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Introduction

In the literature, several combinatorial bialgebras are known to be free as algebras: some in a direct way, by their very denition: for example, the bialgebra of noncommutative symmetric functions [START_REF] Hazewinkel | Symmetric functions, noncommutative symmetric functions and quasisymmetric functions. II[END_REF][START_REF] Israel | Noncommutative symmetric functions[END_REF], bitensorial bialgebras [START_REF] Manchon | Bitensorial Hopf algebra[END_REF], bialgebras of planar rooted trees [START_REF] Foissy | Les algèbres de Hopf des arbres enracinés décorés. I[END_REF][START_REF]Les algèbres de Hopf des arbres enracinés décorés. II[END_REF], of nite topologies, quasi-posets or double posets [START_REF]Algebraic structures on double and plane posets[END_REF][START_REF]Plane posets, special posets, and permutations[END_REF][START_REF] Foissy | The Hopf algebra of nite topologies and T -partitions[END_REF][START_REF]A self paired Hopf algebra on double posets and a Littlewood-Richardson rule[END_REF], of graphs [START_REF] Gérard | A combinatorial non-commutative Hopf algebra of graphs[END_REF][START_REF] Holtkamp | Comparison of Hopf algebras on trees[END_REF]. . .; other ones in a more hidden way, often involving a notion of indecomposable objects: the LodayRonco bialgebra of planar trees [START_REF] Aguiar | Structure of the Loday-Ronco Hopf algebra of trees[END_REF][START_REF] Loday | Hopf algebra of the planar binary trees[END_REF][START_REF] Ronco | Primitive elements in a free dendriform algebra, New trends in Hopf algebra theory[END_REF], the MalvenutoReutenauer bialgebra of permutations [START_REF] Malvenuto | Duality between quasi-symmetric functions and the Solomon descent algebra[END_REF], the bialgebra of packed words [START_REF]Polynomial realization of some trialgebras[END_REF] or of parking functions [START_REF]Ordered forests and parking functions[END_REF][START_REF] Novelli | Construction de trigèbres dendriformes[END_REF][START_REF] Novelli | Hopf algebras and dendriform structures arising from parking functions[END_REF], and variants of them [START_REF] Aguiar | The Hopf algebra of uniform block permutations[END_REF][START_REF] Bergeron | Hopf algebras of parking functions and decorated planar trees[END_REF][START_REF] Catoire | Tridendriform structures[END_REF], etc. To any of these bialgebras H is attached the Lie algebra of its primitive elements PrimpHq, which structure is not so well-known in general. We proved in [START_REF]Les algèbres de Hopf des arbres enracinés décorés. II[END_REF] that the Lie algebra of primitive elements of the bialgebra of planar trees (and of decorated versions of it) is free. Using various isomorphisms, this implies that this also the case for the LodayRonco or the MalvenutoReutenauer bialgebra [START_REF]Les algèbres de Hopf des arbres enracinés décorés. II[END_REF][START_REF]Bidendriform bialgebras, trees, and free quasi-symmetric functions[END_REF][START_REF]Primitive elements of the Hopf algebra of free quasi-symmetric functions[END_REF].

Our aim here is to prove the following result: Main theorem (Theorem 4.1). Let H pH, m, ∆q be a graded, connected bialgebra over a eld of characteristic zero, free as an algebra. Then the Lie algebra PrimpHq is free.

Here, graded means that the bialgebra H is decomposed into a direct sum of vector spaces H n , with n N, such that:

1. For any k, l N, mpH k H l q H k l .

2. For any n N, ∆pH n q n à p0

H p H n¡p .

Connected means that H 0 is 1-dimensional, generated by 1 H . We do not assume that the subspaces H n are nite-dimensional.

A noticeable point is that all the bialgebras we consider here are in fact Hopf algebras, because of the connectedness condition. However, as the antipode won't play any role, we chose to mention them everywhere as bialgebras and not Hopf algebras.

