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IN DECISION ANALYSIS

Henri PRADE
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A survey of decision-analysis-oriented methods based on the concept of a fuzzy number,

is proposed, together with new results likely

to improve the reviewed material. Fuzzy

numbers are useful to perform sensitivity analysis on utility-based models or scoring

methods, when probability or utility values, weights of attributes...

cannot be preci-

sely estimated but are obtained through verbal statements. Algorithms for computing fuz-
zy expectations of utility or fuzzy global ratings are provided. Lastly, new possibilis-
tic scalar comparison indices are suggested for the purpose of ranking fuzzy numbers
which represent the overall worth of alternative decisions.

KEYWORDS : Fuzzy numbers — Decision Analysis - Utility theory - Scoring methods -
Comparison indices - Ranking procedures.

INTRODUCTION

Fuzzy set theory becomes more and more widely
acknowledged as being relevant to decision ana-
lysis and decision-making situations. The survey
book written by Kickert /22/ clearly indicates
that numerous existing frameworks such as utili-
ty theory, linear programming models, multiple
objective and multi-stage decision making, social
choice theories, ect.. may have their descriptive
power enhanced by letting irreducible imprecision
and fuzziness be taken into account.

4mong the numerous mathematical concepts existing
in fuzzy set theory, that of a fuzzy number seems
to be guite important, because much of the data
provided is linguistic rather than precisely nu-
merical. Situations in which precise worth esti-
mations, subjective probability wvalues, grades

of importance of objectives can be obtained are
very scarce in practice. On the other hand, lin-
guistic terms denoting imprecise quantities are
very naturally modelled by fuzzy numbers. Methods
for processing and combining fuzzy numbers in the
scope of decision analysis have been recently put
forward by many researchers. The purpose of this
paper is to provide a survey of results and al-
gorithms dealing with the use of fuzzy numbers

in decision analysis models. Not only does it try
to unify scattered past works, but it also sug-
gests new approaches whenever possible and needed.

In order to implement any methodology based on
fuzzy numbers the following problems must be sol-
ved

Pl) how to estimate the membership functions ?
Several estimation procedures exist in the litte-—
rature, a survey of which can be found in /10,
chap.IV.1/. As far as linguistic terms are con-
cerned, the most straightforward approach is to
use parametered shapes of membership functions
where parameters have a clear interpretation,

and determine the parameter values through direct
query. See Kuz'min /23/ for a very recent published

work on this topic, a topic which is not primarily
ours in this paper.

—-P2) how to carry out calculations with fuzzy quan-

tities ? Fuzzy arithmetic (see /10/) is by now
starting to be developped. Specific problems of
decision analysis involve cases where linear inte-
raction between variables must be dealt with.

P3) How to compare fuzzy numbers so as to perform
rankings ? This problem oeccurs when-ever fuzzily-
rated alternatives or potential decisions have to
be compared.

Part 1, of the paper is devoted to the extension
of unidimensional utility theory, to cope with lin-
guistic probabilities. The question of the inva-
riance of a fuzzy utility function up to a scaling
effect is addressed. Issues regarding the normali-
zation of a set of linguistic probabilities, the
calculation of fuzzy expectations of utility are
investigated. Part 2 surveys fuzzy scoring methods
for multi-attribute decision-making and suggests

a new approach which overcomes numerical complexi-
ty when many attributes are involved. Both parts

1 and 2 contain significant material to deal with
problem F2. Part 3 is specific of problem P3. It
is indicated that most of the proposed COmpAarison
indices are optimistic, which results in a peoor
discrimination power. New pessimistic indices are
suggested, in the framework of possibility theory,
to be used conjointly with their already known
optimistic counterpart,

| - DECISION MAKING UNDER UNCERTAINTY
1.1 = Motivating fuzzy numbers

In the classical unidimensional utility theory -
see Keeney and Raiffa /21/ for an extensive ac-
count - utility values are assessed by collecting
the decider's preferences among expected conse-
quences of some decision. Uncertain consequences
are described in terms of lotteries involving
precise values of probabilities regarding the
occurence of events. Such probabilities are called
"subjective probabilities", because they are -
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directly or implicitly - provided by the decider
as a numerical assessment of his belief in the
occurence of consequences. Usually utility asses-—
sment procedures involve comnsistency checks in
order to verify that the decider's answers are
non-contradictory (e.g. transitivity of prefe-
rences) and fit the axiomatic framework of proba-
bility theory. In such a normative approach, the
decider is often asked to modify his preference
pattern 50 'as to meet the reguirements of the
theory. If such an updating stage may help him to
"straighten out his head", as Keeney and Raiffa
stress it, it may also introduce a biasing effect
in the sense that the decider may give up some
significant part of his preference pattern for
the sake of fulfilling too rigid requirements. In
other words, if it is clear that any theory of
utility should be somewhat normative, too restric-
tive a definition of rationality may prevent from
modeling some significant decision making attitu-
des.

Among the requirements of unidimensional theory
which can be questioned is the necessity for as-
sessing utilities in terms of precise numbers.
Recently several researchers (Jain /17/,/19/ ;
Watson et al. /32/ ; Dubois and Prade /9/,/11/ ;
Freeling /15/, /16/ ; Adamo /1/) have pointed out
that utility assessment could more realistically
be carried out by using fuzzy numbers. Freeling
/16/ provides convincing arguments to support this
approach :

1/ - deciders never use the whale scale [0,1] to
assess their judgments but only integral multiples
of 0.1, where say .3 actually means "about .3".

2/ - the calculation of fuzzy expected utility by
means of extended sum and products (e.g. Dubois
and Prade /10/) comes down to a multi-level sen-—
sitivity analysis, and is rather simple to per—
form.

Some comments are in order. First, none of the
mentioned authors has investigated whether a fuz-
zy utility did preserve essential features. This
point is investigated in the following section.
On the other hand, no simple algorithm for han-
dling n-ary fuzzy decision trees is available yet.
This is because, as first pointed out by Zadeh
/35/ the calculation of a fuzzy expectation with
fuzzy probability values involve linearly inter-
active variables, i.e. the usual sup-min exten-
sion principle underlying non interactive varia-
bles does not apply. Let us review cited past
works. Jain /17/, /19/ uses fuzzy numbers. Howe-
ver he performs fuzzy operations with a non stan-—
dard extension principle where the supremum is
changed into the probabilistic sum (a+b - ab).
His approach is discussed by Dubois & Prade /8/,
and falls outside the"scope of this paper. Watson
& al. /32/ only consider binary decision nodes.
As clearly indicated by Freeling /15/ a n-ary
fuzzy decision node is not equivalent to its ex-—
panded version as a sequence of binary decision
subtrees, contrary to the classical case. This
fact motivates the development of some procedure
for tackling n-ary probability nodes in fuzzy de-
cision trees. Dubois & Prade /9/ solve ternary

decision trees with precise utility values by pro-
viding an exact formula calculated on a general
parametered representation of the fuzzy probabi-
lities ; this result is extended im /11/ and is
recalled in section 1.3. Adamo /1/ proposes to
solve an approximate formulation of the general
n-ary case through linear programming. Based on
/11/ and level-cutting we formulate in section

1.3 a simple algorithm which is likely to perform
better.

