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MACDONALD DUALITY AND THE PROOF OF THE QUANTUM
Q-SYSTEM CONJECTURE

PHILIPPE DI FRANCESCO AND RINAT KEDEM

ABSTRACT. The SL(2,Z)-symmetry of Cherednik’s spherical double affine Hecke alge-
bras in Macdonald theory includes a distinguished generator which acts as a discrete time
evolution of Macdonald operators, which can also be interpreted as a torus Dehn twist
in type A. We prove for all twisted and untwisted affine algebras of type ABCD that
the time-evolved g-difference Macdonald operators, in the ¢ — oo g-Whittaker limit, form
a representation of the associated discrete integrable quantum Q-systems, which are ob-
tained, in all but one case, via the canonical quantization of suitable cluster algebras.
The proof relies strongly on the duality property of Macdonald and Koornwinder poly-
nomials, which allows, in the g-Whittaker limit, for a unified description of the quantum
Q-system variables and the conserved quantities as limits of the time-evolved Macdonald
operators and the Pieri operators, respectively. The latter are identified with relativistic
g-difference Toda Hamiltonians. A crucial ingredient in the proof is the use of the “Fourier
transformed” picture, in which we compute time-translation operators and prove that they
commute with the Pieri operators or Hamiltonians. We also discuss the universal solutions
of Koornwinder-Macdonald eigenvalue and Pieri equations, for which we prove a duality
relation, which simplifies the proofs further.

1. INTRODUCTION

1.1. Overview. The purpose of this paper is to determine, in a uniform manner, a cer-
tain discrete integrable structure associated with the finite-dimensional representations of
quantum affine algebras or Yangians of affine algebras g, and to understand the relation
of this structure with Koornwinder-Macdonald theory and spherical double affine Hecke
algebras (sDAHA) for all g of non-exceptional type.

Specifically, the characters of a special subset of representations of these algebras, known
as KR-modules [CMO06, [KR87], satisfy recursion relations which can be viewed as discrete
time evolution equations. These evolutions, called Q-systems [HKO™99, [HKO™02|, are

known to have an integrable structure for a subset of algebras g. When g = Ag\l,)_l, the
integrable structure was shown to be a Coxeter-Toda system [DEFKI0, [GSV1I], and this
was generalized [Will5] to g = Dj(vl), Ag\),_l, D](\?Zrl using the refactorization map [HKKRO0].
In type g = B](;) the system was shown to be integrable [Vic18] using a Goncharov-Kenyon

type dimer model [GK13|. Generally, discrete integrability was a conjecture and does seem

to be related to refactorization maps.
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The combinatorial structure of Q-system evolution equations is such that, in almost
all cases, they can be interpreted as mutations in a cluster algebra of geometric type
[Ked08, [DFKQ9]. This structure can be encoded in the form of a quiver, which, in type

Ag\l,)_l appears in various contexts such as K-theoretic Coulomb branches [SS19], gauge
theories [CNV], factorization maps [Will5] and shifted quantum affine algebras or Yangians
[BEN19, [F'T19, DFK19).

Cluster algebras have a natural quantization [BZ05|, and in [DFK14| Lin21] it was shown
that this quantization is associated to the grading of the so-called fusion product of KR-
modules [FL99]. That is, the character of the graded fusion product can be expressed as a
constant term identity involving the corresponding solutions of the quantum Q-system.

The Hamiltonians associated with the quantum Q-system in type Ag\l,)_l are the ¢-
difference (or relativistic) quantum Toda Hamiltonians of [Eti99], and therefore the graded
characters of fusion products of fundamental representations in this type can be identified
with ¢-Whittaker functions of U,(sly) [DFKI8]. More generally, the quantum Q-system
generators can be identified with the algebra of creation and annihilation operators of
generalized g-Whittaker functions or graded characters. This algebra was identified in
[DFK18, DFK17a, DFK19] with the g-Whittaker limit ¢ — oo of the spherical double
affine Hecke algebra of type A [Che05] as follows. There is a natural SL(2,7Z)-symmetry
of the SDAHA, and the generator 7, € SL(2,7Z) acts on the functional representation as
conjugation by Cherednik’s Gaussian. The subset of the SDAHA generators consisting of
all 7, -translates of the commuting Macdonald difference operators can be identified, in the
g-Whittaker limit, as the set of solutions of the quantum Q-system. This gives a func-
tional representation of the quantum Q-system as an algebra of difference operators. In
particular, single 7, -translates of Macdonald operators are the ¢-Whittaker limits of the
Kirillov-Noumi raising operators for Macdonald polynomials [KN99].

There are generalizations of DAHAs and their functional representation to the other
classical affine root systems [Che05, [Che95a]. The corresponding Macdonald operators
have generalized Macdonald polynomials as common eigenfunctions. The latter can also
be obtained as specializations of the Koornwinder polynomials, which depend on several
extra parameters (a, b, c,d) [Koo92, [YY21, vD95| (see Table[]). These are eigenfunctions
of the Koornwinder difference operator, the first in a family of N commuting difference
operators [vD95], where N is the rank of the finite sub-algebra R. These are elements in
the functional representation [Nou95] of a DAHA depending on (a, b, ¢, d).

Quantum Q-systems can be defined for all affine algebras. It is natural to expect that
some selected commuting family of difference operators together with their 7, -translates
will, in the ¢g-Whittaker limit, satisfy these non-commutative evolution equations. For
a subset of algebras g, we presented a conjectural family of such difference operators in
[DFK21]. In this paper, we generalize and prove these conjectures for all non-exceptional
g using duality and the Fourier transform.
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In type Ag\l,)_l, we present a simpler, alternative proof to that of [DFKIS§|, that the
T, -translates of the Macdonald difference operators, in the ¢-Whittaker limit, satisfy the
quantum Q-system. An essential ingredient in the simplification of the proof is the use of
the Macdonald duality property [Mac95]. The Macdonald difference operators are elements
of Cy(x)[I;], written in terms of the generators of the quantum torus

(1.1) T, = (w5, i)izr v, iy = ¢ooayT

acting on functions of z = (x1,...,zx). The monic, symmetric Macdonald polynomials
P, (x) are the common eigenfunctions of the Macdonald difference operators, depending on
two sets of parameters, the variables x as well as integer partitions A = (A; > Ag > -+ >
Ay). Encoding the partitions using the variables s = (s1, ..., sy) with s; = A; tPi, A; = ¢
and p is the half-sum of positive roots (p; = N — i), the duality of Macdonald theory is a
symmetry property of the properly normalized eigenfunctions of the Macdonald operators
under the interchange of the variables x and s [Mac95l vD96, [Che95b].

This symmetry can be used to relate the Macdonald operator eigenvalue equations to
the Pieri rules, which express the effect of multiplication of the Macdonald polynomial by
elementary symmetric functions, as the action of g-difference operators in the variables s
or A. These difference operators are Pieri operators, and can be written in terms of the
quantum torus

(12) TA = <Ai77—‘i>i=1,...,Na EA] = qélejj—‘z

The eigenvalue equations for Macdonald operators with eigenfunctions Py(z) can be
thought of as a special case of the sDAHA “Fourier transform”, which is a map from
operators f(z) to operators f(A), such that

(1.3) f(x) PA(z) = f(A) PA(x)

for all A. In particular, the Fourier transforms of the Macdonald operators are the elemen-
tary symmetric functions in the variable s, and the transform of the Pieri operators are the
elementary symmetric functions in x.

In the g-Whittaker limit, switching to the “Fourier transformed” T, picture results
in drastic simplifications. Indeed, the transforms of the Macdonald operators in the g¢-
Whittaker limit are the limits of the elementary symmetric function in s, which are the
leading monomials in A; due to the dependence of s on t. Because of this, the 7, -translates
of the Fourier-transformed operators are simpler. In the functional representation as differ-
ence operators in x-variables, the action of 7, is expressed as conjugation by the Cherednik
Gaussian y(z) [Che05], which is independent of ¢. In the Fourier-transformed picture in A-
variables, we find the explicit operator g(A) which represents the 7, -translation, generates
the discrete time evolution of the quantum Q-system, and commutes with the Hamiltonians.

The operator g(A) is interpreted as a Dehn twist [SSI§|] from a quantum higher Te-
ichmiiller theory interpretation in type A, and can be expressed as a product of quantum
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dilogarithms. It was shown to be a specialization of the Baxter Q-operator of [SS18] for

the Q-system quiver of type A%)_l. The Baxter Q-operator is the generating function of
commuting g-difference Toda Hamiltonians [Eti99], which coincide with the ¢-Whittaker
limit of the Macdonald Pieri rules.

The above discussion for type Ag\l,)_l can be extended to the affine algebras, twisted or

untwisted, of the form g = XJ(VT), with X a classical Lie algebra of type ABCD and r = 1, 2,
in the notation of [Kac90, HKO™02]. This includes the cases presented as conjectures in
[DFK21]. In this paper, we prove the relation between the the ¢-Whittaker limit of the
SL(2,7Z)-translates of appropriately chosen g-difference Koornwinder-Macdonald operators,
for each algebra g, with the solutions of the type g quantum Q-system systems.

At the same time, we find a uniform description of the integrable structure of the quan-
tum Q-systems as discrete dynamical systems with commuting integrals of motion. These
are versions of the g-difference Toda Hamiltonians for the various root systems. The classi-
cal Q-systems associated with the affine root systems of types Ag\l,), DJ(VI), Ag\),_l, D](\?Zrl are
known [Will5] to be the evolution equations of the refactorization maps of types A, D, C, B,
respectively. As such, their integrable structure is given by a classical Toda-type lattice
[HKKRO0, Res03]. The integrable structure of the Q-systems for g = B](Vl), C](\}) and AS&,
also given by a Toda-type Hamiltonian, but do not arise from factorization dynamics.

Here, we show that the unifying structure in the case of the quantum Q-systems is
given, instead, by the Koornwinder-Macdonald operators [vD96, [Sah99, [Mac(O1] via the
duality relating the eigenvalue equations to the Pieri rules, which become g-difference Toda
equations [Eti99, [GT21] in the ¢-Whittaker limit ¢t — oo.

In this limit, the symmetry in the duality relations is broken, and as a result the Fourier
transform of the Macdonald operators acting on A-space is greatly simplified. The ratio-
nale of our proofs is to identify the Fourier transforms of the SL(2,Z)-translates of the
Macdonald operators in the g-Whittaker limit and to transform the relations occurring in
A-space back to z-space.

We also use another formulation of duality, based on the notion of the “universal solution”
P(z;s) to the Koornwinder-Macdonald eigenvalue equations (c.f. [Che95bl [Che09] and the
asymptotically-free basic Harish-Chandra series of [S14]). In |[NSI12] such solutions are

explicitly computed in type Ag\l,)_l . In the Koornwinder case and its specializations, this
suggests the definition of series solutions for the eigenvalue equation in the formal variables
(x,s). These truncate to the polynomial eigenfunctions when A is specialized to g-partitions
corresponding to dominant integral weights of g, where s is a discrete variable. Duality
relates the universal solution P(x;s) of the eigenvalue equation, to the universal solution
Q(s; ) of the Pieri equations, and formalizes the Fourier transform.

1.2. Summary of the main results. All the results here refer to all affine algebras g
of type Ag\l,)_l, B](\}), C’Z(V%), D](é), Ag&_l, D](\?Zrl and Ag\), The subsequent labeling of theorems
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refers to both Section 2 (dedicated to the case of AE\l,)_l for pedagogical reasons) and Section
4 which addresses the cases B](\} ,C’ ,D](\}), AS\),_I, Dﬁll and AS\),

For each such algebra g, we define a preferred set of N commuting ¢-difference operators
{D[(lg) (x;q,t), a € [1,N]}, chosen via specializations of linear combinations of van Diejen’s
higher Koornwinder operators, augmented by Rains and Macdonald operators for each
algebra. The operators are chosen so that their eigenvalues form a basis for the space
spanned by the fundamental characters of the underlying finite subalgebras R* listed in
Table [Il with R* = Ay_; in the case of g = Agé)_l.

Once an appropriate family of commuting difference operators is constructed, we define
the g-Whittaker limit ¢ — oo of the family, {D((lg) (x;9)}, as well as their 77 € SL(2,Z)-

translates, {Dé?,)@(at;q),n € Z}. These operators satisfy the g-type quantum Q-systems,
(213), 2I4) or (A2)—(#4). The main results of this paper may be stated as the following
Theorems:

Theorems 2.3, 4.3l For each g, the family of q-difference operators {Dg?%(x;q),a €
[1,N],n € Z} defined in Section satisfy the corresponding quantum @Q-system re-
lations.

These operators can be viewed as generalized raising or lowering operators, and in par-
ticular, we prove

Theorem [4.4. The q-difference operators {Dm(:z q) : i = 0,1} satisfy eigenvalue and
raising operator properties:

Dip(ws ) LY (x) = AT (@),

a;0
DI P (@) = ALY, (w),
where w,, w: are fundamental weights of R, R* the finite root lattices of g, g*.

The proof uses the t — oo limit of the “Fourier transform” (L3)) (sometimes called g-
Whittaker transform), which relies on the completeness of eigenfunctions of the g-Whittaker
difference operators. Let Hg\g)(x) be the set of common eigenfunctions of the operators
DY (x) = D%(m), i.e. limits of Macdonald polynomials The Fourier transform relates
operators f(z) in T, to operators f(A) in T, via f(z)II ( ) = f(A )H(g (x). Then we
define the g-difference operators acting on the index varlables A, D,(L%(A), starting from
the initial (Macdonald eigenvalue) condition D%(z) 1 (z) = D;?%(A) 1% (z), and further
constrained to obey the g quantum Q-system with the opposite multiplication. Finally we
set out to prove that the operators Dé?%(A) are the Fourier transforms of the operators

To this end, we first ﬁnd the explicit time-translation operators n +— n + 1 (or n + 2)
acting on the operators D for each g:
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Theorems 2.7, 4.9, There is a unique, up to scalar multiple, function g = g (A) in the
generators of the quantum torus Ty, such that

B —wrwate /2 1 —1
Da,n+ta =q o/ gDa,ng )

where t, = 1 for all labels a except for the so-called short labels N in type B](\}), 1, N —1]

in type C’](VD and [1, N] in type AS&, in which case t, = 2. Here w, (w}) are fundamental
weights of R (R*).

The g operators are listed in (2.27) and (£.12)). They can be expressed as explicit products
of quantum dilogarithms. In the case of Agé)_l the operator g1
of the Baxter Q-operator of [SS1§].

Next, we use the duality in Koornwinder-Macdonald theory, which relates the eigenvalue
equation of the Koornwinder-Macdonald operators for g to the Pieri rules for the dual g*,
where all cases are self-dual except B](\})* = ](\}) and C](\})* = B](\}). In the ¢-Whittaker

limit, the Pieri operators are interpreted as (relativistic) g-difference Toda Hamiltonians,

is a particular evaluation

and the polynomials Hf\g) (x) as ¢-Whittaker functions. The First Pieri operators for Hf\g) ()
are listed in (Z12) and (338). They express the effect of multiplying Hf\g) (x) with the first
elementary symmetric function in z, e;(x) in type AE\l,)_l or é1(x) = Zfil(x, + ;1) for all
other g. The N commuting Pieri operators qY (A), which can be thought of as ¢-difference
Toda Hamiltonians, commute with the time-translation operator ¢'®(A). Thus, we have

Corollaries [2.13], [4.14l. The Pieri operators {Hég) (A),a € [1, N]} are algebraically inde-
pendent conserved quantities of the opposite quantum Q)-system for type g.

The origin of the operators g(®(A) is clarified by the following theorem:

Theorems 211, @12. The operators g9 (A) are the Fourier transforms of Cherednik’s
Gaussian operator v(x)™, with v(x) as in Equation (ZI6) the functional representation of
the SL(2,7) generator T,:

. (2) (1)
ST (1) = 0@ (AT _ 2 g = A, Oy,
y(x) I (z) = g"¥(A)x(2), b {1 otherwise.

Using these properties, and a uniqueness argument involving series solutions of the first
Pieri rule, we finally prove

Theorems [2.6), For all g,
DO (2) I () = DDA P (x),  (n€ D)
valid for any g-partition X\ and any root label a € [1, N].

o

In other words, the operators D((f;’% (A) are the Fourier transforms of the Whittaker limits
of Macdonald operators D((lg%(x) This completes the proof of the main claim of this paper
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(Theorems 23], 4.3 and [4.4]), and the conjectures of [DFK21], that the ¢-difference operators
Dé%(x; q) satisfy the quantum Q-system of type g.

We consider duality in terms of the universal solutions of the eigenvalue and Pieri
equations, P(z;s) and Q(s;x). These are continuations of the Koornwinder or Macdon-
ald polynomials to arbitrary values of the parameters A\, with s = ¢*” and z = ¢"*t*
with p a function of (a,b,c,d) as in Section B4l The series have the form P(z;s) =
e > seq, c8(s) 7% and Q(s;z) = M Zﬁe@: ¢s(x) 7P, with normalizations c(s) =
Go(x) = 1, and Q, Q7 are the positive root lattices of the root systems R, R*. Under
specialization of the parameters (a, b, ¢, d), universal solutions of the Koornwinder equation
specialize g-Macdonald solutions, and whenenever A corresponds to any dominant integral
R-weight, the series truncates to a polynomial. They also specialize to Chalykh’s Baker-
Akhiezer quasi-polynomials [Cha02] when parameters a, b, ¢, d, t (resp. t) are specialized to
negative (half-)integer (resp. integer) powers of ¢, while A remains arbitrary.

We establish the following relation between the series P(z;s) and Q(x;s) , and a simple
subsequent reformulation of duality.

Theorem [5.3, Corollary 5.4, Theorem The universal Koornwinder functions
Qb (s;2) and PP (x;5) and their g-specializations are related via

pabed) (g s) PO (x:s)

@ (g p) — "7/
A(a,b,qd) (I) ) Q (87 LU) A(g) (ZE)

with A@bed) g5 in BI4), and AW as in [B27). Moreover the duality of Koornwinder and
g-Macdonald polynomials extends to universal solutions as follows

QU (@) = QU (siw), Q) (ass) = QU (s,

1.3. Outline of the paper. This paper is organized as follows.

We first revisit the A type in Section 2 as an illustration of the concepts used for other
types in the remainder of the paper. After recalling the definition of Macdonald operators
and polynomials, and showing how eigenvalue equations relate to Pieri rules via duality,
we discuss the ¢-Whittaker limit ¢ — oo and the quantum Q-system (Sects. 2-TH2A4). Our
main character is the time translation operator, whose adjoint action allows to advance
Macdonald operators D, (z) in discrete time, thus producing operators D,.,(z). In z space
it takes the form of the (scalar) Gaussian operator y(x) (Sect. [2ZH). To prove that the
Macdonald operators obey the quantum Q-system we switch to A space: in Sect. [2.0],
using the eigenvalue D,.o(A) of the Macdonald operator D,(z) as initial data, we define
the candidate Fourier duals D,.,(A) of the translated Macdonald operators as solutions of
the opposite quantum Q-system for this initial data. In Sect. 2.7 we derive the associated
explicit time translation operator g(A). Finally the latter is shown to be the Fourier
transform of the Gaussian y(x) in Sect. 210 leading to the proof of the main Theorem 23]
for type A by identifying D,.,(z) with the Fourier transform of D,.,(A). A key ingredient

Q(a,b,c,d)(s; SL’) _
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is the commutation of g(A) with the first Pieri operator H;(A), shown in Sect. 2.8 This
allows to identify the Pieri operators as the commuting conserved quantities of the quantum
Q-system, also known as the relativistic Toda Hamiltonians of type A (Sect. 2.12]). Finally
Section 2.13]is devoted to a reformulation of the duality properties, Fourier transform, and
proofs in terms of the universal solution of the Macdonald eigenvalue equation considered
by [NS12].

The remainder of the paper focusses on the other types. In Section [3] we define suitable
families of commuting Macdonald operators, borrowing from various existing constructions.
The first approach uses the known specialization scheme of the Koornwinder operator to
Macdonald operators, completed by van Diejen and Rains into a set of commuting difference
operators (Sects. B.I] and B.2] and details in Appendix [A]). The duality of Koornwinder
polynomials descends to a duality between Macdonald operators and Pieri rules for dual
types. Sect. describes the ¢-Whittaker limit £ — oo, and provides detailed definitions of
the translated limiting Macdonald operators D[(l?% for all types. Some new subtleties arise
for non-A types, in particular the distinction between long and short labels a for which the
time translation has to be defined separately (type A only has long labels). Section [ defines
the quantum Q-systems for all types and presents the main results of this paper, Theorems
and [44] (Sect. A1), and their proof (Sect. complemented by Appendices Bl and
[C), along the same lines as for the case of type A. We define candidate Fourier transforms

Dé%(/\) of the translated Macdonald operators by use of the opposite g-quantum Q-system,
and construct the time translation operators g (A) explicitly. The latter commute with
the Toda Hamiltonians, identified as the conservation laws of the quantum Q-systems, thus
allowing us to identify ¢®(A) with the Fourier transform of the Gaussian operator v® (z).

Finally in Sect. we prove that the Dl(l?,)@(/\) are the Fourier transforms of the translated

Macdonald operators Dc(f,)@(:z), from which the main results follow.

Section [0l is an extension of the constructions of Section 2.13] In Sect. 5.1 we introduce
universal solutions P(z, s) to the Koornwinder-Macdonald eigenvalue equations in the form
of power series of the variables 7% s~ where a;,a} are the simple roots of suitable
lattices. P(x,s) has the remarkable property that it reduces to Koornwinder-Macdonald
polynomials upon specializing s = ¢ for A a (g-) partition. In Sect. we extend the
duality of Koornwinder-Macdonald polynomials to some relation between P(z,s) and its
dual P*(s,x). Finally in Sect. we show how this new formulation allows to rewrite the
proofs of this paper more elegantly.

We finally gather some concluding remarks in Section We comment on the three
additional “companion” quantum Q-systems obtained as a by-product of our study and
the associated representation by ¢-difference operators, which were not part of the original
setting (Sect. [6.1]). We discuss path models for the various universal functions of the paper
in Sect. 6.2l We interpret the universal function results in terms of ¢g-Whittaker functions
in Sect. Sect. summarizes our results and lists related open questions.
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1
2. DUALITY PROPERTY IN TYPE A} |

The main result of [DFKIS] is a theorem which states that the ¢-Whittaker limit of the
A-type Macdonald operators and their 7, -translates satisfy the quantum Q-system of type
A%)_l. To prove this, we used the explicit form of these difference operators in z-space.
In this section we will give a different method for proving the same theorem by using
Macdonald’s duality relation and the Fourier transform of these operators.

We use the notation for the roots and weights of gly as follows. Let {ey,...,en} be the
standard basis of RY, then the simple roots are {a; = e¢; — €;41;7 = 1,..., N — 1}, the gly
fundamental weights (including wy) are {w; = e; +---+¢;,0 = 1,..., N}, the positive roots
are Ry ={e; —e;,1 <i<j< N} and p = ZiNzl(N—i)ei. For u,v € RY, we use the
notation u - v for the standard scalar product. We consider ¢ € C*, |¢| < 1.

2.1. Macdonald operators and polynomials. Let z = (x1,...,xy) be formal variables,
and define the g-difference operators D,(z; g, t) be the a-th Macdonald g-difference operator

in type AE\l,)_l [Mac95]:

tr; — 5
(21) Dulzig.t)= > ]] (; — ;“J) [Ir:  ae{l,.,N}, T =gl
( J

I1c{1,..,N} j¢I iel
[I|=a i€l

These difference operators form a commuting family and preserve the space of symmetric
polynomials in x. The common eigenvectors are the monic symmetric Macdonald polyno-
mials Py(x), where A = (A\; > Ay > --- > Ay > 0) is an integer partition:

(2.2) Dao(z:q,t)Pr(@) =t ey(s)Pi(z)  (a=1,2,..,N),

where, e,(s) is the ath elementary symmetric function in s = (sy, ..., sy ), with s; = V=g,
Macdonald polynomials form a basis for the space of symmetric polynomials of x.
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2.2. Duality. The Macdonald polynomials Py(x) satisfy a remarkable duality property,
which is a symmetry under the interchange of the variables x and s. Under the specialization
x = tPg" with u an integer partition, Macdonald showed that [Mac95]

P(t*q") _ Pu(t"q")

(23) P#) ~ Bu()

for all integer partitions A, p.

Remark 2.1. The duality property has a formal generalization to arbitrary values of p, A
see the discussion on the universal function in Section [2.13.

