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Background on real and complex elliptically

symmetric distributions

Chapter published in the book “Elliptically symmetric distributions in Signal Processing and

Machine Learning”’by Springer with corrections and complements

Jean-Pierre Delmas

Abstract

his chapter presents a short overview of real elliptically symmetric (RES) distributions, complemented
by circular complex elliptically symmetric (C-CES) and noncircular CES (NC-CES) distributions as complex
representations of RES distributions. These distributions are both an extension of the multivariate Gaussian
distribution and a multivariate extension of univariate symmetric distributions. They are equivalently defined
through their characteristic functions and their stochastic representations, which naturally follow from the
spherically symmetric distributions after affine transformations. Particular attention is paid to the absolutely
continuous case and to the subclass of compound Gaussian distributions. Results related to moments, affine
transformations, marginal and conditional distributions, and summation stability are also presented. Some well-
known instances of RES distributions are provided with their main properties. Finally, the estimation of the
symmetry center and scatter matrix is briefly discussed through the sample mean (SM), sample covariance matrix
(SCM) estimate, maximum estimate (ML), M -estimators, and Tyler’s M -estimators. Particular attention will be
paid to the asymptotic Gaussianity of the M -estimators of the scatter matrix. To conclude, some hints about the
Slepian-Bangs formula are provided. his chapter presents a short overview of real elliptically symmetric (RES)
distributions, complemented by circular complex elliptically symmetric (C-CES) and noncircular CES (NC-CES)
distributions as complex representations of RES distributions. These distributions are both an extension of the
multivariate Gaussian distribution and a multivariate extension of univariate symmetric distributions. They are
equivalently defined through their characteristic functions and their stochastic representations, which naturally
follow from the spherically symmetric distributions after affine transformations. Particular attention is paid to the
absolutely continuous case and to the subclass of compound Gaussian distributions. Results related to moments,
affine transformations, marginal and conditional distributions, and summation stability are also presented. Some

well-known instances of RES distributions are provided with their main properties. Finally, the estimation of
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the symmetry center and scatter matrix is briefly discussed through the sample mean (SM), sample covariance
matrix (SCM) estimate, maximum estimate (ML), M-estimators, and Tyler’s M -estimators. Particular attention
will be paid to the asymptotic Gaussianity of the M -estimators of the scatter matrix. To conclude, some hints

about the Slepian-Bangs formula are provided. T

I. INTRODUCTION

Until fifty years ago, most of the procedures in multivariate analysis were developed under the Gaussian
assumption, mainly for mathematical convenience. However, in many applications, Gaussianity is a poor
approximation of reality. As a consequence, elliptically symmetric distributions have been widely used in various
applications due to their flexibility and capability to better model various data behavior. These distributions form
a natural extension of the Gaussian one by allowing for both heavier-than-Gaussian and lighter-than-Gaussian
tails while maintaining the elliptical geometry of the underlying equidensity (when it exists) contours. These real
elliptically symmetric (RES) distributions were equivalently defined in the statistical literature [1]-[4] through
their characteristic functions and their stochastic representations, which naturally follow from the spherically
symmetric distributions after affine transformations. A first systematic treatment of circular complex elliptically
symmetric (C-CES) distributions was provided in the engineering literature [5] and further fully studied in
[6], and in the tutorial paper [7]. Then, the general complex representation of the RES distributions, called
noncircular CES (NC-CES) distributions, was introduced in [8].

The aim of this chapter is twofold. At first, a short overview of RES, C-CES, and NC-CES distributions (as
complex representations of the RES distributions) is introduced with the aim of providing a common background
for the other chapters of this book. Secondly, the main definitions and properties of these distributions are listed
and shortly discussed.

This chapter is organized as follows. Section II defines the RES distributions equivalently through their
characteristic functions and to their stochastic representations. Particular attention is paid to the absolutely
continuous case and to the subclass of compound Gaussian distributions. Section III defines the C-CES and
NC-CES distributions as complex representations of the RES distributions. Section IV presents basic properties
related to moments, affine transformations, marginal and conditional distributions, and summation stability.
Then some well-known instances of RES distributions are provided with their main properties in Section V.
The joint estimation of the symmetry center and scatter matrix is briefly discussed in Section VI through the
SM and SCM estimators, ML, M -estimators, and Tyler’s M -estimators, asymptotic Gaussian distribution of
scatter M -estimators, and Slepian-Bangs formula. Finally, Section VII briefly concludes this chapter.

The following notations are used throughout this chapter. Matrices and vectors are represented by bold
upper case and bold lower case characters, respectively. Vectors are by default in column orientation, while the
superscripts T, H, *, and # stand for transpose, conjugate transpose, conjugate, and Moore Penrose inverse,
respectively. (a); and (A)x ¢ denote the k and (k, £)-th element of the vector a and the matrix A, respectively.

E(.), |.|, and Tr(.) are the expectation, determinant, and trace operators, respectively. I is the identity matrix with

January 16, 2025 DRAFT



the appropriate dimension. vec(A) denotes the “vectorization” operator that turns a matrix A into a vector by
stacking the columns of the matrix one below another and vecs(A) is the vector that is obtained from vec(A) by
eliminating all supradiagonal elements of A. These vectors are used in conjunction with the Kronecker product
A ® B as the block matrix whose (4, j) block element is a; ;B, and with the commutation matrix K and the
duplication matrix D of appropriate dimension such that vec(CT) = Kvec(C) and vec(A) = Dvecs(A) where
A is symmetric. e, is the vector of appropriate dimension with 1 in the kth position and zeros elsewhere. The
acronyms r.v., p.d.f. and c.d.f. for respectively random variable, probability density function and cumulative
distribution function are used. Finally, T'(x) %' Jo S t“"te~'dt is the Gamma function with I'(k) = (k —1)! for

k € N, B(k,{) denotes the Beta function with B(k,¢) = FIE(ICIC)E%) and Gam(k, 0) is the Gamma distribution of

scale 6 with p.d.f. p(x) = ka’l exp(—z/0). x =4y, €, —q¢ D and = ~ D mean that the r.v. z and y

have the same distribution, the sequence of r.v. z,, converges in distribution to D and z follows the distribution

D, respectively. The subscripts r and c are used to refer to the real and complex data cases, respectively.

II. DEFINITION OF THE REAL ELLIPTICALLY SYMMETRIC DISTRIBUTIONS

A. Characteristic function

After earlier works on this topic, RES distributions were formalized by [1] and further studied by [2]-[4].
They were first defined as affine transformations of spherically distributed r.v. Then, by the uniqueness theorem
(see, e.g., [9, pp. 346-351], they were alternatively defined by their characteristic functions.

Definition 1: Anr.v. x € R™ is said to have a RES distribution if there exists a vector p € R™, an m xm
symmetric positive semi-definite matrix X of rank ¥ < m and a function ¢,(.) : Rt — R called symmetry
center, scatter matrix and characteristic generator, respectively, such that the characteristic function of x is of
the form

®,(t) = Blexp(itTx)] = exp(it” p) o, (tT t), t e R™. ()

We shall write x ~ RES,,(u, X, ¢,.) and note that the couple (X, ¢,(.)) does not uniquely identify the
distribution of x because (c2X, ¢,.(./c?)) gives the same distribution. This scale ambiguity is easily avoided by
restricting the function ¢,.(.) in a suitable way (e.g., by fixing a moment as it is explained in Section IV-A),
or by putting a constraint on the scatter matrix X (e.g., Tr(X) = m). Note that for m = 1, these distributions

coincide with the class of one-dimensional symmetric distributions w.r.t. the symmetry center.

B. Stochastic representation

Equivalently to the definition (1), the RES distributed r.v. x can be defined from an affine function

x & n+ Ax, @)

of a k-dimensional spherically distributed r.v. x,, where A € R™** is any square root (X = AAT) of the
scatter matrix X of rank k, and thus full column rank. Such spherically distributions are defined equivalently

in the following [3, Chap.2]
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Definition 2: An r.v. x, € R¥ is spherically distributed i.f.f.

o x; =4 Ox, for arbitrary real-valued k-dimensional orthonormal matrix O,

o There exists a function ¢,.(.) : RT — R, such that the characteristic function of x, is given by
.., (t) = 6. (IIt]), t € R, (3)

o For every h € R*, hTx, =, ||h|z;, with x, = (24, .., Ts,, .., 75, )T,
o If x, is absolutely continuous w.r.t. Lebesgue measure on R”, there exists a function! g,.(.): RT + R

such that the p.d.f. of x, w.r.t. this measure is of the form

p(xs) = gT(||XS||2), (4)
where
def [~ k/2—1 _ I'(k/2)
Or k _/0 t gr(t)dt = k2 5)

ensuring that p(x,) integrates to one.
o There exists a non-negative r.v. Q, ;, and u, ; that are independent where u, . is uniformly distributed on

the unit real k-sphere (u, ; ~ U (RS*)) such that

Xs =d \/ Qr,k}unk- (6)

Consequently from (2) and (3), we find the characteristic function (1) which defines the RES distribution
since

O, (t) = exp(it” )@, (ATt) = exp(it” p)o, (t7 t).