Here is an idea of the proof of this theorem. When H is cocommutative, Cartier-Quillen-Milnor-Moore's theorem implies that H is the enveloping algebra Upgq of the Lie algebra of its primitive elements g. A classical result using the universal properties of H as a free algebra and as an enveloping algebra proves that g is a free Lie algebra, see Proposition 2.4. The situation is more complicated when H is not cocommutative. We shall use the notion of graded and ltered bialgebra (Denition 1.7). To such an object H is associated another graded bialgebra GrpHq, by a functor from the category of graded ltered spaces to the category of ltered spaces. When H is graded and connected, we can provide it the ltration given by the powers of the augmentation ideal of H, that is to say the kernel of the counit of H (Proposition 3.1). We prove that when H is a free algebra, GrpHq is also free and cocommutative (Propositions 3.2 and 3.3), which implies that the Lie algebra PrimpGrpHqq is free as a Lie algebra. It turns out that the Lie algebra PrimpHq is also ltered and that the associated graded Lie algebra GrpPrimpHqq is isomorphic to a Lie subalgebra of PrimpGrpHqq: By ShirshovWitt's theorem [START_REF] Shirshov | Subalgebras of free Lie algebras[END_REF][START_REF] Witt | Die Unterringe der freien Lieschen Ringe[END_REF], GrpPrimpHqq is a free Lie algebra. Then, coming back to PrimpHq, a reasoning using both the graduation and the ltration proves that PrimpHq is also free.

The paper is structured in the following way: the rst section introduces graded ltered spaces (Denition 1.5), the functor Gr from graded ltered spaces to graded spaces (Denition 1.8 and Proposition 1.9) and proves that it is compatible with the tensor product (Proposition 1.11). The second section is devoted to various results on free graded algebras and enveloping algebras. Some of the results exposed there are rather classical (Propositions 2.3 and 2.4, for example), but we choose to propose a proof for the sake of completeness. In the third section, we introduce the counital ltration of any graded connected bialgebra (Proposition 3.1). We prove that the functor Gr applied to this ltration preserves the freeness (Proposition 3.2), but changes the coproduct into a cocommutative one (Proposition 3.3). We also provs in this section several results on the Lie algebra of primitive elements of the associated graded bialgebra (Lemma 3.4 and Proposition 3.5). Then, all the preliminary results are ready to prove the main theorem (Theorem 4.1), which proof is the object of the last section. Notations 0.1. K is a eld of characteristic zero. All the vector spaces in this text will be taken over K. We refer to [START_REF] Abe | Hopf algebras[END_REF][START_REF] Cartier | Classical Hopf algebras and their applications[END_REF][START_REF] Kashaev | A course on Hopf algebras[END_REF][START_REF] Sweedler | Hopf algebras[END_REF] for classical results and notations on Hopf algebras and bialgebras.

1 Filtered graded objects 1.1 Graded spaces Denition 1.1. 1. A graded space is a pair V pV, pV n q nN q such that V is a vector space and V n is a subspace of V for any n N, with

V à nN V n .
2. Let V and W be two graded spaces. A graded morphism ϕ from V to W is a linear map ϕ : V ÝÑ W such that for any n N, ϕpV n q W n .

With these notions, graded spaces form a category denoted by GS.

Proposition 1.2. Let V and W be two graded spaces. Then the vector space V W is graded with, for any n N,

pV W q n n à i0 V i W n¡i .
Proof. Immediate verications.

One can easily verify that with this tensor product, GS is a symmetric monoidal category. It is then possible to consider algebras, Lie algebras, coalgebras, bialgebras. . . in this category. Let us explicit these notions: Denition 1.3. 1. A graded algebra is an algebra pA, mq together with a graduation pA n q nN , such that 1 A A 0 and for any m, n N, mpA m A n q A m n .

2. A graded coalgebra is a coalgebra pC, ∆q together with a graduation pC n q nN such that for any n ¥ 1, ε C pC n q p0q and for any n N,

∆pC n q n i0 C i C n¡i .
3. A graded bialgebra is a bialgebra pH, m, ∆q together with a graduation pH n q nN , making it both a graded algebra and a graded coalgebra. We shall say that H is connected if H 0 is 1-dimensional (and so generated as a vector spaces by the unit 1 H of H).

4.

A graded Lie algebra is a Lie algebra pg, r¡, ¡sq together with a graduation pg n q nN such that for any m, n N, rg m , g n s g m n . We shall say that it is connected if g 0 p0q. We recall this important result [START_REF] Cartier | Classical Hopf algebras and their applications[END_REF][START_REF] Milnor | On the structure of Hopf algebras[END_REF], called CartierQuillenMilnorMoore's theorem:

Theorem 1.4. Let H be a graded, connected, cocommutative bialgebra. Then, as a graded bialgebra, H is isomorphic to the enveloping algebra of the Lie algebra PrimpHq of its primitive elements.

1.2 Graded ltered spaces Denition 1.5. A graded ltered space is a triple V pV, pV n q nN , pV pkq q kN q such that: pV, pV n q nN q is a graded space. pV, pV pkq q kN q is a ltered space.

