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A suiw€y of decision-analysis-orienled fterhods based or the conce?i of a fuzzy rm6er,
is prolosed. rosether Nith rer resulrs likel' Eo implove rhe rewiev€d nateriai, ruzzv
c n l e . 3  "  

p  u . e - .  o  o e .  o T  s F l s  r i v i  E n " r r s j s  o n  ,  .  L v  b d 6 d d  r o e _ s  o ,  !  o r : r c
ne thods , . rnen probab i l i r y  o r  uL i r i t y  va lues ,  we ishrs  . f  a rEr ibu tes . , .  cannor  be  Frec i_6ely esrifraLed bur ar€ obraiaed through verbaL stat€n.nL5_ Algorirhns for .onputila f!._
z .  F r p F - t a f , o  . !  .  I  ,  . .  t L / / .  e . D d t  - a r i ' s s  4 . -  p . o  o e o .  L d s , i . ,  , e ,  p o s s  a  _ r s'  I  d r e - o m p d  d r e  6 ! e B d 5 - e o  o I  . a ) . i  c  t u z z _  m b " r ,
rh rch  lepr€sent  rhe  overa l l  ro r rh  o f  a r le rnar ive  dec is ions .
lGYItornS : I{zzy rmbers - Decision Anarysis - Utiriry theory - ScoriaE nerhods _

Cm?arison indicps - Ranling procednres.

INTRODUClION

Iuzzy ser th€ory b€coh€s mre ard more widelt
acLnoFL€dged as being relevan! ro decision ana-
l y s i s  a rd  dec i s i on -Mk i r s  s i r ua r i ons .  r he  sune ,
book  r r i f t e r  hy  K i . ke rL  / 22 /  cLea r l y  i nd i ca i es
that nmerous erisrids franerorks such as lrili-
t y  t heo t y ,  l i nea r  p rog rm ing  node l s !  n l l r i p l e
ob jecL i ve  and  m l l t i - s t ase  dec i s i on  f l ak i nsJ  soc ia l
. h o : r d  P o r i c s .  r . -  r  o d s  p  : v .

porer enhanced by lefting iir€ducible inlrecrslon
and  f uzz i ness  be  t aken  i n ro  accoun t .

d . o ' B  - l d  u F r o u q  r a  \ " r " r t  
"  

o  F p , s  e a i q " i . C
o f  d  I  7 / l  nsb " -  . " - n "

to be quite inpodanrj ie.anse nuch of rhe dala
p row ided  i s  l i n cu i s t i c  r a r l e r  r han  p rec i se l ]  uu -
ne r i ca l ,  s i f ua r i o r s  i r  r r i cn  p rec i s€  so r t h  es r i -
ma ! i ons ,  sub jec t iwe  p robab i l i t y  va l ues ,  C rades
of in!.r.ance of oljectives car be obtaineo are
ve ry  sca rce  1n  p ra . t r ce ,  0n  rhe  o l he r  hand ,  l i n -
au rs . l c  t ems  dedo i i r g  imp rec i se  quan t i t i € s  a i e
we ry  na tu raL l y  qode l l €d  by  f ozzy  rmbe rs .  I , t e rhods
for processing and comtirins tuzzy rmbexs in rhe
s c o o e  o r  d " . ' . - i o  d  d  - , s  h d v .  D 6 d r  L e . e D  t r  p  I
forvard by mary res€archers, The plrpose ot lhis
paper is Lo provide a surrey of res!1ts and al-
gorithms dealiflC vi.h the use of fuzzy nuftbElbj n  

a e  i s j o  " ' " l t .  
q  o o o F ' 5 ,  N o r  a  r  d o - s  i r  r , /

r o  r u f y  s . a r re .ed  pas r  { o r ks ,  b l r  i r  a l so  sug -
gests ner approaches whenev€r possible and needed.

In order to idlLenen! any nerhodology bas€d on
fuzzy  nube rs  t he  f o l 1o { i r c  p ro t l eb  dus r  be  so l ,

P l )  no r  t o  es t ima te  t he  menbe rsn ip  f unc r i o r s  ?
sewera r  es t i na t i on  p rocedu res  ex i s r  i n  t he  L i r r e -
raturej a survey of rhich car be foutrd in /lO,
chap , I v . l / .  As  f a r  a6  r i neu i s t i c
cehed, the nost staighrfodard approach is to
use patameler€d shapes of nenlership funcrions
aher€ laraner€.s have a clear irrerTrerarion,
ard detemire the ?armerer valles rhrough dit€.t
quert. See (uz'nin /23/ t.t a rett recenr published

vork on tnis topic, a .opic {nich is not primariLy
o r r s  i n  t n i s  pape r ,
! 2 )  hov  ro .a r i r  ou t  ca l cu l a t i oos  w i rh  f ! 2zy  qua r -
r i r i e s  ?  I uzzy  a r i r hne t i c  ( see  / t o l )  i s  by  !@
sra r t i lB  t o  be  deweLopped ,  Spec i f i c  p robLens  o f
d "  s : o n  d r  l r .  q  - h e - p  i n e a r  i  , , e -
r ac t l on  be t {ee r  va r i ah les  nus r  6e  dea l r  q i r h .
?3) Hov ro .onpare flzzy nuu6ers so as to lerfDm
rankines ? this p.obleo occurs rhen ewe. tuzzity-
t a ted  a l t eha r iw€s  ox  poLen t i a l  dec i6 i ons  ha le  t o

D r .  '  t .  a  L h "  p a p ' r  
"  

d P v o r 4 d
of lnidimersio.aL uriLity rheory, ro cope rith 1in,
Bo i s i i c  l r oba l i l i t i e s .  t he  ques r i on  o f  t he  1 ! va -
ria!.e of a fnzzr utiliry fuction !p to a scaling
effect is addr€ssed. Issues regaidin8 rtre lormati-
za t i o r  o f  a  se r  o f  l i n su i s r i c  p roba t i r i r i e s ,  che
caLcu la t i on  o f  f uzzy  eapec ta t i ons  o f  l t i L i Ly  a re
irv€stiAared, ?ari 2 surveys fuzzy scoring nettods
f or mulri-at!ribtrre decisiondatrirg and srHsesLS
r  r d i  r D p  a " c l  L \ i  n  o . F ' . o n e "  '  m E  i . a .  . o m p  - r i
i .  r h e n  m d  \  " .  r : r u r , " . ' -  i r v o  " d .  B o _ h  p d . , !
I and 2 .ortair sisnifi.ant nateriar to deat 6irh
p .ob leh  F2 ,  Pa r t  3  i s  spec i f i c  o f  p rob lem ?3 .  I r
: . ' o  " , " d  . r " -  t r o 6 r  o  r l F  p - o D o s - d  c o r p d - i s o n
ind i c€s  a re  o? l i n i sL i c ,  vh i cn  resu t t s  i n  a  pou r
d i sc r i n i na t i on  po re r ,  N€ r  pess im i s r i c  i r d i ces  a re
sugges t€d ,  i r  t he  f r ane ro i k  o f  poss ib i l i t y  Lneo r r ,
to be rsed coniointLy vith rheir already knom
op t i n i s t i c  cohLe rpa r t .

I - DECISION MAKINC UMNR WCXRIAINTY

l . I  -  M . l i va t i ng  f uzzy  numbers

1n tne classical unidinensionar uriLiLy .heor] -
see Keeney and P,aiffa /2\/ f.r an ezrensive ac-
cou l t  -  u r i l i t y  vahes  a re  assessed  by  co l t ec r i ng
the decider's preferer.es eotrg exlected con6e-
qu€rces .f some decidion, Uncertain
a ' -  d e s  r i b p d  i  e 1 0 6  o _  o t r " , . - s  , D v o i ; : r c
p rec i se  va1ue6  a f  p .o t sb i r i t i e s  r esa rd i ns  t t r e
occ t r . ence  o f  ewe r r s .  s r ch  p robab i l i t i e s  a re  ca1 led
"sub jec t i ve  p roba l i 1 i r i es , "  because  l hey  a re  -
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d i rec l l y  o r  inp l i c idy  -  p rov ided by  tne  dec ider
as  a  nune. ica l  assessdenr  o f  h is  ber ie f  i r  rhe

.onsequenc€s ,  Usua l ly  u r iL iLy  asses-
n \ o l  / .  . o  , s  .  L e n  y  - - { .  . n

order  .o  ver i f y  rnar  rhe  . tec ider ,s  ans ,ers  a re
non 'cont rad ic to ry  {e ,g .  r rans i i i v i t l ,  o f  p re fe -
, e n . s t  d  d  ! \ " . ^ , o i r ,  . - d 0 e " o . t  o r  L _
b : .  ' v  r . p o  . .  "  : *  r " '  o "  ; : - ;
dec ider  i s  o f ten  as ted  ro  mod i fy  h is  Fre feren .e

to  meer  rhe  requ i ren€nLs o f  rhe
rh€ory .  I f  s rch  ar  upda l ing  s rage nay  he lp  h im ro'sLra iBhreo our  h is  h€ad ' i .  as  Keeney and Ra i f fa
s r ress  r t !  i t  nay  a lso  i r r rod lce  a  b ias ing  e f fec !
in rhe sense lhar rhe decider nay give ur sDme
s iBn i f i .anr  par r  o f  h is  p re fe rerce  par rern  fo .
the  sake o f  fu r f i l l i ng  roo  r ie id  requ i renenrs ,  I r
o rher  ro rds !  i f  i t  i s  . l€ar  rhar  any  rheory  . f
u t l r i r y  shou ld  be  s .neuhar  normar ive ,  roo  resr r i c
riw€ a definiiior of rarionariiy nay lreven. fton
, o d p l i l B . o r p  e  . j c " r r  o "  : o .  o " . : . B  