.2 - Strategically equivalent fuzzy utilities

Classical unidimensional utility theory is usual-
ly described as follows : the problem is of choo-
sing between actions denoted ag 4, which have con-
sequences denoted Xj...Xy. These consequences are
not necessarily indifferent to the decider, who

is able to rank them according to his preference :
xfixzi...ixn

where x| (resp. x,) is the least (resp. most) pre-
ferred consequence. The consequences of some ac—
tion a. are mot precisely known, but only a pro-
bability distribution is available.

Utility wvalues u:, j=l,n for consequences are eva-
luated through a query regarding the risk beha-
viour of the decider. Namely the worst comsequence
is given a utility u;, the best one a utility Uy
The decider is then asked to provide for each x.,
j#l,n, a probability 7. such that he declares to
be indifferent between the two following options:
(see Keeney & Raiffa /21/).

- certainty option : receive x.
- risky option : receive the bdst consequence
with probability 7, and the worst one with proba-
bility 1-m. 4
(xn,ﬁ.,xl) is called a lottery., The expected uti-
lity 3f this lottery is

uj = un.ﬁj * ui.(]—ﬁj) (0]

=Ty if the scale [u],unj is [0,1]

X: is called a certainty equivalent of the lotte—
TV (xl,ﬂ-,xn). Two utility functions u:, j=1,n

and u!, j=l,n are called strategically equivalent
if and only if they imply the same preference ran-
king for any two lotteries. The basic theorem of
utility theory claims that two utility functions

u and u' are strategically equivalent if and only
if there are two positive constants h and k such
that u' = hutk, i.e. they are the same up to a
scaling operation.

It is patent that the situation in which a deci-
der does provide precise values of 7:, j=l,n whi-
le assessing the utility function is idealistic.
In practice, a decider is only able to distinguish
between a few confidence levels such as 'very pro-
bable" "probable", "uncertain', "improbable",
"wvery improbable", which he eventually translate
into numbers in [0,17] in a somewhat arbitrary man—
ner. In other words the T:'s _being numerical
translations of linguistit terms, are far better
represented as fuzzy numbers. Fig.] suggests a
term set for the ﬂj's viewed as linguistic wvaria-
bles (Zadeh /35/)
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Figure 1

The spreads of the fuzzy numbers may be difficult
to assess, but can be viewed as parameters to be
used in a sensitivity analysis of the final ran-
king of alternatives., Estimates of modal values
can be obtained directly from the decider.

Definition 1 : A linguistic lottery is an uncer-
tain situation in which consequences Kyseon of
a decision are supppsed Lo occur with (linguistic)
probabilities %l“' P, where the B:'s are lin-
guistic values represented by fuzzy numbers on

[o,1].

Fuzzy numbers of [0,1] are convex normalized Fuz-
zy sets of [0,1] such as those pictured in fig.].
Specifically there is a modal value p; such that
¥ i, W (p.) = 1, where p is the membership

B i Pi
function of P;:

In the deterministic case the P;'s are such that

E 9i=1. In the fuzzy case, this condition
i= o
bécomes + K pi = 1 " (2)

as will be seen later on. For instance when n=2,
%]=%, and Ez=]6% satisfy (2). Here ® is the exten-
ded subtraction (see /10/) and

= uu(]- i = [
“193(“) up(l x) x e [0,1] (3)
Linguistic lotteries naturally yield fuzzy utili-
ty functions. A fuzzy utility function can be as-
sessed as follows

= % .
1/ - let {%5,x ] be a (continuous) range of con-
sequences where X, is the worst possible conse-
quence and x* the best possible consequence

2/ = let u, and u* be the respective utilities of
%, and x* so that [u,,u®] is the utility scale.
u, and u* are not supposed to be fuzzy because
(x,,%*) are ideal (worst and best) consequences
in the sense that finding better (resp : worse)
than x* (resp. : x,) is not possible. Moreover
this is consistent with the framework of fuzzy
sets theory in which universes (here Lug,u*]) are
not fuzzy

3/ = the utility of a Cconsequence % £ [xo,x*] is
defined by E(xj) such that ;:

ut(x_)(u) g 5upp:u=(1-p)u it Hy (p) (4)
] u-ug o i
=y (52
ju-u
a

w : s o s
where 7. is a linguistic probability (fuzzy num-
]
ber on [0,1])
%, is a certainty equivalent of the linguis-
I tic lottery (xD, %j’ )
It is clear that &(xj) is a fuzzy set whose sup-
port

S(d(x;))

=

{“[“l‘f(xj)(“) - | &

is included in [uo,u*J

& i N - iabs
Definition 2 : Let u and u' be two fuzzy utility

Tunctions built on the same ordered set of con-
sequences x| < X3 ... < x5. ¥ and ¥’ are said to
be strategically equivalent if and only if they
derive from the same set of linguistic lotteries
éxo,xj,x*). Strategical equivalence is denoted
ueogr,

Remark : In the non-fuzzy case, the concept of
strategical equivalence relies on the possibili-
ty of ranking lotteries in terms of their expec—
ted utility. However in the fuzzy case the expec-—
ted utility is fuzzy and, since fuzzy numbers are
no longer linearly ordered, the classical defini-
tion of strategical equivalence is not relevant.
This is why definition 2 is based on the lotte-
ries encountered in the assessment procedure,

Now we generalize the basic result on the unicity
of the utility function up to a scaling transfor-
mation.

Proposition 1 ; gy if and only if there are
two positive scalar constants h and k such that
¥ . =1,n

o3 n,

u'(xj) =h® k.u(xj) (6)

where 8 is the extended addition /10/.

Proof : (6) means

u'—h)

¥l “ﬁ'(xj)(”') m ”hekﬁ(xj)(“') - “E(xj)( A

according to Zadeh's extension principle.

From (4) and strategical equivalence of u and u';
1 T —
3 Ugs Uy, ul, ul such that ¥ ; l,n
u-u, 1
= ¥Fuelu,u
4" = 1y G
Lu(x.)(u) B, Y, A

LE S
s 1 = 1¥ S ! 1 1
e e S R )
] s
L u'-h-ku
a

uk@hﬁ(xj)(uT) = H%E(ETG;:E;T) (8)

Hence obviously from (7) and (8), (6) holds if
and only if
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ué h+kau
w - u' = k(u-u
% A ( )
LalBa u'=-u uu'-u'u
* x 0
. ; ho= Q.E.D.
u, —u u, - u
a x a

This result indicates that a fuzzy utility func-
tion is still a utility function in the usual
sense.