For any k N, V pkq

à nN V n V pkq .
In the sequel, we put V pkq n V n V pkq . We shall say that the graded ltered space V is locally nite if for any n N, there exists Kpnq N such that V pKpnqq n p0q. Remark 1.1. If V is a locally nite ltered graded space, then for any k, n N, as the family pV pkq n q kN decreases, k ¥ Kpnq ùñ V pkq n p0q.

Denition 1.6. Let V and W be two graded ltered spaces. A graded ltered morphism ϕ from

V to W is a linear map ϕ : V ÝÑ W such that for any n N, ϕpV n q W n and for any k N, ϕpV pkq q W pkq .

With these notions, ltered spaces form a category denoted by GFS. Let us consider algebras, coalgebras, bialgebras and Lie algebras in this category. Denition 1.7. 1. A graded ltered algebra is an algebra pA, mq together with a graduation pA n q nN and a ltration pA pkq q kN making it a graded ltered space, such that 1 A A p0q 0 and for any k, l, m, n N,

m ¡ A pkq m A plq n © A pk lq m n .
2. A graded ltered coalgebra is a coalgebra pC, ∆q together with a graduation pC n q nN and a ltration pC pkq q kN making it a graded ltered space, such that for any pk, nq $ p0, 0q,

ε C ¡ C pkq n © p0q and for any k, n N, ∆ ¡ C pkq n © k i0 n j0 C piq j C pk¡iq n¡j .
3. A graded ltered bialgebra is a bialgebra pH, m, ∆q together with a graduation pH n q nN and a ltration pH pkq q kN making it a graded ltered space, making it both a graded ltered algebra and a graded ltered coalgebra. We shall say that H is connected if H 0 is 1-dimensional.

4.

A graded Lie algebra is a Lie algebra pg, r¡, ¡sq together with a graduation pg n q nN and a ltration pg pkq q kN making it a graded ltered space, such that for any k, l, m, n N,

g pkq m , g plq n % g pk lq m n .
We shall say that it is connected if g 0 p0q.

1.3 From graded ltered to graded objects Denition 1.8. Let V be a graded ltered space. For any n N, we put GrpV q n

V à k0 V pkq n V pk 1q n and GrpV q V à n0 GrpV q n .
Proposition 1.9. Let V and W be two graded ltered spaces and let ϕ : V ÝÑ W be a graded ltered morphism. We dene Grpϕq : GrpV q ÝÑ GrpW q by the following: dx V pkq ,

Grpϕq ¡ π pkq V pxq © π pkq W ¥ ϕpxq,
where π pkq X denotes the canonical surjection from X pkq to X pkq X pk 1q , for any graded ltered space X. Then Grpϕq is a graded morphism.

Proof. Let us assume that π pkq X pxq π pkq X pyq. Then x ¡ y V pk 1q . As ϕ is graded ltered, ϕpx ¡ yq W pk 1q , so π pkq W ¥ ϕpx ¡ yq 0, and nally π pkq W ¥ ϕpxq π pkq W ¥ ϕpyq. We proved that Grpϕq is well-dened. Let x V pkq n . As ϕ is graded, ϕpxq W n , so

Grpϕq ¡ π pkq V pxq © GrpW q n :
Grpϕq is graded.

Obviously, if V, W, X are three graded ltered spaces and ϕ : V ÝÑ W , ψ : W ÝÑ X, then Grpψ ¥ ϕq Grpψq ¥ Grpϕq. Moreover, GrpId V q Id GrpV q , so: Proposition 1.10. Gr : GFS ÝÑ GS is a functor. Proposition 1.11. Let V and W be two graded spaces. Then the vector space V W is graded, with, for any n N,

pV W q n n à i0 V i W n¡i .
Proof. Immediate verications.

Proposition 1.12. Let V and W be two graded ltered spaces. Then the vector space V W is graded ltered, with, for any k, n N,

pV W q n n à i0 V i W n¡i , pV W q pkq k i0 V piq W pk¡iq .
Proof. Immediate verications.

Proposition 1.13. 1. Let V, W be two graded ltered spaces. Then, as graded spaces,

GrpV W q GrpV q GrpW q.

2. Let V, W, V I , W I be four graded ltered spaces, f : V ÝÑ V I and g : W ÝÑ W I be two graded connected maps. Then

Grpf gq Grpf q Grpgq.

Proof. 1. By construction, pGrpV q GrpW qq pkq

k à i0 V piq V pi 1q W pk¡iq W pk¡i 1q .
Let x V piq and y W pk¡iq . Then x y pV W q pkq . Moreover, if x ¡ x I V pi 1q and y ¡ y I W pk¡i 1q , then x y ¡x I y I px¡x I qy x I py ¡y I q V pi 1q W pk¡iq V piq W pk¡i 1q pV Wq pk 1q .