" r  
-

nnong Ln€ requirenenrs of unidinensionat theur]
vh ich  car  be  qu€s l io t red  is  rhe  necess i ry  lo !  +s-
sess ine  t r i l i t i €s  in  r€hs  o f  p rec ise  nunbers .
Recent ly  seweia l  .esearchers  (Ja in  /17 l . / t9 l  ;
r ia tson e t  a r .  /32 /  i  D lno is  a td  p tade /9 /  , /  )  \ t  ;
I r€er ins  /15 l ,  /16 /  ;  Adana / l / )  have po in r€d  ou i
iha t  u r iL i r r  assessmenr  couLd nore  r€a l i s r i caL ly
be car r ied  our  by  us in8  fuzzy  nmhers .  r ree l ine
/16 /  p rov ides  conv i rc ing  argum€nts  to  su?por r  rh is

l /  -  dec iders  cho le  scar€  to , l l  co
a 5 , e  \ " i  u d B i p l  D  o . L  i  a g . a .  i  ' i F . d ,

of  0 ,1 ,  rhere  say  . l  ac rua l l y  nears  ' ,a6our  . : "_

? /  Lhe ca lcuLar ion  o f  fuzzy  expecred ur i l i r y  by
neaE o f  ex ie rded sm and prodErs  (e .s .  DubDis
a t rd  ? .ade /10 / )  canes  dom ro  a  muLr i -Leve1 5eu-
s i r iw i ty  ana lys is ,  and is  raLher  s inp le  ro  per -

Sof te  comenls  a re  i r  o rder .  F i rs r j  none o f  che
nent ioned au thors  has  invesr igared  lherher  a  fuz
zy  ur i l i r y  d id  p reserve  essenr iaL  iearur€s ,  Tn is
D o '  r  s  n \ F  '  s - - d o  : n  h "  o l . o L  c  - r , j o n .
0n lhe other hand, no simple aLeorirhn for nan-
d l ins  r -a ry  fuzzy  de . is ion  r rees  is  ava i ra !1e  yer .
Th is  i s  because.  as  f i rec  po i r ted  ou t  by  zadeh
/35 /  the  ca lcura t ion  o f  a  fuzzy  expec ta t ion  r i th
f rzzy  probab i l i r y  vaLres  invo lve  L i r€ar lJ '  i r r€ r -
ac t rwe var iab l€s ,  i ,e ,  rhp  !sua1 sup-n in  ex !e ! -
. : o  D ,  n . : p  "  o -  r . : ,  g  o .  r L b - r ,  ,  i  . "  . r .  i d _

b les  d .es  noL arp l r .  L€ !  us  r€v ie r  . i red  pasr
sorks .  ra in  / r7 l ,  /19 /  \ses  t tzzy  nunbers ,  t rose-
wer  he  per fo rms fuzzy  .pera . i .ns  v i rh  a  non s la r -
d " , .  d !  d a "  o n  p -  p . "  ! . p . "  . e  5 . p  " ,  r  i <
chana€d  i n t o  r h€  p robab iL i s t i c  sum (a+b  -  ab ) .
H i s  apF roach  i s  d i scussed  by  Dubo i s  &  p rad€  / 8 / ,
a  f a r r s  du rs i de  rhe . scope  o f  t h i s  DaDer .  I ' a r son
&  a r .  / 32 /  oa ry  cons id€ r  b i na ry  dec i ; i ; n  r cdes .
As  c l ea . l y  i r d i ca l ed  b t  r r ee r i ns  / 15 /  a  r - a l y
f ! 2zy  dec i s i on  nade  i s  no l  equ i vaLe r t  r o  i r s  € i -
D I d " d  v e - . : 0 ,  o -  D '  r L J  o p  i s  o r

! t " . . , . "  . " .  : ,
f ac t  no l i va res  rhe  dewe lopmedr  o f  sone  p roceo l r e
fo r  t ack l i ng  d -a r y  p robab i l i r y  nodes  i r  f uz?y  oe

nubo i s  &  ? rade  / 9 /  so t ve  re rna ry

dec is iad  t rees  r i rh  p rec ise  ur iL i ry  va lues  b , '  p ro -
v id inE ar  exacr  fomula  caL.uLar€d on  a  s€r€ra l
Parafrerer€d representarion of rhe fuzzy probabi,
L i t iee  :  rh is  resuLL is  exrerded in  / l l /  a lq  !s
re .a11ed i r  se . t ion  t .3 .  Adano / t /  p ro loses  co
so lve  an  app ioa imate  fohuLar ion  o f  the  gerera l
n-ary cas€ throlgh Linear programirg. Based on
/ l r l  and  le le t -cur r ins  ve  fomulare  in  sec i io r
1 .3  a  s inpLe a lgor i rhn  'h icb  is  l i te ly  to  per fo rn

, 2 - S . d . " g  J  - o i  r " n  . u - z J  r  t e ,

C lass ica l  un id ineDs iona l  u r i l i i y  rheory  i6  usuar -
ly  descr ibed as  fo l loqs  :  rhe  l rob len  is  o f  choo-
s ing  berween acr ions  denored a€  A,  v i i ch  h rve  co ! -
seq len .es  denored consequences  a ie
noL rcce36ar i1y  ind i f fe ren !  t .  .he  dec id€r .  vho
is  abLe ta  rank  rhem accord ing  ro  h is  p re f . rence :

r r re re  x l  ( resp  ar )  i s  the  leas t  ( resp .  nos ! )  p re-
The conseqlences of sotr,e a.-

bab i r i i y  d is r r ibur ion  i6  a la i rab le .

Ur i l i r r  va lues  n i ,  j= l  ,n  to r
luared rhrough a"query regarding rh€ risk heha-
v iour  o f  th€  de . ider ,  Nee ly  rhe  Fors r  consequence
rs  g tven a  ur i l i r r  u l ,  rhe  besr  one a  ur i l i r y  !d ,
The dec id€r  i s  Lhen isked ro  l rawide  f . r  each x : .
j+1 ,n ,  a  p ronab i l i t y  n j  s lc t  ihaL  he  dec la res  tJ
b 6  . l ;  r r d  d n i  r o ,  o "  n g  o p r  o , .  .
( see  (een€ '  &  Ra i t f a  / 21 / ) .

-  ce r t a i n r y  op t i on  :  r a . e iwe  x l
-  r i s k r  op r i o r  :  r ece i l e  r he  bJsL  consequence
,  I  p r o o " b  , o r  r  o  d .  . h  p - o b " -
b i L i c y  I - r :
( x - , r r , x r ) r i s  ca11ed  a  Lo r re r y .  The  expec ted  u r r -
r iar  df  ahis  lor rery is  :

( r )
=  r :  r f  r h e  5 c s L e  f u , . x  I  i s  f o . t l

x j  i s  . a r l ed  a  ceda in r y  eq r i l a l €n t  o f  t he  t o ! ! e ,
r y  ( x l , n i , 5 )  ,  T s o  l t i l i r y  f m c r i o n B  ! r ,  j = t  , nv  . '  . !  .  N o  _ t : 1 1  r u ,  o r "  . . .  j  , . .
d . d  . i ,  : - r . 1 r - c  " L L e o  

. " . d , F s ' . a L  v  b q  i . . t;" .; i ;;;-:..;;.;;;;L;,; it;:;",
i F  a rd  o rLy  i f  t hey  i np l y  l hc  sane  p re fe ren le  r au -
k i ng  f o r  a r y  l l o  l o t r e r i es ,  The  bas i c  t heo ren  o f
u t i l i t y  r heo ry  c1a i t u  r ha r  r { o  u t i L i t t  f unc t i ons

'  ' o r e e i  "  " o . : v " | "  - d o l
if the.e are tro posirift colslafts h and k snch
rha r  u ' =  hu+k ,  i . e .  l hey  a re  r he  sane  up  t o  a

I t  i s  pa re r r  r na t  r he  s i r ua r i on  i r  vh i ch  a  ue ! r -
de r  does  p .ov i de  ? rec i se  va r ! es  o f  n i ,  j = t  , n  ' h i

F  
" s , e s  

' e  l -  u . i  .  f  . i o  ' 6 . d e "  r s . r c .
I n  p rac i i ce ,  a  dec ide r  i s  on t t  ab l e  r o  d i s r i ngu i sh
b€ t veen  a  f e r  con f i dence  r€we1s  such  as  , ' ve r y  p !u -
L a b  -  " p - o D a b r " i .  : m p - o D d D . e  ,'we ry  imp robab l€ " ,  wh i ch  h€  €ven r ! aL le  t r ans la te
inro nunbers in [o,1] in a sone{hat arbir.ary na!-

"  l r  o l " r r o , d  L " . r s  o " _ n S , . c . : " 1
" " s 1 " - r a  s  o  i A i . . -  " m , d r e  r i  b c ' a l

r e l r esenLed  as  f uzzy  nudbe rs -  F iB . l  suge€s t s  a
- , 0  . " .  l o r  -  v  " L " o  " 5  

, i r A ,  "
bLes  (Zadeh  / : 15 /  )  

-



VI - wery inprobabl€

In  r he  de teh in i s r i c  case  rne

E  p -=1 .  I n  t he  f uzzy  case ,

6 e c o m e s :  r  t - = r

"as  
l i l l  be-  seen-  L rLer  on .  ro r

t r=d ,  and p ' j= re l  sa ! is f t  t2 ) ,
ded subr racE i .n  (see / tc l )  and

F igure  1

The spreads  o f  the  f l zzy  nubers  nay  b€  d i f f i . t l l
can be vie,ed as paranerers Lo b€

us€d i r  a  sens i r iw i ry  a ra lys is  o f  rhe  f inar  ran_
krng o f  aL terda l iwes .  rs t inares  o f  f rodaL va tues
can be  obra ined d i recr ly  f ron .h€  dec ider .