1.3 - Calculation of fuzzy expected utility

In this paragraph are presented methods for ac-
tually evaluating the expected utility of alter—
native decisions, from the knowledge of the (pos—
sibly fuzzy) utility of consequences and (possi-
bly linguistic) probabilities of consequences

of decisions.

1.3.1 - Statement of the problem

Formally let

X ={x,...x_} be the set of consequences
4 = {a .a_} be the set of possible actions or
dECLSanS &
ﬁj, j=1,n, denotes the fuzzy utility of X3,
number on [0,1]

j; denotes the linguistic probability that x.
octurs given that a; is chosen ¥i=l,m, ¥j=I,n,

3 deiates (py-. pn), u denmotes (ug...u,)

o .ub 151 p; Uy

fuzzy

]

The fuzzy expected utility of actiom a; is the

fuzzy set U; of the real line defined by ¥ u

y (W = Sup min  min(uy (u.),wv (p.)) (9
-+ u. £ i ]
Y u,p i=1,n ] 1]
under the constraints

-+ -+

u=au.p (10}
n

[ = 8 p (1)
g1

and Yy, (u)=0 if (10)~-(11) define an empty domain.
Ul

Clearly if U: and 3&1 are real numbers (9), (10),

(11) reduces to the usual expectation
St =%

Ui =
(11) is a constraint expressing a limear interac-
tion between the variables fuzzily restrzcted by
the ﬁl s. As a consequence, as soon as the p i3 LY
are not mere numbers, U. cannot be calculated
via extended sums (#) and products (8). Namely
the guantity

n n L "
T = .. - -
Ui (u1 ® plj) 2] @ (un [a] pln) FIE)
is not equal to Uj, bpt corresponds to the pro-
blem (9)-(10). Clearly we have the inclusion

U, Cu (e uUi 2 i) (13)
i B

which means that U. is more precise than U‘

In (13) the equality holds as soon as the pl
are real numbers. In this case (1l) is always met,
and the utility of aj can be viewed as a random

variable taking fuzzy walues. This type of fuzzy
random variable has been investigated first by
Van FEeden /31/. Its mathematical properties are
studied at length by Kwakernaak /24/ /25/.

1.3.2 - o-Cuts of the fuzzy expected utilicy

The c-cut of any fuzzy set A on a universe U is
the crisp set

A = {ueUlu, (w>al, vo € Jo,1] (14)

Ha
A general result on the commutativity of the o-
cutting and the extension principle has been es-—
tablished by Nguyen /26/. This result is quite
useful for making explicit calculations of fuzzy
utilities level by lewvel,

In order te use this commutativity property on
the system (9) (10) (11) Nguyen's result must be
generalized as follows.

Proposition 2 : Let D be a subset of the carte-
sian product Uj %...x Uy = WyAy...A, be fuzzy
sets on Up...U, respectively. Denote D(w) the
subset of Uyx... U, obtained by fixing weW, i.e.

D(w) = {(UI"‘un)|(u]' un,w) € b}
and

D(A]...An) a fuzzy set of W defined by

u (w)= sup min |, (u.,) (15)
D(Al"'ﬂn) TeD(w) i=1,n Ai =

Then

D(Ala"'Anu) = D(A]...An)D£

Yo €]0, 1]

if and only if ¥ w, the supremm in (15) is attai-
ned for values (uT...ui)e D{w).

Proof : for simplicity we assume n=2 A =A, U =0,
~ioot 1 1
02=V, A2=B.

& uD(A,B)(W) ; then

wED(A,B), = D(A ,B), ¥ ost
Hence 3 (u*,vx)é A, x By with (ux,vx)é'D(w). The
supremum in (15) is attained by (u®,v™) since

t = sup

minu, (u), 1, (v))
(uw)eny - D

> min(, (6,1, 7) > ¢

trivially holds without any extra condltlon
Let weD(A,B)y and (u*,v*) £€D(w) such that

ii) sufficiency first note that D(A EG)CD(A B)a

e . E 3 T, 4
uD{A,B)(w) = min(y, (0D, u (W) > o
Thus uxeA 5 vxc Ba

Hence wg D({u*},{vx})g D(AG,BQJ Q.E.D.

: Denoting the solution of (9)-(10)-

(1) by

& + u
U, = Ext(u. SaylisyLpa=1)s;
¢ (w.p[p; 55t o =1)
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" N ;
when P;; and u. are fuzzy numbers with upper—
semi-continuous membership functions then
¥ aelo, 1],

-+
U. = Ext (u.p|p.

"
b Ip. = 1)

Sl [

_____ Here D(u) is defined by (10)-(11) which

is clearly a closed domain. Moreover the closu—
res of the supports Sfﬁ..), §(u.) are compact sin-
ce %., and are fuzzylaumbersq Hence, using the
samelﬂrouf ad that in /26 theorem 5.1/, the supre-
mum is always attained in (9). The corellary fol-
lows from prop. 2 Q.E.D,

Now it is established that (9) can be solved wor—
king with o—cuts. Note that the case when %.. and
¥, are closed intervals is encompassed by cdrol-
lary 1.

1.3.3 ~ Height of the fuzzy expected utility

Let ¥ be a fuzzy number. Its being normalized
means that we can assert that a value of the
variable x restricted by & does belong to S(&).
If we happen to know that x is also restricted
by the fuzzy number b, then we may check whether
¥ AP is normalized or not. If

¥ ou, i) Emin(u';(u),ug(u)) <1

then we may question the comsistency of our infor-
mation. Zadeh defines the consistency degree of
% and ¥ as restricting the same variable :

CALB) = Mu=v[%,B) = sup minGury(e) 1)) (16)
t

Where H(u=v|},%) denotés the grade of possibility
(Zadeh /36/) of the event u=v, when u is restric-
ted by 4, v by b, and both u and v are restricted
to have the same value.

If the data consists of a set of fuzzy probabili-

ties pji; j=l,n, the reliability of this informa-

tion can be evaluated by checking to what extent

the variables v; restricted by 11 satisfy the

usual condition I vj=l. A possibiiistic approach
i

to this problem 1s to caleculate rhe index
c(%ij, j=1,n) defined by
o i A R
CF;;»3=1,m) = H(?‘fj—”PijsJ 1,m) (17)

where the right hand side means "possibility of
the event Iv:=1 knowing that Pj; restricts v M.
Following Zaaeh, we have

C(gi.,j=l,n) = 5ug_min ug (0] (18)
] £ j=1,n Pij 1
Etj=l
)
= U 0 HEE)
;@0 p, 2o

where ® is the usual extended addition
e 3 "
C(pij,J=|,n) =1 is clearly equivalent to :

351,‘..,5 such that (¥ j=1,n,uw (E.):I
n pij ]

(20)

i

when the supremum is reached in (18) 3 (20) is
nothing but (2) as suggested in a previous sec—
tion. The condition Cf¥i<,j=!,n)=1 can be viewed
as the normalization conéition of a set of lin-
guistic probabilities.