Therefore, we dene a linear map θ :

5 GrpV q GrpW q ÝÑ GrpV W q π piq V pxq π pk¡iq W pyq Þ ÝÑ π pkq V W px yq.
Let us prove that θ is an isomorphism. For any k N, let us choose a complement V pkq of V pk 1q in V pkq and W pkq of W pk 1q in W pkq . The following maps are then isomorphisms:

ψ V : 6 8 7 à kN V pkq ÝÑ GrpV q v V pkq Þ ÝÑ π pkq V pvq, ψ W : 6 8 7 à lN W plq ÝÑ GrpW q w W plq Þ ÝÑ π plq W pwq,
and the following map is an isomorphism:

θ 1 ψ V ψ W : 6 8 7 à k,lN V pkq W plq ÝÑ GrpV q GrpW q v w V pkq W plq Þ ÝÑ π pkq V pvq π plq W pwq. Let n N. Let us prove that £ à k ln V pkq W plq pV W q pn 1q W pnq .
Any element of W pnq is a linear span of elements x y, with x V pkq , y V plq , with k l n.

Moreover, for such a tensor, we can write

x x 1 x 2 ,
x 1 V pkq , x 2 V pk 1q , y y 1 y 2 , y 1 W plq , y 2 W pl 1q , so

x y x 1 y 1 loomoon V pkq W plq V pkq W plq pV W q pn 1q W pnq .

Let us now assume that £ à k ln

V pkq W plq pV W q pn 1q $ p0q.

Let us consider a nonzero element X in this intersection. Let us assume that the component X k,l of X in V pkq W plq is nonzero. We write it as a sum of tensors

X k,l p i1 v i w i ,
with p minimal. Because of this minimality, the families pv i q and pw i q are linearly independent: hence, we can nd f in the dual of V pkq and g W plq such that for any i, f pv i q gpw i q δ 1,i .

These maps f and g are extended to V such that f pV pk 1q q gpW pl 1q q p0q. Then f gpX k,l q i f pv i qgpw j q 0 1.

As X k,l pV W q pn 1q , we can write it under the form X k,l j x I j y I j , with for any j, x I j V pk j q , y I j V pl j q , with k j l j ¡ n. Therefore, for any j, k j ¡ k or l j ¡ l, so f gpx I j y I j q 0 and nally f gpX k,l q 0: this is a contradiction.

As a consequence, we obtain an isomorphism θ 2 :

6 9 8 9 7 à nN £ à k ln V pkq W plq à k,lN V pkq W plq ÝÑ GrpV W q v w V pkq W plq Þ ÝÑ π pk lq V W pv wq.
We obtain the following commutative diagram:

GrpV q GrpW q θ / / GrpV W q à k,lN V pkq W plq θ 1 h h R R R R R R R R R R R R R R R θ 2 6 6 n n n n n n n n n n n n n n
As θ 1 and θ 2 are isomorphisms, θ θ 2 ¥ θ ¡1

1 is an isomorphism. We now identify GrpV W q and GrpV q GrpW q through this natural isomorphism.

Immediate verications.

Consequently, the functor Gr is compatible with the tensor products. Consequently, if we have a graded ltered algebra (or Lie algebra, bialgebra. . .) V , then GrpV q is a graded algebra (or Lie algebra, bialgebra. . .).

2 Free graded connected algebras and enveloping algebras 2.1 Free graded algebras Denition 2.1. Let A be a graded connected algebra. Its augmentation ideal is

A V à n1 A n .
It is an ideal of codimension 1. Proposition 2.2. Let A be a graded connected algebra, free as a graded algebra. Let V be a graded subspace of A such that A V A 2 . Then A is isomorphic to T pV q as a graded algebra.

Proof. Let W be a graded subspace of W such that W freely generates A. As W is graded and A 0 K1 A , necessarily W 0 p0q, so W A . Let us chose a basis pw i q iI of W . Then:

A basis of A is given by pw i 1 . . . w i k q k¥0, i 1 ,...,i k I . A basis of A is given by pw i 1 . . . w i k q k¥1, i 1 ,...,i k I .

