y|§min(2kpj\/i,2lpj\/i)dy
laf+|8]|=2N1

_ N\ d-2N
51|5+n|~2k\/%]1|g\~21\/,z(Ql\/E)_m1 min (2’% Vi, 2P \/§> '

The estimate above holds for all N; € N, thus for all Ny € [0,00[. In particular, we
choose Ny = g, which gives that

N

10p (cisen) lezn) S | & elor€+ ey, Oyl o
5(21\6)%”]1\5+n\~2w]1|s|~2lﬂ|ﬂ (dnde)
SV x (2:VE x 2VE) = 2800 -kt
As a conclusion, we have managed to prove that
sup Y _ || Op (cx)* Op () Iz gz S sup > 271 < oo
Melt ez, €Lt ez

which completes the proof. Il

2.3. Study of symbol b, with Fy, P, > 0. Till now, we have finished the proof of
Proposition 2.1. To complete the proof of Proposition 2.2, it remains to check (2.4).
Remark that the argument above relies on the fact that | X| < 277 implies x is supported
in a region of area (\/1_52"’7’7')‘1, which is not true in the case where Fy, P, are non zero. To
overcome this problem we need the extra truncation in &.

Proof of (2.4). As above, we may ignore the non-smooth factor 1 It remains

o<Z<1-
smooth symbols

N I IRIENES)

2(t,,6) = x ((PO T (P‘WOE)'%) w(Z)(5) a0 ()

We shall first check that & belongs uniformly to the Hérmander class S}, for some
x €]0, 1], namely the collection of smooth symbols ¢(z, &) such that for all a, 3 € N¢,

|3§‘8§c(x,£)| < <£>_‘,8|+H|a|'

It is well-known that the operators of symbol in this class is bounded on L2, a proof of
which can be found in [14]. We begin with the observation that high frequency symbol &
is supported for ¢z < |¢| < t27. Before calculating the bounds of derivatives in z and
€, recall that our goal is to show (2.4) under the condition ¢ > 1.

For each derivative in &, we obtain from x a factor of size

et~ () e s

The last inequality is due the support of &. More precisely,

()

(11

(P1+z/15)£ SH

5|X—E\5\<P1+V1X>—+ :
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From the factor yg, one gains

X P"¢/VE) X 1 ~
?—S/ )N;—f,@ g

= EVE E €]
Trivially, we will also obtain (£)~! from derivative on (1 — x) and x4.

As for derivatives in z, if 0, acts on x, one gains t2 p~' < (VE)"!. When it acts
on Yo, the resulting factor is of size

L L™ €]
VIZ A\t '
When 0 > p; > —1, we have

1 ﬂ R PR
H(E) T -

=3 <§>t7% S <£>”t(%+el)(1fﬁ),%.

Thus, & € S}, for any « €]0, 1 such that

(5 +e)(1—r) 5

_§<O)

which is possible by choosing x close to 1. When p; < —1, the estimate above becomes

LN el (ﬂ)_m_l K < 1) (1=R) (i Der (g
P =D s ©

To conclude & € 59,

it suffices to choose x €]0, 1] such that

1
-1+ (5 + 61)(1 — li) — (p1 + 1)61 < 0,
which is equivalent to

ﬁ - (5 +a)1—r)|.

€1 <

This can be realized by choosing & close to 1, due to the definition (1.19) of .

To prove the uniform boundedness of @, which is supported for 2= < €< t%,
we shall apply Calderon-Vaillancourt Theorem (Lemma A.11). As above one may check
easily that each O gives

€7t St

i (@) s < t_%+p°€0_
Vi\vt) "~

As a consequence, the desired result follows from Lemma A.4 and Calderon-Vaillancourt
Theorem (Lemma A.11) once we have

while each 0, gives

a0 pmatror < s

equivalently, (1 4 po)eo < 1, which is exactly the definition (1.19) of €.
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2.4. Proof of Theorem 1.8. In all the proof above, we regard i = t°~2 €0, +o00| as
a time-independent parameter. This allows us to take the limit y© — 400 with all the
uniform estimates remaining true. Rigorously, due to Corollary 2.4, for all f,g € S(R?)
and t € R, > 0,

P/
(2.15) ’<f, Op (X (%ﬁb(@) ]1|x>|tpf(g)|9(t>€)) 9>‘ < Ol fllezllgll 22,

where 2 = 1 when Py = P, =0, and

Q(t,f) == (1 - Xl) (|t|€_60) Xh (|t£|-€1>
when Py, P, > 0.

The left hand side of (2.15) is equal to

1 ; x+tP _
‘(zw)d /f(x)emfx (#) Ljaf e (6)| (¢, €)9(€)dEd

which, when y© — 400, due to Dominated Convergence Theorem, tends to

1 | -
‘W / F(@)e Loyt ©)3(€)deda

Y

Y

where we take x(0) = 1 without loss of generality. In conclusion, for all f,g € S(R?),

|(f, 0P (Liojs 1192, €)) 9)| < Ol fllz2llgll e
Theorem 1.8 follows from the density of S(R?) in L.

3. L’-BOUNDEDNESS OF MICROLOCAL TRUNCATION OPERATORS - AN ALTERNATIVE
SYMBOL

In this section, we will treat those P with nonzero Fy, P, in an alternative way.
Instead of adding extra truncation in &, we shall add some extra factor in the main
truncation y. To be precise,

Proposition 3.1. Let P, A satisfy conditions (H,, ,,) and (Cy, ) of Section 1.2 respec-

tively, with p1 < 0 < pg, 09 = po, and o1 < p1. We further assume that 6 + %J < %,

7 =0,1. Then there exist time-independent constants C' > 0, to > 1, such that , for all
t] > to

10p (ay5.4 (1)) o2y < G,
where al% \ is defined in (1.23)

Without loss of generality, we may assume t > 0. Meanwhile, the change of scaling
(Lemma A.4) allows us to reduce to the symbol

x (£ el pr (&l
5+ P (%) Y P (§)

(3.1) b(t,,€) = P3A(€) £=2A(¢)

where H € Cp°(R\{0}) N L>*(R). To recover the desired result in Proposition 3.1, it
suffices to take H = Tjg o[-
As in previous section, we set
-when P; = 0,
x

[ - ,(lf\)
X=— =Z=P ==, vi=+
t Vi ’
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-when P; > 0, P' > P,
7] €l
x = _p z_p () _p -
\/E Js \/]_f 79 'j )
-when P; > 0, P’ < P

Izl ,(|§|)
X =P - , =2=P —-P =], vi=—.
Vi ’ Vi)

With these notations, via homogeneous dyadic decomposition, we may rewrite sym-

bol b as

b(t,x,&) =Y bi(t,x,),
keZ
(P + X))+ (P +nE)g X-E 13
(t,2,€) x( pEy IAG) (\[ZJ Vk > 0,

where ¢ € C°(RY) is radial and supported in an annulus centered at zero.
One observes that, due to factors x and ¢, by is supported for

X — 2| S 0EA®E) ~ 1073 (Vi2h),

where j = 0 when k£ < 0, 7 = 1 when k£ > 0. By using the fact that = ~ 2FPi | we

obtain
g 1‘ < t5+7772k(% —p;) < t§+ff%'

—
—

The last inequality is the consequence of our assumptions og > py and o7 < p;. Since
) + 5 — 5 < 0, if we further assume that ¢ > t, > 1, the inequality above implies that
X ~ E, Wthh allows us to add a complementary factor 1)(27%i X) to the definition of by,
where 1) € C2°(R) is radial and supported in an annulus centered at zero. In this way,
we may reduce Proposition 3.1 to

Proposition 3.2. Under the same assumptions as in Proposition 3.1, the operator Op (by)
1s bounded, uniformly in t and k.

In what follows, we keep using the subscript j, where j =0 for £ < 0 and j =1 for
k > 0. By definition,

(B uX)E+ (P4 vE)E X—= ¢ X
bk(t,iﬂ,f)—X( t‘;_%A(f) H m ¢(\/E2k;)w(2kpj).

When P; = 0, by, is supported for

e bletle e 2o
ERErIS T R RS Gl
1

Sitcs—a/\(g) ~ 2—kpjt5—%<\/g2k:)0'j — t(S'F%—%Qk‘(Jj—pj)‘
When P; # 0, we observe that 27 < 2%7 < 1, due to the choice p; < 0 < py. By
choosing Supp ¢ small, which allows us to take Supp small, we have P; + ;X ~ 1.

N[
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Thus, b, is supported for

(1]

x —
Pj +VjX>m+ (Pj +Vj:

H

T £ 1 ‘ £ ‘ 1 ‘
SR P S e L x
|z Km P+ X €l P+ X €l
1 1 1 95 1
< T PTIA(E) ~ 03 (VE2F) T = 9T 39k
Sproxt IO ~ e R
If t26@i+D) < 1, by setting p = 10+ =3 ok(o5-p;) €]0,1[ in the case P; = 0, and

W= {5+ —5 oko; €]0,1] in the case P; # 0, one may check that, for all a, 8 € N1 and
N e N,

050501, p0)| S 1L (T
By applying Lemma A.9, we have
10D (k) [l cer2) S 1L < goies Lovion [ 22y = CVERPHD < C.
If t2#P5+1) > 1, we decompose by, as the sum of b, b}, which are defined by
b (t, 2, &) = b (L, 2, §) + (L, 2, ),
bi(t,2,€) = bixo (VIZEE (X - 9)),

where yo € C°(R) is radial, supported in a neighborhood of zero, and equal to 1 near
Zero.

Clearly, b} is smooth on R??. Thus, to prove the boundedness of Op (b)), we may
apply Calderon-Vaillancourt Theorem (Lemma A.11). By definition, b} reads

X(3+WXE“*3+WE%_H X-Z
£IA(E) EIA)

X¢<V%J¢(;;)ﬂ—x@@@fﬁﬂX—ED,

which is supported for

pj—1

T SIX B STIAG ~ T E

29k

As a consequence, t~(+3) < k(o +52)
For each 0,, when it acts on y, one obtains in its bound an extra factor of size
i25%*‘5/\(5)*1 ~ =0T F )0k < ok 5L oh(e—p;) < P

Vit
P+l 1-p;

When 8, acts on ¢ and (1 — xo) factors, we gain ¢~ 227%7 < 2K~z —hpj — 9k—5" anq
1—p. c—1
QkTPJ, respectively. For each O, similarly, one gains 95°= in its bound. Namely, for all

a, € N,

1—

2 (|al=[8])

oRO0H(x,€)| < 2°

The uniform boundedness of Op (b)) follows from Lemma A.4 and Calderon-Vaillancourt
Theorem (Lemma A.11).

It remains to study the symbol b,.. To overcome the singularity near X = =, we
will apply Lemma A.9 with the same setting of 1 as in previous paragraph, namely
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o= $0+% =3 Qk(oi =) €]0,1[ in the case P; = 0, and p := 10+ =3 ok €]0,1[ in the case
P; # 0. It is easy to check that, for all o, 8 € N*! and N € N,

d 7_9 _
foagbk(rw,p@‘ < M—\al—lﬁ\hk(r7 o) (w )> N

Y

where

o) = S 1)1 (0),

1
kP]Jr
nN\/f2 2

which is exactly the same one defined in (2.7). We have seen that the operator with
symbol Ay is bounded on L?*(R,) uniformly in k. By Lemma A.9, we may conclude the
uniform-in-£ boundedness of b} and the proof of Proposition 3.2, hence Proposition 3.1
is completed.

4. LIMIT OF TRUNCATED ENERGY

In this section, we will complete the proof of Theorem 1.1, 1.4, and 1.6 by calculating
the limit of truncated energy for some regular initial data ug. These three results will
follow from the following proposition.

