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Abstract

Collecting and leveraging data with good coverage properties plays a crucial role in different as-
pects of reinforcement learning (RL), including reward-free exploration and offline learning. How-
ever, the notion of “good coverage” really depends on the application at hand, as data suitable for
one context may not be so for another. In this paper, we formalize the problem of active coverage
in episodic Markov decision processes (MDPs), where the goal is to interact with the environment
so as to fulfill given sampling requirements. This framework is sufficiently flexible to specify any
desired coverage property, making it applicable to any problem that involves online exploration.
Our main contribution is an instance-dependent lower bound on the sample complexity of active
coverage and a simple game-theoretic algorithm, COVGAME, that nearly matches it. We then show
that COVGAME can be used as a building block to solve different PAC RL tasks. In particular,
we obtain a simple algorithm for PAC reward-free exploration with an instance-dependent sample
complexity that, in certain MDPs which are “easy to explore”, is lower than the minimax one.
By further coupling this exploration algorithm with a new technique to do implicit eliminations in
policy space, we obtain a computationally-efficient algorithm for best-policy identification whose
instance-dependent sample complexity scales with gaps between policy values.

Keywords: Reinforcement learning, Coverage, Reward-free exploration, Best-policy identification

1. Introduction

The quality of the available data, whether it is actively gathered through online interactions with
the environment or provided as a fixed offline dataset, plays a fundamental role in characterizing
the performance of any reinforcement learning (RL, Sutton and Barto, 2018) agent. An important
concept to quantify such quality is coverage, a property measuring the extent to which data spreads
across the state-action space. The notion of coverage, through the so-called concentrability coeffi-
cients, is ubiquitous in the vast literature on offline RL (e.g., Munos, 2003; Munos and Szepesvdri,
2008; Farahmand et al., 2009, 2010; Chen and Jiang, 2019; Xie and Jiang, 2020, 2021; Jin et al.,
2021; Foster et al., 2022). Intuitively, the better data covers the state space, the better performance
one can expect from an offline RL method. Recently, Xie et al. (2022) showed that a similar phe-
nomenon also occurs in online RL: the sole existence of a good covering data distribution implies
sample-efficient online RL with non-linear function approximation, even if such a distribution is
unknown and inaccessible by the agent.

While these works treat coverage as a property of some given data or environment, a large body
of literature focuses on actively collecting good covering data. This falls under the umbrella of
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reward-free exploration (RFE, Jin et al., 2020), a setting where the agent interacts with an unknown
environment without any reward feedback. The objective is typically to collect sufficient data to
enable the computation of a near-optimal policy for any reward function provided at downstream,
e.g., by planning on top of an estimated model of the environment or by running any off-the-shelf
offline RL method. Many provably-efficient algorithms exist for this problem that mostly differ in
their exploration strategy. Some try to gather a minimum number of samples from each reachable
state (Jin et al., 2020; Zhang et al., 2021b), while others adaptively optimize a reward function
proportional to their uncertainty over the environment (Kaufmann et al., 2021; Ménard et al., 2021)
or more simply a zero reward (Chen et al., 2022). All these approaches provably guarantee that
the collected data is sufficient to learn any reward function provided at test time. Another popular
technique is to seek data distributions that maximize the entropy over the state-space (Hazan et al.,
2019; Cheung, 2019; Zahavy et al., 2021; Mutti et al., 2022). Finally, there is a long recent line of
empirical works focusing on RFE, where the problem is often called unsupervised RL (e.g., Laskin
et al., 2021; Eysenbach et al., 2019; Burda et al., 2019; Yarats et al., 2021).

The RFE literature mostly focuses on collecting data with the specific properties needed for the
task under consideration (e.g., achieving zero-shot RL at test time). Motivated by the crucial role
of coverage in RL, in this paper we treat the problem at a higher level of generality. We formulate
and study the problem of active coverage in episodic MDPs, where the goal is to interact online
with the environment so as to collect data that satisfies some given coverage constraints. Following
Tarbouriech et al. (2021) who considered a similar problem in reset-free MDPs, we formalize such
constraints as a set of sampling requirements that the learner must fulfill during learning. This
gives our framework a high flexibility, as one can require different notions of coverage simply
by changing the sampling requirements. Moreover, the applications are numerous, as any active
coverage algorithm yields an exploration strategy that can be readily plugged in to tackle different
problems. In our specific case, we shall see how to apply it to design PAC algorithms for both RFE
and best-policy identification (BPI, Fiechter, 1994; Dann and Brunskill, 2015; Dann et al., 2019;
Wagenmaker et al., 2022; Wagenmaker and Jamieson, 2022; Tirinzoni et al., 2022, 2023).

Contributions First, we derive an instance-dependent complexity measure for the active coverage
problem as a lower bound on the number of episodes that any algorithm must play in order to fulfill
the sampling requirements on an MDP. We show interesting connections with existing coverage
measures, especially the concentrability coefficients used in offline RL (e.g., Munos, 2003).

Then, we propose COVGAME, a novel approach for active coverage. COVGAME is based on
a simple game-theoretic view of the problem, where an RL agent tries to optimize a sequence of
rewards produced by an adversary that constantly challenges it to reach uncovered states. We show
that the sample complexity of COVGAME scales with our complexity measure plus some lower
order learning cost, hence making our approach near-optimal.

Finally, we show how active coverage can be readily applied to get PAC algorithms with instance-
dependent sample complexity for both RFE and BPI. In particular, we show that an almost plug-
and-play version of COVGAME solves RFE using a number of samples scaling with our instance-
dependent coverage complexity, i.e., adapting to the complexity for navigating the underlying MDP.
We show that this sample complexity can be smaller than the minimax one (Ménard et al., 2021;
Zhang et al., 2021b), a perhaps surprising result given the worst-case nature of the problem (i.e.,
the agent aims at optimizing for all possible rewards). For BPI, we show how COVGAME can be
sequentially applied to estimate the value function of all policies, while gradually focusing on poli-
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cies with better performance. Notably, we obtain an instance-dependent sample complexity scaling
with policy gaps (Tirinzoni et al., 2021; Dann et al., 2021) which is in line with the recent results
of Wagenmaker and Jamieson (2022) and Tirinzoni et al. (2022) (the latter for the special case of
deterministic MDPs). A key advantage is that our algorithm, as opposed to the one of Wagenmaker
and Jamieson (2022), is computationally-efficient and does not need to enumerate all policies to
perform explicit eliminations. This is obtained thanks to a novel scheme which instead sequentially
constrains the set of state-action distributions corresponding to high-return and well-covered poli-
cies, a technique that we believe to be of broader interest. An important technical tool for both RFE
and BPI is a novel concentration inequality for value functions (see Appendix D).

2. Active Coverage and its Complexity

We suppose that the learner interacts with an environment modeled as a tabular finite-horizon
Markov decision process (MDP) M := (S, A, {pn}ne|m)s 51, H), where S is a finite set of S
states, A is a finite set of A actions, p, : S x A — P(S)! denotes the transition function at stage
h € [H], s1 € S is the initial state, and H is the horizon. The interaction with M proceeds through
episodes of length H. In each episode, starting from the initial state s; € S, at each stage h € [H],
the learner takes an action a;, € A based on the current state s;, € S and it observes a stochastic
transition to a new state sp11 ~ pp(sn,ap). We denote by pp,(s’|s, a) the probability that the new
state is 5" when selecting action «a in state s at step h of the episode.

The actions are chosen by a (possibly stochastic) policy 7 = {m,} he[H]> 1.., a sequence of
mappings 7y, : S — P(A), where 7, (a|s) denotes the probability that the learner takes action @ in
state s at stage h. With some abuse of notation, we shall use 7, : S — A to denote a deterministic
policy, where 7, (s) directly returns the action taken in state s at stage h. We denote by 118 (resp.
IIP) the set of all stochastic (resp. deterministic policies).

Denoting by P™ (resp. [E™) the probability (resp. expectation) operator induced by the execution
of a policy 7 € IT° for an episode on M, we define, for each (h, s, a), p7 (s, a) := P™(s, = s,a), =
a) and pf(s) == P™(s, = s). Welet Q := {p™ : 7 € II°} denote the set of all valid state-
action distributions. It is well known (e.g., Puterman, 1994) that any distribution p € (2 satisfies
pn € P(SxA)forall hand )~ pp(s,a) = o pr—1(s',a")pr_1(s|s’,a’) forall s,a and h > 1.
We make the following assumption to ensure that the whole state-space can be navigated.

Assumption 1 (Reachability) Each state s € S is reachable at any stage h € {2,...,H} by
some policy, i.e., max s pj (s) > 0.

Reachability conditions like Assumption 1 are standard in prior work. In non-episodic reset-free
MDPs (e.g., Jaksch et al., 2010), the MDP is often required to be communicating to ensure learn-
ability, i.e., any two states are reachable from each other by some policy. Assumption 1 is the
analogous for episodic MDPs, where we only need reachability from the initial state. In episodic
MDPs, reachability conditions have been used in different settings, including model-free learning
(Modi et al., 2021) and reward-free exploration (Zanette et al., 2020).

Notation Throughout the paper, we shall use 1 y to denote an indicator function over some set X,
ie., Lx(h,s,a):=1{(h,s,a) € X} forall h, s,a. We shall hide X whenever X = [H]| x S x A.

1. We use P(X) to denote the set of probability measures over a set X'.
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2.1. Learning problem

The learner interacts with an MDP M with unknown transition probabilities in order to fulfill some
given sampling requirements. In particular, it is given a farget function ¢ : [H] x § x A — R,
where ¢, (s, a) denotes the minimum number of samples that must be gathered from (s, a) at stage
h. In each episode of interaction ¢ € N*, the learner plays a policy 7t and observes a corresponding
trajectory { (s, af) }herm)- Let nj,(s,a) = 22:1 1(s}, = s,aj, = a) denote the number of times
(s,a) has been visited at stage h up to episode ¢. The goal is to minimize the number of episodes
required to collect at least ¢, (s, a) samples from each h, s, a with high probability.

Definition 1 (-correct c-coverage algorithm) Fix § € (0,1) and a target function c. An algo-
rithm is called §-correct c-coverage if, with probability at least 1 — 6, it stops after interacting with
M for T episodes and returns a dataset of transitions with visitation counts guaranteeing

V(h,s,a), nj(s,a) > cp(s,a).

Examples While the definition of the active coverage problem gives complete freedom in choos-
ing the target function c, for our applications we shall mostly be interested in two specific in-
stances. In uniform coverage, we have cj(s,a) = N1 ((h,s,a) € X) for some given set X and
N € N. Intuitively, this requires collecting at least /N samples from each state-action-stage triplet
in X, and the name suggests that the learner should explore X as uniformly as possible. Possible
applications include estimating the transition model uniformly well across the state-action space
(Tarbouriech et al., 2020) and discovering sparse rewards. In our applications to PAC RL, we
will further explore the benefits of performing proportional coverage, which corresponds to setting
cn(s,a) = N max, pf(s,a)l ((h, s,a) € X) 2. This requires collecting a number of samples from
each (h, s,a) € X that scales proportionally to its reachability.

2.2. The complexity of active coverage

Minimizing the sample complexity required to solve the active coverage problem requires the
learner to properly plan how to distribute its exploration throughout the state-action space, hence
accounting for the complex interplay between the MDP dynamics p and the target function c. The
following theorem gives a precise characterization of the complexity of this problem.

Theorem 2 For any target function ¢ and § € (0,1), the stopping time T of any 0-correct c-
coverage algorithm satisfies E[T] > (1 — §)¢*(c), where
Ch(87 a)

*(¢) = inf max ,
#(e) PEQ (s,0,h)EX P (S, a)

with X := {(h, s,a) : cp(s,a) > 0}.

The quantity ¢*(c) of Theorem 2 provides an instance-dependent complexity measure for the active
coverage problem. In particular, it depends on both the MDP M through the set of valid state-action
distributions €2 and on the target function c¢. It can be interpreted as follows. Imagine that a learner
repeatedly plays a policy which induces a state-action distribution p € Q. Then, for any (h, s, a), the
quantity 1/pp (s, a) is roughly the expected number of episodes the learner takes to collect a single

2. To cope with unknown transitions, we will use an upper bound of pj, (s, a) in the definition of proportional coverage.
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ch(s,a)
Pn(s,a)
episodes needed to satisfy the sampling requirements across all (h, s, a) when playing distribution

w. Then, the complexity measure is intuitively the minimum of this quantity across all possible state-
action distributions. In other words, any distribution p* attaining the minimum in ¢*(c) denotes an
optimal c-coverage distribution, i.e., generating data from p* provably minimizes the time to satisfy
all sampling requirements, in expectation.

We remark that the lower bound of Theorem 2 holds for any §-correct algorithm, even for
an oracle that knows the transition probabilities. In general, we do not believe it to be exactly
matchable since (i) any algorithm must work with sample counts rather the expectations, (ii) the
transition probabilities are unknown. However, ¢*(¢) will appear as the leading order terms in our
sample complexity, while these learning costs will be absorbed into lower order terms.

sample from (h, s,a). This implies that max, q pycx is roughly the expected number of

2.3. Links to existing measures of coverage

In Appendix B, we show that ¢*(c) can be reformulated as a stochastic minimum flow, a general-
ization of the minimum flow for directed acyclic graphs (DAGs), as used by Tirinzoni et al. (2022)
in deterministic MDPs, to stochastic environments. In this reformulation, ¢*(c) is written as a lin-
ear program seeking the minimal allocation of visits to each (h, s,a) (i.e., a flow) that satisfies the
sampling requirements while complying with the MDP dynamics.

In Appendix A, we prove that the complexity ¢*(c) satisfies the following inequalities

(s,a) cn(s, a)
< f A AAN < _ 1
m}?xzch(s,a) < o*( Z;ggnslegx on(s,a) — Z max, p(s,a) S

s,a h,s,a

(1) 2] 3}

Interestingly, each of these terms relates to a complexity measure that appeared in previous works.
Term @ is the complexity for covering a tree-based deterministic MDP (Tirinzoni et al., 2022),
perhaps the easiest MDP topology to navigate. As ¢*(c) reduces to the complexity of Tirinzoni
et al. (2022) in deterministic MDPs, we attain the equality ¢*(c) = @ in this specific tree structure.
For a specific choice of ¢, ® can be shown to be exactly the “gap visitation” complexity measure
introduced by Wagenmaker et al. (2022) for BPI. As a component of their BPI algorithm MOCA,
Wagenmaker et al. (2022) introduced Learn2Explore, a strategy that learns policies to reach all states
in the MDP. While it may be possible to adapt Learn2Explore for our active coverage problem, one
limitation is that it learns how to reach each layer independently, and this is reflected on the fact that
@ is only a loose upper bound (up to a factor H larger) to the optimal complexity ¢*(c). Finally,
® can be related to the sample complexity for active coverage obtained by the GOSPRL algorithm
of Tarbouriech et al. (2021)3. It can be interpreted as the complexity for learning how to reach each
h, s, a independently, which makes it an even looser upper bound to ¢*(c).

Concentrability and coverability A definition of concentrability coefficient for data distribution
p is Ceonc(p) := maxgqp %s”é)sa). This plays a fundamental role in characterizing the effi-
ciency of offline RL methods (see, e.g., (Chen and Jiang, 2019; Xie et al., 2022) and references

therein). It is easy to see that ¢*(c) = inf,cq Ceonc(p) for the target function ¢ of proportional

3. Since Tarbouriech et al. (2021) consider reset-free MDPs, their complexity actually scales as Zs,a Ds qc(s,a),
where Dj , is the minimum expected time to reach s, a from any state. In episodic MDPs, the minimum expected
number of episodes to reach some (h, s, a) is exactly 1/ maxx pj, (s, a), hence yielding ©.
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Algorithm 1 CovGAME

1: Input: Target function c,(s, a), RL algorithm A", online learning algorithm A*, confidence
parameter 0 € (0, 1).

2 LetXp:= X and Xy := {(h,s,a) : cp(s,a) > ¢ 2F} for all k € N*

3:  Initialize counts nY (s,a) = 0 for all , s,a

4. Reset A* on P(X), set A} (s,a) « 1((h,s,a) € X)/|X| forall h,s,a

5. Initialize k1 < 0O

6: fort=1,2,...do

7: Get 7 from A given reward function A\’ and confidence 1 — §/2

8: Generate a trajectory {(s},, a},) } (] using policy 7" and update counts n'

9: if n! (s,a) > ¢ (s, a) for all h, s, a then stop and return all sampled trajectories

10: Update k41 < max{j € N: n} (s,a) > cx(s,a) V(h,s,a) € X\ X}

11: if kt+1 7é k; then

12: Reset A* on P(Xy, ), set N (s,a) < 1((h, s,a) € Xi,,,)/| Xk, | forall b, s,a
13: else

14: Feed A with loss ££()\) = > (hsa)exy, M(s: a)l(st = s,al = a), get weight \'*

coverage. That is, our coverage complexity is equivalent to the minimum concentrability coefficient
achievable by any distribution generated by some stochastic policy. Under a similar perspective, Xie

etal. (2022) introduced the coverability coefficient Ceoy = inf,,| ;. eP(xx.A) MaXs ah %ﬁ;m
to characterize to what extent the best data distribution covers all policies. Noting that the infimum
is taken across all probability distributions rather than valid state-action distributions, the optimal
data distribution in C., may not be attained by the execution of any stochastic policy. This means
that C.y is not a valid complexity measure for active coverage in general, and it reduces exactly to

@ for proportional coverage (see their Lemma 3), i.e., to a loose lower bound on ¢*(c).