A basis of A 2 is given by pw i 1 . . . w i k q k¥2, i 1 ,...,i k I . Consequently, A W A 2 . As A V A 2 , we obtain a linear isomorphism ϕ : W ÝÑ V such that for any x W , x ¡ ϕpxq A 2 . As V , A 2 and W are graded, ϕ is graded. For any i I, we put v i ϕpw i q. Let us prove that pv i 1 . . . v ip q p¥0, i 1 ,...,ipI is a basis of A .

Let us rstly assume that there exists a family pa i 1 ,...,ip q p¥0, i 1 ,...,ipI , with a nite (but non zero) number of elements which are non zero, such that pN i1

,...,ipI a i 1 ,...,ip v i 1 . . . v ip 0.

Let us denote by m the minimal p such that there exists a non zero coecient a i 1 ,...,ip . As

w i ¡ v i A 2
for any i, we obtain that pN i1

,...,ipI

a i 1 ,...,ip v i 1 . . . v ip i1 ,...,im
a i 1 ,...,im w i 1 . . . w im a span of monomials w i 1 . . . w ip with p ¡ m. As pw i 1 . . . w ip q p¥0, i 1 ,...,ipI is a basis of A, we obtain that for any i 1 , . . . , i m I, a i 1 ,...,im 0, which contradicts the denition of m. Therefore, pv i 1 . . . v ip q p¥0, i 1 ,...,ipI is linearly independent.

Let us now prove that it is a generating family of A. It is equivalent to show that V generates A as an algebra. We denote by A I the subalgebra of A generated by V and let us prove that for any a A n , a A I by induction on n. It is trivial if n 0, as A 0 K1 A . Let us assume the result at all ranks n. As A V A 2 , we can write a v p i1 a i b i , with v V , and for any i, a i , b i A . By homogeneity of the product, we can assume that v V n and that for any i, a i and b i are homogeneous, of respective degrees α i and β i , with α i β i n. As a i , b i are in A , we necessarily have α i , β i ¥ 1, so α i , β i n. By the induction hypothesis, they belong to A I , so as V A , a A . Proposition 2.3. Let A be a connected, graded ltered, locally nite algebra. If GrpAq is free as a graded algebra, then A is free as a graded algebra. The product of GrpAq will be denoted by ¦ in the sequel of this proof. By Proposition 2.2, W freely generates pGrpAq, ¦q Let us choose a basis pw i q iI such that for any i I, w i GrpAq pk i q n i for a certain pk i , n i q N. We put then w i π pk i q A pv i q, with v i A pk i q n i . Let us prove that pv i 1 . . . v ip q p¥0, i 1 ,...,ipI is a basis of A (which will prove that A is freely generated by the elements

v i ).
Let pa i 1 ,...,ip q k¥0, i 1 ,...,ipI be a family of scalars with a nite, but not zero, number of non zero elements, such that pN i1

,...,ipI

a i 1 ,...,ip v i 1 . . . v ip 0. Let us put l mintk i 1 . . . k ip | a i 1 ,...,ip $ 0u. Then 0 π plq A ¤ ¥ pN i1 ,...,ipI a i 1 ,...,ip v i 1 . . . v ip i1 ,...,ipI, k i 1 ... k ip l a i 1 ,...,ip w i 1 ¦ . . . ¦ w ip .
As GrpAq is freely generated by W , the coecients a i 1 ,...,ip , with k i 1 . . . k ip l, are all zeros: this contradicts the denition of l. So pv i 1 . . . v ip q p¥0, i 1 ,...,ipI is linearly independent. To prove that this is a basis, it is equivalent to prove that the elements v i generates the algebra A. Let us denote by A I the subalgebra of A generated by these elements v i and let us prove that for any n N, for any x A n , x A I . There exists a scalar k such that x A pkq n : we proceed by decreasing induction on k. If k ¥ Kpnq, as A pKpnqq n p0q, x 0 and the result is obvious. Let us assume the result at all ranks ¡ k. As W generates GrpAq, we can write

π pkq A pxq pN i1 ,...,ipI b i 1 ,...ip w i 1 ¦ . . . ¦ w i k . Then x ¡ pN i1 ,...,ipI b i 1 ,...ip v i 1 . . . w i k A pk 1q n .
By the induction hypothesis on k, x A I . Remark 2.1. The conditions of connectedness and of local niteness seem to be necessary. Here is an example. Consider A KrrXss, with the ltration given by A pkq X k KrrXss. Then GrpAq is isomorphic to KrXs, so is free, whereas A is not.

Free enveloping algebras

Proposition 2.4. Let g be a Lie algebra and V be a subspace of g. The following conditions are equivalent:

1. g is freely generated, as a Lie algebra, by V .

2.

Upgq is freely generated, as an algebra, by V .