The denominators in Equation (2.3]) can be obtained as specializations of an infinite
product expression. Let

1—q¢"x™“ 1—278
(24) H H — 1 _ 41 n—a qrr—e - H 1 —¢t-1p-8’
n>1 a6R+ BER 4
where the second product extends over the set f2++ of strictly positive affine roots [ =
né + >, Biai, n > 1,3 € Z,, and we use the shorthand notation z° = ¢~ [, (z;/xi11)".
Then [Mac95]!
A(tP)
A(trg*)

Next we use Macdonald’s evaluation homomorphism u, defined on functions of x by
u,(f(x)) = f(¢"t?). It maps the generators of quantum torus T, to u,(z;) = ¢" "~ and
u,(T;) = €% which acts as the translation p; — u; + 1 while leaving j;, j # ¢ unchanged.
Applying u,, for p an integer partition on the eigenvalue equation (2.2]), and using duality

23) gives
etV Pu(t'q") = 1) By(t) w, (Du(w; g, 1) Pu(t?) ™ Pu(t?q)
- {()t”“A(t” M1y, (Da(z; 0, 1) A(t”q“)t""“} P.(tq").

(2.5) Py(tP) =t

Let us finally interchange the partition labels A <+ p in the above equation, and note
moreover that since the polynomial Py(z) is entirely determined by its values at the discrete
specializations x = t?¢* with p taking values in integer partitions, we can conclude that
Py (x) satisfies the Pieri equations:

(2.6) Ho(A;q,t) Pr(x) = ea()Pa(z) (a=1,2,..,N),
with
(2.7) Ho(Asqt) = tEPAA(s)uy (Dal; g, 1)) Als)tP.

1Our definition of the infinite product A differs slightly from that of Macdonald’s AT, but is better
suited for taking the limit ¢ — oo below.
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The Pieri rules for the Macdonald polynomials express the multiplication of Py(z) by an
elementary symmetric function e,(z) as a linear combination of Macdonald polynomials
with shifted partitions.

Remark 2.2. Note that in (7)) the evaluation uy maps x; — ¢tV =" = s; and T'; — e
The same evaluation map sends the generators of the quantum torus T, to respectively
A — ¢ and T, — €®i. By a slight abuse of notation, we simply express the operator
Ha(A; q,t) in terms of the generators A; and T; and omit the mention of the evaluation
map from now on. This amounts to evaluating the left action of the quantum torus Ta on
functions of the variables (Aq, ..., Ayx). There is also a right action of the evaluation of Ty
on the basis of Macdonald polynomials Py in which A; acts diagonally Py A; = P\ ¢ and T}
by a shift P\'T; = Pxie,. We adopt a single notation using the quantum torus generators,
to denote either left or right action.

Explicitly the commuting operators H,(A;q,t) acting on functions of A or s are

HITIA — Ay PIHIA — A,
2.8) H,(A:;q,t) = S L. ‘Nz TA; = ¢* AT,
( 8) ( y 4, ) Z H tz—]Aj _ Al tz—]Aj _ qu ]g ) 7 q J

IC[1,N] i€l, j&I

|I|=a 3<i
They can be thought of as Macdonald Hamiltonians of type AE\l,)_lz In the ¢g-Whittaker
limit, they become relativistic g-difference Toda Hamiltonians (see Sect. 212 below).

2.3. The ¢-Whittaker limit. By a slight abuse of languge, we call the limit ¢ — oo of
the difference operators and eigenfunctions above the ¢g-Whittaker limit (as opposed to the
standard t — 0). The g-Whittaker functiondd are the limits of the Macdonald polynomials
[Che09]:

I (x) = tllglo Py\(z).

In this limit we use the t-independent variables A; = ¢ instead of s;. The symmetry
between the eigenvalue equation and the Pieri rules under exchange of x and s is lost in
this limit. However, the limit of the difference equations still makes sense. The g-Whittaker
functions satisfy the difference equations

(2.9) Do(z;)TIz(z) = A®Ix(x), A=Ay~ Ay
(2.10) Ho(A;Q)a(z) = eql2)Ty ().

Here, the difference operators are

. 1 a(a—N) . _ 2 | | Ty | | )
(211) Da(llf,Q) _tlifglot ®a(x7qat) - T — T Fm
I1c{1,..,N} jer " J ier
|I|=a el

2This is a slight abuse of language, as these are strictly speaking ¢—!-Whittaker functions. II(z) is
interpreted as a (class 1) ¢g-Whittaker function where x is the representation index, and A the argument.
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and the Pieri operators are

(2.12) Ha(Asq) = Jim 3€,(As g, = > 11 (

IC[1,N] i€l
|I|=a i—1¢I

Sht

el

with the convention that Ag := co. Note the simplified form of these equations: the Pieri
operators are polynomials in A™* where «a; are the simple roots, rather than rational
functions. Moreover, the eigenvalues of operators D,(z;q) are monomials in A, because
eq(s) is replaced by its leading term in ¢, A“*, where w, are the fundamental weights.

2.4. Type A , quantum Q-system. The main result of [DEFK1S] is that the set of all
Ty~ translatlons of the operators D,(z;q) satisfy the quantum Q-system equatlonsﬁ of type
Agv)_l. To define this system, let {Qux : @ € {1, ..., N}, k € Z} be invertible elements in some

non-commutative algebra over C(q), subject to two types of relations: A g-commutation
relation

(213) Qa;ka;k—‘ri = qimin(mb) Qb;k+iQa;k7 ke Z7 a, be [17 N]v ‘7'| S 17

and a cluster exchange-type relation, which can be thought of as a discrete time evolution
in the variable k:

(2.14) q" k1901 = Qz;k = Q4 14%11%, a €[, N], k€Z,

subject to the boundary conditions Qu; = 1, Qyi1,, = 0. The algebra generated by the set
{Qux : a € [1,N],k € Z} and their inverses is a subalgebra in a certain quantum cluster
algebra [DFK11].

Define the generalized ¢-Whittaker difference operators, acting on the space of functions
in the variables {x1, ..., xy} with coefficients in C(z1, ..., xn, q):

(2.15) Du(ziq)= > [I=F11 <I )HF a€l[l,N], keZ

Ic{1,...,N} i€l jeI iel
[I|=a
When k = 0 these are just the g-Whittaker difference operators (2.9). The main result
of [DFKIS] is that these operators provide a functional representation of the quantum
Q-system:

Theorem 2.3 ([DFKIS|). The q-difference operators Dy (x;q) of (ZI5) satisfy the quan-
tum Q-system relations (2.13) and 2.14).

The original proof of the theorem consisted of working directly with the difference op-
erators Dg,(x;q). Here, we present a simplification of the proof which uses the duality
of Section 2.2l This method has the advantage that it can be generalized to other root
systems.

3This was referred to as the type Ay_; Q-system in e.g. [DFKISg].
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2.5. The action of 7, on the difference operators. The difference operators D,(x; q,t)
are representations of elements of the spherical DAHA acting on the space of functions in
N variables. There is an action of SLs(Z) on DAHA, and the SLy(Z)-generator 7, acts
on the functional representation by the adjoint action of Cherednik’s Gaussian operator
[Che05]

N log(z;)?

(2.16) f}/(;p) = e~~1=1 2log(q) ,

In the ¢-Whittaker limit, the adjoint action of y(z) is well-defined. In particular, the
difference operators (2ZI1]) are the 7, -translates of D,(z;q):

Lemma 2.4 (|[DFK19]).
(2.17) Da(5.9) = ¢~y (2) ™" D5 q)y ()"
The proof follows from
(@) Tiy(z) = gZail.

2.6. Fourier transform. The ¢-Whittaker functions {II,(x)}, with A ranging over integer
partitions, form a complete basis of the space of symmetric polynomials. Suppose that a
set of difference operators {D,(x)} in the variables of T, satisfies

Do () H\(x) = Da(A) I\ ()

for all A, where the difference operators D,(A) act in the variables of Ty_,x. If the operators
{D,(\)} satisfy certain relations R, then the set of operators {D,(x)} satisfy the relations
R with the opposite multiplication. The operators D,(A) are the “Fourier transforms”
of the operators D,(x).

The strategy is to define the operators Dq.(A;q), starting with initial data {Dg.g, Do :
a € [1, N|}, by using the quantum Q-system relations with the opposite multiplication. We
will then show that the corresponding Fourier-dual operators D, (x;q) are the difference
operators (2.I5]), which therefore satisfy the quantum Q-system. The simplification of the
proof in the Fourier transformed picture is due to the simple form of the initial data in T}y,
which allows us to compute the 7 action on the Fourier transformed operators directly.

2.6.1. Initial data. To find appropriate initial data for the opposite quantum Q-system, we
start with the eigenvalue equation (2.9]), which we write as
(2.18) Dao(w; ¢)I\(2) = Dao(As)IIx(z),  Dao(Aiq) = A*,  a€ [, N].

For the operators Do (A; q) € Cy(A)[T] to be well-defined from the opposite quantum
Q-system for all k, we need another set of initial data, {D,.1(A;q), a € [1, N]}, such that
(we drop the arguments A, ¢ from now on):

(219) Da;(] Db;l = q_min(a’b) Db;l Da;07 [Da;lan;l] = 07 CL,b € [17N]
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These are 2N relations on the quantum torus T, of dimension 2N, so they determine
{Dg1} up to scalar multiple, which commutes with T,, i.e. an element in C(g). We choose
this constant to be 1:

(2.20) Dgy = A T% = Ay - ATy - T,

2.6.2. The set { Dy }. Given the set of 2N initial data { Doy, k € {0,1}, a € [1, N]}, which
form an alternate basis for Ty, all D, are uniquely defined by the requirement that they
satisfy the opposite quantum Q-system relation:

(221) qa Da;k—l Da;k+l = Dg;k - Da-i—l;k Da—l;ka DO;k = 1, DN.H;k =0.

Remark 2.5. The quantum Q)-system variables are cluster variables in a quantum cluster
algebra, and therefore, due to the Laurent property of these algebras, all Dgy. are in fact
Laurent polynomials in the initial data [2I8)) and 220). As the latter are monomial in
the variables of the quantum torus Ty, so are the D,y € C,[AE!, TH.

The main theorem to be proven is

Theorem 2.6.

Da,k(Aa q) H)\(ZIZ') = Da;k(z; Q) H)\(ZIZ')
for all a € [1,N] and k € Z, with D, (z;q) the difference operators of Equation (2.15)

Since D,.x(A;q) satisfy the opposite quantum Q-system relations, then the operators
D,.r(x; q) satisfy the quantum Q-system. Theorem therefore implies Theorem [2.3]

The proof of this theorem performed over the next several subsections as follows. First, in
27 we compute a “time translation” operator g(A), whose adjoint action on D,.x(A; q) gives
Dygy1(A; @) in accordance with the opposite Q-system recursion evolution. We then show
in that this time-translation commutes with the Pieri operator or Hamiltonian H;(A; q).
In we prove the uniqueness of the solution of the Pieri equation Hi(A,q) f = é(x) f.
This implies, as shown in 210, that g(A) is the Fourier transform of the Gaussian 7(z).
The proof of Theorem follows (Section 2.IT]) from a simple argument using the Fourier
transform.

2.7. The action of 7, on D,.;(A;q). The key to proving theorem 2.6lis to find an element
g(A) in the completion of the space of rational functions in T, which realizes the action of
v(z) in the Fourier transformed picturel:

Theorem 2.7. There is a unique, up to scalar multiple, function g = g(A) acting on the
variables of Ty, such that
(2.22) Dok = ¢~ g* Do g ™"

4The element g(A) is referred to as the “Dehn twist” generator in the geometric formulation of Ref.

[SS18], which uses a different but related definition of the Fourier transform, under the name of Whittaker
transform.
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1s a solution of the opposite quantum @Q-system for all a, k.

Proof. The element g is determined by the commutation relation (2I9) and the subset
of Q-system relations (Z2I)) corresponding to k = 1. Indeed, assuming such an element
g exists, we first note that g [DaO,Db 0)g™™ = = glottym/2 [Dq m,Db m] = 0 for all m € Z.
Similarly, conjugating (2.19) and (2.21)) for £ = 1 with ¢ gives

gm(Da,O Db,l - inn(a’b)Db,l Da,(])g_m = q(a+b)m/2 (Da,m Da,m+1 - inn(mb)Da,m—i-l Da,m) =0
gm(ana,—1Da,l_D§,0+Da—1,0Da+1,0)g_m = qam(ana,m—lDa,m—l—l_Dim_l'Da—1,mDa+1,m) =0
We therefore obtain the opposite of (Z13)) and (2Z.I4]) for all m € Z.

We now prove the existence of g by construction. Assume g = grga, where gr commutes
with all T, and gy commutes with all A,. Up to a scalar multiple, gr is determined by the
N equations (2.22)) with k = 1:

¢ gDaog™ = q P gr A g7 = Doa = AT, a €L, N],

because g, commutes with D, = A“* by assumption. This has the solution

(log Ty)?
(2.23) gr =[] e 2w,
where we used the identity
og Tq 2 og Tq 2 o, a 2_(lo a 2
o A, o e A, e e 2T,
To find g, we use the Q-system (2.2]]) with k£ = 1:
(2.24) Dy = A T* (1 —gA™®T7%), a€[1,N—1], Dyg= AN TN,

To simplify the equations below, we set Ay.; =0 and Ay = oo, i.e. we define ag, any by
A7 = A=*N = (. The function g, is defined from

(225) Da;l = qa/2 g_l Da;Q g = qa/2 gXI gj_“l Da;2 gr g = APe T,
Acting on (Z24)) by the adjoint action of g, we have
2 g7 Duagr = A T (1 = A°2%),

Using
H(l . qn A—aa)wa — T H(l . qn+5ab A—om) — T (1 - A—aa>—1 H(l . qn A—aa)
n=0 n=0 n=0

we can choose

o0

(2.26) H A, (@b)e = [J(1 - 0"a).

n=0
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We conclude that the function

N e\ V2L A " -1
2.27 = 21og ar-.
(2.27) o= (II° II ( o ,q)

a=1 0

satisfies the conditions of Theorem 2.7] ]

2.8. Commutation with the first Pieri operator. In general, the translation operator
g commutes with each of the Pieri operators H,(A;q). It is sufficient for our purposes to
show that it commutes with the first, Hy(A;q):

Theorem 2.8. The function g(A) of Theorem|[2.7 commutes with the Pieri operator Hy(A; q)
of Equation ([212).

Proof. From (2.12)),

N N N—lA
Hi(Aig) = Y (1= A" =3 T, = 3 S T,
a=1 a=1 a=1 a

For all a € [1, N],
gL =A™ )T~ = gr(1 — ¢ 'A™)Togy' = (T — A Top1),

again with the convention that A= = A=*¥ = (. Summing over all a = 1,2, ..., N results
in gHi(A; )9~ = Hi(A; ). O

2.9. Uniqueness of the Pieri solution. To prove the result of next section, we resort to
a uniqueness argument regarding the solutions to the first Pieri equation (2.30]).

Recall that IT,(z) is eigenfunction of the Macdonald operator: D; ITy = Ay II,. Writing
IT\(z) = 2*pa(x), and Dy = >, ¢i(x) [';, the eigenvalue equation turns into

(2.28) (1- Z di(z) 2—1 ;) pa(x) = 0.

This equation makes it easy to analytically continue py(z) to a function py(z) with A € CV,
as the dependence on A is explicit (in fact polynomial of the variables A=, a; the simple
roots of Ay_1). Writing px(x) as a series of the variables 7% pr(z) =D 5cq, cp(N)a=h,
@+ the positive cone of the root lattice of Ay_1, (2.28)) turns into a linear triangular system
for the coefficients cz(A), which are uniquely determined (with ¢y(A) = 1), and rational
functions of the A=*. Moreover, specializing A to an integer partition in py(z) recovers

pa(z). Expanding cs(A) = 3 50, cpsA70 allows to view IIy(x) as the specialization of a

series in A:
Ppa(r) =20 D G A0, G(a) = ) eger
dEQ+ BEQ+
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Lemma 2.9. Assume we have a (non necessarily polynomial) solution ©y(x) of the first
Pieri rule (230), which admits a series expansion of the form ©(x) = a2 > seq, T8(T) AP
for X € CN. Then we have, for X an integer partition:

My(x) = 8 01 (x).

where ¢o(x) is the leading coefficient in the series py(x) that specializes to I1,(x) for integer
partitions .

Proof. Write ©,(x) = 2*0,(x). By use of (ZI2) for a = 1, the Pieri equation turns into

(Z L {(1 - A_ai>ﬂ - 1}) ‘9)\(1’) = 0.

This is a linear triangular system for the coefficients 73(z), which are uniquely determined
for g # 0, proportional to 7o(z). The same holds for the coefficients ¢g(x) of py(z) in terms

of éo(z). We deduce that z* py(z) = gggi;@ A(z), and the Lemma follows by specialization.
U

Remark 2.10. The argument used in this section prefigures the reformulation in terms of
universal solutions performed in Sect. below, and extends to all types.

2.10. Fourier duality of g and ~. The final piece of information we need to prove Theo-
rem is that ¢g acting on the ¢-Whittaker functions is equal to the Gaussian v(z) acting
on the same functions:

Theorem 2.11.

(2.29) g(A) IL\(z) = y(z) ().
Proof. Acting with g(A) on both sides of the first Pieri rule
(2.30) Hi(A; q) \(z) = e1(z) H\(2)

and noting that g and v commute with both H;(A;q) and e;(x), we see that y~! g ITy(z)
obeys the same first Pieri rule. We use the uniqueness argument of the previous sec-
tion for the solutions of (Z30). Applying Lemma to Oy = vy Lgx* pa(z), the latter
must be proportional to IIy(z) when specialized to an integer partition A. To determine
the proportionality constant, we compute the leading coefficient of the series expansion
2y Lgat pa(z). Since gp is a power series in {A~%} with leading term 1, the leading
term is determined by the action of gr on x* ¢y(z).

We claim that

grat =yt gh,

where ¢/ acts only by shifting A by powers of ¢, leaving the leading term ¢éy(x) unchanged.
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To see this, let a,b be elements in an algebra such that [a, [a,b]] = 0 and [b, [a, b]] =
commutes with both a and b. Then the Campbell-Hausdorff formula implies:
(2.31) o b e o=t — patbtilabl-f5b[ab]] ,—a—btglabl+ 5 blabl] _ labl+s
32

Choosing e = gT and €’ = 2t ie. a =), 212;(1 and b = ).\ log; leads to [a,b] =
> loghf;?l and e2¢ = ~(z)~!, which commutes with /@, We finally write

e log z; )‘7, log z;
eteb = grat = e elod b et = 5 1o logg | eli N log i g — ~ A HTlogq =y g}

where the last step uses again (2.31)), with a = >, logljglf;hl b=, \ilog z; hence el®t = 2
and ¢ = 0.
We conclude that y~! gII,(x) = II\(z), and the theorem follows. O

Remark 2.12. The relation g(A) Il (x) = v(z)I\(z) is equivalent to the recursion re-
lation for the quantities denoted Jj in [EJMMO9] (Theorem 3.1), which we denote as
Ja(x = ¢*) below. These can be identified as the coefficients in the formal expansion of
the series I\ (z) := gp I\ (z) = 2 > 8eqs J(z)A=P. Theorem 211 says that grgally(z) =

v(2)\(z), which implies (gagr)Iy(z) = ~(z) Hx(z). As a recursion relation for coeffi-

cients, this means
5
") s

Jh = g

A ; (q7 q)ﬁ—cg 0
with the notation (¢,q)a = [[;(¢,¢)a;, where we have used the series expansion gy =
D acq, (‘;_%)aa, as well as the relation v(z) ‘o A gra* A= = v(¢°)(Az)~°.
nection holds for certain other root systems, see Remark[{.13.

A similar con-

Corollary 2.13. The (higher) q-difference Toda Hamiltonians H,(A) are algebraically in-
dependent conserved quantities of the opposite quantum Q-system (Z21).

Proof. Multiply the Pieri equation e, (z)IIy(x) = H,(A) IT\(z) on the left by gy, and use
Theorem 2.11] to rewrite:

97" ea(@)A(z) = eq(2)A(z) = g Ho(A) g~ Tx(2) = Ho(A) Iy (@),

hence g commutes with all H,(A), a = 1,2,..., N. The latter are Laurent polynomials of
the elements of the quantum torus Ty, hence of the initial data Dy, Dy as well, which
are invariant under any time translation (Dyg, Di.1) = (D, Dimi1), n € Z. These are
independent conserved quantities of the opposite quantum Q-system that governs the Dam,
as any dependence between H,(A) would imply a dependence between the e, (z) by inverse
Fourier transform. O
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2.11. Proof of Theorem The proof of the main Theorem now follows.
Proof. Acting on D,.o(z; ¢)IIx(x) by v(x)~* g*(A), we have

77" 9" Dao(;9) Ia(2) = 7" Do ¢) ¢° T () = ™" Do (w5 ¢) v* T () = ¢**? Dosp(; ¢) T ().
Using the eigenvalue equation (2Z9), this is equal to
’y_k gk Da;O H)\(ZIZ') = gk Da;O 7_k H)\(l’) = gk Da;O g_k H)\(ZIZ') = qak/2 Da;k H)\(ZIZ'),
which is the statement of Theorem [2.6) 0
2.12. Pieri operators, conserved quantities and Toda Hamiltonians. Let us com-
pare the result of Corollary 213 with the conserved quantities of the (opposite) quantum

Q-system of [DFK11], [DFK10, DEKI1S8|. Those references use a different normalization of
the Q-system variables, resulting in the system

Qa;n Qb;n—l—l = U_Aa'b Qb;n—l—l Qa;n
(232) UAa’a Qa;n—l Qa;n+1 = (Qa;n)2 - Qa—l;n Qa—i—l;n
with A, = min(a, b) (N — max(a, b)) The precise relation with the operators D, (A; q) is

= na? , = a =
(233> Qa;n = Q_W (DN;0>_N Da;n

with v = ¢/, The conserved quantities C,, of the quantum system (Z.32)) are expressed in
terms of the initial cluster {Qa.0, Qa1 } as hard particle partition functions (i.e. generating
polynomials of independent sets of vertices) on a graph (Figure 3 of [DFK10]) with ordered
vertices labeled 1,2,...,2N — 1, with a weight y; per occupied vertex labeled i, where:

Uoa1 = Qa-10(Qu0) " (Qu11)"" Qu (a=1,2,..,N),

'g2a - _Qa—l;o (Qa;O)_l (Qa;l)_l Qa-{—l;l (a - ]-7 2a sery N — ]-)
Using (2.33),
_1 _ _lAa
Y2a—1 =V 2 Taa Y2q = —V 2 A—H Ta+l>

hence the resulting conserved quantities are related to the Hamiltonians (2.12) by H,,(A) =
m/2 Cv
v -
In Ref. [DFK1S§], it was shown that the conserved quantities (), can be interpreted as
type A (relativistic) g-difference Toda Hamiltonians [Eti99]. This justifies the identification
of the Pieri operators (2.12)) as g-difference Toda Hamiltonians.

2.13. Universal solutions and duality. The results of the previous sections may be
rephrased in the more uniform context of universal solutions, obtained explicitly in the
case of type A in [NSI2]. The following discussion treats the two sets x and s on equal
footing, as formal variables, and implies that the duality property is more general.
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2.13.1. Universal Macdonald and Pieri solutions and duality. We now consider s = t°¢* as a
formal variable which we may specialize to integer partitions A\, and similarly write x = ¢*t”.
If we consider the difference operators (21]) in the space C(q,t)[[{x~*}]][['1,...,[n], i.e.
expanded as power series of the variables x;,1/z; with 1 < ¢ < N — 1, then there is a
unique series solution P(z;s) to the Macdonald eigenvalue equation

(2.34) Di(x;q,t) P(x; s) = er(x) P(x; s)

of the form

(2.35) P(z;s) =" Y calsiqt)r ™, co(siq,t) = 1.
BEQ+

Note that ¢M* = a* t=7 = s# =P is symmetric with respect to the interchange of = and s.
The uniqueness of the solution follows from the fact that (Z34)) is a nonsingular triangular
system for the coefficients cg(s; g, t).

The series (2.35) is called the universal Macdonald solution because, under the spe-
cialization of the variables s = ¢*t” with \ an integer partition, the function t** P(z;s)
specializes to the symmetric Macdonald polynomial Py(z):

(2.36) Py(x) =t P(x; ¢ 19), A=\ >>Ax), N € Zso.

That is, the infinite series (230) truncates to a finite number of terms, and the prefactor
tPrA M = 2 ensures that the function is a symmetric polynomial of x,...,zy. All Mac-
donald polynomials Py(z) are obtained as specializations of P(z;s). On the other hand,
the series P(z;s) also specializes to the Baker-Akhiezer quasi-polynomials introduced by
Chalykh [Cha02]. In this case, the relevant specialization consists in taking t = ¢, k some
positive integer. One can check that another truncation occurs leaving us with a finite sum.