From (2) and (6), we obtain the following

Theorem 1: xis RES,,(u, X, ¢,) distributed, i.f.f. it admits the following stochastic full-rank representation

X=qg b+ QAU =p+ R, pAu, . (7

The r.v. O, ) and R, i def

\/©Qr; are the 2nd-order modular and modular (or generating) variates of the r.v.
x, respectively. We note that there is a one-to-one mapping between the characteristic generator ¢, and the
c.d.f. Fr, of R, (called generating c.d.f.). Thus we can also write x ~ RES,, (i, 3, Fr,.) and, equivalently
to Definition 1, we retrieve the scale ambiguity in the couple (A, R, ;) in (7). Theorem 1 provides an obvious
mechanism to generate r.v. x ~ RES,,(u, X, F,): it only involves generating R, ; according to its c.d.f.

Fr, and u,.; = ;’“H where n, j is k-dimensional zero-mean Gaussian distributed r. v. with covariance I

I

'both functions ¢,(.) and g,(.) are generally parameterized by the dimension k and in practice by a finite-dimensional parameter
(see examples in Section V).
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(n, i ~ RN(0,I)). Moreover, the following important property follows from Theorem I:

Qi =a (x — )T =¥ (x — p). (8)

C. The absolutely continuous case

From (2) the r.v. x is absolutely continuous w.r.t. Lebesgue measure on R™, i.f.f. x, is too. From (6), it is
immediate to verify that this condition is satisfied i.f.f. O, or R, is absolutely continuous w.r.t. Lebesgue
measure on RT. In this case, the p.d.f. of x is defined on the k-dimensional subspace of R™ spanned by the
range space of A.

In the particular case where k = m, i.e., rank(¥X) = m, A is a non singular m X m square matrix. From

the one to one mapping (2) between x and X, and the p.d.f. (4), the p.d.f. of x on R™ can be expressed as:
p(x) = =7 2g, [(x — p)"S 7 (x — ). ©)

We note that unlike the notation used in, e.g., [7], (9) does not explicitly include the usual p.d.f. normalizing

constant. In (9) g.(.): R* + R™T is an arbitrary function, called density generator such that from (4) and (5)

Srom d:ef/ 2=l (t)dt = F(mff). (10)
0 wm

Clearly from (9), the couple (X,¢g,-(.)) in does not uniquely identify the distribution of x because
(®%,c™g,(. ¢?)) gives the same distribution.

We adopt the notation RES,,, (i, X, g) instead of RES,,, (i, X, ¢). The level sets of p(x) are a family of
hyper ellipsoids in R™ symmetrically centered at p, where shape and orientation are determined by 3. This
justifies the terminology of symmetrical elliptical distributions. Furthermore, the stochastic representation (7)

reduces to

X =q M+ Qr,mzl/zur,m =p+ Rr,mzl/Qur,m- (11)

Here too, note that (X, Q,.,,,) and (¢*%, ¢™20Q,. ,,,) give the same distribution of x. (11) implies that (8) simplifies
to

Qr,m =d (X - /J')Tz_l(x - H) (12)
From (9), (11) and (12), the p.d.f. of Q, ,, and R, ,,, are respectively
p(q) = 0, 3,a™* 'gr(q) and p(r) =26, )" g, (r?). (13)

Finally, we note that the RES distributions do not necessarily possess a p.d.f. w.r.t. Lebesgue measure on R™
even when X is not singular. Such an example is the U(RS™) distribution which belongs to RES,,, (0,1, ¢,.)

distributions, where the explicit (but somewhat involved) form of ¢, can be found in [4, the. 2.51].
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D. The subclass of compound-Gaussian distributions

An important subclass of RES distributions are the compound-Gaussian (CG) distributions, whose circular
complex representations (denoted C-CCG) have been widely used in the engineering literature, for example, for
modeling radar clutter [10]. An r.v. having CG distributions with zero symmetry center is also referred to as
spherically invariant random vectors (SIRV) in the engineering literature (see, e.g., in [11]-[14]) and as scale
mixtures of normal distributions in the statistics literature [15] [16]. These distributions are defined by their
stochastic representation.

Definition 3: An r.v. x € R™ is said to have a real CG distribution (RCG) if it admits the following
representation

X =g B+ /70, (14)

for some positive real r.v. 7,. with c.d.f. - (not related neither to dimension m nor to rank k), called the texture
independent of n ~ RN,,(0,3), called the speckle. The r.v. \/7, is often called mixing variable with mixing
distribution in the statistical literature (see e.g., [16]). We write x ~ RCG,,,(u, X, F;) to denote this case.

Note that (14) can be rewritten as

X =q pt+ /T, Ang, (15)

where ng ~ RN, (0,T). Then by recalling that ng = ||no|[u,; with s & ng||> ~ x2 = Gam(k/2,2) and
U ~ U(RS”“), and where s and u, j are independent. It follows that the stochastic representation (14) can
also be written as

X =q p+ RrrAu, i, (16)

where the modular variate R, j, def \/7r5 and u,; are independent. Consequently, the RCG distributions form
a subclass of the RES distributions. Furthermore, x ~ RES,,, (i, X, ¢) belongs to the set of RCG distributions
i.f.f. there exists an r.v. 7. such that the 2nd-order modular variate Q, = Rfk satisfies Q. = 7,5, i.e., Qr i
is a scale mixture of the Gam(k/2,2) distribution. This means that the conditional distribution of Q, j given

T, = 7 is the Gam(k/2,27) distribution and thus the p.d.f of Q, j is

p(q) = /0°° qu/2—1 exp(—q/(27))dF; (7). 17

The characteristic function of @, (t) of a RCG distributed r.v. x defined by (14) is given straightforwardly
by

B0 = explitTh) [ Blexplit! VEn)/r)dr(7)

(o)
= exp(itTu)/ exp <—th§]t) dF,(T)
0 2

= exp(it’ p)o, (t" Tt) (18)
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where the characteristic generator

b () = /O “exp (- Lu)ar(r) (19)

does not depend on the dimension m nor on the rank k, unlike the RES distributions which are not RCG whose
characteristic generator can depend on it.

In the particular case where X is not singular (k = m), the conditional distribution of x given 7,. = 7 is the
RN,,(u, 7X) distribution from (14). Consequently, the distribution of x is always continuous w.r.t. Lebesgue

measure on R" and its p.d.f. is given by

plox) = (2m) A2 [T e (o x E x ) ) dE(), o)

Note that the p.d.f. (20) can always be written in the form (9) with the density generator

gr(t) = (2m)~m/? /OOO 7™/ 2 exp (;) dF, (1), (1)
and similarly to the RES distributions, we are faced with scale ambiguity where (¢*3, c=27,, c™g,(.c?)) gives
the same R-CG distribution. Note that (21) reduces to the density generator (70) of the Gaussian distribution
when 7, is a degenerate r.v. putting all the probability at 7,. = 1. Note also that the e-contaminated Gaussian
distribution belongs to the class of CG distributions and is obtained when 7,. is a discrete r.v. with P(7,, = a?) = €

and P(7, = 1) = 1 — ¢, where (a?, €) are parameters that control the heaviness of the tails as compared to the

Gaussian distribution.

III. DEFINITION OF THE COMPLEX ELLIPTICALLY SYMMETRIC DISTRIBUTIONS

A. Characteristic function

An r.v. x € C™ is said to have a noncircular complex elliptically symmetric (NC-CES) distribution (also
called generalized complex elliptical in [17] if the r.v. X ef (Re(x)T,Im(x)T)T € R?™ is RES distributed.