De l i r i t ion  I  :  A  l insu is r ic  lo rLery  i s  an  unc€r_
L "  .  s i r - "  o n  i  .  r '  .  . o  .  e q  . " , ,  " .  r  , , ,  , x -  o
c  d e  ' s : o . . " ,  . L D p o . d  ' o  a . . u -  ,  

' , r  , t , . s  l s r '  j
P - o b E b  L r - . "  F . . .  c " ,  L  " , -  r  "  p " ' q  "  "  : n
9 : : :  ' , " "  . p D  e . : . " d  o ,  , . 2 i ,  . r , e . "  o ,

Iuzzy  numb€rs  or  [o , r ]  a re  conver  ro rna l i zed  fuz-
zy  se is  o f  [0 , l ]  such  as  rhose p ic r l red  i r  f i8 ,  t ,
spec i f i ca l l y  rher€  is  a  noda l  varue  ; r  su .h  tha .
v  i .  I  ! .  D . )  .  !  "  -  . :  . 1 F  o " . o e . . h  p

P i i s  a i e  such  t ha t

(2 )

Il€re € is rhe erren-

t r r € ; ( x )  =  i r l { r  n  v ! e t o , r l  ( ] )

L ins l i s r i c  1o ! . e r i es  na rn raL l ,  y i e t d  f uzzy  ! r i 1 i _
t y  t unc r rons .  A  f nzzy  l r i t i t y  i ua . r i on  can  6e  as_
sessed  as  f o l l oss  :

.  -  . "  , , , . " t  1  b "  a  . o ,  , i .  . o u
sequ€nc€s  rhe r€  xa  r s  t he  vo rs r  poss ibLe  conse
q r " ' , e  

"  
d  . -  I  "  D - s ,  o o s . : b . "  . o n , " q l " n  !

u *  b .  , . "  - . s 0 " . - i  p  , r : r r - , " >  o -. "  " . !  " l  ; .  , . "  I  . .  ,  j  i .  - \ -  u ,  .  .  a r " .
, o r  p p a 6 - d  . o  b "  t . z /  b e c " - " e

( xo ,a r )  a re  i dea t  ( oo rs r  and  bes r )  
" . ; " . q , " . " " ". d _ n 8  b - . , " r  , . F . p  :  ! o , . e ,

:  w o  i -  D ,  P o .  s j D  F ,  I i o , c o . e r
e -  r ' t  , "

< " r  
_ L h " o r .  i  ,  , \ _  L , o . L '  ,  d F

/  -  r h e  ^ . : r .  "  , .  .  t  * " , , , 1  i .
de i rn€d  by  u " ( x . )  sucn  Lha r  :

P :  u = r  - p ) u ^ + p D  - n .  r '

scarar  cors tanrs  h  and k

k.3(, j )

The Ure afFu4 Nrtube.t tn Decson Analrss 3 t  I

4r*rt( . )

'":'i8:i;i" ?raba6irirY (rlzz' nun-

a cer t . ioLy  eq t iva lenr  o f  rhe  r insd is -
r o t r . r l  r * o . , Y j . : t r

t t  ' t  t t * t l  i "  a  fuzzy  ser  vhose sup

l

> i u  x i  i  i '  . ,  _  
/ u  0 l  ( . J-  - ^ j

i "  i " " 1 "d "d  i "  [ uo ,  " * J

- . . .1 ; -bu :  
" - ,  " i  a ; ; f

€equences  x r  :  12  . . .  :  * " .  d  a rd  U '  a re  sa id  r o
b€  s l r a teA i . a l t y  eq l iwa ten t  i f  and  on l y  i f  ! ue )

1 o , , . "  . . d  r h "  . d t r "  s " .  o  , j , c u : " 1 i .  . o . . c . . " .

. , o .  
- . 1 " r ,  : "  r ' e C :  a t  a q . i , d  p , . e  i "  d " n o r " o

B:SCI! : In ihe non fEzy case, rhe concepr ot
s t r a teB i ca l  equ i vaLenee  re l i €s  on  rhe  poss ib i l i -
t y  o f  r ank ine  ro r re . i es  i n  ! e rms  o f  t he i r  ex t , €c_
- d , L j  ' ,  .  L o , p . "  i . ,  "  

. . . -  
. " s e  r , F  _ . p " . _

l ed  u i i l i t y  i s  f nzz t  aod ,  s i . ce  f uzzy  nunb€ rs  a re
ro  r onBe r  l i r ea r l y  o rde red ,  r he  c l ass i ca l  de f i n i _
t i on  o f  s t r a t€s i ca r  equ i va l€ r ce  i s  noL  re tevd ! ! .
Th i s  i s  r hy  de f i n i r i on  2  i s  based  on  rhe  t o l r e -
r l es  encoun ie red  i n  r he  assessnen r  ? rocedu re ,

Nov  ve  Bene raL i ze  rhe  l as i c  r esu t r  aE  l he  un rc r . ,
o f  t he  u t i l i r t  f& . r i on  u t  t o  a  scaL inB  t ans fo r_

Prop.s i r ion ,  I  '  t '  i r  
" "a 

onry i t

( 6 )

shere  0  i s  rhe  exrended add i r ion  / lo / .

!:!.?I , (6) '"u".

+  ' .  u , i ,  . ; .  -  ! h e ( . , < .  ,  -  
" . , r .  

t ' .

t l
accord ing  ro  zadeh 's  exrens iod  pr inc ip te ,

r ron  (4 )  and s . ra tes icaL equ iva lence o f  u  and ! , ,
r  %,  " * ,  " : ,  

u l  6uch rha t  s  .  =  r ,n

! t ( x  ) 1 u )  
=  p \ \ i : ; '  I  u  ' L u o ' u * l

r  j  r - D

' , e .  
, . r ' u  ' .  

f - '  
( 8

Eence obv ious ly  f ro f r  (7 )  and (3 ) ,  (6 )  no tds  , i



u r  u r = k ( u - u )

D. Duboit and H. Prade

Q .  E ,  D .

Tn i s  r es l r t  i nd i ca tes  t ha t  a  fDzz t  n r i l i t y  f unc -
t i on  i s  s ! i 11  a  u r i L i r y  f unc t i o r  i r  r he  usua l

1 .3  -  Ca l . u l a t i on  o f  f uzzy  expec ted  u t i l i t y

In lhis paragraph are presented netlods for ac-
t ua l l y  eva lua r i ne  t he  eqec t€d  u t i l i L y  o f  a l t e r -
r 3 r - v e  o e  i r : o n , .  i r . 0  r 5 c  |  , a r ' - o B -
, l o - y  r u  -  '  . L i l i  )  o r  " o  ' " " q  d l c e r  a  o  p o r -  -

b l y  l i n su i s t i c )  p roba t i l i t i e s  o f  conseque rces

1 .3 .  I  S ra te f r en r  o f  t ne  p ro l l en

x  =  
! -  . . . - - l  be  r he  se r  o f  . onseq len .es

A  - .  
i i . . . " ;  

b e  .  -  . - .  o r  o o s 6 j D  F  " c . : o . c  o -

t i ,  j - r , r ,  demtes  rne  l uzzy  r r i r i t y  a t  x i ,  r r z zy
ninnbe. on [0,1]
d i j  deno tes  t he  l i n sa i s t i c  l r obab i l i t y  r ha t  n j
ocnu rs  s i ven  t ha t  a i  i s  . hosen  { i = t ,m ,  v j =1 ,n ,
D  d e r o l p s  ( 0 , . , . D  ) .  n  d e t u r e s  i u . . . . "  r  ,

Tne  f uzzy  ea?ec ied  n t i l i t t  o f  ac t i on  a i  i s  l he
fuzzy  se t  u i  o f  l ne  r ea l  l i r e  de f i ned  t y  v  u  :

, , . L r _ ( p d ,  l : n p . , , : , ,  / p ,
r  u , p  l = r . n  I  

-  r l  -

urder tne constlaints :

I  = tr  r .

(  l 0 )

(u )

variable tahirB fuzzy values- This r,?e of fuzzy
,  random va i iab le  nas  been inwesr iea ted  f i rs r  by

van nedea /31 / .  f t s  na themt ica l  l rope i t les  a re
studied ar lengrh by Rqaketnaal. /24/ /25/.

1 .3 .2  -  d -Cuts  o f  the  fnzzy  eap€cted  l t i l i cy

Th€ o-ctrt of ary fuzzy s€r a on a universe u is

. n d  u u . r . \ - 0  i -  /  0 r - r  t \  o e _ : r e  " "  - , p . r  d o m i r .

crearry i f  lY i  a ld t i i  are rear  Dumbexs (9) ,  t ror ,
( l l )  reduces- !o rhe "usuar expecrar iot r

u i= i  i i
(11)  i s  a  cons l ra i r i  ea?ress ins  a  l inear  in re rac-
t ian  herveen rhe  var iab les  fuzz i l y  resr r i c ted  6 t
the  t i i ' s .  As  a  consequ€nce,  as  soon as  th "  p 'J t ' s
are lot nere nunters! Ui callot !e calculared_'
via exlended sms (e) aiLd producrs (o). Nanely

! i  = (tr o; i j)  e...e rto o e"ro; l t2)
is no. equal to Ui, brlt correspolds !o .he pro-
b i em (9 ) - { 10 ) .  cLea r l y  ve  have  rh€  i nc l us i on

U j  C  U l  ( i , e .  u , ,  .  !  , l ( r 3 )

{hich Eeans tiat Ui ie nore pre.ise rhan Ul
h  (13)  the  equa l i t y  ho tds  as  sooa a  the ' t i j , s
are  r€a l  n@bers ,  In  r l i s  case (11)  i s  a l rays  me. ,
and rhe ltility of ai can 6e vi€ved as a randoft

A a  =  { u 6 U  u A ( u ) > d } ,  v e  6 l o , t

A gen€raL resulr on lhe comurarivity of rhe d-
cu l l ing  and the  ea te ls io .  p r inc i? le  has  b€€r  es-
ta6 l i shed by  Nguyer  /26 l ,  Th is  res l l r  i s  qdre
u 5 - r u L  - o -  r a  C  " 1 p \ i  . - -  e a L .  ' t 4 , i a  .  o '  . . z J
ur i l i t i es  le leL  by  leve l .

In order to xse this comnrrariviry prop€lty on
thE s rs ten  (9 )  (10)  ( l l )  Neuyen is  resu l t  nusr  be
gerera l i zed  as  fo lLors .

? ropos i t io r  2  :  Le t  D be  a  suhset  o f  lhe  car ie -
s ian  produc !  U l  x , , . x  Un x  l J rA l . . .An  be  f l zzy
se ts  an  u l  . , ,un  r€specr iwe ly .  neno ie  D( ! )  rne
B  b  .  o  '  t x , , . U n  o b r - j n - d  b  . { l n A  q .  t J ,  . " .

D ( { )  =  { ( u r . . . t r n ) l ( u t . . . u n , v )  € D }

D(At . . .An)  a  f tzz t  seE o f  I , l  de f ined ty

"  " r .  ,  P  i i n  L ,  / u r )  t t , l
i <  D ( ! r  i = t , n  ' i  '

D(A10.  . .ad)  =  , (Ar . .  .An)q ,  so  €Jo ,  t

i f  and  on ly  i f  v  v ,  t ie  snprenm in  ( t5 )  i s  a r ra i -
,ed  fo r  vahes  (u i . . . ! ; )  €  D(s) .