Example 2.14. Let us illustrate the phenomenon of truncation in the simplest case of
Agl) of rank N = 2. The universal Macdonald series is expressed in terms of the variables
u=umxo/x1 and v = As /Ay as

n—1 ; ;
_ 1—vg 1—t1¢g?
P(z; )—%Iz“lz Hl_t—lvqil_q—i—l

The first type of truncation occurs for v = ¢2~* = ¢=* for some integer k > 0. We see
that the first factor in the numerator of the coefficient in the series vanishes as soon as
n >k (fori = k). The second type of truncation occurs when t = ¢~ % for some integer
k>0 and arbitrary \. In that case the second factor vanishes as soon as n > k.

Similarly, if we consider H;(A; ¢, t) as a power series in {s;11/s;}, then the equation

(2.37) P (A g, )P AQ(s; 1) = eq(2)Q(s; )
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has a unique “universal Pieri” solution of the form

(2.38) Q(s;z) =™ Y ealwiq.t)s™,  clwigt) =1
peQ+
An outcome of the study of [NS12] is a relation between the universal Macdonald and
Pieri solutions, which we re-prove below.

Theorem 2.15. The universal Macdonald and Pieri solutions are related via
P(z;s) = Az) Q(s; ),

with A(z) as in (2.4).

Proof. First note that P(z; s) obey both Macdonald eigenvalue and Pieri equations [Che95b),
Cha02]. Expanding the coefficients of P(x; s) as series of s™%: ¢(s) = > 500, cp.5570 allows
to rewrite P(x;s) = ¢M* > seq, Cs(x) 579, where ¢5(x) = > 5eq. css27P. Now both P(z;s)
and Q(s;z) can be viewed as two different solutions of the Pieri equation. By unique-
ness, they must be proportional up to an s-independent factor. We deduce that P(z;s) =
¢o(2)Q(s; ). To compute éy(z), note that it is the limit of ¢~ *P(z;s) = éo(z) + O(s™%),
when we take |s;| >> |so| >> -+ |sy| >> 1, so that all s~ — 0. Using the a-th Macdon-

ald eigenvalue equation (2.2]) and the explicit formula (2.0]), and dividing by AjAs - - A,
we have fora = 1,2, ..., N:

t—(a)A A2 - S 0 t;’_ 7 A2 HA I b (éo(x) + O(™)) = 0.

IC[1,N] j&I
\I\ a i€l

In the limit A;1;/A; — 0, all the terms tend to zero except for the leading term in the
eigenvalue, and the term corresponding to I = {1,2,...,a} in the sum:

(2.39) {1— I1 11:%rr2 r}&o(x)zo.

1<i<a<j<N T

We verify that ¢o(z) and A(z) of (2.4) both obey (239) for a = 1,2,..., N. Their ratio
must therefore be independent of x as it is invariant under each I';, and is easily identified
to 1 by taking the limit when all z7% — 0 and using ¢y = 1. The Theorem follows. [

Repeating the argument of Section 2.2 starting with (2:34]), including the interchange of
the labels x and s, we see that
AT (A5 g, )1 Qs s) = e (2) Qlas s),
where the expansion in s of Q(z;s) = P(s;x)/A(s) has the form ¢™*(1 + O(s™)). By
uniqueness of the solution,

(2.40) Qz;s) =Q(s;2) < A(s) Pa;s) = Az) P(s; 2).
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The duality (2.40) states that the series Q(s; x) in s is equal to the series Q(x; s) in x. The
specialization of A and p to integer partitions reduces to the Macdonald polynomial duality
relation (23]). We may therefore interpret (2.40) as a universal extension of the duality of
Macdonald theory.

2.13.2. q-Whittaker limit. The symmetry (2.40) is replaced in the ¢ — oo limit by
(2.41) M(z; A) = A@)K(As2),  A(r) = ] (427 @)
acER
where the universal ¢g-Whittaker function II(x; A) and Pieri solution K(A;z) read respec-
tively
I(z; A) = tlim tPAP(x;s), K(Ajx) = tlim P Q(s; x)
—00 —00

and satisfy the limiting Macdonald eigenvalue equations and Pieri rules:
(2.42) Do(z;q) (z;A) = A“"TI(x; A)
(243) Ha(A;Q) K(Avx) = 6a(ZL')K(A;ZL’)

As in the case of the Macdonald function, the universal functions II(x; A) and K(A;x)

are uniquely determined from the difference equations (2:42)) and (2.43) as series of the
form

(2.44) Mz A) = 2> sz co(Asq) =1,
BEQ+

(2.45) K(Asz) = 28 ) esleigA”, Glaig) =1
BEQ+

Example 2.16. Let us compute K(A; ) explicitly as a solution of the first Pieri equation
Hi(A; ) K(A;2) = eq(0)K(A;z) with Hi(A;q) as in (212) for a = 1, by use of a path
model. The equation reduces to the following triangular system for the coefficients cg(x; q)

from (2.45):
N N-1
{Z ri( P — 1>} G ) = 3 o PPN By (130),
i=1

i=1
with = Zf\:ll Bie; and By = By = 0 by convention. The system is nonsingular for x
generic, and we may express cz(x;q) as a path model partition function, namely as the sum
over all paths p from 0 to B in the positive quadrant Zﬂ\:_l of path weights w(p). The path
weight is defined as a product along the path of its vertex weights w,(a) = (3, x;(g%1 % —
1))t per vertex a visited and edge step weights we(s) = x;41 ¢" %+ 71 per edge step s =

b—e; — b:
SEEE [T w@ J[ wes)

paths p:0—f3  vertexaof p edge step sof p
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This construction parallels that of Whittaker vectors performed in [DEFKT1T].

The Fourier transform may be restated in terms of the universal ¢-Whittaker function

as follows: f(x)II(z; A) = f(A)I(x; A), and our main theorem 2.6 as Dy (z; q) II(z; A) =
Dk (A; ) (x; A), also a consequence of g(A) II(x; A) = v(z) II(x; A).

3. DUALITY PROPERTY FOR OTHER CLASSICAL ROOT SYSTEMS

In this section we present a generalization of the methods of Section 2 for the root systems
corresponding to the affine algebras in the classical series, listed in Table[Il In these cases,
the underlying double affine Hecke algebra is of BC-type, corresponding to finite-type
Weyl groups of types Cy or Dy, and the commuting g¢-difference operators and their
eigenfunctions are Koornwinder/Macdonald operators and polynomials. A key ingredient
is the duality property, which implies a relation between the Koornwinder/Macdonald
eigenvalue equations and the Pieri rules [vD96, [Sah99, [Che97].

Our goal is to choose a set of N commuting difference operators for each algebra g such
that, in the g-Whittaker limit, these difference operators and their SL(2, Z)-translates sat-
isfy the g-type quantum Q-system. There are several known constructions of the difference
operators. Koornwinder introduced a first order operator [Koo92] depending on generic
parameters (q,t,a, b, ¢, d), which was extended by van Diejen to a complete set of N com-
muting difference operators [vD95]. Upon specialization of the parameters (a, b, ¢, d), these
correspond to the root systems of g. In some cases, van Diejen’s operators must be supple-
mented by operators introduced by Macdonald [Mac01], who used the structure of specific
root systems to produce difference operators for miniscule co-weights. We combine these
constructions and define a set of N commuting g-Macdonald operators in Appendix [A]
whose eigenvalues form a basis for the space of fundamental characters of the finite algebra
R* = R(g*) (see Table [).

This section is organized as follows. We introduce the Koornwinder operators for generic
values of (a, b, ¢, d) in (Section [B.1]). The specialization of the parameters corresponding to
g of Table[Il are explained in Section 3.2l Finally, the g-Whittaker limit of the g-Macdonald
operators is described in Section [B.3] together with their 7, -translates. We will prove that
the 7, translation is the discrete time evolution of the associated quantum Q-systems in
Section 4l

3.1. Koornwinder Operators, Polynomials and Pieri rules.

3.1.1. The Koornwinder operators. Let F be the field of rational functions in the indetermi-
nates a, b, ¢, d, q%,t% and W the Weyl group of type Cy. It acts on functions in F(xq, ..., zy)
by permutations and inversions of the variables. The W-invariant space of Laurent poly-
nomials in z is generated by the elementary symmetric functions é(z), defined via the
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generating function

(3.1) H H (14 za5) Z ér(x),

so that é,(z) = Y." (z; + 2;'). The space Flz,271]" is preserved by the action of the
Koornwinder operator, defined as follows.

Definition 3.1. The Koornwinder operator ch“’b’c’d’(x; q,t) is the q-difference operator
acting on Flx, 7

(32) :Kga’b’Cd SL’ q,t Z Z (I)(ade FE — 1) [z, = qéijxjriu
i=1 e==£1
where
pEbeD (1) = (1 —ax;)(1 — bxf)(1 — cxf)(1 — dxg) H tw; — xjtwjr; — 1

(1= a2)(1— qz¥) W = wi -1

Koornwinder polynomials are the unique monic, symmetric, Laurent polynomial eigen-
functions of the eigenvalue equation

KGN @i, t) P0@) = ot (@) — ea(ot) B (a)

where ) is any integer partition coding the leading term 2 of Pﬁa’b’c’d) (). We make use of
the notations

(3.3) s; = ¢MtPio, o =+/abcd/q, pi=N—1 (i=1,2,..,N).

As an example, the first two Koornwinder polynomials are Péa’b’c’d) (x) = 1, with eigen-
value 0, and
plabed (2) = &1(x) + 1=tV abed(a™ + b+t +d )tV —(a+b+c+d)
x)=é(x )
1,00,...0 ! 1—t 1 — abed t2N-2
3.1.2. Koornwinder-Macdonald operators. We define the Koornwinder-Macdonald opera-
tors to be the set of mutually commuting difference operators, which commute with the
Koornwinder operator, chosen so that their eigenvalues are proportional to the elementary
symmetric functions é,,(s). The first order Koornwinder-Macdonald operator (A.23) is

a,b,c a.,b.c 1 - tN b d
(3-4) DI (0. 8) = KD s, 1) + 5 (1 e tN_l) '
- q

The additive constant in ([3.4) is otV =1 é,(ot?), so that Koornwinder polynomials satisfy
the eigenvalue equation

(3.5) DD (12 g 1) PPN (1) = gtV ey (5) PP ().
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Definition 3.2. The Koornwinder-Macdonald operators are a commuting family of differ-
ence operators {@%’b’c’d’ (x;q,t) : m € [1, N]}, which are linear combinations of van Diejen’s
commuting difference operators [vD96], uniquely defined by their eigenvalues:

(3.6) Dered(z;q,t) P (2) = dirD PO (2),  diheD = omimNTE D g ().

These operators are explicitly constructed in Appendix [A] see Definitions [A.2] [A§ and
Theorem [A0

3.1.3. Rains operators. A useful alternative “N-th order” difference operator was con-
structed by Rains Ra105|§ in his study of BC-symmetric polynomials. Rains shows that
the operators

(u0) (1 — uay) 1—Ux) — 12l T e
(3.7) Ry (w;q,t) = Z H ez H WHFZ

€1,€2,...,eN=%1 i=1 1<i<j<n v =1

are maps between W-invariant spaces with different values of the parameters (a,b, ¢, d).
They act between bases of Koornwinder polynomials as follows:
(3.8)

_1 _1 . _1 _1 1 1

9{% Za,q 71))(1, q,1) P(ade)(x) _ q—\)\|/2 Hﬁil(l _ abq)‘i_ltN_Z) P)Eq Za,q 7b,q7cvq7d)($)’
1 1 ' 101, 1 1

32537 Zeyq jd)(x q,t )P(abcd)(x) — q—\A|/2 Hﬁil(l _ qu)\i—ltN—z) P)Eq%,q?b,q Zeyq 7d)($)’

where [A| = S, ;. The product

1 (a,b,c,d a,b 71c, 71d
(3.9) DD q,6) = RE (50, 0) RY *7 2D (2; 4, 1)

commutes with the Koornwinder operators, since Koornwinder polynomials satisfy the
eigenvalue equation

1 (a,b,c,d a,b,c,d 7(a,b,c,d a,b,c,d
D" (wq,1) PV (@) = iy P (a),

with eigenvalues
(3.10) dWwd g H — ab ) (1 — edg V),

The operator (3.9) is not linearly independent of the set of Koornwinder-Macdonald op-
erators: See Section [A.2.3] Lemma [A.10l for the explicit expression. However, its factored
form will play a crucial role in the proof of our main theorems below.

Some of these operators actually appeared in earlier works of van Diejen, but Rains’ construction is
more systematic.
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3.1.4. Duality. Due to the existence of an anti-involution % of the DAHA, Koornwinder
polynomials obey a remarkable duality property [vD96l [Sah99]. The involution acts on the
parameters (a, b, ¢, d) as

(3.11) ot — (2;61)1/2’ b — _(q%>1/2’ o (q%)m’ 5= _(q%)m’

so that o* = a. The duality property for Koornwinder polynomials is
a,b,c,d * a*,b*,c*,d*
P () BT (@)
P)Ea,b,c,d) (tp*) P}Ea*,b*,c*,d*) (tp) :
where p, A are both integer partitions. p, p* are defined by

(3.12)

(a,b,c,d) ((l*,b*,C*vd*)

(3.13) thi = ths =gtV =t = atV

3.1.5. Pieri rules. Using the duality relation (8.12), one obtains the Pieri rules for Koorn-
winder polynomials with parameters (a, b, ¢, d) from the eigenvalue equation with parame-
ters (a*, b*, c*,d*). It is useful to define the function

N

(3.14) A(a’b’c’d)(x) = 1:[( 7 H H (E?C_I)oo.

ars oo (7 Voo (573 Voo (Z Do iy 21 (525.0)s

(35 D)oo

t

The normalization factor in the duality (BI2) is given by (See Theorem 5.1 of [vD96]):

A(a*,b*7c*’d*)(tp) P(a*’b*’c*’d*)(tp) _ tp“ A(U«,b,c,d) (tp*)
A(a* 0% ,c*,d*) (q)\tp) ’ K A(a,b,c,d) (qutp* ) ?

(3.15) PPy = 7

Using the parametrization x = ¢*t*" in the eigenvalue equation (3.6,

(3.16) Do (@ 175 ¢, ) Pr(q" t77) = Op e (7)) Pa(g" t7), m € [1, N],

where 6,, = o™ "N ="2") and T; : i — [t + 0; ; in the difference operator D,, = Dlabed),

Upon specializing p to integer partitions, we use the duality relation (3.12), where we
replace the normalization factor by (B15]). Equation (B316]) becomes

Ol () Pi(* ) = Pr(t?) Dp(q"t7 5 q,t) Pi(t?) " Pr(q* t*)
= (t"" A" 7)) Din(g" 75 ¢, ) A(g" 17 ) 7P) Pr(M ).

Acting with the involution * on the parameters and interchanging the roles of A and p (i.e.
x and s) above, we arrive at the following Pieri rules.

Theorem 3.3. The Pieri rules for the Koornwinder polynomials are

(3.17) FbeD (5. g t) PO (1) = &, (2) PO (),
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g g al| b c d R S R | &

DYV | DV |1|-1| ¢ | —¢* | Dy |Dn| Dy |0
BY | ¢V | t|-1| ¢ | —¢ | By |By| Cy |1
¢V | BY |tz |—ts|tiqz|—tiqz| Cy |Cn| By |1
AS\)Z—1 Ag\)/—1 th | —t2 | ¢z —qz | Cy | By | Cy :

[NIE
[
[NIE

DY DR |t ] -1 tg By |Cn| By |1

BCy| - |BCy |1

[NIE
[
[NIES
~
[NIES
L
Nl

A2 | a2 e | 1

TABLE 1. Specialization of the Koornwinder parameters a, b, ¢, d correspond-
ing to the affine algebra g. The pair (R, S) refer to a pair of classical root
systems corresponding to Macdonald’s notation [Mac01], used in Appendix

[Al except for Agi)

gz,b,c,d)(

where the Pieri operators H. s;q,t) are

1 * * * * * * * * * * * * * *
(3.18) HGP(s1q,1) = =t AIEE) (g)7E DA (55 g, 8) ALY (5) 707,
In the difference operators H,,, s is specialized to ¢* t* with X\ an integer partition, 0, =

amtm(N_mTH), and T; : Nj — \j + ;5.
The explicit first Pieri operator J{i"’b"”d’(s; q,t) is derived in Theorem [B.] of Appendix [Bl
3.2. Specialization of the parameters (a,b,c,d).

3.2.1. g-Macdonald operators and polynomials. The Macdonald operators for type g are a
set of N commuting operators which commute with the specialization of the Koornwinder
operators at values of (a,b,c,d) indicated in Table [[I The list of operators is given in
Definition [A.8. In most cases, these are just the specialized Koornwinder-Macdonald op-
erators, but for a few exceptions, where the operators are chosen so that their eigenvalues
be fundamental characters of the finite-dimensional algebra R* = R(g*). This occurs when
R* = By or Dy.
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R égR)(a:)

Dy é1, '-'7éN—2,é§VD_N1)’é§VDN)

BN él;ég,...,éN_hég\?N)
CN’ BCN él;ég,...,éN

TABLE 2. The list of chosen symmetric functions forming a basis for the funda-
mental characters of the finite Lie algebra R. The exceptional symmetric functions
in the table are given in (A.32]).

Remark 3.4. The case of Ag\), is special, as R = BCy = R* is non-reduced. In this case,
we must use the set of simple roots o, = ) for By, and the set of fundamental weights
we = w; for Cy.

The principle for the choice of g-Macdonald operators is that their spectrum generates

the Grothendieck ring of the algebra R* associated to each g. The choice is not unique.
Define

N, for g= Ag\lf)_l,Bz(\})>A$\)/_1>A$\)f’
(3.19) Ny:=4q N—-1, forg= C](\}),D](\%Zrl,

N — 2, forg:D](é).

Definition 3.5. For m < Ny, the g-Macdonald operators PP = DY (x) are
DO — Dlabed e [1N,].

where DEPD are as in Definition [3.2 with (a,b,c,d) specialized according Table [1l. For
Ny <m < N, we use the operators constructed by Macdonald, described in Section [A 1]

DY) (D)

(3.20) DYV PPN) e N1, N:
(1) (1)
(3.21) c) DN = el
2 (D1) (D)
(3.22) DY, Dy =l

(1)

) @
where 855” ), EESVN ), ESJ?VN“) are as in (A JHAH),[A0), (A1) respectively.
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The choice of higher commuting difference operators (3.5]) is such that the eigenvalue
equation for the mth g-Macdonald operator is (see Theorem [A.TH)):

(3.23) DO (z: ¢, )P (z) = 9 67 (5) PO (),

where 69 are as in (A32HA35) and e\’ (z) are listed in Table B (as these involve the
fundamental weights we choose the same eigenvalues for type BCy and Cly, see Remark

[3.4)).
In particular, the first g-Macdonald operators are simply the specialization of the Koornwinder-
Macdonald operator (3.4)).

N
(3.24) D (wrq,t) = e () + 3 D & (w10, 1)(T5 1),

i=1 e=+1
The factor o under the specialization is ts (see Table ), so that

(3.25) s = VTt = el (1=1,2,.., N),

where p® = p(S) is the half-sum of positive roots of S (except when g = Ag\),) The
functions ¢§?j (x;q,t) are

1
1, o =Dy
trs — 1 (1)
i =B
1 , g N
tr?e — 1tqa? — 1 1
(a) ¢ tagr§ — 1 1 g -1 77 v
¢i,e (xv 4, ) - H H xlﬁx?/ -1 x t:c?e -1 2)
J#i €==%1 J mu 8= A2N—1;
tag — Lg% — 1 g=D? .
tot — 1tga? — 1 @)
i i = A%,
\ Ig_qu?€_1> g 2N

The unique monic eigenfunction P/{g)(x) of DI¥(x: ¢, t) with eigenvalue t71¢,(s), where A
is g-partition, is the g-type Macdonald (Laurent) polynomial.

Definition 3.6. A g-partition is a set A = (\1,..., A\n) such that > . N\ie; is a dominant
integral weight of R = R(g).
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G affine roots in R,

DY né+(e;+e) (1<i<j<N;n>1)

BY né+e (1<i<N),né+(e;+te) (1<i<j<N:n>1)
cy nd+2e; (1<i<N),nd+(e;+te;) (1<i<j<N:in>1)
AP e +2¢; (1<i<N),né+(e;£e;) (1<i<j<Nyn>1)
DY, 25te; (1<i<N),ni+(e,£e) (1<i<j<N;n>1)

<1
Ag\), nd+e, (2n—1)04+2¢; (1<i<N),nd+(e;£e;) (1<i<j<N;n>1)

TABLE 3. The subset J§++ of the affine roots for each affine algebra g.

The g-partitions are simply integer partitions except in the cases R = By, Dy, where

{ZON XL U{(ZA) N X (Z+2)}, M >+ > Avo1 > [Aw], R=Dy;
A€
(Z)NU(ZA2)N, M > X > > Ay >0, R = By.

Remark 3.7. The g-Macdonald polynomial P/&g) (x) with A an integer partition is the spe-
cialization of the Koornwinder polynomial, indexed by the same partition, to the parameters
of Table[dl. For non-integer partitions, g-Macdonald polynomials can be obtained from a
different specialization of the parameters [vD95], see Section[4.3.3in type B. Alternatively,
we can use the specialization of the universal functions of Section[d, see remark[5.2.

3.2.2. Duality. The involution % acting on the parameters (a, b, ¢, d) implies an involution
g — g and R — R*, as listed in Table [l In particular, g = g* except in the cases
(CN))" = By and (BY)* = Y.

The duality relation ([B3.12]), specialized to g-Macdonald polynomials is

S CAD Ol Ul

(3.26) = - :
POy P ()

Note, however, that the range of validity of (3.26]) is wider, as A can be any g-partition,
while p is any g*-partition, and these are not necessarily integer partitions as in (3.12]).
First conjectured by Macdonald, the duality (3.26]) was successively proved for all types in
the case of integer partitions: for type A, it appears in [Mac95], for other types the main
proof is in [Che95b], supplemented by [vD96] and [Sah99] upon specialization of (BI12]).
See Section [O] for a more general duality statement.
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Fora=nd+oa;+---+ay € }Ai, define 2 = ¢~ "x1* - - - 23" The function A in Equation
(B14) has the following specializations:

«

1—a"
(3.27) AV@) = ] 5=

acER 4

where §++ ={a+nd € R:ac R, ,n > 0} is a subset of the affine roots of g, see Table

Bl In all cases but g = AS&, A is closely related to a simplified version of Macdonald’s
function A* [Mac01], suitable for taking the dual ¢-Whittaker limit ¢ — co. The function
A enters the duality relation (8.26]) via the evaluation formulas (see (0.6) in [Che95b])

AL (¢0) AW (")

(@) (1p*\ __ 1p* A
(3.28) PE@) =t AE) (gte) AW@ (grte™)

(s") — P
, Pug (tp) = tPH

3.2.3. Pieri rules. As in the case of generic (a, b, ¢, d), the Pieri rules follow from the eigen-
value equations ([3.23) and the duality (3.26). Start with [323) with z = ¢*t*", and
specialize u to a g*-partition:

(3.29) DO (g7 ¢, ) PO (¢" 7) = 09 &) (17) PO (g 1),

where (x,T") is specialized to (¢“t*", €% ). Following the same steps as in Section B.L5] using
the duality relation (3:26]), one obtains the g-Pieri formulas:

Theorem 3.8. The Pieri rules for g-Macdonald polynomials are

(3.30) HO (s:q,t) P (z) = e% (z) P (),

m

where the difference operators f%g,%)(s; q,t) are given in terms of @%*)(s; q,t):

1 * * * * *
(3.31) HID (5:0,0) = gy 0 A ()7 D (s5:,1) AW (5) 107

The explicit Pieri operators f%%g)(s; q,t) are listed in Section [B.2l

3.3. The ¢-Whittaker limit. The Macdonald polynomials have a symmetry (¢,q)
(t71,¢7'). For certain root systems, the g-Whittaker polynomials are the ¢ — 0 limit of
the Macdonald polynomials, and therefore the g~'-Whittaker polynomials are the t — oo
limit of these polynomials. In this paper, we define the various functions and operators so
that they have well-defined limits as ¢ — oo. We refer to this as the ¢- Whittaker limit by
slight abuse of terminology. We also call ¢-Whittaker polynomials what technically should
be called ¢~ '-Whittaker polynomials.



32 PHILIPPE DI FRANCESCO AND RINAT KEDEM

3.3.1. Whittaker difference operators. The eigenvalue equations and Pieri rules of the pre-
vious section have well-defined ¢-Whittaker limits. Define

(3:32) ¥ (2) = Jim P ()
and
(3.33) D (w;q) = lim (0) D (:4,1),  (a=1,2,..,N).