Denote the symmetry center and the scatter matrix (of rank k& < 2m) of X by ;1 € R?™ and & € R2m*2m
V21 —a

is unitary, we obtain t7fx = Re(tp), 7St = 1¢#(MEM)t = 175t with ¢ L Re(t)T, Im(t)7)7,

n e (Re(w)T, Tm(p)T)7T, t dof T, t7)T and T L IOMEMH of rank k structured as

~ de _ e I I
respectively. Using the one-to-one mapping X — X o (xT,xH)T = \/2Mx where M def 1 ( ! >

~ ¥ Q
Y= , (22)
Q¥

where X and Q defined from 2MXM¥ | are positive semi-definite Hermitian and complex symmetric matrices,

respectively. Consequently, we obtain the following theorem by the definition (1)
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Theorem 2: The characteristic function of an NC-CES distributed r.v. x € C™ is of the form

D, (t) 2 Elexp(it”x)] = exp(iRe(t 1)) de (;EHEQ teCm, (23)
where
o)™ 0, (u) (24

is the characteristic generator, and where o € C™ and 3 € C2m*2m denote respectively the symmetric center
and the extended scatter matrix of the NC-CES distributed r.v. x.

We shall write x ~ CES,,(u, ¥,Q, ¢.). In the particular case where €2 = 0, the rank of > is even with
rank(i) = 2rank(X) = k and x is C-CES distributed [5]-[7]. The term circular is often dropped in the
current terminology used in signal processing where the distribution of a C-CES r.v. is usually indicated as
x ~ CES,,,(u, 3, ¢.). Moreover, from (23), we get:

Theorem 3: The characteristic function of a C-CES distributed r.v. x € C™ is of the form
D, (t) = exp(iRe(t n)) . (t7 Zt) teC™, (25)

where p € C™ and X € C™*™ denote the symmetric center, and the scatter matrix of the C-CES distributed

r.v. X, respectively.

B. Stochastic representation

From the definition of the NC-CES distribution, a simple complex-valued extension of the stochastic
representation (7) is only possible if the rank of i, which is equal to the rank of 3, is even (it is, in particular,
the case of the C-CES distribution and the case where 3 is not singular for which & = 2m). Let 2k be the rank
of 3. In this case, there exists an m X k full column rank matrix A such that ¥ = AAH and Q = AA AT
where A, = Diag(x1,...,Kky) is a real diagonal matrix with non-negative real entries (x;);=1, . [18, Corollary
4.6.12(b)]. Furthermore, it has been proved in [8], that 0 < x; < 1. This parameterization allows us to state
that the stochastic representation of this distribution, proved in [19], is a multivariate extension of the univariate
generation of NC-CES r.v. presented in [20, sec. IV.C].

Theorem 4: x is CES,,(u, 2, Q, ¢.) distributed i.f.f. it admits the following stochastic representation

X =g p+/QerAlAruc i + Aguy ], (26)

where Q. 1 def %Qr,zk and u.; ~ U(CS*) are independent, A, def # and As def % where
ALY TFA, amdA_Y VT—A,.

In the particular case of C-CES distributions, €2 = 0, which is equivalent to A, = 0, i.e., A; = I and
A5 = 0 and consequently the stochastic representation (26) reduces to the well known stochastic representation
reported in [7]:

X =q p+ 1/ QcrAuc. (27)
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Note that similarly to the RES distribution, the C-CES distribution can be defined from the affine function
(2), where here x, is k-dimensional spherically distributed defined by the equality x; =4 Ux, for arbitrary
complex-valued k-dimensional unitary matrix I/, and where A € C™** is any square root (X = AAf) of
the scatter matrix [5], [6]. Such r.v. X, is also characterized by the stochastic representation x5 =g 1/ Qc rUc,k
where the non-negative r.v. Q. , and u.j are independent, with u.; ~ U ((CS’“). X, 1S also characterized
by a characteristic function of the form ®, (t) = ¢.(|[t|?), t € CF. Consequently, from (2), we find

ef

the characteristic function (25) which defines the C-CES distribution since @, (t) e Elexp(iRe(tx))] =
exp(iRe(t# p)) @, (Aft) = exp(iRe(t n))o.(t7 t).

C. The absolutely continuous case

The p.d.f. of x is defined on C™ i.f.f. X is absolutely continuous w.r.t. Lebesgue measure on R?>™. Assuming
that rank(3) = 2m and using the identities (x — )7 S (x— ) = (X— )7 "1(X— ) and || = 27273,
the p.d.f. (9) becomes

pe) =[5V, | S& - B)TE R - )| e8)

where g¢.(t) is defined by

ge(t) & 27 g, (21), (29)

and g, (t) is the density generator associated with the distribution RESs,, (i1, %, ¢,.), which satisfies

(oo}
e T
5c,m d:f / tm_lgc(t)dt = 5r,2m = (7;:) (30)
0 ™
We note that in this case, (26) is written equivalently in the form x =4 u + s/ 0. (Where U, def
(ul,,,uf 7). then it follows that
1
Qc,m = §Qr,2m (31)
and
1 . s~ ~
Qc,m =d §(X - M)Hz 1(X - /J’) (32)
For C-CES distributed x, (28) reduces to
p(x) = [Z[gel(x = )= (x - )], (33)
and (27) implies
Qe =a (x — w)HZ ™ (x — p). (34)
Following the same derivation as for the RES distribution, we get the following p.d.f. of Q. ,, and R,
p(q) = 5;,1nqulgc(q) and p(r) = 25;71,Lr2mflgc(r2). (35)
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D. The subclass of compound Gaussian distributions

In many engineering applications, only the circular complex case is considered. A r.v. x € C™ is said to be

circular complex compound Gaussian (C-CCG) distributed if the r.v. X € R?™ is RCG distributed (see definition

~ 0
3) where the associated extended scatter matrix (22) is bloc-diagonal 3 = . Consequently from

0 X
the one to one mapping X — X, definition (3) gives the following stochastic representation

X =4 [+ +/Tcn, (36)

where 7. = 27, with 7., independent from n, is associated with the 2m-dimensional RCG distribution and
n ~ CN,,(0,X).

As a consequence, all the properties given in Section II-D can be deduced from this real to complex
representation. In particular with ¥ = AAH of rank k: ng ~ CN(0,1), (16) with now R def \/Tc5 where
s [lno|? ~ %ng = Gam(k, 1). Then, the C-CCG distributions form a subclass of the C-CES distributions
and x ~ C-CES,,,(p, 32, ¢) belongs to the set of C-CCG distributions i.f.f. the p.d.f of Q. is

b0 = | e ewl(-a/aF (0 7

and (20) becomes
p(x) =7 ™% ! /OO 7™ exp (71_()( — )z l(x - u)) dF. (7). (38)
0

I'V. BASIC PROPERTIES

In this section and throughout the rest of this chapter, we mainly consider the RES distributions, knowing
that the C-CES distributions are only a particular representation of them for even m, where the complementary
scatter matrix €2 defined in (22) is zero. Consequently we drop the indices r in &, x, gr, ¢r, Qrk, Ry i and
u,  associated with the v.a. x. We will show that these distributions benefit from most of the properties of
the Gaussian distribution except the additive stability, whose conditions are more restrictive (see e.g., the quick

surveys in [21], [22]).

A. Moments

From the full-rank stochastic representation (7), it is clear that x admits pth-order moments i.f.f.

E(R}) < oo. Using the characteristic function (1), E(R}) < oo i.f.f. the characteristic generator ¢(t) is p times

differentiable. In this case, the pth-order moments of x are given by E(a}'x5?..aPm) = 2 O L e (t)

10

P 9P pth2 otk 1t=0
with p=>"1" p; and x = (21,2, ..., T ) T .
Assuming that the correspondent moments are finite, one has
E(x) = p (39)
E(R? E
Cov(x) = (k Uy (kQ’“) ¥ = —2¢/(0)%. (40)
DRAFT



11

In particular for RCG distributions (40) becomes
Cov(x) = E(7)X. 41)

We see from (40) and (41) that under finite second-order moment assumption, the covariance of x does
not necessarily coincide with the scatter matrix 3, but these two matrices are proportional. Note that many
second-order signal processing methodologies, such as, for example, subspace-based processing (where k = m),
require an estimate of the covariance only at up to a multiplicative scalar. In this case, the shape matrix, defined

as a scaled version of the scatter matrix

1
v, Y
5(3)

(42)

can be adopted to characterize the correlation structure. The scalar factor s(X) must follow the conditions
s(aX) = as(X), Ya > 0 and s(I) = 1. Even if the choice of the scale functionals s(X) is entirely arbitrary, in

. L . . def
signal processing literature, the most popular scale is the one on the trace of the scatter matrix, i.e., s(X) =