If a fuzzy expected utility U; is to be calcula-
ted according to (9) (10) (11) then we have the
following result regarding its height.

Proposition 3 : Provided involved fuzzy sets are
fuzzy numbers with upper semi-continuous mem-
bership functions, hence normalized fuzzy sets
7 U . i)

= I =
i) supuUi C(le,J 1,n) )

ii) Moreover if we change &.,%i.,j=l,n} into
mj,B{j,j=l,n} such that d

= mi N o= mi
uy, mln(ci,u%j) and By m1n(ci,u%‘.)
1 1] 1]
i T
Then U, = Ext(p. AP B | 21
B xt(p U|1DlJ J,ij ) (21)
Proof : If c;=1, then (20) holds. Choosing u: such
that ¥, wyj (3;)=1, clearly from (9)-(10)~(11)
it (Epista) =1
o Sl
Now assume cy<1 ; from (18) ¥ P|++.Py such that
Lp.=1, we have mjnyv (p.)<c,
i g iy 4

Henee: ¥ gy, ou_, pii./p satisfying (10) and (11)
1 n 1 n
we have

min mln(u%'_(Pj),ugj(uj))_j c; (22)
d 1]
(22) holds whatever the valus u=Zu:p. be., Hence

Vu,uU.(u)fpi, i.e. u; 1s not normaii%ad and its

height is sup Uy:<ci. Actually suply, =c; since
the supremum in 118) is attained.

(22) implies

min mi v L) 3 =
in min(} ‘_(pj) uu'(uj))
J 1] J
i i o W i .
min mln(cl,up'_(pj),uﬁ_(uj))
] 1] ]
and this equality justifies the truncation lea-
ding to (21) Q.E.D.

Thus U; is normalized if and only if ci=1. As a
consequence if the set {%ij[j=l,n} is not norma-
lized we have a simple method to evaluate the
height of U; by means of an extended sum. Exten-
ded sums are very efficiently performed as des—
cribed in /10/. Moreover Proposition 3 enables
to spare computational effort by restricting it
to the interval [0,c;].

In the fellewing we assume ci=I which, owing to
prop. 3, is not restrictive,

1.3.4 - Algorithms for the calculation of fuzzy
expected utilities

1.3.4.1 - Crisp probabilities, fuzzy utilities
This situation occurs when the utilities of ecom-
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sequences have been assessed by means of a linguis-
tic lottery and the expected consequences of deci-

sions can be objectively evaluated out of availa—
ble histograms on past decisions. Computationally
this case is the easiest since we have
n 0
i i AT B FE e
R Ul Pipe™y i Pinty (23)
U . a
When the u.'s are any upper semi-continuous fuzzy
numbers, them getting o-cuts,

is a closed interval [ 2; () bJ(a)] and

voeJo, 1], U iu~[J>;pij.aj<a),§pij.bjca)] (24)

Hence by discretizing [O,]J, as many points of
Hy; as possible can be calculated,

Using a L-R representation /10/ for the fuzzy num-
bers is very efficient. A fuzzy number A is said
to be L-R represented if

oo IR e

HA(XJ = 3
=rE%H  x33 , 330
7 2

where L and R are nmon increasing upper—semi-conti-
nuous mappings from [0,+=) to [0,1] with L(0) =
L(0)=R(0)=1. When 4 is of finite support,
L{1)=R(1)=0. We write A—(d a a) for short. More
details appear in /10/. 3 is the modal value :

3

4,% are spreads. If 1. (u ,W AP T EHER
we have $§ee iy 3 IR J
S + =
Uj = (0pgs upga¥ep)rp (23)

1.3.4.2 - Fuzzy probabilities, crisp utilities

In this case the following interactive sum must be
calculated :

U, = Ext(p.u|p,:,Zp;=1) (26

i xti{p.u pij’fpj— bl
J

This problem has been completely solved in a pre—
vious paper /11/, where proofs can be found. Here
we just summarize the results,

Proposition 4 : Let the o-cut p be denoted
[mlj(u) Mlj(a)] and assume the u 5 are ranked in
an increasing order. The o-cut 0% U is the closed
interval U;, whose bounds are :

: e
inf Uidz nax( L M. J(u)uj
k=1,n j=I

k-1
Hkl= F M L (o)- E m, (a))u
j=1 k+l1
n
d= (ﬂ)u (27
e )
k=1
= mln( ) m, (u)u
k=1,n j=1
k-1 n
+(1= L m,.(a)— M
J=1E = k+1

sup Ui
(Ot) Ju,

n
+ I M. (@u, (28)
T e )

the algorithm deseri-
bed in /10/ can be used, nothg that ¥oe< J0,1] EJQ

Proposition 5 : U.

See the appendix of /11/.

It is established im /11/ that there is only one
k™ such that the quantlty

(155 1y 60 I

L
(ed))e pyy -
j*l S=kT4] 13 ik a
in (27) i.e. is feasible, and this k is the maxi-
mizing value in (27). A similar remark holds for
(28). Note that

-+ =+ oy

i v= = i =1

Dla {U;u =P. U, P plju 1, ?P }
Proposition 4 underlies c:=1 ; if eq<ly iu=®?m>ci
and Ui is given by (27)-(28) for o<cy

The above remarks motivate the following algorithm
for computing U; when the membership functions of
the P..'s are general.

11
A.1 - Step_ | rank the u:'s in the increasing order.

k—] n

T @- Z m. ()¢ m, (0),M ()
J—l M gy H L™k i@ ]
k] n

= S e 2

M, . (0)eg |m. a),M.. (o
j=1 * j=k++1 i 0 B O ) ]

, using (27) with k=k~
calculate sup U, , using (28) with k=k"
Go to step 2 if other points are needed

A further simplification takes place if the ﬁi"s
have a L-L representation, say L
Ny

¥i. pij = (Pija -j,ﬂ J)LL (29)
and
T z__:ij =
i
Then it is proved in /11/ that U, is still LL-
represented i.e.
jul
Uiz(Ui,Ui,Ui)LL with Ui=jE]uJ i
B k=1 n
U,= min ( I (u ~u b} (u.-u )e..) (30)
Y k=1,n j=1 LiEN j=k+1 e
> k-1 n
Us=-min:( E { =uidEzu+ T (u.su)n b
Y k=1,n j=1 e j=k+1 ko

1.3.4.3 - Fuzzy probabilities and fuzzy utilities

In this section we give an algorithm for solving
the general problem (9) (10) (11) using @—cuts.
First the following result is established.

is a closed interval,
io
Vo e jC'_-L‘]-?