The first ¢-Whittaker difference operators are obtained from Equation (B.2.1)):

N
(3.34) DP(z59) =1+ Y 6% ()5 — 1),
e‘:iil
with
( 1
Lo
xle.il’ (BN )7
x2€ qz?e (1)
i i C )
xs x5 71 qui-17 (CN),
3'35 (g) — K3 1] X {E?e (2)
( ) Pic (z) ]1;[ xf —x; xir; — 1 21 (Aox 1)
? 1
x€ 2§ 2
xfil qgm? 1’ (ngi_l),
x$ xéé 2
| (AR

The limiting eigenvalues of DY (x; q) are not symmetric functions because of the depen-

dence of s on t. Instead, they are given by the dominant term in ¢ in the functions égR*)(s),
A¥a. The eigenvalue equations are (see Section [A.4] Theorem [AT8])

(3.36) D (w; q) I (x) = A“ I ().

3.3.2. Pieri rules and Toda Hamiltonians. The Pieri operators (B.3I]) have well-defined
limits as ¢ — oco. Let

(3.37) H(A; q) = Jim 3 (s = A" q,0).

Using the Pieri operators from Section [B.2] (see also Remark [B.3)), and taking the t — oo
limit, we obtain the following list of first Pieri operators.

Theorem 3.9. For all g, the first Pieri operators take the form

N Npa«
(3.38) HO(Arq) =Y (1 — AT +Z (1— AT+ MW(A; q),

=1
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where the roots o are the simple roots of R* and oy = 0 by convention. Here, Np- = N —1
if R* = By, N—2 if R* = Dy, and is equal to N otherwise. The boundary terms M) (A; q)
are as follows:

(3.39)
([ (1= A)(Ty" + (1= A=) TR L), g=DY,
(1= A=%)(1 — gA=N) TR + A% (AN — (1+¢7Y), g=BY,
M@ (A;q) =< o, g=0V, A0 |
(1= AR (1L — g2 A=N)T ", g=D%,,,
| —ATow, g= AS&

Explicitly, the first Pieri operators are:
N N-2
(DY) A
H V(AN =T 1— T;
PN =T+ ; ( i) T

+ (1 An ) (1 !
An_1 An_iAy

N

(1) A A
HfBN)(A):T1+Z<1—ﬁ)E+Z 1- j’\fl)Ti—l
i=2 v 1 v
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The first ¢-Whittaker Pieri rule is
(3.40) HYY (M) I () = e () I ().

Alternatively this equation can be interpreted as the eigenvector equation for ¢g-Whittaker
functions in which the roles of variables A and x are interchanged.

Remark 3.10. The Pieri operators Hl(g) (A; q) match the relativistic U,(R)-Toda Hamilto-
nians acting on functions of A WDEL5, [GT21] upon the following correspondence:

DY — Dy, DY, — By, AY) | = Cy.
The equivalence uses the Etingof automorphism [Eti99] T; — Tow,, Ni — ANT_,, and
v = q2 in the notations of [GT21]. To our knowledge, the cases g = BY,CW, AR do
not appear in the literature in relation to standard constructions of q- Whittaker functions
for quantum groups. By a slight abuse of terminology, we still call the corresponding limits
of Macdonald polynomials q- Whittaker functions, and the limiting Pieri operators Toda
Hamiltonians, and keep our labeling with (twisted) affine algebras to avoid confusion. The

same correspondence in the ¢ = 1 limit occurs in relation to factorization dynamics [Will5],
where the Byn,Cy cases match classical Q-system evolutions for the twisted algebras g =

Dﬁll, Ag\),_l respectively.
3.3.3. Generalized q- Whittaker difference operators. In this section, we consider the 7, €
SL(2,7Z)-action on the g-Whittaker difference operators of Section B3Il Let y(x) be as
in Equation (2.I6). We will define “translated” operators D[(ff% for all a = 1,2,..., N and
n € Z, by suitable use of iterated conjugations with y~!. There is a subtlety arising from
a distinction according to whether a is a long or short label. These do not necessarily
correspond to long and short roots of R, but are determined instead by the Q-system
evolutions described in the next section.
Definition 3.11. All labels a € [1, N] are long except for the following cases: a = N for
B](\}), a€[l,N—1] for C’](\}), and a € [1, N] for AS\),

In general, we think of the integer n as a discrete time, and as Ad,-1 as a “time trans-
lation” operator.
Definition of D%g%(x) and properties. We start with the definition of the operators

Dg?) (), which depends on whether a = 1 is a long or short label.

n

Definition 3.12. When the label a = 1 is long (g = D\, BY, AS) |, D)), define, for
any n € 7,

(341)  D0(2):=q¢ " D ()7 = F + Y 6% (2) (2 TS — g7 %),

with ¢§?2 (x) as in (339).
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Definition 3.13. When the label a =1 is short (g = C’J(V%), AS&) define
(3.42) DI (@) = 3 it (@) 4 “(IF = ),

with ¢§?2 (x) as in (B38). Then for alln € Z and for i =0,—1, define
(3.43) D,i(x) = g7y D (i g) 7",
where DifY(w;q) = DI (x; q).

Conjugating (334) and (324Z) by v, we have, when g = C\), A%,

. D) = a7+ Yol (T~ ),
) Difha@) = Do) a7 (3T — ).

The main difference between the cases of Definitions B.12 and B.I3] is that in the latter
case the translation splits into distinct even and odd time evolution equations (3.44H3.45]).

Lemma 3.14. We have the commutation relation
(3.46) (DI (), é1(2)] = (g — 1) Dy (2) + (¢7' = 1) DY, ().
Proof. Using

/

05, é1(2)] = (¢ = DasTs + (¢ = Dy Tg = > (¢ — 1)aT".
we have
N
[D@L, egm)] = Z Z Gi x5, é1(x)] = Z (bi,ex(”“ Je(¢¢ — 1)Ie.
1=1 e=%1 1,€,€’

O

Definition of higher generalized ¢-Whittaker operators.

The higher, generalized ¢g-Whittaker operators are denoted by D,(l?%(x), with a € [1, N]
and n € Z. They are defined as follows.

Definition 3.15. For all a € [1, N] and for all n,
D(E) (l’) — q—ntaw;-wa/27—t1nD((lg)(x),ytln’

a,tgn

where DY (x) are defined in [B33) and w, (W) are fundamental weights of R (R*), t, = 2

a

for short labels and t, = 1 for long labels in Definition [3.11.
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Definition 3.16. For the short labels a > 2 of C](\}) and AS&, define

(=1
(3.47) Dyl = =7 I Dol (n € ),

where [A, B], = [A, B], = AB — pBA. Then

DGy = a D = o, 0, ),

Definition anticipates on the desired connection to the quantum Q-systems of the
next section and uses a recursive reformulation of the quantum Q-system solution obtained
in [DFK17hH].

Finally, to define the generalized difference operators with odd n corresponding to the
label a = N, g = B\, we use the Rains operators R"“"” and D'¢**of @7 and (33,
with the specialization (a, b, c,d) = (¢, —1,¢"/%, —¢'/?):

~ (M ~

12 _g1/2

) — R RO
with

RY =R, RY =R
In the g-Whittaker limit ¢ — oo, these become

~(pl) (1)
(3.48) D~ = Jim ¢~ D) = R RY
—00
with
e N
Ga0) BY = VR~ S ] ; i
€1, en==%1 1<7,<]<N i=1

€5

H ZEEiZL’ H e /2

€1,...,eN=E1 i= 1 1<Z<]<N

(3.50) Rg\lf) = lim 75—N(N+1)/2:R§<57,—1) _

t—00

The factorized form of lA)J(V{Bgvl ) can be used to define the discrete time evolution as follows:
Definition 3.17. Let n € Z. Define

RY, = ¢ Sy "RYA (=0,1),
(3.51) DV, = o ¥ R, R,

) N B
Note in particular that D](\],g;évn)_l =q 2" D( 1)7 similarly to the even n case where

W N W
Dz(v zn) =q z " Dz(v y
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4. QUANTUM Q-SYSTEMS AND MACDONALD OPERATOR CONJECTURE

For any affine algebra g, there is a corresponding Q-system [HKO™99, HKO™02|, which
is a recursion relation satisfied by the characters of the KR-modules [CMO06] of the Yan-
gian Y (g). Their deformation into recursion relations for non-commuting variables, called
quantum Q-systems, were first defined [DFK14] using the identification of the Q-system
recursion relations as mutations in a cluster algebra. In that case, one may use the canoni-
cal quantization of the cluster algebra [BZ05], and in [DFK14) [Lin21], [Lin] it is shown that
this quantization is related to the graded fusion characters for g. In special cases, these are
known to be related to g-Whittaker functions.

One of the main conjectures presented in [DFK21] is that for untwisted g in Table [I,
some ¢-difference operators Dég%(x) satisfy the quantum Q-system relations of type g, and

that the operators D((f{ and D((l?)_l act as raising and lowering operators when acting on the

eigenfunctions H(;” (x) of D((l?()). The purpose of this section is to prove these statements for
all g of Table [1l

4.1. Statement of the main theorems.

4.1.1. Quantum @Q-systems. For each g, we consider an algebra generated by invertible,
non-commuting elements {Q7,, : a € [1, N],n € Z}. The quantum Q-system of type g is a
set of relations among these generators, which depend on the root data of g.

Definition 4.1. For each g, let A9 be the N x N matriz defined by
(4.1) A® = ow,  abe[l,N]

a,

where w, and w’ are the fundamental weights of type R and R* respectively, and - is the
standard inner product.

In the case of untwisted g, A® is the inverse of the Cartan matrix C of R, since w} = w).
For the case g = D](\?Zrl, AW is the inverse of the symmetrized Cartan matrix of type By,

and for g = Ag\?, it is the inverse of the symmetrized Cartan matrix of type CL Mt
2

o ) min(a,b), (a,b < N)
M = (D) M AT = gmin(ab), (a=N, orb=N)
ZNv (a =b= N)7

(2) (1)
AV = A — (D ) ALY = min(a,b).

Here, D = diag(1,1,...,1,2) and D' = D~! are such that C = C®~)D and C = C(“¥ D’
are symmetric. These are chosen so that A%{ = 1. Defining t, = 2 for o, a short simple
root of R, t, =1 for a, long, t,/t, is D,, for type B and D(’w for type C.
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The quantum Q-system relations are of two types. The first are g-commutation relations:

(9) . a(9) .

(42) Qa;tak-l—i Qb;tbk+j = qAa»b]_Ab’aZ Qb;tbk—i-j Qa;tak-‘ria (Z,] = Oa ]-7 k € Z)

The second type of relations are evolution equations in the discrete time variable n, and

have the form qA“Qa;nHQam_l = ng — T4 for some monomials Ty,,. Let Ny be the
maximal integer such that (A®)),, = a for a < N, + 1:
N =3, NBZN_Qv (g:B](\})vcl(\})vD](\?i-l)v Ng:N—lv (g:AS\)hAS\)/—I)'

N

=
DN

The evolution equations are

a 2 \7
(4.3) 4" aint1 Qan—1 = Qam — Qat1m Qa1:ns a e [1, Ng], all g.
1. N-2 02 —(N—2)n
DN o q QN—2;n+1 QN—2;n—1 = QN_M —q 4 QN—3;n QN—l;n QN;na
N (N—4)n
EAS . 2 U—an
q+ QN—I;n+1 QN—I;n—l = QN—l;n —q 4 QN—2;n7
N (N—4)n
N _ 2 V= yn
q4 QN;n+1 QN;n—l - QN;n —q 4 QN—2;n>
1) . N-1 _ 2
By'toq Ov_1n41Qv1n1 = QN—l;n — On—2:,n9Qn:2n,
N
N _ 2 —n 2
q?2 QN;2n+1 QN;2n—1 = QN;zn —q" QN—I;m
N N
N _ 2 N _n-1
q?z QN;2n+2 QN;2n = QN;2n+1 —qz " QN—I;n+IQN—1;n7
1. N-1 _ 2 —Nn 2
(4 4) CN - q QN—1;2n+1 QN—1;2n—1 = QN—1;2n —q 2 QN—2;2nQN;n7
' N-1 02 —Nn
q QN—1;2n+2 QN—1;2n = QN_1;2n+1 —q 2 QN—2;2n+IQN;n+IQN;n7
N (N=2)n
i _ 2
q?2 QN;n+1 QN;n—l = QN;n —q 2 QN—1;2n>
2 . N-1 _ 2 —Nn 2
DN+1 - q Ov_1n419Qv-1n1 = QN_l;n —q “ QN—2;nQN;na
N 2 (N—2)n
q+ QN;n+1 QN;n—l = QN;n —q ¢ QN—I;na
2 . N _ 2 —n (2
Ay q" Qvimt1 Uvin-1 = QN;n —4q QN—l;rm
2) . N _ 2 -
A2N : q QN;2n+1 QN;2n—1 = QN;zn —q nQN—1;2nQN;2n7
N 2 -
n+ n = N:2n+1 — " QN—1'2n+lgN'2n+1-
q" Qv o2nt2 QN2 Q ont+1 — 4 ; :

Remark 4.2. If g # Ag\),, the evolution equations above are equivalent to the quantization
of the Q-system cluster algebras. These correspond to exchange matrices [Ked08, [DFK09,
. ct—c -t : 0 —-C
Will5): B = c 0 ) for untwisted g and B = co0
C is the Cartan matriz of R. These correspond to the initial cluster data (Qui : a €
[1,N],i = 0,1). We choose a skew-symmetric q-commutation matriz to be the inverse of

for twisted g, where
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the skew-symmetrized matrixz B, of the form <_(3\t At/i A) with A = A9 as in Definition
[ The quantized cluster variables obey the commutation relations ([A2), and the relevant
quantum mutations [DFKQ9] are

(4.5) Agsa Qun1Qain—1 = (Qain)? — q%D;

with D, =1 except for a = N in types Ag\),_l, Dﬁll, where it is equal to £, 2, respectively.
The monomial Ty is the product of Qup appearing as the second term m the right hand
side of each Q-system relation, not including any factors of q, and the normal ordering

-1 is defined as : [] X! = q_%zKﬂ'“i’j“i“J’X{“ e X i Xo X = ¢"9 XX, The quan-
tum Q-system relations ({.3H4.4) are equivalent to the quantum mutations ([L5]) after a
renormalization of the cluster variables (see [DFK21] Lemma 4.4).

1
a

T (a=1,2,..,N),

In this section, we prove the following Theorem, which is one of the main results of this
paper:

Theorem 4.3. For each g in Table [, the limit t — oo of the generalized g-Macdonald

operators D((f%(x q) of Section satisfy the corresponding quantum Q-system relations

(4-21£4)-

Therefore the algebra generated by the elements Q. subject to the quantum Q-system
relations has a functional representation given by the difference operators of Section [3.3.3]
4.1.2. Raising/lowering operator conditions. We refer to the polynomials Hf\g)(x) B32),
which are the common eigenfuctions of Da 0(:6 q) = DY (x;q), as ¢-Whittaker polynomials.
For non-twisted g, we conjectured in [DFK21] that D[(lgl, D[(f)_l are raising and lowering
operators acting on Hf\g)( ). The following are the statement of this result for all g in Table
[, and will be proven in this Section:

Theorem 4.4. For any g in Table[d],

(4.6) D) Y (z) = ALY (a),
(4.7) DO ()1 (2) = A% 1T, (v),

where w, and W} are fundamental weights of R or R*, respectively.

Combining Theorem [4.4] and Theorem (.3 with the relevant quantum Q-system relations,
it follows that D((l?)_l(:z) is a lowering operator:

Corollary 4.5. For all g, we have the following lowering operator conditions
(4.8) D (@) Y () = A% (1 = A=) Y, (),

where o are the simple roots of R*.
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Note that the prefactor guarantees that the result is 0 whenever A — w, is not a dominant
integral R-weight, i.e. not a g-partition.
The proof follows the steps of Section 2] using the Fourier transformed operators D,(f;’% (A).

4.2. Opposite quantum Q-systems and integrability. For each g, we consider the so-
lutions Q,., which satisfy the quantum Q-system with the opposite multiplication, referred
to as the quantum Q-system. We construct a representation Dam(A) of the solutions Qam
of the quantum Q-system, subject to appropriate initial data, in terms of g-difference oper-
ators written in terms of the quantum torus Tx = (A;, T;)¥,. Elements in this algebra act
on functions of A as ¢-difference operators in A. The initial data D,.o(A) are deduced from
the eigenvalue equation (6). These are supplemented with a choice of D,;(A) ensuring
that the quantum commutation relations opposite to those of Eq. (£2]) are satisfied:

(49) Da;O Db;l = Q_A‘(‘E"’)’ Db;l Da;Ov

with A® as in ([@1]).
Definition 4.6. For all g, define

Dao = DY(A) = A%, Dy = DE(A) = A% T,
where w,, w? are fundamental weights of R, R*.

These obey the relations ([3), since AYaT“» = g=«=“»T« A“ Since all Q-system evolu-
tions are two-step recursion relations, the following are uniquely defined:

Definition 4.7. Define Dé?%(/\) = Qu., for all n # 0,1 to be the solutions of the g-type
quantum Q-system relations subject to the initial data in Definition [].6.

Remark 4.8. Due to the Laurent property of quantum cluster algebras [BZ05|, the solutions
Dq. are Laurent in the initial data {D,; :i=0,1,a € [1, N]}. Since these are monomials
in {Tu,Na,a € [1,N]}, all quantum cluster variables are Laurent in the quantum torus
generators, therefore they are q-difference operators. Although this argument doesn’t apply
tog= Ag\),, we will show that all solutions of the Q-system are Laurent in this case also.

4.2.1. Time translation operator g.

Theorem 4.9. Let D,(ff% be as in Definition[J.7. For each g there exists an element g = g®
in a completion of the quantum torus Ty, such that for alln € Z:

nale) =
(4.10) Daw = q 2" g"Dogg™,  along,
(4.11) Dyonti = q_”A‘(f‘)l 9" Dgig™", 1=20,1, a short.
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These elements are

1 ! (1)
gr ga <AN*1AN;q)oo ) g:DNa
1/2 -1\ ? 1
2( 1 -1 (1)
(4.12) (©) (97.98) (H;q)oo’ 0=Cy
1o\ 7! @)
g1 ga (E;q )oo , 9=A4A5 1
o (1. 1\t NG
groa Inzo (55397) 9= Dy,
1 -1 -1 2
91 9a (Wﬁ;q) 91 9a (ﬁ;q> = AR,
\ o [ee]

where we use the shorthand gr, ga of Equations [2.23)) and (2.24]).

Note the A-dependence of g is only via A=% where o are the simple roots of R*.

Proof. The proof is by induction on n. The inductive step relies on the fact that Equations

(410) and ([@.I1]), which can be written as

> _ At /2 ~1 |1 if along
(413> Da;m—l—ta =dq gDa;mg , ta = {2 if & short ’

are compatible with the Q—sXstem ‘evolution, from which D,., are defined. Define for all
labels a: Ty, == ng — qPe Q0 1Qupy . If (EID) hold for all m < n, then they hold for

S 0, = . .
m=n+1iff ¢Tu.g" = qA“%ata‘TamHa. This is easily checked case-by-case. To complete

the proof, we must check (EIOHLTIT) for some initial values of n. Using the form of T,.,,
we see that for long roots, it is enough to show that (£I0) holds for n = —1 and n = 0, so
we need the explicit expressions for D,, with n = —1,0,1 to start the induction, and for
short roots, we also need the expression for n = 2:

o(1 — A™%)™%a, a € [1,N],
(1 — A=) e, a short.

(4.14) D,_1 = D,
(415) Da’g - DIL
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Let ho(u) = (A= ¢")2), ha = ha(1) and hf = (q7A~%¢)z}. Then gn = [[2 has. It
is useful to rewrite the g operators of (£I12) as

1
1 2 2
9 = groaha(w), g=Dy Ap DV, u=127 resp.,

1 (1)
g%ha}ﬁ\f’ g1 ga, g:B]\{v
g = gi1g2 where g1 =<4 gpga, and g2 =9 g1hay, 9= Cz(v)>
gt ga hl}w ngAha}‘\,a g= AS%,

We use the exchange relations, valid for any =,y € Q,

(416) (g (A = aF (A (1) ()"

wWae Wa —ay, —1 —Wa _ al —Wq 1,—
(4.17) hoy T = T (1= A hg;,  hJT (1— A=) T~ bl

Long labels. In this case, we need only verify that (£I0) hold for n = £1, Note that

Dy = A% commutes with gy. In the self-dual cases g = D](\} ,Aé ]\), 15 Dﬁil, all labels are

long and Equation (EI0) with n = 1, gDu09~ " = ¢**/2D,,, follows from

— Aa,a * Aa,a
9r Do = q 2 AT gr =q 2 Dy gr.

For n = —1 it is equivalent to
= x _Baa e e -1 —
97 ' Dap = hgigy'gr A% =q 2 A% g T hoo gyt
Aa,a — —a* —w, _ _m — —
= q_T Da;O (]-_A a)T ag ! =dq 2 Da;—lg 1'
For the long labels a < N of Bj(vl), W = Wq, Ny o = a and (L10) with n = £1 follow from
972 has, 91 Dao = 45 g1 * A% T hs g/* = ¢35 AT 3% hos 91° = 43 Do 97! has, 91
and
1A 1202 Awr 8 o 1/2, -1 —1/2
9 ' Dap = g5 (h: gT/)Aaqu\“g e by gT/hl /
* * Aaﬂ —
= ¢ 2 Dyo(1—=A%)T g =¢ 2 Dy_1g7"
For the long label a = N of g = C\, 2w = wy, @I0) with n = £1 follows from
= N * * * * —
grgagr Dno = 2 grA“NgaT*N gp = ¢V AN T**N grgagr = ¢™ Do grgagr
and
_ o LN 1wt om—wt -1 —
97 Do = hos 93 97 95 97 AN = ¢7T hoy gy g ANT N gt
TN vt g1 2wt 1 — _N = ot 2wt _N = _
=q 2 AN TN (9090 )2 = q7% Do (1= A™W)T %5 g = ¢72 Dy, a g
Therefore (4I0) holds when n = £1 and a long.
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Short labels. Next we verify (4I1]) for short labels a. We claim the following half-
evolution equations hold in types B](\}), C’](\}), Ag&:
(4.18)
(4.19)

Aa.a B -1 _
7g2Da;092 - Da;lv

NI= N

.
g 2heeg Dga L D,

To see this, Equation (£I8) for B](\}) with a = N, where w} = 2wy, follows from

ANN —

D — 3 AWy T3 Ny wt rw
92DN;0921:912“A Ngp? = qr ANTN =q 2 Dy,

3

For the short labels of C'](\}), AS\),, where w, = w}, it follows from

— * a w* w* m
g2 Da;Og2_1 - gTAwang =q?2 A o [%e = q 2 Da;l~
Equation (£19) g = B](\}) with a = N, where o}, = 2ay, follows from
_ [ PR )
gDy = g3 Ay TN = gEASNTN (1 — A=K e
N\ wh 2w —ay—a /2 3 ANN
= gt ANTHN(1 — gA™ VTN 2) gl hay, =q7 2 Dyagi
When a < N —1 for C’](\}),Ag\),, fora <N -1, o} = a, and
91 Daq = grA“ gaT*" = gp A T (1 — A=) gy
= q% Da;l (1 — A_QZT_QZ) Twa agr gan = q% Da;g g1-
For AS\),, a=N,
g1 Dxa = gr AN ga bl TV = gr A“N(1 — q 2 A™°N)T*Y gy b,
N = —ak ol S
= q2 Dya(1—=ANT N)ngAh;}V =q2 Dnp g1
Equations (£I8),(&I9) imply (EIT) follows for i = 1,n = 1.

We also have the half-evolution equations for short labels:

l _ —
(420) qQAa'agllDa;lgl = Da;0>
(4.21) ¢2* g5 Do gs = Dar.

Equation (f20) is equivalent to Dy = q_%A“’“ g1 Dao 91 ! which is unchanged if we replace
g1 by g2, as only the T-dependent part gr acts on Dg,o, and the equation is therefore

equivalent to (£I8). To show (£2I]) for B](\}),
_ — _ _ 1 w* N w* _ _ —w _1
921DN;0 = gAlhO%gTQA N =gqg2 A NgAlh,OC%T NgTQ

N oy —ao —w — — -1 B —
= gz AN (L= AT"N)T™Vgithey 1% = 4% Dyima gy '
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and for a short in C’](\}), AS&,
g5 Dao = g% A% hgigXlT_w“ gr' = q7 A(1— Ao) T~ by, 19X1 9r' = a* Du195 "

These half-evolutions imply Equation (11l with i =1,n = —1.
The Theorem follows by induction. O

4.2.2. Integrability and conserved quantities. We claim that the time-translation operators
g commute with the Pieri operators for each g, which therefore have an interpretation as
the conserved quantities of the quantum Q-system.