Tr(X)/m leading to the following shape matrix V, = (s >- One can also find s(X%) def [X]1,1 and s(X%)

def
|Z|'/™, leading to [V]11 = 1 and |V,| = 1, respectively.
Otherwise, (40) and (41) can be used to resolve the scale ambiguity of the couple (X, ¢(.)) in the definition

(1) of the RES distribution by fixing the constraint on the characteristic generator ¢(.)
E(R}) = E(Q) = k =rank(X) or E(r) =1 for RCG distributions, (43)

which ensures that Cov(x) = 3.
When the r.v. x is absolutely continuous w.r.t. Lebesgue measure on R™ and k£ = m, (43) is equivalent to

the following constraint on the density generator g(.) thanks to (13)

6;11/ qm/zg(q)dq =m. (44)
0

If E(Q,,) is not finite, rather imposing Median(R,,) = 1, i.e., from (13) the constraint 24, fol rmlg(r?)dr =

% or equivalently &, fol tm/2-1 g(t)dt = %, is a more appropriate scaling constraint as its avoids any finite

moment assumptions. Similarly for RCG distributions, if E(7) is not finite, the constraint Median(7) = 1 (i.e.,

F.(1) = %) can be used. Indeed many RES distributions do not have finite second-order moments.

. . o . def
To consider higher-order multivariate central moments, let us consider o, ;, s, = E[(zi, — pts,)(i, —

fin)e(Tiy — p13,)] With = (1, pg, ooy ftrn)” and (i1, o, ..,3¢) € {1,..,m}*. By symmetry, all odd-order
central moments are zero, provided that the corresponding moments do exist. As for fourth-order moments, if

E(R%)) < co (with k = m), they all satisfy the identity [23, p. 2]

Oijke = (K+1)(040k0+ i k00 +0ie0jk), (3,7, k,¢) € {1, ...,m}4 (45)
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where

-1 (46)

. def 1 0iiii 3 m  E(R}) 1 ¢”(0)
m+ 2 (E(R2,))2 (¢/(0))?

3 01‘2., s -
K 18 the kurtosis parameter of the marginal r.v. x; [24], [25]. It usually depends on the dimension m, but,
remarkably, the kurtosis of the ¢th component does not depend on ¢, nor on the scatter matrix 3. Consequently
taken X = I, we get for all RCG distributions: 0;;;; = 3E(r?) and 0;; = E(7) and thus
_ Var(r)

[B(r)]*

KR

(47)

Consequently the kurtosis parameter does not depend on the dimension m for RCG distributions. Note that
x = 0 for the Gaussian distribution and that there exist other definitions of the kurtosis parameter or coefficient
def 04,0, def 0440,

in the literature as Kk = et — 3and Kk = R Note also that the kurtosis is bounded below such that

k> —2/m+2) 26l

B. Affine transformations and marginal distributions

Let b € R"™ and B € R™" ™, and consider the transformed r.v. y = Bx + b. Its characteristic function

@, (t) is deduced from the characteristic function (1) of x by
®,(t) = exp(it"b)®,(BTt) = exp(it” (Bu + b))p(t' BEB”t), tcR™ (48)

Consequently, y is RES,,(Bu+b, BEB”, ¢)-distributed, and thus the class of RES,, (ut, 3, ¢) distributions is
closed under affine transformations. Note that the parameters are transformed as (i, X) — (Bu + b, BEB7T),
which is the usual transformation for the couple (expectation, covariance) (when it exists) for the affine
transformation x — Bx + b. Note also that for n # m, y may not belong to the same family as that of
the r.v. X because the characteristic generator ¢ may depend on the dimension m.

From the full-rank stochastic representation of x (7), we derive
y=q¢Bu+b+R; (BA)uk, 49)

which is not necessarily a full-rank stochastic representation of y because rank(BA) <
min(rank(B), rank(A)) < min(n, k). If £ def rank(BA), there exist full column rank n x ¢ matrices
C such that BXB” = CC7. And thus, similarly to x, where its distribution is equivalently defined by its
stochastic full rank representation (7) and by its characteristic function (1), we get from (48) a stochastic full

rank representation of y

y =4 Bp+ b + R,Cuy, (50)

where the non-negative r.v. R, and u, are independent, u, is uniformly distributed on the unit real /-sphere.
Of course, it directly follows that univariate and multivariate marginals of x also are RES distributed

with ¢ remains unchanged. If x = (21,...,2,)7 = X, xD)T, uw = (u1, ..o )T = (¥, uI)T and
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i1 X2
Y = (0ij){=1 =
o1 oo

m1 X my and mg X mg matrices, respectively (with m; + mg = m), then x; ~ RES,,, (11, 311,9),

>, where x; and p; are m;-dimensional vectors, ¥;; and ;o are

xg ~ RES,,, (19, 32,2, ¢), and z; ~ RES;(u;, 044, ¢), i = 1,...,m. Of course, their stochastic representations
A

(49) and (50) also, follow. For example for m; > k, if A = ! ] where A is a my x k full column rank
A,

matrix

X1 =4 # + RrA1uy (51)

is a stochastic full-rank representation of the marginal x;. As for the univariate marginal x;, the stochastic

representations (49) and (50) reduce to
T =q p; + Real w, =4 p; + Ralag|us, (52)

where a; is the i-th column of AT (thus ||a;||> = 0;,), Rx and R, are the modular variates of x and z;,
respectively, and where u; reduces to the uniform discrete r.v. {—1,+1}.
Now we take a closer look at the marginal distributions when & = m. In this case, the stochastic full-rank

representation (51) and (52) of arbitrary univariate or multivariate marginal r.v. x; and x; reduce to
1/2 1/2
X1 =4 p1 + leﬁll,/l Uy, and x; =g p; + Rlaié u1, (53)

where the modular variates R,,, of x; (which includes the modular variates of the univariate marginal r.v. z;

for m; = 1) and R,,, of x are related by the relation [4, Corollary p.59]
le =4 Rm /6%,% (54)

In (54) the r.v. Ry, and Sy mo are independent and B2, my ~ Beta(Zt, B2,
Moreover in the absolutely continuous case w.r.t. Lebesgue measure on R™, i.e., x ~ RES,, (i, %, g), (54)
allows us to relate the p.d.f. py,, (1) of R, to the p.d.f. py,(r) of R, [4, rel. 2.5.15]

2rmil oo “(m-2),2 _ .2\™2_1

and to the density generator g(.) of x using p,,(r) given by (13)

27Tm/27,m171 +o0 g m2 g
Pmy (T) = W [2 (t —-T ) g(t)dt (56)

This allows us to derive the density generators g,,, |, (.) of the multivariate and univariate marginal r.v. x;
and x; thanks to (13) pm, (r) = 20, 7™ g, 1 (r?)
1 JFOO mo 1
Gmi|m (1) = 6,5, (t—u)=""g(t)dt. (57)

u

Therefore the p.df. of the multivariate marginal rv. x; ~ RES,, (1, 31,1,9m,|m) and z; ~
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RES; (i, 04,4, g11m) are given respectively by

pm1|m(X1) = |21,1|_1/2gm1|m[(xl - ll'l)Tzl_&(Xl - IJfl)] (58)
1 (r; — pi)?
(@) = Sy i 5
pﬂm(m ) mgﬂ < i ( 9)

Note that there is no guarantee that the integral in (57) leads to a closed-form expression when a closed-
form expression of g(u) is available, except for the class of RCG distributions for which gy, |m (1) o g(u). In
particular for the Gaussian distribution, we obtain g, |, (u) = W exp(—3).

For the RCG distributions defined in Subsection II-D, it is clear from the stochastic representation (14) that

X1 =4 py + V710, (60)

with n; ~ RN,,,, (0, % ;). Consequently, all the marginals belong to the same subclass of RCG distributions
with the same c.d.f F,(.) and the density generator (57) reduces thanks to (21) to

Gmajm(t) = (27r)_m1/2/ rma/2 exp (—t> dF, (7). (61)
0 27_

In fact this property characterizes the RCG distributions. This point is specified by a consistency result [27,
Th. 1]. This result states that any univariate and multivariate marginal distribution of an r.v. x belong to the
same family as that of the r.v. x, i.f.f. the RES distribution belongs to the class of RCG distributions. This
condition is also equivalent to the characteristic generator ¢ not related to the dimension m. This consistency
result shows that not all elliptically symmetric distributions can be used to define random processes. Indeed
from Kolmogorov’s theorem, only among the elliptically symmetric distributions, the m dimensional RGG
distributed r.v. x = (21, ..., ¥,)7 for all m can define a unique random process (7, )nen that is characterized

by the distribution of 7, symmetric center and scatter of the process [28].