P . o o f  :  ' o .  q  , p r  .  i - v  u e  a " " 6 e  o  /  d  - A .  - 1 .
U2=V, Az=S.

i )  necess i l v  LeL t  :  ! -  - .  (w ,  :  rhen

r € D ( A J B ) d  =  D ( A d , B d ) ,  v  0 < t

n e n  e  I , , x , ' : r e  q n  \  B ^  L ' r  . u r , . *  ( D ( u r ,  h e
s r o - . m  n  a  5 /  i ;  

" r , : ,  " d  " /  
u ' , r ' r  s i . . "

t  -  sup  n i r ( ! ^  (n ) , ! -  (w) )
(u .w)€D(v)

,  m i n ( p A r u - r ' h r w ^ |  -  r

i i )  " L - r i . j "  . '  U  s r  n o l e  r n - -  D ( r  . 8 ,  , < D ( A . B  -
. . . , : " - l - ; ;  d '  . i . h o u .  r ' y  " ' . . r  . S ; " : i i . . .  "
Le t  rED(A,B)d  and (u* ,v ' )  €n( ' )  such rha t

u - , ,  " . ( s )  
=  n i n ( r r , ( u * r . L r - ( ! r J r  -  d

- - 1  - , E D . t . ^ L . i - t  . -  D  " c . R c '

rJ ,

. l _ l  : D F o i n s  o r , o -  0 . -

A e,.t i. i  f i . ,," ,rr.-1,

tiii
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sem l - con rhuou -3  menbe tsh ip  f un . r i on !  r he .

e i j o . u j o . r e i  =  r i

" " " J ,  " " D / '  .  a " .  F a b . , t o .  i , \ - , ,
D , e d  d a t e :  v o . " o \ e r  , h "  . t o , L '

l 6 s  o r  ' h F  i . D p o  ' .  S , o ' . . , .  \ , - .  . r d  m p d  I  s i l

"  "  f  / .  r  m b - r . .
' " n -  d r o o  " l  r ' " i  i n  . d  , n d o  

"  
r .  .  a "  : . ; - ; _

a r ra rned  i t r  ( 9 ) ,  r he  co !o l l a r y  f o l
1o , s  f r cm  p r . p .  2  Q .E ,o .
No '  i t  i s  es ra rL i sned  Lha r  ( 9 )  . a r  be  so lwed  , o r_
h ins  r i th  c - .uLs .  xo .€  lnar  rn€  

" " " "  " r , " "  
3 . .  

" "ad ,  a re  c1 .sed in te rvars  i s  
" " . . .pu" " .a  

l y  .A io i -

1 .3 .3  -  Ee iehr  o f  rhe  fuzzy  eape. red  ur iL i ry
r-e! ts be a fuzzy runber, rts being nornalized

d o  
"  5 , " . ,  h " l

v a - , J b  "  r , " . r - i  0 " . . c  r o . . : , .
r i  Fe  napper  ro  kno '^  thar  x  i s  a lso  resr r i c leu
b J  t \ -  .  / / .  ' u 0 D " ,  d .  " . " 1  u d  t u y  . t d  u , p ,  p ,
i A s i s n o t u a t i z e d

, . .  u h ; , " ,  =  m r n l r r r u ) . p A r u ) )  <  I

rnen re may quesr ion rhe consl te,cy o i  oui  in for_
"  . o n .  

- d d e  
d -  l n F s  F  , o n  o r c , i  l a e . d 5  o r

rne  s rme !a r i .b1c  :

cG,B) = r( ,="13' , f r)  = sup nin(! : (r) , i rB(t))  06)
w - -  -  r .  -  ,  ] . 1  d e r o  " .  . . p  cr _ d d - 5  

{ . o  o - "  r -
l cd  b t  a - ,  w  b t  b ' ,  and  bo rh  u  aad  v  a i e  l esLnc reo

t l  i  " , , :  .
l " '  " ' .  

r - r . . .  d  r d  d b  i  .  o r  ' n  .  r , . -  " -i l oo  can  be  evaLua red  6y  che . t i i r g  t o , ha r  ex l en r
t he  va r i ab l€6  v i  r es r r i c red  by  i i r  j  sa i i s f y  r h€
xsua l  . o rd i t i o r  I  v  = i .  A  ?oss ib i l i s r i c  app roach

to  Lh l s  p rob l€n  i s  r o  ca l c ! t a ! e  r he  i nde r
c ( d i i ,  j = r , " )  d e f i . . a  r y

c  p a J r . j - t , " r  4  r , r " , = L  p " - - , . ; =  , " 1. '  
; '  

. ' ( 1 7 )

. n d  "  f e  , : B t  d  o  : d 6  0 6 o r  q  D a " ,  b  
. i . /  

o
I  k '  o ,  i r B  L " ,  r i  r - ,  r :  l j  v

IoL lo { ins  Zaaeh.  ee  hare

i  .  - " " "  p d  , t 8  ;  _ o )  : s' o  . , c  b . '  I  d c  . u B B b  d d  i ,  "  p . "  i o  ,  . . .
'  o r .  ' !  

"  o  d i '  j o .  ( b i , . l  t . .  -  
"  b e  . , - , e a

" '  
o a . o , d  ,  _ o .  a r  

"  
6 "  o r  |  . -

Cus t i c  p roba t i L i L i es ,

a - . 7 v " . o F . . o u  j ,  . r o b " . "  u _ "- - d  r  o o ' C r o ' o  O , , .  r . "  " " h " " . \ ef o l l o r i ng  resu l r  r ega !d i ns  i r s  he igh t .

l r opos iL i on  3  :  p rov i d€d  i n ro t l ed  f Lzzy  se ! s  a re
i uzzy  nmbe rs  s i Lh  l ppe r  sen i - . on r i . uo l s  ue ! r -
be . sh i !  f Lnc r i . l s ,  hence  nohaL i zed  f uzzy  seLs  :

r )  s l p L r | .  -  c r d - . . j = l , n r  :  c .

j . ,  l "  : .  " ,  i  r F  r " i s "  . . . p - . .  .  r . n  : r t o
L d l . r i i . r = , n r  s u c h  L h a r  j  r  ' l

t L .  ' :  , ,  \  
" n d  

' " . .  , i  , r " . . ,
: i

rn . "  o  =  e " r , j . i  p ' r , . u  . : p  = r r ( 2 1 )

: _ 9 9 I  ,  r .  i  t .  - r  - o ,  n o t d - .  o o  Pir,;;-v;, y1; i", j= i, 
'"rJ;;iy-;;;; 

(;;:ii;;:(li)""""
l r r  ( x E j . n r )  =  I' i  j , ,

1 . , , "  
, -  .  |  :  . - o n  3 .  ,  o  . . . D -  . , h  ! h d .

r p i = r .  , €  h a v €  ' i n p l  ( p , t  . .
l P i i i

n - : "  ,  
, , . . r . .  p  . . . p "  . ,  , -  y r  e  . 0 .  " . d  t i

n i n  n i . ( r t . .  ( e j ) , t ( u j ) )  :  c i (22)

(22)  na1d6 {har€wet  rhe  ra lue  !=Xt r f j  b€ .  HE!Le
" : ' ' t  : ' .  n o n " l i 7 " "  " n o  "6  e r  L !  s ' p  1 j .  : . "  r . "  )  q  p  . -  -
t he  buF remLm in  t  8 r  i s  a t r a rned_  

'  -

n i n  m i n ( p j  ( p . ) . ! r .  1 u . ) r  =

m i n  n i n r . r . ! :  1 p :  j ! ]  ( u  ) l
j  -  ' i i  '  " i  l

and  t h i s  €qua l i r y  j us t i f i € s  r he  r r un .a r i on  r€a_
Q .  e .  D ,

Thus  r i  i s  n .ma l ized  i f  and on ly  i f  c r= j ,  As  a
cons€quenc€ i r  rhe  s€r  {d i i l j - r ,n }  i .  io t  

" " . " "l i zed  re  have a  s inpre  qer iod  ra  e laLuare  rhe
heieht of Uj by neans of an exr€nded sufr, nn.er_

wery  ea f ic ien . ly  per fo .med as  des
. r ibed in  /1o l .  l4oreower  p ropos i r ion  3  enab les
L o  n d r d  o D U i , i : o u r  " . o r  b .  , " "  i . . , g . ,
r o  r h e  r n i e . v a l  L 0 . . r t .

L  ' \ " -  o .  o - ' r 8  , r ' ,  h .  o !  C  . o

1 .3 .4  -  ALgor i thns  fo r  rh€  ca lcu la r ion  o f  fu ! . )
expecred ur i t i r ies

L  , l -  , : . 0  o ' o D " o :  :  "  ,  
-  / z J  , .  . j c

T h i s  s i r u a t i o n  o c c u r s  { h € n  r h e  l l i l i r i e s  o f  w ! -

l

( r P - _ , r = r , n )  =  q u p  D i n  u a  r ! . )

X  L .  =  |
j r

-  r r?  0 . .e  3  (1 )

t he re  e  i s  Lhe  usua l  eaLended  add i . i an

" o , i  l  ' -  s  l ' r  '

( r 9 )

(20)

!  r , , . . . , n .  * " r .  t h a t l v  j - r , n , ! r . .

I j t ' - ' "
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seqnen.es have bee! assessed br neans of a linguis-
t i c  Lo t re r y  and  t l e  €x tec i ed  consequ€ rces  o f  dec i -
s i ons  can  be  o6 jec t i ve l y  ewa lua red  on r  o f  ava i l a -
b1e  h i s t og rams  on  pas t  dec i s i ons .  conp$a r i ona l l t
l n i s  case  i s  r he  eas ies t  s i nce  se  nave  :

v  i  u .  =  r . , . " t ,  e . . , e  p r " , \ (23)

L f ien  - r  "  
' . .  

"  "F  
- ,a r  L : .  .du-  .z / \

nunbers ,  rhen ge t t ing  q-c ! rs ,  rhe  a lsor i rhn  uescr r -
bed in  / r0 /  can  be  used,  ro t ing  rhar  Yd€ lo  r1  lY
is  a  c losed in te raar  I  a , t " l , r , i " ; l  , "u  

- -  '  
" ' ; "

t o r  r 0 .  1 .  , . o  - l  
" ;  " .  "  

. - ,  . . " , . " 1  -  .