Theorem 4.10. For all g, the operator g% (A) commutes with the first Pieri operator
HP (8).

The proof is by explicit calculation for each g. It is given in Appendix [Cl
In what follows, we need to generalize to type g the statement of Section about

the uniqueness of the solutions to the first Pieri equation. Starting with D{? (SL’)H&Q) (x) =
AT (), writing T (z) = 2*p¥(z), and conjugating (334) with 2~ results in the
equation

e Ly @/ _
+Z¢ <1F Al) 1| p® ) =o0.
eil

The difference operator is polynomial in {A=%}, «} the simple roots of R*, so we may

analytically continue the solution p§9> (x) to p(f)(x), A € CV, and then consider A to be

a formal parameter. The coefficients ¢§?j (x) have series expansions in the variables =%,
a; the simple roots of R, hence we may expand p&g’ (x) = ZB€Q+(R) cg’) (MN)z=?, as well as

c(ﬁg) (A) => €0+ (RY) C(B%ZSA“S . When dealing with formal variables, we may exchange the
summations and write a new series expansion,

@) = > @A, @@= Y e
0€Q+(RY) BEQ+(R)
The first Pieri equation (3.40) is also easily extended to formal A, as the dependence on
A~ is polynomial, while T} : A; + ¢°JA;.
Lemma 4.11. Let ©,(x) (A arbitrary) be a solution of the first Pieri equation (3.40), such
that ©)(x) = 2* > BeQ. (RY) 75(x)AP. Then when X is evaluated as a g-partition,
& ()

To(2)

Y = O (z).
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Proof. The Pieri equation is a triangular linear system for the coefficients 73(z), determined
uniquely for 5 # 0 up to the factor 7(z). The same holds for the coefficients c(g)( ) in the

expansion of p¥(z), up to &P (z). We deduce that 2*p\® (z) = 020_(5;) O©x(z). The Lemma

follows by specialization to g-partitions. U

Theorem 4.12. The action of g(A) on H(;” (x) is equivalent to acting by a Gaussian in x:

(422) g (2) = 10 (@) Y (2), 7O (x) =7(2)",
where t1 = 2 if 1 is a short label (i.e. g = C](\}), AS&), and 1s equal to 1 otherwise.

In other words, ¢g'®(A) is the Fourier transform of ~(z).

Proof. Like H ( ), the quantity g(g)(A)HE\g)(x) can be continued to arbitrary A, and we
write it as ¢(@ )(A):c ]5( (x). Multiplying the first Pieri equation by ¢® on the left, we get:

@ FO(A) 29 () = HO(A) <g<g) PP (x>) — &1(x) <g<g) 29 (z ))

hence both ¢(®) :L”\j)(f) () and z ﬁf\ (x) obey the same first Pieri rule. Apply Lemma 1T

to the function ©,(z) = ¢ :ﬁ‘p(g)( ) = g@Ware (g( ) + O(A%)). Expanding g® =
14+O(A~%), we see that the leading order term in g(® x p( )( ) has only contributions from

the actlon of the gr parts of ¢® on the leading term z*. The total contribution of the gr
terms is gi, as directly read off (£IZ). Finally noting that (g7)t 2 = y(2)1 22 T1E (),

where z = ¢¢ (using (16)), we find that the leading term is 1o(z) = v(2)" ¢ (2), and the
Theorem follows from the relation 7o(x)/ é((]g) (x) = y(z)h. O

Remark 4.13. As noted in Remark[2.12, in the cases g = Dﬁll, AS&_D Dj(vl), the relation
([A22)) boils down to the recursion relation of [FJMMO9] (Theorem 3.1) for the coefficients
Jy = Js(x = ¢") for the root systems R = By, Cy, Dy respectively (see Table[D). These
are the coefficients in the series expansion ﬁ&g)( ) = xkg(g) H( )(x) = a2 > seq, Js(@)A” A,

up to a rescaling ¢ — ¢* in the cases g = DE\}), Dﬁﬂ Here we use the notation

1/ (ﬁ;q”?)w for g = Dy}, R = By
gff):gAx 1/ <ﬁ;q2) forg:AS\),_l,R:CN.
1
1/ (ﬁﬂ]jm for g = Dy, R= Dy

Corollary 4.14. The Pieri operators e (A),a=1,2,...,N of Eq. (337) are algebraically
independent conserved quantities of the g-quantum Q-systems.
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Proof. To see that the time translation operator g'®(A) commutes with all higher Pieri

operators Hég)(A), a € [1,N], act with (¢®@(A))~'y(z)"* on the Pieri equations, and use
Theorem

gD A) () HO(A) I (2) = @ (A)TTHO(A) g@(A) TP (2) = 69 () TP (2),

which implies that ¢® (A)HP(A) g@(A) = H¥(A) by the definition of the Pieri opera-
tors. The statement follows by noting that any dependence between qY (A) would imply

a dependence between B (x), which are independent. O

4.3. Proof of Theorems[4.3land [4.4l. The proof of both Theorems relies on the following.
Theorem 4.15. For all g = D](\}), B](\}), C’](\}), Dﬁll, Ag\),_l, Ag\), we have the relation
(4.23) DY

mn

(x) 19 (2) = DO (NP (x), ac[l,N,ne€Z

a;n

valid for any g-partition X.

Theorem [4.3] follows from Theorem [4.15] as any relation satisfied by the difference oper-

ators { Dy, } implies the opposite relation for the difference operators {D,.,}. Theorem E4]
is the particular case of (A23]) with n = 0,1. We provide a proof of ([£23]) for long labels,

short labels except for B](\}), and for the short label of B](\}) separately.

4.3.1. Long labels and even time short labels. In this case, the proof is similar to that in
type Ag\l,)_l. Acting on both sides of the eigenvalue equation (6]), which we write as (Z23])
with n = 0, with v(x)~4" (9@ (A))" and using Theorem ET2]

Ag,atan
7 D) (99) T (@) = 5 Dify(@) 1" I (@) = a7 Dify, () Y ()
_ _ Aayatan _
= (g9 DG(A) 4 1P (2) = (99" DEG(A) (¢@) "1 (z) = ¢ 2 D, 1Y (x),

where we have used Definition Therefore, Eq. ([@23)) holds for n a multiple of %,.
4.3.2. Short labels, odd n for g = C](\}), AS& In both cases, a = 1 is a short label, t; = 2.
Lemma 4.16. For g = C](\}), Ag\), and for any g-partition X,

(P (@) = DEA)) 1P () = ¢ (DI (2) = DI, (A)) I (@),

Proof. Applying Equation B.46] with n = 0, acting on H&” (x),

(420) = [HOW), DY) 1P @) = (¢ = 1) (DE)(2) - ¢ DI, (2)) 1P(2),
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where we used the Pieri rule (8:40), and the eigenvalue equation (£.23)) with n =0,a = 1.
The only terms in H\¥ (A) of Equations ([3383.39) which fail to commute with D%(A) =M\

are 17 + <1 - %) T, if N > 2. Therefore,

[H{P(A), DA = [T1 + <1 - ﬁ—j) M == MT+ (7 = 1)(A = AT

= (¢= DDA + (¢ = DY (A),
where used D§?’_1(A) = (A1 — Ao)T7'. The lemma follows. O
Defining (0 = (D?}L(x) — D%(A)) 1% (z), Lemma says that ¥ = ¢~1 2.
Lemma 4.17. For g = C'](;), Ag\),, we have:
HPAN) 2P =e(z) 2P, (i =+1).
Proof. As Z(_gi =q Zgg), we may restrict ourselves to i = 1.

HEWEP = (D) HY(A) — H{ (4) DEW) ) 1 (2)

(4.25) — {ei(@) D) = D) HO W) } 1P (2) = é1(2) 2,
where we used Lemma [B14] as well as the a = 1, n = 0, 2 cases of ([L.23)) proven above. [

Lemma [£T6, together with a uniqueness argument (Lemma FTII), implies that there
exists a function ' (x) such that 2&9’ = a9 (1) H(Ag) (x), 2(_9% = qal9 () Hf\g) (x):

{D¥)(z) — DF(A) — a®(2)} IP (2) = {D¥,(z) — DIV, (A) — g (2)} I¥ () = 0.

Using this equation with A = 0, DS)_l(x) H((]g) (x) = DS)_l(x) 1 =0, using (3.42)). Similarly,
Di)_l(A) Hé,g) () = (A, — AT I (2)|5m0 = 0, since the prefactor vanishes. Therefore,
a9 (x) = 0 and 2&9) = Z(_gi = 0. Multiplying Z(_gi by (¢@)"y~2", we conclude that for
g= C’](\}), AS\),, a =1, n € Z and any integer partition A, Equation (£23]) holds.

This result can be extended to all short labels for these algebras, as follows.

Lemma 4.18. Equation ([£23)) holds for all short labels a and n odd in the case of g =
Oy, A5
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Proof. Let Ny be as in Equation (3.19). Then if a < Ny — 1, the relations of the quantum
Q-system are identical to those of type Ag\l,;_l, and hence we can apply Theorem 2.8 of
[DFK17D], which states that any solution of the relations for a = 1,2,..., Ny — 1

qa Qa;n+1 Qa;n—l = (Qa;n)2 - Qa—l—l;nQa—l;nu Qa;nQb;n+1 = qmin(a,b) Qb;n—l—l Qa;nu
satisfies
(_1)a(q — ]-)Qa;n = [Ql;n—a—i-b Qa—l;n—i—l]q“a (a = ]_, 2, ceey Ng)

Therefore the g-quantum Q-system solution D((l?,)z obeys the opposite relations

(~1)%(¢—1) D = [DP,, 1. D®_ 1 1]ge.

n

Using this and Definition B.16, we deduce that
{D5n 1 (@) = Dy 1 (ML (2)

—1)e B B
— D, @), D~ 1D2,,(4), D, ()]} 1P 0) =0

by use of Eq. (4.23)) for D[(lg_) 120 and Dgn_a with a even and for Dgn_a when a is odd. O

4.3.3. The case of B](\}) for odd n. It remains to prove ([£23]) for g = B](Vl), a = N, n odd.

(1)
The methods above are inapplicable, and instead we use expression (3.51]) for Dz(gévn)—l in

terms of Rains operators.
Recall that B}Vl)-partitions are both integer and half-integer partitions, due to the spin

representation with highest weight wy and character s, () = [[5, 1

=1 Denote

(1) 11 N 11
(426) P)\ — P)EBN ) — P)Et,—l,q2,—q2)7 P)\ _ P)Et,—q,q2,—q2)'
There is a factorization of Macdonald polynomials [vD95],

(4.27) Prioy () = 505 () Py(2), A integer partition.

The parameter specialization [@26) for Py is obtained by conjugating @gBS ))(:c, q,t) by s,
and identifying the resulting parameters (a, b, ¢, d). We must therefore consider the action
of the difference operators on both functions II, = lim;_,,, Py and I N = limy_ oo f’,\ with A
integer partitions.

Moreover, the Rains operators map the eigenfunctions of the B](\})—type difference oper-
ators to those of B](Vl)/-type, corresponding to different parameters. We denote the cor-
responding ¢-Whittaker limit of the eigenfunctions functions as IT). To these parameters
there corresponds a different quantization of the Q-system, a time-translation operator
¢'(A), and Hamiltonians.
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Specializing to the Bj(vl) parameters (a,b,c,d) = (t,—1, q%, —q%) and taking the t — oo

limit as in (3.48), (3.8) become
1
RY (@) = (AAs--Ay)? (1 < —) 11},
Ay
(4.28) RY(@)I, = (AjAy---Ay)7 104,
for integer partitions A. We identify the B(l) / specialization to be (a, b, ¢, d) = (tq%, —q3, 1, -1),
= 1 ) = Jig plietmataoy)

t—o00

Lemma 4.19. Equations [L28) also hold for half-integer partitions.

Proof. Using the specialization (a, b, ¢, d) = (t, —q, qz, —q%) as in (4.20]), in the limit ¢ — oo

B8) becomes

ROTL, = ¢¥ (AAs---Ay)? <1+%> I, RYIT, =% (AAy---Ay)2 10,
where
BY = pim 002 g dalh - RO,
RY = i MO gl ot g

by use of the limit of (£.27). Here, RE\?) and RS) are as in (B8.48). Restoring the factors
Swns
) e O Y Y 1 =
RN (l’)SwNH)\ = (A1A2A )2 14— SWNH)\7
Ay
RE\P (7) Sy ﬂl,\ = ([\1]\2 - 'AN)% Swuy ﬂ,\,

where A = ¢“VA = vt Combining this with the limit of (£27) implies that (4.28) is
satisfied for half-integer partitions A = wy + A as well as integer partitions. U

Combining equations ([A.28) leads to the eigenvalue equation for lA?(BEVl))(x) of (3.48))

(1) 1
DY (@) () = RY (2) RY () Ty = AyAg -+ Ay (1 - A—) I,
N
L . . ion DEN) _ p) pO) _ i
which is consistent with the relation Dy~ " = Ry’ Ry’ = Dyo+Dy-1, and the eigenvalues

D, in Definition (ZG).
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/
The g-Whittaker limit of the difference operators for the B](\}) parameters are obtained

as in ([A.3])), and are denoted by D! (z) = DéBEVl) )(:c), a=1,2,....N. The corresponding
limit of the Rains operator (B3) is Djy(z) = RE\?) (x) Rg\l,) (x) = Dy(z) + Dy_y(x). This
identification follows from the ¢ — oo limit of Lemma [A10, and from the eigenvalues,
which are identical to those of the B](\}) case, since {; = {y. As in the B](\}) case, We define
the generalized Macdonald operators

Dy, (x) = q "2y D () A", (a=1,2,.., N —1),
Dion(x) = ¢ ™2y Diy(z)y",
(429)  Diou(@) = ¢ "VAIRY, () Ry, (x) = ¢ 247 Dy (2) 4"

Note the reversal of the order in the last product and the different time index compared to
([B.510). The operators Dy, will be shown to satisfy the set of recursion relations below.

/
Definition 4.20. The type B](\}) -quantum @Q-system relationd] are the same as the type
B](\}) relations in (A2)—(44) except for the two equations with a = N:

N/2 2 N1 g
q /QN;2n+2 QN;2n = QN;2n+1_q 2 QN—l;n+1 QN—l;na

1-n

2 QN—l;n)-

qN/2QN;2n+1 QN;2n—1 = (QN;2n - q_% QN—l;n)(QN;2n +4q

In particular, the g-commutation relations are as in type B](\}) @2).

The eigenvalue equation for D), corresponding to any A is D/ (x) ITy = A« IT}, with w}
a fundamental weight of type Cy. Therefore, the candidate Fourier transforms D) (A)
are defined so that they satisfy the opposite quantum Q-system to that of Definition .20
subject to the same initial data as in type B](\}), D}y = A% and D), = A“T*e, D§V;1 =
AYNT®N . Together with the recursions of Def. EL20, this determines D! for all a,n. In
particular, 7

_ _ A,
1 = ;;0<1— A“)T“"“ (a=1,2,.,N —1),

_ _ 1 Q@ \ e - _ c11N
Dy._1 = Dl (1_E) <1+E> TN, Dy, = Dy, <1—QZET—N)T N,
As before, these are sufficient to determine the form of the time-translation operator ¢'(A).

6This “quantum Q-system” is new, and we call it a Q-system by analogy with the other g cases.
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Lemma 4.21. The operator

1 1
(4.30) g9 = 97 9ny, 97 Iay 9N
1

(@7 A3 @)oo

" 1

Y gAN -

/
IAn

where gr is as in (223) and gp as in (2.26)), is the time translation operator for the B](\})l
opposite quantum Q-system. That is, for all n € 7Z,

Dy = ¢ ™2(¢)"Di(¢)™"  (a=12,.,N—1),

Dg\fﬂn—l—i = q_Nn/2(g,)n D;V;i (gl)_na 1=0,1.

The Pieri rules for B](\})/ are obtained by duality. Using Theorem [B.1l with (a, b, c,d) =
(1,—1,tq2, —q2), (a*,b%, c*, d*) = (t%, —t_%,t%q%,—t_%q%), the ¢-Whittaker limit of the
first Pieri operator is

By direct calculation, this operator commutes with ¢’(A) and as a consequence

(4.31) g (M () = ~(z) T (z) .

We want to show that Dy (2)IIy = Dy, (M), (case a = N,n = 1 of [@23)). Using
412 Definition (B.51)) and the relations (£.28)), we find

_N
Dya(z) Iy = ¢ 4R§\1I?OR§\?31H>\

3 1 ]. N — 1
TNg(Al"'AN)5 (1+—) (@) (Ay -+ Ay)2 .

4.32 -
(4.32) q iy
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n -1
Recall the notation has, = []° <1 1 ) , then we have the relations <1 + ﬁ) (9h,) " =

n=0 - @

1 1

-1 1 -1 _ 1,—1m37
hes and Trn(ghy) ™ = hes T~ These allow to compute
1

g (A A (”E) (0)7 (A Aw)

N

[NIE

1 1 ) 1 B . o
= 972“ ha}‘\, 912" h’a}‘\, gA(Al c AN)2<1 + E) gAl (gXN) 1gT2 (g;XN) lgTz (Al .. AN)
1

= 97 hay, 9:% (Ag-- 'AN)%QT% (ngN)‘lg;% (Ar---An)2
= g2 s (A AN)HT T E (gh) " gr? (Ar -+ Ay)
g:%(Al"'AN)%(Tl"'TN)%g;%(Al"'AN)%

g% (Ay- - AN)E (T Tn)2 (A - Ay)2
(433) = ¢ Ay Ay (Ti--Tn)? =¢'5 Dy,

Combining this with ([32) results in the relation Dy.i(z)IIy = Dy.1(A)IIy. Multiplying
by v~ "¢" and using (&31):

(BY) (BY) A (BY) (BY)
(4.34) Dy (@) I (z) = Dy, (M) LY (), (n € Z).
This completes the proof of (£23)), and Theorems and (4] follow.

(NI

Corollary 4.22. The D'-operators satisfy the quantum B](\})/—quantum Q-system of Defi-
nition [{.20. Moreover we have the raising operator conditions for any Bf\})—partition A:

Dy (2) I = A TDy . (a € [1,N]),
Wq, ws the fundamental weights of By, Chy.

Proof. Starting from the eigenvalue equations D (z)IT} = D,II} for a = 1,2,...,N and
multiplying with v~"(¢’)", and still denoting X the prime Fourier transform of X,
Dyt @) Iy = g2 Di() " T = g "2(g')" D}y (¢) " Ty, = Dl T

For the short label @ = N, using (£29), (£28), (£33) and Dy, = Df\m = ANT@N:
1 1
g At (144 ) @0y
1 3

= ¢ F (A1 AN)2¢S Dy (Ay---Ay) 210, = Diy, I,
The relation is easily extended by multiplication with v~"(g')", resulting in D'y.,,, ., () IT} =
Dy 41 1Ty for all n € Z. The Corollary follows.

N|=

Do (@)1, = RY, RYI = ¢ 5 (A Ay)

O



MACDONALD DUALITY AND THE PROOF OF THE QUANTUM Q-SYSTEM CONJECTURE 53

5. UNIVERSAL SOLUTIONS

The relations between Macdonald eigenvalue equations and Pieri rules are embodied by
the duality property of Macdonald polynomials ([B.26). We now discuss a reformulation
of this duality in terms of universal solutions along the same lines as the case of type A,
treated in Section This allows to re-prove the main results of this paper in terms of
universal solutions.

5.1. Universal solutions.

5.1.1. Universal Koornwinder-Macdonald and g-Macdonald eigenvalue solutions. As in the
case of type A, it is extremely fruitful to think directly of z and s as dual variables, whose
roles may be interchanged. To this end, we use changes of variables:

x; = ¢ T = q" atN_i, S; = q’\i = q’\i atN_i, A b E (CN,

where we use the notations of Section B.1.4] see Equation (3.I3]). Note that if we write
PLPD (1) = 22p(*P*? (2) and substitute this into the Koornwinder-Macdonald eigenvalue

equation (B.3), we obtain

(1 =tM)(A +at" 1)
1—t

— otV e (s —I—Zé(ade JASTS — 1) pf\ade)( ;5) =0,

sj:l

where we have conjugated (34) with 2~*. Noting that ®“"*?(z) can be expanded in
series of the variables x~*| ; the By simple roots, this suggests what we call a universal
solution P(@%¢d(s: 1) of the Koornwinder-Macdonald eigenvalue equation (3.5) in the form

(51) P(a,b,c,d) (ZIZ’, S) _ q}\'u Z C(ﬁa,b,c,d)(s) ZE'_B, C(()a,b,c,d)(s) —1,
BEQ+

where () denotes the positive cone of the root lattice of By. The normalizing prefactor for
Pabed) (g 5) is such that ¢M* = 22 77"} = s#¢~P# and is invariant under the interchange
of A <+ p, therefore under x <+ s. Equation (3.5 for P(@*¢4)(z; s) and generic s,

(5.2) @Y"b’c’d) Plabed) (. 6) = gtV Ly (s) Plabed (g 5),

is equivalent to a linear triangular, generically nonsingular, system for the coefficients
c(;’b’c’d)(s), which uniquely fixes them for all 3 € Q. The solution P4 (z;s) is there-
fore unique, and we refer to it as the universal Koornwinder-Macdonald solution. The
normalization c(()a’b’c’d)(s) uniquely fixes the solution, which is otherwise determined up to
the overall normalization given by this coefficient.
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Specializing the Koornwinder parameters (a, b, ¢, d) according to Table [Il, we obtain the
universal solutions P®(z;s) of the first g-Macdonald eigenvalue equations (3.23)):

(5.3) D PO (1 5) = t7 &1 (s) PO (x; 5).

These universal solutions have the expansion

(5.4) PO@s)= ¢ Y fs)a™, fs) =1,
BEQ+(R)

with the coefficients c(ﬁg)(s) uniquely determined by (5.3]), up to the normalization c(()g)(s).

Remark 5.1. The apparent discrepancy between Q. in (1) and Q4 (R) in (B4) is just
an artifact of the specializations. For instance using the C](\}) specialization (a,b,c,d) =
t/2(1, -1, ¢"2, —¢'/?) leads to an operator @gCN)(x; q,t) which has an expansion as a series
of the variables {1/} 1<i<n_1 and x5, as opposed to the generic case @ga’b’c’d) (w5q,t)
which has an expansion as a series of the variables {x;11/x;}1<i<n—1 and :EJ_Vl. This simply
means that the series solution of the Macdonald eigenvalue equation at the specific C’](Vl)
specialization is an even function of :EJ_Vl, i.e. the coefficients of odd powers of x]_vl vanish.

Remark 5.2. Specializing s = ¢*? to \ an integer partition, and using the uniqueness of
the universal solution, we recover the Koornwinder polynomial

(55) P(avbvcvd)(x; S = q)\tp) — t—p*-)\ P)Ea,b,c,d) (,f(j‘)

The specialization therefore truncates the series (5.1l) to finitely many terms. Specializing
the Koornwinder parameters to the values in Table [1,

(5.6) PO (z;s = ") = 177" PO (2),

for X\ an integer partition, p = p® and p* = p9).  Moreover, by uniqueness, (5.0)
holds also for \ any g-partition, for example the non-integer partitions in the cases g =
Dj(vl), B](\}), D](\?Zrl. This presentation is therefore more economical, as a single universal func-
tion P9 (g: 5) contains the information on all the g-Macdonald polynomials as well.

Another important specialization of the universal Koornwinder function P(@%¢d(z: s) is

the Koornwinder Baker-Akhiezer quasi-polynomials introduced by Chalykh [Cha(2]. The
latter correspond to specializing the paramaters a,b,c,d,t to arbitrary negative integer
powers of q. The effect is again a truncation of the series to finitely many terms.

5.1.2. Universal Pieri solutions. We also define the universal solution Q%9 (s;z) of the
first Pieri equation (3.17):

(57) Q(a,b,c,d)(s; LE) — q)\-y Z E(Ba,b,C,d) (x> S_B, Egz,b,c,d) (I’) -1
BEQ+
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subject to:
~ a.b.c rr~(a,b,c,d a,b,c
é1(2) QoD (s;.0) = F™ (51.9,1) QPN (s ),
where
I (s, t) = NI (s g0 07
1

a* *C* * _ a*7b*7c*’d* a* *C* *
(5.8) = g A ()T DI (5.6, 1) AT (s),

: : : > (a,b,cd : L
The series expansion (5.7 exists because iH(a o )(s;q,t) has a series expansion in the

variables s7%. As above, the normalization c(()a b cd)( ) = 1 uniquely fixes the solution.