C. Conditional distributions

Let x = (x¥,xI)T ~ RES,,(u, X, ¢) where x; € R™!. The conditional distribution of x5 given x; is
generally more difficult to describe than its marginal distribution presented in Section IV-B. For the sake of
simplicity, we consider here only the full rank case (k = m); see e.g. [2] and [22, Th. 7, Cor. 8] for more
general statements. In this case, it is proved [3, Th 2.18], that xo given x; = x? (denoted x3|x; = x(f) is

RESm2 (“2\1) 22‘1, ¢2‘1) = RESm2 ([.L2|1, E2|1, FQH) distributed with

Mo = Mg+ BB (x) — ) (62)

Top = Zap— 181120, (63)
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and where ¢5|; and Fj); correspond respectively to the characteristic generator of x5|x; = x{ and the c.d.f. of

the conditional modular variate R|; defined by the following stochastic full rank representation
(x2lx1 = X}) =d pop1 + Rop Agj1im,, (64)

where Ay is an arbitrary square root of Xy (i.e., Xgj; = A2‘1A2T‘1 and Ry|; and u,,, are independent. Ry
is given by

Rop =a [R2, — (x§ — py) "8 1(x) — )]V g = x3. (65)

Otherwise if the conditional covariance Cov(xa|x; = x(l)) exists, its expressions can be derived from (40)

and we get
1 -
Cov(xalx = x7) = = (B[Rpx1 = xq] = () — ) 23067 = py) B (66)

We note that the expressions of the conditional symmetry center p,|; and conditional scatter matrix Xip; are
those obtained for the Gaussian distribution, but the conditional characteristic generator ¢, no longer belongs
to the same family of RES, except for the Gaussian distribution.

For RCG distributions, the p.d.f. of x2|x; = x!, (denoted p(x2/x?), is given by

1?) /0°° p(x2/x3, 7)p(x" /7)dF,(T) o

plo/x) = o

where p(x§/7) = (2mr) ™ /2[y 1|72 exp(— ke, | (x9, 1)) and p(scs/x, )
_ _ . def _
— @) RSy R expl— | (o, o)) with i, (%) (8 - )T — ) and

def — . .
d,, | (X2, o) = (x2 — uz)TEQﬁ(xQ — o). This yields

(2F)—m2/2|22‘1|—1/2
fooo Tom/2 exp(—%d%m (X% Hy))dF(T)

x [T Pexp ((—o=d3, (%o, pap ) exp | —o=dy, (XD, ) ) dEL(7). (68)
0 27 =2 2r =t

p(x2/x7) =

Comparing (68) to (9), we check that xa[x; = X9 is RES,,,, (to);, X1, Foj1) distributed. Moreover, comparing
(68) to (20), we see that Xa|x; = x! is RCG distributed, but with a differently distributed texture 7 than x and

the marginal x;.

D. Summation stability

Consider now the sum y of n independent r.v. x3,..,X;, .., X, Wwith the same scatter matrix, where x; ~

RES,,,(1;, X, ¢;). The characteristic function @, (t) of y = > | x; is

i=1 i=1

D, (t) = H @, (t) = exp (itT(Z m)) [ ¢:(t7¢t) = exp(it” w)g(t" St), (69)
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where p def o,y and ¢(u) def [T, ¢i(u), which is structured as (1). Consequently, the sum y is RES-

distributed too [22]. Similarly, for independent univariate r.v. x4, ..., Z;, ..., ,, but with arbitrary scatters o;, where
x; ~ RES (i, 0i, ¢;), the characteristic function ®,(t) of y = Y"1 | ; is given by ®,(t) = exp(itu)p(t?)
where def Yo p and @(u) def [T, ¢i(osu) and then y ~ RES; (4,1, ¢). The sum y is then symmetrically
distributed w.r.t. p.

However, it is worth underlying that if the r.v. x1, .., X;, .., X, belong to the same family of RES distribution
(i.e., with ¢; = ¢, @+ = 1,..,n), the sum is not of the same family except for the so-called elliptical a-stable
distributions [29], (i.e., of characteristic functions ®,(t) = exp(it”p) exp(—3(t73t)*/?) with a € (0,2]),
which includes the Gaussian distribution for @ = 2. Finally note that if the scatter matrices 33; of x1, .., X;, .., X,
are not identical, the summation stability is generally lost for independent multivariate non-Gaussian, RES
distributed r.v..

The independence condition of the v.a. x; can be relaxed by the following properties proved in [30, th.
4.2]. If the full-rank stochastic representations (7) x; =q p; + RiAul, i = 1,2 with & = AAT satisfy the
condition (R}, R?), uj,ui are mutually independent, whereas R}, R} may be dependent on each other, the
sum y is also RES,, (u, 3, ¢)-distributed, where the expression of ¢ is given in [30, th. 4.2]. ¢ reduces to the
product ¢;¢2 when R} and R? are independent. A natural application of this property is in the context of a

multivariate time series.

V. EXAMPLE OF ELLIPTICALLY SYMMETRIC DISTRIBUTIONS

In this section, we present some examples of elliptically symmetric distributions and discuss their main
specific properties. Throughout this section, we mainly consider the case of distributions absolutely continuous
w.r.t. Lebesgue measure on R™ with rank(X) = m. Each distribution is defined by its density generator under
a functional form parameterized by m and a finite-dimensional parameter. We mainly use their real-valued
definition through the p.d.f. (9) where the characteristic and density generators, and the texture (14) are simply
denoted here by respectively ¢, g and 7, knowing that C and NC complex-valued definitions (28) and (33)
are simply deduced from the real-valued definition with double dimension (24), (29). For C-CES distributions,

interested readers can consult [7].

A. Gaussian distribution

The Gaussian distribution is the best-known and widely used distribution among the RES class in classical
signal processing applications. Its ubiquity is mainly due to the central limit theorem (CLT) that allows for
the use of the Gaussian distribution as a good and handy approximation of the statistical behavior of a set of
observations in many practical scenarios.

As a particular case of RES distribution, the Gaussian distribution denoted hereafter by RN,,(u, ¥), is

characterized by a characteristic and a density generators that can be expressed respectively as:

¢(u) = exp (—g) and ¢g(t) = mexp (—;) . (70)
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Using (13), when X is non-singular, it is immediately verified that the p.d.f. of the second-order modular variate

Q of a Gaussian r.v. is given by:

o m/2—1

p(q) = Gnyrad exp (*g) ;)qm“*1 exp (l) , g €RT, 1)

2) = 2m/20(m/2 2

L(m/2)

w75 from (5). It is immediate to verify that the p.d.f. in (71) is the one of a central x2-distribution

where §,,, =

with m degrees of freedom, i.e., Q ~ x2,. Note that this result is perfectly in line with the well-known property
of the Gaussian r.v. with mean value p and covariance matrix ¥ whose quadratic form (x — p)T 37 (x — p)
is x2,-distributed.

Using again (13), we can express the p.d.f. of the modular variate R ~ \/x2, as :

_ 1 m—1 7‘2 +
p(r) = mr exp ( 2) , T E RT. (72)

Note that from the real to complex representation given in Section III, the density generator of complex

Gaussian distributions becomes from (29)

1
g(t) = o exp(—t) (73)

and consequently, the p.d.f. of the circular and non-circular Gaussian distribution, denoted respectively by

CN,,(p, ) and CN,,(p, 32, 2) are given from (33) and (28) by respectively

72| expl(x — 7B (x — ),

=
XS
I

~ 1 _ - ~ -
T B P exp | S X - WIS R - B (74)

=3
XS
[

where ¥ and €2 are the covariance and complementary covariance (or pseudo covariance) of x, respectively.
The Gaussian distribution is usually used as a reference to define heavier-tailed and lighter-tailed distributions

in the RES class. Some examples will be given below.

B. Student’s t-distribution

A popular example of heavy-tailed distribution is the Student ¢-distribution (or simply ¢-distribution). The
t-distribution belongs to the RES class, and it is characterized by the following density generator [31]:
v+m

F(V+m) U\~ "2
g(u) = m (1 + ;) ,ueR* (75)

with 0 < v < oo degrees of freedom. The parameter v controls the tails of the distribution that are uniformly
heavier than the Gaussian ones. In particular, for small values of v, the sampled r.v. are highly non-Gaussian
while, as v — oo, the t-distribution collapses into the Gaussian one. The case v = 1 is called the Cauchy
distribution.