+ =+
Proof : U. ={u=u.p|u =

_____ o s P:€P;: s Lp.=1}

. u.

il je 1 ijo’ i :
From corollary 1, v= £inf U. and V=sup U, are at-—
tained for values (u_1 ? and (u¥,p¥) respecti-
vely. If x €[v,V] thih fcr some € z[071] :
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= evt(l-g)V

B
|

* %
=L gu. p. +(1-e)u’p’
e
XJ N
L(ep. +(1-E)p. . for some y!s L T i s S
j( et )p]nyJ S el Tl

]

e Ny
=Ip'.y. f e [p:ranep. .
P e ele]psorien; .
Hence x £ Uia Q. EiD;
4 1] u
Now let &, =[a, . =T :
ow Tet u;o=[a; (@, @] 3, . Lmlj(a),MlJ(a)]

inf U, (resp. sup U. ) can be obtained by the fol-
lowing algorithm (wﬁere for simplicity o is drop—
ped), for < cy

A2 = Step 1 rank the aj‘s (resp bj's) so that

5 j_al

a < a
I = 1 n

<
T
Step 2 findk™ (resp. k*) as in step 3 of algorithm

''''' Al
Step 3 use (27) (resp.(28)) with k=k~(resp.k*)
.and u-=a; (resp.blj) to calculate inf U;, (resp.
sup U. ) ]

i
Proof of A2

Bl o
inf Uia—lzf 1gf{u.p|uje{§j,bjj,pjf[mij,Mij],¥pj—1}
u b ]
ez =
=1§L{a.p1pj5[mij MijJ,ij—]}

Hence proposition 4 applies with u.=aj., j=l,n,
lower bounds of 3. ] 1
o Q.E.D.

Since the extended product of fuzzy numbers does
not preserve the L-R representation there is no
hope of using this representation to simplify this
algorithm.

Example : Consider the following decision node ha-
ving 4 possible CONSequences

"
X u]=about.2

"
u2=about.3

33=about.4 but possibly much
! less
X, u4=.5 or closely less

3 =about.3, with much irregularity

ﬁ}=very close to .]

§3=ab0ut b

ﬁg=close to ,2

They are modelled by linear fuzzy numbers as pic—
tured below

Probabilities

gl 0.7 095 OW0E DLk

To see how A2 works let us calculate the .75-cut
of the expected utility U. The following table gi-
ves the .75-cuts of the data

i 1 2 3 4
w [175,.225] [275,.325] (325,.425] [475,.5]

p; [-225,.375] [0875,.1125] [(35,.45] [.175,.225]

Lower bound it is attained for -
(.175,.275,.325,.475) =& (.75)
Step 1 = already ranked

Step 2 = searching k™

The feasible B-is one of the four 4-tuples obtai-
ned by assigning smallest (resp. greatest) proba-
bility walues to greatest (resp. smallest) utili-
ty values

a) pl=.3?5 ; p2=.]125, p3=.45 + pa=.0625
not feasible
b} p.=.375 P.=. 1125 py=0175 +:p.=.3375
1 P 4 3
not feasible
c) p1=.3?5 Py

We know the feasible 4-tuple is unique (see f110)
50 we may end the search :

=,35 p4=.]?5 &+ pz=0.I feasible

K=l
Step 3 =
Inf U ?5=.3?5x.]?5+.Ix.2?5+.35x.325+.1?5xﬁ.?5

'17=0.29

NB : One may check that using the 4-tuples a)
and b) would yield estimates of inf U 75 smaller
than .29 but of course not feasible.

Upper bound
Step 1 : g(.?5)=f.225,.325,.425,.5)
Step 2 : p,=.225 p,=.45 p,=,225 - p,=.1 feasible
= Sy 4 ]
i.e, k'=2
Step 3
Sup U ?5=.225x.225+.1x.325+.&5x.425+.225x.5
" 7=,386875 = ,39

The result of the overali'calculation, for the
support (#=0) and the c~cuts, o €{0.25,.5,.75, 1}
is pictured on figure 3;U is nearly linear. In
dashed line is the fuzzy set obtajned by dropping
the interaction constraint on the probability va-
riables i.e,

U = cE]@J])e(ﬁéoﬁz)e(QSGQB)@(E@@Ea)
using the extended product @ and sum @. Tt is
patent that the interaction constraint enables
to significantly improve the precision of the re—
sult.

i n L
1 u u

=

Utilities

0.l B8.2 0.3 0,4 0.5

Figure 2
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1.4 — Perspectives

We are now able to compute with a very simple me-
thod the expected utility of any n-ary decision
node in a fuzzy decision tree, Further work along
the same research line may deal with the case of
dependent consequences of decisions. Solving this
case presupposes a fuzzy extension of Bayes for-—
mula to linguistic probabilities (which contrasts
with the extension of this formula to probabili-
ties of fuzzy events, as done by Okuda et al,27/)
Adamo /1/'s approach to this problem involves al-
gorithms which may become intractable for large
decision trees, and thus simple methods should
be developped.

A radically different framework for the modelling
of decision trees has been suggested by Yager
/33/. His paper is concerned with situations where
only possibility levels for consequences of
decisions are available and utility values are

grades of possibility too. In other words Yager con-

siders possibilistic lotteries, in which a cer-
tain consequence is balanced with the occurrence
of other consequences with various levels of pos-
sibility If u: is the possibilistic utility of
x: and JI.. is the possibility of occurrence of x:
e ciedn o is choosen, then the possibilistic
expectation of the utility of decision i is defi-
ned by

U, = max minfu.,l..) {31}
¥ i=ln e

ot 3 o -
instead of the classical Ui=u_pi

Freeling /16/ points out that the choice of ope-
rators max and min is rather arbitrary ; but the
idea of taking utility theory out of the usual
probabilistic frame-work is gquite interesting.
Freeling /16/ suggests to generalize max and min
into more general types of fuzzy set unions and
intersections. This implies that in a given.de—
cision situation, it 1% possible to identify which
operators are relevant, i.e. requires the know-
ledge of an axiomatic system for set-functioms,
which encompass both probability and possibili-

ty theory, and explicitly uses generalized fuzzy
set—theoretic operators. Such a framework is pro-
posed in Dubois and Prade /13/ and could be use-
ful for a non probabilistic utility theory. Be-

sides it is clear that Yager /33/'s approach
could be reconducted with linguistie levels of
possibility.