Specializmg the parameters (a, b, c,d) as in Table [l we have the universal solutions to
the first g-Pieri equations (3.30):

(5.9) é1(z) QU (s ) = H (s:q,8) QU (s; 2),

Where we have used the fact that A(R)(x) = ¢é1(z) for all R, and §c§9)(s = At?;q,t) =
P AR (A; g, ) 17>, with H (A; ¢, ) as in B3D). The solution Q@ (s;z) is a series of

the form
QU(sie)=¢" Y &P (0)s, af@) =1,
BeQy
where the sum extends over the positive root cone @)% of R*. Due to triangularity, the
coefficients of the series are uniquely determined by (5.9).

—Qy

5.2. Duality.

5.2.1. Duality of universal functions. The duality of Macdonald polynomials can be ex-
tended to the universal functions as follows.

Theorem 5.3. The functions Q@Y (s;x) and P@b*9 (z;5) are related via

P(a,b,c,d) (ZL’; S)

(a,b,c,d) ( .. [ S
(5.10) Q (s;2) = Alabed) (z)

with A4 s in (3.14).

Proof. The proof is similar to that of Theorem 2.I5. The universal solution P(®*%4)(z; s)
also obeys the Pieri equation (5.8]), as a consequence of the existence of a solution to the
bispectral problem [Che95b, vD96, [Sah99| [Cha02], i.e. of both Koornwinder eigenvalue and
Pieri equations, and of the uniqueness of the solution up to the overall normalization deter-

mined by the leading coefficient. Expanding the coefficients c(a bed(g) = 3 50 cﬁa(;b o) g
allows to write an expansion

b, d A ~(a,b, d _5 ~(a,b,c,d b,c,d) —
P(a c, LU 8 =q " Z (a,b,c, : C((;a c )(ZL’) _ C(Ba(; c, ) g.
0EQ+ BEQ+
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Ehe Pieri equation uniquely fixes the coefficients in this expansion, up to the overall factor
A(“’b’c’d)( ), hence P@bed)(g; 5) = é(()a’b’c’d) (z) QP9 (s; ) as a series in s~
To compute c(a e d)(x), we note that it can be extracted as the successive limits s; — oo,

Sy — 00, ..., sy — 00 of P9 (z:5). Let us examine the m eigenvalue equation (3.6)), for
P(“’b’cvd)(x s) = (e plabie,d) (x) + O(A‘O‘i)). Writing

@%,b,cd d(abcd Z Z dlem )HFZIa

IC[1,N] ep==%1 kel
m<m kel

we have

At @) = bnlm(@)+ Y D drem(@) [JAFTE | (@ () + O(A7)) =0,

IC[1,N] ep=%1 kel
|I|[<m kel

where 6, = om¢mN="37), Dividing by AjAy---A,,, we find that all the terms have a
factor of the form A=" for some 8 € )L, and only those with 3 = 0 survive in the limit
|A1| >> |Ag| >> -+ >> |A,,| >> 1. This leaves us with

92 (a,b,c,d)
A1 Ly, — m Co =0.
(5.11) ( 1l dim (x)) ¢y () =0

Let us compute dfj ) (+ymm(x). From Definition [A-8] and the explicit expression of the

van Diejen operators (A.8{A.9]), we easily see that the coefficient of 1T’y - - - T, in Plabed)
a,b,c,d)

comes from the highest order van Diejen operator %S , and more precisely from the

term s =1, J; = J ={1,2,...,m} in (AS):

(1 —2?)(1 — ga?) 1 —zw; 1—quiz;

dpml,(+)mm(T) =

i=1 1<i<j<m
« H 1 —tl’il’j tl’, —l’j‘
1<i<m<jn - Titi Vi T
Using

931 — ﬁ (1 B 9%%)(1 B qi‘?) H 1= Z'ill‘j 1- qxixj
A ) (+ym m () L(l-) -2 -H)0-24) ey 1 o R

1—-L 1z

< Il —7——=

1<i<m<j<N tr;T; ta;

we conclude that &""“?(z) and A@bed (1) of (BI) both obey (BII) for m =1,2, ..., N,
so their ratio must be a constant as it is invariant under the action of each I';. This constant
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is 1, by noting that ¢~ *#P@bed) (3 5) — 1 and Al@*<9) — 1 in the limit when all 7% — 0.
The Theorem follows. O

Using the specializations of the parameters (a, b, ¢, d) as in Table[I]

Corollary 5.4. The functions Q@ (s;x) and P (x;s) are related via
PW(z;5)
(@ (g ) — ’
with AW as in B27).
It is now a simple exercise to relate the universal (a,b, ¢, d) Koornwinder-Pieri solution
to the universal solution of the (a*, b*, ¢*, d*) Koornwinder-Macdonald eigenvalue equation.
As a result we have the following duality relation between universal Pieri solutions.

Theorem 5.5. We have the following duality formulas:

(5.13) Q) (;.5) = QU (s ),
and their g specializations:
(5.14) Q) (x;5) = QW (s;2).

Proof. For conciseness, we omit the superscripts (a,b,c,d) and use the superscript * to
stand for (a*,b*,¢*,d*). Starting from the equation H(s) Q(s;z) = é,(z) Q(s; z), using
(5.8), we have
Di(s) A*(5)Q(s;x) = ot &1 (s) A™(s)Q(s; ).

Interchanging the variables z <> s, we find that A*(x)Q(z; s) is a solution to the (a*, b*, ¢*, d*)
eigenvalue equation. Moreover, using the normalization of Q(z;s) with s and x inter-
changed, we have for small {z=*}: A*(2)Q(z;s) = ¢**(1 + O({z~*})). We conclude
that A*(x)Q(x;s) = P*(x;s) by uniqueness of the solution. The Theorem follows from
P*(x;s) = A*(x)Q*(s; ) by Theorem applied to (a*,b*, c*, d*). O

This can alternatively be rephrased as duality between Koornwinder-Macdonald eigen-
value universal solutions:

(515> A(a*,b*,c*,d*)(S>P(a,b,c,d) (SL’, S) — A(a,b,c,d) (SL’) P(a*,b*,c*,d*)(s; ZL’),
and their specializations:
(5.16) A (5) PO (z;5) = A®(2) PO (s; ).

Some of the above relations appear in different guises in the literature: explicitly in
the type A case [NS12] (see also Section 2.13), implicitly for the other types [Che95bl,
Che97] where universal functions are obtained as x, s-symmetric reproducing kernels. We
now detail the explicit link between the universal function duality relation (.15 and the
Koornwinder polynomial duality (B12I).
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Theorem 5.6. The universal function duality relation (5.15) reduces to the Koornwinder
polynomial duality relation B.12) upon specializing the variables x = ¢"t*" and s = ¢?
for A, i integer partitions.

Proof. Starting from the universal function P(®*¢%(z; s), we use the specialization s = ¢*t*,
leading to the Koornwinder polynomial P(b:ed)(g: M) = ¢=e"> pL*beD (1) - Similarly, us-
ing the specialization z = ¢*#*" on the function P ¥4 (s: ) leads to P(@"*"¢"d") (s ghtr") =
t=rn pLY ) (6)  The double specialization s = ¢M?, z = ¢#t?" of (515) results in

(517) t—p*~)\ A(a*,b*,c*,d*)(q)\tp) P)Ea,b,c,d) (qutp*) —tPH A(a,b,c,d) (qutp*) P/Ea*,b*,c*,d*)(q)\tp).
The relation (3.12)) follows from the following identity:

a*,b*.c*,d* a*,b*,c*,d*
AN P s D (t)

(5.18) . :
A(a,b,c,d) (q,utp ) P)Ea,b,c,d) (tp* )

itself a consequence of (B.IH), and of the identity A" <d)(¢r) = Al@bed)(#™)  The
Theorem follows. O

Similarly, under the suitable specialization, the g-Macdonald duality relation (5.16]) re-
duces to the Macdonald polynomial duality (3.26) for # = ¢#t*" and s = ¢*t”, where ) is
any g-partition, and p any g*-partition.

5.2.2. Duality of universal solutions in the q-Whittaker limit. Universal solutions of the
g-Macdonald eigenvector and g-Pieri equations simplify drastically in the ¢ — oo limit.
They read:

(5.19) M@ (2;A) := lim ¢ PO (23 A7) = 2 ) P(A) 2P,
BEQ+(R)

and

(5.20) K©(A;2) := lim ¢ QW (A3 2) =2 ) &9 () A7,
BEQ+(R*)

with cgg)(A) = E(()g)(x) = 1. Note that the limit ¢ — oo has broken the previous symmetry
x <> s, as the s variable itself contained a t-dependent factor. However, Corollary 5.4] of
the previous section turns into the following.

Theorem 5.7. The universal solutions I1®(z; A) and K (A;x) are related via:

(5.21) M@z A) = AW () K@ (A;2), AW(z):= tlim A () = | | (1 —279).
—00
a€Ry 1 (o)
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The eigenvalue and Pieri equations are:

(5.22) DO(z) IO (z;A) = A% 0 (x;A),
(5.23) HONKDA;2) = 6B (2)KO(A;2).

Both equations for a,m = 1 turn into simple triangular recursion relations for the coeffi-
(9)

cients ¢’ (A) and E(Bg)(x) respectively.

5.3. Fourier transform and proof of the Macdonald- Q-system conjecture. Like
in the case of type A, we may reformulate the Fourier transform (L3) in the ¢g-Whittaker
limit in terms of universal solutions via:

fla)I®(z;A) = O I (@3 8) & fla) KO(Ar) = F(A) KO (A ).

The main result of Section []is the relation (£.23]) which expresses the fact that D[(l%(/\) is
the Fourier transform of D[(lg%(x) In terms of the universal Pieri solution, we expect:

D) (x) K®(Asz) = DS (A) KW (A ).

As a consequence any relation satisfied by the D’s is satisfied by the D’s in the opposite
direction, thus proving the Macdonald Q-system conjecture. The proof of these identities is
identical to that in Section 4, and relies on the Fourier duality between ¢®(A) and 7@ (z),
whose adjoint action respectively generates the discrete time translation in the A and =z
pictures:
30 (2) KO(A;2) = g@(A) KO(A; ).

The proofs rely on a uniqueness argument which can be rephrased as follows. The universal
Pieri solution K@ (A;z) (5.20) is fixed by the Pieri equation (5.23) for m = 1, up to an
overall multiplicative function independent of A, and fixed by the leading term normaliza-

tion E(()g) (x) = 1. Any other series solution of this Pieri equation is therefore proportional

to K@ (A;z), by a factor independent of A.
As we saw in Section [£.3.3] the case of odd times a = N for g = Bj(vl) required the use of

Rains operators, and the mapping to a companion theory B](\}), with its own g-Whittaker
polynomials and quantum Q-system. Let us rephrase the action of Rains operators at
finite ¢t ([B.8) in the B](\}) specialization (a,b,c,d) = (¢, —1,q2, —q%) of Table [l in terms
of universal Macdonald functions. Let us denote for short P(x;s) = P(Bgvl))(x; s) and
Pl(z;s) = P(Bgvl)/)(x; s) the respective universal Macdonald solutions. As both Bj(vl), Bj(vl)/
share the same & = & = 1, ie. 0 = o/ = t7 and R(g) = R(g') while #/ = tV="*1 and
17 = q2tN=*1 we may rewrite (3.8) as:

Ry (w) P(as;s) = F(s) P'(x;5), RV V(2) P'(2;8) = F'(s) P s),
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with
N N
F(s) =] +t72s), Fl(s)=t"NI2T](1+ 172571,
i=1 1=1
where we have used the same notations as in the proof of Lemma [A.T0l with u = ab/o =
—t%, and taken into account the product formula ¢ = ¢t~V 22 Hf\il s;. Taking the limit
t — oo results in:

N

RO T(x; A) = (AAg - - Ay) (1+i) (25 A), RY IV (;A) = (AAg- - Ay)2 TI(2; A).

Ay

The steps of the proof can then be repeated identically, in particular establishing that
Y(z) '(z; A) = ¢'(A) I'(z; A), and then D7, 1I'(x; A) = Dy, II'(x; A) for all a € [1, N] and
n € Z, as well as finally D,., [I(z; A) = D,., I(z; A), from which the main Theorems follow.

6. DISCUSSION

6.1. Companion quantum @Q systems. Part of the proof of our main theorem, concern-
ing the short label in type Bj(vl) (Section [£.3.3)), revealed that acting with the Rains operators
(B.8) and their 7,-translates on the g-Whittaker functions gives rise to a companion system
B](\})/ to the B](\}) quantum Q-system. This new system has the same classical (¢ — 1

limit) as the Bj(vl) quantum Q-system but corresponds to a different specialization of the
Koornwinder parameters (a, b, ¢, d), and has different Pieri operators and time translation

operator (A.30]).

One can obtain two further companion systems using the Rains operators, illustrated in
Figure[6.I], from the theories at specialization parameters corresponding to g = Ag\),_l, Ag\),
These also have the same classical limit as the respective quantum Q-systems, and may
be considered as alternative quantizations. In type Ag\),, which is not a cluster algebra
mutation in the first place, the companion system is, in some sense, simpler and more
natural from the quantization point of view, and appears to be the one related to the
graded tensor product character formulas of KR-modules [Lin|.

Using the definition of the Rains operators ([B.7)), together with the properties (B.8) of
Section B.1.3] from with the specializations of Table [I, one obtains from the g-Macdonald

polynomials P;g)(aj) companion polynomials P)Eg,)(x), using three different specializations
1 1

of the Rains operators, iRE\O,) = iRg\l,’_l), 315\1,) = R%’_l) and 315\2,) = 9%5@7"”’. In the cases

g= DE\}), Dﬁll, C](\}), the Rains operators leave the g-Macdonald polynomials invariant up

to some scalar, so that g’ = g. In those cases, the Rains operator is itself a Koornwinder-

Macdonald operator, as shown in Lemma [A.13l Only the specializations g = B](Vl), Ag\),_l

and Ag\), are mapped to new companion theories g’ # g.
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BJ(\}) (tv—luq%v_q%) Ag\)/ (t,—l,t%q%,—t%q%)
jQ(l)( éyw) 923?( >9z<2)

AR (t2,—t2,q2, —q2) 29 DY (1,-1,q2,—q2)
3153)( )fR(NO)

ARLL (1, —1,t3g5, —tigR) w0 DY (b -Ltgh,—g2)

FIGURE 1. The nine families of Koornwinder-Macdonald opera-
tors/polynomials. We have indicated the Rains operators that intertwine
the various theories, and the specializations of the Koornwinder parameters
(a,b,c,d).

In the ¢g-Whittaker limit, the Rains operators tend to R(O), Rﬁé) of (B49H3.50) and to

1 1 xelxej N
2 . —N(N+1)/2p(t2,—t2 { €/2
R§V>:t1££10t (NED2REED — § H 251_ 11 7x€ixfﬁj—1nr"/'
(] i=1

€1,...,en=*1 i=1 1<i<jSN

These map the ¢-Whittaker polynomials 1Ty = H(f’ to a multiple of the monic companions
IT\ = H( = limy_,00 Py @) More precisely (c.f. (£28) for Bj(vl)), (B:8) implies the following
mapping of polynom1als

Aéi\)f_l . Ry )H)‘ = (A1Ay - AN)% < + ﬁ) 11, RE\%) Ty = (A1Ay - .AN)%HM

For the new companion cases A2 N—1) ASV , we define companion Koornwinder-Macdonald
operators by specializing Definition [A.§ for m = 1,2, ..., N at the appropriate values of the

parameters as in Figure [l Their ¢-Whittaker limits are denoted by D = D,(ﬁ/), and
their 7, -translates are defined for all a € [1, N] and n € Z as follows:

2)’ —na ., —n n .
Aé]\)f—l : D;;2n+i =dq 7 D;;ﬂ s (Z = —1, 0)
Aé%\)[l : D;;n _ q—na/2 fy—n D; fyn7
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where Dy, is defined as in (3.42)) with the suitable function (;SZ(-?E, )(2). Note that all labels

of Ag\),l_l are short and all labels of Ag\),l are long, which is the reverse of the case for
the un-primed theories. Using the methods of this paper, it can be shown that these
new operators obey new quantum Q-systems, with the same g-commutation relations and
recursion relations as their non-primed companions, except for the label N, where

2)’ _
Aé&_l : qN QN,2n+2 QN,zn = Q?v,znﬂ —q n Q?V—1,2n+17
g~ Onant1 Onon-1 = (QN2n — ¢ "QN-120)(Qn2n + ql_nQN—1,2n)7
2)/ _n
Aéz& : C.IN QN,n+1 QN,n—l = ?vn —q 2QN,nQN—1,n-
for all n € Z. To derive these results, we first define the candidate Fourier transforms D(’m

via the opposite quantum Q-systems and same initial data as the non-primed companions
(that is, the same values of w,,w}), and compute the time translation operators:

AR g =groa ! grga !
A (AN @) (AN Doo(—aAN @)oc
, 1
Ag\)/ : 9, = grga W’
N o0

which commute, respectively, with the two Pieri operators or Toda Hamiltonians

=

(=32) T+ (1-2) () T

N
ART e HI(A) =T+ Y (1-222) T +
1=2

1M

P

N
AR HW =T+ Y (=) T+ Y (180T () Ty — o
1=2

=1

obtained from the ¢g-Whittaker limit of the specialized operators of Theorem (B.I)). After
proving that ¢'Ily, = ~"II} (&, = 2 for Ag\),,_l, ty = 1 for AS\),,), one concludes that
DIl = D). 1T} and the quantum Q-system relations for Dy, follow.

Finally, matching the specialization of the formula ([B.I4) for A®) with the form of
the product over affine roots ([B.27), we make the following identification of affine roots
corresponding to g':

R++ :{(n—%)é-{—ei: 1<i<N, nZl}u{né—i-(ei:l:ej): 1<i<j<N, n>1}
2 ! o~
Aé]\)f_l : R++ ={(2n—1)6+2¢;: 1<i<N, n>1}L{nd+(e;+e;): 1<i<j<N, n>1}

2 / ~
Aé& D Ry ={(n-1)dtei, 2n042¢;,: 1<<N, n>1}{nd+(eike;): 1<i<j<N, n>1}.
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6.2. Universal solutions and Path models. In Section B we introduced universal so-
lutions P(z;s) and Q(s;x) for the various eigenvalue equations and Pieri rules, by solving
an infinite triangular linear system of equations for the expansion coefficients in each case.
Remarkably, the solutions can all be put in the form of path models, such as that for the
g-Whittaker vectors in the Ag\l,)_l case [DFKTIT], see also [GT21]. As shown in Example
216, this results in an interpretation of the solution of the triangular system as a partition
function for weighted paths on the relevant positive root cone Q1 or Q7.

Let us start with the case of Q(s;z) = ¢** ZBEQi cs(r) s7P, ¢y(x) = 1, the series solution
of the Pieri equation H;(s) Q(s;z) = é1(x) Q(s; x) (either the Koornwinder or g-Macdonald
Pieri rule). The important fact is that H;(s) is a g-difference operator in the variable s of the
form H,(s) = SO0, > e—o+1 Pic(s)TF, where the coefficients h; . are rational functions of the
variables {57 }, with o} the simple roots of R*. Factoring out the common denominator
in the coefficients, h;.(s) = p;(s)/q(s) with p; (s) and g(s) some polynomials in {s™},
the Pieri equation is equivalent to <é1( Ya(s) =SV S _ot1 Dic(8 )xﬁTf) ¢ MQ(s; ) = 0.

The difference operator can be written as S0 | 37 _ —0t1 2acu+ Miea(T)sTTF for some -
dependent coefficients h; . o(x), where o is summed over a finite subset U* of Q.. Noting
that T s = ¢=<"Ps7P and that s™*s7" = s~(@*+8) and collecting the coefficient of s~
in the Pieri equation, we obtain S 8 37 _ 01 2oacr- Mieal) g P s o(x) = 0, or
equivalently

<Zh“0 —> == Y hicalr)g e o ().

i acU*\{0}

The factor on the left hand side is non-vanishing for generic x and is therefore invertible.
The path model interpretation goes as follows. Given the initial data ¢o(x) = 1, the
coefficient ¢g(x) is the partition function of paths from 0 to 8 in Q% consisting of steps in
the finite subset U* \ {0}. Each path has a weight equal to the product of vertex and edge
weights along the path, defined respectively as

-1
= (Z h@e,o(x)q—eemo) , Wy = 17 Wep—a,p = Z hl . a —Eez p—a)
i€

for any ¢ € Q%, o € U*\ {0}. The weight of a path p is a product over its vertex and edge

sets v(p), e(p):
H Wy X H Weo—a,p;

p€v(p) (p—a,p)€e(p)
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and the coefficient ¢g(x) is the partition function of all such paths

G(r)= > w(p).

pathsp in Q:
from 0—f

A similar argument leads to a formulation of the Macdonald eigenvalue equation universal
solution P(x;s) in terms of a path model on Q.

The path model for the Pieri solution simplifies drastically in the g-Whittaker limit
as the Hamiltonians are directly polynomials of the A=%, giving rise to a small set of
steps U* \ {0}. For instance, by inspection of (B.383.39), we find that for all g, w;' =

N € —ef-e;
> it Ze::l:lxi(l —q 0.

Example 6.1. In the case g = Af), the q- Whittaker limit of the Pieri equation is

A 1 1
0 = (+(1-22)(L+T7Y+(1-— )T — —— (w1 + a7 + 20+ 25)
Ay Ay Ay

. A\ /1™
X xi‘lxga Z Crom () (A_j) (A—2)

n,m>0

expressed in terms of the variables A= = 2—?,/\‘0‘2 = Aiz, a; the simple roots of By, and

with the normalization ¢y o(x) = 1. The is equivalent to the recursion relation

b (2) = ¢ g "+ 21 )1 m(@) + (@ 4 D (@)
’ r1(g7" — 1) + 27 (q" — 1) + 2o(qv™ — 1) + x5 (g — 1)
which has the form ¢, () = anmCn1,m(T) + bpmCnm—1(x), the solution is

Cnm () = > IT w..

paths p:(0,0)—(n,m) steps s€p

where the is sum over all the paths on Z2 with steps (1,0) and (0,1), from the origin to
(n,m), of the product of step weights w, where wy = a; ; for a horizontal step (i —1,7) —
(i,7) and ws = b;; for a vertical step (i,5 — 1) — (i, 7).

6.3. Universal solutions and ¢-Whittaker functions. We have used the terminology ¢-
Whittaker functions for the ¢ — oo limits of Koornwinder-Macdonald polynomials. Strictly
speaking, H(Ag) (x) is a class-1 ¢g-Whittaker function for the quantum universal enveloping
algebra of a simple Lie algebra only in the cases where the Pieri operators are known to
be g-deformed quantum Toda Hamiltonians. These are related to the quantum Q-system
of types g = AE\l,)_l, D](\}), D](\?Zrl, AS&_D whose conserved quantities are the relativistic Toda
Hamiltonians, of types Ax_1, Dy, By, Cy, respectively (see Remark B.10). By analogy, we
call all the eigenfunctions H(Ag) () ¢-Whittaker functions for all g in this paper. These share
a number of properties.
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In the g-Whittaker limit, the universal series solutions of the g-Macdonald eigenvalue
equations and the Pieri equations (5.I19H5.20) of Section [l when specialized to A a g-

partition, reduce respectively to the analogues of class-1 ¢-Whittaker functions Hf\g)(x) =

1@ (x; ¢), and the analogues of fundamental ¢-Whittaker functions \Iff\g) (r) = K@ (z;¢").
The former is a Weyl-symmetric polynomial in z, whereas the latter is a non-symmetric
series solution of the relativistic Toda equation with prescribed leading term. It is asso-
ciated with the highest weight Verma module V), where p is obtained from the variable
x = ¢°™". In the theory of Whittaker functions, the fundamental Whittaker function is
convergent only in a particular Weyl chamber. The class-1 function is a linear combination
of fundamental Whittaker functions, regular in all the Weyl chambers. It is obtained via
a symmetrization over the Weyl group action on the fundamental solutions with suitable
coefficients.

A subtlety arises in the study of convergence of the above series. In the definition of

A®(z) as an infinite product, it is assumed that || < 1 for convergence. On the other

hand, the series K® (¢*; z) or \If(f) (x) is well-behaved for |¢| > 1. Obviously H(Ag) (x), being
a polynomial, makes sense for both |¢| > 1 and |q| < 1. Note that the infinite product

1

X ——
[Tnzo [aer, (1 —gm27e)

is another solution of (2.39), convergent for |g| > 1 instead of |¢| < 1. (To see this, note that
conjugating I'F! with A (x) or A®(z) yields the same result.). The remarkable fact is

(9)(

that as a convergent series for |¢| > 1, A (2) U{¥(z) is not equal to the polynomial class-1

q-Whittaker function H(f) (x). We conjectureﬁ that for general g it requires a symmetrization
over the Weyl group, valid for |q| > 1:

(6.1) 1 (z) = Z AW (wz) U (wz).

weW

We end up with two characterizations of K(A;z): (1) as a series with |g| < 1 in the
variables A=%, equal to I1® (z; A)/A®) (z) (by Theorem [5.7) and (2) as a series with |¢| > 1

equal to \Iff\g) (x) when A is a g-partition. The polynomials H(f) (x) are expressed in terms
of both, but with very different formulas for |¢| < 1 and |¢| > 1.