As shown in [31], the second-order modular variate of an m-dimensional ¢-distributed r.v. satisfies the
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following property:
Q/m ~ Fm,ua (76)

where F),, , denotes the ['-distribution with m and v degrees of freedom [32]. Moreover, using (13), the p.d.f.
of the second-order modular variate Q and of the modular variate R can be directly derived.

It is worth mentioning that the ¢-distribution belongs to the subclass of the CG distribution described in
Section III-D. Specifically, ¢-distributed r.v. can be obtained by generating the texture 7 such that its inverse is

distributed as a Gamma random variable,
771 ~ Gam(v/2,2/v), (77)

Since the t¢-distribution belongs to the subclass of the CG distributions, it holds that the marginals belong to
the same family. Hence in particular the univariate marginals x; are t-distributed with parameter v, symmetry
center (p); and scatter (X); ; with density generator given by (75) where m = 1.

This distribution has first, second and fourth-order moments if, respectively, v > 1, v > 2, and v > 4. In

particular, we have E(7) = -3y E(Q) = ™5 and Cov(x) = ;%5 for v > 2, while the kurtosis, defined

in subsection IV-A in (46) is k = -2 for v > 4.

C. Generalized Gaussian distributions

The Generalized Gaussian (GG) distribution is a RES distribution with the remarkable ability to characterize
both heavy-tailed and light-tailed (with respect to the Gaussian one) data behavior. The multivariate GG
distribution was introduced in [33] as a multivariate generalization of the power exponential distribution. As a
member of the RES class, using the parametrization [7, rel. (27)] and (29), the GG distribution has a density

generator given by:
S

B sT'(m/2) u n
900) = Gy 35T (m 2s) P ( 217) ueR 78)

where s > 0 and b > 0 are two parameters generally called exponent (or shape) and scale, respectively. The

scale parameter b is used to ensure that p(x) integrates to 1 in (9), while the exponent parameter s controls the
non-Gaussianity. In particular, for 0 < s < 1, the tails of the GG distribution are heavier with respect to the
Gaussian one, while for s > 1 they are lighter. For s tending to oo, this distribution converges to a uniform
distribution in an ellipsoid centered on p. Clearly, for s = 1 we get the Gaussian distribution. Otherwise for
s = 1/2, we get the Laplace distribution (also called double exponential distribution). Note that (78) is consistent
with [34] and [35] with different definitions of the scale.

It was proved in [36] that for s € (0,1], the GG distributions belong to the subset of CG distributions
whose p.d.f. of the mixing variable /7 is given by [36, (2.2)]. On the contrary for s > 1, the GG distributions
no longer belong to the CG family and the marginals are no longer GG distributed. In particular, in this case,

the univariate marginals of a multivariate GG distribution are not power exponential distributed, i.e., with p.d.f.
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given by [37]

B 1 1(z—p\*
ple) = ol (1+ )23 P (2 ( o > > ’ (79)

Regarding the second-order modular variate @ of an m-dimensional GG-distributed r.v., it is straightforward
to deduce from (13) and (78) that:
Q° ~ Gam (@, 2%) , (80)
25

We can exploit again (13) to get a closed-form expression of the p.d.f. of Q and R.
We note that the moments exist at all orders and Cov(x) = X if the parameters s and b are related by
the relation b = [5T'(3}) /F(%)]g Note that in this case the kurtosis « defined in (46) depends on the

dimension m, e.g., for m =1 we get kK = % — 1 which gives k = 0 for s = 1 (Gaussian case).

D. The K-distribution

Another example of RES distribution belonging to the CG-subclass is the K -distribution. An m-dimensional
r.v. x is said to be K-distributed if it has the CG-representation (14) characterized by a Gamma-distributed
texture,

T ~ %Gam(u,l/u), (81)

where v > 0 is a shape parameter. So the p.d.f. of 7 is

p(1) = %(27’)”_1 exp(—2v7), T € RT (82)

with E(7) = 1/2.
By using the definition of CG-distribution, it can be shown that the density generator is given by:
Vm/ 2

g(u) = 2u—17(-m/21"‘(y)

(20u) 2K 1o (\/21/u> . ueR*, (83)

where K, (-) denotes the modified Bessel function of the second kind of order a. The shape v > 0 is a
parameter that controls the tails of the K -distribution: when v — 0, the tails become heavier while for v — oo
the K -distribution collapses onto the Gaussian one. Moreover, using (13), the p.d.f. of the second-order modular
variate Q@ and of the modular variate R can be directly derived.

Since the K -distribution belongs to the subclass of the CG distributions, it holds that the marginals belong to
the same family. Hence, in particular the univariate marginals z; are K -distributed with parameter v, symmetry
center (p); and scatter (X); ; with density generator given by (83) where m = 1.

To conclude, we note that the moments of all orders of the K-distribution exist and it can be shown that

the kurtosis in (46) is given by xk = %
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E. Related distribution: the angular central Gaussian distribution

To conclude this section, let us introduce a distribution that has a strong link with the RES family, even if
it does not belong to this class. An r.v. x is said angular central Gaussian (ACG) distributed if it admits the
stochastic representation:

— H%H where n ~ RN, (0, ). (84)

For non-singular X, the p.d.f. of this distribution is given by [38]

27Tm/2
P09 = T fa)

—m/2

=72 (xTe7x) , x € RS™. (85)

Even if this expression may look similar to the p.d.f. of a centered RES-distributed r.v., it is worth underlying a
crucial difference: the density of a RES r.v., given in (9), is defined w.r.t. the Lebesgue measure on R™, while
the density of an ACG r.v. in (85) is defined w.r.t. the Lebesgue measure on real unit sphere RS™. For this
reason, the stochastic representation provided in Sec. II-B does not hold for ACG r.v.. It can be noted from
(84) or (85), that the parameter 3 can only be identified up to a multiplicative scalar factor.

Furthermore, it turns out that if x is arbitrarily centered RES distributed (not necessarily Gaussian), i.e.,
if x ~ RES,,(0,X,¢), we get from its stochastic representation (7) with ¥ = AAT of rank k and where
ug =¢ ”2—8” and ny ~ RN, (0,1)

X Auy Ang n
T —d =d =d 77
x| © [Aul ° [[Angl| " [n]’

where n ~ RN,,, (0, X). (86)

Consequently the projection of x onto the unit real m-sphere is also ACG-distributed. In its definition (84),
RN,,(0,X) can be replaced by any RES,,(0,X, ¢) distribution and the term ACG appears to be a slight
misnomer.

Finally, note that this class of distribution is closed under standardized linear transformations, i.e., X ~

ACG,,(0,3), then w def Bx/||Bx| ~ ACG(0, BEB”) for any nonzero k x m matrix B.

VI. PARAMETER ESTIMATION

We are interested in this Section to the estimation of the symmetry center @ and scatter matrix 3 (assumed
invertible here) of RES distributions. Suppose we have an i.i.d. sample xq,..,X;,..,x, of size n > m from
a RES,,(u, X, g) distribution absolutely continuous w.r.t. Lebesgue measure on R™ under finite second-order

moments. The identifiability issue is solved here by imposing constraint (43) which ensures that Cov(x;) = X.

A. Sample mean and sample covariance matrix

. . def ,
A natural estimate of the parameters g and 3 are the sample mean fi = %Z?:l x; and the sample

. . & def . ,\ . . - S
covariance matrix (SCM) X e LS (xi — 1) (x; — )T, respectively. It is well known that zi and X are
unbiased and mutually uncorrelated estimators. Under the particular case of Gaussian data, the two estimators are

then independent. pi is RES distributed with symmetry center p and scatter matrix %E by imposing constraint
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(43) on this distribution which does not necessarily belong to the same RES distribution family as x; (see
n

Section IV-D). Under finite fourth-order moments, applying the CLT to ", x;x! and Z?:l X;, it can be

shown that & is asymptotically Gaussian distributed, i.e.,
vn (Vec(fl) - Vec(E)) —d RNp2 (0, Rsg0y,) (87)

with [23, p. 5]
Rs.oy, = (1 +6) I+ K)(Z®X) + wvec(X)vec! (2), (88)

where £ is the kurtosis parameter (46) of the RES,,, (u, X, ¢) distribution. Note that this asymptotic distribution

would also be the asymptotic distribution of the estimate % S (xi — p)(x; — p)T of 3 when p is known.
For heavier tails than Gaussian distributions, x > 0 and can be very large without any upper-bound (see e.g.
in Section V-B when « approaches 4 for Student’s ¢-distribution) and consequently, the SCM estimate can be

a very bad estimator.