3. Active Coverage by Solving Games

We propose COVGAME (Algorithm 1), which adopts a game-based perspective inspired by the
bandit literature (Degenne et al., 2019). We first observe that the complexity ¢* (c) can be interpreted
as a zero-sum game between a learner trying to produce the best sampling distribution p € €2 and an
adversary trying to challenge it with the tuple (h, s, a) whose sampling requirement is the hardest
to meet under p. COVGAME does not directly solve the game in the definition of ¢*(¢) but rather
an equivalent formulation which simplifies learning. Thanks to the minmax theorem, we can write

1
—— =sup min pu(s, ) = sup 1nf Z An(s,a) )
7€) pen (same¥ ca(5,0)  penreP( ) e ,a)

= inf max Z ph(s,a) h

AEP(X P
(X) me (h,s,)€X

where in the last equation we used that the inner maximization is a standard RL problem with

reward function given by %]1 ((h,s,a) € X) and its optimum is known to be attained by a

deterministic policy (e.g., Puterman, 1994).
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COVGAME solves a variant of this minmax game that does not involve the target function c di-
rectly. The idea is to cluster the state-action pairs in X" based on their sampling requirement. To this
end, we define the sequence of sets { X }ren as Xp := X and Xy, := {(h, s,a) : cp(s,a) > mm2k}
for all k € N*, where ¢/, = min, s .)ex ¢h(s;a) V 1. At each round ¢t € N*, COVGAME tries
to solve the game infycp(x, ) maxy e Yoy, 5 o Ph (S, @) An(s, ), where k¢ is the largest index such
that all state-action pairs in X' \ Xy, = {(h,s,a) € X : cx(s,a) < ¢t 2%} have been already
covered. Intuitively, COVGAME progressively focuses on covering state-action pairs with larger
sampling requirement, while ignoring those that have already been covered. The main advantage
over solving the initial formulation of ¢*(c) is two-fold. First, the learner is allowed to play only
deterministic policies, each being the solution to an RL problem. Second, in the sequence of games
that we consider, the objective function is independent of the scale of ¢, which avoids undesired de-
pendencies (e.g., on the inverse of the minimum value of ¢) when the target function is unbalanced.

CoVGAME approximately solves the sequence of games above by leveraging two online learn-
ing algorithms, A* and A™. The one for the adversary (A*) can be any method for online convex
optimization on the simplex with linear losses. The one for the learner (A1) can be any regret min-
imizer for RL that handles reward functions changing at each round (but observed at the beginning
of the round). A simple approach like UCBVI (Azar et al., 2017) can be adapted to this purpose.

The final intuition behind COVGAME is quite simple: at each round ¢, the adversary produces
a reward function \! supported over X, , (the current set to be covered) and the learner tries to find
a good policy for maximizing it. This encourages the learner to visit uncovered state-action pairs,
eventually meeting the sampling requirements.

In order to analyze the sample complexity of COVGAME, we make the following assumption
on the adopted online learning algorithms, which will be satisfied by our specific instance.

Assumption 2 (First-order regret) There exists a non-decreasing function R(T) such that, if
AN is instantiated on P(Xy) for some k on a sequence of linear losses {{'};>1 bounded in [0, 1],

T T T
* toyty s t < t AT
VTGN,;E()\) Aren&r;kgf()\)_ ; (At) + RMNT). 2)

There exists a non-decreasing function R(;H(T ) such that, if A is run with confidence 1 — 6 on a
sequence of rewards {\'}1>1 with \' € P(X) for all t, with probability 1 — 6, for all T € N*,

T T T
SOV (s AT = DOV (s M) < (| REND) D DV (515 M) + RE(T), 3)
t=1 t=1 t=1

where VT (s13A) 1= 3y, ¢ o Ph (S, @) An(s, a) and Vi*(s1; A) == maxz VI (s15 ).

Theorem 3 (Sample complexity of COVGAME) Under Assumption 1 and 2, with probability at
least 1 — 5, COVGAME satisfies nj,(s,a) > cy(s,a) for all h, s, a and its stopping time T satisfies
7 < 64mp*(c) + Th, withm := [1ogs(cmax/ci )1 V 1, Cmax 1= maxy, s 4 ci(s, a) and

Ty = inf {T e N*: g me*(1y) <3R5H/2(T) + 12RN(T) + 24 1og(4T/5)) + 1} .

7
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While we require both learners to have first-order regret bounds (i.e., depending on the sum of
observed losses), standard O(ﬁ ) bounds can also be used at the cost of a larger second-order term
Ty in Theorem 3, from 77 = O(¢*(1x)) as in our instantiation to Ty = O(* (1 x)?). The key step
in our proof is to show that first-order regret implies convergence to the value ¢*(c) of the game at
arate O(1/T) instead of the slower O(1/+/T) achieved with O(v/T) regret. As ¢*(1y) depends
on the inverse visitation probabilities (see Theorem 2), this ¢*(1x) versus ¢*(1x)? improvement

will be crucial to avoid undesired scaling with these quantities in our applications to PAC RL.

3.1. Our instantiation

For A we propose to use the weighted majority forecaster (WMF, Littlestone and Warmuth, 1994)
with variance-dependent learning rate for which, for any sequence of losses bounded in [0, 1], we
have by Theorem 5 of Cesa-Bianchi et al. (2005) that Assumption 2 is satisfied with

RNT) = 16log(SAH). 4)

For A!! we propose to use a variant of UCBVI (Azar et al., 2017) that can cope with varying
reward functions. The idea is that, since the reward function A’ is revealed to A" at the beginning
of round ¢, we can build an upper confidence bound @Zfl(s, a; \!) to the optimal action-value
function Q7 (s, a; \') by estimating the transition probabilities with the data collected up to round
¢t — 1. Then, we play 7}, (s) = arg max, @Z_l(s, a; \!), the greedy policy w.r.t. @Z_l. We build the
UCBs by leveraging the same “monotonic value propagation” trick from Zhang et al. (2021c) and
prove that Assumption 2 is satisfied with

RI(T) = 655365 AH?(log(2SAH/5) + 65) log(T + 1)2. (5)

See Appendix C for details. Notably, we manage to prove a similar first-order regret bound as
the one derived by Jin et al. (2020) for EULER (Zanette and Brunskill, 2019b) with a remarkably
simple analysis, without using any correction factor in the bonuses, and with improved dependences
on H (from H* to H?) and § (from log(1/6)3 to log(1/68)). As compared to the minimax regret
rate (Azar et al., 2017), our resulting bound in (3) features a dependence on S instead of VS in its
leading-order term. This is the cost of handling changing rewards, which prevents us from building
tight UCBs as commonly done for a fixed reward function. Instead, we build UCBs that hold for
all rewards simultaneously using techniques from reward-free exploration (Ménard et al., 2021), a
setting where an extra dependence on S is unavoidable in the worst case (Jin et al., 2020). Time-
varying rewards, albeit under a weaker notion of regret, have also been studied in an adversarial
setting in which the reward \! is not revealed prior to round ¢ (Rosenberg and Mansour, 2019).

Corollary 4 (Sample complexity of COVGAME with WMF and UCBVI) With probability at least
1 — 6, the stopping time of COVGAME with WMF and UCBVI is bounded by

T < 64me*(c) + O(me*(1x)SAH? (log(1/5) + S)),

where m = [108y(cmax /¢ )]V1 and O hides poly-logarithmic factors in S, A, H, o*(1 1), log(1/6).

min

The second term in the bound above can be interpreted as the cost incurred for learning the
optimal coverage complexity ¢*(c) under unknown transition probabilities p. Still, this learning
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cost depends at most logarithmically on the total sampling requirement |[c[l1 = >, . , cn(s,a).
This implies that, for large [|c||1, this cost becomes negligible as compared to the first term and
7 < O(¢*(¢)), which matches the lower bound of Theorem 2 up to constant and logarithmic terms.
We observe that if p is known, by replacing UCB VI with the computation of the optimal policy w.r.t.
to A!, for which R(;H/2(T) = 0, we get a smaller additive cost O(me*(1x)log(SAH)log(1/4))
which is only due to the randomness in the collection of trajectories.

3.2. Comparison with prior work

While inspired by an original game perspective which is crucial in our analysis, the actual algo-
rithmic approach of COVGAME has a similar flavor as existing algorithms for different exploration
tasks: it runs a regret minimizer on different reward functions enforcing the visitation of uncovered
states. Using WMF as the A-learner, the reward function in round ¢ is

exp (-&-u <n2(87 a) — nj (s, a))) 1((h,s,a) € X,)
Z(h’7s’,a’)eé‘c’kt exp <_£t7’it (nzl(S’,a/) —nit (s, a/)))

Mt (s,a) =

)

where i, is the last restart of WMF that happened before ¢ and &, is the variance-dependent learning
rate defined by Cesa-Bianchi et al. (2005). Our reward function is related to the number of prior
visits and smoothly evolves over time, which is in contrasts with most prior approaches that rely on
rewards of the form ) (s,a) = 1((h,s,a) € Y) for some set ), For example, GOSPRL translated
to our episodic setting would use 7,7 (s, a) = 1 (nf(s,a) < c},(s,a)). The Learn2Explore strategy
(Wagenmaker et al., 2022) uses a subroutine to visit N times some of the state-action pairs in ): it
runs EULER (Zanette and Brunskill, 2019a) on Y and restarts the algorithm with a reward function
with reduced support whenever some new state-action pair has reached N visits. Several algorithms
for RFE (Jin et al., 2020; Zhang et al., 2021a) also collect data using regret minimizers on top of
indicator-based rewards. In Appendix B.3, we further discuss the connections between COVGAME

and Frank-Wolfe approaches used in the convex RL literature.

4. Applications to PAC RL

A strategy for RFE should collect a dataset of trajectories from which it is possible to compute a
near-optimal policy for any reward function. To be robust to any possible reward in the test phase,
we intuitively need to gather sufficient samples everywhere in the MDP, which we propose to do
explicitly by relying on COVGAME with proportional coverage (Section 4.1). By adding some
ingredients to this exploration strategy, we further obtain a new algorithm for BPI (Section 4.2).

4.1. Proportional Coverage Exploration (PCE)

Algorithm 2 takes as input two parameters €, § and returns an estimate of the transition probabilities
p that, with probability 1 — §, yields an e-optimal policy for any reward function bounded in [0, 1].
The choice of proportional coverage is motivated by a novel ellipsoid-shaped confidence region for
the value functions of all policies under any reward. Let p' denote the maximum likelihood estimator
of p after observing ¢ episodes. For any reward function r, let V" (s1;7) := Zhﬁ,a (s, a)rp(s,a)

be the expected return of 7, and 1717r’t(31; r) be the same on the empirical MDP with transitions pt.
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Algorithm 2 PCE (Proportional Coverage Exploration)

1: Input: Precision €, Confidence .

2: For each (h, s), run ESTIMATEREACHABILITY((h, 5); 157725 35%) to get confidence intervals

[W,,(s), Wh(s)] on max, pfi(s) (see Appendix G)

3: Define X := {(h,s,a) : W, (s) > 53575}
4: Define target function ¢} (s,a) = 1((h, s,a) € .f) forall (h, s, a)
5: Execute COVGAME (co, 5/6) to get a dataset Dy of d episodes // BURN-IN PHASE
6
7
8

. Initialize episode count o <— dp and statistics n} (s, a), p)(.|s, a) using Dy
cfork=1,... do
: // PROPORTIONAL COVERAGE
9:  Compute targets ci (s, a) := 2¥W;,(s)1((h, s,a) € X) for all (h, s,a)
10:  Execute COVGAME (ck, 5/6(k + 1)% to get dataset D, and number of episodes dy,
11:  Update episode count t; < tx_1 + dj and statistics nz(s, a),ﬁj(.|s, a) using Dy,
12: if \/HBRF (ty,5/3)24=F < ¢ then stop and return p*
13: end for

Theorem 27 in Appendix D gives that, with probability 1 — &, jointly over all episodes ¢,

SAH D T . Tt . pZ(Sv CL)2 €
VT' & [0, 1] , Vﬂ' & H s “/1 (31,7”) —‘/1 (Sl,T)‘ S BRF(t,é) Z m‘i‘z, (6)

(h,s,a)EX: h
where SR (¢,6) o H?log(1/6) + SH3log(A(1 + t)) and A. is a subset of triplets that are
not too hard to reach: X. C {(h,s,a) : maxypj(s,a) > gz} If we gather cp(s,a) =
O(HBRY(t,8) sup, pr(s,a)/e?) visits from every (h,s,a) € X., then the estimation error of
Vi (s1;r) for any 7 and r is below €/2, which is sufficient to solve RFE (Jin et al., 2020).

Yet as the visitation probabilities are unknown, neither X nor ¢y (s, a) can actually be com-
puted. To solve this issue, we rely on an initialization phase based on the ESTIMATEREACHABIL-
ITY subroutine (line 2 of Algorithm 2), described in Appendix G. This procedure, that is similar
to the initialization phase in MOCA (Wagenmaker et al., 2022), outputs for each (h, s) an interval
(W},(s), Wi(s)] to which max, p] (s) belongs with high probability using a low-order number of
episodes of 9] (S3AH*/¢). The lower confidence bound is then used to build a set X that satisfies
the requirements for A, and the upper bound is used to define the target function that is given as
input to COVGAME in phase k of the algorithm: ¢} (s, a) := 2¥W,,(s)1((h, s,a) € /i’\)

We remark that PCE is computationally-efficient as it inherits the complexity of COVGAME
and ESTIMATEREACHABILITY, which both require to solve one dynamic program in every round
to compute the optimistic policy used by UCBVI. We now present its theoretical properties.

Theorem 5 Let p be the estimate of the transition probabilities that PCE outputs. For any reward
function r, let 7, be an optimal policy in the MDP (p,r). Then,

P (vr € [0, 1)54H |V (s157) — Vi(s1;7)] < 5) >1—0.

Furthermore, with probability at least 1 — 0, the total sample complexity of PCE satisfies

T < (’3((1{3 log(1/8) + SH4)<p*<[Sup”pg(s)l(sup”p;’r(s) = 325}”)} ) | SPARH(log(1/9) + )
h,s,

g2 €

10

)
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where O hides poly-logarithmic factors in S, A, H, e and log(1/9).

Perhaps the most interesting feature of this bound is that in the regime of small € and small ¢, the
leading term is H®log(1/8)¢* ([sup, pi(s)L(sup, py(s) > €/(325H?))]p.s.0) /2, which can be
much smaller than the (SAH?/e?)log(1/§) minimax rate (Ménard et al., 2021). First, using the
inequality (1), this term is always smaller than |{(h, s) : sup, p(s) > ¢/(32SH?)}|AH?log(1/9),
which can be better than minimax in MDPs with many states that are hard to reach. Other examples
of MDPs for which PCE is better than minimax in the small ¢, § regime are given in Appendix E.7.
For any o € [0,1), we notably propose a family of MDPs satisfying ¢* ([sup, pi(s)]hsa) =
O(S“AH), leading to an asymptotic sample complexity of order (S*AH*/e?)log(1/5). These
examples suggest that, while RFE is by essence a worst-case problem, there is still hope to adapt to
the “explorability” of the MDP. Beyond this asymptotic regime, a worst-case bound can be directly
extracted from Theorem 5 for any ¢, § by using that the ©* term is at most SAH /&2,

~ (SAH* S2AHS S3A?HP
Tzo( T roa(yy + Z40 L 54 <1og<1/6>+s>),

which is minimax optimal up to an H? factor and low-order terms scaling in 1 /¢.

Remark 6 (Reachability) Thanks to its initialization phase, PCE can be used even when Assump-
tion 1 is violated. All triplets that have zero probability to be reached are filtered out from the set
X, and COVGAME always targets reachable states.

4.2. PRINCIPLE: PRoportloNal Coverage with Implicit PoLicy Elimination

Our second use-case of COVGAME yields PRINCIPLE, an algorithm for BPI. Given an unknown
reward distribution {v},(s, a)}n s, With support in [0, 1] and mean {rj(s,a)}p s.q4, an (g,6)-PAC
algorithm for BPI outputs a policy 7 such that P (Vf(sl; r) > Vi¥(s1;r) —€) > 1 -0

In the PCE algorithm, we sought to achieve good proportional coverage w.r.t. the set of all
policies, i.e., by requiring that nﬁ(s, a) > 2F suprenp P (s,a) for all h, s, a, k. This is due to the
“worst-case” nature of RFE, where any policy can be potentially optimal for some reward function
at test time. On the contrary, the mean-reward r is fixed in BPI, a property that we can leverage to
perform more adaptive exploration. A natural idea, which led to tight theoretical guarantees in recent
works (Tirinzoni et al., 2022; Wagenmaker and Jamieson, 2022), is to eliminate policies as soon as
we are confident enough that they are sub-optimal, so that the algorithm can adapt its exploration to
focus on policies of higher value. Unfortunately, while Tirinzoni et al. (2022) managed to achieve
so in a computationally-efficient manner for deterministic MDPs, the approach of Wagenmaker and
Jamieson (2022) needs to enumerate all policies to do the same in stochastic environments, hence
yielding an exponential time-memory algorithm. Our method, PRINCIPLE, achieves the same
while remaining computationally efficient. Due to space constraints, we report its full pseudo-code
in Appendix F.2, while here we highlight its core technique.