"Such a symmetrization formula exists relating classical fundamental and class-1 Whittaker functions.
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Example 6.2. Let us illustrate the above in the simplest case of Agl). Denoting by u =
Ta/21, v = Ng /Ay,

n—1

1— %
plu;v) = a7 May? O(x;A) = Zu 1_[i

1— q—z—l’

TL2 n
k(v;u) = SL’)\liL’ )‘QKAx ¢ —.
(i : Z T (- ) — uq)

With A(u) = (qu: ¢)ee and Alu) = 1/(u;¢ Ve,

p(uiv) = ( )k(v'U) (|CI| <1),
Iy, () = 371 $2 A( )k( )+x2 371 A( )k(q/\Q_/\IQU_l) (lg] > 1),
= y'a)? p(u; ) (|CI| <1),

where the second and third lines hold for any integers Ay > Ao > 0.

6.4. Summary/Perspectives. We have proved the Macdonald operator-quantum Q-sys-
tem conjectures, which state that suitably defined, 7. -translated g-Macdonald difference
operators, in the g-Whittaker limit, obey the g-type quantum Q-system relations, and may
as such be considered as cluster variables in a suitable quantum cluster algebra in all cases
except AS\), The proofs cover the cases g = Ag\l,)_l, DS), B](\}), C](\}), AS\),_I, AS\),, Dﬁll, and
rely strongly on the duality between the Koornwinder/Macdonald eigenvalue equations and
the associated Pieri rules.

We have proved that the conserved quantities of the g-quantum Q-systems are the g-Pieri
operators in the ¢-Whittaker limit, which in a number of cases can themselves be identified
with known ¢-difference Toda Hamiltonians. Our construction provides explicit expressions
for all (higher) Hamiltonians as well. It would be interesting to explore the combinatorial
content of these, possibly in the language of cluster integrable systems [GK13].

We have constructed time-translation operators g(A) for all g that commute with the
corresponding ¢-difference Toda Hamiltonians. More generally, in the spirit of [SS1§], it
would be desirable to construct commuting Baxter ()-operators Q(u; A) that coincide with
g(A)~t at w = 1, but are in general quantum-dilogarithmic generating functions for the

Hamiltonians. In all cases but Ag\),, such a construction should exist in terms of mutations
of the corresponding quantum cluster algebra.

As another by-product of our proofs we have unearthed a remarkable structure involving
three more companion theories B A( on—p and AQNI and their associated quantum Q-
systems. It would be interesting to further investigate their quantum Laurent property, as
well as their combinatorial content, in particular the meaning of the associated fermionic

sums which in the known cases provide g-multiplicities of decompositions of KR modules
onto irreducibles (see [DFK14, DFK1S]).
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The quantum Q-system relates to the ¢-Whittaker limit of Macdonald-Koornwinder the-
ory, but it is natural to consider the extension of some of our results to finite . The

time-shifted Macdonald operators Dfﬁ%(m; q,t) by iterated conjugation by ~(z) were con-

sidered in [DFK19] in type Ag\l,)_l, and are generators of the spherical DAHA or, in the
limit N — oo, the quantum toroidal algebra of gl; or the elliptic Hall algebra. In the
Koornwinder we again have elements of the corresponding spherical DAHA but the limit
N — oo is still to be understood.

Moreover, in type AE\l,)_l a t-deformed analogue of the time translation operator g(A) was
defined in [LNS20] (see Proposition 4.2), and conjectured to act diagonally on the so-called
Non-stationary Ruijsenaars function, introduced in [Sh19] as the (conjectural) universal
series solution to the elliptic Ruijsenaars operator eigenvalue equation, also related to the
geometry of affine Laumon spaces. We expect this operator to play the same role for
the finite ¢ macdonald case as g(A) for the q-Whittaker limit ¢ — oo, i.e. to be the
(Macdonald) Fourier transform of the Gaussian for finite t. We believe there should exist
a cluster algebra formulation of this operator. It would also be extremely interesting to
investigate this operator for general Koornwinder theory.

APPENDIX A. DERIVATION OF THE g-MACDONALD OPERATORS

We combine several constructions [Mac01l vD95| [Rai05] of commuting difference opera-
tors corresponding to the affine algebras in Table[Il The goal is to construct an appropriate
set of N commuting operators for each g, with eigenvalues proportional to the symmetric
functions in Table 2, which form a basis for the space spanned by the irreducible funda-
mental characters of the Lie algebras R. This choice of g-Macdonald difference operators
is designed such that their g-Whittaker limits satisfy the type g quantum Q-systems.

A.1. Macdonald’s operators. For each affine algebra g in Table [I], except for the case of
Agi’, and for each minuscule co-weight of S, Macdonald defines a difference operator with
eigenvalue which is a fundamental character of R* [Mac01].

Let {e;}1<i<y be the standard basis of RY with the standard inner product (-,-). For
the set of variables x = (2, ..., xx), we denote z¥ = 7' - - -z for any v = ). vie;.

There is a surjective map , : R — S, a — a, = a/u, € S, for some real u,. In the case

where R # S, u, = mé—o‘), so that u, = 1 in all cases but for the short roots of type By or

the long roots of type Cly, in which case it is equal to % or 2, respectively.
Let m =) me;, and defindi

1—tx®
Al b, = _— I, = rre.
(A1) = ]l 7= =1IT
aER+ 7
(0% )=1

8We choose Macdonald’s parameters t, = t for all «, independently of the length «. This allows us to
obtain the dual ¢-Whittaker limit by simply taking ¢t — oo.
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Algebra | Positive roots R fundamental weights w,
By |e, i€l,N]; wi=Y e i€[LN-1];
k=1
. 1
eiEte;, 1<i<j<N wN:§;ek

Cyv |eite, 1<i<j<N;2e i€[LN]|w=>) e, i€cl[lN]

7

Dy |eite;, 1<i<j<N wi=Y e i€[LN-2;
k=1
1N
WN:§;6I€> WN—1 = WN — EN

TABLE 4. Positive roots and fundamental weights of the finite dimensional
algebras of types BCD.

For each minuscule weight 7 of SV = {2 € S}, i.e. a weight such that (7, a.) €

{0, £1} for all o € R, there is a Macdonald dlfference operator €, which acts on functions
f(x) by the symmetrization

(A.2) Exf = w(PI.f).

weWw

We list below the explicit formulas for each case treated in [Mac01]. The construction refers
to the positive roots and fundamental weights for the simple Lie groups of types BC'D in
Table [l

A.1.1. Macdonald operators for DS). Here, R = S is the root system of type Dy. There
are three minuscule weights: w; = e1, wy_; and wy. Equation (Al becomes

N N-1
P H 1— t.CL’lLU] t.ﬁ(]l ,I'] P H 1-— tﬂ?iﬂ?]‘ t.CL’Z —IN
w1 = WN -1 - 9
1—mz; 21— x5 1 —azz; Ti—T
i=2 195 =1 1<i<j<N-1 P e TN
P . 1— t.ﬁ(}il’j
w = 1 T
1— XiZj

1<i<j<N
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The Weyl group of Dy acts on the set (z1,zs,...,xy) by permutations of the indices and
inversions of an even number of variables. The three Macdonald operators are

(A3) e - ZZHl__fff =T
J

e==x1 i=1 j#i

(A4) el = % H xg] Hr?l
=1

€1, eN=%1 1<z<]<N
€1eg-reny=—1

1 G N
(A.5) TGRS S § 7 HF

€1,--eN=%1 1<z<]<N
€1€g-reN=1

D)
These will be identified below as @gDN )( 1q,t) = 8 ) with a = 1,N—1,N.

A.1.2. Macdonald operator for B](\}). Here, R = S is the root system of By There is a
unique minuscule weight of SV = Cy, ™ = e; = wy, with

1—t.§(71 ﬂ 1 —t:clxj tl‘l —Zj

o, = .
1 1—;U1j:21—£(,’1xj T1 — Xy

The Weyl group W ~ Sy x Z, is generated by all permutations and inversions of the
variables in the set x = (x1, 29, ..., x N) so the corresponding difference operator is

)y 1—t 1— taa; t )
£ (P ZZ 931;[1_;3;]5_;@
J

e==+1 i=1

. ) . BY) (B
This will be identified as Dy~ "(z;q,t) = &,1

A.1.3. Macdonald operator for g = C’](\}). Here, R = S is the root system of type Cy. There
is a unique minuscule weight of SV = By, m = %Zf\il e; = wy, with

N
1 —ta? 1 —ta;x;
o, = L S
N Hl—l’z H 1—252'25]‘

i=1 i 1<i<j<N

The Weyl group is is the same as for type By, resulting in the difference operator

V) 1 —ta 1—tafiz? N o
(A.6) oy’ = D H e I S
e1en==1 i=1 i 1<icj<N DR —

(1)
This will be identified as DESN )( g, t) = &fv )
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A.1.4. Macdonald operator for g = Ag\),_l. Here, (R,S) = (Cy, By). The map *: R — §
is given by (e; £ €;). = e; £ e;, and (2¢;). = e;. There is a unique minuscule weight of
SV =Cy, ™=e; =wi, and

1—ta? ﬁ 1 — taqzjtey —

2

1_
1_$1

s 1—mz; v — x5

Summing over the Weyl group of type Cl,

1 —ta yp 1 —taja;t )
(AzN ZZ z Hl_xxxxjj_;jr

e==*1 i=1 jF#i

This will be identified as D( - )(L q,t) = &,

Remark A.1. The algebra A2N 1 s obtained from A2N 1 by a folding procedure using the
natural Zo automorphism. Remarkably, this extends to the difference operators as follows.
Consider the specialization T of x = (x1, g, ..., Ton) obtained by setting Toni1-; = a:i_l,
i=1,2,..,N, and accordingly Ton,1_; = ;' We have

(1) (2)
T(@iAzN’l)(x; q, t)) = @gAzN’l) (x;q,1t).

Howewver, the Ag&_l-Macdonald polynomaals specialized via T have a non-trivial decompo-

sition onto the basis of Ag\),_l—Macdonald polynomials.

A.1.5. Macdonald operator for g = D](\?Zrl. Here, (R,S) = (By,Cy). The map x: R — §
is given by (e; £ ej). = e; £e;, and (e;). = 2¢;. There is a unique minuscule weight
T=3 ZZ L€ = wy of type S¥ = By, so that

ﬂ 1 —tx; 1 —tw;z;

1-— ZT; 1—.]7@25]

i=1 1<i<j<N

Summing over the Weyl group of type Cy gives

(A7) el = 3 Hl‘” I - e Hrﬂ

€1, en=%1i=1 Ti 1§i<j§N

(DN}1) (D)
This will be identified as D ¥ (x;q,t) = Euy
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A.2. Higher order Koornwinder-Macdonald difference operators. For generic pa-
rameters (a,b,c,d, q,t), Koornwinder defined the first order g¢-difference operator whose
eigenfunctions are the Koornwinder polynomials, invariant under the Weyl group of type
C'. Consequently, van Diejen [vD95] defined a commuting family of higher order difference
operators with the same eigenfunctions. We recall this construction in [A.2.1l Using the
spectrum of these operators, we construct in [A.2.2] linear combinations of these, such that
their eigenvalues are proportional to elementary symmetric functions é,(s). We add to this
certain higher order operators due to Rains [Rai05]. Upon specialization of the parameters
(a,b,c,d), we combine this in Sect. [A.2.4] with Macdonald’s construction of Section

A.2.1. van Diejen’s higher order Koornwinder difference operators.

Definition A.2. The van Diejen operator of order m € [1, N| is

DR CEED SIS WIS RD DS ) 1t ARR) | L

IClN |J|=m s=1 0CJ1 G CJs=J r=1 jeN
il v jeJ
where Jo =0, K, = [1,N] \ J, and
red ] (1 —azi')(1 — bai')(1 — cxi’)(1 — day’)
{z}{e}; ;K oy (1 o x261)(1 o qx?m)
1— ta 1 —txbig. tos — .
(A.9) <1+ LN | E iy
e [EZL’ qxixj T 1 —ai'w; oy —x;
i,5€J JEK

where J, K C [1, N] are such that J N K = ().
When m = 1, the van Diejen operator is the Koornwinder operators of Equation (3.2]).

Example A.3. Define
(1 —ax)(1 —bz)(1—cx)(1—dz)

(A.10) Alebed) (1) = =0 g

Then

2 € €
1 —txfay txt — x

V(a,b,c,d) _ A(a,b,c,d) L 2 (23
: > 11 (=) 11 = affay @ —

1<i1 <o <N =1 k#i1,i2
€1,e9==%1
€2 o €2 _ €1 .. €1 _ .
{1 W iy L= 000 T (perpes gy LM T M~ Ty
€1 ,.€2 61 €2 117 12 _ €l e, — i
1— xuxw 1- z1x22 1 xileQ SL’” Liy

l—txe%l trg? — x;
et ),

2
1-— xi2x“ Ty — Ty
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where the sum over s in (A.8) decomposes into three terms, with s = 1,J; = J = {i1,i2},
S = 2, Jl = {’él}, Jg =J= {il,ig} and s = 2, Jl = {ig}, Jg =J= {il,ig}.

The operators (A.8)) form a commuting family of difference operators with common eigen-
functions being the Koornwinder polynomials. We give a description of their eigenvalues.
Let 0 = / “I’%l. Recall the elementary and complete symmetric functions eg(z) = sk ()
and hg(z) = sp(x).

Definition A.4. For arbitrary Ay, ..., Ay, and k,m € [1, N|, we define the collections of
variables

u® = {Utk_i}lgigm
v o= {s;+ s h<icn,
Wy = {0tV T+ ot NI cien,

with s; = otV "¢™ as usual, and the functions

(A.11) d®) = gt oy,
(A.12) dam = Umtm(N_%)ém(s),
m ym(N—m41 - j
(A.13) Fam = 0NN (1) e (0) By (wim))-
§=0

The spectral theorem for van Diejen operators is

Theorem A.5. [vD95] The (monic) symmetric Koornwinder polynomials PA(a’b’c’d) (x) sat-
isfy
(A14) 'V(a,b,c,d) P)Ea,b,c,d) (SL’) _ fA;m P)Ea,b,c,d) (SL’)

m

A.2.2. Koornwinder-Macdonald operators. Using the spectral theorem [A.14] we can con-
struct linear combinations of van Diejen’s operators with eigenvalues equal to dy.,. To
do this we prove two combinatorial lemmas about symmetric functions. Given a set of
variables x = {z1, ..., xx}, we define associated set & = {z;+x;',i € [1, N]}, and if 3 < N,
define 2%l = {z,,...,25} and P = {z; + 2;',i € [1, B]}. In particular, 2 = 0.

Lemma A.6. Forallr >0 andn > 1,

(A.15) Orn(u) =Y (=) erg(ul™ N hy(ul= 1) = 6,.
=0
Proof. When r = 0 the sum is trivially equal to 1. We consider » > 0. We define two

types of integer configurations. A fermionic configuration on {1,...,p} with j particles,
denoted by F', is a set of j distinct integers in the set [1,p]. A bosonic configuration on
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F

B—§:0—8::;— 5_0_8_o_§_o_L_

F +—e—+—eo—0—0—+

F’ F’ o o—o
B’—§ —O—B——+——+—8— B’—o—8—o—§—o—o—o—
1 2 3 4 5 6 7 1 2 3 4 5 6 7

(a) (b)

FIGURE 2. An illustration of the involution ®. Case (a) hastp =6 <tp =17,
hence we move the topmost rightmost bosonic particle to a fermionic particle
at position t; = tg. Case (b) has tp = 6 > tg = 5, hence we move the
fermionic particle to a bosonic one at position tg = tp.

{1,...,p'} with j' particles, denoted by B, is a sequence of j" integers in [1,p'] which are
not necessarily distinct. We assign a weight wp = [[,cpu; to a fermionic configuration,
and a weight wp = [[,c5(—u;) to a bosonic configuration. Moreover, to the pair (F, B),
we assign a weight wr g = wpwg. The partition function of j fermions on [1,p] is e;(ulP!),
and the partition function of j' bosons on [1,p] is hj(—ulP1) = (=1)7" b (ulPT).

We define the following set of pairs of fermionic and bosonic configurations:

Snr ={(F,B)|tp := max(F) <n— |B|,tp:=max(B) <n—|B|+1,|F|+ |B|=r}
where |X| is the cardinality of the set X, and if |X| = 0 we define max(X) = 0. The
identity (A.15)) is an identity for the partition function:

Zn,r = Z Wr B = 67’,0-
(F,B)E‘Sn,r'

To prove this, for any » > 1 we construct a fixed point-free involution ® on the set 8,,,,
such that ®(wpwp) = —wpwp. If such an involution exists, the partition function for any
r > 0 vanishes:

1
Z W(F,B) = 2 Z (w(RB) + 7~U<I>(F,B)) =0.
(F,B)Esn,r (FvB)ES"v"“
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The involution ® is illustrated in Figure2lin the language of particles, namely by consid-
ering F, B as the sets of integer coordinates of particles along the integer line: e.g. in the
case of Fig. Rl(a) we have ' = {2,4,5,6} and B = {1,1,1,3,4,4,7,7,7}. Let (F,B) € §,,..
The map ® acts by moving one particle between F and B, thus preserving |F| + |B| = r
and reversing the sign of the weight. It is defined as ®(F, B) = (F’, B'), where

(a) If tg > tp: F' = FUtB, B = B\tB Since |B/| = |B| — ]_, tpr = tp <
n—|Bl+1=n—|Bland tg <tp <n—|Bl+1=n—-|B|<n—|B|+1.
Therefore, (F/, B/) c Sn,h while Wpr g = —WE B-

(b) IftB S tFZ = F\tF and B’ = BUT,F. Then tF/ S tF—l S n—|B\—1 = n—|B’|
and tp =tp <n—|B| =n—|B|+1, so that (F',B") € 8,,,, and wpr g = —wr p.

The map ® is clearly an involution. When r > 0, ® has no fixed points, since one can
always move a particle. The Lemma follows. O

Lemma A.7. There is an identity on symmetric functions:

(A.16) (1) = Zém_j(y[N—j}) Z(_l)kej—k( Yhy (GNI+1Y,

§=0 k=0

Proof. We rewrite (A16) using the generating function E(z;z) of (3 as

(A.17)

)| m Z [N J |om—i F(2; & g[N—j+1})|zj’
j=0

where f(z)|.m is the coefficient of 2™ in the series expansion of f(z) around 0, and

SRR IS « DN O A
E(zy )—E( + gz + 27), (%2, 9 )—m~
One can further decompose
N—j N—j
1‘[ 1+ 20 + 22) = (1+z2)N—jE($7g) k Ozk(1+z2)N—ﬂ ke (g )

and
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The right hand side of (A.17) is therefore

m N
Z Z(l + Z2)N_j_k’szjfk H(1 + 283) e (1) e (G b (g I TY)
=0 k¢ ey
m m—k N
= Z Z Z(]- _I_ 22)N_]_k‘zm,j7k H(]_ —I— Z[i',i)|zj,g (—]_)gek(g[N_]])hé(g[N_]‘Fl])’
= i = i
m m-—r N r
= >3+ AN T+ 2w Y (=D e (G T )by (g I,
=0 j=0 iy —

(A.18)
where we changed variables k — r — £ and j — j — £. Finally, using Lemma [A.G] for the
collection u = ¢y and n = N — j, the expression above drastically simplifies into

m N N

S+ L T+ 2] = [[(1+ 28 + 2%)| 0 = ém(2),

i=1 i=1

<

which implies (A.IT). O
Definition A.8. We define the Koornwinder-Macdonald difference operators as
a,b,c N—m+j a,b,c,d
Debed(z) =y dN T plbed), (m=1,2,..,N),
5=0

in terms of the van Diejen operators of Sect[A. 2.1, with dg-k) as in (ATIT]).

Theorem A.9. The Koornwinder-Macdonald polynomials are common eigenfunctions of
D with eigenvalue dy., defined in (AI2):

(A.19) DEbed) (1 q,t) P (@) = dy PPV ().
Proof. Equation (A19)) follows from Theorem and the relation

(A.20) Ay = D AT fyn s
=0

Equation ([A20) is obtained by specializing Lemma to the variables z; = otV ¢ and
y; = ot” ™", and noting that the prefactors in (AI2HAT3) amount to an overall factor of
o™ tmN="5) on both sides of the equation. Il
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A.2.3. Rains operators. The Rains operator ®(a b.e,d) (:L'; q,t) defined in (B.73.9) has eigen-
values (B.I0). This operator is not linearly mdependent of the K-M operators, as is seen
from the following Lemma.

Lemma A.10. For generic (a,b, c,d) the following relation holds between the Koornwinder-
Macdonald operators and the Rains operator:

(A.21)

N

~(abe abe, mim cmdm™ mlm— a,b,c

DR as0,0) = Dz 0) + S (i S ) VD g 1)
=1

Proof. This is a consequence of the relation between the eigenvalues:

N
Nab.c mdm
(A.22) Ay =day+ > (1" (ambm + Cqm ) =02 gy

Using the notation o = \/abed/q, u = ab/o, u™! = cd/qo and s; = og*tV = as well as the
expressions (AI2) for dy,, and BI0) for d.n, Equation (A.22]) is

g H(l —us)(l—uls) =0 N yN(N-1)/ { )+ Z (u™ 4+ u” )éN_m(s)}

)N N N(N=1)/2 2N )N N N(N=1)/2 N
- ( ) z N (_1)mumém(s) = ( ) ’ N (1 - USZ)(l —us; 1)
U U

where we have used (B.1]) in the last line. The equality follows from Hfil s; = gV NIN=1/2,
O

A.2.4. Koornwinder-Macdonald operators and Macdonald’s operators of Section[A. 1. The
first Koornwinder-Macdonald operator in Equation of Definition [A.§]is

a,n,c a,b,c 1_tN b d
DIt D(wiqt) = VD (@i0.8) + (1+—“ - tN-l),

1-1 q
abe 11—tV bed
(A.23) = 5D g, ) 4 = (”ac tN_l)‘
- q

To relate these with some of the operators of Section [A.1] we have the following Lemma.

Lemma A.11. The first order Koornwinder-Macdonald operator can be written as

‘Dga7b7c’d)(.§(};q,t)_ abcd +qu)abcd

i=1 e==1
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where
(,O(ade)( ) _ Z (1 - q15/2 a) (12_ q15/2 b) (1 - 1115/20) (1 - qf/z d)
TEDErEs
N et et .—1
(A.24) X{Hiiqlg/zj 1:«116/2?_1 _tN}.
i=1 ql/2 7zt

Proof. We have:

(a,b,c,d) 1 - tN abed N-1 = (a,b,c,d)
(A.25) D) = —— (1+—1 =0 ez,

q

Using the simple fraction decomposition of the function

I [ [ U B R R
(A.26) 0(z) = (1-2)(1-2) 11 1—za; 1— 227"
We find
N
4 A B -
0(z) = abed 12N—1 +6;1 {; 1 — 2§ * 1 —eim * l—eqm } ’
where

g = L0005 et

2N ( %;26) (1- x;Q) o x$—x; xfw;— 17
_ % Pebed) (4,
and
B — (1= eim) (1= epm) (L= eim) (1 — et ﬁ S 1=
‘ 2abed 2N-1 (1 - 1) o 15/2172 1 —
o G ) (- ) (- o)

2abedtN-1 (1 —9)
By definition (A.26), 6(0) = 1, therefore

N abed 12N —1

bed 1N~ A2 1]

A2 q)(“bcd L gyl
(A.27) Eﬂ{i 07 (B.+C.) -

T
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Using
3 {50 eqi) (1) 0~ ) ()
- et - ) (- e (- e b= (1-9) (- 2.
we have:
S O ey 2 R - - )
S T - - (- )

The Lemma follows by substituting this into (A.27)), and using the result to reexpress
plabed (z) as given by (A25). O

172 _
’

When CcC = q1/2 and d = —q1/2’ (p(tl,b,q
following.

qw)(:v) = 0. Using Table [I we obtain the

Corollary A.12. In the cases g = D}Vl),B](V”,A%_l the first Macdonald operator is equal
to the first specialized Koornwinder-Macdonald operator:

(A.28) D(g (x;q,t Z Z (I>Ze o) = 8 (:L’; q,1).

i=1 e==1

By direct inspection, the specialized Rains operators of ([B.7) and (39) can also be
expressed in terms Macdonald’s operators.