Hence !y  d isc rer iz i re  fo ,  r ] ,  as  ha"y  po in rs  o f
!U.  as  poss ib le  can be  ca lcu la ied ,

Usins a L-R represenratioo /tol fo. the fuzzy trutr-
b€rs  i s  very  e f f i c ienr ,  A  fuzzr  n@ber  A  is  saro
io  be  L-R represenred i f

p ^ r x r  = L ( = )  r . ; , : - o

-  ' . r ' '  ^ . ;  : , . o

lher€ L and R are non increasing upper-sEni-cool1-
n o  5  o " p p i r c 6  r ' d  f o , ' -  o f o . U .  " | . 0 , .r .0 )= !10)=  a ien  a  ie  o f  f rn l !e  supporL .
r , ( r )=R( t ) -0 .  l l ,e  { r i ie  a=(e ,4 , : ) , "  fo i  shor r .  More
! " . " i r ,  " D 0 " "  "  o  :  . ; ' n o o "  . " r " .
a . ;  a r e  6 0 . - a d .  r  - .  -  n . . 1 . . . . ,  

" , , . ,  
, . " .

!e  n rwe Jsee /  I  r / )  :  l

u, - r".ir,,1*,ir.i i. irr"* (25)

1.114.2  rvzy  ! .obab i l i ! ies ,  c r i sp  u r i l i r ies

ln this case rhe folLovinB inreracrive sm must be

D. Dubois andH.Ptdtle

(26)

t roo f  :  see  rne  append ix  o r  /  / .

1 t  i s  €s tab l i shed in  / l t l  rhar  rhere  is  on ly  one
L- such that tne (uanritv

r  l - ' E  M - , l c  r  I  n r :  t o  l l  €  ! ' _  -  -
i=r - ,  i=r,-+r . ,

i r  , l  '  . e ,  : "  r 4 " .  D - e ,  a  d  s  t -  i "  ' -  r " { i -
m i z i q  va l ue  i n  ( 27 ) .  A  s i n i l a r  r €na rk  ho tds  f o r

u-^  =  f , i , = i . i ,  p  6 ! -  ^  + ; ,  rp ,=  )
i r

!  o D o ,  . : o  4  , n d "  : e .  . . - t  :  : ,  . : .  . U .  - d v o . " i
a n d  u r o  a s  c i v e n  6 y  t 2 7 ) - l 8 i  t o .  o i " i .  t "

The above retu.hs motivare rhe folloring algorirhn
for comprtirg Ui rhen tn€ menbershi! fucrioas of
t le  d -  - rs  a .e  sen€rar .

i , r  - . . c p  I  r '  . h p  u . ' s  .  - o e  j n . r F " , : n o  . , r " .
: = :d :?  .  \ . . . -  " . " "  o  E ro . .
srep I finn k- ard k+ sucn araL

I  d . . r o ,  r  ' . , , ! ' c l  , . ,  \ o  . " .  . "  I
: = '  

,  ' -  |  J

t  M  . . o , ,  [  , . . , . o  . v , , , " , f
j = r  -  i = k ' + L  ' ,

Sre!_4  .a lcu1aLe i r f  u i  ,  l s inc  (271 r i rh  k= t -
. " 1 , . t a . "  d  o  .  ,  u  : n g  / l 3 l  L  r h  ^ -  '
. o  , o  s l e p  2  .  o  e .  p o i r  6  " . "  n e e d " o

A fu r ther  s impL i f i car io r  rakes  p lace  i f  rhe  ? . . ' s
have a l" I relresen.ation, say

1 r ,  l i j  -  \ p i j , e i j , n i i ) L L  ( 2 9 )

!  i , '  =  |

Ther  i t  i s  p roved in  / l l l  rha t  u .  i s  s t i11  I , I ,

^ k-r
u i =  n i n  r  I  r \ - u  r I  +  r  i D  - \ r E  )

K = ' , n  l = l
,  k - l
U , =  n i n  I  X  ( 5 - u , r E r . +  t  r u r  q , ) f r _ )

k= l , r  i =  
_  r  ' r  

i : k+  I  ^  ! J

t .3 .4 .3  -  ruzzy  probab i r i r ies  a rd  fuzzy  t r t i l i t i €s

In  th is  secr ion  we C ive  an  a lgor i rhn  fo r  so l l idg
the  seneraL prob lem (9)  ( to )  ( t  t )  us ins  o -c ! rs ,

127)  F i rs t  . ie  fo l lov ins  resur r  i s  esrab l i shed,

q , o p o . i . ' o n  .  i .  a  . t o s d d  n . , - \ d r j
v":jai-

s r o o r  :  u . ^ = L u = u . p  u i €  u . d !

t a i ned  fD .  wa lues  (u :  . 0 . : t

".ry. rr * er",vt t tSi iJT '

t h i s  p rob lem has  bee r  coop le reLy  so l l ed  i n  a  p l e
v rous  pape r  / l  I / ,  vhe re  l r oo f s  ca r  be  f ohd .  He re
w€  J l s i  sumar i ze  t ne  resu l i s .

u .  = ( i . ,  i . ,  i r .  ) r r  v i t h

tmi i (o) ,Mi iG) l  and assme r le  i lY"  
" ' "  

. . " r . "a tn
an increasirs order, The o-cur ol Ur is lbe crose

U i  =  E \ t ( p . u  p . , , t r p . - l l
' j '

int€rwal Uid vhose bounds are :

i n f  ! - ^ =  m r { l  t  } 1 , , 1 o ) u -

+ ( |  t  r J r  ( 0 ) -  t  o r ; 1 c r t u . .
i=  |  

_  
r+ l  ' l

*  r  . . . r a tu .  )
j=k+ l  r l  I  /

s u p  I  =  m i n /  I  n . . ( d ) u .

+ {  -  t  d . . ( 0 ) -  t  } 1 . . 1 o ) r u , .
i =  

-  
k + t  

' l

+  t  M . . ( 0 ) o .  )
j= l+ l  rJ  J  l

, : ; .  : . . : .  rr '" "-."r o* u, i .  rn" .L".a

P i  € ? i i q ,  x ! i = l  l

and v-4str! Ur^ ai€ at-
and ("1,p i ) - ;esp.cr i -

(10)

(23)
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^  

\ *a  :  u4- .5  o r  c los€1y  less
l t=about .3 ,  r i rh  much i r resu la r i ry
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t - , : :  
, " - , " " "  
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l "m€ i  hound  :  i L  i s  . L ra i ned  f o r :( .  r 7 5 , . 2 7 5 . . 3 2 s , , 4 7 5 )  = ;  ( . 7 5 )
s r e p l = a l r e a d y r a n k e d
S t e p 2 = s e a r . n i n g k

rhe  feas ib le  i  i s  onp o f
n€d by assiEning snaLlest
b iL i ty  wa lues  to  g r€a tesr

the  four  4 -Eup les  o6ra i -
{ resp .  g rea ies t )  p roba-
( resp ,  sqa lLesr )  L t i l i -

a l  P t - . 1 7 5  i  p r = .  2 5 .  p . = . 4 5  -  ! , = , o 6 2 5
no i  ieas ib le

b , p - . r / ,  D ,  ,  D  , t  p  . , . J 7 )
ndr  fe .s ib tE

-  o  . l

l r€  kno '  Lhe feas ib le  4 ,Lupte  is  un ique (see / / t / )so re may end the search :

In f  U  75=.375x ,175+.  ta ,  2  j  5+  ,35k ,325+ .  \7  5 ,4  .  t ,' ' - = o . 2 9

\ 3  : ,  o . F  n "  . r F  L  r  , a ,  u - i n B  F  , _  ( p t " -  . )
" l  b ,  * . .  !  -  o  " s  l t u . - 5  

" '  
. .  ,  . .  . , " ,  - .

t h a n  , 2 9  b u L  o f  c o u t s e  n o r  f e a 6 i b t e  / )

s te t . i .a  B i .  /5 )=( .225,  .  325,  .425, .5 )q e D 2 :  o  - .  - , p  - , _  o . . l . - p _ . t  r p a s r b t e

sup v  I5= '  225a '  225+. lx_  325+.45x .425+.225y .5- = , 3 3 6 8 7 5  :  . 3 9

The r€su l r  o f  rh€  ov€ra l1  ca lcu la r ion ,  ,o r  th€
. u o o a  , o  0 r  " . 9  -  "  r  u r . .  d c  0 . 2 5 . .  . .  . ,  ,
.  p  L - r e d  m  .  

A t . -  ) .  .  n " " - . )  , j , - " - ,  
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,  -  . _  
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o . 2 5 0 . 5 0 . 7 5 I

l .  t 4 ,  . 4 , |  18,  .  a6l I z+ , .1 : ]L2s, 3e)i " , 'J

I/e ar€ ro' abLe ro conlule virh a very siuple ne-
r h o d  6 "  " " d " ,  

p d  . r  r  - r  o  a  /  - r ' .  d e . i s  o n
n de in a frzzy decision riee, Iurtner vorL alone
the same reseaich lire my deal litn tne case of
deperd€rt corsequences of decisiors, Solvirg rhis
case presuproses a fuzz' extersion of Bayes for-
muLa  t o  L i 4u i s i i c  p roban i l i t i e s  ( ' n i ch  co r t r as t s
riih ihe extensior of this fotuula to probabili-
r : . es  o f  f t z z !  even t s ,  as  done  by  okuda  e t  a r , 27 l )
Adamo /l/'s approach !o tnis problen involves aL-

eo.ithns vnicn @y becme irtraclable fdr large
decision rrees, and thus sinple nethods shouLd

A radically differen. frafle{ork for Lhe modelling
o f  dec i s i on  t r ees  has  l een  sugges t€d  by  I aC€ r
/ 1 r / ,  H i s  p a p - -  : 6 . . . a - n " d  

" i , h  s : . u " r . o r .  L \ " r F
o l l y  poss i l i l i t y  Leve l s  f o r  conseq rence6  o f
de . i s i ons  a re  awa i l a l l e  and  u t i l i t y  r a l ues  a re
grades of possibility !oo, In other vords Yager cor-
s i dexs  poss ib i l i s t i c  l o r r e r i es ,  i n  l h i ch  a  ce r -
tain .onsequ€rce is haLanced viti tne occlrrence
of otner colsequences vith various leve1s of ?os-
s i b i .  , r  u ,  , s  t "  D o s .  b i  l s  . .  I  

j t i L v  
o .