Implicit policy elimination The key idea is to replace explicit policy eliminations by sequentially

constraining the set of state-action distributions corresponding to high-reward policies. In particular,
PRINCIPLE maintains, at each phase k, a high-probability lower bound K’f on the optimal expected

11
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return Vy*(s1;7) computed as

V.= sup Z pn(s,a)Fr(s,a) — \/22—’“Hﬁbm(tk,5/3),
max ph(gj)(;g’ﬁ();va)ﬁfk s

where 8%(t,8) oc H?log(1/8) + SAH?loglog(t) and Q(p¥) is the set of valid visitation proba-
bilities in the empirical MDP with transition kernel 5°. As common, V¥ is computed by subtracting
a confidence interval to the maximum expected return estimated on the empirical MDP defined by
(p*,7*). A notable exception is that we focus only on state-action distributions that are well-covered
by the current data. Then, PRINCIPLE defines a set of “active” state-action distributions as

0 = {p €9 Y st 2 V8, sl fufs.0) <27,

h,s,a

Intuitively, p is active at phase & if (1) it is a valid state-action distribution in the empirical MDP with
transition probabilities p¥, (2) it induces an estimated expected return hos.a Ph(S; a)7¥ (s, a) larger
than K’f , and (3) it is well-covered by the current data. Then, as compared to PCE, PRINCIPLE
simply replaces the quantity sup,.cp pj (s, a) in the target function used for COVGAME at phase
k with sup ,cqr-1 pn(s; ), i.e., it restricts the exploration to active state-action distributions. In our
analysis, we show that, with high probability, state-action distributions corresponding to optimal
policies are never eliminated from QF and K’f gradually approaches V*(s1;r) from below. That
is, O is dynamically pruned to contain only distributions corresponding to higher returns, hence
achieving implicit eliminations of sub-optimal policies.

Computational complexity The computations of K’f and sup ,cor—1 pr(s,a) amount to solving
standard constrained MDPs, which can be done by linear programming (e.g., Efroni et al., 2020).
Moreover, PRINCIPLE does not store the set ¥ but only its associated constraints, whose number
is linear in SAH. This implies that PRINCIPLE requires polynomial (in SAH) time and memory.

Theoretical guarantees We prove that PRINCIPLE enjoys an instance-dependent complexity
that scales with policy gaps and visitation probabilities.

Theorem 7 PRINCIPLE is (¢, 0)-PAC for BPI and, with probability 1— 0, it has sample complexity

T < 6<(H3 log(1/6) + SAH?) [go* ([sup M] h’s’a> + "D*e(]l) + cp*(]l)} )

well max(e, A(T['))

where A(m) := Vi*(s1;7) — V" (s1;7) denotes the policy gap of w, 1 denotes a function equal to 1

forall h, s, a, and O hides poly-logarithmic factors in S, A, H,e,log(1/0) and ¢*(1).

Comparison with prior work Besides PRINCIPLE, there exist mostly two BPI algorithms with
instance-dependent guarantees for MDPs with stochastic transitions: MOCA (Wagenmaker et al.,
2022) and PEDEL (Wagenmaker and Jamieson, 2022). In the small (&, §) regime, the leading term
in the sample complexity of these three algorithms is of the form Alg(M, €) log(1/d). We carefully
compare these terms in Appendix F.3. Notably, while PRINCIPLE(M, ¢) and PEDEL(M, ¢) are
both expressed with policy gaps, MOCA(M, ¢) depends on the value gaps V;*(s) — Qj (s,a). In

12
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general, value gaps are known to be worse than policy gaps (Dann et al., 2021; Tirinzoni et al.,
2021) and, while there is no clear ordering between PRINCIPLE and MOCA (just like PEDEL and
MOCA, see Wagenmaker and Jamieson (2022)), we can exhibit instances in which the complexity
of the former has a better scaling than that of the latter.

Lemma 8 For any A € (0, 1], there exists an MDP M where

H°SA
2

MOCA(M, ¢) = Q< = >

H*SA  H*log(S)log(A
> while PRINCIPLE(M, ¢) = (9< 4 T log(S) log )> .
On the other hand, PEDEL directly minimizes the confidence interval (6) over all (active) policies,
an objective that is always upper bounded by the complexity of proportional coverage:

T 2 T
min max Z pih(s, a)) < min max SUPr Ppl5, @) ACHD) .

pEQ mell? < pp(s,a p€Q hsa  pp(s,a)

We prove in Appendix F.3 that the complexity of PEDEL is indeed smaller (up to H factors) than
that of PRINCIPLE. However, this objective may be intractable in general due to the maximiza-
tion over all deterministic policies. On the other hand, proportional coverage is sufficient (though
less statistically-efficient) to estimate the value of all policies and can be done in polynomial time.
Besides optimistic algorithms whose sample complexity features policy gaps but with an extra sub-
optimal scaling in the minimal visitation probability (Tirinzoni et al., 2023), this makes PRINCIPLE
the first computationally efficient BPI algorithm whose sample complexity scales with policy gaps.

5. Conclusion

We proposed COVGAME, a simple algorithm that adaptively collects episodes in an MDP to explic-
itly gather a required number of samples ¢ (s, a) from each triplet (h, s, a). We proved that its sam-
ple complexity scales with a new notion of optimal coverage ¢*(c), which is an instance-dependent
lower bound on the sample complexity of any adaptive coverage algorithm. We then illustrated the
use of COVGAME as a building block for PAC reinforcement learning algorithms. By relying on (an
optimistic variant of) proportional coverage, we proposed an algorithm for reward-free exploration
with an instance-dependent sample complexity bound. Further combining proportional coverage
with an implicit policy elimination scheme, we obtained the first computationally efficient algo-
rithm for best policy identification whose sample complexity scales with policy gaps. To assess the
quality of these approaches, in future work we will investigate instance-dependent lower bounds on
the sample complexity of PAC RL algorithms, that are currently missing in the literature.
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Appendix A. Optimal Coverage and Stochastic Minimum Flows

In this appendix, we present an equivalent linear programming formulation of the optimal coverage
problem of Section 2.2 that we call stochastic minimum flow. It is a direct extension to stochastic
MDPs of the minimum flows for directed acyclic graphs employed by Tirinzoni et al. (2022) in
deterministic MDPs.

A.1. Stochastic minimum flows

We define a flow as a non-negative function ) : S x A x [H| — [0, c0) such that

Smn(s,a) = 303 pua(sls's Yo (shd)) Vs € S,h> L,

acA s'eSa’eA
n(s,a) =0 VseS\{s1},a €A

That is, a flow 7 is an allocation of visits to each state-action-stage triplet which satisfies the navi-
gation constraints of the MDP. Note that the second constraint ensures that flow can only be created
in the initial state s;. The value of 7 is the total amount of flow leaving the initial state, i.e.,

o(n) ==>_m(sia).

acA

Letc: S x A x [H] — [0,00) be a non-negative target function. We say that a flow 7 is feasible
for cif

nh(s,a) > cp(s,a) Yh e [H|,s€ S,a€ A

The stochastic minimum flow problem consists in finding a feasible flow of minimum value. It can
be clearly solved as a linear program,

minimize Z m(s1,a),

HGRSAH =y
subject to
Z 77h(37 a) = Z Z ph71<8‘8/, a/)nhfl(slv a/) Vs € Su h > 17 (7)
acA s'eSa’eA

n(s,a) =0 VseS\{s1},a €A,
Nn(s,a) > cp(s,a) VYh € [H|,s € S,a € A

We now prove that the optimal value of (7) is equal to ¢*(c), the optimal coverage complexity
introduced in Section 2.2.

Lemma 9 If there exists a feasible flow for the target function c, the optimal value of (7) is

ch(s,a)

. .
= a .
#7(e) = mipmax S
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Proof Let us start from the linear programming formulation (7) and perform the change of variables
pn(s,a) + w and Z < > cs D wea (s, a’) forall h, s, a. Note that Z is the value of the
original flow 7 (and thus it does not depend on the stage), while pp, (s, a) is a probability distribution
over the state-action space for each h € [H]. We obtain the following optimization problem (no
longer a linear program due to the presence of a bilinear constraint):

minimize Z,

Z>0,peRSAH

subject to
Z ph(37 Cl) = Z Z ph—l(s‘slv a/)ph—1<8/7 a/) Vs €S, h>1,
acA s’eSa'eA

pi(s,a) =0 Vse S\ {s1},a € A,

Zzph(sva) =1 Vhe [H]7

s€S acA
pr(s,a) >0 Vhe[H],s€S,ac A,
7> @B g seSaeA
pr(s,a
The optimal solution for Z is clearly Z = maxy, s, ;Z((ZZ% , while the first four constraints define
exactly the set of valid state-action distributions €2. This proves the statement. |

Lemma 10 For any o, § > 0 and target functions ¢y, ca, ¢*(acy + Bez) < ap*(c1) + Be*(ca).

Proof Clearly, p*(acy) = ap*(c1) by definition for any o > 0, ¢;. From the LP formulation, we
note that if n] (resp. 73) is an optimal flow for c¢; (resp. c2), then ] + 13 is a feasible flow for
¢1 + c2. This implies that p*(c1 4 c2) < ¢*(c1) +¢*(e2) for any c¢1, co, which proves the statement.
|

A.2. Executing a minimum flow

Suppose we computed a solution 7; (s, a) to the stochastic minimum flow problem (7), or equiva-
lently a solution pj (s, a) to the coverage complexity ¢*(c). What policy should we execute in the
MDP to realize the flow? The answer comes easily from standard MDP theory (Puterman, 1994): it
is enough to execute a stochastic policy

7_‘_h(a|s) _ ”7;;,(870“) _ p;(l,(sﬂa’) vh787 a. (8)

Y ACHO DYV ACK))

It is then easy to prove that 7 realizes the the optimal distribution pj (s, a).

Proposition 11 Let w be the policy defined in (8), then, for each h, s, a,

np(s,a)
ses a8 d

pZ(S,a) = Z ) = PZ(Saa)-
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Proof This is a well-known result (e.g., Puterman, 1994). For completeness, let us prove it by
induction. Note that p* is the normalization of n* by definition. Clearly, the statement holds at
h = 1 since, for all actions a € A,

pGs1.0) = mi(als) = S — i o),

and p7 (s, a) = pi(s,a) = 0 for all other states. Suppose the statement holds at h — 1 > 1. Then,

=Y "> (s a) pra(sls’ d)malals)
s'eSa'eA "
=p}_1(s",a")
pi(s,a
=3 Y s (sl ) <D i)
s'e€Sa'eA 2 Ph(:D)

:ZbGA p;L (va)
|

Note that the denominator in the expression of p7 (s, a) is equal to ¢*(c) for any h € [H]. Thus, we
have pj (s,a) = 0} (s, a)/¢*(c). If we execute 7 for t = [¢*(c)]| episodes, we have that

— 2l .0) 2 wis.0) 2 en(s.0) Vs

Hence, we realize the flow in expectation.

A.3. Bounding the minimum flow

We are interested in upper and lower bounding the value of the stochastic minimum flow ¢*(c) as a
function of c. We start by deriving some simple (probably loose) bounds.

Lemma 12 Suppose there exists a feasible flow for the target function c. Then,

max S Y anna) <) < 3 S Y A

s€SacA he[H] s€S acA

Proof The proof of the lower bound is trivial by noting that the value of any flow 7 can be written as
©(1n) = 2 ses 2oaca (s, a) forall h € [H] and that any optimal flow satisfies 7} (s, a) > cp(s, a)
for all h, s, a. Let us prove the upper bound.

max:’;s;%)(w), with the convention that wy,(s,a) = 0if ¢ (s,a) = 0
regardless of the value of the denominator. Note that, if max et pf(s,a) = 0, then (s, a, h) is
unreachable and it must be that ¢, (s,a) = 0 since we assumed the minimum flow problem to
be feasible. For any reachable (s, a,h), let 7y, € argmax, .1 pj(s,a). For any unreachable
(s,a,h), let ws , , be an arbitrary deterministic policy. Let us define the following mixed state-

action distribution:

Let us define wy, (s, a) :=

Vh,s,a: pp(s,a): Zzzwlsa e hell(s a),

l€[H]s'€Sa'cA
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where Z 1= 37 e 2 yes 2oareawi(s’,d). Since this is a convex combination of state-action
distributions of deterministic policies (i.e., of {75 4.4 }s4), P € € (Puterman, 1994). Then,
Ch(sv CL)

©*(¢) = min max h(s, ) < max — < Z max en(s, a)h
pEQ h,s,a ph(s,a) h,s,a ph(S, (1) h,s,a wh(s a)phS @ (3 a)

-y Yy el

ax S, CL
he[H] s€S acA th

Lemma 13 Suppose there exists a feasible flow for the lower bound function c. Then,

©*(c) < Z inf max Trl Zch(s’a)‘

rells s€S pf(s)

he[H] acA
Proof Fix any h € [H]. Note that
. Ch(S, CL) . 1 . Ch(87 CL) R ZaGA Ch(S, CL)
min max = minmax —— min = minmax =2 _——~,
pEQ sa pp(s,a)  peQ s pp(s) meP(a) w(a)  pe s Ph(s)

Now let p" denote any solution to this optimization problem and define the mixed distribution

pi= 1H1 ZZP where Z; := min,cq max; % and Z := Zfil Z;. Then, p € €2 and thus
Z Z
SO*(C) < max fh(s, a) < max —— max CZ(S’ a) = max — min max M
hs,a pp(s,a) h B Sa ph(s,a) h Zp peQ sa p ( a)
c(s,a
— min maXM.
nepr S ° pi(s)

A 4. Proof of Theorem 2

Define the coverage event Ecoy = <V(h, s,a) € X, nj(s,a) > cp(s, a)). We have that for any

d-correct algorithm IP’(ECOV) > 1 — 0. Therefore, for any triplet (h, s,a) € X, we have that
E[nj,(s,a)] > E[nj(s,a)l (Ecov)] > cn(s, a)P(Eeov) > (1 = 6)cn(s, a). 9)

Now consider the function 7,(s,a) := E[n}(s,a)] for all h,s,a. We know that 7 satisfies the
navigation constraints, hence it is a valid flow (see Appendix A). Moreover it satisfies the constraint
(9). By definition of stochastic minimum flow, this means that

= S Elglsna)] = o) > 9" (11— Den(s )l ) = (1 - 0)¢™ (),

acA

where in the last line we used that for any constant o, *(ac) = ap*(c).
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Appendix B. CovGame
B.1. Proof of Theorem 3

Note that, at the beginning of any round ¢ > 1, the learner A* works over the simplex P(X%,),
hence ' € P(X},). Let m denote the number of times k; changes value through the execution of
the algorithm, that is m = [{t < 7 : k; # ki11}|. Moreover, let 7y := 1 and, for i € [m)], let 7; be
the round at the beginning of which k; has changed for the i-th time (i.e., k-, # kr,—1). Note that,
forany ¢ > Oandt € {7;,...,Tit+1 — 1}, k¢ = k-,. We start by bounding m.

Lemma 14 It holds that m < [logy(cmax/c: )] V 1. Moreover, for any i € {0,...,m — 1}, we

min

: Ti+1—1 + ok +2
have ming, s a)ex,, M, (s,a) <cp. 28mite,

Proof By definition of the update rule, we have that k;,; > k; for all ¢ > 1. Now take any time
t in which k; has changed value m times. Since k1 > 0, this means that k; > m. By definition of
k¢, we know that n} ' (s,a) > cp(s,a) for all (h,s,a) € X \ X; for some j > m. However, if
m > [logs(cmax/cii )] V 1, X; = 0 and thus the algorithm must have stopped. This prove that
m < [1ogs(emax/Copin) 1 V 1.

To prove the second statement, we note that for any i < m, we have k.., 1 = k;, and

n;”172(s,a) > cp(s,a) for all (h,s,a) € X\ Ay, . Moreover, there must be some (h, s,a) €

X'\ A, +1 such that n;i+1_2(s, a) < cp(s,a). Indeed, if this was not the case, we would have an
update of k at the end of round 7,11 — 2 instead of ;4.1 — 1. Since all the triplets in an have been
covered, the uncovered triplet must be in X}, N X \ X, +1 = X, \ X, +1. By definition, all
(h,s,a) € Xy, \ X, 41 satisfy cp(s,a) < ¢t 2k 1 Hence,

. -1 . 12
( H?;ln n, ™ (s,a) < ( H%ln ny T (s,a) +1 < e 28T 41 < o ohnit2
h,s,a)€Xy, . h,s,a)€X}, .
K2 7

+
where we use thatc [, > 1. |

Lemma 15 Under Assumption I and 2, with probability at least 1 — 9, for any i € {0,...,m—1},

o I~ Ty — 75 3 3 o
i Tit1—1 >N UHL T Cpll 2 NTRA - 1) — 3loe (4T /S
(h,s%len/\’kr L (S7a) =3 Z 90*<]1Xk ) S 5 (ﬂ—&-l) 9 Z (TJ—H TJ) Og( 7—1—&-1/ )
v 75
min 0yt (s,0) 2 T SRl ) SR () — Blog(dmiga /9).
(h,s,a)EXk,ri h ’ o 830*(]12@7.) 8 2

Jj=0 Jj=0

24



ACTIVE COVERAGE FOR PAC REINFORCEMENT LEARNING

Proof Take any i € {0,...,m — 1}. Note that

Ti+171
. ir1—1 . ..
min  n,"'" ' (s,a) = min 1(st =s,al =a definition of counts
h ) h )y Qp
(h,S,a)EXk . (h757a)eXk .
T Ty t=1
i Tie1—1
| =a) (definition of {7;};>0)
(hs a)GXkT D0 i=,
Tj+1—1
> Z mln Z 1 (sz =s,al, = a) (X, C X, forall j <i)
(h,s,a)EX,., . v J
J t:Tj
7 Tj+1—1

= min Z An(s,a) Z 1 (s}, = s,a}, = a)

=0 AEP (X, )

J (h,s,a)GXij t=1;
7 Tj4+1— 1
= min Z 0N (definition of £;(\))
AEP (X
7=0 0 t=Ty

For each j, by the regret bound of the A player (Assumption 2),

Ti+1—1 Ti+1—1 Ti+1—1
min Y A= Y AN = RN —) Y U = RMm - 1)
)\GP(Xij) t=T; t=r; t=r;
1 Ti+1—1 3
> tz 0 — iR)\(Tj—H = 7j);

where in the last step we used the AM-GM inequality /7y < %ﬂ’ for z,y > 0. Summing over j,

Tit1—1

: ipi—1
" Slglen)(k n, "t (s,a) > 5 Z HY) — ZR (Tj41 — 7). (10)
Y Ti t=1

[

Let us now bound S774 " #/(Af). Note that £f(\!) = Y ohsa n(8:a)1 (s}, = s,a}, = a) for all

forallt € {rj,..., 741 — 1} since X’ is equal to zero outside X, Then,
Tit1—1 Tit1—1
Z Y = Z Z A (s, a) (]1 (s, = s,a}, = a) :I:pgt(s,a)>
t=1 t=1 h,s,a
Tit1—1 Tip1—1
t
= Z VI (s1; A7) + Z Z M (s,a) (]1 (s, = s,aj, = a) — pf, (s,a)) .
t=1 t=1 h,s,a

::M;;—l_l

Since both \! and 7! are F;_;-measurable, M, 1 is a martingale with differences bounded by
1 in absolute value. Therefore, by Freedman’s inequality (e.g., Lemma 26 of Papini et al. (2021)),
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with probability at least 1 — §/2,

T
VT > 1, |Mp| < \|> Vi x4log(4T/5) + 4log(4T/9)
=
T
< Z V™ (s1; ) x 41log(4T/6) + 41og(4T'/6),
t=1

where we defined V; = Var[}_, , , M,(s,a)1 (s}, = s,a}, =a) | F;—1] and used the simple
bound Vi < E[Y, ,, M (s,a)1 (s}, = s,a, =a) | Fi1] = V™ (s1;A"), which holds since
D hsa (s, a)1 (sh = s,a}, = a) < 1 almost surely by definition of A’. Plugging this into the
initial decomposition of >/~ ! £*(A") and using the AM-GM inequality ,/zy < LJQ“y forz,y > 0,

Ti+1—1 Ti+1—1 Ti+1—1
Z 0N > Z Vi (s15A) — Z V™ (s1; M) x 4log(47i+1/6) — 4log(47iy1/9)
=1 t=1 t=1
17
> 5 (s513A) — 6log(47i11/9).
=1

We finally bound 37, V™ (s1; A!) for any 7. For all T > 1, with probability at least 1 — §/2
from Assumption 2,

T

T
DV (s150) Zvl (s1; A7) = | RE(T) YV (515 M) — RE(T).
t=1

t=1

Applying once again the AM-GM inequality yields
d 3
Vi (s13 M%) 1% — SRNT
; 1 317 Z 1 317 2 ) ( )

= stuprh s,a) N\ (s,a) — 3R(;H(T).