Proposition 4.1. Let a,54(t) be the symbol defined by

+tP’
(4.1) a=aysa(t,r,§) =x (W) Liaj> 1P (o)1

where P € C°°(R4\{0}) is assumed to be a real radial function satisfying that P"(p) # 0
for all p €]0,00[. Furthermore, we assume that x € C®(R?) is real and radial with
x(0) =1 and that A verifies condition (C,, ) without any restriction in oq,o;.

With these settings, if there exists to > 1, such that Op (a(t)) is bounded on L?
uniformly in |t| > to, for all uy € L?, the limits (1.24), (1.25), and (1.28) hold true.

Corollary 4.2. We consider the same symbol a with an extra truncation in &, i.e.

o NG ) (2 ) o (2
a=aysa(t,zr,&) =x <|t|5+5A(|t\§§)) Ligps e (1 = xa) (WEO) Xh (’t‘ﬁl)

where x;, xn € C2(R?) are equal to 1 in a neighborhood of zero, and €y, e; > 0.

If P, A satisfy the same conditions as in Proposition 4.1 and Op (as.a(t)) is bounded
uniformly in [t| >ty > 1, then, for all ug € L?, the limits (1.24), (1.25), and (1.28) hold
true with Eg,l;’A(t) replaced by || Op (asy.a(t)) u(t)||7e.

In order to complete the proof of Theorem 1.1 and 1.6, we may combine Proposition
2.1, 3.1 with Proposition 4.1, where we need to take A = 1 in the proof of Theorem 1.1.
In the same way, Theorem 1.4 follows from Proposition 2.2 and Corollary 2.4 with A = 1.

Before calculating the limit of truncated energy, we remark that, in the hypothesis
of Proposition 4.1, Op (a(t)) (or Op (a(t))) is assumed to be bounded uniformly in |¢| >
to > 1, which allows us to replace general uy, € L? by those belonging to some dense
subset of L?. In what follows, we may assume that iy € C>°(R\{0}). As a consequence,

by taking t, > 1,
£ N oo
(1 - Xl> (’t‘eo) Xh (’t‘el) Uo(g) - uo(é-)a

which proves Corollary 2.4 from Proposition 4.1.
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4.1. Super-critical case 0 < 0+% < % In this part, we will study the case 0+% €]0, %[
(associated to limit (1.17), (1.22), or (1.28)) by following the same method introduced
in [9].

By definition, the truncated energy introduced in (1.11) is

Eysa(et) =[| Op (aysa(et)) ulet)|7

_ ! / i (€ i P©-P) | T EL(E)
(22 2t (12¢€)

x + etP'(¢)
trHA(t2¢)

)1 il (e B0(6) o (§) A

where t > 1 and € = +. In polar system = = rw, & = pf, & = p'0’, the integral above
can be written as

1 /ei(rpwﬂ—rp’wﬂ’)eiet(P(p)—P(p’))X rw + etP/(p)e rw+ etP’(p’)@'
(2)> t2HOA(t2p) t2tON(t2 )
X Lz pr(p), ()T (p0) o (p'0) (rpp' )~ OO dwdrdpdp'.

We firstly focus on the integral in 6, with integral in 6’ treated in exactly the same way,
i rw + etP'(p)o \ .
1.2 [ e (B oo
t20A(t2p)
In this part, we always set

P+5 -

(I

Q= €)0,1],

which is strictly positive and small, since we may choose t > t; > 1. Due to Lemma B.5,
(4.2) can be written as the sum of

- A1) —ierpy.. _d=L r—tP'(p r
(2m) "5 R <m>2x(2%M§>>m@mmH@)

and a remainder
et an (w, p7 = P'(p), tyrpp®)s (%)

where £ € C2°(]0,00[) equals to 1 in a neighborhood of 1, and S,,(w, pu, p,r',t;C) is

supported for ¢ > ¢ >0, p ~ 1 and |r'| < p and satisfies for all & € N1, j k. [,y € N,
|0§8ﬁ0§0ﬁ 875 | < Cp~al+i+Dcym=,

Remark that it is harmless to add an extra factor , since the integrand of (4.2) is

supported for r ~ t, which is a consequence of the cut-off x together with t > 1,

0+ % < %, and p ~ 1. We may repeat this argument for the integral in 6’ and the

truncated energy E, 5 (et) can be decomposed into a principal part

1 /e—ier(p—p’)eiet(P(p)—P(p’))X r—tP'(p) X r—tP'(p')
(4.3) (2m)a+t £3 0N (13 p) 3 HON(t3 )

N 5~ r
X Lo pi ) pr(pry o (—€pw) i (—ep/w) (pp') T (;) dwdrdpdp,
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and remainders
1

G / =i (=) it (P() =P (1) 2d=1) 2 <%> Sy, 1 p, g P o)

X S, 0 5 Pt ) Las iy, ) (rpp! ) dwdrdpdp,
where (m,m') takes values among (-2, —dtly (—gh _doly (_dhl L dtl) Note that
due to the condition 0 + % > £, we have

rpp? = rpt2(5+%l)_1 ~2043) S 0> 0.
The sum of these remainders can be simplified as

. N ny 1
/e—ZET(P—P )€Z€t(P(P)—P(p ))ﬁz(w7 s P, p/7 T, ta C - Pl(p)a g - Pl(p/))

Lesprip),Pr(p ndwdrdpdp',

(4.4)

where X(w, i, p, o', 7, t; 8, 8') is supported for r ~ ¢, p, p’ ~ 1 and |s|, |s'| < pu and satisfies
for all « € N1 5 kK 1,7,7 €N,

|8a8i8§8§'8l ma“f 3| < g ekt

Before stepping further, we introduce the following integral:

gy e g ) = / @t ) HEPOAGPON L, o o

X F(p,p',r t;r — e1eatP'(p),r — €1ent P'(p"))drdpdp’.

The limit of such integral has been studied in [9] for strictly convex P, while the concave
case can be studied with almost the same argument. To be precise,

Proposition 4.3. Let F(p,p/,r,t;(, ') be a smooth function on RY x R? and §' €]
Assume that F is supported for

papl ~ 17 r~t, |C|7’</| Stala

5,10

and for all 7,5, k, v, € N,
(0505, 08 0000 F(p, pf 145, ()| S 7+,
We assume further that the following point-wise limit exists

Jim F(p, o'Vt + P (o), 1:CVE CVE) = Fo(p, ).

Under all the assumptions above, we have

lim I(t,—€,€,—¢,6 F) = 72r/ Fo(p, p)dp,
0

t——+o0

for alle =+ and P € C* with P”" >0 or P”" < 0.

The proof for strictly convex P follows from that of Proposition 3.1.3 in [9]. As for
concave case, we will give a brief proof in Appendix E. Remark that we compute the
limit of I(t,—¢, €, —¢,€; F') for both signs € = +1, while in [9] only the limit of the sum
of these two terms was determined. The proof of our stronger result is not essentially
different from the one in [9] and we shall explain the modification one has to make to the
argument in Appendix E.

With the notations above, the truncated energy E) 5 (et) given by the sum of (4.3)
and (4.4) equals to

E,snlet) =1(t, —€,€,—€,6; F) + 1(t,—€,€,—€,€; Fr),
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where
1 r q ¢
P60 =t () [ (i ) (i
(p:p G <) (2m)d+1™ \¢ X 12 (2 p) X t2HOA(t2p)
X ﬁo(—epw)ﬁo(—ep’w)(pp’)%dw,
o t o !
Fr(p,pl.r,t:¢, () =t720F2) / “X(w, 753 p ol ts % %)dw-
r
It is easy to check that F, Fg satisfy the conditions of Proposition 4.3 with
g1 1
V=0+—+=.
* 2 * 2

Note that due to condition 6 + % €]0, %[, we have ¢’ €]%, 1[, which is required by Propo-
sition 4.3. The corresponding limit is

1 . — a1
Fop.s!) = gyt [ ol —epinl=ea) o) 5 s

and 0, respectively. Therefore, we may conclude (1.17), (1.22), and (1.28) by Proposition
4.3. In fact, with e = &+, one has

tginoo E, s(t) = tBeroo E, s(et) = tEeroo I(t,—€,¢,—€,6; F) + tEeroo I(t,—¢€,€,—¢€,€ FR)

2
1 1

. AP P 1
o / ito(—epw) o —epw)p’ dwdp = 7 lul 7.

4.2. Sub-critical and critical case § + % < 0. In the rest of this section, we will
study, under the condition § + % < 0, the truncated energy E, sa(uo,€t), with € = &,
t > to > 1. Here, we only write the proof of the case P” > 0, while the case P” < 0 can
be calculated in exactly the same way.

By definition (1.11), the truncated energy E 54 (uo, €t) equals to

1 / g€ giar©-r) | [ TTAPE) ) o+ etP(E)
(2m)2 t2tOA(12¢€) tatIA(t2¢")

X Lz 1pe)) pr(en) o (&) o (') dEdE du,
which can be rewritten in polar system x = rw, £ = pf, & = p'0 as
1 /eirw-(pHp’G’)eiet(P(p)P(p’))x rw —+ EtPI(p)e X rw + EtP’(p/>0/
(2)2 t2HA(t2 p) 39N (13 )
X Lrs pr(p), Pyt (p0) o (p'0") (rpp') ' drdd6 dwdpdp',

T (o]
=—/ Fo(p, p)dp + 0
0

We decompose E, 5 (uo, €t) as the sum of E (et), where E, E_ are defined as integral
over p > p', p' > p, respectively, and the dependence on x,d, A, ug is omitted for the

simplicity of notation. Since E_ = E,, it is enough to focus on the study of F. (et). We
first check that

Lemma 4.4. The integral

E+(Et> — )2d /ezrw-(pGpQ )elet(P(p)fP(p ))X (TW te (p) > Y (Tw te (p) )

(2m t2tIA(t2 p) 20N (t2p)
X Lz pr() Lps i (p0) o (p'0) (rpp' )~ drdd6 dwdpdpf
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equals, up to some O(t™2) terms, to
(4.6)

( 1)2d / ei[\/ZP’(p)pw~(9—9’)+7"pw-(9—0’)+wP’(p)0’-w] efei[rer%P”(p)wQ}
27T 0 9’6\[(ew+5d 1)

rw + eP'(p)0 \ (r+ P"(p)w)w + eP'(p)¢
1A (t2p)

X Lrsolps 250 o (—epw)|* (P'(p)*" p2@=Vd0de’ drdwdwdp.
Proof. To begin with, via change of variable,

r—rtz +tP'(p), p = p— —,

the mtegral E+(et) can be rewritten as

/6 tP’ p)pw-(0—0")+/trpw-(0—0")+/twP' (p )0’~w+rw€’~w]
2d

« UPO-Po-5) [ TWH VP (p)(w + €b)
A (t2p)
y (m £ VP (p)w + ') — V(P (p) = P'lp — t-%w»e')
X 1
OA(t2p — w)

X Lrsollps 2 sotio(p0)do((p — 2w)6)
d—1
X (\% + P'(p)) PV (p — t2w) 1 dOdO drdwdwdp.