"  a  d  l I . ,  i q  , \ :  D a - s i b i  ;  )  o -  o ( . r r r e n - e  o -  r i
i l  dec i s i ' on  i  i s  choose r .  t l en  t he  poss ib i l i s t i c "
expec la r i o r  o f  t he  u t i L i t y  o f  dec i s i od  i  i 6  d€ f i

U .  =  n a x  m i n ( u . . L , )
J  r l

( 3 1 )

c rass lca l  ! .  =u .  p -

I ree l ins  /16 /  po in ts  ou l  tha t  lhe  c io ice  o f  !pe-
rators nax and min is rarher arbiirary j hut the
idea of latins utilily theory out of th€ usual
Fobab i l i s l i c  f ranerork  i s  q r i re  i r re res t i rs .
I .ee l ins  /16 /  susees ts  co  senera l i ze  nax  ano n1r
irto nore Seneral types of frzzy set u ors ard
idt€rsections. rhis impries tnat in a Eiver de-
c is io r  s i tna t io r ,  i t  i3  poss i6 le  !o  ident i f y  $h i .h
o?era to is  a re  re levant ,  i .e .  r€qu i res  che hnov
ledse o f  an  ax io f ta r ic  sysren  fo r  s€r - func t ions ,
Fiich erconpass both probability and possibili-
r r  r ! a o . v ,  d n d  " \ p l ' . i L  r  u s " 6  B e n e , d L : - e d  

' u l - r

set-tneoreLic operators, Such a frdevorh is pro-
posed in Drbois aod Prade /13/ and could be use-
fu l  fo r  ;  non probab i r i s r i .  u t i l i r y  theory .  Be-

s ides  i r  i s  c l ea r  t ha t  Yase r  / 33 / r s  app roach
.ou ld  be  re .onduc ted  s i Lh  l i neu i s t i c  l eve l s  o f

j B :  \ l r r e l  o r 6 . a r . r . d q  a  o  t o , e -  b ,  r ' n F " r l l

a ' d " ' - d  b u  o , _ y  .  . t d r ' o ,  i .
ava i l ab l e ,  t he  c l ass i ca r  l l i l i t y  r heo ry  iB  no  l o r -
ge r  r . l €wan t ,  r o r  a  d i scuss iod  on  i h i s  r op i c  see

2 - AGGRNGATION OI IUZZN-Y i'!IGATND CRITNRIA

2 .1  -  F rew ious  app roac les

_ h "  ' o  s i d " ' F d  s  t u a t i o n : "  n e . e  
" r  

o I  c t o o , '  s
be t ree r  ob jec t s  o r  dec i s i oos  rh i cn  a re  sLa t i ca r -

)  " . - '  -  - a  d . c o L d ' n E  r o  s e v c - a l  p o j n r c  o -  r ' " ! .

' -  r ' . . . h
A  l d 6  .  a p p - o - . h  r o  r \ ' "  o i . p  p , o D ' " m ' ,
L n e  .  o r : n c  b e  n o o  i  -  i . l  r - r - i b
gned weighls rlich My delend upor the consid€-
red  ob j€c t  i ,  add  ea .h  ob j€c t  i s  r a ted  acco rd rns
!o  each  a r t r i bu re .  h  o the r  mrds  qe  hawe  a  ve igh r
n " '  c i '  ! - l t r i i l  

" n d  
d  - " r o  , r " r '  .  P  l  t i l .  I 5 "

ove ra l l  r a t e -o f  ob jec r  i  i s  r ne r  de f i r ea  by  l he

o  4 ( t . . r . . r  ,  r t r . i . . ) ( t  z )

Al rnauCh rh is  ne thod is  q l i re  corven ien t ,  one o f
irs dia*backs stens fron th€ fact that the final
ratr}-inc of the obj€cts ac.ordinc to the pi',s
slronsly depends upan the nmeiical waluea of the
re ig l ts  These re igh ts  a re  usGLLy d i rec t l y  ob-
ta ined f ron  t le  dec ider  rho  is  sme- l ines  puzzLed
by tie necessiry of prolidirg pre.ise nmbe.s.
rnere ne {o!ld bett.r say rrinportant", "rather
$ inpor ran ! " ,  e tc . , .

ConsequenlLy se'eral authors have tried to us€
(32)  ' i thou t  p rec ise ly  ser t ins  the  va lues  o f  rhe
re igh ts ,  a rd ,  in  tne  same s? i r i r ,  lhe  ra t ioes .
Kanne /20/ nodelled weighis and ratirgs by pta-
ba ! iL i ty  d is r r i lu t ions  and apo l ied  probab i l i s r i c
ru les  !o  der ive  rbe  d is i r ibur ion  o f  p i .  ra in  /13 /
node l red  i i  and  r i i  as  fuzzr  nmbers  bu t  r i thou t
nomal iz inc- the  Ne ish ied  sm as  in  (32) imoreovet
tne menlership fuc.ion of pi vas obtained hy

- e d a y  m b  '  o '  t u  6 r o '  j  d \ r d  < i o o

pr i t rc ip le ,  These fearures  sL igh t ly  i rwa l ida te  h is
approacn (see /8 / ) .

l,lore lecently, Baas and Kvakernaak /2/, moderins
rates and reiglLs as Jain did, applied the eate!-
s ion  Fr inc ip l€  to  (32)  in  o rd€r  ro  d€r ive  rhe  m€n-
b€ lsh ip  func t ion  o f  p i ,  i .e ,  per fo rned a  f t l r t i l e -

They criricize Kahne's approach vhich is compnrs-
t iona l l y  burdersone,  invorves  b ias i le  e f fec ts ,
and 'h€re the us€ of probabilitt theory is qGs-

Eorerer  l s ins  the  er .eds ion  ?r inc i? re  on  (32)  i s

t:
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- l - 1  1 l  i . , :  . . ,  r c  s e n F  c r  - d . . , h - .  o r  \  r  o -
e e c  L o  r d  "  0 o n a  o . :  . J  d o n d . n .  b /  i r r - r
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a r€  s r r r l  ha rd  L .  r ea .h

2.2 - A neN tnzz, scorire nernod

A  i  
" l  

-  
. d  

. F  5 . .  o  a o D r . . . g  o  _
3 0 J  r r i !  , r  ,  i . 1 0 - a . i . - o  q " .  o ,  r " i q \ , ,  , n  n e
s e n s e  o i  s € . L i o n  r . t . l _

- , ,  , " t " - , " " - .  
. r ' m p o i . d . . . . 1Q :  

. ! - . P  I  r . . r . ! "  , u i b -  .  o . r J
r s  La ren  as  r he  ue ien r  s . a te .
I . .  d c c r  , _ .  D t e  o r  . u  z  , " r e h  q

: i , -  
. e .  m "  . . "  , l v  t r o a :  .  

" ,  i  o  _  ,  r  p l .

T .  -  
"  " '  

.  . -  
" i  
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" , , j  

. " "  , * *  .  .  :  o . " i i q r " .  r r , .  r h F . e  . s  
o .  . y
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" .  a .  s b a , .

r isue 4

o", = uofior., ,"rr,,"r,,rnr=r ] (38)

v i ,  ? " i j  =  E " ! l u i j / l i i l l f t i j , v j ]  ( 34 )
rr the o-cur 

"r f t i ,  i"  * i ;o! ' , to;,". tot]

uo".,*. ,1. t ' l  = '

2,2 .  I  -  t rzz t  mmal izar ion

A  f i . s r  h i r L  i s  r o . h o o s e

s u p  p l r o  =  u . . r d ) / L l t . . ( o r + , I ! ]  
k t o ) L

' f r  p r jo  =  
\ j  ro  )  /  { r . / r r  rd )  + .  I .a .k  o ) )

: : : "  
* "  * - ' i i lo  i "  

" r " " tv  
a crosed inrerval

s r d r l a r L y  r o  u _  i n  ( 9 )  ( t o )  ( t  t ) .

l : "  "  !  , . : .  o  J ,  .  
" " , r "  

F r s ,  o  r r s a r  r h m
l . ' "  -  . 91  

"  l , - e -  " - " - -  " - , . , . i "  
. " , .  . , , "  

" ^ .t he  noma l i za r i on  (34  o r  37 )  be ,

2 ,3  -  Conpa r i son  o f  me thods

s i  " e ' -  a a m . r " . : \  , r  o .  . - . ,  , j  e  a n o  , . "  e x _
r F , 5 . o  o r  r : D - F  . o  d .  r .  r "  I  r o  3 " " 5  d

l : j ' :  
, " " -  .  F r . r o ,  r .  : F  i  i F  D . o D o ! d d  o r . . h e y

- d  L : - f  , - : e h .  s  
" ,  

d  - a r  i  r C "  D : . ,  C. .  r s p  r '  e r . " L . ,  , 2  o i  a  
" n  . r e - _

s rna  runc r ro r  o f  Lhe  r i j , s  so  r haL

! ' ! !  w . .  /  r q i r  . i j € L r i j . r r j J . r r , i € r i r o ]

i s  r eached  f o r  r _ , { - .  and  ! t €  snp remm fo !

Hence for ihe. purpa6e of comparine lhe neihods,
r , ,  can  b€  rake r  as  a  r ea l  nube r .

2 .3 ,1  -  Baas -K rak€ rnaak  merhod  and  f uzz ,  noha l i _

To  s i hp l i f y  Ehe  ro ta r i ons  t e r

l f r T ] v  ' . v i . L o  . B i l  8 . 3  ( .

0 .  v  '  .  |  .  '  .  D  .  c  L  r  .  .  6  ,  I  .  I  p  - r r  a  e " . . p
The tvo n€rhods are eqliwalent if and only if
. .  1 :
" u . F c  3 + , r t , o € l o , r . l  :  A / o , E r  =  U L r , 6 )

u l l "  r Lo r .B i J . v

r ! . r  L  p .  6 - +  |  o .  l-  j + i '  ' i + i . '

( t l )

(35)

(36)

, , ,  
"  

, "  *  i .  , " d  D e  "  . e -  
. m r r  

d " , o  - .  d neren€n!  o f  i i t  |  , . r , .  I  . , r  . t  i , r ' i t  r  iC .n

' r ,  m1 j  /  lb i  ie  p i i  
I

H e n . e  r =  r m _ . / l d . l e ( p . . 0 . . . s ; .  )
j - '  '

p i i .  " r e  i o r "  0 p . F . j . -  , " n  r n e

2.2-2  -  c t i sp  nomar izar ion

AnDlher  s inp le r  nomar izar ion  cons is rs  in  c " ,osrnc :

v i t h  a  € { \  ! f r r , e . . . e } . , , G ) = r }

( 3 7 1
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The only passible valu.s for y- and d, are rhe
bounds o f  th is  in te rvaL,  rh ich_ is  nor ' taken fo r
gra4 led ,  and mot ivaLes  (34) .