NB : When consequences can no longer be limearly
ordered but only a fuzzy preference relation is
available, the classical utility theory is no lon-
ger relevant., For a discussion on this topic see
Sagaama /29/,

2 — AGGREGATION OF FUZZILY WEIGHTED CRITERIA
2.1 - Previous approaches

The considered situation is here that of choosing
between objects or decisions which are statical-
ly evaluated according to several points of view.
Let A={a....a } be the set of attributes and
0={0)....05} fe the set of objects to be ranked.
4 classical approach to this choice problem is
the scoring method in which attributes are assi-
gned weights which may depend upon the conside-
red object i, and each object is rated according
to each attribute. In other words we have a weight
matrix W=[Ni5] and a rate maxtrix R:Eri']. The
overall rate of object i is then defined by the
weighted sum

p; = (§Wijrij) / (§w1j) (32)
A% 2 /1
1 i L 1

Although this method is quite convenient, one of
its drawbacks stems from the fact that the final
ranking of the objects according to the p.'s
strongly depends upon the numerical wvalues of the
weights . These weights are usually directly ob-
tained from the decider who is some-times puzzled
by the necessity of providing precise numbers,
where he would better say "important', "rather
unimportant', etc...

Consequently several authors have tried to use
(32) without precisely setting the values of the
weights, and, in the same spirit, the ratings.
Kahne /20/ modelled weights and ratings by pro-
bability distributions and applied probabilistic
rules to derive the distribution of pj. Jain /18/
modelled W;: and ri; as fuzzy numbers but without
normalizing the weighted sum as in (32);moreover
the membership function of p; was obtained by
means of an already mentioned exotic extension
principle. These features slightly invalidate his
approach (see /8/).

More recently, Baas and Kwakernaak /2/, modeling
rates and weights as Jain did, applied the exten-
sion principle to (32) in order to derive the mem-
bership function of p., i.e. performed a multile-
vel sensitivity analysis on (32).

They criticize Kahme's approach which is computa-
tionally burdensome, involves biasing effects,
and where the use of probability theory is ques-—
tionable.

However using the extension principle on (32) is
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not obvious and may become very difficult if the
set of alternatives is large. Namely the usual
methods of fuzzy arithmetic (see /10/) do not ap-
ply here because the domains in which the mapping

> -+ > -

Wy g [
is monotonic are difficult to find for more than
3 attributes, Baas and Kwakernaak /2/ only deal
with a 2-attribute example which is simple to sol-
ve directly. In the general case they only sug-
gest to find the monotonicity domains by trial
and error methods. On the same medel, McInnis and
Cheng /7/ use a-cuts to reduce the fuzzy expres-
sion to several crisp ones, but the same problem
is met : the bounds of the range of (W..?,)/[ﬁ.|
when wij’s belong to prescribed closed inferva s
are still hard to reach.

2.2 - A new fuzzy scoring method

An alternative approach consists of applying al-
gorithm A2 with normalized set of weights in the
sense of section 1.3.3,

We start from term sets of linguistic weights

such as

{very important, important, rather unimportant. .}
Each weight is modelled by a fuzzy number of [o,1]
say ij.ED,]] is taken as the weight scale,
Then wé normalize each n—tuple of fuzzy weights
W.s i.e. consistently modify them into a n-tuple
‘3i such that

ey AN R (33)
i T
2,2,1 - Fuzzy normalization

A first hint is to choose

L

. : > n, : :
¥, pij = uxt[ wij/|wi| wijJEJ'] (34)

e =
If the o-cut of Wps is wija—[gij(u),wij(aij

then the o—cut Eij& is clearly a closed interval
and

L = =]
SUP By 5o = Wyg @)/, (oo+k§j W @) (35)

]

]

1}

: o . 53 :
inf By Eij(&)r’(ﬂij(a)+k§jwik(c)) (36)

(33) is then satisfied because if m, . denotes an

-~

element of hijl (the J-cut of Wi3) then
e G R T
= U L
Hence 1| = ?mij/[mi]e-(pirﬁ...Qpin)]

n ; .
Note that the D;i;'s are more imprecise than the
original weights

2.2.2 - Crisp normalization

Another simpler normalization consists in choosing:

A )
Vi) = Wy /e (a7
mesh ekl g, o, ST
1] in

The choice of a; is rather arbitrary. Note that
choosing dj as large as possible leads to keep
the I-cut of %i] ©...8 ¥; inside the unit inter—
val (see figure 4} Consequently, there is only
one

+ N > :
P such that ij:pij! and |pj = 1 (see figure 4).

A similar remark holds when choosing a; as small
as possible.,

Figure 4
L3 P i
Now p; is defined by
T m e B
Di = Ext[ipiri|pij,rij,upi-lJ (38)
similarly to Ui in (9) (10) (11).

] LA h
The calculation of Pi 15 made easy by algorithm
A2 even for a large number of attributes, whatever
the normalization (34 or 37) be.

2.3 - Comparison of methods

Since the commutativity of a~cutting and the ex-
tension principle holds as well for Baas &
Kwakernaak's method as in the proposed ore, they
can be compared with weights and ratings being
crisp intervals. Moreover in (32) P; 1s an increa-
sing function of the rij's so that
v -+ - - v
1nf{wi.ri/lwi||rij€Z[£ij,rij Mg €W )
is reached for i and the supremum for
r..=r.. =2
1] 13
Hence for the purpose of comparing the methods,
rij can be taken as a real number.
2.3.1 -~ Baas-Kwakernaak method and fuzzy normali-
zation

To simplify the notations let

- &
A(,8) = ot | vis=l,n,W €[a,,6,]) (5.2 &)
UCy,8) = {p.x| ¥i=1,n,p, € [v;,6,],[p|=1} (Algor.a1)

The two methods are equivalent if and only if
+ > .
¥o.BerR,IV,8e0,0” : Ae,B) = U(y,8)

. . = - -
Since ¥ 1, {wi/[w] ’I-.Tj = [aj’sj] s¥i} is the closed
o, B.

4 1 [ i i ]
interva G.F LB " BFr o
3 F e s T
i#i ifi
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The only possible values for y. and Si are the
bounds of this interval, which is now taken for
granted, and motivates (34).

Proposition 6 : A(a,B) < U(y,8)
The equality holds for n=2 (2 attributes).