Due to x, 1o factors, the integrand is supported for

0<rw<tt?, pel,
(47) s+ _ 1
lw + €l |w+ e | STz,

In fact, p ~ 1 follows directly from the fact that 4y is compactly supported away from

zero. Since y is compactly supported, the first y factor implies that
r =l + VP ()l — VP ()0

< |rw 4+ VP (p)(w + 69)‘ < A(t2p) ~ 197

which further implies that
Vit|w + e8] <IVEP (p)(w + €b)]
< )m VP (p)(w + 69)‘ +rw| S BA(HEp) ~ 1+ F
By applying a similar argument to the second y factor, we obtain
w o~ [VEP'(p) = VP (p — )
(r+ VtP'(p)) = VtP'(p - t‘%w)‘ +r

(r + VP () + eVEP (p = t-3w)0/| 47 S 673,

N

N




MICROLOCAL PARTITION OF ENERGY FOR FRACTIONAL-TYPE DISPERSIVE EQUATIONS 29

and that

Vilw + eff| ~ MP'(p)(w + )
< ‘rw + VP (p)(w + et/) — eVH(P'(p) — P'(p — t"7w))0’
7+ [VHP(p) = P'lp— t75w))]
ST b w ST

As a result, the boundedness of integrand implies that

Y

2(d—1
1 pergy (Lo e 2(5+ %L )d
Ei(et) St xt2972) x \/%t 2 =72

which tends to zero as t — +o0o when § + % < 0, and the limit (1.13), (1.20), and (1.24)

follow. In the remaining of this section, we take § + % =
The support of integrand also allows us to simplify F, (et), up to some O(t_%) terms,

as
td_l ]
ez[tP’(p)pw-(979’)+\/frpw-(979’)+\/ZwP’(p)@’-erer’-w]
(27T)2d
% eei[\/fP’(p)wf%P"(p)uﬂ] rw + \/%P/(p1> (CL) + €9>
tOA(tzp)
rw + VtP'(p)(w + €0') — eP" (p)wt’
X X T
tOA(t2p)

% 150l s 0io(p8) o (00) (P'(p))"™" g d6d8! drdwdeodp.

Here, we use the approximations

(e o)) (o () =575 o ()
1

to simplify the phase and

Ao 5) (i (5) 0(3)

to simplify the argument of the second Y.
By applying a change of variable in 6, ¢’,

0t 20 — €w,

01720 — ew,
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we can rewrite F (et) as
7 )
(2m)2d 0,0’ €V/t(ew+Sa-1)

ez'[ﬁp/(p)w(e—e')mw(0—9/>+wP/<p)e/~w+r%rwe'-w]

/
% eiei[rer%P//(p)uﬁ]X rw + E,Pl (,0)9
tOA(tzp)

X Y (r + P"(p)w)w + eP'(p)d — et~2 P"(p)wb’
toA(t2 p)

x IL7">0]1P>%>an(ti%p6 - E/M)?lo(t*%pe’ — epw)
x (P'(p)"" p*@Vdde drdwdwdp + O(t2),

where the integrand is supported for 0 < r,w < 1, p ~ 1, and [0],]0'] < 1 due to (4.7)
together with § + %+ = 0, which allows us to do another simplification and write E, (et)

as (4.6). O

Till now, we have managed to write F (et), up to some admissible terms, as (4.6),
namely

1

/ ei [\/EP’ (p)pw-(0—0")+rpw-(0—60")+wP’ (p)o’ -w] e—ei[rw—i-%P” (p)w?]
(27)2 Sy 9rei(ewtsi-1)

tA(t2p) tA(t2p)
X LrsoLps50 o (—epw)|* (P'(p))*" p2@=Vdbde’ drdwdwdp.

X x (Tw+6p/(p)9> \ <(7”+P"(p)w)w+6]3’(p)9’>

In the rest of this section, we will calculate the limit of this integral and conclude Propo-
sition 4.1. Since the integral in 6,8’ is over a sphere centered at ew with radius /¢, we
may write 6, 6’ in local coordinate

0 =hew+y, h=t—\/t—|y?
0 =nhew+y, I =Vt—t— |y,

where h,h' € R, 3,9 € w' := {z € R?: z-w = 0}. The condition of support implies that
|Bl, [P, lyl, |¥] < 1. Tt is easy to check that, as t — +o00

Vi (0-0) = 1 (Vi TR - Vim o) (10 120,
G'w:e<\/¥—m>—>0,
9'-w:e(ﬁ—m>—>0.

Therefore, by Dominated Convergence Theorem, as t tends to infinity, the limit of E, (et)
equals to

2

1 / €t [P’(p)p(%fly; )frwféP”(p)wz}
—_— e
' €wl,rw>0

(27T)2d
XX (Tw_geﬂ) Y ((7“ + P”(p))q\y)w + 6P,<,0)y/)
1p7 o

X [t (—epw)> (P'(p))"" pP=Vdydy/ drdwdwdp,
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which, after a change of variable, is equal to

1 / eei{(#_#)_m—%wﬂx P"(p)rw + ex/p 1P (p)y
(27T)2d Y,y €wl rw>0 )\1/)01

(4.8) XX( Prp)(r +w)w + ¢ p—lmp)y')
/\1p01

X | (—epw)|? p* L dydy’ drdwdwdp.

In order to give a compact form, we introduce the following functions,

1 2 y2 P// —1P/
Hir,w) = el (p)rw +ey/p~ ' P'(p)y .
d A1 0%
2 y-w=0 1P
F(r,w) / H(s,w)d

Remark that since x € S(R?), H decay rapidly at infinity, uniformly in w. Thus, F is
well-defined. With these functions, we can rewrite the integral (4.8) as

1 oo [e.e]
o // H(r,w) / H(r 4+ w,w)dwdr [tig(—epw)|* p?Ldwdp
(2) 0 0

- _ L// Oy F (r,w) F (r, w)dr |t (—epw)|* p?~ L dwdp.
(2m) 0

As a consequence,
tlgglo E\ sa(uo, €t) = tlglolo 2Re E (et)
2

= — - N 2 d-1
B (%)dRe/ /0 0-F (r, ) F (r, w)dr [iig(—epuw)|* p* ™ dedp

&

1 > 9 . -
- 27Td// —\F|2(T,w)dr]uo(—epw)]2pd Ydwdp

w)[? [0 (—epw)|* p*dwdp,

where
2

|F(0,w)]?

)

27r

el ( P"(p)rw + € p‘lP’(p)y> dydr
w=0 )\1p01

Y-

which is exactly G;lt(p,w) defined in (1.26), or (1.15) with oy = 0 and A; = 1. The limits
(1.14), (1.21), and (1.25) thus follow.

5. STuDY OF KLEIN-GORDON EQUATION

In this section, we shall prove Theorem 1.9 via a study of half-Klein-Gordon equation,
ie. (E) with P(§) = (£). Let w be the (real) solution to Klein-Gordon equation (KG).
We have then

(4

oz(af—AH)w:—(@—P(D )) (atJrP(D ))w.

Thus, the complex-valued function
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is the unique solution to half-Klein-Gordon equation with initial data
w
Uy = U= = 71 + P(Dy)wo € L2,

Due to the fact that w is real-valued, we have the following relations
ow = —Imu, w=(D,) 'Reu.

In this section, we denote the truncation Op ( KG(t)), whose symbol is defined in
(1.31), as A(t), and define operators A4 (t) as Op ( (t)), where

(5.1) akS(t) = x (%ﬁ;f)) Ligp>perr(g) X (|f| )

0<d<3,0<e<l, and x € C(R?) are the same as in (1.31). Since we are interested
in the behavior as t — 400, it is harmless to assume ¢ > 1. Before continuing the proof,
we clarify that all the involved operators are bounded uniformly in ¢ > 1.

Lemma 5.1. There exists time-independent constant C' > 0 and tq > 1, such that for
all t > to,

IA® 22y, 1A=z < C.

Proof. 1t is obvious that P(§) = () satisfies hypothesis (H,, ,,) with py = 1, PO 0, and
p1 = —2, P, = 1. In what follows, we shall focus on symbols aX%(t) (with aX%(t) treated
in the same way) and decompose them in high and low frequency. Let ¥ € C°(R%) be a

radial function which is equal to 1 in the ball B(0,1) and vanishes outside a larger ball
B(0,2). We may write

ali(t) = a()X(8), aff(t) = aL®(H)(1 = X)(9).

For low frequency part a£5(t), it is easy to construct a symbol F(§) such that P,
verifies hypothesis (H,, ,,) with po = p;1 =1 and Py = P, = 0, and that P,(§) = P(§) for
all |¢] < 2. In this way, we have

+tP
al(t, x,6) = (%) Lia>pepre) X (6),

where the factor involving ¢¢ disappears since the symbol is supported for || < 2 < ¢,
by choosing ¢ > 1. Now, we may apply Proposition 2.1 to obtain the uniform-in-¢
boundedess of operator with symbol

v £ LFl()

and hence boundedness of the operator Op (aX5(t)).

The boundedness of Op (a I h(t)) is actually an immediate consequence of Propo-

sition 2.2. More precisely, by choosing arbitrary €’ such that (¢’,¢) satisfies conditions
(1.19) associated to P (i.e. with py =1 and p; = —2), namely

11
po+1 2 —(p1+1)

we are able to apply Proposition 2.2 to obtain the uniform boundedness of operator with

symbol
+tP
X (xté—w(é)) Ligsiep(e) (1 — x) (ti’) X (t%) :

0<é< 0<e<

=1,
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If we add the high frequency truncation (1 — x)(§), the symbol will be supported in
€] > 1> ¢t~ since we have chosen ¢ > 1. As a result, the truncation (1 — y) equals 1
and the uniform boundedness of Op (aX5 ()) follows.

We have shown that Ay (t) = Op (a55(t)) + Op (a£G(t)) is uniformly bounded on

L?. By repeating the same argument and replacing Proposition 2.1, 2.2 by Theorem 1.8,
we may also obtain the uniform boundedness of A(t). U

Now we turn back to the proof of Theorem 1.9. By definition, the truncated energy
(1.30) can be expressed as

D 2 2
EXC(£t) = ||A(t) Imu(it)Hiz + ||A(t)—=5 Reu(£t)|| + HA(t) Re u(=t)
<Dac> L2 <Da:> L2
The three terms on the right hand side takes the form
1 N2
KG _ 4+
(5.2) 5t o, B) = 5 HA(t) (Ru(:l:t) + eoRu(:I:t)> HL ,

where ¢g € {+,—} and R is a bounded Fourier multiplier taking values among 1,
D.(D,)™!, and (D,)~!. Due to the uniform boundedness of truncation operators A(t),
A4 (t), (5.2) can be written as
1 2
7 [A£@Ru(t) + oA ORuGED|| | + O (I(A) — As(®) Ru()] ,2)
+0(|[(a® - Az FuE0)|| )
1 1 2 -
— 1O RUEDI: + § [A=ORED|| | + eoRe (As(t) Ru(t), A () RulED))

+ O (I(AW) = As(E) Ru(D)] ) + O (|| (AW) = A (@) Ru(ED)| )

L2

1 -
=3 1AL () Ru(#) |72 + o Re <Ai(t)Ru(:|:t), A¢(t)Ru(:|:t)>
+ O ([[(A(t) = A () Ru(£t) | 1),
where we use the fact that for all complex-valued function f € L?

A =AMF, Act)f = A=(1)].

In order to conclude the desired limit (1.30), it suffices to prove

L2

Proposition 5.2. Let vg,v1 be two functions in L. With A(t), AL(t) as above, we
have following limits:

i 2 1
(5.3) Jim | AL (£)eHtP @y ||, = ZLHUOH%%
(5.4) tLlErnoo <A:|: ith(Dz)UO’ Aq: (t)ejFitP(Dz)Uo,OLg — 0,
. Z - 2
(5:5) i [[(A(5) = Ax(B)eH PP 5, = 0.

Once Proposition 5.2 is proved, we may apply the three limits with vg = Rug and
vp,1 = Rug to obtain that

1
lim Q (t €0, R) = g”RUo“%z,

t—400

since, due to the definition of u, we have, for all £ € R,

Ru(t) = P Rug, Ru(t) = e 7P Ry,
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As a result, the limit (1.30) follows from
dim EX(wy, wy,t) = Jim EXC (wg, wy, £t)

th (7 171>+Qi( 1D< > >+Q (t717< >1)

 tofoo
1 ) D, | ? 1, 1 ) )
. (nuonp +pg] || ) = el = 5 Quoli + fusli)

In the rest of this section, we shall prove the limits (5.3), (5.4), and (5.5). We have
seen that operators A(t), AL(t) are bounded uniformly in ¢t > to > 1. As a result, it
suffices to calculate these limits for those vy, vo; belonging to some dense subspace of L.
In what follows, we assume 7y, 7o; are smooth and supported in a annulus centered at
zZero.