? .opos i t ion  6  :  A(a ,8)€  u(y ,0 )
The €qua l i ry  hoLds  fo r  n=2 (2  a t r r ib r res) .

Proo f  :  Ler  x6  4(o . { l )  i  then  v i .
t ' r ; e f " i , E l . n " i  F  = .

Hen.e  v i , I ' J /1 f i  E [y ldJ  i  h€nce x€u(1 ,6)
l i t  en  !=2 ,  essme r l i r2 -

i f  r t= r2  then a(d ,€) -u ( - r ,6 )= i r r  ]

i f  r1<r2  the  napF ins  (  
t , l ^ ' z )+ fu l r t+Lr2 ! ) / (Nfu2)

is decreasing in lil and increasin8 iir! I,t2

".,,, -iq#= +#l
=  10 , . , * r r . ,  ,  y r . r+02 r2  ]

(391

CLear ly  6 t+ I2  =  y l+02 =  I

l n f  U ( y , d ) = n a r ( r I 6 r + r 2 ( r - d I ) , 1 2 r 2 + r 1  ( 1  y 2 ) )

=d l r l+T2r2  due Lo  the  above r€ re lK ,

s imiLar ly ,  sup  u(y .6 )=y t r t+d212 Q,  E ,  D.

, h "  o  I J  d ' ,  
' b ! 1 " "

Baas & Krakehaak netnod is €quivaLenr ro alBo-
r i thn  A2 r i lh  nomar izar ion  (34) .  Bur  in  snch a
t r iw ia r  case,  rhe  o-c r ts  o f  Ar  a r€  . .ad i1y  . . . " , -
ned us ins  {39) ,Moreove i  i f  

_

{ -  =  ( U , , a . , b - ) i . r  ( s e e  s e c t .  1 . 3 . 4 , 1 )

rhen rhe nenb€rship funcrion oa B =

Ext  ( - - i r - lu , .Hr )  i s ,  fo r  r  . r .

n,r +irr ,  i  t , , ,zt* f i "1,"-zl
4 t - i 2  p  a 2 t t 2  L  - b  \ 1  |  t l

t l  r . r  + l i ? . ?  t  1 1 , _ z r + l l ' r a ) - z l
= -  ' - - ; , ' c  ' J . :  -  

" ; i V - a : , :
Iahen mqe rhan 3 arrribures are concemed, the
B I nethod becones noie and hore tricky, ,hite
our n€.hod remains east ro carry out. prolosrdon
6 ind ica tes  tha !  rs ine  mlnar i2ar ion  (34)  n r  !u ,
ta ined resrLrs  de  mis" is rmt  u i r l  the  B-K meurus ,
d l r h o u s  L . / ' . - . . : , e .  d . , B - r , ,  o ' .  e q n  L . - , -
(13) ,

The folio{ing counter-exantle shols rhar for n>2,
A(d ,  B)  + t r (y .6 )
Exanple

2
3

I
2
1

1 /  l a

8 / 1 1

t / 7
7 t \ 6
2 / 3

In the abowe rable, y and d are catcutat€d from

us ing  a lgor i rhn  A l  y ie lds

u ( 1 . 6 1  = L ; ; . # 1 . :  1 2 . r 2 ,  2 . 5 r 1

rHr+r ) l , J?+r r f i1  d r r ,+ r r { . "+Fr r r
sup -  =  s lo  - : r  =  j - : - :

i t  i s  a t ta i red  fo r

w  =  ' u t r p 2 , F l ,  1 r  d l l r 2  r l r ) F r r . 3 - r 2 )
=  (0 t 'd2 , l i3 )  o then ise

This lenark and the dual one ar the lorer bourd
lead to find ir the exahlle

A r d . b )  = L l 7 , i i . 1  =  1 2 . 1 5 , 2 . 6 0 J
2 ,3 ,2  -  Saas - { l ahe rnaak  oe rhod  and  c r i sp  r o rma l i -

Nov ,  t ne  no f t a l i za t i on  (37 )  . o t espods  ro  r he

v  r L r . L ! )  =  { ; . ; l o -  €  f o . . o . _ 1 .  ;  = l  t

d: B,

{ r = .  V i  = ; ,  a € l ! q ' ' t g i . l

No{  le t t i re  y , - r i . /a  v i ,  A(o,B)  can be , r i t r€n as

a, o. Br - {H, vi.  rr .  fvr . tr l l

l . l  l ] j .  , : . " . . 1 \ r . . , , 1 .  i  _  .  . ,  .

c o n s e q u e n r l )  v j ( t f , L J , )  g  a l o . B r ,  r  a
iL  i s  €asy  ro  l i sur€  onL Lhar  f . .

: va(9,r) = {+i}
: va(f,rr) = {i*i}
cases  ! h€  res !1 t  i s  a  p rec i se  nun te r ,

= [ d ,

Tn!s ,  tn€  r€suLt  o f  a lgor i rhn  42 ,  r i th  lo rna l i za-
t ion  (37)  s ives  cons is ren !  b r r  nore  prec ise  resur ts
rhan the B-( method, lorever rhe choice of rne
nornalization may bias rhe final
rank ing  or  the  luzz i l r - .a red-o t iec rs .  In  o r re r
lords seweral values of ai should be rried to
check rhe lorth of the ratings obtair€d using
(37), Tnis fact r€rds to fawour (34) rarner rhar
(37) although rhe formet lrodlces ratlnss srigh-
1 J  t p q  d : s . -  t r ' . . d . : n s  L h a .  r ' -  B - l \ i . , t o o

N.B. : Ir lle reiehts ilii dq nor depend upotr rhe
cors idered  o l iecL  i ,  then  i r  i s  use less  to  dornc-
r : ' p  r  "  L " r i n $ i . . , -  - - ( e p i  r 6  o b - "  p d  D .
" i a o t !  e (  "  d i  , g  I - r ' t .  r .  o , o : n 3  L o  ,  .  " , , " , s : o r
p r i l . i p  e  " i  

,  -  - 1 n " "  : '  " . "  r : \ i  \  . . n . r ' a i . .
t t , - r  

" . " r  t o ,  I  i s  1 . .  L 4 i s \ ' i . 8 .  u ' " .  . " ,  "  
-

ao i i thn  A2 is  .e revant  and sn f f i c ienr ,

I n o  l F  l . " 0 e L o r k  . o  e r i a  d g g - d g o r ' a r . d d
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j r ( 4 1 )

vhe re  I  i s  ex l r essed  v i a  Lhe  h i n i nun  ope ra ro r .

I .  r h e  r  i . e s  q e m D e . s  . . p  
s . a u d o  ! n

, , : . : - . . : _ 1 ] , , _ . . . . t , : , r \ P e r o u / . . . d , ;( see  0ubo i s  and  p rade  /  2
v o i ,  !n(o. )  = mh !c  (o i ) (+2 )

d ( N l > N 2 l =  s u p  n r n l ! ^ ,  r u  ) , ! , .  ( ! i ) )
, _ " 2  , t  " 2 .

rhe errend€d mininun operalor.

" o . " o \  - r .  . 1  . ' r .  r " , " r . , t a . o l

: _ : :  : 1 " " . , .  
p - a D a - . a  j  , t .  r o r . r . h  o D e . a . o . . ,

: g : i ' : - . " , , "  i r .  " x L i  . : o n  . o  r u - l /  - " , . r c .  .  . m _

:  
.  i "  . , " " ,  a d '  o n .  . ,  r r  , o o i  

" - "  r e p o . . e a
- t t J 7 J s t .  1 . .  _ a . , . , e  

" . i t  z ., )  p a  ) - a .  r c t , 3 "  i a  3 " t L d ,  
" n d  z _ d ; r , .  r , r n e

1 :  1 .  "  " , " ,  
i - r o b  { u . . )  s ' o o "  . d .  . r . ,  o . _

3 - FIN(ING OI IUZZIl,Y RATEI AI,TERNATIVES

In  lhe  preced i rg  sec t ions ,  severa l  d€c is io !  na_Klng_sr t la t lons  hawe been descr ibed in  {h i .n  n r_- a r  I  d e b a  s  ! d . .  b F e .  d s 6 d , - e d  b )  r ? 2 ,  n b b e . b
r n a  i  / / v  C  o b a  - a . : n g .  o t  o e - i

. " - i , C 6 .  i r  o r o "
cho l ce  o f  dec i s i on .

l J n e  o .  " p D r o " . ' " .  r o  r " n  i n g  t r z l y  n , n o - , s  n r _

! - o p o .  s  b  , c L . h  e - . t  | . z z y  J n 6 - r  N r  
. _ , . n  

J : . n
a , t u z ? .  E  a t  r .  l t l z  1 " t  o  , , .  

" o r l i o " . " d  r - _
| , B  s  q l "  r t o . -  b e " n : n s  j .  