Proof : Let xe4(x,B) ; then ¥i,
IW, e [og,8.] ﬁ?/|ﬁ| =X

Hence yl,w /fN| EEY 8 J

When n=2, assume r]<r2

if r =r, then A(a,8)=U(Y,6)={r1}

if r,<r, the mapping (W],w2)4(wlr]+W2r2)f(Wl+H2)

; hence xeU(y,8)

is decreasing in W and increasing with W
Hence :

B r +o.r o.r +B r
o e s i
Ao, B) —[ S]+az A at+8 J (39)

2

2 [6lri+Y2r2 > Y1y, ]
Clearly 6|+Y2 = Y;+¢2 = 1
From (27):
inf U(Y,5)=max(1161+r2(1—0]),r2Y2+r1(]—Y2))
=61r1+Y2r2 due to the above remark.
Similarly, sup U(Y,ﬁ)—Y r +52r2 Q.E.D.

Consequently when only 2 attributes are concerned,

Baas & Kwakernaak method is equivalent to algo-
rithm A2 with normalization (34). But in such a
trivial case, the a-cuts of Ei are readily obtai-
ned using (39) .Moreover if

(L., ,D )_ (see sect. 1.3.4.1)

Then the membership functiom of P =

W, W,
1 TRIART iy
Ext(—“'rl—;ﬁz—lwt,wz) 13, for rlirz
W.r +W.r W (. -2)+W, (r.~Z)
bty ) Sy
Vidic —— , () = L
W, W@ (az(rz—z)-—b](rl—z))
W Hir W (r ~2)+W, (r,-2)
17 I 285
R =
Wiy 1% 253

When mare than 3 attributes are concerned, the
B-K method becomes more and more tricky, while
our method remains easy to carry out. Proposition
6 indicates that using normalization (34) the ob-
tained results are con51stent wlth the B-K method,
although fuzzier, i.e. p (B-K) C.p (eqn (34) +
(38)).

The following counter-—example shows that for n>2,
Ao, BY#U (v, 8)

o and B.
Using algorithm Al yields

uered) =L 22,2212 5 92, 2.61)

119°18
Besides
o rlw1+r2w2+r3w3 St alri+r2W2+B 4
i W W oW, R

it is attained for
o ;
W= (&1,82,83) if a](rz—r1}>6
= (ﬂlgaz,ﬁa) otherwise

3(r3-r2)

This remark and the dual one at the lower bound
lead to find in the example

A8 =[32,22] = [2.35,2.60]

2.3.2 - Baas-Kwakernaak method and crisp normali-
zation

Now, the normalization (37) corresponds to the
set

V(00 = {p.xlp € Ty, .0, [pl=1}

With

2

B

et b
3= ¥ =7 a€[i,28 ]
qEeb:
Now letting y‘=w.ﬁa ¥i, A(o,B) can be written as

Ao, B) = {T*I Vi, v, g[q: Wy 13
= U { E] "‘?lsyi E[ﬁPi-‘pJ)|¥|=k} (40)

Consequently V_(Y,0) € A(x,B), ¥ a
it is easy to Iigure out that for

a=ZIa, v (.0 = {Jga ==}
I e e . ]
a 2 81 Va($,u} Tgr}

i1.e. in both cases the result is a precise number.

Thus, the result of algorithm A2, with normaliza-
tion (37) gives consistent but more precise results
than the B-K method. However the choice of the
normalization coefficient "a;" may bias the final
ranking of the fuzzily-rated objects. In other
words several values of a; should be tried to
check the worth of the ratings obtained using
(37). This fact tends to favour (34) rather than
(37) although the former produces ratings sligh-
tly less discriminating than the B-K method.

N.B. : If the weights &ij do not depend upon the
considered object i, then it is useless to norma-
lize the ratingsin (32). Hence pj is obtained by
simply extending Irj:W; according to the extension
principle with the linear interactivity constraint
IW;=1 when [O 1] is the weighting scale, i.e. al-
gorithm AZ is relevant and sufficient.

Example "
Attributes o e [ ¥ §
I 1 2 1 1/18 1/7
2 4 7 2 1/4 7116
3 8 10 3 8/17 2/3 Remark

In the above table, ¥y and § are calculated from

Another framework for criteria aggregation has
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been suggested by Bellman and Zadeh /5/ ten years
ago. Namely the set of objects sharing some attri-
bute j is a fuzzy set G: over the set the set
of globally preferred ogjects D can thus be obtai-
ned through a fuzzy set theoreric combination of
the Gi's. Bellman and Zadeh have sugpested

D=AG. (41)
j ]

where A is expressed via the minimum operator,

If the ratings are fuzzy the membership grades in
G; are fuzzy too, i.e. G; is a type two-fuzzy set;
(41) thus becomes (see Dubois and Prade /12/).

¥ 05, wy(0,) = min y (0,) (42)

] J

i s
where min is the extended minimum operator.

Moreover, it is patent that other aggregation ope-
rators than "min" are possible in (41). An axioma-
tic system is proposed in /12/ for such operators,
together with its extension to fuzzy ratings. Em-
pirical investigations on this topic are reported
by Zimmermann and Zysno BT Starting with fuz-
zy partial ratings in Bellman and Zadeh's frame-
work, ultimately yields fuzzy global ratings, on-
ce more,

3 - RANKING OF FUZZILY RATED ALTERNATIVES

In the preceding sections, several decision ma-
king situations have been described in which hu-
man judgments have been assessed by fuzzy numbers
and fuzzy global ratings of decisions have been
obtained. We are now faced to the problem of ran-
king these fuzzy ratings, in order to perform a
choice of decision.

3.1 - Past work

Numerous approaches for ranking fuzzy numbers ha-
ve been proposed in the litterature. Jain /18/
proposes to match each fuzzy number N; i=l,n with

a fuzzy goal G, fuzzy set of the considered ra-
ting scale whose meaning is '"as great as possible”
The numbers are then ranked according to their
consistency (Zadeh /36/) with G, i.e. in terms of
{Ci=sup UNinG|i:[’n}

Such a method has been criticized by Dubeis and
Prade /8/ and Baldwin and Guild /4/ as likely to
provide counter-intuitive rankings. Dubois and
Prade /8/ and Freeling /16/ have suggested the
use of the extended maximum and minimum operators
(/10/). However, as Baldwin and Guild /3/ point
out, mﬁx(NI,Nz) may be neither N; nor N5, so that
in some instances, no discrimination is achieved
where intuition would discriminate.

Begides N, and Ny may be very close to each other
while mkx%N[,N2)=N2 and intuition would not be go
definite.

Baas & Kwakernaak /2/ have proposed to extend the
inequality uj>uy in a canonical way to fuzzy num-
bers

d(¥,>N,)= sup min(uy (up),ng (u,)) (43)
Lll>u_2 1 2

It is clear that

max(d(leN ),d(szN]))
min(d(erﬂz),d(szﬂlj)

1 -
height of N

]

N

These authors readily extend (43) to n fuzzy oum-
bers as follows the grade of membership of N3
to the set I of greatest fuzzy numbers among
NI"'NIT! iE

i, uI(i) = Sup min My {u.) (44)
uiimaX'uj j ] J

Although this approach is very natural in the fra-
mework of fuzzy set theory, Baldwin and Guild /4/
have stressed its lack of discrimination power,
when the N.'s significantly overlap.