The first limit (5.3) is no more than a consequence of (1.22) with P(§) = (&), 1 = ¢,
Xn = X, and any ¢ €0, %] The exceptional truncation y; is not a problem, since it
disappears when |¢| is large enough. For the remaining results (5.4) and (5.5), we will
apply a similar argument as in the proof of Proposition 4.1 for super-critical case.

5.1. Limit of interaction term. We first calculate the limit (5.4). Clearly, via conju-
gation, it is enough to study the limit of

(5.6) (Ap ()P ug, A_(t)e Py
since the other one can be recovered by relation
(A_(t)e=#PD)yy, A (t)etitPDayg ), = <A_(t)6—itP(DI)UO7A+(t)eitP(Dz)U071> ]
L
= (A4 (1) P)mg, A_(t)e P P7eT)

where the Fourier transform of 75, Ty still belongs to the class C2°(R¥\{0}).
By definition (5.1) of A4 (t) = Op (aX°(¢)), (5.6) equals, in polar system, to

]. /ei(TPW'OTPIW'Ol)e’it(P(P)+P(pI))X (TW + tP/(p)H) X (Tw - tPl(p/)0/>

(27r)2d t%+5 t%—f—é

X Lz pr(p), Py 00 (p0) 001 (00") (rpp") T dOO' dwdrdpdp'.

Here we may omit the truncation in £ = pf# and £’ = p'#’ by taking t > 1. As in previous
section, we focus on the integral in € and ¢, which are equal to, by Lemma B.5,

. rw +tP(p)0\ ——
/e””w % (—t5+5 () ) Uo(p0)do
= e Py 1S+d 1(w L, p, —P’(p),t;rp/f)/i (%),

/eirp’w-H’X (rw —tP (:0 )0 ) UO 1( /9/>d9/

¢ to
__—irp ,,d—1g— ;T v o2 r
=€ 2 Sfd;l(wal'%pag_P(p)ftarpM)"i ; )

respectively, where p = =% and SE(w, w, p, 7', t;¢) is supported for ¢ > ¢ >0, p ~ 1 and
7| < p and satisfies for all o € N1, j K, l,7 eN,

|8aagakal 875 | \oa|+]+l)<<»> -7

wZupYr
Here we add extra factor k € C2°(]0, —|—oo[), which equals to 1 in a neighborhood of 1,
due to the support of integrand.
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As a consequence, (5.6) reads

1 o
(27T)2d/6[( PP RPN S+(w s p,——P,(p),t;Tp,UQ)

X S(;(w7ﬂ7pl7 T P’(p’),t;rp/u2)f<a2 <¥) Jl%>P’(p),P’(p’)

x 00 p0) 00,1 (70') fe'>< ) E dwdrdpdp,

which can be rewritten as I(t, —, —, —, —; F') defined in (4.5), with
(5.7)
Fp,p',7.t:¢,.¢') = S (w, 72, p, % trpt? ) Sy (w, 872, g, % tirp 1P )R (%)

In [9], the author has proved in Proposition 3.1.1 that

Proposition 5.3. Let F(p,p/,r,t;(, ') be a smooth function on RY x R? and ¢’ E]%, 1[.
Assume that F is supported for

pp ~ 1t LIS
and for all 7,5, k, v, € N,
008001 F(p, pf 1, 8¢, ()| S 70 K,
Under all the assumptions above, we have

lim I(¢t,+,+,+,+;F)=0.

t——+o0

It is easy to check that the function F' defined in (5.7) satisfies the conditions above
with ¢ = & + 1 and limit (5.4) follows.

5.2. Limit of energy outside the truncation area. It remains to prove (5.5), which
requires a study of the L2-norm of (A(t) — AL(t))e*PP=)yy. As in previous part, by
conjugation, it suffices to focus on

i 1 i i x +tP'(€ .
(A(t) — A (t)e"PPlvg(z) = @y / MO (1 — y) (t—+5()) Ljap> e e) D0 (§)dE,
where we omit again the truncation in £ by assuming ¢ > 1. Actually, we have

(A(t) — A_(1)e tPPlug = (A(t) — Ay ()P,

with Ty belonging to the same subspace C°(R%\{0}).
We first check that the L2-norm of (A(t) — A, (t))e’P=)yy concentrates near |z| = t,
ie.

Lemma 5.4. There exists a radial function k € C2°(R?) supported in an annulus centered
at zero, such that, when t — 400,

(A(t) — A, (1))etP Py = (%) (A(t) — Ay (1) Py + O (t7N),
for any N € N.

Proof. Let kg € C>°(RY) be a radial function supported near zero and equal to 1 near
zero. By definition,

(A(t) _ A+(t))€itP(Dz),UO($) _ (2711')d /eixfeitP(f)(l _ X) (%ﬁs(i)) 1|z|>|tpf(g)\ﬁo(5)d5~
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Due to the support of integrand, namely 0 < ¢ < || < C and |z| > tP(|{]), the function
above is supported for |z| > tco, where 0 < ¢y < P’(c). That is to say, when Supp kg is
chosen small enough,

Ko (%) (A(t) — AL ()PP (z) = 0, Vi, .

Let k1 € C(RY) be a radial function supported outside the unit ball. We further
assume that x; equals to 1 away from zero. By observing that |P'(€)| < 1 for all £ € R?,
we have

x itP(Dy) _ (¥) i(zE+tP(€)) xz+tP'(§) .
1 (7) (A0 = AcO) o) = T e (1= () (e
Remark that the non-smooth term 1,54 p/(¢) is identically 1 as we add the cut-off ;.
By integration by parts in £, we may rewrite the quantity above as

F1 (% i(aetP(e) —O z+tP'(§ z+tP(§) .
(27(T)d) / S Lth'((é))P(l_X) (t—+6()> ”0(5)} *

_ K (%) /6i(m§+tP(§))q1(t71,75)@0(5)6%' + ’ﬁ_(a?:)/ez‘(szrtP(s))qo(t?x,g) -0 (€)dE,

(2m) (2m)
where vy (x) = zvy(z), and
=0 [ x+tP(E) z+tP'(§)
QO(t>$a€) - i [|x+tP’(§)\2(1 X) ( t%—HS ):| )
_ x+tP'(E) B x +tP'(§)
Q1(t7$7€) - ]x—i—tP’(ﬁ)P(l X) ( t%_i_(s )

are smooth symbols satisfying for all o, B € N,
6ga§ﬁQk<t7 x, 5)

By Calderon-Vaillancourt Theorem (Lemma A.11) and Lemma A.4, the £(L?)-norm of
operators Op (qz)’s is bounded by ¢t=2%, which implies that

k1 (5) (att) = A @et P,
By repeating this procedure for M times, we obtain
‘ K1 (%) (A(t) — A, (1))ePP=)y,

The last estimate follows from the fact that vy is a Schwartz function. The proof is
completed by choosing kK =1 — kg — k1. O

< t_25t—(%+6)\a|t(%—5)\ﬁ" k=0,1.

S (wolls + lnll) ~ ¢ @l

S ) Mg S £V

Thanks to Lemma 5.4, it remains to estimate the L?(dz)-norm of
x ‘
e (2) (A0) ~ A4 )P (o),

or equivalently, in polar system, the L?(r¢~tdrdw)-norm of I(t,r,w) defined by

r irowd i rw +tP'(p)0 . _
65:5) 1t.rw) =x (3) [ermtemvi -y (t—H(”)) 1,y B0 (pB) 8

To begin with, we decompose (5.8) into three parts I, (t,7,w), [_(t,r,w), Iy(t,r,w)

by inserting
w+ 0 w—0 w40 w—0
X0 S5_1 » X0 51 ) 1- Xo s_1 — Xo 51
t° 2 t°" 2 t° 2 t° 2
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to the integral respectively, where yo, € C®(R?) is radial, supported in a small ball
centered at zero, and equal to 1 near zero. The desired result (5.5) thus follows from the
lemma below :

Lemma 5.5. For all N € N, there exists constants C', Cy which is independent of t,r,w,
such that

(5.9) 12:(t, 7y )1 tarany < Ot
(5.10) 11 (t, 7, @) 172 i1 grawy < O
(5.11) 1ot 7, )20t 1apa) < Ot

Proof of (5.9). The integral I, (¢, 7, w), by definition, reads

r i o rw +tP'(p)6 w+6 . _
K <Z> /e [rp 9+tP(p)](1 — X) (T X0 téj Ilr>tP’(p)UO(p9)pd 1dpd9

The intergand of I, is supported for
Ir—tP'(p)| = |—r6+tP' (p)6] > [rw-+tP' (p)0|—r|0+w| > ctzt—Ceotxt?~2 = (c—Ceq)t2t,
where 0 < ¢y < 1 is the radius of Supp xo. This implies that

Ir—tP'(p)| = dtzte.

As a consequence, the integrand of I, is smooth. This allows us to apply integration by
parts in p, since p ~ 1 and

[rw -0+ P (p)] > | = v+ tP'(p)] = rlw + 0] > (¢ = 2Cco)t2* > t2*.
More precisely, by using

6i[rpw-9+tP(p)] _ —1 ei[rpw-G—I—tP(p)]
rw-0+tP(p) " ’

one may gain ¢~ (2% from |rw -0+ tP'(p)|~! and t279 from cach J,. In conclusion, after

M times integration by parts in p we have
|I+<t7 U w)| SJ t_2M6'
Due to factor «, I, is supported for r ~ ¢, which implies that

||I+(ta r, w)”%ﬂ(rd*ldniw) 5 t_4M6+d < t_N’

where M is large enough so that 4Mé —d > N. U

Proof of (5.10). The integral I_ will be treated as in Section 4. We first observe that the
integrand of I_(¢,r,w), which reads

r i[rpw- rw + tP'(p)o w—0 R 3
#(5) [ ey ( = ) Yo <—> Lo (pB)p" dpd6,

t%-ﬁ-(s té—%
is supported for, as t > 1,
rw + tP'(p)6] = 1+ tP'(p)0] — rlw — 0] = r + tP'(p) — Ceotz 0 > (i,

where 0 < ¢y < 1 is the radius of Supp xo. That is to say, the factor (1 — x) is identically
1, and /_ becomes

r min(p1,(P) "1 (r/t)) it P(p) irpw-0 w—0Y . d-1
K <_> e ey i | 0o(pf)dbp™dp,
t d t§_5

PO S
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where ©(pf) is supported for p € [po, p1] and we use the convention (P')~!(s) = +oo
when s > 1. Now, we may apply Lemma B.1 with A =rp, u = t‘s’%, and

y—=z - r—1Yy N
F(a:a:%Za,uap):XO( [ )XO( 1 )Uo(py)

Here Yo € C°(RY) is chosen to be equal to 1 on the support of xo. Note that F has to be
taken at (z,y,2) = (w,0,w) in order to recover the above integral. This corresponds in
the statement of Lemma B.1 to x = 0, y = ¢, and z = w (and no variable w’). The extra
term p is an extra parameter staying in a compact subset. Due to our choice of p, it is
clear that r ~ ¢t and p ~ 1 imply A\u? > ct?® > 1. As a result, the integral in 6 equals to

. . w—~0 “ d—1 .. _
/d elpr 9X0 ( té_% > U()(pe)de - (27T> 2 e p,u/d IS_d2;1<w; P, I Tplu‘z)7
S

with Sy, (w, p, pt; ¢) smooth, supported for p ~ 1, ¢ > 1, and satisfying for all o, € N,
Jk,veN .
02000507 S (w, p, 5 Q) < Cp 1=K Q)™ .