B. ML estimation

To take into account the particular RES distribution of the data, the maximum likelihood (ML) estimator is
often considered as the reference estimator because it is generally (when it exists and is unique) asymptotically
efficient with a speed of convergence in y/n. From Slepian-Bangs formula (115), the Fisher information matrix

(FIM) for the parameter (u, vecs(X)) is given by

o agX ! 0

FIM =n . (89)

vecs(X) 0 D7[a; (7! @ T +agvec(Z)vec! (X~1D

where
E[Q¢*(Q)] E[Q?p?*(Q)] 1 (E[Q*¢*(Q)]

=" =————7 and ap=—- | ———=—1 90
a0 m M 2m(m + 2) and a2 =y m(m + 2) ’ ©0)
assuming that g is continuously differentiable with () ef —2¢'(t)/g(t). Hence under existence, uniqueness

~

and usual regularity conditions, the ML estimate (i,) is asymptotically Gaussian distributed:

o — 0 R 0
poHR 4 RNy 2 e , 1)

Vn .
vec(X) — vec(X) 0 0 Rs,,.

where R,,,,, and Ry,,, can be deduced from (89) using the efficiency of the ML estimate:
R, =002 and Ry, =01(I+K)(E® X) + oavec(Z)vec’ (), (92)

with [39] ( )
m m(m + 2

E[Qe2(Q)] 7' T E[Q*2(Q)]

20’1(1 — 0'1)

d og=——1- U
e Ty = oy)’

(93)

og =
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where o1 and o are free of scale ambiguity in contrast to . Note that this asymptotic distribution was first
given in [39] by using the general structure of the covariance of random matrices whose distributions are radial.

Using the Delta method (see, e.g., [9, chap. 6]), the asymptotic distribution of the ML estimate Vs of any
shape matrix V; defined by (42) from the scale s(X) can be deduced:

Vn (Vec(\Afs) — Vec(Vs)) —q RN,z (O, RVS,ML) , (94)
with

RVS,]WL =0 Py(Vs)I+K)(Vs® VS)PZ(VS), (95)
where P, (V,) € T — vec(V,) z2E< is given for 5(X) = [B]11, s(B) = 2Tr() and 5(B) = [S/™

by Py(V) = I —vec(V,)el, Py(V,) =T — Lvec(V,)vecT(I) and Py (V,) = I — Lvec(Vy)vec” (V1),

respectively. Finally, note that for s(3) = |X|/™, (95) reduces to the simple expression:
20’1 T
Ry, ., =011+ K)(V,®V,) — erc(Vs)vec (Vs). (96)

The ML estimator of g and X are the vector g and the symmetric positive definite matrix 3 that minimize

the negative log-likelihood function equal from (9)
n - _
L(p, %) = 5 log |8 = D log (gl(xi = )=} (x; — )] - 97)
i=1

Setting the derivatives of L(p,X) w.r.t. o and X to zero yields the following estimation equations:

0 = 3 pllx—W)E xi - W]k~ ) (98)
i=1
£ o= ) el TS - e - Ak — ) ©9)

Except for the case where the function ¢ is constant, the set of implicit equations (98)-(99) does not guarantee
neither the existence nor the uniqueness of the ML estimators g and 3. Some sufficient conditions to ensure
their existence and uniqueness are given in [40]. Note that for the Gaussian distribution, ¢(¢) = 1 from

~

(70) and (98)-(99) yield the sample mean o = %Z?:l x; and the biased sample covariance matrix X =

LS (% — B)(x; — @) 7, respectively.

C. M -estimators

Since the ML estimator may be drastically affected by the presence of outliers or when the data distribution
deviates slightly from the RES distribution of the model, robust estimators have been proposed. Among the
different families of robust estimators, in the following we focus our attention on the class of M -estimators. As
for the ML estimator, an M -estimator can be obtained form the minimization of a function on the observation
with respect to the parameters of interest. A classical example consists in replacing in the negative log-likelihood

(97), the function —log(g([.]) by a loss function p(.) : RT — R (generally not related to g) to form another
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objective function. If p is also continuously differentiable with w(t) def 2p'(t), an M-estimator is obtained by

minimizing this new objective function. By replacing o(¢) with u(t) and setting again the derivatives of this
objective function to zero, we obtain similar equations to (98) and (99). Some sufficient conditions are also
given in [40] to ensure the existence and uniqueness of this M-estimator.

The seminal paper by Maronna [41] defined a more general class of M-estimator by replacing ¢(.) by the

weight functions u; ([.]'/?) and s (.) in (98) and (99), respectively, ie.,

_ ! TS - V2 (xs — B
0 = g (I6a —BTS - ) (= ) (100)
o I AT ~ ~ ~
Y o= =) uy ((XZ - ) 'E (x — u)) (x; — o) (x; — )7 (101)

The functions u([.]'/2) and uy(.) : Rt — R need not be the same function and hence the more general
M -estimators need not be related to a minimization problem. Under sufficient conditions (called Maronna

conditions), it is proved in [41, Th. 4], the existence and uniqueness of solution (f, 33) of (100), (101) but also
[41, Th. 2] of (t,V) solution of

0 = Blu ([ =)V (a1 = 6)]72) (x1 - 8)] (102)
V = E [ug ((x1 —t)IVi(x, - t)) (x1 —t)(x1 — t)T] ) (103)

~

Sufficient conditions are also given in [41, Th. 5] to ensure the strong consistency of the estimate (g, X)
solution of (100), (101) to the solution (t, V) of (102), (103) with t = g and V = o~ '3, where o is the
unique solution of E[oQua(cQ)] = m [39, Appendix 3].

Using a general result on M -estimators given in [42, Sec. 4], Maronna proved in [41, Th. 6] the asymptotic
gaussianity of (g, fl), where fi and & are asymptotically independent and where only the covariance of the
asymptotic distribution of i was specified. Then, using the affine invariance property of any M -estimators and
the general structure of the covariance of radial random matrices, the covariance of the asymptotic distribution

of & was specified in [39, Appendix 2] to get:

n— 0 R, 0
N MR S a RN,y 2 [ R ’ (104)
vec(XZ) — vec(o™1X) 0 0 Ry,
where
—1
e oo
RMM = @V = 72 (105)

where o = LE[¢2(v/oQ)] and 8 = E[(1 — m™ )u (Vo Q) + m~1¢ (Vo Q)] with ¢ (¢) ' tuy (¢), and

Ry, = o1(I+K)(V ® V) + ogvec(V)vec! (V), (106)
2 2 o
where o1 = % and oy = a2_1 (a1 — 1) —2(az — 1)a1% with a1 = % and ag =
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W where 15 (t) def tug(t) and Yo(t) = def dw"’(t) . Furthermore, using the general structure of the

covariance of radial random matrices, it is proved in [39, Th. 1] that

2
g9 Z ——01. (107)
m

Finally note that for u; (t) = us(t?) = ((t?), the M-estimate reduces to the ML estimate for which o = 1 and
(104) reduce to (91).

To the best of our knowledge, when both p and 3 are unknown parameters, it does not exist in the literature
an analysis of sufficient conditions under which an algorithm would jointly converge toward the solution of
the implicit equations (100), (101). However, when p is known, an algorithm which is essentially a fixed-point
algorithm with a scale adjustment made at each iteration, with less severe conditions than that required in [41]
was presented in [43]. Without loss of generality, o can be taken to O and the following algorithm is proved

in [43] to converge to the unique solution of & = %2?21 Ug [x?ﬁ’lxi]xix?:

1 <& 1" -
n ;Xix?a 1 = o ZUQ[C/CX@TE]@ xilxix] (108)

i=1

¢k, being the unique positive scalar satisfying £ 37 | ¥ho[cpx? B ' x;] = m with ta(t) by (t).