Watson et al. /32/ proposed a different point of
view on comparing two fuzzy numbers, but ultima-
tely they come with a scalar index which is no-
thing but 1-d(N{>N5) (see/10,chap.IV.3/), i.e.

is redundant with (43).

Baas and Kwakernaak /2/ also defins a fuzzy pre-
ferability index P; for object 0j rated by Ny
however, ultimately, the Pi's have still to be
ranked and the difficulty remains unsolved.

Lastly, Yager /34/ bases his ranking procedure on
the computation of the Hamming distance between
fuzzy sets. Yager's purpose is to rank fuzzy truth
values T; viewed as fuzzy sets of the unit inter-
val, in terms of their proxXimity to the standard
fuzzy truth value "True' defined by Hppye(u)=u,

¥ uel0,1]. This proximity is expressed by means
of the Hamming distance.

1
A(t, ,true) =jf [uT (u)-u|du (45)
0 i

Clearly Yager's procedure is very specific and is
not relevant to the framework of this paper, al-
though (45) may be viewed as a probabilistiec si-
milarity index between fuzzy numbers.

3.2 - New pessimistic scalar ranking indices

It is patent that Baas and Kwakernaak's ranking
index, despite the mentionned drawback, is the
most natural one in accordance with the basic
principles of possibility theory. Its lack of
discrimination power does not make it irrelevant,
but indicates that some other indices should be
used simultaneously. Namely it is clearly an op-
timistic index.

Baldwin and Guild /4/ modify (43) replacing u >u,
by a fuzzy ordering relation R so as to improve
the discrimination power of the index, i.e.

dR(N13N2)= sup min(uN](ul},uNZ(uz),yR(ul,uz))
ety (46)

Although this idea is very much worth-while, dg
is still an optimistic index.

A complete set of indices including (43) has been
recently proposed by Dubois and Prade {14/, which
takes advantage of possibility theory. This ap-
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proach is only sketched here for the sake of bre-
vity.

If N is a given fuzzy number then the set of num-
bers greater or equal to N is denoted [N,+=} such
that

¥, By, +0) () = sup (W) (47)

32“
Similarly the set of numbers smaller or egual to
N is (-=,N]
= sup 1 (u) (48)

y E)
s H (e, ] ) =

Now the set of numbers strictly greater (resp.
smaller) than N is JN,+®)=(-=,N] (resp (-o=,N[ =
[N,+=)) where the complement & of the fuzzy set
A has a membership function I—UA.

The question of a fuzzy number N; being greater
than a fuzzy number Ny can now be addressed in
four distinct ways.

(1) Is Ny possibly greater than or equal to Ny?

We are now concerned with the intersection (or
consistency) of Nj and [N,,+=). Hence index
Pos (N >N2) defined by :

Pos (N >N,)= sup mln(,Nl(u Mk ”{N (u )
|
= sup min(u, (u.),n. (u,))
uljpz NI 1 Nz Z

by an obvious reduction. This is Baas and
Kwakernaak index.(43).

(2) Is Ny necessarily greater or equal to NE?

We are now concerned with the inclusion
1: [NE’ @), In other words we must check whether

N \f[ﬁ ,¥®) is the real line. Index Nes(N >V )
1s deflned by

Nes(leﬁz) = inf max(l—uN (ul),u[N ,+m)(u1))
Uy 1 2
= inf sup max(l—uN

u] u <u1

(udapy (u)))
< e T

(3) 1Is Ny possibly greater than NZ?
Now we deal with NIA} N2,+W) ie

POS(N]>N2) = sup mln(pN {u[)’lﬂu(—m,ﬁ ](ul))
Uy 1 7
= sup inf mln(uN (ul),l—uN (uz))
u, u,>u 1 2
I "2—1
{4) 1Is N! necessarily greater than N.?

2
We must check Nl§]N2,+m) e,

NeS(N]>N2) = inf max(l-ﬁN (ul)’l_u(«m,N ](u]))
u 1 2
= inf (l- mln(uN (a)), Uy (U ))

Wiy

Actually Nes(N]>N2) is Watson et al. /32/'s index.

The following properties hold for normalized fuz-
zy sets of the real line (see/14/)

Pos(leNz)zmax(Pcs(Nl>N2),Nes(leﬂz)) (49)
Min(Nes(Nliﬂ ),POS(N]>N2))2ﬁes(N1>N2) (50)
Pos (N >N,) = 1-Nes(N,>N,) (51)

Figure 5 visualizes the values of the indices on
an example

1 = =
\ {'/
\ 4 Pos (N.>N,)

Pos (N, >N_)

7y RNSGE
o A e

Nes(N1>N2)=D

Figure 5

(49) and (50) are natural inequalities which fit
the intuition.

(51) stems from the definition of necessity of
some event A as the grade of impossibility of the
opposite event (see /10/)

Nes(A) = 1-Pos(A) (52)

Indices Nes(N. >N ) and Pos(N,>N_) are the pessi-
mistic evaluaglons we were looklug for, and are
provided by nome of the previously mentioned ap-
proaches. Natural n-ary extensions of Nes(N >N,))
and Pos(N >N_ ) are defined in /14/, consistently

vich (46); -

An alternative approach to the ranking of the

set {N, . N } of fuzzy numbers is the ome by

Tong and Bomissone /30/ which build a fuzzy re-
lation from pairwise evaluations Pos(N >N.), ¥i,
¥.. They give a method for turning thid f&zzy out-
ranking relation into a total ordering. This fuz-
zy relation clearly expresses a possibility of
preference or indifference. Other fuzzy relations
are obtained from Nes(N;j>N:) (necessity of pre-
ference or 1nd1t£erence) and Pos(N >N:) (possibi-
lity of strict preference),are descrlged in /14/
where specific methods for their processing are
discussed at length. The papers by Blin /6/ or
Roy /28/ are also quite relevant for deriving
consistent orderings out of fuzzy relationms.

CONCLUSION

This paper has proposed an overview of results
and algorithms which demonstrate the attractive-
ness of the fuzzy number concept for decision
analysis under uncertainty or several objectives.
The use of linguistic probabilities enables to
soften the drastic normative framework of utili-
ty theory, and efficient algorithms make possible
a fast processing of fuzzy data. Scoring methods
in multiceriteria decision making can also bene-—
fit from the use of fuzzy numbers and of these
algorithms. Lastly a strongly motivated approach
to fuzzy number ranking, based on pessimistic and
optimistic indices, seems to emerge as canenical
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in the framework of possibility theory.
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