—1 PEQ

h,s,a
Now note that, since \! is supported on Xij forany t € {7j,...,7j11 — 1},
Ti4+1— 1 Z 7']+1 1
Zsuprh(sa/\hsa ZZSuprhsa)\hsa)
t=1 peﬂh,s,a j=0 t=T; pEQ h,s,a
¢ ot : T T
i+1 — Tj
min  pp(s,a) = AL
Zo ; peQ (h,5,0) € X jz; 90*(]1/'\’ij)
Plugging everything together proves the first statement. The second result can be proved analo-
gously by simply using >"_ minAep(Xij) ij ! CH(N) > minyep(x,. )ZT’“ Et(/\) in the
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first series of inequalities and continuing with the same steps. This yields a single dependence on
R (7541 — i), which can be upper bounded by the stated R*(7; 1) by monotonicity of R |

We are now ready to prove Theorem 3
Proof [Proof of Theorem 3] Let m be the number of times k; has changed throughout the execution
of the algorithm. Note that, in the round 7 in which the algorithm stops the last change must occur,
thus 7, = 7 + 1, and k.1 is set to any value such that Xy, , = (. Then,

m—1
E Tl+1 — 7—7, .
=0

By combining Lemma 14 with Lemma 15 and rearranging, with probability at least 1 — J, for any
i€{0,...,m—1},

3 3
i1 — 7 < 80 (Lx, ) Cin2"7 2+ 8¢* (1) <8R?(Ti+1) + §R>\(Ti+l) + 3108;(4Ti+1/5)>

< 80" (L, )27 + 9 (L) (3RY () + 12R (70) + 241054730 /) )
where the second inequality is due to X, C X for all k € Nand 7,41 < 7, fori < m — 1. Then,
m—
Z "(La, )25 4 mg* (1) (3RY(7n) + 12R (1) + 2410g(470/6) ) + 1
i=0

The first term can be bounded by

m—1
1((h,s,a) € X))
k‘-,-z-f—Q _ + kl7—1+ : 7 Ti
8 ; mm@ (]le )2 8 Z Cm1n2 Iprgg g}ﬁ“}i{ ,Oh(s,a)

1(ct, 28 < cp(s,a))

<32 + okr
Zcmm i o

ch(s,a)

< 32 min max = 32myp*(c).

T g rEQ sah pu s, a)
Plugging this into the bound on 7,,,, we obtain the inequality,
T < 32my*(c) + me*(Ly) <3R5H(Tm) +12R (1) + 24 log (47 /5)) +1

Thus, for 7,,, > T, we get that the sample complexity is bounded by 7 < 64me*(c). Thus, we
conclude that 7 < 7, < max{771, 64me*(c)} < 64mp*(c)+ T1. The proof is concluded by using
Lemma 14 to bound m. |
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B.2. Proof of Corollary 4
We need to bound 77 from Theorem 3 when using WMF and UCBVI. By definition of 7} in Theo-
rem 3,
-1
2
Recall that, by (4) and (5),

< mg*(1y) (3725“(11) +12RNTY) + 24 log(4T1/6)> +1.

RMT) = 16log(SAH) +1 RI(T) = 655365 AH?(log(2SAH/§) + 6S) log(T + 1)2.

For T > 3 and assuming SAH > 2 (otherwise the result is trivial), it is easy to see that R (T") <
RY(T) and 241og(4T/5) < RE(T). Theorefore, for some numerical constant c1,

T) < eymp*(1x)SAH?(log(2SAH/6) + 6S) log(Ty + 1)°.

Solving the inequality in 7} yields the stated bound.

B.3. Links with concave-utility reinforcement learning

The (inverse) complexity term ¢*(c) that we seek to approximate with COVGAME can be expressed
as the maximization of a concave function of the visitation probabilities:
1 pi(s,a)

YN c h c = i
©*(c) I;?ea()z(f (p) where  fe(p) (h,g,l;)ne;\f cn(s,a)

Computing the maximizer without the knowledge of the MDP falls in the framework of concave
utility reinforcement learning (or convex reinforcement learning when we instead minimize a con-
vex function (Zahavy et al., 2021)) which has attracted a lot of interest recently (Hazan et al., 2019;
Zhang et al., 2020; Geist et al., 2022). Several authors proposed the use of a Frank-Wolfe approach,
when the function f to maximize is smooth (which is not the case for f.). Indeed, it was observed
that in the Frank-Wolfe update the computation of

argmax p' Vf(p) = arg max Z pn(s;a)(Vf(p))n,s,a

peEQ peEQ hosa

can be interpreted as solving the MDP when the reward function is 71, (s, a) = (V f(p))n,s,q. Differ-
ent authors proposed to combine Frank-Wolfe with regret minimizers to cope for the unknown MDP
(Cheung, 2019; Zahavy et al., 2021). For example Wagenmaker and Jamieson (2022) propose a
generic algorithm for smooth experimental design in linear MDPs (which generalizes max,cq f(p)
to optimizing over possible covariance matrices) which runs a regret minimizer for a long time on a
reward function given by the gradient of the objective. To tackle non-smooth objective, they further
propose to use a log-sum-exp smoothening trick.

Interestingly, each phase of COVGAME may be interpreted as doing a Frank-Wolfe update on
a sequence of smoothening of an objective of the form g(p) = min, 5 4)ex, Pn(8,a), where the
regret minimizer is further never restarted. Indeed, introducing

1
gn(p) = ~log | > e
N (h,s,a)eX
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we have
eﬁﬂh (S’a)

s',a’
Z(h’,s’,a’)eé\? enen( )

and the reward A} (s, a) used by COVGAME when X}, is the set to be covered and the last restart
occured at time ¢ can be written

(Vgn (p))h,s,a =

t

ty
ni(s,a) —nr(s,a
Ni(5.0) = Vg, ((nh(s.a) — (. @)hsa) = Vi (( CLL A )>
h,s,a

t—t

where 1; = &y, is the (time-varying) smoothening parameter, with §; the variance-dependent
learning rate defined by Cesa-Bianchi et al. (2005).

Appendix C. UCBVI with Changing Rewards

In this appendix, we study the following regret minimization setting with changing rewards. At the
beginning of each episode ¢ > 1, the learner receives a known reward function rfl(s, a). The learner
does not know the transition probabilities p and its goal is to minimize the regret

S (Vi) =W (s1)

t=1

where V" (s1;7) := >, o Ph (s, @)ra(s, a) and Vi*(s157) := max, V" (s1;7). We make the fol-
lowing assumption on the sequence of rewards.

Assumption 3 Forallt > 1, (s, a) € [0,1] forall h,s,a, and 3, , ,7},(s,a) < 1.

Note that this implies that Zthl Th(sh;an) € [0,1] for any trajectory {(sn, an) }nerr) almost surely.

C.1. Algorithm

We study a variant of the UCBVI algorithm (Azar et al., 2017) adapted to this setting. For any
h < H, we define recursively upper confidence bounds over optimal value functions for any reward
T as

Qnlsasr) = (rnls,@) + Pl Vs () + Bh(s,aim) ) A1,

where @tH(s, a;r) =rg(s,a), VZ_H(S; ) := max, @Z(S,a;r), and

SV(ﬁli,s,w VI;LJrl (T))ﬁ(nz(& CL), 6) 85(’02(8, CL), 5)

nt (s, a) " nb(s,a)

Bl (s,a;7) := max

Note that this bonus is infinite for n} (s,a) = 0. As we will only evaluate these quantities in
the rewards observed at the corresponding round, we shall abbreviate @Z(s, a) = @Z(s, a;rttl),
V) (s) =V}, (s;71), and B! (s,a) := B! (s,a;r'™) forall t € N. UCBVI plays at each episode

7t (s) € arg max @Zfl (s,a),
a

which is thus greedy w.r.t. the optimistic value function for reward 7.
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C.2. Analysis

The analysis follows the one of EULER (Zanette and Brunskill, 2019b) and uses several technical
results from Ménard et al. (2021) and Zhang et al. (2021c). Let us define the event

E = {Vt eN,h,s,a: KL(%(SaG),ph(s,a)) < W} |

"
where 3(n,d) := log(2SAH /) + Slog(8e(n + 1)). Moreover, let
G:= {Vt €N, h,s,a:n}(s,a)> %ﬁ%(s,a) - ch(5)} ,
where 3% (5) := log(2SAH /6) and 7}, (s, a) = \_ p}’ (s, a).

Lemma 16 (Bernstein-like bound) Under event E, for all h,s,a,t and value function V s.t.
Vi(s) € [0,1] for all h, s,

~ V(P! . Viy1)B(nt (s,a),8)  28(nt 5
|(Ph,s,a_P}€7S7a)Vh+1| < ( h,s,a h+1) ( h( ) )_|_ B(nh(saa)v )

nt (s, a) 3nt (s, a)
SV(P} , o Vit 1)B(n}(5,0),8) 4B(nt (s, a),0)
< max ] ; , L
ny, (s, a) 3n; (s, a

Proof This is immediate by combining the definition of E' with Lemma 10 of Ménard et al. (2021)
and z + y < 2max{z,y}. [ |

Lemma 17 (Optimism) Under event F, @Z(s, a;r) > Qr(s,a;r) forallt, h,s,a and any reward
r satisfying Assumption 3.

Proof By definition, @jq(s, a;r) = Q% (s,a;r) = rg(s,a). Thus, the statement holds at stage H.
Now suppose it holds at stage i + 1 for h € [H — 1]. This implies that V’;LH(S; r) > V¥ (s;7) for
all s. Then,

St ot
mh(s,0) + Py Vi1 (r) + Bi(s, a;7)

(s,a),9)
(s,a)

>

SV(PL, o0 Vinsr (r)B(nfy(s,a),0) 86(n

=7n(s,a) + Py ooV (1) + max nt (s,a) n

>

2 Th(S, CL) + ﬁiﬁ,s,avf;—l(s; T) + max

V(D] | s Vitr (1) B(nl (5.0),0) 88(nt (s,a),0)
n (s, a) "l (s.a)
> rp(8,a) + PhsaViyi(sir) = Qp (s, a57),

where the first inequality uses the inductive hypothesis together with the monotonicity property in
Lemma 14 of Zhang et al. (2021c), while the second inequality uses Lemma 16. The fact that
Q7 (s,a;7) € [0,1] for any h, s, a and r satisfying Assumption 3 concludes the proof. [ |
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Lemma 18 (Variance concentration) Under event E, for any t, h, s, a, any reward r satisfying
Assumption 3, and any value function V' s.t. Vi (s) € [0,1] for all h, s,

Blnf (5. ),0)

nt (s, a

~ —t —t
V(Pi]i,s,aa Vi1 (1)) <4AV(Phs,as Vhr1) + 4Ph,8,a|vh+1 (1) = Vg1l +4
Proof By combining Lemma 11 and 12 of Ménard et al. (2021) together with the definition of F,

= —t —t
V(P}is,av Vh—i—l(r)) < 2xj(})h,s,aa Vh-l—l(r)) +4

—t B(nt(s,a),é
< AV(Ppsa, Vit1) + 4PnsalViga (1) — Ve | + 4%-
nj (s, a)

Theorem 19 Under the assumptions above, with probability 1 — 6, for any T € N, the regret of
UCBVI for changing rewards is bounded by

T T
3 (V1 siyrt) — VT (sl;rt)) < 5140SAH?L5 + 256, | SAHL7s > Vi (s1:7t),
t=1 t=1

whee Lt 5 = (log(25AH /) + 65) log(T + 1)2.

Proof Note that P(E,G) > 1 — § by Lemma 3 of Ménard et al. (2021) and a union bound. We
shall thus carry out the proof conditioned on E and G holding. Fix any 7' € N. We start from the
same regret decomposition as in the proof of Theorem 2 of Zanette and Brunskill (2019b). First, by
Lemma 17,

T T
> (Vi ) <30 (V) = v ). (11)
t=1 t=1
For any ¢, h, s, a,
—t—1 5t -l .
Q; (s,a)— ta(s, a;rt) < P}i’&thH + Bt Ys,a) A1 — P, s aV}Zil( 0
< Ph,s7avh+1 + ‘(PftL,s a Ph s a)Vh+1| + Bt 1(8 a) A1 — Ph,s,av}zlil(rt)
—t—1 _
< PhsaVigy + 2B (s,a) AL — By Vit (1),
where the last step uses Lemma 16 and the fact that values are all in [0, 1]. Theorefore,
ST mt ty _ A1 ¢ t ¢ ¢
Vi () = Vil (s:77) = @y (s, m3(s)) — @ (s, m3(s); )
—t—1 .
< Pranico (Vins = ViR () + 2B (s, mh(s) AL (12)
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Enrolling this reasoning, we thus obtain

Vi (s1) = Vi (surt) <23 0 (s,0) (BY M (s,0) A1) (13)
h,s,a
=2 Z pgt( a) (B}~ 1(sa/\l Z ph ) (B}~ 1(sa)/\l)
(h,s,a)EZ4 (hys,a)¢Z:

where Z; := {(h,s,a) : n',ﬁb Y(s,a) > 45°"(8)}. Recall that 7}, *(s,a) == > \_ }pz (s,a). Let
Wr =2 Z?zl > hsalh "(s,a) (Bf;l(s, a) A'1). Summing the previous inequality over all time
steps and using Lemma 20,

T

Wr<2) " Y pf(s.a) (B (s.a) A1) +10SAHB™(6). (14)
t=1 (h,s,a)€Z;

@

Now recall that B~ !(s,a) depends on V(Pfl la, Vh+1) By Lemma 18, for any ¢, s, a, h,
—t—1
V(Pﬁ o V1) < AV(Phsa Viiy (1) + 4Py o Viy — Viliy (7)) + 4

Plugging this into the definition of B]t;l (s,a) and using /z +y < /& + /Yy,

t—1

t —t—1 t
Btil(s a) SQV(Ph,s,aa Vhﬂ+1(7ﬂt))5(nz 1(5> a)» 5) + 32Ph,s,a|vh+1 V]Zr+1( )|B(nz 1(37 a)a 5)
h nl (s, a) ny, (s, a)

t—1
n 165(n;, (3,@),6).

nZ '(s,a)
Back into @ and using that 3(z, d) > 1 for all z > 0, we get

XT: > k(s a)\/32V(Ph’Sva’ViZi1( rt)B(nt (s, a), o)

ny- Ys,a)v1

t=1 (h,s,a)€Z:

@

T —t—1 t +—1
. 32Py 0 Vi — Vi) (M) |80t (s, a), 0)
22

h (S,G t—1
i1 (e, ny o (s,a) V1

-~

®

B(ni=t(s,a),d
+162 Z ph s,a) h(( )3/1)

t=1 (h,s,a)EZ;

@

We bound these terms separately. By Lemma 21 and monotonicity of 3(-, ),

@ <16SAH log(T 4+ 1)B(T.,9).
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By Cauchy-Schwartz inequality and the bound on @,

t—1

d ot ot t d Tt B(nh (8,&),5)
@< 82 S s VP VLGN Y S p(s )t 12000

t=1 (h,s,a)€ 2 t=1 (h,s,a)€ 2 ny (s,a) V1

- 322 Z ph S, CL Ph,s,a7vh7i1(7‘t)) X @
(h,s,a)EZ4

< 32| SAH log(T + 1)3(T, §) Z > op V(Phs,a, Vi1 (1))
t=1 (h,s,a)€Z;

< 64,| SAH log(T + 1)B(T, 8) Zvl (s1;7%),

where the last inequality uses Lemma 22. It only remains to bound ®. By Cauchy-Schwartz in-
equality and the bound on @,

1
®§\32Z Z Py Saphsa|Vh+1 ﬁlrﬂz Z pr (s,a) (z (5,0),9)

t 1
1 (h,s,a)€2: t=1 (h,s,a)€2 (s,a) V1

= \ 322 Z P (s,a) Ph,s,aIVZ_H Vir, (rt) x @

(h,s,a)EZ;
<32, |SAH log(T + 1)B(T, ) Z Z pr (s, a) Ph737a|vz;11 - Vh”il(rt)\
1 (h,s,a)€Z:
<32 |SAH?log(T +1)B(T,9) 2Zth (s,a) (B (s,a) A1),
t=1 h,s,a
=Wy
where the last inequality uses Lemma 23 together with \Vﬁ;ll(s) - Vhﬁl(s; )| = 72111(3) -

Vhﬁl(s; r!) for any s (due to optimism). Plugging the bounds on @,®,® into @ in (14),

T
Wr < 64/SAH?10g(T + 1)3(T, 6)Wr + 128, | SAH log(T + 1)3(T,6) Y _ Vi (s137%)
t=1

+ 5125 AH log(T + 1)3(T, §) + 10SAH B (5).