Proof. ùñ. Let A be an algebra and let f : V ÝÑ A be a linear map. Let us prove that there exists a unique algebra map F : Upgq ÝÑ A such that F |V f . Existence. As g is freely generated by V , there exists a (unique) Lie algebra map f : g ÝÑ A such that f|V f . By the universal property of Upgq, there exists a (unique) algebra map F : Upgq ÝÑ A such that F |g f . Hence, F |V f . Unicity. Let F I : U ÝÑ A be an algebra morphism such that F I |V f .

As g is generated by V , F I |g F |g . As g generates Upgq as an algebra, F I F . ðù. Let h be a Lie algebra and let f : V ÝÑ h be a linear map. Let us prove that there exists a unique Lie algebra map F : g ÝÑ h such that F |V f . Existence. By the universal property of Upgq, there exists a unique algebra map F : Upgq ÝÑ Uphq, such that F|V f . As V h, for any v V , ∆ ¥ F pvq F pvq 1 1 F pvq p F F q ¥ ∆pvq.

As V generates Upgq, F is a bialgebra morphism. Therefore, it induces a Lie algebra morphism from PrimpUpgqq g to PrimpUphqq h, which restriction F to V is f . Unicity. Corollary 2.6. Let g be a graded, free Lie algebra with g 0 p0q and let V g be a graded subspace such that g V rg, gs. Then V freely generates g.

Proof. By Proposition 2.4, we know that Upgq is a free algebra. By the same proposition, it is enough to prove that V freely generates Upgq. As g is graded, Upgq is also graded, and connected as g 0 p0q. By Proposition 2.2, it is enough to prove that Kerpεq V Kerpεq 2 . By Lemma 2.5, g Kerpεq 2 rg, gs. As Kerpεq g Kerpεq 2 , we obtain the result.

3 Filtration of a graded connected bialgebra 

0. If x Kerpεq, then ∆pxq ¡ x 1 ¡ 1 x Kerpεq Kerpεq. so ∆pxq ¡ 1 x ¡ x 1 H p1q H p1q . Therefore, if x 1 , . . . , x n Kerpεq, ∆px 1 . . . x n q ¡ I rns £ ¹ iI x i £ ¹ iI x i ķ l¡n H pkq H plq , (1) 
which gives the result.

As a consequence, H is a bialgebra in the category of graded ltered spaces, and is locally nite as a graded ltered space. Using the functor Gr and its compatibility with the tensor products, GrpHq is a graded bialgebra. Its product is denoted by m gr and its coproduct by ∆ gr . Proposition 3.2. If H is a graded connected bialgebra, free as an algebra. We give it its counital ltration. Then pH, mq and pGrpHq, m gr q are isomorphic as graded algebras.

Proof. Let us choose a complement V n of H p2q n into H p1q n . By denition of H p2q and H p1q , putting

V V à n1
V n , then Kerpεq V Kerpεq 2 , so V freely generates H as an algebra by Proposition 2.2. Let us choose a basis pv i q iI of V made of homogeneous elements. A basis of H pkq is given by pv i 1 . . . v i l q l¥k,i 1 ,...,i l I . Therefore, a basis of GrpHq is given by pπ pkq H pv i 1 . . . v i k qq k¥0, i 1 ,...,i k I . The unique algebra morphism from H to GrpHq (implied by the freeness of H) sending v i to π p1q

H pv i q for any i I sends the basis pv i 1 . . . v i k q k¥0, i 1 ,...,i k I to the basis pπ pkq H pv i 1 . . . v i k qq k¥0, i 1 ,...,i k I , so it is an isomorphism.

Proposition 3.3. Let H is a graded connected bialgebra. We give it its counital ltration. Then

GrpHq is cocommutative.

Proof. Let x H pkq H pk 1q . We can assume that x π pkq H px 1 . . . x k q, with x 1 , . . . , x k Kerpεq. By

(1), we obtain that

∆ gr pxq π pkq HH p∆px 1 . . . x n qq π pkq HH ¤ ¥ I rns £ ¹ iI x i £ ¹ iI x i 0 I rns π p|I|q H £ ¹ iI x i π pk¡|I|q H £ ¹ iI x i .
It is clearly cocommutative. This makes Upgq a graded ltered bialgebra. Moreover, as g p0q p0q, Upgq 0 K1 U pgq , Upgq is connected. Let n N. We put K I pnq max tKpj 1 q . . . Kpj p q | p N, j 1 , . . . , j p ¥ 1, j 1 . . . j p nu .