This formulation allows us to rewrite I ,7’%, up to multiplication with constants, as

. i (PY /D) »

I- (ta T, w)frT =K (2) / GZ[Tp+tP(p)}SO(w7 P 1 rpl’[’Q)ppo
PO

Now, we may apply integration by parts in p. Due to the fact that r + tP'(p) ~ t and

min(py, (P')~'(r/t)) ~ 1, the boundary terms and remaining term are all bounded by

t~1, namely

‘]—(tvnw)r% 5 ]17"~tt_1a
which implies (5.10). O

Proof of (5.11). Unlike the study of I, I, will be estimated via integration by parts in
0 variable. It is clear that the integrand of

. . tP'(p)0
It r) = () [ ermetetro -y (“—(p)) Loty (p8)p" ™
t2

w -+ 6 w—0
- {1_X°(t5—é ) _XO(#‘—% ﬂdpda

is supported away from {f + w = 0}, which allows us to rewrite the integral above in
local coordinate

0=hw+V1—-h¥y, hel[-1,1],ycwnNS,

where wt is defined as the hyperplane {y € R?: y - w = 0}. In this way, we may rewrite
Iy as
(5.12)

" <§> /eirphF0<tvra p,w, hw + My)(l _ hQ)g_l
(ht Do + V1 = Ry (h — 1w+ V1 - h2y
e — Xo

=3 =3

)] dhdydp,

where
rw +tP'(p)6

FO(ta TP, W, 6) = eitP(p)(l - X) ( tl+5 ) 1T>tp’(ﬂ)ﬁo<p9)pd_l'
2

Remark that due to the cut-off away from +w, the integrand of (5.12) is supported for
|(h 4 Dw + V1 — h2y|? > ct® 1.
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By developing the inequality above we obtain
VI—Rh2 > dt5 s,
Thus, Fj is supported for p ~ 1 and satisfies for all £ € N,

‘all“f <F0(t,7“, Py W, hw + V1 — h2y)> ‘ 5 t(l_Qé)k.

The same estimates hold for (1 — A2)2~! and cut-off xo’s in dimension d > 2, while in
trivial case d = 1, I, is identically zero.

Now, we may apply M times integration by parts in h for (5.12). Asr ~t, p ~ 1,
each 0y in the amplitude gives t'~2°, we have

[To(t, 7, )| S Lpat M7,

and (5.11) follows from

||I()(t, T, w) ||§12(7‘d*1d7‘dw) S t_4M6+d 5 t_N’

by choosing 4Mé —d > N. O

APPENDIX A. TECHNICAL LEMMAS

This appendix is a collection of technical lemmas which are used in previous sections.

A.1. Some technical inequalities.

Lemma A.1. For any real number m > d — 1, there exists constant C' = C(m,d) > 0,
such that

sup / (Rw — €)™™dw < CR™4=D,
gd—1

£erd

Proof. By change of variable, it is equivalent to study the boundedness of

/) K(w — &)dw,
RSd—1

where K (z) = (1+ |z|™)~'. This integral can be regarded as a convolution of K and the
Borel measure pug, which is defined by

Vo € C.(RY), (ug, o) = /de—l O(w)dw.

We introduce the a-dimensional density of a Borel measure u:

M@ (z) = sup mB(z,r)

r>0 re

Remark that Ml(ff%_l)(ﬁ) = Mlscf_l)(f/R) and that M;(ff_l) is a bounded function. Thus,

MY (€) is bounded uniformly in R > 0 and £ € RY.
Now, it suffices to show that there exists some constant ¢ = ¢(m,d), such that for
any Borel measure ;. on R,

K 5 p(€) < eM{D(€).
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By applying a translation, the problem can be reduced to the case £ = 0.

K*p(0) = [ K(—y)du(y)

Rd

= | K(y)du(y)

Rd
= lim liu(B 0, ri"
n—oo 1,
j=1
where that last equality follows from dominated convergence theorem, with 7’](.”) defined

1
by K~1(1—1) = r "Se-1. We may calculate 7“( explicitly T](n) = (%) " Therefore,

by definition of (d — 1)-dimensional density, we have

_ 1 n
K xu(0) < Ml(fl 1)(0) nh_)rgoﬁz (rj( ))
=1
/

1 & 1/n m
= M*1(0) lim —
K ( )nl—{go n JZI 1—j/n
= M(0 / - dz.
The last quantity is finite since m > d — 1. U

Lemma A.2. Let S_; € C®(R) with |S(f‘1)(£)\ < Co (&)1, for any o € N. Then, for

any N € N, there exists some constant C, such that

/ S (€)de
R

where the integral on the left hand side should be understood as oscillatory integral and
the function log_ is defined by:

log_(t) := { [ log(t)[ uf ¢ €]0,1]

0 otherwise

(A1) <O (1+1og_(JA), YA#0,

Proof. For simplicity, we may assume A > 0 and that S_; is supported in [cg, co[ for some
co > 0.

When A > ¢ for some small constant ¢ > 0, we may apply integration by part on &,
then the left hand side of (A.1) can be controlled by

_/ 2d£<

To obtain arbitrary polynomial decrease for large A, we only need to apply integration
by parts several times.
When A < ¢, we introduce a cut-off x € C°(R), such that x = 1 in a large neigh-
bourhood of 0. For the part where |A{| is small:
df

/ XS (Ov(AE)de| < C
R c1 5

For the remaining part where |\¢| is large, we need to estimate

/R M8 4(€)(1 — y) (M) dE.

C'(1+log_(A)).
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By applying integration by parts in £, we will obtain two integrals. The first one is of
the form

/R XS (€)Y (A e,

which can be treated as above. The second one take the form
1 i
3 s - v
R

which is bounded by
1

< £)72d¢ < C.
)‘/5|>‘i'< )
]

Lemma A.3 (Cotlar-Stein Lemma). Let H be a Hilbert space and {1;};en be a series of
bounded operators on H. If

1

(A.2) A=sup Y | TTY |2 ) < +00,
JEN Len

(A.3) B =sup Y |15 Tull2 ) < +00,
JEN peN

the operator T = ZjeN T; is well-defined via point-wise limit

J
Yue H, Tu:= lim Tiu wn H.
J—=+o00 4
7=0
Moreover, T is bounded on H with estimate
(A4) [T\ 2oy < VAB.

The inequality (A.4) was first given in [7] for finite sum with || 7T} || ¢y and || T; Tk || £y
decreasing exponentially in |j — k|. The generalized version stated above and its proof
can be found, for example, in Theorem 1, Chapter VII of [19].

A.2. Criteria on L?-boundedness of pseudo-differential operators.

Lemma A.4. Let a be a symbol on R? and X\ > 0. The rescaled symbol

a)(x,§&) == a(Az, %)

satisfies
10p(ax)lliz2y = 10p(a) |z

Lemma A.5. Let a be a symbol on RY and symbol @ is defined as

a(z,§) == a(§, x).
Then we have
1 0p (@) |22y = 10p (@) [ £(z2)-
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Lemma A.6. Let K be a kernel function of operator IC defined as

Ku(zx) := /K(m,x — y)u(y)dy.
If there exists Ky € L'(RY) such that

|K(z,2)| < Ko(2), Y,z € RY,

we have
1K 222y < [[ Kol

Lemma A.7. Let a and b be symbols satisfying

ja(z,§)] < b(z, ),
and B € L(L?) be an operator defined by

Bu(x) = / b, €)u(E) .

Then
| Op(a)|lzer2y < | Bz

Lemma A.8. Let m : ST ! x S¥1x]0,00[— C be a smooth function satisfying for all
a,o/ €Nl agnd N €N

dw,—w'), _y
— )

where A is a quantity independent of w and w', d is the distance on the sphere S¥'. For
all A > 0, the operator T is defined by

Thu(w') = / e (w, W', ) u(w)dw.
Sd-1

Then there exists a constant C' > 0, such that
_d-1
”T)\HL(LQ(Sd—l)) < CAN 7.

Y

|8383’/m(wa W', )] < Ca,a’,NAﬂ_‘al_Wl(

The case of pu € [1,00] is classical, the proof of which can be found in, for example,
[18], Theorem 2.1.1. As for the case u €]0, 1], one may refer to [9]. A direct consequence
is stated as following;:

Lemma A.9. Let a(x,&, 1) be a smooth symbol on R x R depending on a parameter

w €]0,00[. Let b be a function on R%, such that the associated operator B defined below

is bounded on L*(R,), namely

(A5) Bl e <00 B = [ b0 (o)dp.
0
If, in polar system x = rw, & = pb, a(x, &, ) satisfies for all o, 3 € N“~! and N € N,
d(w, —0
(A0 0c0fa(rw, 9.0 < Copablr -1 (HLZE)

then we have

(A.7) | Op(a)ll (2 reyy < ClBllcz2®y))s

where C > 0 s a universal constant.
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Proof. By definition of Op(a), we have
1 o <
Op(a)u(rw) = —d/ / "0 (rw, pf)i( pd) p?~tdodp.
2m)* Jo  Jsa

It is easy to check that ||f(p, 0)|r2(apas) = (QW)%HUHLQ(W), with f(p,0) = a@@)p%'
Thus,

d—1
| OP(G)UHH(Rd) = || Op(a)u(rw)r 2 HL2(drdw)

1 o0 ) s
—(27T>d / /S ezrpwea(rw, p@)f(p, (9) (Tp) 2 d@dp
0 d—1

L2(drdw)

< G

[T [ etatr, o0) 0,000l e
0 -1

L2(dr)

By applying previous lemma with m(w, 0, u) = a(rw, pd, i), where r, p should be regarded
as parameters, A = b(r, p), and A = rp, we obtain

|| e a(rw, p0)f(p. 6)d0 2y < Cilrp) ™7 b(r, )£, p)|2(an.

Sd—1

Thus,

| Op(a)ul| 2@ey < CoCh

/ b, )18, )| 2 any dp
0 LQ(dT)

< CoCrllBll ez @on 1 £ (0, o)l L2(a6ap) = ClIBllcizz @y lull L2 mey-
O
Lemma A.10. Let a be a symbol on R¢, depending on some parameter A €]0,00|. If for
all o« € N9,

sup [19¢a(z, Y1y < Codt!
z€R4

the operator Op (a) is bounded on L*, uniformly in \.

Proof. Due to Lemma A .4, the problem can be reduced to the case A = 1. The kernel of
operator Op (a) is K(z,y) = J(x,x — y), where

1 .
iz-&
(27r)d/e a(zx,&)dE.
We first observe that, for all x € R%, |J(x, 2)| < (27)~ % a(x, '>HL§’ which is uniformly
bounded. Then, by integration by part, we have, for all N € N,

’|z|2NJ(a:,z)‘ < Z /ei’zf@g‘a(:v,f)df'
|a|=2N

< Y supllogae, )l < Ca

d
|a|:2N z€eR

J(z,2) =

That is to say, J is bounded and has any polynomial decay in z, uniformly in z. In
particular,

K (z,y)| = |J(z,2 — y)| < (z —y) .

Y

The conclusion follows from Schur’s Lemma. O
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Lemma A.11 (Calderon-Vaillancourt Theorem). For smooth symbol a € C*°(R? x R?),
the following estimate holds :

(A.8) 10D (@) ey S sup (1070 all 1o mga)-

|e],|BI<Na

where Ny is a universal constant depending only on dimension d.

The earliest version of (A.8) was given in [1] where «;, §; are required to be no more
than 3 for all j = 1,2,--- ,d. Then, in [2], the authors optimized it to Ny = [4]+ 1, while
some other assumptions in «,  are given in the same paper. The readers may also find
an alternative proof via Gabor transform in [13].