The sum of the last two terms can be bounded by 522SAH log(T + 1)3(T, 6) since 3" (5) <
B(T, d). Solving the quadratic inequality in /Wy, we get

T
Wr < 4096SAH?1log(T + 1)3(T, 6) + 256, | SAH log(T + 1)B(T,6) > _ Vi (s1;77)
t=1

+ 10445 AH log(T + 1)B(T, 5).

33



AL-MARJANI TIRINZONI KAUFMANN

Finally, note that W1 bounds the regret by (11) and (13). The proof is concluded by using that
B(T, ) < (log(2SAH/S) + 6S) log(T + 1) to simplify the expression. [

Lemma20 ForanyT >1, Y[, D (hs.a)d 2 pzt (s,a) < 5SAHB™M(S).

Proof By definition of Z; and since pgt (s,a) <1,

Z Z ph s, a) Z th s,a)l (a1 (s,a) < 4B°(8)) < SAH (4B8°™(8) + 1).

t=1 (h,s,a)¢ 2 h,s,a t=1

The result is proved by noting that 1 < 3(§). |

Lemma 21 Under event G, for any T > 1,

1
ph s, a) < 16SAH log(T + 1).
Z(hs;)ezt nt~ 1(5 a)V1

Proof By definition of G and Zy, if (h, s,a) € Z; thenn!; '(s,a) > 7@, *(s,a)/4. Then,

1
Z > p S“)n 1 <4zzph ST v “l(s,a) vl

t=1 (h,s,0)EZ, h t=1 h,s,a

-1
it (s,a) — 7t (s, a)
=4 Ej A h < 16SAH log(T + 1),
h,s,a t=1 S a)\/l

where the last inequality uses Lemma 9 of Ménard et al. (2021). |

Lemma 22 ForanyT > 1,

T
Zzpzt(&@) Phsllvvh—f—l <4ZV1 817

t=1 h,s,a

Proof Starting from the well-known variance decomposition lemma (see, e.g., Lemma 7 of Ménard
et al. (2021)) and following with the same bounds as in the proof of Lemma 3.4 of Jin et al. (2020),

H 2
S 05 (5. )V (Phsa, Vi (1) = E™ (Z rh (snyan) — Vi (515 m)
h=1

h,s,a

o 2
< 2™ <Z 7 (sn, ah)> 2V (s157%)?
h=1

+ 2V (s1;7)

h=1
= 4Vfrt(31; rt)

rH
<2E™ | v (sn,an)

where the first inequality uses (z + y)? < 222 + 2y and the second one uses Assumption 3. W
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Lemma 23 Under event E, for any t,

S 05 (5. 0) Prsa(Vings — Vit (7)) < 2H Y pf (s,0) (BE H(s,a) A 1) .

h,s,a h,s,a

. t t
Proof Since >_, . pj (s, a)pn(s'[s,a) = pj, ,(s') for any ',

th (s aPhsa(V — Vi (! Zzph (5) = Vi (si7%))

h,s,a h=2 s
H
< D Pusnt o (Vi = Vi )+Zzph 2B} (s, mh(s) A1
h=2 s h=2 s
< HY O pf ()28} (s, mh(5)) A1,
h,s

where the first inequality uses the decomposition in (12) while the second one applies this reasoning
recursively. |

Appendix D. Concentration of Value Functions

In this appendix, we derive the concentration bounds on value functions needed for our PAC RL
algorithms. We shall assume that rewards lie in [0, 1] almost surely.

D.1. General results

Lemma 24 [Concentration of p' V] Let Z C [H|xSX A, Z := | Z|, and{V}, : § = [0, H]} pe[m+1]
be a collection of bounded functions. With probability at least 1 — 0, for any t > to := inf{t :
nt(s,a) > 1,Y(h,s,a) € Z},

S (s )| (Bl (5.0) — pi(s, @) Vs |? < A2 1og(1/8) + 2ZH% log(1 + 1),
(h,s,0)EZ

Proof We start by building a suitable stochastic process to apply Theorem 1 of Abbasi-Yadkori et al.
(2011). Let F; j, denote the filtration up to stage h of round t. For any h € [H]|,t > 1, the random
variable 7}, := Viy1(s) 1) — pu(s},, at )T Vi1 is zero-mean and H2-subgaussian conditionally
on F; p, due to the boundedness of the functions {Vj }pe(m. Let X, ! be a Z-dimensional vector
containing a value 1 at position (h, s}, a}) if (h, s}, al) € Z, and zero at all other positions. Note
that X} is F p-measurable, while 7} is F; ,+1-measurable. Let V; := 22':1 Z{;l X!nt. For all
(h,s,a) € Z, we have

t
¥ilhsa = D1 (sh = .0 = a) (Viea(sher) = pu(5) 1) Vi )
= nf(s, ) (Fh(s, @) — pi(s.0)) V.
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Let Dy := Y%, Sl XE(XE)T = diag([n} (s, a)](hs.0)ez)- Theorem 1 of Abbasi-Yadkori et al.
(2011) combined with Equation 20.9 from Lattimore and Szepesvari (2019) yield that

IP’<W > 1, < 2H?log(1/68) + ZH?log(1 +t/Z)> >1-6.

2
H(I-i—Dt)_l
Since n! (s,a) > 1 forany ¢t >ty and (h, s,a) € Z, following Corollary 3 in Réda et al. (2021),

Dy = diag([nf,(s, @)l (n,s,a)ez) = (I + Dy)/2,

which implies HYt "%_1 <2 HYt H (I+D1)- , for any ¢ > . Plugging this into the probability above
and using that HYt HQD—l is exactly the left-hand side of the statement concludes the proof. |
t

Lemma 25 [Concentration of bV for all V] Let Z C [H] x S x A, ,andV = {V :
S — [0, H]} be the set of all bounded functions mapping S into [0, H|. With probability at least
1 — 6, for any functions {Vj, € VY and t > to := inf{t : n',(s,a) > 1,Y(h, s,a) € Z},

Sl 5,0)| (Bl (5,0) — pa(s, @) Via|> < 4B log(1/6) + 12(SH + Z)H? log(1 + 1),
(h,s,@)EZ

Proof Let Yi(Va,....Vii1) == X0z nh, (s, a)|(P,(s,a) — ph(s,a))TVhH‘2 denote the
quantity to be bounded for fixed functions V;, € V forall 2 < h < H + 1. Let {{}+>1 be a
sequence of positive values to be specified later. For all ¢, let =; := {&;,2&,... | H/&|&}. Note
that |=¢| = | H/&: | and, for all z € [0, H], there exists y € Z¢ s.t. |x — y| < &. For all ¢, we build a
discrete cover V; of Vas Vy := {V : S — [0, H] | Vs : V(s) € E;}. Forany t, {V}, € V}/'}, and

{Vih eV, hH+21, using 22 —y? = (z+y)(x — y) and abbreviating py, (s, a) and P}, (s, a) respectively
as Ph.s,a and ph’&a,

Vi(Va, ..., Vi) = YVi(Va, ..., V)|

= ‘ Z n5,(5,0) (Bhsa — Phisia)’ (Vasr + Vi) Bhsa — Phisa)’ (Vist — Vig)
(h,s,0)€Z

<2 Y nh(5,0)| (s — Phsa) (Virs = Vis)
(h,s,0)EZ
< AHt|Vigr — Vi lloo-

Therefore,

o, Y, (Va, ... Virs1) = YoV, ..., V)| < 4HE. (15)
nEVt
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Now let ay := 4H?1og(1/8;) + 2ZH?log(1 + t) + 4H&;t for a sequence {8; }; of values in (0,1)
to be defined. We have

P<3t > to, {Vh (S V}hH:-Bl : YZ(VQ, .. -aVH—H) > Ozt>

< P(Ht > 1o, {Vh € Vi Vi (Vay oo, Vi) > o — 4H§tt)

<> > P(K&(‘/Qa---vVH-H) > 4H”log(1/6,) + 2ZH? log(l‘*‘t))

t=to {Vh eV, }hH:+21

SZ Z 5t=Z5tLH/§tJSH7

t=to {V, eV, hH:+21 t=to

where the first inequality uses (15), the second one uses a union bound and the definition of ay,
the third one uses Lemma 24, and the equality uses the sizes of the two sets in the sums. Setting
ft = H/tandét = 2#;%,

> 5= 1
Z5tLH/§tJSH§§ t3§5.
t=to t=to

Finally, with these choices we have
oy = 4H?log(1/0) + 4H?log(2) + 4H? log(t9H+2) + 2ZH? log(1 + t) + 4H?
< 4H?1og(1/6) 4+ 4H?log(2) + 12SH> log(t) + 2ZH*log(1 + t) + 4H>
< 4H?1og(1/6) 4+ 128 H? log(t) + 12Z H? log(1 + t).

This implies the statement. |

Lemma 26 [Concentration of 7] Let Z C [H] x S x A and Z := |Z|. With probability at least
1 — 6, foranyt > to := inf{t : n(s,a) > 1,Y(h,s,a) € Z},

Z ny, (s, a) (7 (s,a) — ra(s, a))2 < 4log(1/d) +2Z1log(1 +t).
(h,s,@)EZ

Proof Following the proof of Lemma 24, we build a suitable stochastic process to apply Theorem
1 of Abbasi-Yadkori et al. (2011). We define F; j,, X fl, Y}, D, exactly as in the proof of Lemma 24,
while we redefine 7} := r} — 74 (s}, al ), with 7} the random reward sample observed at stage h of
episode t. Since rewards lie in [0, 1] almost surely, 7} is zero-mean and 1-subgaussian conditionally
on F; ;. Moreover, it is easy to see that, for all (h,s,a) € Z,

[Y;‘/]h,s,a = n}tl(sa @)(?Z(S,a) - ’I“h(S, a))

Theorem 1 of Abbasi-Yadkori et al. (2011) combined with Equation 20.9 from Lattimore and
Szepesvari (2019) yield that

IP’(W >1, }YtH?HDt),I < 2log(1/8) + Zlog(1 +t/Z)> >1-4.
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We can then conclude exactly as in Lemma 24 by showing that HYtHQDA <2 HYt 2
t

H(I-i—Dt)’1 for
|

any t > tg, which implies the statement.

D.2. Concentration results for RFE

For reward-free exploration, it is sufficient to concentrate the values of all deterministic policies.
Our concentration result stated below features the threshold function

BEE(t,6) := 4H?log(1/5) + 24SH?3log(A(1 + t)).

Theorem 27 Let Z C [H]| xS x Aand Z := | Z|. Suppose that, for some €9 > 0, maxy pj (s, a)
eo for all (h,s,a) ¢ Z. With probability at least 1 — §, for any t > to := inf{t : n}(s,a)
1,¥(h,s,a) € 2}, © € TI°, and reward function r € [0,1]54H,

(AVAVAN

i 2
‘ Z (7' (s, a) —p;{(s,a))rh(s,a)‘ < | BEE(t,9) Z L‘t(S’G) + (SH — Z;)Hey,
h,s,a (h,s,0)EZ nh(sva)

where Z, = |ZN{(h,s,m(s)) : h € [H],s € S}|

Proof Fix any reward 7 and deterministic policy 7. Let V;" and Vhﬂ ! denote the value functions of
7 under (p,r) and (!, ), respectively. By Lemma 29 and the assumption on the set Z,

‘ Z ph s,a) — pi(s,a))ra(s,a ’ th s,a)|(Ph (s )—ph(s,a))TV;fl

h,s,a h,s,a

< Y pis.a)|(Bh(s,a) — pu(s.a) VI, |+ (SH — Zy) Heo.
(h,s,a)EZ

By applying Lemma 25 on the set Z; = Z N {(h,s,m(s)) : h € [H],s € S}, whose cardinality
is at most SH, and union bounding over all A5 deterministic policies, with probability at least
1 — 6, the following holds for all ¢ > tq, = € IIP, and value functions bounded in [0, H]:

o b m()|Bh(s, ma(s) = prls, () Vi | < B (2,6).
(hys,mp(s))EZ
Thus, by Lemma 30,
> i) (Bh(s,a) = pals.a) VI = D0 pR()| (s, m(s)) — pals, ma(s) Vi |

(h,s,a)EZ (Svﬂ'h(s)vh)ez

< sup > Ph(s)usn

u€RSH (8 -
i ) h(S),h)GZ
Z(s,ﬂ'h(s),h)ez nz (Saﬂ-h(s))uihgﬁRF(t»é)

= | BRF(¢,6) Z M_

(h,s,0)EZ nh(s7 CL)
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D.3. Concentration results for BPI
For BPI, we need concentration bounds on “71” — Vfr‘ that hold uniformly across all time steps
and stochastic policies. Here V™' := Y hsa Pyt (s,a)7 (s,a), where 7 (s,a) is the MLE of
rp(s,a) and ﬁ;;’t(s, a) is an estimator of pj (s, a) computed from the MLEs {pj,(s'[s, a)}p, 54,5 Of
the transition probabilities. To this end, we shall define the thresholds

B"(t,0) :=4log(2/9) + 2SAH log(1 + 1),

BP(t,8) := 4H?*log(2/8) + 24SAH?log(1 + t),

B (t,8) := 16 H? log(2/8) + 96SAH?log(1 + t).

Compared to 7 (¢, ), we note that 3%7(t, §) features larger multiplicative constants but also a

dependency in A instead of log(A) in its second term which comes from the need to concentrate the
values of all stochastic policies.

Theorem 28 With probability at least 1 — 6, for any t > to := inf{t : n}(s,a) > 1,V(h,s,a)}
and m € 118, the following holds:

T T : . p’/r(s’a)2 Zfr,t(s?a)Q
P V| [ ey min (30 D S P,

h,s,a nh(s7 a h,s,a h(57 a)

Moreover, for any 7 € [0, 1]541,

T(s.a)2
] > (Br'(s,a) —pg(s,a))?h(s,a)‘ < B2(t0)) phfi’)

h,s,a h;s,a

Proof Fix any stochastic policy 7. By Lemma 29,

“/}lmt - Vlﬂ-‘ < Z pZ(S,G)‘?;L(S,G) - T'h(S,CL)‘ + ZPZ(37G)‘(§§L($7G) _ph(sva’))T‘//\v}g—tl"

h,s,a h,s,a

By applying Lemma 26 and Lemma 25 for the set Z = {(h, s,a) : h € [H|,s € S,a € A}, which
is of cardinality SAH, with probability at least 1 — ¢, the following hold for all ¢ > ¢y and for all
value functions (Vj,)e(#) supported in [0, H]:

S nb(s,a)[7h (s, a) — m(s,a)|* < B7(L,0),

h,s,a

S~ nb(s,a) (B (s, a) — pals, @) TV |7 < BP(1,6). (16)

h,s,a

Thus, by Lemma 30, optimizing over the deviations as in the proof of Lemma 27,

“/}lﬂ,t_‘/fr‘ < IBT(t’é)ZM"i_ Bp(t’é)ZM

vt n (s, a) i~ n} (s, a)
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Using that 37(t,8) < SP(t,d) and noting that 3%(¢, §) = 43P (t, ) proves the first statement with

the first term in the minimum only. To prove it with the second term as well, it is enough to use

Lemma 29 with the roles of the two value functions swapped and repeat the same steps as above.
To prove the second statement, we proceed as in the proof of Theorem 27 and write

‘ Z Py (s,0) —PZ(S,G))%(&G)‘ < Z Ph(s,a)|(Bh(s,a) — (s, a) Vi
hys,a h,s,a
< sup Z (s, a)up s.q
u€RSH, h,s,a
Zh,s,a n2(57a)u%,,s,agﬁp(t76) 7

where we used Lemma 30 and together with inequality (16). |

D.4. Aucxiliary results

Lemma 29 (Lemma E.15 of Dann et al. (2017)) Consider two MDPs with transitions p, D and
rewards r,7, respectively. Let VT, VT denote the value function of a (possibly stochastic) policy 7
in these two MDPs. Then, for any s, h,

H
V;ZF(S) - V}ZT(S) =F" Z (7’@(84, Cl,g) - 7/"\4(8@,@5) + (pg(Sg, ag) —]/)\4(8@, ag))TVg_rH) Sp = S] .
{=h

Lemma 30 Letn € N, p,b € R" with b having strictly positive entries, and ¢ € R>q. Then,

n
sup pixi =
Tz€eR™: ._
Y biz<c =

Proof Let v be the value of the optimization program. Then we know that

n
—v = :clerﬁlRf" — szl“z 17
> bix%gc =1

The Lagrangian of the quadratic program above writes as

L(x,\) = —Zn:pixi —i—)\(zn:bix? — c>,
i=1 i=1

where A > 0. The KKT conditions then yield that the optimal solution satisfies that

Di
2)\b;

Vi € [’1,771”7 T; = —
n

Zbix? =c

=1
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Solving this system yields that the optimal Lagrange multiplier A = ﬁ which implies that
VS

2
the value of (17) is —m , .