Let x 1 . . . x p be a generator of Upgq pK I pnqq , with x i g pk j q n j . If there exists j such that n j 0, then as g is connected, x j 0. Otherwise, there exists j such that k j ¥ Kpn j q, by denition of K I pnq. Then x j 0. Hence, Upgq pK I pnqq n p0q: Upgq is a locally nite connected graded ltered bialgebra.

Let us prove that for any k, g pkq Upgq pk 1q g pk 1q . The inclusion is obvious. Let us consider x Upgq pk 1q g pkq . As x Upgq pk 1q , x is a noncommutative polynomial in elements x 1 , . . . , x p g, with complementary conditions about the ltration that we leave to the reader.

As it belongs to g, it is a Lie polynomial, that is to say a span of iterated brackets of elements of g. The condition about the ltration and the fact that the bracket respects the ltration gives that x g pk 1q .

By Lemma 3.4 applied to the bialgebra Upgq, as PrimpUpgqq g, we obtain that Grpgq is a Lie subalgebra of PrimpGrpUpgqqq. This induces a bialgebra morphism Φ : UpGrpgqq ÝÑ GrpUpgqq, which is the identity on Grpgq. Let us assume that it is not injective, and let us consider

x KerpΦq, of minimal degree n. By minimality of n, x is necessarily primitive, so belongs to PrimpUpGrpgqqq Grpgq, which implies that Φpxq x 0: this is a contradiction. So Φ is injective. Let us now prove that Φ is surjective: we consider x GrpUpgqq n and proves that it belongs to ImpΦq by induction on n. If n 0, then x λ1 GrpU pgqq for some λ K, so belongs to ImpΦq. Let us assume the results at all ranks n. Let x GrpUpgqq pkq n , we proceed by decreasing induction on k. If k ¥ Kpnq, then x 0. Let us assume the result at all ranks ¡ k. We can restrict ourselves to x π pkq U pgq px 1 . . . x p q, with x i g pk i q n i , n 1 . . . n p n, k 1 . . . k p p.

Then

x ¡ π pk 1 q U pgq px 1 q . . . π pkpq U pgq px p q looooooooooooomooooooooooooon ImpΦq GrpUpgqq pk 1q n .

  Proof. Let us put for any n, k, GrpAq pkq n A pkq n A pk 1q n . Then GrpAq is the direct sum of the subspaces GrpAq pkq n . Let us choose a subspace W of GrpAq such that GrpAq W GrpAq 2 and W à k,nN W GrpAq pkq n .

  Upgq n Vectpx 1 . . . x p | p ¥ 0, x i g n i , n 1 . . . n p nq.Moreover, Upgq is connected if and only if, g is connected.

	2. If g is a graded Lie algebra, then its enveloping algebra pgq is a graded bialgebra, with the
	graduation given by
	Example 1.1.	1. The Lie algebra PrimpHq of primitive elements of a connected bialgebra H
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	If H is connected, then PrimpHq is connected.
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  Let F I : g ÝÑ h be another Lie algebra morphism such that F I |V f . By the universal property of Upgq, F I is extended as an algebra morphism F I from Upgq to Uphq. By construction, F I |V f . As V generates Upgq, F I F . Therefore, F I F I |g F |g F . Lemma 2.5. Let g be a Lie algebra. Then, in Upgq, g Kerpεq 2 rg, gs. Kerpεq 2 . Then ϕpxq g rg, gs Kerpεq 2 p0q, in the symmetric algebra S

Proof. : immediate. : let ϕ : Upgq ÝÑ U ¢ g rg, gs be the bialgebra morphism, unique extension of the canonical surjection from g to g rg, gs . As g rg, gs is an abelian Lie algebra, U ¢ g rg, gs is the symmetric algebra S ¢ g rg, gs . Let x g ¢ g rg, gs . So x Kerpϕq g rg, gs.

  3.1 Counital ltration of a graded connected bialgebraProposition 3.1. Let H be a graded connected bialgebra. We put, for all k N, H pkq Kerpεq k . This makes H a graded ltered locally nite bialgebra. This ltration is called the counital ltration of H.Proof. Obviously, H p0q H; for any k N, H pk 1q H pkq ; for any k, l N, mpH pkq H plq q H pk lq ; and for any n ¥ 1, ε H pkq ¨ p0q. For any k, H pkq is the subspace of H generated by the products x 1 . . . x k , with x i Kerpεq for any i. As Kerpεq pkq is generated by the products x 1 . . . x k , such that for any i, x i is homogeneous of degree ¥ 1. By homogeneity of the product, we obtain that for any k N, is generated by the products x 1 . . . x k , such that for any i, x i is homogeneous of degree n i ¥ 1, with n 1 . . . n k n. If k ¡ n, there is no such products,