APPENDIX B. STATIONARY PHASE LEMMAS

Lemma B.1. Let
F: (S™1)x]0,1 — C
0,0, w,w' 1) — F6,0,w,u, p
be a smooth function supported for d(6',0)+d(0',w'") < ¢, where d is the metric on sphere

St and &' > 0 is a small constant. We assume that F satisfies for all a, o/, 3,3 € N,
7, N eN

10005 8°0%90 F| < C’u—la\—\a/l—\ﬁl—j<d(9 7w)>—N'

wXw'
1%

For any parameter A > 0, we define the integral
IL(0,w,w"s N, 1) :/ eFNYE0.0 w, W, p)de
gd-1

If &' is small enough (depending on the sphere S¥1), and M\u? > ¢ > 0, then we can

write

L (0, w,w5 A, p) = e pu1S* a (000,015 M%),

where SjE a1 (B, 0,0, 15 Q) s a smooth function supported for d(0,w") < 20, satisfying for
all o, 8,8 €N, j,7,N € N

(B.1) 05020%,05075%4.,| < cu—a'—'ﬂ—j<<>-d2*—”<d(0;”)>—N.

Moreover, for |(| = ¢ >0, Sf@(G,w,w’,u; ¢) can be decomposed as
(B.2) (27r) 7 T VF (6,6, w, o' u)( En 2 + 5%, (0, w0 150),

where S*,., (0,w,w’, 1; ) is smooth and supported for d(0,w') < 28", satisfying the esti-
mate (B.1) with d — 1 replaced by d + 1.

Lemma B.2. Let

Fy: (S71H1x]0,1] — C
0,0, w,w' 1) — F0,0,w,w, )
be a smooth function supported for min(d(6¢',0),d(¢',—60)) > &' > 0, where d is the metric

on sphere S*™™' and & is constant. We assume that F satisfies for all o, o/, 3,5 € N,
7, N eN

10505 8707 01 Fy| < CM—\al—la’l—IB\—j<d(9 ’w)>—N‘

wXw'
%
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For any parameter A > 0, the integral
IL(0, w05\ 1) = /d 1 e (0,0 w, W, pn)de
d—
can be written as
FiXw d=1 p(

(0, w, s A pn) = e 0,w,w', p1; M),

where RE(0, w,w’, p; ¢) is a smooth function satisfying for all o, 3,8 €N, 4,4, N € N
(B.3) |05 9505,0501 RE| < Cp 1817 (¢) =N

wZw'
For the proof of Lemma B.1 and B.2, one may find a general result in [9], Proposition
A1.1.

Remark B.3. In Lemma B.1 and Lemma B.2, the dependence on ' is not crucial in the
proof, we may eliminate the conditions and results involving w'. Meanwhile, if F' (resp.
Fy) depends on some other parameters, the same condition can be inherited by 5_012;1

(resp. R) from F (resp. Fp).

Lemma B.1 and B.2, together with Remark B.3, result in the following lemmas,
which are important techniques used in the main text.

Lemma B.4. Let
G: (S1)2x]0,1] — C
0 w,p) = GO, w,p)
be a smooth function supported for d(0',w) < &', where d is the metric on S** and §' > 0
is a small constant. We further assume that, for all o/, € N*=', j N € N,

oy atenc| < o (A,
For A >0, e € {£}, we define
I(0,w, 1i; \) :—/ eﬁi’\e'elG(G/,w,u)dé’/.
gd—1

Then, under the conditions that &' is small enough and that \u*> > ¢ > 0 for some constant
¢, the integral I may be written as the sum of principal terms

eﬂ:EiA,ud—ls’Z_t% (07 W, M? )\l’[’2)7

and a reminder
e NPT R0, w, i M),

where SE(0,w, u; ) is a smooth function supported on d(0,+w) < 25, ¢ > ¢ > 0, satis-
fying for all a, B € N¢=1 j n N € N,

(o, :I:w)>_N'
M Y
and R(0,w, u; ¢) is a smooth function satisfying for all N € N,
IRl S (O~

105020508 Syl < =PI (G

Moreover, if G depends on some extra parameters, the same bound for G (and its deriva-

tives in parameters) can be inherited by S*,_, and R.
2
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Proof. We only give the proof for € = +, while the other one can be treated in the same
way. To begin with, we introduce the functions

Fi (0,0 w, p) i= G0, 2w, )X (0 — 0'),
Fo (0,0, w, ) =GO ,w,p) (1 —x(@—6)—x(O+06")),

where y € C°(R?) is radial and supported in a small neighbor of zero, with value 1 near
zero. By using these functions, we may rewrite the integral I into I, + I + Iy with

I :/ei"w'elFi(Q,@', +w, p)df’,

IO :/eiAGIGIF()(e,e/,CL),/,L)dHI.

It is clear that Fl, Fy verify the conditions in Lemma B.1 and B.2, respectively. Then,
by applying these lemmas, we can obtain the desired expressions and corresponding
estimates. There remain two points to check: the support of Sf@ and the dependence

on extra parameters. The latter is merely an application of Remark B.3, while the former
can be shown by observing that, when Supp y is taken to be small enough, the integrand
of integrals Iy is supported on d(£6',w) < ¢’ and d(0,0") < §'. d

Lemma B.5. Let y € C®(RY) and f € C®(RN\{0}). Assume that P is smooth on
10, 00[, and A is a positive function, such that

A(p) ~ p7, as p— +oo,
A (p)| S p77, Vp>py>0,5€N,
A(p)

o

— Ao, as p — 400,

hold for some o € R and A\g > 0.
Then there exists to > 1 depending on f, P', and A, such that for e, € {+1,—1},
6+2€l0,5],7>¢c>0, and t > ty, the integral

” + etP'(p)d
ete rpwb Twl . 0)do
/Sdl X (—t2+5A(t2p) f(p0)

can be decomposed as a principal term
/
(2m) 2 T Do)~ (t}if( >>> F—ep)

and a remainder

e P INS_a (w, p, — P'(p), t;rpu®),
where p = 52, S (w, iy py 1’ 65C) s supported for( >e¢>0,p~1and|r| < p and
satisfies for all o € N1 j k. 1,y € N,

10583,050,00S _aga | < O~ (WHHD(¢ym=,

wZppr!

Proof. Using the notation r = (r’ + P'(p)), where || < = 97572 we can rewrite the
integral as

(B4) /d eie't(T’+Pl(P))pweX (7’ W+ P (p) (w + 60)) f(pe)de
sd—1

3N (t2p)
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Consider the function

r'e+ Plp)(z—y)\ ., x—y. .
F(x,y,z,u;p,rﬁt)zx( )tz — y) )

y—z

o T X X fpy),
ut=2A(tz2p) ( 1% ( H )#pw)
with v € C®(R?) taking value 1 in a large ball centered at the origin. By setting

A=t(r"+ P'(p))p > ¢ > 0, we may rewrite the integral (B.4) as
/ e TN (e 0, —ew, s p, 1, 1) d6.
Sd-1

Remark that the integrand in (B.4) ensures that |w + €f]| < p < 1, which allows us to
add x factors in the definition of F'.

By using the fact that p ~ 1, it is easy to verify that when z,y,2 € S%!, for all
a7a,7/6€Nd_17 j7k7l7NeN7

' : , o od
050 00080 Py, 2. por”)| < Oyt A2y o
i

and that F' is supported for p ~ 1, || < p, d(z,y) < Cop < 1, which ensures that

M2 = t20+3) (¢ + P'(p))p > ¢ > 0. Therefore, the conclusion follows from Lemma B.1
with extra parameters p, v/, t but without w’ variable. O

APPENDIX C. A REFINED RESULT FOR SCHRODINGER EQUATION

In the case of Schréodinger equation P(§) = %, the structure of P'(£) = £ allows us
to prove the parts (i) and (ii) of Theorem 1.1 for non-smooth y, namely

Theorem C.1. Let a,s5 and E, 5 be as defined in (1.10) and (1.11), respectively. We
assume, as in Theorem 1.1, that A is identically equal to 1. Then, for any ug € L?, we
have :

(i) if x € L' and § <0,

(C.1) tliinoo E, s(up,t) = t£+moo E, s(up,—t) = 0;
(ii) if x € L' and § = 0,
) ) 1 . _
€2 Jim Bunt) = Jim Byl —t) = g [ Gulelin(m) o' dpdes

where (p,w) is polar coordinate, and function G, (w) is defined as

1 L 2
o) Oe > x(z)dx
Tw>

In order to prove the limit (C.1) and (C.2), we indicate that, compared with Theorem
1.1, the only difficulty is the loss of regularity in y, which can be overcame by finding a
bound of operator Op (a(t)) depending merely on ||x|| 1.

(C.3) G (w) =

9

C.1. An alternative bound of truncated operator. The goal of this subsection is
to find a uniform bound of Op (a(t)), which involves less regularity of x than Proposition
2.1. Via Lemma A .4, it suffices to study the symbol

b(z,§) = x (x j\r g) Liz>le),

where \ = [t]° €]0,00[. To be precise, we shall prove the following proposition

Proposition C.2. There exists constant C' > 0 independent of X, such that, for all A > 0,
10D (0) ey < CXY|Ix -
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Proof of Proposition C.2. It is easy to calculate that

[t olar < [ (555 | ao = N,
[t otde < [ (55| de = xo

Thus, the desired estimate follows from Schur’s Lemma and Lemma A.7. U

C.2. Calculation of limit. By Proposition C.2, when § < 0, we have
| Op (a) || 2Ly < CtY x|t — 0, ast— oo,

which implies (C.1).

In the critical case 6 = 0, when y is smooth, compactly supported, and constant
near zero, limit (C.2) follows from the limit (1.14). If x is no more than an L' function,
we may approximate y by some regular function in L. To be precise, for all n € N, there
exists y, € C>°(R?) which are constant near zero, such that

1
X = xnllpr < —.
n

To highlight the dependence in Y, in the rest of this section, we will add subscript y for
concerning terms, for example,

ax(t,l‘7£) =X ('T +t€> IL\ac|>\t||€|

¢]2
Proposition C.2 implies that, for all uy € L? and ¢ # 0,

1 0p (ay) eFP=ug — Op (ay,) € P ug| 12 = || Op (ay—y,) €7 Pug| 12

itP(Dy

< Ollx = xnllztle Vg || 2

1
< C—HU()HLQ.
n
Therefore, for fixed ug € L?, the limit
Op (ay) P Pxlyy — Op (ay, ) e Py in L, asn — oo

is uniform in t. We may conclude (C.2) by passing to the limit ¢ — o0 :

tlg:noo Eys(uo,t) = tggloo | Op (ay) eitP(Dz)UOH%P
= lim lim || Op (ay, ) Py,

t—+o0 n—oo

= Jim_lim_[|Op (ay,) """ )ug 3
= oy
1 . _

- o [ Guinto)Po" dpd

/ GXTL ((U) |,&’0(pw) |2pd_1dpdw

The last equality follows from Dominated Convergence Theorem and the continuity of G
on x € L, which is obvious due to the definition (C.3) of G,.
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APPENDIX D. PARTITION OF ENERGY FOR KLEIN-GORDON EQUATION : A
CLASSICAL SETTING

In this part, we shall give a proof of (1.32) via an alternative study of asymptotic
behavior of solution to half-Klein-Gordon equation (HKG), namely

(3’5 - P(Dx)) u=0,

(4

U|t:0 = Uy,

where P(¢) = (£) is a smooth symbol. As in Section 5, instead of studying the solution
w to Klein-Gordon equation (KG), we turn to

o= (%)

which is a solution to half-Klein-Gordon equation with initial data
w
Uy = Ul—p = 71 + P(D,)w, € L.