D. Tyler’s M-estimator

When p is known (equal to O without loss of generality), the M-estimator proposed by Tyler [44] has

become a very popular robust scatter estimator in the signal processing literature. This M -estimator is defined

by its weight function uy(t) = %t associated with the loss function p(t) = % logt, leading to the following

objective function

Lr(E) = glog =]+ % 3 log(xI' = 'x;) (109)

that is minimized by EAJ, solution of the implicit equation

n T
P m Xixi
Y= E;ﬂm (110)

Note that L7 (c?X) = L1 () +a where a does not depend on X. Consequently, if 3 is solution of (110), 323
is it too. The existence proof of solution of (110) given in Maronna [41] does not apply here, but existence
and uniqueness (up to a multiplicative constant) under continuous RES distribution in R™ is proved in [44], by
showing that it is the limiting point of the following specific fixed point algorithm: with 3¢ arbitrary symmetric

positive definite matrix,

m
b1 = Z T2 Xz, B = gy Sk (111)

January 16, 2025 DRAFT



25

Under this same condition, it is also proved in [44] that the solution of (110) standardized so that Tr(f]) =m

is strongly consistent to the symmetric positive definite matrix 3 which is also solution of

xlx{

S —mE | X
" [xlTE_lxl

} with Tr(Z) = m. (112)

Furthermore, under continuous RES distribution in R™, it is proved in [44] that the solution S of (110)

constrained to Tr(X) = m is asymptotically Gaussian distributed, i.e.,

N (vec(i) - vec(z)) —4RN,» (0,Ry,) (113)
with
R 1+ 2 I+K)(ZTeX) 2 (4 + 2 ec(Z)vec! () (114)
- = - = — | Y .
Ty m m m
Comparing (106) to (114), we see that oo = —%01 and therefore we have equality in (107).

Note that when x; are SIRV distributed, i.e., x; ~ RCG,, (0, X, F;,) where here 7; are assumed deterministic
and unknown, the ML estimate of X coincides with Tyler’s M -estimate (110). This estimate was introduced in
[45] and existence and uniqueness were studied in [46]. Tyler’s M-estimator enjoys four interesting properties:

e Objective function (109) is also the negative log-likelihood of i.i.d. data from an ACG,, (0, X) distribution

(see (85)). Consequently Tyler’s M -estimator of X is the ML estimator s (satisfying the constraint Tr(ZA]) =

m) under the ACG,,(0,X) distribution.

e Replacing x; by H’;—lu in (110) does not affect the solution of (110). Since H:W is ACG,,,(0, X) distributed
for arbitrary RES,, (0,3, g) distribution, the distribution of Tyler’s M estimator $ does not depend on

the density generator of this RES distribution. This is the reason why Tyler referred to his estimate as a

distribution-free estimator [44].

e Suppose X1, ..,X;, .., X, are independent where x; ~ RES,, (0, C?Z, gi) with unknown parameters c? and

arbitrary unknown density generators g;, then the ML of 3 corresponds to Tyler’s M -estimate [47, Th. 1].

e Tyler’s M-estimator can be considered as the most robust estimator of the scatter matrix of a RES
distribution in the sense of minimizing the maximum asymptotic covariance w.r.t. the generator density

(see [44, Remark 3.1], and [48, Th. 1].

Also, note that Tyler’s M-estimate has been extensively studied in the statistics literature (e.g., [49] has
specified the existence proof of solution of (110) and [50] have proved that Tyler’s iterative procedure (111)
has a linear convergence rate).

We finally note that many complementary results have been carried out on RES distributions (see e.g.,
[35] for ML estimate of GG scatter, [51] for Tyler’s estimate of structured scatter). Furthermore, most of the
definitions and results presented in this section have been extended to CES distributions with many new results

(see, e.g., [46], [52]-[57]).
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E. Slepian-Bangs formula

We use in this Section the real to complex representation to unify the Slepian-Bangs (SB) for RES, C-CES
and NC-CES distributed data. The SB formula provides a convenient way to compute the FIM and thus the
Cramer-Rao bound (CRB) on the real-valued parameter o parameterizing and characterizing the couple (p, 3)
of elliptically symmetric distributions. We omit this dependence in o to simplify the notations. To derive this
formula, it is necessary that the scatter matrix 3 is not singular and the second-order moments of x are finite,
which is equivalent to the first-order moments of Q being finite. Furthermore, to avoid the ambiguity between
the scatter matrix and the density generator, we either assume that 3 = Cov(x) or that there is a scale constraint
on X. This formula has been derived for the real Gaussian distribution in [58] and [59], then extended to the
circular complex Gaussian and non-circular Gaussian case in [60] and [61], respectively. This formula has
been extended to C-CES distributions in [62] and [63], and recently to NC-CES distributions [19]. In all these
scenarios, the density generator is assumed to be perfectly known. For RES distributed x, all the steps of the

proof of the SB formula for C-CES distributions given in [62] apply, and we get the following structured matrix

SB formula:
_ du® __ | du
1 _ 1
CRB™(a) = aog 78 5.7
dvec(X) r _r 1 —1\ T y—1
Tt (@ (" @271 4+ agvee(E ™ vec" (7))
dvec(X)
—_— 11
( do )a (115)

where ag = &1,m» a1 = £&r2,m and az = (&2, — 1) with

det E[Qp7(Q)] aet B[Q°¢}(Q)]

d T m
and &r2, m(m + 2)

Erim = , (116)

def def .
where ) = Q, , and @, (t) = _gr’i(t)dg,,di?(t)'

Note that because (23, c2Q, c™grm(. ¢?),c?p,(. ¢*)) gives the same RES distribution, the coefficient
&r,2,m is free of scale ambiguity in contrast to ;. 1,,, which depends on the scale factor. This is consistent with
eq. (115).

This SB formula allows us to directly deduce those of NC-CES distributed data obtained thanks to the

T T
real to complex representation. This SB formula is similarly structured where p, 3, gZ—T, (%@) and

o “\H ~
vec” (271) in (115) are replaced by 11, 3, ZI(‘;—Z, (%(TE)) and vec!l (£71), respectively, where ag = & 1.,

ar = 27 and ay = 1(Ee o — 1) with

det E[Q02(Q)] def B[Q%¢2(Q)]

celm — ——————— d &om = R 117
e, - and &2, mim £ 1) (117)

where def Qc,m and ©.(t) def —gwi D dg“(’ii?(t). On the other hand, the SB formulas for C-CES distributed

= X 0
data can be deduced directly by replacing 3 by ( = > , yielding the SB formulas proved in [62] and [63],
0 *
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T
which are also similarly structured with ag = 2€.1,m, a1 = &c.2.m and a2 = & 2. — 1, where %2_1%,

(%(TZ))T and vecT (X~1) are replaced in by Re <%2*1$—”T), (%(TZ))H and vecH (X71), respectively.

Note that (ag, a1, az2) reduces to (1,1/2,0), (1,1/2,0) and (2,1,0) for real, complex noncircular and
complex circular Gaussian distributions, respectively. Note also that the decoupling between the parameters oy
of p and the parameters ay of 3 when p and X have no parameters in common for Gaussian distributions,

extends to any elliptically symmetric distributions with

_ dp” . dp -
CRB(a1) = (aodasz do,T (118)
and
dvec(X) r
CRB(a2) = (daT> (a1 (ZT @27 + agvec(Zvec (271))
2

dvec(Z)\\
—_— . 119
(e ) aw
The coefficients &; 1., and & 2, are deduced from &, ;1 ,, and &2 ,, by the general relations
fc,l,m = fr,l,Qm and gc,Q,m = €T,2,2m~ (120)

For example, the coefficients &1, and .2 ,, have been calculated for complex Student’s ¢ and complex

generalized Gaussian distributions in [62] and [63]. They are given respectively by:

_ v/2 (v/2)+m o (v/2)+m

Setm = ) =) (/2 m41) O Serm = g (121)
D2+ meh)r(mt) _m+s

Eelm = ) and &eom = 1 (122)

Finally note that the SB formula for elliptically symmetric distributions has been extended when the data model
is misspecified by the parametric probabilistic model [64], and when the density generator is considered as an

infinite-dimensional nuisance parameter [65] or parameterized by a nuisance parameter [66].

VII. CONCLUSION

The aim of this chapter was to provide a short overview of the main properties of elliptically symmetric
distributions and it can be used as a background for all the other chapters in this book. There is no claim to
completeness in the material presented here. The reader interested in deeper discussions and investigations on
specific aspects may find the references list useful to this goal. As a last concluding remark, we would like
to highlight our choice to focus mainly on the RES distributions. As explained in the chapter, this class can
be considered as the most general one since it encompasses the C-CES and NC-CES distributions as special
cases. Some effort has been then put into showing explicitly the mapping between the RES class and all its
sub-class. We hope that this chapter may represent a reference for the reader helping him to not get lost while

going down his path through this book.
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