Lemma A.13. In the cases g = DE\}), C’](\}), Dﬁll we have the identifications

@ @
DY el (2iq,8) + €03 ) (@ig,t) = RV (a3,

N (1,-1,¢"/2,—q/2 1-1)\? .
@5\7 q ) (:REV )) ’

(1)
oy e )z t) = R%I/Q’_tl/g)(x; q.t),
(A29) @%1/2,—t1/2,tl/qu/z,—tl/qu/z) _ (Rg\t;/27_tl/2))2'
2 (DG —1
DY,y o (wigt) = RET(w:q,0),

D (t,—1,tq'/2,—qt/2 t,—1 2
@5\7 q e (IREV )) .
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A.3. g-Macdonald operators and their eigenvalues. For each g, we have chosen a
list of N linearly independent commuting difference operators (see Def. [B.0) using the
operators in the preceding sections of this Appendix. These have the property that in the
g-Whittaker limit, they and their time-translates provide solutions of the various quantum
Q-systems. We first explore redundancies between the various definitions to justify Def.
B8l Then we describe the eigenvalues of the g-Macdonald operators, and conclude with a
remark on the choice leading to Def. 3.5

A.3.1. Redundancies. Specializing the parameters (a, b, ¢, d) as in Table lin the difference
operators of Theorem [A.9] gives a list of N commuting difference operators for each g. As
noted in Corollary [A.12] some of these are Macdonald’s operators listed in Section [A. 1l In
addition, there are non-linear relationsd

NlJ

D(l) pW (20 a,be,d)
el elly) = §3t<2+1®x2a1,
22 (D) (abie,d) L] (abe,d)
(€ )2+ (Eu))? = D"o0 2% o@D DEAED,
a=0

for the DS) specialization. Similarly, for the C](\}) and Dﬁll specializations,

(5(9))2 abcd +2Z a(etl) abcd)'
wN

In those cases, the Macdonald operators carry more information than the specialization of
the Koornwinder-Macdonald operators DLt Thig justifies the choice in Def. 3.5

A.3.2. The eigenvalues of g-Macdonald operators.

Definition A.14. If m < N,, let d(g to be the specialization of Equation [A.13 to the
parameters corresponding to g in Tablelj]

(A.30) AP = dy = "N 6 (s), moe [1,N),

where s = 7" q, i.e. s; = itV Otherwise, define
1 D(l) N(Nfl) D
g:D](V): d( T e(ﬁ N)(s), B=N-—-1,N,

(A.31) R
NN+ (B
g=0Cy, DY, d%N =t eUN(s),

9These relations are proved using the same argument as in the proof of Theorem [A9] using identities
between eigenvalues. Some are a direct consequence of the identifications with Rains operators from

Theorem [A13]
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where
~(D € 2
5 @) = Y H 7P (B=N-1,N),
,,,,, eny==%1
Hezzz(ﬁ—Nm
N +x
~(B % ~(D ~(D
(A.32) V(@) = ] = eV () + &PV ().

The functions &' *)(s) have the property that their dominant monomial (in powers of t)

is s“m where w?, are the fundamental weights of R*.

Theorem A.15. The g-specialized Koornwinder polynomials are common eigenvectors of
the g-Macdonald operators, satisfying the eigenvalue equation

(A.33) DW(x) A =d¥), Y, mell,N],
with &2, = 018 &) (s) (e’ = éy form < Ny) and
(A.34) A O e N
gIPN") _ N ~N-1,N
(A35) B - ) B - ) )
o) _ ey _ o0 p®
N =17, g=0x" Upnia:

A.3.3. Remark about our choice of Macdonald operators. We made the choice of g-Macdonald
operators for simplicity. A more natural choice is to choose eigenvalues proportional to the
fundamental characters of R*. This leads to a more complicated choice of the difference
operators, but in the ¢-Whittaker limit, they have the same limit as our g-Macdonald
operators.
For Macdonald’s operators in Section [ATl the eigenvalue equation is
DI (x) B (2) = 09 507 (s) P (x),

where the Schur functions sgfij) are the fundamental characters of R* with highest weight
wy.. We may choose the set of difference operators DY (x), with eigenvalues proportional
to the fundamental characters of R* for all m as above. These are related to D'® via

a triangular change of basis, as can be seen from the relation between the fundamental

characters and e,(f ).

Dy: sPv) = &Py e [1,N],

By: s = ¢,—¢,0,  mel[lN]

Cy: s = é,4+¢é,1 me[l,N-1]
B0 = el
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Therefore D© are

g:D](\}) : @Sg) = @Sg) (m=1,2,....,N),
- 6%
9=BY, AR AR DY = DY - (1-Gp1)- - DL, (m=1,2,.,N),
m—2
D O A e @
g_CN7DN+1‘ Dm = ‘Dm+9(g—)‘Dm_1 (m—1,2,..,N—1),

m—1

(A.36) DY = DY,
with the convention that @59) = 1. This choice guarantees the following:

Theorem A.16. For allm =1,2,.... N and all g,
(A.37) DO p\(z) = 09 s (s) Py(z),  s=¢"t"".

A.4. ¢-Whittaker limit of the g-Macdonald operators. The ¢g-Whittaker limit cor-
responds to sending ¢ — oo. The quantity A(@*<9(z) of (A1), which appears in the van
Diejen operators (A.8)), tends to o = t* under the specialization of Table [l All terms in
(A.8)) have the same leading behavior as that with s = 1 and J = J; = {1,2, ..., m}, namely
a sum of three contributions from ([A.9)):

méy +m(m — 1) +2m(N —m) = m(2N —m — 1+ &;).

Therefore, VO (6’2?)2 Vngg), where the difference operator V9 s independent of t. Simi-
larly DY ~ (953))2 DY where D independent of ¢, for m = 1,2, ..., Ny. By inspection, we
find the same leading behavior for Ny < m < N, using (A.35). This leads to the definitions:

(A.38) DY (z) := lim (ON2DW(z), V) .= lim (09)~2p)
—00 —00
with 0% as in (A34A35).

Remark A.17. The limitt — oo of DY s the same as that of DY of Sect. [A.3.3: Using

DI ~ (09)2 DY at leading order in t, the statement follows immediately from (B.30) by
noting that for m < Ny:

0w 1) H©)
tlggoe(—ng) = 0 (m=1Lg=Cy, Dy,
9(9)_

m—2 1 2 2
ot 9&2) =0 (mEQ;QZBJ(V)’AéZ\)f—l’AgA)I)'
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For any g, define H(g = limy_,o0 t ™" AP . We refer to these as ¢-Whittaker functions,
although they coincide with the usual definition only for the case of g = Dz(v and the
twisted algebras in Table [l The spectral theorem for D is as follows.

Theorem A.18. The functions Hg\) are common eigenfunctions of DY , with
DY () Y () = A TP ().
Proof. The eigenvalues are the limits

(@ _ (8)\—15(R*) i N4Eg—i

0, = m (O9) ), s e
The limit extracts the leading monomial of the s variables in the symmetric function,
which is the term involving si, s, ..., s, With positive powers. For m = 1,2,..., Ny this
gives, using (A30) (A34) and (AI2): 5/(\9;2,1 = limy_yo0 t "W HE "2 (5) = @Mt
By inspection, using (A.31)), (A.33]) and (A.32),

pW (1)
D](\P : 5&]\1]\7 ) — q%()\1+)\2+"'+)\N71+)\N)’ 5§7D]\1[V_)1 _ q%()\l-i-)\z-i-m-i-)\]\r,l—)\]\r)’
C](\}) . 5§\]<([\f ) _ q%()\1+)\2+"'+)\N—1+)\N)’

D
Dﬁ?‘rl . 5§\;]\17\7+1) — q%()\1+>\2+m+>\N*1+>‘N)'

The result can be uniformly written as A“m = ¢¥m*, w?* the fundamental weights of R*. [

Remark A.19. Using the convention Vo(g) =1, Def. implies

(A.39) DY =3"vVY = m<N,

APPENDIX B. PIERI RULES

In this section, we list some of the Pieri operators implementing the first Pieri rule for
Koornwinder and g-Macdonald polynomials. Their ¢-Whittaker limit gives g-difference
Toda Hamiltonians for certain root systems.

B.1. First Pieri rule for Koornwinder polynomials. The first Pieri operator for
generic (a, b, ¢, d) is the g-difference operator H\***? (s) of Theorem (B3).
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Theorem B.1. The first Pieri operator for Koornwinder polynomials is

N i—1
' ph ok s; —t7's: gs; — ts;
gelabed) . 1) = a i Nplanbend) (g i j q%i )T
0 5101 serene e (I s

Hue{a*,b*,a*,d*}(l - u_lsi)<q - USZ')
(1= s3)(qg—s?)*(¢* — 57)

N _ —
% (H t 1Si—8jt8i—q5’j q—tSiSjl—t 182‘8]‘)7;_1

iZit1 S; — Sj S; — qu oy q — SZ‘SJ‘ 1-— SZ'Sj

_|_

Y

where

wreagy - 3 (1= oma") (1= 75") (1 = 7m") (1 = 7d")
4 - 21— (1 — ¢-11)

e=+1
N et et —1
1- q1/2$i 11— q1/2$i N
X | | —— ! ,
1-— T

€
i=1 ar®i 1= q'/2i

and (a*,b*, c*, d*) are the dual Koornwinder parameters (3.11]).

Proof. We use the formula ([B.I8]) with (a,b,c,d) — (a*,b*, c*,d*). For simplicity, we work
with the values (a, b, ¢, d) and interchange them with their duals at the end. We need the
following.

Lemma B.2.

A(a,b,c,d) (.CL’) _IFiA(a’b’c’d) (.CL’)
1

1 1 i— i j 1
_ (-0~ %) ﬁl—?iﬂ BTl o TR
- 1 1 1 1 i T 1 I3
( _a_xl)(l_ bmi) 1_0_521)(1_ dwi)jzll_%j:i—‘rll_ é j#i L= txix;

=

A(a,b,c,d) (x)—lrflA(a,b,c,d
(1—5)1 -5

|- 9)(1—2)itl—& Nog_ e j_ 4
1

H1 Z H 1_£H1:ﬁ1—‘;1‘

7=1 - tx; j=i+1 Ti jAi TiTj
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Using Lemma the conjugation of the D{***? operator boils down to that of the
terms @Ei’b’c’d)Fg. We have:

abed rl-g -
A([I,b,c,d) (x)_1(bl(-a_;_b7c’d)riA(a’b’C7d) (x) — —t2N_2 (H 1 %Z 1 Zxxj ) F’l?
) q — — A

J=1 Ti T

A(a,b,c,d) (IL’)_1(bl(-a_’b7c’d)ri_1A(a’b’c’d) (l’)

_ t2N—2(1 B %)(1 B %Xl — 52)(1 B %)(1 B f)(l - %)(1 - xi)(l - dii)
(-3 &P1-5%)

N 1_ T 1_qxj 1_ q 1_:E¢£Ej
tx; tr; tr;z; t -1
. r-.
X(H 1_ﬁ1_ﬁH1_L1_$zj> t

We finally use the formula ([B.I8) for m = 1 and substitute the above results with the
change (a, b, c,d) — (a*,b*,c*,d*), and the Theorem follows. O

B.2. First Pieri rules for g. We may now specialize the result of Theorem [B.1] to g,
according to Table [l We first treat the cases where g = D](\}), C’J(VD, Ag\),_l for which the
constant term (@) (z) vanished!J:

N i—j—1 i—j+1
(DS\})) . I Aj — Alt J Aj — qu 4
g{l - ; H ti_jAj — Az ti_jAj — qu T‘Z

Jj<i

+11

HA = g TN = Ay e L BTAN YT EAN, g
P gk, BN~ A, LT PNIAA, PNIAA, g

i>i j#i
3¢(ON)) - EA — A A — gt T,
1 N =1 \j<i tj_iAi - Aj Aj - qtj_iAi '

1-— tN_iAi tN+2_iAZ' —q tj_H_lAi — qA] Aj — tj_i_lAi
1— tN+1_iAZ‘ tN+1_iAZ' —q i tj_iAi — qA] Aj — tj_iAi

y H 1— t2N+1—i—inAj t2N+3—i—inAj _q Ti_l} |

o 1 — t2N+2—i—inAj t2N+2—i—inAj —q

0Here we show the explicit dependence on A; and ¢ (rather than s; = A; t5s TN =% as ¢, varies with g.
This makes the limit ¢ — oo easier to follow.
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}C(Aéiﬁl) _ Z H HTIA = A A — gt A, T
' e B VY Vi V) Vi
=1 1<t J J
. f2N=2p2 ] g2N+2-2ip2 2 LN — A I — A
INF1I-2i\2 ] 2N +1-2i N2 _ (2 tH=iA; — qh; A — A
(2 K3 j>i ? J 1 J
. H t2N—i—'j/'\iAj 1 t2N+2—2j—j:AiAj ~ 4.
Py t2N+1—2—]AiAj -1 t2N+1—z—inAj —q ?
We now treat the cases g = B](\}), D](al, As ]\), for which ¢¢") has a non-trivial contribution.
We find:

N . .

( ) tj_H_lAi — AN A — t]_l_lAi
3¢V SERINEDY _ il B . Y

t]_ZAZ' — Aj Aj — th_ZAZ'
1<
1— t2N—2iA22 q— t2N—2iA22 t2N+2—2iAZ2 _ q2 t2N+2—2iAZ2 —q
1— t2N+1—2iAZ2 q— t2N+1—2iAZ2 t2N+1—2iAZ2 _ q2 t2N+1—2iAZ2 —q
y tj_lHl_lAi _ qu Aj _ tj—'i—'lAi 1— t2N—i—'inAj t2N+2—z:—]:AiAj . qT.—l
P ti—iA; — qu Aj — TN, i 1— t2N+1—z—inAj t2N+1—z—inAj —q (

i=1

where

N+32—i 1/2 N—l—iA -1/2
(B(l)) _ 1 t 2 A t €q
GEBN)(A) = 1+2§ ||

S YT - 6611/2 NN — g2

0FL) _ a2 A — A gt T TN — A
H + N1) TZ
1 _'_ Z E ti— ZAZ A] qt] ZAZ A

1 _tN_ZAi ql/ _tN_ZAi q—tN+2_iAi q1/2 —tN+2_iAi
1— tN'H_iA,' q1/2 _ tN—i—l—iAi q— tN—i—l—iAi q1/2 _ tN'H_iA,-

y H 1— t2N+1_i_inAj q— t2N+3_i_inAj H tj_i_lAi _ Aj tj_i'HA,- _ qu .
- SRR VW EIEC ) WIVE L EED VY VTRV VI

where

— _ N — i
G(DE\%)H (A) = (1—tqg V)1 + ¢ /%) g — AN g AN »
1—tg! " gl /2 — NtN+I=i 1 — g2\t N+ ’
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and finally

N
TN — Ay g — A
HN) = g (A >+Z{H = LT,
7<t

tih, —A; gt — A,

1—tN=ip; g — t2N—2i+1AZ2 ¢ — t2N+3—2iA22 q — N2,

1 — tNHI=iA, g — (2N+2-2i\2 2 — (2N+2-2i\2 ¢ (N+1-i],

t]zlA At] H—lA_ A t2N+12]AA t2N+32]AA
4q Hl_ ¢’ T }

i — A UTIA — gA, 2NF2=i=G \ A g2 — 12N F2=i= A

§>i
where

- - N —i —i
GURI(A) = 3 (L—etq )1 +eq”'?) | pp '/ — At e — g PAth
20—t 1) 'S S ) W

e=*+1

Remark B.3. When we consider the q- Whittaker limit t — oo, the constant pieces G (A)

in the latter three cases g = B](\}), Dﬁll, Ag\), provide an extra constant term in the limiting

Hamiltonians Hl(g). These read respectively:

-1 -1 -1/2
) (1) q 1+¢q (0@ 1+4q
lim GBN)(A) = — , lim GP (A = —— 1 .

ApPPENDIX C. PROOF OF THEOREM [4.10]

Here, we provide the proof of Theorem EI0, that the time translation operators ¢® of
Equation (£I2) commute with the limiting first Pieri operator/Toda Hamiltonian H l(g) of

Equation (3.38)):
(C.1) g(g)Hl(g) _ Hl(g)g(g)‘

We divide each Hamiltonian into bulk and boundary pieces, study how g commutes with
each, and then sum up the contributions to prove the commutation (C.IJ).

Lemma C.1. For all g,

(C.2) gr (1=A"") = (1—qA™) T *gr (a=0,1,..,N—1),
(C.3) g (1=A)T, = (1—¢ 'A™*")T1198 (a=1,2,..,N—2),
(C4)  gn (T—=A)T, ! (1—g '"A™ ™ ) T gy (a=1,2,..,N—1),

with the convention ag = 0.
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C.1. Bulk and boundary terms. Each of the first Pieri operators (3.38) is the sum of a
bulk and boundary piece, where the bulk piece has the same form for all g:

- A A 1
[m] a a+1
aft= 3o (g ) e (1250

a=1

with the convention that Aio = 0, for suitable value of m = myg: my = N — 2 for g =
Dj(vl), B](\}), Ag&, and my = N — 1 for all other cases.
The operators g of (A.12) also have some common structures. For g = B](\}), Ag\),_l, Dﬁll,
1 1

g = gragigaf where «, ( are functions of Ay only. For g = D](\}) g = grga with 8 a

function of Ay_1Ax only. The cases g = C’J(Vl), AS& are different, and have a g operator of

the form g = grgaagrga 8, where «, 8 are functions of Ay only.
Lemma C.2. For all g and m < mg, and t; =2 for g = C’J(VD, AS&, t1 = 1 otherwise,
g9 H™ (9) " = (gr ga)™ H™ (gr ga) ™"

Proof. The only subtleties arise in the cases g = B](\}),Ag%. When g = B](Vl), with ¢ =

1 1
g10g7.ga, the action of g7ga on H 1[m} creates a term proportional to T;,.1, as a conse-
quence of

Aa Aa+1
C.5 1-— T.=\1T,— —1T,
( ) gr ga ( Aa—l) ( A, +1) grga
for a = m. This term commutes with o only if m +1 < N — 1, hence we set my = N — 2.

Similarly, when g = Ag&, with ¢ = grgaagrgaf3, the action of grgaf8 on Hl[m} creates a
term proportional to 7},,1 which commutes with « only if m +1 < N — 1, hence we set
mg = N — 2 as well. O

Lemma C.3. We have the commutation relations for m =1,2,....N — 1:

91 ga H1[ I = {Hl[ R Rpian (— - Tm-i—l)} 9T gA-

A \ T

Proof. We simply sum over the relevant values of a the commutation relations (CH), as
well as the following:

Apr) 1 1 A, 1
. 1— R
(C.6) gr 9A < A, ) T, <Ta A, Ta_l) ITIA

obtained by combining (C.2HC.4]). O

The cases g = C](\}) and AS\), are special, as we will have to use Lemma [C.3] twice. This
is deferred to Section [C.6] below.
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For all the other cases, we apply Lemmas and to commute g through the relevant

bulk contributions to Hl(g) corresponding to a = 1,2, ..,my. The remaining terms of Hl(g)
are the “boundary” terms, corresponding to my < a < N and possibly to constant terms
independent of T'. We address them individually in the following Sections through
[CH In all cases, the Lemma 10 follows from summing all contributions from the bulk
a=1,2,...,my and the boundary a = my + 1, ..., N plus constant terms.

n

C.2. Case g = D](\}). Recall that ¢ = grga HZO:O (1 — 1

-1
m) , and that my = N — 2.

For a = N — 1, we have:

AN_l AN 1 —1 1 -1
1-— T 1=(Tyv.q ——Ty — ——T —T
9( AN—2) N-1 ( N-1 An, N Av Ay N +A?V—l N=1] 9

AN 1 -1 -1 AN—I 1
g ( AN—l) ( AN—lAN) N-1 ( N-1 AN—2 N—2] 9

and for a = N:

Ay 1 _1
1-— Ty =Ty — ———T
g ( AN—l) N ( N An_1Ay N—l) g,

1 A
1l—— V7= (1"~ NT—l) .
g( AN—IAN) N ( N Ay N1 g

Eq. (CI) follows by summing all bulk and boundary contributions.

1 n -1
C.3. Caseg= Bj(vl). Recall that g = g1 g2, 1 = g2, g2 = grga witha =[] 7 (1 — q—) ,

n=0

and that my = N — 2. The terms e = N — 1, N and the constant term read

A 11 An_ Ay_
g (1- ) I3t =Tty ghagh (1- T Jag = (T — =T, ) 0,
An_q An_s An_s

g (1 — ﬁi:;) Ino1=TN 919% (1 — A/]\v]:) agy = G (TN—l - q_lAjj\vjisz\%rTzé—l) 92,
o) ) k) o
() o (Rhm A - )
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Summing these five terms gives
Ay N Ay An
1— Tyt 1-— Tn_ 1-— T
g{< An- 1) A ( AN—2) " 1+< AN—l) "
1 1 _ q? 1+q2
1— 1— Ty —

(oxg) (o) v o

AN AN 1 _ AN _
— {TN_l + (1 — AN_l) Ty — v TN o+ (1 - AN—I) TN,

1 1 B g2 14+q72
1-— 1— v — .
*( AN)< qu) NN Ay 8 Y

Eq. follows by summing all bulk and boundary contributions.

2n

-1

C.4. Case g = A%_l. Recall that ¢ = grgac, with o =[]0, <1 — 3\—2) , and my =
N

N — 1. For the two boundary terms for a = N we have:

Ay 1 1,
g (1_AN_1>TN = 9r (1—q Az )TNgAa— <TN—ETN1) 9,

1 o AN _ A _
g(l AQ)Tlgl = gr (1—q1A _)T gAa—(TNl_AN]ilTNil) g.

Eq. (CJ) follows by summing all bulk and boundary contributions.

n\ -1
C.5. Case g = Dﬁll. Recall that g = grgac, with o = ]2, (1 — %) , and my =
N — 1. For the two boundary terms for a = N and the constant term we have:

AN 1+ q_%
1-— Ty = | Ty — —T
g ( AN—l) N < N An + A2 )
1 q% -1 1 Ay 1 1 J
1—— 1—— Ty = 1-— T =Ty — T

1+q‘% 1+q%
— — 71

Eq. (CI) follows by summing all bulk and boundary contributions.

C.6. Cases g = C](\}),AS\),. Recall the general structure of the operator g = ¢19» with
g1 = grgac and go = grga 3, where a, § are functions of Ay only. We note that g, is the
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n -1 —
same for both cases, with 5 = [[>", (1 - K—N> . We note also that Hl[N 'is the same for

both cases, and Lemma gives the commutation of gy through H 1[N_1]:

_ _ A 1
(C.7) g HN Y = {H{N U, 2N ( —TN)} o
Anv_1 \Tn-1

We now need to add the boundary and constant terms. For g = C](\}) we have for a = N
(and no constant term):

A q 3 1 _ N A _
92 (1 — ANJil) T = <TN - AN) 92, 92 (1 — E) Ty' = (TNl — ANJLTN;) 9.

For g = Ag\), we have for a = N and the constant term:

Ay g q_%
92 1_AN1 In = gr 1_E TngnB = TN_AN 92,

1 A
[p) (1 — A—N) T];l — <T]§1 _ AN]ilT];£1> ga,

Adding these to the bulk contributions (C.17), we deduce the following commutations:

1 1
(C.8) g:C](\}) © o goHy = {Hl—i-E(T]Ql—qW)}gg,
1—q3 )
(C.9) g= Ag\), © o goHy = {H1 + ANq (T]Q1 — q_i)} ga.

We must now commute g; through this. For both cases, we split again H; into a bulk piece

H 1[N_1] and boundary pieces and constant terms. For the bulk contribution, we use again
Lemma to write in both cases

) A 1
(€.10) e e et ) T
Anv_1 \Tn-1

Then for g = C'J(\}) and a = N:
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and for g = Ag\),, a = N and the constant term:

A -3 1
g (1—AN)TN = 9r [ TNgAa=<TN——) g1,
N

N-1 Ay A
1
q? -1 1 Ay
1= L) = (- BV
g1 AN) N ( N Ay N—l) g1,
1
q 2 I
1- — (1- =T .
Summing these with the bulk contributions (C.8)and (C.9) respectively, we arrive at
1
(C.11) g:C’](\}) D0 {H1+A—(T]§1—q_%)} = Hi g,
N
1 - q%

(C.12) QZAg\)/i g1 § Hy + (Tﬁl—q_%) = H, g:.

N
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Finally, Lemma [4.10] follows for g = Cj(vl),Ag% by combining the commutation relations

(C8HC.O) and (CITHCI2). In all cases, Eq. (C.I)) follows by summing all bulk and bound-

ary contributions.
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