Using this notation, we may rewrite the integral on the left hand side of (1.32) as

/ (18wl + [Vawl? + |w]?) da
ro<|% <ry

2 2 2
:/ ( ILTO<‘%‘<T18,5M‘ + ﬂr0<‘%’<r1Vw) + ]1T0<’%’<T1w‘ ) dx

2 D, 2 . 2
:/ 1r0<|%|<r1 Imu| + 1T0<|%‘<le@ Reu| + 1T0<‘%|<T1<D:¢> Reu‘ dx

2 Dm 2 -1 2
:/ Im 1r0<‘%’<r1u + 'Im ]17"0<‘%|<T1<D—I>u + ‘Re ]17,0<’%’<T1<Dx> U dx

itP(Dy), |° arwy Do |
:/ 1 g, 7P|+ 'Imﬂro<|:|<ne R

: 2
+ ‘Re 1r0<|%’<r1€th(Dz)<Dw>*1u0 )dl’

Notice that the term on the right hand takes the form of

(D.1) /‘Ag (%) v(t,m)‘zd:p,

where A € {Re,Im}, g(y) = 1,,<|y|<r., and v is a solution to half-Klein-Gordon equation,
which can be written as v(t) = eF'(P)y,, with
D, _
Vo = Up, 71U, (Da) 1U0>

(Da)

which all belong to L?, since uy € L2. In order to calculate the limit of such quantity, we
need to study the asymptotic behavior of v, which will be given in the next part.
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D.1. Asymptotic behavior. In this part, we shall state our problem in a general set-
ting. Let u be the unique solution to (E) with initial data ug € L?. We assume the symbol
P is smooth except at zero, which covers all the fractional-type equations. Since P’ is
well-defined except at zero, we may introduce v the push forward of Lebesgue measure
under P’ i.e.

(D.2) v(E) := Leb(P"7'(E)), VYE C R? measurable.
For all function g € L, we are interested in the following asymptotic formula :
(D.3) g (%) u(t) = g(—P'(D2))u(t) + o2(1), as t — +oo.

We denote by G the collection of those function ¢ satisfying this formula for all uy € L2,
namely

G :={g € L™ : (D.3) holds for all uy € L*}
:={g € L™ : (D.3) holds for all uy with iy € C>°(R%)}.

The two definitions given above are equivalent since the multiplication with ¢g(z/t) and
Fourier multiplier g(—P’(D,)) are both bounded on L? uniformly in time. The equiva-
lence then follows from the fact that the subspace F~1C>(R%\{0}) is dense in L?, where
F is the Fourier transform.

In order to prove (1.32), we may use the following lemma

Lemma D.1. Let E C R? be any measurable set whose boundary has null Lebesque
measure, namely

Leb(9E) = 0.

If the measure v defined in (D.2) is absolutely continuous w.r.t. Lebesque measure, we
have

ILEGQ.

We assume this lemma is true and prove it later. It is easy to check that the
assumptions in Lemma D.1 hold true for P(§) = (£) and E = {ro < |y| < m}. Asa
result, (D.1) can be written as

/‘AILE (?) v(t,x)‘zd:v:/|A]1E(—P’(DI))v(t,x)|2dx+0(1)

— [ VAL (IDD)o(0.0) [ o+ o),

when ¢ — +o00. Recall that |pg, p1[= P"~!(|ro, r1[). Actually, this formula implies (1.32),
since as t — +00, we have

/ (18wl + [Vl + |w]?) do
7"0<|%|<7”1

2

2 D,
:/ (‘Im 1r0<‘%’<rlu(t,x)’ + ‘Im 1r0<‘%’<rlmu(t,x)

+ ‘Re 1 (D) ult, z)

2
ro<|2|<n dz
2 D, ?
= ’Im 1]P07P1[(’Dw‘)u(t’ x)‘ + |Im ]l}Powl[(’DID—u(tv :L’)

(D)
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+ ‘Re H]PO,pl[(lDl"xDm)_lu(t, $)‘2 ) dx + o(1)

2 2 2
= [ 000.00((| D200 2 + ([ Ly, 01| DDV o+ ([ Ly 0 (| DD 2 + 0(1)
2 2
= [ Lpor (1D1)0w|[ 2 + ([ L1000 (| Dalw]| 0 + 0(1)
= L0, a1 (1 Dz wrl[7p + Lo 0 (| Do 72 + o(1).
In order to complete the proof of (1.32), we give now the proof of Lemma D.1.

Proof of Lemma D.1. Without loss of generality, we may assume in what follows that
g € C°(RY). Now, we fix y € C>°(R?) which equals to 1 in a ball centered at zero and
consider the symbol

(D4) ao(t,l‘,f) =X (LP,(Q> )

5
where 6 €0, 5[. We have seen that Lemma A.5 and A.10 imply the uniform-in-¢ bound-
edness of Op (ag(t)). Moreover, by integration by parts, we can prove that for all ug € L?
lu(t) — Op (ao(t)) u(t)| ;2 = 0, ast — Foo.
By writing
E, := E + B(0,ct"2%%),
E, := E° + B(0, ct_%’L‘s),
where ¢ > 0 is a constant determined by Suppy, we may apply the uniform-in-time

L?-boundedness of multiplication with 1g(x/t) and Fourier multiplier 1g(—P'(D,)) to
obtain that, as t — 400,

1p (%) ult, z) — 1e(—P'(Dy))ult, z)

Op (ao(t)) u(t,z) — Op (ao(t)) Lp(—P'(Da))ult, x) + or2(1)

g (%) Op (ao(t)) Le(—P'(D.))ult, ) + o2(1)
—1, (%) Op (ao(t)) Ly p(—P'(D,))u(t, )

= 1p- () Op (a0(1) Lo, (— P/ (D))ult, @) + 032(1)

Note that in the calculation above, it is possible to add extra cut-off in —P’'(D,) since
the symbol ag(t) is supported for

x

T (P(©)| <t
As a consequence, the uniform boundedness of multiplication with 1g(z/t), 1. and

Op (ao(t)) implies that

lim sup H]lE (%) ult) — ]lE(—P’(Dx))u(t)‘

t——+o0 L?

Stimsup ([ 1z (~P (Da)u®]| s + [ Lo, (~P(D)u(t)] )
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:(271')7% limsup (||Lepe(—P")bo|| . + ||Lpnz, (—P )0 ,2) (Plancherel Theorem)
t——+o00
=2m) " (I 1esomns(—Piol| 2 + 11 o (Vo] ) (DCT)

S Tor(—P")iol| 2

The last quantity is actually zero since OF has zero Lebesgue measure and v is absolutely
continuous w.r.t. Lebesgue measure, which ensures that 1yg(—P’'(£)) vanishes almost
everywhere. O

D.2. Further remarks on G. In the proof of (1.32), we only study the function
g(y) = 1r0<|y|<r1-

A natural question is whether (1.32) holds true for other function g, or equivalently,
which type of function is contained in class G. In this part, we shall indicate an error in
a classical result and prove that G contains at least the continuous functions.

The asymptotic formula (D.3) is, to our knowledge, firstly studied in [20], where
the author claimed in Corollary 2.2 of [20] that, when v is absolutely continuous w.r.t
Lebesgue measure,

(D.5) L>* =g.
However, the original proof given in [20] is false. Actually, the author managed to prove
in Theorem 2.1 that for general v,
{Fourier transform of finite measure} C G,
and reduce the conjecture to

(D.6) 1z C G, for bounded and measurable £ C R%.

The method used in [20] is that, by regularity of Lebesgue measure, we may choose

a series of compact sets { K, }nen and bounded open sets {U,, }nen, such that for all n € N
Kn C KnJrla UnJrl - Un7 Kn C E C Un7
lim Leb(U,\K,) = 0.
n——+00

Then it is easy to find smooth functions g, € C°(U,,) which are non-negative, range in
[0,1], and equal to 1 on K,,. Clearly, 1g — g, is supported in U,\K,, whose measure
tends to zero. By Dominated Convergence Theorem and the fact that 0 < 1 — g, < 1,
we have

. — ~ n——+00

lim sup [|(1 — 9n) (=P'(D2))ullz2 = (27) ™ (Le — ga) (= P'(€))it0(€) |7z — 0.

—%oco

Remark that, to apply Dominated Convergence Theorem, we need (1g — ¢,,)(—P'(£))
converges to zero almost everywhere, which is a consequence of absolute continuity of v
w.r.t Lebesgue measure. Therefore, in order to prove (D.6), it suffices to check that

(D.7) limsup ||(1g — gn)(z/t)u?; 2212 0.
t—4oco *

Once it holds true, one has, for all n € N,

limsup |[1g (e /t)u — Lg(~P'(D,))ull 2

t—+oo

<limsup [|gn (z/t)u = gn(—=P'(Dz))ull 2 + limsup [[(Lg — gn)(z/t)ul| 2

t—=o0 t—=oo

+limsup [[(1g — gn)(—P'(Ds))ul 2
t—+o00
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=limsup |(1p — gu)(@/t)ullz +limsup ||(Lg — gn) (=P (Do))ull 2,
— o0
since g, is obviously the Fourier transform of some finite measure. The two quantities
on the right hand side vanish as n tends to infinity, and the desired conclusion 1 € G

follows.
The proof of (D.7) given in [20] is to find h,, € G such that

C>h,>1p, and h, — 0, a.e.,
where O,, = U,,\ K,, is an open set. If such h,, exists, one obtains immediately that

lim Tim sup [|(Lg — gn) (z/t)u (DIl < lim hmsupl\hn(x/t)U(t)H%z

n—+00 ¢y

< lim limsup ||A,(—=P'(Dy)u(t)||3.

n—=+00 {4400

= lim 2m)* [ K-V P ao(e) dE = 0.

n—-+00

Note that the second inequality is a consequence of h,, € G and the last equality follows
from Dominated Convergence Theorem.

Since we only know that G contains a subset of continuous function (Fourier trans-
form of finite measures), it is essential to assume h,’s to be continuous. However, for
general decreasing bounded open sets O,,, even if their measures decrease to zero, such
continuous h,’s do NOT exist. Otherwise, it is harmless to assume h,,’s are supported in
the same large ball. Then, for one thing by Dominated Convergence Theorem,

lim [ hn(y)dy = 0;

n—-+oo

and for another thing, we have

/hn(y)dy > / ha(y)dy = Leb(Oy) = 0

On
where O,, is the closure of open set O,. Here the first inequality is due to the continuity

of h,’s. As a result,
lim Leb(O0,) = 0.

n—-+00
The contradiction arises from the fact that Leb(O,,) tends to zero does not imply that
Leb(0,,) tends to zero. For example,Let {r;},en be a numeration of rational numbers in
the unit ball B = B(0, 1) of R? centered at zero. Consider the series of open sets
On = UjGNB<Tj7 27j7n).

Clearly O,’s are open as the union of open sets and

Leb(O ZLeb (1, 2_j_”)) < Z 9-Utnd  9=nd () asn — +o0.

JEN JjeN

Since {r;}en is dense in B = B(0, 1), the closure of each O,, contains at least the unit
ball B. As a consequence,
lim Leb(0,) > lim Leb(B) = C4 > 0.
n—-+00 n—-+00
We emphasize that the argument above does not falsify (D.5) and it is still unknown
whether this conjecture is true. Here we shall prove rigorously that all bounded continuous
functions belong to G.
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Proposition D.2. If the measure v defined in (D.2) is absolutely continuous w.r.t.
Lebesgue measure, we have

CY(RY) CG.