Appendix E. Analysis of PCE

To simplify the presentation of the algorithm and the analysis, we index the counts as well as the em-
pirical estimates of transitions and rewards by their phase number. Hence, for each triplet (h, s, a),
n¥(s,a) and pf(.|s, a) will refer to the number of visits and the empirical transition kernel respec-
tively after ¢ episodes, i.e. at the end of the k-th phase. Finally, for a dataset of episodes D,

np(s, a; D) denotes the number of visits of (h, s, a) in the episodes stored in D.

E.1. Good event

We introduce the following events

)
Evis 1= <The set built using ESTIMATEREACHABILITY ((h, s); @, 357H> for all (h, s)

. T € % T °
satisfies {(h, 5): Sl;pph(s) > @} cxXc {(h, 5) : S‘;pph(s) = W}

andV(h,s) € X, sup pf (s) < Wp(s) < 36 suppZ(s)),

ERF = (Vk e N*,vr e TP \vr € [0,1)541

T(s,a)?
|3 s - i) < [5G 3D TS,

5,a,h (s,a,h)eX nh(87a)
Ecov := <Vk e N, CovGame run with inputs (¢*, §/6(k + 1)?) terminates after at most
64mp*(cF) + O (myp* (1 5)SAH?(log(6(k + 1)%/5) + S)) episodes and returns a dataset Dy,

such that for all (h, s,a) € X, np(s,a; D) > ci(s, a)),

maxg q b cﬁ(s,a)

where my = log, ( ) v 1 and BBF is defined in appendix D.2. Then our good event

ming 4 4 c,’i(s,a)\/l
is defined as the intersection

ERE = Euis NEFF N Ecou.

Lemma 31 We have that Pp(EJL0;) > 1 6.

Proof Let £ denote the complementary event of £. We start by the following decomposition

P/Vl (ggl?)gd) < PM (5vis) + IPM (gcov) + PM (5fF N gvis N gcov)~
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Now we bound each term separately. First observe that applying Theorem 51 with parameter £g =
e/4SH? yields P (Eyis) < §/3. Second, using Corollary 4 we have

Pt (Econ) < Z PP o (CovGame with inputs (¢*,§/6(k + 1)?) fails)
k=0

oo (52
ZGk 1)2 _%35/3'
k=0 T

Next, note that by design of PCE n{) (s, a) = ny,(s,a; Do) and ¢® = 1 ¢ s0 that Eupy C (V(h, 5, a) €
X, n(s,a) > 1). Therefore we have

} C X, V¥(h,s,a) € X nf)(s,a) > 1)

]P’/\/l(f‘:pW N Evis N Ecov) < P (EPW’ {(h’ $) : SUppi(s) = 45'6H2

:PM<{(h,s):suppZ( ) > 45 }CX 3k >03r e 1P Ir € [0, 1947 .

u 2
X @0 )| > 5o Y L)
8,0,h (s,a,h)€X hA™

(a)
< Py <{(h,s) supph( ) > 4SH2} C X, 3t >ty In e IP Ir € [0,1)54

8,a,h (s,a,h)eX

(®)
< §/3,

where in (a) we introduced ¢y = inf{t > 1 : n}(s,a) > 1,V(h,s,a) € X'} and switched back
to indexing counts and estimates by the episode number (instead of the phase) in order to apply
Theorem 27 in (b) with Z = {(h,s,a) : (h,s) € X} and gy = ¢/4SH2. Combining the four
inequalities above yields the desired result. |

E.2. Low concentrability / Good coverage of all policies

The next lemma shows that PCE achieves proportional coverage.
Lemma 32 Under the good event, for all phases k > 0, we have that
nf(s,a) > 28 suppf(s,a) V(h,s,a) € X.
Proof First of all, note that for any triplet (h, s, a) € X ,sup,. p (s, a) is always attained by some

deterministic policy. Therefore, it is sufficient to prove that, given a fixed deterministic policy
wellP,

Vk > 0,Y(h,s,a) € X, nk(s,a) > 26p(s,a) .
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We do this by induction over k. For k = 0 the result is trivial since, under the good event, we have
that for all (h, s,a) € X, nl(s,a) > )(s,a) = 1 > 2°7(s,a). Now suppose that the property
holds for phase k. Then under the good event we know that for all (h, s, a), nfLH (s,a) —nk(s,a) =
np(s,a, Diiq) > chH(s, a). Plugging the definition of ¢**! (Line 9 of Algorithm 2) we get that
for any (h, s,a) € X,

nﬁ“(s, a) > ciﬂ(s,a)
— 2k+1Wh(8)
> 2M sup pfi (s)
s

= okl suppj (s, a), (18)
T

where the second inequality uses the event &,;s. |

E.3. Correctness
Lemma 33 Let D be the estimate of the transition probabilities that PCE outputs. For any reward
function r, let 7, be an optimal policy in the MDP (p,r). Then
P (Vr € [0, 1)54H Vi (s1;7) > Vi (s1;7) — 5) >1-04.
In other words, PCE is (¢, 6)-PAC for reward-free exploration.

Proof Assume that PCE stops as phase k and let p* denote the empirical transition estimates that it
returns. Fix any reward function r = [1,(s, a)]ps.q € [0, 1]°4 and let 7 € arg max,.cp (p™F) 'r
be the policy obtained when planning for reward function r under the transition model p*. Further
define 7 € arg max, o (p™) "7, Vi := (p™ ) Tr, and V] := (p™) Tr. Note that both 7 and 7* are
deterministic. Therefore under the good event £ ﬁf 4 We have

Vi =(p")"r

A
Ve

G | e Y TR e
. ny(s,a) 4

(s,a,h)EX
(b) - pﬁ(s,a)g c
L RO DD S S
(s,a,h)ef AN
© P (s, a)? pi(s,a)? ¢
N T I S e PR TR Dl e s
S 1y(s,a) o ni(s,a) 2
(s,a,h)eX (s,a,h)eX

(d)
> Vi 20/ HBRF (1, 6/3)2F

(e)
Z ‘/1* — &,

£
2
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where (a) and (c) use the good event EfF for policies 7 and 7* respectively, (b) uses the definition
of 7, (d) uses Lemma 32 and (e) uses the stopping condition of PCE (Line 10 in Algorithm ??).
Note that the inequality above holds, under the good event &4, jointly for all reward functions 7.
Since Paq(Egood) > 1 — &, we have just proved that PCE is (e, §)-PAC for reward-free exploration.
|

E.4. Upper bound on the number of phases

Lemma 34 Define the index of the final phase of PCE, kg := inf {k € Ny : \/HBEF (t;,5/3)24F <
5}. Further let T denote the number of episodes played by the algorithm. Then under the good event,
it holds that ky < oo and

32HBRE (1,5/3)

K
28 < -

e

Proof First we prove that < is finite. Under the good event we have

tk_Zd

Q
Mw
o

[64m;0* () + O (mjp*(1 5)SAH?(log(6(j + 1)2/8) + 9))],

<.
Il
o

maxs q h C?L(S,a)

where we recall that m; = log, ( ) V1. Now using the fact that c) (s,a) <

ming g5 C{L(s,a)\/l

271 ((h,s,a) € /‘?) for j > 0 we deduce that mg = 1 and m; < j V5 > 1 so that

k
<D 80+ 1)27¢ (1g) + O((j + De*(Lg) SAH?(log(4(j + 1)%/8) + )]
j=0
= Ojooo (K727). (19)
Now recall that the threshold 37" was defined in Appendix D as
BEE(t,8) = 4H? log(1/6) + 24SH? log(A(1 + 1)) (20)
Combining (19) and (20) gives that

BEF (t1,6/3) = 000 (25).

Therefore £y = inf {k € Ny : \/HBRF(t;,6/3)24~% < £} is indeed finite. The proof of the
second statement is straightforward by noting that £y — 1 does not satisfy the stopping condition
(Line 12 in Algorithm 2) and using the (crude) upper bound ¢,;,—1 < 7. |
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E.S. Upper bound on the phase length

Lemma 35 Let k > 1 be such that PCE did not stop before phase k. Under the good event, the
number of episodes played by PCE during phase k satisfies

di, < clkHﬁRF(T, 5/3)g0*<[

N 6<kS3A2H5(log(6(€k: +1)2/8) + S)>’

sup,. pj (s)1 (SUPW pp(s) = 32§H2)] >
€2 h,s,a

where ¢y = 73728. Furthermore, the duration of the initial phase is upper bounded as

dy < 6<S3A2H5(10§(6/5) + S)>

Proof Using the good event and the definition of ¢* we write

dy < 64mkcp*<{2kWh(s)]l ((h, s,a) € A?) } ) + O (mpyp* (1 5)SAH? (log(6(k + 1)%/8) + S))

h,s,a
(%) 641@*( [QkWh(s)]l <(h, s5,a) € 2?)] > + O(kp*(15)SAH?(log(6(k + 1)2/8) + S)),

ey

h,s,a

maxg q p cﬁ(s,a)

where (a) uses that my = log, ( ) V 1 < k. Now by definition of the good event we

ming q b cﬁ(s,a)\/l

have that for any triplet (h, s,a) € X, Wj(s) < 36sup, P (s). Therefore

o* ( [2kWh(s)ll ((h, 5,a) € 9?) ]h> ¢ <p*<[36 % 2% sup pf (s)1 ((h, 5,a) € ;?) } h)

™

® <[1152H5RF(7',5/3)Supﬂp;§(s)]l <(h,s,a)€2\f>] >
h,s,a

< ¢ 2

(C) T ]l T > g

< 1152H,8RF(7', 5/3)¢*<|:Sup7rph(s) (Suirzrph(s) = 32SH2):| )’ (22)
h,s,a

where (a) uses that p*(c) < ¢*() if V(h, s,a) cp(s,a) < ¢, (s,a), (b) uses Lemma 34 and the
fact that £ < ky since PCE did not stop before phase £ and (c) uses Lemma 10 and the fact that
X C {(h,s,a) : sup, p}(s) > ﬁ} on the good event. Using again this last property yields

1 ((h,s,a) € /'LA’)

*
(L)< ) -
= sup,pj(s.a)
1 32H352%A
= () < 8 , (23)
su S
(h,s,a ex P P
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where the first inequality uses Lemma 12. Combining (21), (22) and (23) proves the statement for
k > 1. Now it remains to upper bound the duration of the burn-in phase. To that end, we write that
by definition of the good event

do < 64mop* (1 5) + O(p*(1 5)SAH?(log(6/6) + S)),

MmaXs a,h 0?1(370')
ming o p c%(s,a)vl

where mg = log, ( ) V 1 = 1. Therefore

dy < O(*(1 3)SAH? (log(6/5) + S))

H S3A2H?(1og(6/6) + S)
()

IN

where the last inequality uses (23). |

E.6. Total sample complexity
Theorem 36 With probability at least 1 — 0, the total sample complexity of PCE satisfies

sup,. pf (s)1 (supﬂ pr(s) > 3238}[2)] ) N S3A2H5(log(1/9) + S))
h,s,a

r< (5((H3 log(1/9) + SH4)(p*<[

g? €
where O hides poly-logarithmic factors in S, A, H, £ and log(1/5).

Proof Denoting by 7,;s the number of episodes used by the ESTIMATEREACHABILITY sub-routine
in line 2 of the algorithm, we write

Kf
T = Tyis + Z dy,
k=0

~<S3A2H5(log(6/5) + S)>

< Tm’s + O
9
& T(s,a)l T(s) > £
+ Z [ClkHﬁRF(T, 5/3%0* ( |:Sllp7r ph(s a) (51;[2)71— ph(s) > 32,5'H2):| )
k=1 h,s,a
G <k83A2H *(log(6(k +1)2/9) + S)ﬂ
9

< Tos + et HA (7,6/3)0" ([

~< o S3AZHP (log(6(r s + 1)%/8) + S))

sup,. pj (s)1 (SUPWPZ(S) 2 32§H2):| >
€2 h,s,a

+O( k3 (24)
g

where we used Lemma 35 to upper bound (dj)>0. From Theorem 51, we know that T, is deter-
ministic and satisfies

~<S3AH4 (log (SATH) 4 S)> ~< 9 S3A2H5(10g(6(fif +1)2/8) + S)> (25)

Tvis:O =0 K‘f
e e
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Combining inequalities (24) and (25) with the definition of the threshold S%F (¢, §) = 4H? log(1/5)+
24SH?log(A(1 +t)) we get

< Cﬂ%%HﬁRF(T, 5/3)@*([

~< o S3AZH? (log(6(r s + 1)%/8) + S))

sup, pj (s)1 (SUPw pp(s) = 32§H2)] >
g2 h,s,a

@)
+ /ﬁlf c

< cak? (H3 log(1/6) + SH*log(A(1 + T))> ©* ( [Supw PRI (0 110) 2 i) } ;W)

62
~< o S3A2H? (log(6(rk s + 1)%/8) + S)>

+0( 2 (26)
e

where ¢o = 24¢; On the other hand, thanks to Lemma 34 and the definition of the threshold 57
we have that

128 H3log(1/8) + 768S H* log(A(1 + T)))

Ky < logy < 3 (27)

e

Combining (26) with (27) and solving for 7 we get that

< 6<(H3 log(1/3) + SH“)%*([Sup’“p;;(‘s)]1 (sup- Pl (s) = ”SEHQ)L ) | SATH (0g(1/0) + S)),

g2 €

where O hides poly-logarithmic factors in S, A, H, e and log(1/9). [

E.7. Benign instances for PCE

In this section we propose some MDP instances in which the quantity
C(PCE, ¢) := ¢*([sup p} (s, a)|n.s.a) H /€2, (28)

which is (an upper bound on) the leading term in the small (J, €) regime in our sample complexity
bound for PCE, can be smaller than the minimax rate SAH?3 /2.

E.7.1. DISGUISED CONTEXTUAL BANDITS

Lemma 37 Suppose that M is a "disguised” contextual bandit, i.e.,

V(h,s,a,s'), pn(s'|s,a) = pp(s']s).

Then C(PCE,c) = AH? /<2
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Proof In this case for any (h,s) and any policy 7, p}(s) = pp(s) is independent of the policy.
Thanks to Lemma 9 we have

sup, P (s, a)
“(lsup = inf z
" ([suppi(s, a)lnsa) = inf max T (5,a)
= inf max Pa(s )supw ﬂ'h(‘

nearells sah  pp(s)m, " (als

1
= inf max ———5——
reepellS s,h ming m, " (als)

= A,

als)

|
)

where the last equality is because (min, 7" (a|s))~! > A and the infimum over II° is achieved
by the uniform policy. |

E.7.2. ERGODIC MDPs
Let a, 8 € (0,1) such that o > 3. Further define the set of probability vectors such that

5 1- 581
Pa,p = {q eRY: ZQi =1, maxg; < So‘_l,miinqi > }

— S—1
1=
. . B-1 _gB-1 .
Note that such set is never empty since the vector (Sﬁ 11 SS T 1 SS_ T ) always satisfies the

inequalities in its definition. We define the class of MDPs 9., such that their transition kernel
satisfies

V(h,s,a), pr(.|s,a) € Pap.
Lemma 38 Assume that M € M,,.g, then C(PCE, &) < S*AH* /2.

Remark 39 Note that the "ergodicity” of MDPs in Z)ﬁerg can be as small as one wishes: by taking
> 1— S

the limit 3 — 1, the constraint ming pp,(s'|s, a) ~ becomes vacuous so the MDP can be
non-ergodic. In that regime, o« = 1 and we recover the mmzmax sample complexity (up to an H
factor) SAH? /2.