							à	H n , we obtain by multilinearity
							n¥1
	that H H pkq	V à	H pkq H n .
					n0
	We put H pkq					
	so H pkq n p0q, and H is locally nite. It also implies that for any k N,
			H pkq		à	H n ,
						n¥H
	which implies that	£	H k p0q.			
	kN Let us prove that for any n N, ∆	¡	H pnq	©	ķ	H pkq H plq .. The result is obvious if
							ln
	k					

n H pkq H n . Then H pkq n

  3.2 Graded ltered connected Lie algebrasLemma 3.4. Let H be a graded ltered bialgebra. For any k N, we put PrimpHq pkq g H pkq . This makes PrimpHq a graded ltered Lie algebra. Moreover, GrpPrimpHqq is a Lie subalgebra of PrimpGrpHqq.Proof. It is immediate that pPrimpHq pkq q kN is a ltration of PrimpHq. Moreover, there is a GrpHq 1 GrpHq π pkqWe denote by t¡, ¡u the Lie bracket of GrpPrimpHqq and by t¡, ¡u I the Lie bracket of PrimpGrpHqq. Let x PrimpHq H pkq , and y PrimpHq H plq . Proposition 3.5. Let g be a graded ltered Lie algebra, connected and locally nite. If Grpgq is a free Lie algebra, then g is a free Lie algebra.Proof. For any k, n N, we put x 1 . . . x p | p N, x j g pk j q

	canonical injection GrpPrimpHqq Let x PrimpHq H pkq . Then ∆ gr ¡ π pkq H pxq π pkq H pxq, π plq V à k0 © π pkq PrimpHq H pkq PrimpHq H pk 1q HH px 1 H 1 H xq V à k0 π pkq H pxq π p0q H p1 H q π p0q H p1 H q π pkq H pkq H pxq π pkq H pyq A π pk lq H pxy ¡ yxq π pk lq H pxyq ¡ π pk lq H pyxq π pkq H pxqπ plq H pyq ¡ π plq H pyqπ pkq H pxq 3 π pkq H pxq, π plq H pyq A I , so GrpPrimpHqq is a Lie subalgebra of PrimpGrpHqq. H pxq 1 3 p j1 Upgq pkq n j , n j n,

H pk 1q GrpHq. H pxq, so π pkq H pxq PrimpGrpHqq: we obtain that GrpPrimpHqq PrimpGrpHqq. n Vect £ p j1 k j k .
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By the induction hypothesis on k, x ImpΦq. We nally proved that the bialgebras GrpUpgqq and UpGrpgqq are isomorphic. By hypothesis, GrpUpgqq is a free graded algebra.

Let V be a graded subspace of of Grpgq such that Grpgq V rGrpgq, Grpgqs. By Corollary 2.6, V freely generates GrpUpgqq. By Proposition 2.3, Upgq is a graded free algebra. By proposition 2.4, g is a graded free Lie algebra. [START_REF] Bergeron | Hopf algebras of parking functions and decorated planar trees[END_REF] Main result Theorem 4.1. Let H be a graded connected bialgebra, free as an algebra. Then the Lie algebra PrimpHq is free.

Proof. First case. Let us assume that H is cocommutative. By CartierQuillenMinorMoore's theorem, H is isomorphic to UpPrimpHqq, so is generated by its primitive elements. Hence, there exists a graded subspace V of PrimpHq, such that Kerpεq V Kerpεq 2 . As a consequence, V freely generates H by Proposition 2.2. By Proposition 2.4, V freely generates the Lie algebra PrimpHq.

General case. We give H its counital ltration pH pnq q nN , see Proposition 3.1. Then GrpHq is also free by Proposition 3.2. Moreover, it is cocommutative by Proposition 3.3: by the rst case, PrimpGrpHqq is a free Lie algebra.

For any k N, we put PrimpHq pkq PrimpHq H pkq . Proposition 3.1 implies that this denes a locally nite ltration of PrimpHq, and by Lemma 3.4, GrpPrimpHqq is a Lie subalgebra of PrimpGrpHqq. The latter is a free Lie algebra. By Shirshov and Witt's theorem [START_REF] Shirshov | Subalgebras of free Lie algebras[END_REF][START_REF] Witt | Die Unterringe der freien Lieschen Ringe[END_REF], GrpPrimpHqq is free. By Proposition 3.5, PrimpHq is free.