Proof. As in the proof of Lemma D.1, we assume that @y € C>°(R?). To begin with, we
check that the Schwartz class S C G. For any g € S,

( (””) g(~P'(D, >>) u(t, )
7 [ e (f) — g(=P'(€))) io(©)de

t

&

o [ (219) [ (T - (1= )P (@) drintelde

s [ €T [ [ o (G- a=np©) arinte)| de
Ty / e / g (o= (1=7)P©)) (r = DdrP"()io(€)de

1
i(z-E+tP(€)) NIy —(1—1\P ]
+(2ﬂ)dt /e /0 g (7o = (1=7)P(©)) dricito(€)de.
Notice that, by Lemma A.5 and A.10, the operator of symbol
T T
¢ (Fo-1-0P©), ¢ (G2-0-nP©)
is bounded uniformly in ¢ and 7 and that functions

P(&)to(§), Ogtio(§)

belong to L?, since we have assumed @y € C>°(R?). As a consequence,
) -sroa) ] s =0
LZ

By noticing that G is closed under L*-norm, we have

C’g::{geOO:HlinJ} g(y) =0} =8 g,
y|——+o0

where S is the closure of S w.r.t. L>-norm.

It remains to pass to general continuous function g. In fact, we only need to con-
sider those g > 0, since once may always write ¢ as the difference of two non-negative
continuous functions, which are both bounded. Let us fix x € C2° which equals to 1 near
zero and define, for all R > 0,

Y
Xr(Y) =X <}—%> :
For arbitrary R > 0, we have
limsup [|(g(z/t) = g(=P'(Da))) u(®)|l

< hfﬁfip 1((gxr)(x/t) — (9xr) (=P (D2))) u(t)| .-
+limsup 1(g(1 = x&))(z/t)ut)]l > + lim sup [(g(1 = xr))(=P'(D2))u(t)|l -

=timsup |(9(1 — X))/ )u(®) 2 + limsup | (9(1  x)) (~P' (D))

t—+oo
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since gxr € CJ. The second term on the right hand side can be calculated as follows
. _d .
limsup |(9(1 = ) (=P (D)u(®)l = = (25) " (91 = x)) (=P Vi .

which, due to Dominated Convergence Theorem and the absolute continuity of v w.r.t.
Lebesgue measure, converges to zero as R — 4o00. As for the cut-off in x, we observe
that,
lim sup [|(g(1 = xr))(z/t)u(®)ll > < llgllz> lim sup [[(1 = xr)(z/Hu(®)] 1. -
—*+oo

t—+o0

Note that since xyg € S C G, (1 — xgr)(x/t)u(t) can be written, when ¢t — +o0, as
u(t) = xr(=F'(Da))ult) + or2(1).

As a result,

timsup [[(1 — x)(@/H)u(t)]| 2 =limsup | (1 = xr) (P (Da)u(®)]] -

t—+o0 t—+oo

_d "
=(2m) 2 [|(1 = x&)oll .2 -

We have seen that the last quantity tends to zero as R — +o00. In conclusion, we have
proved that, for all ug € F~1C®(R?\{0}),

lim limsup [[(g(x/t) — g(=P'(Dx))) u(t)|| > = 0,

R—=+00 t4400

and thus g € G. O

D.3. Proof of (D.5) for dispersive system. Before ending this section, we give a proof
of (D.5) for dispersive system. To be precise, we assume that there exists some dense
subspace Dy C L2, such that

(D.8) 1P Py || 1o < Clug)lt] ™2, Vug € Do, V|t > 1,
where C'(ug) is a constant depending on .

Theorem D.3. Assume that P is smooth except at zero and v defined in (D.2) is abso-
lutely continuous w.r.t. Lebesque measure. Then the dispersion estimate (D.8), associated
with some dense subspace Dy C L?, implies (D.5).

Proof. Recall that, as mentioned in previous section, it has been proved in [20] that,
when v is absolutely continuous w.r.t. Lebesgue measure, (D.5) is equivalent to (D.6).
Therefore, it suffices to check that, for all ug € Dy,

HILE (%) ult) — ILE(Dx)u(t)HLQ 50, ast— oo,

where F is any bounded measurable set.

In Lemma D.1, we have proved this result for those E' whose boundary has zero
Lebesgue measure. The idea of treatment of general E is to approximate it by finite
union of cubes and control the remaining part via dispersion estimate. To begin with,
we fix an arbitrarily small € > 0. By outer regularity of Lebesgue measure, there exists
open set E. O E, such that

Leb(E\E) < g

Since any open set can be expressed as the union of almost disjoint closed cubes, we may

find finitely many closed cubes {K;}.,, such that K C E. and

. N
Leb(EN\E,) < where E, = 'U1Kj’
‘]:

€
2a
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One may observe that
Leb(E\E.UE\FE) < €
Now, for any ug € Dy, we have
HﬂE (f) ult) — ]lE(Dx)u(t)’ L2
<[ s 10 (5)u) , + |15 (5) u®) - 15 (D))
+ 1L, — 1) (Da)u(t)]] 2
<Cluwo)||(Le = 1) (T) 175 + |16, (T) ul) = 1 (D2)utt)|
+(2m) 7% ||(1p, — Le)uoll 2
<C(uo) Leb(E\E, U EAE)} + ||, (T ) u(t) = Ve, (Da)u(t

L2

L2

L2
+ (2m)~ ||11E\E UE. \E<€>ﬂ0(€>HL§

<C(u0)e%+HILE5 (%) u(t)—ILEe(Dz)u(t)HL +(27)7% |1 mo, ©)0(E)]

Due to the fact that E. is the union of finitely many closed cubes, the boundary of E.
has zero Lebesgue measure. As a result, the second term on the right hand side tends to
zero as t — £0o, i.e.

() ) = 1eDu)]| | S €+ [1mmomas©iof€)]s

t—+oo
Since g € L? and Leb(E\E.U E\F) < ¢, the right hand side becomes arbitrarily small,
if € > 0 is taken small enough. The desired result thus follows. U

The dispersion estimate (D.8) holds for all symbols P we deal with in the present
paper, as a consequence of stationary phase lemma.

Proposition D.4. Let P be radial and smooth except at zero. If P” > 0 or P” < 0, the
dispersion estimate (D.8) holds with Dy = F1C*(RHN\{0}).

Proof. Without loss of generality, we assume that ¢ > 1. Let ug be any function in
Dy = FIC®(RN\{0}). To prove the inequality (D.8), it is equivalent by definition to
prove that

S
Lo°(dx)

H/ i(z-E+tP () 5 f)df

Since P is radial, we may write the inequality above in polar system & = pf as

H/ ML 0 (o) o dpd

[Sl[oH

St
Lo (dx)

By denoting s = z - 8/t € R, it suffices to prove that

/ez(sp+Pp) (pe) d— 1dp’ St

N\&

sup
sER,HcSd—1

Since p stays between two positive constants and P” # 0 on |0, 00|, this inequality
follows from stationary phase lemma. O

Corollary D.5. (D.5) holds for all P satisfying condition (H,,,,) with py,p1 # 0.
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APPENDIX E. PROOF OF PROPOSITION 4.3

In [9], the author has proved Proposition 4.3 for strictly convex P. In this part, we
will explain how the same argument works for strictly concave P and how to calculate
the limit for ¢ = &£ respectively. Since most of calculations has been done in Section 3
of [9], we will omit these details.

By definition (¢, —¢, €, —€, €; F') equals to

/eie[r(PJrP/)t(P(P)+P(P'))]1¥>P,(p)7P,(p,)
X F(p,p',r t;r —tP'(p),r —tP'(p"))drdpdy/,

which can be split into I, and /_, with domain of integral p — p' > 0 and p — p’ < 0,
respectively. Namely,

I, = / PPt HPOTPENY
x F(p,p',r,t;r —tP'(p),r —tP'(p"))drdpdp/,

I - / el PO PO 1

X F(p,p',r,t;r —tP'(p),r —tP'(p)))drdpdp’.
In what follows, we study mainly integral I, with /_ manipulated in the same way. By

change of variable r — tr +tP'(p/), p/ — p — w, I, reads

; / gietl= P () u— (=P Po-w)ly
X F(p,p—w,t(r+ P'(p—w)),t;tr —tP'(p) +tP'(p — w), tr)drdpdw.
We introduce the following notation:
P(p') = P(p) = P'(p)(0' = p) + g(p, ') (0 = p)?,

where ¢ is strictly negative since P is concave;

F(p,p,rt¢,¢") = F(p, o', tr, t; ¢, t¢"),

which is smooth, supported for

pop i~ 1, [CLICT S
and satisfies for all 7, 7', k,v,7 € N,

90,0500 Fp, o/, 7, ;¢ ¢')| S ¢k,

Moreover, we have the point-wise limit
lim F(p, pf, = + P'(p)), 1 £ <—,) = Fo(p, p').
SN ViV
With these notations, I, can be expressed as
t/e—iet[rw—g(p—w,p)wz}L>01w>0

X F(p,p—w,r+ P'(p—w),t;r — P'(p) + P'(p — w),r)drdpdw.

The same calculus as in Lemma 3.1.4 of [9] shows that, up to some terms tending to zero,
I, equals to

! / e_iEtrw]]'7’>061‘Etg(p_w7p)w2 ﬂ-w>0ﬁ(p> p—w,T+ P/<p)7 ta Ty r)drdwdp
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r r

IRV ARV,

whose formal limit by taking point-wise limit of integrand is

B / e oo 0 F(p, p )drdwdp,

~

/ il LGOS T o8 (p, p)drdwdp.

The error between this integral and I, is actually o(1), due the calculation of the proof
of Proposition 3.1.3 of [9]. In conclusion, we have

I+ e lerw ]1T>Oei€g(PvP)w2 1w>OF0<:07 ,O)drdUJdp + O(1>7

I

/e‘mwﬂr>06_ieg(p’p)w2 Ly<oFo(p, p)drdwdp + o(1).
As a consequence, the limit of I(t, —e€, €, —¢, ¢, F) is

/ €T gy (9O g+ T IEO ) dwFy(p, p)dp
- / —ie(w — i€0) " (cos(eg(p, p)w?) + sgn (w) i sin(eg(p, p)w?)) dwFo(p, p)dp

= / —ie(w — z’eO)’1 cos(g(p, p)w2)dwFo(Pa p)dp
[ Sntate o)

dwFy(p, p)dp,
|w]

where the integrals in r and w should be understood in the sense of oscillatory integral
and distribution, respectively.

Due to the assumption that P is strictly concave, or equivalently P’ < 0, g is
negative. Since (w — i¢0)~! is homogeneous of degree —1, the right hand side of equality
above can be rewritten as

/—ie(w —i€0) ™! cos(w?)dwFy(p, p)dp

: 2
sinfw

For one thing, the distribution (w +70)~! can be expressed as

1
(w4 140) ™" = Fridy + P. V. —.
w

And for another thing, due to Dirichlet integral [;° Si‘;ydy = 7, we have

2
/sm(w )dw: T
|w 2

1
lm I(t,—e¢, €, —€, € F) :/ <7r50 —1eP. V. —> cos(w?)dwFy(p, p)dp
w

These identities imply that

t——+o0

2
T
ZW/FO(Pa p)dp — E/Fo(p,p)dp

+sen(g) = / Fo(p, p)dp
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™

=§/%mmw.

In the case of strictly convex P, it has been proved in [9] that

tliin I(t,—€,¢,—¢€,6; F) :/ie(w +i€0) "t cos(g(p, p)w?)dwFy(p, p)dp
—+00
_/SMMmmw%

dwFo(p, p)dp,
|wl

where ¢ is positive. We may repeat the argument above and conclude that

[1]
2]
3]
[4]

[5]

1
lim I(t,—e¢,€,—€,¢; F) :/ (7r50 +ieP. V. E) cos(w?)dwFy(p, p)dp

t——+o0

™

—§/Rmm@
—r [ Fo(p,p)dp— = | Fo(p, p)dp
o3 |

™

ZE/mepMﬂ
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