Proof First of all we note that

VrellVs €S, pi(s th 1(8)pn(s s, mh—1(s"))

s'eS
<) oppa(s)seTt =807 (29)
s'eS
Similarly
. 1— 861
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Now using Lemma 13 we have that

© ([supph(s )lhsa) < Z inf max —— i Zsupph s, a)

ﬂ-eszHS S

A T
= Z inf max SUPr ph =A Z inf max w
p

eacp exTp )
7I-ezpel‘[S s U ﬂ.e;vpeHS' S pg (3)

:=Cp,
(€2

Now fix h € [H] and denote by 7° any policy in arg max < pj (s). Further define the stochastic
policy 7 such that
p% — ZS'ES pﬂ—s
=
Using (30) we have that

Vs e S, pg(s) — ES/GSph (8)

S
_ SWbren p(s) + (5~ D
- S
_ SUPren ph(s) +1 -8 32)
5 .
Therefore
Cp, = inf max %752(8)

merperls s pro ()
N supzp;{(s)
Ph(s)
(2) Ssup, p7(s)

max
= Supren () + 1 - 577

S
=—max ———
1-58-1
It e
(2) S
S WX G 5T

S (03

“Tista_gia =

where (a) uses (32) and (b) uses (29). Combining (31) with the previous inequality yields that
©*([sup, P (5, )] h,s.0) < S*AH. -

Appendix F. PRINCIPLE and its Analysis

F.1. Pseudo-code of PRINCIPLE
The pseudo code of PRINCIPLE is detailed in Algorithm 3.
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Algorithm 3 PRINCIPLE (PRoportloNal Coverage with Implicit PoLicy Elimination)
1: Input: Precision €, Confidence 4, set of reachable states S
Output: A policy 7 that is e-optimal w.p larger than 1 — §
Define target function ¢ (s,a) = 1 for all (h, s, a)
Execute COVGAME(CO, 5/ 4) to get dataset Dy and number of episodes dg // BURN-IN
PHASE
Initialize episode count ¢y «— dy and statistics n} (s, a), 79 (s, a), py(.|s, a) using Do
Initialize the set of active distributions Q° <+ Q(p%)
fork=1,... do
// PROPORTIONAL COVERAGE
Compute cF(s,a) = 2% min (supseqr-1 ph(s, a) +
2v/HB%i(t,_ + SAH2%, §/2)21-F 1) forall (h,s,a)
10:  Execute COVGAME (ck, d/4(k + 1)2) to get dataset Dy, and number of episodes T},
11:  if T, > SAH2 then

Bl N

R A

12: Run PRUNEDATASET(ﬁk, c*) to get effective dataset Dy, and effective phase length d,

13:  else

14: Set dj, <+ T}, and Dy, < 'Zsk

15:  endif

16:  Update effective episode count ty, < t_1 + dj and statistics nf (s, a), ¥ (s, a), pF(.|s, a)
using Dy

// STATE-ACTION-DISTRIBUTION ELIMINATION
17:  Compute the lower confidence bound

Vi sup [k a1, 0/2)
peQ(p"),
max i (s,a) /nj; (s,0) <27

18:  Update the set of active state-action distributions

OF « {ﬁe Q@*) : p'7" > V¥ and max pp(s,a)/nk(s,a) < Qk}

h,s,a

19:  if /22K B%i(t;,5/2) <  then

20: Compute any p* € arg max;cqpx p'7* and extract the corresponding policy 7
21: return 7

22:  end if

23: end for

F.2. Analysis of PRINCIPLE

To simplify the presentation of the algorithm and the analysis, we index the counts as well as
the empirical estimates of transitions and rewards by their phase number. Hence, for each triplet
(h,s,a), nf(s,a),pr(.|s,a) and 75(s, a) will refer to the number of visits, the empirical transition
kernel and the empirical mean reward respectively after t;, episodes, i.e. at the end of the k-th
phase. For a transition kernel p, we define the corresponding set of state-action distributions as
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Algorithm 4 PruneDataset

1: Input: Target counts ¢, Dataset D such that np(s,a; 75) > cp(s,a) forall (h, s, a)
2: Output: A dataset D of d < SAH2F episodes satisfying ny, (s, a; D) > ¢y (s, a) forall (h, s, a)

|95}

: Initialize dataset D <« (), episode number d < 0 and dataset-counts ny (s, a; D) < 0 for all
(h.5,0) .

4: for episode e = (s, aj, Rj)i1<¢<g in D do

5. if 3¢ € [H] such that ny(s§, af; D) < co(s§,ay) then

6: Update dataset-counts ny(sf,, af; D) < np(sf, af; D) + 1 forall h € [H]

7 Update dataset D <— D U {e} and episode number d <— d + 1

8 if ny(s,a; D) > ¢p(s,a) for all (h, s, a) then

9 return (D, d)

10: end if
11:  endif
12: end for

Q(p) = {p™ : m € II°}. Finally, for a dataset of episodes D, ny (s, a; D) denotes the number of
visits of (h, s, a) in the episodes stored in D.

F.2.1. GOOD EVENT

We introduce the following events

R T 2 ~.,k 2
AR CU PN LT TE P (g Ay o 0y

Epi = Vk € N* v e 1%, ,
" ( " ny (s, a) s.ah ny (s, a)

s,a,h

T 2
and ‘ ; (ﬁ;{’k(s,a) —pg(s,a))?h(S,a)‘ < | pwi(ty,5/2) gm for all 7 € [0, 1]SAH>7

Ecov = (Vk: € N, CovGame run with inputs (¢*, §/4(k + 1)?) terminates after at most
64my.* (%) + O (myp*(1)SAH?(log(4(k + 1)?/8) 4 S)) episodes and returns a dataset Dy,

such that for all (h, s, a), ny (s, a; Dy) > ¢k (s, a)> ,

where my, = log, (Mfﬂm)) v 1and B%(t,8) = 16H?1log(2/0) + 96SAH?log(1 + t) is

ming 4 p cj(s,a)V1
defined in Appendix D. Then our good event is defined as the intersection

ggood = gbpi N gcov'
Lemma 40 We have that Paq(Egooq) > 1 — 6.
Proof Let £ denote the complementary event of £. We start by the following decomposition

PM (ggood) < PM (E) + ]P)./\/l (% N gcov)-
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Now we bound each term separately. First observe that using Corollary 4 we have

NE

Pat(Eeon) < Y  Prg(CovGame with inputs (c*, 5/4(k + 1)?) fails)
k=0
> 0 om?
< — = — < .
_24(k+1)2 o1 S0/

=
Il

0

Next, note that by design of PRINCIPLE n)(s,a) = ny(s, a; Do) and ® = 1 so that £, C
(V(h, s, a), ng(s, a) > 1). Therefore we have

Pt (Eppi N Ecov) < Pat(Eppi and V(h, s, a) nf(s,a) > 1)
<52,

where we applied Theorem 28 and used the fact that 8P(t,0) < B%(¢,§). Combining the two
inequalities above yields the desired result. |

F.2.2. Low CONCENTRABILITY / GOOD COVERAGE OF OPTIMAL POLICIES

Lemma 41 Under the good event, for all k > 1 such that PRINCIPLE did not stop before phase
k, it holds that ny(s,a, Dy) > ck (s, a) for all (h,s,a) and dy, < SAH?2".

Proof Fix k > 1 such that PRINCIPLE did not stop before phase k. By definition of the good event
we know that at the end of CovGame, ny,(s, a; Dy.) > cf (s, a) for all (h, s, a). Now we distinguish
two cases. If T), < SAH?2F: then the result follows immediately since in this case, by design of
PRINCIPLE (line 13 in Algorithm 3), Dy, = ﬁk and dy, = Tj.

If T}, > SAH2F: the first statement is a direct consequence of the stopping condition of PRUNE-
DATASET run with parameters (5k, ck) (lines 7-8 in Algorithm 4). Now for the second statement,
observe that each new episode e added by PRUNEDATASET to Dj, increments the dataset-count of
at least one triplet (h, s, a) that is not yet covered, i.e. n(s, a; Dy) < ck(s,a). By the pigeon-hole
principle it takes at most Y, ., ¢i(s,a) episodes to ensure that ny(s,a, Dx) > ¢fi(s,a) for all
(h, s,a). Therefore

di, < Z (s, a) < SAH2,

h,s,a

where we used that cf (s, a) < 2" due to the clipping. |

The next lemma shows that the set of active state-action distributions always contains the distri-
butions induced by optimal policies.

Lemma 42 Under the good event, for all optimal policies 7 € 11* and all phases k > 0, we have
that

ke QF andnk(s,a) > 2FpT (s,a) Y(h,s,a).
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Proof We fix an optimal policy 7* and prove the statement by induction. For & = 0, the fact that
p™ 0 € QO is trivial since Q0 = Q(p°) consists of all possible state-action distributions induced
in the MDP whose transition kernel is p". Furthermore, under the good event we have that, for
all (h,s,a), n)(s,a) > c9(s,a) = 1 > 2°max (p} (s,a),p) ’O(S,a)). Now suppose that the
property holds for phase k. Then we know that for any (h, s, a)

b7, " (s a)| < [P (s,a) — pf (s, 0)| + [P (5,0) — BY F(s,0)]

—~

a us 2 T 2
< IBbpi(tk+17 5/2> Z pZ+(1 ,Cl) + ,Bbpi(tk, 5/2) Z phk(&a)

s (s,a) S s, a)

N

(®) A T (s,a)?
<2 ﬂbpz(tk+175/2) Z phk(i)

s,a,h nh(s’ (I)

©) .
< 2/ B (tr1,8/2) H2

= 2\/ﬂb”i(tk + dgt1,6/2)H27F

BUPi(t, + SAH2k+1 §/2) H2F, (33)

where (a) uses the event &, for the reward 7(s’,a’) = 1 ((E ,8',a") = (h,s, a)), (b) uses the facts
that ¢ — (¢, ) is non- decreasmg and nkH(S, a) > n¥(s,a), (c) uses the induction hypothesis
which yields that nf (s, a) > 2Fp7" (s, a) and (d) uses Lemma 41. Similarly we have that

‘pg* (s,a) — p’\ﬂh*’k(s, a)} < \/ﬁbpi(tk + SAH2k+L §/2)H2F (34)

Now thanks to Lemma 41, we know that for all (h, s, a), nf " (s, a) —nf(s,a) = ny(s, a, Dyy1) >
ci*1(s,a). Plugging the definition of ¢**! (Line 8 of Algorithm 3) we get that,

ny (s, a) > 25 min ( sup pr(s,a) + 2\/[-[61’1” (ty + SAH2K16/2)2-F 1)
peEQF

@ . .
> 94 min (5 (s, a) + 2/ HE (1 + SAH2V1,5/2)27F, 1)

(b) X
> 2k max (7 (s, a), pf (s,a)), (35)

where (a) uses that, by the induction hypothesm pr "k e OF and (b) uses (33) along with (34). In
particular we have proved that maxy, 5 o Dy, SR, a)/nk+1(s, a) < 2=+ Now it remains to
show that (p™ #+1)TFR+1 > VA+L 1 et us consider j achieving the supremum in the definition of
Vi e,

pE arg max plTT
peQ(@rt),
max pi (s,a) /' (s,0) <27 (5D
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and let 7 be a policy corresponding to p*. Then we have that

. (@) , ™ (s,a)?
T SV, 072 30 D

k+1
Loy (s,a)

, — 5 T 2

B ) p S.a . p ( ,(Z)

> TRl | gbeiy . 5/2) m — | B (t41,0/2) Z TLZT(SG)
ho (5 ho

—~
=

s,a,h s,a,h

(o)
S TRk 2\/2 (k1) H 8991 (5,1, 5/2)

= yk+t (36)

where (a) uses the event &, for policy 7%, (b) uses the same event combined with the fact that p =
p™*+1 and (c) uses (35) and the fact that by definition of p, max pn(s,a)/nkT(s,a) < 27(k+D),

Now combining (35) with (36) gives that p™ F+1 € QF+1, ThlS ﬁnlshes the proof. |

F.2.3. CORRECTNESS
Lemma 43 Under the good event, if PRINCIPLE stops then the recommended policy satisfies Vf >
VIF—e.

Proof Suppose that PRINCIPLE stops at phase £ > 1. Let 7 be any optimal policy and recall the
definition p* = arg max;cqx p'7* with ties broken arbitrarily. We have that

- (a)
Vi S TR | piay2) 3 PRS0

s,a,h nh(s CL)

Q= pi(s,a
2T - s 3 B
s,a,h h

© ; I/?W’k s,a)? 4 pr(s,a)?
> V- ﬁbpz(tk,é/Z) Z %) _ ﬂbpz(tk’é‘/Q) Z Phk(i)

s,a,h s,a,h

@ . ©
> Vi -2y /2 kB (1,6/2) > VY e,

where (a) uses the event &,; for policy 7 and the fact that p* = prok, (b) uses the definition of
p* and the fact that, by Lemma 42, p™ nE e Ok, (c) uses the event &,; for the policy 7, and (d)
uses that for all p € QF, maxp, s q Ph (S, a)/nﬁ(s, a) < 27" and (e) uses the stopping condition of
PRINCIPLE (Line 20 of Algorithm 3). |

4. i.e. 7 is the policy obtained by renormalization of p.
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F.2.4. UPPER BOUND ON THE NUMBER OF PHASES

Lemma 44 Define the index of the final phase of PRINCIPLE, k¢ := inf {k € N : \/22-FH3%i(t),,5/2) <
E}. Further let T denote the number of episodes played by the algorithm. Then under the good event,
it holds that ky < oo and

8H B (1,6/2)

285 < = .
Proof To prove that x is finite we write
k
tp = Z d;
j=0
k -
<dy+ SAH Z 27
j=1
<0 (go*(]l)SAHQ (log(4/6) + S)) + SAH2FL (37)

where we have used the coverage event &, and Lemma 41 to upper bound dy and (dj)i<j<k
respectively. This means that t;, = Op_, (Qk) Now recall that

BOPi(t,8) == 16 H? log(1/38) + 96SAH>log(1 + t). (38)
Combining (37) and (38) gives that

B (11, 8/2) = 000 (2°).

Therefore £y = inf {k € Ny : \/22-FHpWi(t;,5/2) < e} is indeed finite. The proof of the
second statement is straightforward by noting that £y — 1 does not satisfy the stopping condition
(Line 12 in Algorithm 3) and using the (crude) upper bound ¢,;,—1 < 7. |

Lemma 45 (UPPER BOUND ON PHASES WHERE A SUBOPTIMAL POLICY IS ACTIVE) Let w be
any suboptimal policy and k such that PRINCIPLE did not stop at phase k and p™* € QF. Further
let T denote the number of episodes played by the algorithm. Then under the good event, we have
the inequality

16H B (1,6/2)

ok <
~ max(e,A(m))?’

where A(m) := V{*(s1;7) — V" (s1;7) denotes the policy gap of .
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Proof Let 7* be any optimal policy. Then we have

~* k 2 (a)
, s,a -
Ve | i) 30 P 590 gy o

s,a,h nh(s’ CL)

—

b)

< sup prr*
peQ(P”),

max 7 (s,a) /nf (s,0) <2~ *

= Vit 2k H (1, 5/2)

c) )
< () TP+ 22k H i1, 6/2)

—

-~k 9
ph (576") 2—k bpi

T E— 22—k H B (g, 6/2

nﬁ(&a) +\/ B (k7 / )7

(d) .
< VT4 | 8%t 6/2) )

s,a,h

where (a) uses the event &,; for 7*, (b) uses the definition of Ok along with Lemma 42 which gives
that p™ % € QF, (c) uses our assumption that p™* € QF and (d) uses the event Eppi Tor policy 7.
Rewriting the inequality above we get that

A(T(') = Vl* - Vlﬂ-

: B " (s,0)?
< 5bpz(tk75/2) Z hki

~,k
i W |
o P/ X P S ki, /2

s,ah h o )

< 2\/2 K H (1, 8/2) + /22K HPi (14, 6/2) = 4/ 2-FH B (11, 5/2). (39)

s,a,h

where the last inequality uses the fact that p™ * € QF by Lemma 42 and that p™F € QF by
assumption. Therefore, using a crude bound ¢, < 7 we get that

o _ 16HB"(r,5/2)
ST ARPR

Combining the result above with Lemma 44 and the fact that k£ < ¢ yields the final result. |

F.2.5. UPPER BOUND ON THE PHASE LENGTH

Lemma 46 Let T}, denote the number of episodes played by PRINCIPLE during phase k > 1.
Then we have

< bpi * _Ah(sa)_
Ty < 256HB™"(r,6/2)ky <[;°;‘;§ max(e, A(m))? ]}, .0

481\ [H B (151 + SAH21,6/2)206*(1)

+ 6<kcp*(]l)SAH2(log(4(k +1)%/6) + S)).
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MaXs a,h Cﬁ (s,a)
ming 4 cfl (s,a)V1

Proof Define my, = log, ( ) V 1. Under the good event we have

Ty < 64mpp*(c®) + 6<mkg0*(ﬂ)SAH2(log(4(k: +1)%/6) + S))
<64kp*(F)+ O (kap*(]l)SAHZ (log(4(k + 1)%/8) + S)), (40)

where the last inequality uses the fact that for all (h, s, a), cﬁ(s, a) < 2F. Now we simplify the
expression of ¢*(c*) as follows

k) = sp*([ffmm( sup h(5,0) + 24/ HOM (11 + SAH2E1, /221, 1)} )
peEQk— h,s,a

rells:
ﬁn,kfl er,1

< go*({ sup Qkﬁz’k_l(s,a) +2\/Hﬂbpi(tk_1 + SAH2’“—1,5/2)2"?+1} ),
h,s,a

(41)

where we have used that p*(c) < o*(¢') if V(h, s, a) ci(s,a) < ¢}, (s, a). Now fix a policy 7 in the
set {w € 1% : pmk~1 € QF~1}. Using the event &, for the rewards 7¢(s',a’) = 1((¢,s',a’) =
(h,s,a)) we have that for all (h, s, a)

. ' I/j\ﬂ,k—l(sl a/)2
255 (s,a) < 2°p(s,a) + 28 | B (tpy,6/2) Y L |

)

(a) .
< 29 (s,0) + 25\ B (141, 8/2) 21

< 2] (s,0) + \/HBWi (1, + SAH2-1,5/2)28+1

) 32H B (7,6/2)p (s,a
max (g, A(7))?

—~
S

IN

) + \/Hﬂbpi(tk_l + SAH2k=1 §/2)2k+1]

~m,k—1

where (a) uses that max %S:f)) < 217*gince p™*~1 € OF~1 and (b) uses Lemma 45. Plugging
sal, 0 )

the inequality above into (41) we get that

(M) < so*([ sup SHHB™ (. 0/2)p7 (5

) .
H 3bpi (¢, AH2k-1 2)2k+1
s S A + 3\ HBwi(ty + 5 DECas N

< B2H (7, a/zw*([ o ph()} )
h,s,a

rens max(e, A(m))?

3\ /HAW (4 + SAH21,6/2)28H1 5 (1), “2)

where we used Lemma 10 in the last step. Combining (40) and (42) finishes the proof. |
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F.2.6. TOTAL SAMPLE COMPLEXITY

Theorem 47 With probability at least 1 — 6, the total sample complexity of PRINCIPLE satisfies

T < 6<(H3 log(1/8) + SAH") [ga* qsup p?(”)] ) > + 9”*51) + w*(n)} )

~eh max(e, A(m))?

where O hides poly-logarithmic factors in S, A, H, ¢, 1og(1/8) and ¢* (1) and A(r) := Vi(si;m)—
VI (s1; 1) denotes the policy gap of .

Proof We write
Ky

T= Z Ty
k=0

g@( *(1)2S AH? (log(4/8) + S) > +2Tk

Kf Ky
< w - M bpi k-1 k%
< ;1256HB (1,0/2)kep <[i1£ max(e, A, +;48k\/H6 (te_1 + SAH2+1,5/2)2k0*(1)

=A =B

(b )

=C
where we have used Lemma 46. Now we bound each term separately. First note that

s o (| i 5], )

(a) bpi - " su M o 2 bpi r 62
< 256H B (1,5/2)¢ (LEE (=, A ()2 ]h@a)l g5 (SHB™(1,6/2)/€7)
(%) (’)<[H3 log(1/6) + SAH*log(1 + T)]@*([sup p};(s,a)} . ) log? (8Hﬁbpi(7, 5/2)/52)>,

well max(€7 A(W))2

where (a) uses Lemma 44 and (b) uses the definition of 3. Similarly

B< 48\/H5bpi(r + SAH2rs L 5/2)2%0*(]1)/@}

(@) [4H2Bwi(r + SAH2% 1 5/2)Bwi(r,6/2)
< 48 3
5

©*(1)logs (8HB™(1,5/2) /%)
ﬁbf"( + SAH2%171 5/2)0*(1) log} (SHBY (7,5/2)/2)

2 biT 1
45AH ﬁ;( ,5/2))] log% (SHBbpz(T,(S/Q)/EQ))a

48H

O
< O(soi]l) [H?’ log(1/6) + SAH*log (1 T4 -
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where (a) and (b) use Lemma 44. Finally

C< (5<gp*(]l)SAH2(log(4(/€f +1)%/6) + S) H?)

4log3 (8HB™!(r,5/2)/e?)
)

< (5(90*(]1)SAH2[10g ( ) + S] log3 (8Hﬁbpi(7, 5/2)/62)>,

where we have used Lemma 44 again. Combining the three inequalities with the definition of 5%
we get that

<O ((H3 log(1/8) + SAH") [90* ( [fféﬁ M] h) - ‘p*il) + cp*(ﬂ)}

x polylog(7, S, A, H, p*(1), ¢, log(l/é))).

Solving for 7 yields
T <O (Hlog(1/6) + SAHY) |o*( | sup __PA(sa) + () + ¢*(1)
- mell max(s, A(Tr))2 h,s,a € ’
where O hides poly-logarithmic factors in S, A, H, ¢, log(1/5) and ¢*(1). [

Remark 48 (Reachability) While for the PCE algorithm we were able to reduce the sample com-
plexity by ignoring states that are hard to reach (which also allows using PCE when Assumption [ is
violated), we did not manage to propose a similar improvement for PRINCIPLE. This is because in
reward-free exploration it is sufficient to guarantee that the true confidence intervals that depend on

the visitation probabilities under the true MDP are small, i.e., \/ﬁRF(tk, 0) > (hs.a) P(s:a)® ok

ny(s,a) =
This allows us to filter out all (h, s, a) for which sup . p(s,a) < O(e/SH?), by arguing that their
contribution to the true confidence interval is negligible. In contrast, the analysis of PRINCIPLE
crucially relies on concentrating the values of policies by minimizing their empirical confidence

~,k
intervals, i.e., \/ﬁbpi(tk7 )Y (h.sa) Py (s,0)?

k
nh(s,a)
the contribution of hard-to-reach states to these empirical confidence intervals.

< 28, We do not see a straightforward way to ignore

F.3. Comparison with other BPI-algorithms

In this section we compare PRINCIPLE with other algorithms for Best-Policy Identification al-
gorithms that enjoy problem-dependent guarantees, namely PEDEL (Wagenmaker and Jamieson,
2022) and MOCA (Wagenmaker et al., 2022). Recalling that A(7) = Vi*(s1) — V{"(s1) denotes
the policy gap of 7, we first note that by Theorem 7, the leading term in the sample complexity of
PRINCIPLE in the small (g, ¢) regime is PRINCIPLE(M, ¢) log(1/§) where

T
a
sup ph( )

S
PRINCIPLE = H3p* S /2 St R A
(M) 14 rens max(e, A(m))?

h,s,a

We will now compare this term with the leading terms in the sample complexities of PEDEL and
MOCA respectively, in the same asymptotic regime.
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F.3.1. COMPARISON WITH PEDEL

Define the minimum policy gap

ming.~ A(m), if the optimal policy 7* is unique

Amin(HD) = {

0, otherwise.

Then instantiating Theorem 1 from Wagenmaker and Jamieson (2022) for our setting of tabular
MDPs (i.e. with d = SAH and IT = IIP), we see that the sample complexity achieved by PEDEL
satisfies

T < 5<PEDEL(M,€)(log(1/5) + SH) + poly(SAH, log(1/e), 10g(1/(5))>

Ph(s,a)?/pn(s; a)
here PEDEL =f! '
where (M, e) %1872%}1% max(e,A(W)aAmin(HD))z

Therefore the leading term PEDEL’s complexity in the small (£, §) regime is PEDEL(M, ¢) log(1/0).
The next lemma shows that, up to H factors, this rate is always better than the complexity measure
achieved by PRINCIPLE.

Lemma 49 For any MDP M, it holds that PEDEL(M, ¢) < H?*PRINCIPLE(M,¢).
Proof Fix any h € [H],p € Q,7 € IIP. Then we have

T(s,a)? s, a T(s,a
th( ) < < ph )th 5,a) maxph( )
s sah Ph s,a,h ph(S,CL)

a ph(87 a)

Therefore for all h € [H], using that TTP C TI° we have

pZ(S,a)Q/ph(S CL) ( va’)/ph( )

. <
IS D A () BT 358 P05 2 i (1), B (T
) PE(5,0)/pas,0)
%18?32(72%% max(e A(7), Apin (T1P))?
(s, a

< minmax su
pEQ s,a,h ﬂeé)s pr(s,a) max(g, A(m))>?

(Lo ez )
ﬂ'EHS ma’X( 7A(7T)) h,s,(z
Therefore

Ph(s,a)?/pn(s; a)
PEDEL = H*
(M.e) 1;%13 retd 2~ max(z, A7), Agyin(IID))?

ph(sa a)

< H5 *

-0 ([Eﬁ max(s, A(w»?] h>
= H?PRINCIPLE(M, ¢).
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F.3.2. COMPARISON WITH MOCA

Let us define the complexity functional,

H

1 1 2
MOCA(M,¢) := H* ) minmax ——— min (= , Wh(;) )
oy PEQ sa pn(s; a) Ap(s,a)? €
. H*|(h,s,a) : Ap(s,a) < 3¢/Wi(s)]
g2 ’

where W), (s) := sup, p (s) is the reachability of (h, s) and

ming, V;¥(s) — Qj(s,b) if a is the unique optimal action at (h, s),
Vi¥(s) — Q5 (s,a) otherwise

Ap(s,a) == {

is the value gap of (h, s,a). Theorem 1 together with Proposition 2 of Wagenmaker et al. (2022)
yield that the stopping time of MOCA satisfies

< (5<MOCA(.M,5) log(1/6) + poly (SAH, 10g(1/£),10g(1/5))>'

3

Therefore we see that MOCA(M, ¢) log(1/6) is the dominating term in the sample complexity of
MOCA in the regime of small € and small 6. On the other hand, as stated earlier, the leading term
in PRINCIPLE’s complexity in that regime is PRINCIPLE(M, ¢) log(1/¢). Therefore we compare
MOCA (M, ¢) with PRINCIPLE (M, ¢) to assess which algorithm is better in this regime.

Lemma 50 Fix any A € (0, 1]. There exists an MDP M where

H°SA
2

MOCA(M, ) = Q<

H'SA  H'1 log(A
) whilePRINCIPLE(M,g):(')< SA | H"log(S) log( )>.

eA g2

Proof Consider the MDP in figure F.3.2 which consists of an initial state s; and two sub-MDPs
depending on the action taken at step i = 1. If the learner takes action a it receives a reward A > 0
and makes a transition to a sub-MDP M for which |S;| = log(95), |A1| = log(A),Hy = H — 1
and where the rewards can be anything. On the other hand, if it takes action ag the learner will
receive zero reward and make a transition to a sub-MDP My for which |Sa| = S — log(5), |Az| =
A, Hy = H — 1, the rewards are equal to zero everywhere and the transitions are deterministic, i.e.
p(s'ls,a) € {0,1} for all (s,a) € Sz x As.

61



AL-MARJANI TIRINZONI KAUFMANN

sub— MDP M with log(S) states,
@ log(A) actions per state, horizon H—1.
y

1 _
p (Szlsl' ”1) =1 Rewards can be anything.

ri(s1,a1) = A

P(Szk@ sub - MDP M, with S —log(S) states,
2151, 02) =

A actions per state, horizon H—1
and r(s, a) =0 forall (h,s,a)

ri(s1,a2) =0

Figure 1: MDP instance with large policy gaps and small value gaps.

Note that in this example A, (s,a) = 0 for all (h, s,a) € My. Therefore

H*|(h,s,a) : Ap(s,a) < 3e/Wh(s)|

MOCA(M, ¢) >

2 Y
€
H*H —1)(S -1 A
BT =15 ~log(S)A. )
€
On the other hand for all triplets (h, s, a) in the sub-MDP My we have
I 4
sup ph(s,a) sup m1(az|s1) (44)

rens max(e, A(m))? = reps (€ + A(m))?

where we used that p} (s, a) < 71 (az|sy) (since the only path to reach (h, s, a) is by playing action
ay at s1) and that max(a,b) > (a + b)/2. Now, by the performance-difference lemma we have

A(m) =Y pi(s,a)[Vii(s) — Qi(s,a)]

h,s,a
> pi(s1,a2)[Vi"(s1) — Q1(s1,a2)] = mi(azls1)A.

Plugging this back into (44), we get

sup pr(s,a) < sup 41 (az|sy)
O max(e, A < SR (e m(azlsn) A2
4o 1

= su

a:G[OI:,)l} (e +xA)? N

For triplets (h, s,a) outside of My (i.e. either at s or in the sub-MDP M; ) we use the crude
bound

p;zr(sv CL) < SUPrens pZ(Sv a’)
roms max(e, A(m))? = R
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Therefore

ph(s,a)
PRINCIPLE = H3p* — TR
(M) L4 [ﬂseué)s max(e, A(7r))2] .

19

= H?p* su M s.a . q
= H’p Lerll)s maX(&A(W))Q(]l((h, sa) € Ma) + 1 ((h,s, )¢M2))]

h,s,a

@ Ph(s,a)
< H3 * h ) 1
N 4 [:;1‘?8 max(e, A(m))? (k. 5,a) € MQ)] b

+ H3¢* | | sup M]l ((h,s,a) ¢ Ma)

rens max(e, A(m))? T .

< H3(p* 1 ((hv 37@) € MQ) + HBQO* 1 ((h7 S, a’) ¢ MQ) SUPrer1s p;zr(sv CL)
B eA h,s,a g2 h,s,a
¢ N L +H > 1
B (h,s,a)eM2 A SUPrers pZ(S, a) (h,s,a)g M2 e
() H3(H —1)(S —log(5))A n H3(H — 1) log(S)log(A) 45)
N eA g2

where (a) uses the sub-linearity of the flow from Lemma 10, (b) uses the bound on ¢* from Lemma
12 and (c) uses that the sub-MDP M5 has deterministic transitions. Combining (43) and (45)
finishes the proof. |

Appendix G. Estimating State Reachability

Let A be a regret minimizer that has a small regret for a (fixed) reward function 7. If we set
this reward function to r}(ﬁ’s)(s’ ,a') = 1((s' = s,h’ = h)) for a target pair (h, s) intuitively the
regret minimizer will visit as much as possible state s in step h and the total reward collected by
the algorithm, n}, (s) = > . 41k (s, a), will be close to ¢ x Wj,(s), where the maximum visitation
probability Wj,(s) = max, pj (s) is actually the optimal value function in the MDP with reward
function ("), The empirical number of visitations can thus be used to estimate the unknown
visitation probability.

This idea is already at the heart of the initialization phase of the MOCA algorithm, which re-
lies on repeatedly running the Euler algorithm. We propose a slightly simpler version below, that
doesn’t need any restart and relies on a generic algorithm A" satisfying some first-order regret
bound scaling with a quantity R (T'), as specified in the following theorem. ESTIMATEREACH-
ABILITY ((h, s);£0,d) outputs a valid confidence interval [W (s), Wp(s)] on the value of W},(s),
which can be further used to eliminate all (h, s) whose maximum visitation probability is (slightly)
smaller than a target €.
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Algorithm 5 ESTIMATEREACHABILITY ((h, s); €0, )

. Input: Step h, state s, threshold £y > 0, failure probability § € (0, 1), regret minimizer A'!
: Output: An interval (W, (s), Wp(s)]

1

2

3 Compute T = T(e0,6) = inf {T € N: 4RI, (T) + 6log (3) < 97}

4: Collect T episodes {(s!,al,..., sk, al;) i<t using AL with reward 7,/ (s',a') = 1((s' =
s,h/ = h)) and confidence 1 — §/2

Let n} (s) = Zt L 1(s!, = s) be the number of visits of (h, s)

6: Define W, (s) = ("gﬁ - Tg) V 0 and W(s) = (% + ZO) Al

o

Theorem 51 Assume that, for all (h,s), when A™ is run for the reward function r = %) and
confidence 1 — § up to some horizon T' € N, with probability larger than 1 — 6,
T T
t
SOV (s1m) = SOV (1) < \RIT)TV(s13) + RE(T). (46)
t=1 t=1

For all (h,s), let [W,,(s), Wy(s)] be the output of ESTIMATEREACHABILITY (h, s;&0,8/(SH))
and define

X ={(hs): Wy (s) > 2}
With probability 1 — 6, the following holds:
* Forall (h,s), Wi(s) € [Wy(s), Wh(s)]
o {(hys): Wi(s) > e} € X C {(h,s): Wi(s) >0}
e Forall (h,s) € X, Wp(s) < 36Wp,(s).

Moreover, the (deterministic) sample complexity necessary to construct X is

4
T.,(9) :== SH x inf {T €N*:T € N: 4R o (T) + 6log <5) < ZOT} ‘

52AH? (log( SAM) +5) >
€0 :

In particular, using UCBVI as the regret minimizer, we have T, (5) = O (

Proof Let T = T'(eq,0) be the (deterministic) number of episodes of ESTIMATEREACHABILITY
((h, s); €0, 0), which satisfies

4R6/2( ) +6log (§> < aggT for a:= i 47)

The analysis relies on the first-order bound on the regret of Al assumed in (46) and on a tight
control of the martingale

(s}, = s) — pj'(s)]

IIM%
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where p} (s) = pj (s, 7(s)) is the probability to reach s under policy 7. Observing that the increment
of this martingale is bounded in [—1, 1] and that its variance is upper bounded by W},(s), we can
use Bernstein’s inequality to get that

e (1 < 2 coos (1) + 21 (3)) 21

Remarking that the regret of A for the reward function r = (") can be written

T T
STV (siir) = Y VT (s157) = TWa(s) — Y pf (s) = TWh(s) — nj (s) + My
t=1 t=1 t=1

and that ng(s) < TWh(s) + My, we obtain that with probability larger than 1 — 4, the following
two inequalities hold:

nl(s) > TWi(s)— [ Rsja(T)TWi(5) + R () + \/2 log (§> TWi(s) + 2 log (‘;)]

TWi(s) > nj(s)— [\/QIOg <§) TWi(s) + glog <§>

Using the AM-GM inequality above, this first yields

nf(s)/2 — g(8) < TWi(s) < 2n} (s) + f(T,9),

where f(T,68) := 4R /2(T) + 2 log () and g(8) := L log (). Observing that g(8) < 1 f(T,6)
and f(T,0) < agoT by inequality (47), we get

T T
ny(s)  aeo 2n;, (s)
or 1 = Wals)s =g Fae,
which also implies
Wh(s) aso ”Z(s) aEQ
MARASPA < 2W, =,
2 g STp ST

As the output of ESTIMATEREACHABILITY ((h, s); €9, 0) can be written

[Wh(s) - <”£(S) - 0‘50) V0, Wh(s) = <2n;€(s> + a50> A 1}

2T 4 T
and we get that with probability larger than 1 — §:
1. For any value of Wp,(s),

W PR
1(5) = 0 < Wi(s) < Wils) < TWa(s) < 4Wi(s) + 200,

2. If Wi(s) > eo, then Wy, (s) € (W, (s), Wr(s)] € [F22Wh(s), (4 + 20) Wp(s)].
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3. If Wy(s) < o, then Wy, (s) € [W,(s), Wh(s)] € [0, (4 + 2a) &)

Now if [W,,(s), Wj(s)] is the output of ESTIMATEREACHABILITY ((h, s);€,5/SH) and

B {0 wale) 2 52

4
we deduce that, with probability 1 — §:
* (h,s) with Wj(s) > g are all in X.
« Since W, (s) < Wj(s), any (h, s) with W}, (s) < 1=2%¢( does not belong to X.

This proves that {(h,s) : Wi(s) > eo} € & C {(h,s) : Wy(s) > 1 =292}, To prove the
last statement we remark that fo (h, ) € X, if Wj(s) > o, we have by 2. that Wj(s) <
(44 2a) W, (s) while if Wy (s) € [22%0,0) we have by 3. that

+2a

W()§(4+2a)50<4 Wh()
Plugging the value o = 1/4 yields W,(s) < 36W},(s) in both cases.

To get an upper bound on the number of episodes used by an instance of ESTIMATEREACHA-
BILITY, we need to find a T that satisfies

SAH

24
T-1 < R T —1 — . 48
o sysm (T) + = Og( 3 ) (48)

For UCBVI, Theorem 19 yields R4(T") = 2562SAH (log (2542) + 65) log?(T + 1). Using the
bound logQ(:p) < 4./ we get a first crude upper bound on 7" by solving a quadratic equation which
gives the final scaling by plugging back this crude bound in (48). |
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