" -  c ! " a r  a "  p o . " , b l e , .
I "  r "  I e o  J "  o . " i , q . "  i h " ] ,

o . .  .  r e n  r z r d e .  J "  , , .  c .  , , " .  i n  , - r -  o r
LL i=sup  t rNa l c  a=  r .  o l

r u . 1 "  a - L h o d  a .  b " F n  .  , . .  e a  b y  D u b o : s  d n d

: : : : :  
,  

" g B r l d c  " " r o c u :  d  d . . r - y r o
,Rs ,  Dubo :s  - , -

F r - -  i r s  /  o  t o \ -  s ,  s a e 6 r F d  n e
. . 4  0 r  ' \ e  a ! . e r a p d  m u : h . o  d r d  r : . ' ; " ,  

" F  
, ,  . ,

^ 1 . "  - :  " f " " : " 1 .  " .  B a r d !  d n d  c , . r o  D o i n r

:  
. ' :  , : 1 9 . " . . . o  o L " c ,  n i n " ; : o n  i . . a . h i - . e o

b "  d e , 1 ! .  _  ' d  \  n " J  6 -  r e  /  o s e  , o  4 d  h  o l n e r

" n d  i  ,  i L : a n  r o r . d  , o L  s o

t " a s  3 , a  " n a a ,
r f 4 q r a i ' L v  r  _ u  : r  c  . a . o n i . " l  . c y  r a  t t 7 . r  r u

- 1 " ' : 1 ,  ' " * : ' l  o r o  
" o u r e  i s

. : : . . - : ' : l ' t o  
' 1 "  - r e u o r ' . .  - ' i "  p n p " . ,  u , -

i : : i .  " ' ' . - -  D . o b c b i  i ' '  i .  s i -
be tue€n fuzzy  n@ber3 .

3 .2  -  Ner  pess in is t i c  sca la r  rank i rs  i ld ices

l l , l :  o : : " '  !  L  ' r '  B r - e  d  , d  / ! "  e - a a k  s  - r ,  . , ,  cr \ -  i F . , i . D 1 e o  d . a L b a c k ,  i .  , h €
t : ,  r n "  o r .p , ' n .  i D r " s  o t  D o . , ' o " i , v  - t e o n .  . , 5  a  {  o .

: - "  I l T .  " i ' '  
n o " '  d o ' "  r c '  n a  " '  i - - ' . ' . " . ' - ,' h a l  e o i "  o L t "  i , o . c e b  r o  r o  o eu : : g  

: :  
,  I  

" n " o , , r \ .  \ a , " /  i . : c  l . d . v ; . o p _

l " r d , .  "  
.  r d  _  n o o i r v  . , , ,  , e p , " . ,  s  r .  /b t  a  . r / z  . r d e .  . e  , " , .  i . ; , , ^

Lhe drsc t rn inar ion  p . ,e r  o f  rhe  indpx ,  i .e ,
nin(r rNl  (ut ) ,uN2 (u2) , r rR(ut ,u2)  )

A lLhou€h  t h i s  i dea  i s  ! e r y  quch  uo r rh  ! h i l e
1s  e r l r r  an  opc ro l s r i .  i ndex .

(46)

^  . " . "1 . .  o f  i ld ic€s  inc lud i rs  (43)  has  been- "  -  r  ,  - - o D o s e d  b .  D u D o i s  " n o  
o r a d "  t . / ,  L h :  h

g F  o t  D .  s i b i _ : r .  L , F o - . .  1 t  -  d p _

Dder  -  +gp5Lbd  bv  Be  kn  "  d  .  
" d "h  

r .  . " , ,  " r t s
: B :  

' " T "  / :  . o a , : . e  5 o s "  
" r ,  r _

" :  
- .  

"  
,  . y . e r  . i  o ! F .  _ . e . " t  O .  r , -  , e r

.  " "  : ' i " . e l  :  z z  s e ,  . b o . e L i .
r ne  c i  s .  Be t rman  andZadehhave  suesesLed

m a \ { d ( I  j N , J , d r N , ? N , ) )  =  |
n r " r d r N i - N ; ) , d i N l N ; ) )  =  h e i s h i  o f  N r l N ?

: l : : "  1  "? ,  
-F"o i ,  r  e '  e ,o  1  '  Lo  1  /z r  r .n -

: " - : .  " "  "  : * ,  
:  .  h e  s r a o e  o (  , " , b . , s n : p  o .  ^ :

a? . : ,"" i  "  e ' | "a '"s '  ' ' /zv uDFcc eors

v  i ,  u r ( i )  =  sup  n i n  l rN  (u r )
! : >hax  u l  j  - i  r

J

(44)

Allhouet-thi6 approach is very rarural in the tra_
l l l ! ,  . " '  

.  . , ;  q e ,  , \ " o L / ,  B " r d L i r  
" n d  w u i r d  / . ,

. : : :  :  : " : ' : '  l "  l :  
'  

" "  
a ' '  - i o :  a  i o '  D  " <  ,

/ , 2  D ! o D o 5 F o
i A  L i o  r u . z . . u m b " . " ,  b u "  u . f : m a .

. " i y  r n p  . o n e  
" i ! 1  

_  -  a l " r  i n d d !  r . . c r  i r  u. 1  . e  b r r  r - d r N r  ! _ r  1 e . 6  o ,  h d p . _ \ ,  , .  i . . ,
r s  r e d u n d a n r  ' i t h  ( 4 1 ) ,

u: :  i :  ' : ' : , "
r " . r b -  y , r n d e \  p i  r o .  o D  e . r  o i  r a , e o  D y  I !  :
t , e r - r .  l r  0 c . "  , .  . h "  p t ' 5 , , i "  r :  ,  . .  

" "d i f f  i cu lEy  rema ins  unsohed_

i r ' r - r y .  \ a e .  , -  b "  - .  n i 5  r r , k i n s  p - o . e a ,  r .  o n

?!.pose is ro rank fuzzy troth
v a ,  p s  

i v . d " . d  a q  ) t z / y  6 . ' s  o . r . - L . . , i . e r .
o r  ! 1 d .  D . o x j n : i y , o  L h F  c r a . a a r o

r / z -  i r u r h  % t . e  , J e ,  d e r i n e a
! _ .  € L 0 . t J . _ t  o . o \ - b '  /  i .  

" . , - " . - : 1 " ; , , " , . ,o .  . ne  Hamrns  d i s  Lance ,

a t . ; , t . * t  =  I '  l r -  ( . ) -u lao
, 0  . j ( 4 5 )
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proach is orLy sketched here for the sake of bre-

If N is a Biven frzzy number th€n th€ set of nh-
be rs  s rea te r  o r  equa l  ! o  N  i s  deno ted  lN ,F )  s r ch

. (r) = sud u ru) l 4J )

Sidilarly lhe set of lunbers smaller or equal ro
N is  { - - ,N l

vx ,  ! (__ ,NJG)  =  snp !N(u) ( 4 8 )

l r o  r  r \ d  . d r  o

6 0 d ' " .  r l a '  !  i b  l \ .  o - - - J t  '  p " p  ' . a , , j [

The  q t res t i oa  o f  a  f l z zy  r l nbe !  N l  be ing  g rea r€ r
r \ a n  "  ' .  .  L , b " -  ! -  

" ,  o r  b .  d d d . . 5 s d d  
'  

,
f ou r  d i s r i nc r  oays .

(1 )  I s  N t  poss ib l y  g rea te r  t han  o r  eq ra l  t o  NZ?

I t e  a i e  r o r . oncemed  r i i h  t he  i n t e r sec t i on  (o r
cons i s t en . r )  o r  N t  add  [N2 ,F ) .  Hence  i ndex
ros (N l>N2 )  de f i r ed  b t  :

P o e ( N ' N ^ ) =  s u o  m i n ( u . .  ( u . ) . ! - - .  . ( u , ) )

=  s u !  r i n l u r ,  ( u  
r ) .  

p N _  ( u 2  r  I

by an obvious reduction. This is naas aad
(Fakernaak index. (43) ,

( )  s N  n e . e s s d . i L v

we are noq concerned {ith the incLusion
N tg  [N2 ,F ) ,  I n  o the r  uo rds  Fe  nus t  chec ] t  vhe rhe r

i . 1 / fN - -+ - )  i s  Lhe  rea l  L i de .  hd€a  Nee iN  > l

\ " " / ! , N ) - i  D a " r l - - "  ( J , ) , . r .  \ u  l

_  : 1 t  . . D  m " x . l  .  . n  .  
r \ .  . N  ( . , )  ,

u t  u 2 : u  |  2 '

atd  rhan N2?

N l  r l  r 2 . + 6 r  r ' e .

P o  r \ ,  N ,  -  ' D  ' i  ^  l u ,  . . . , ^ . i . u ,  )

. , P  :  _  
F : l I J t r . .  r . t - . N  u , )

( 4 )  I s  r ,  necessa r i h  p reaEe r  t han  N - - '

t e  m u s t  c h e c h  N . c l N - . F )  i . € .

r e . . N r  \ z  -  , ,  m a . , r - i . { .  u . , . .  r  _ _ . N - . r ' . 1

=  i n t  ( L  n i n l \ . ! u l r . ! N - i u 2 r )

Ac ! !a11y  Nes(Nr>N?)  i s  I ra tson e t  a1 ,  /32 l ' s  i rdex .
rhe  fo l lo r i re  i ro te r r ie3  hord  fo r  normal i red  fu -
zy  se ts  o l  $e  rea l  r i re  :  (see / l4 l )

r o s ( N  > N , )  m a x ( P o s  ( N ,  ) N " 1 .  N e s  ( N ,  N " ) )

M in (N€s  (N l  >N2 ) ,Pos  (N l>N2 )  ) :Nes  ( x l >N2 )

Po6 (N l :Nz )  =  1 -Nes  (N2>N l  )

(49)

(50)

( 5 1 )

Iigue 5 vistraLizes the values of the iddices or

Nes (N1>N2)=o

I ig l re  5

(49) and (50) are nattrlal irequalities which fit

(51)  s tens  f ron  the  de f i r i t ion  o f  lecess i ty  o f
sone event A as the grade of inpossibiLity of tne
op los i re  even.  (se€  /10 / )

(52)

Ind ic€s  Nes(Nr :N, )  and Pos(Nr>N, )  a re  rhe  ?e6s i -
nistic evar@tions ve were ldokine for. and are
prowided by mre of the previously nenriored ap-
proaches,  Nar l ra l  n -ary  ex ters io rs  o f  Nes(Nr>N, )
and ?os(Nr>N, )  a re  de f ined i r  /14 l ,  cors is t& t ly

An alternarive approa.h to tn€ ranLing of the
set  lN , , , ,N_J  o f  fuzzy  rmbers  i s  the  ore  ! i
Tone aid Boiiissore /3ol which 6ui1d a fuzzy re
la t ion  f ron  la i tu is€  ewaruat ions  Pos(N.>Nr) ,  v i ,
v,. They give a nethod for turlirs thi6 tdzzy o!i-
tdnl<if,g relarion irro a toral ordelina, This frz-
zy  re la r ion  c lear ly  €xpress€s  a  poss ih i l i t t  o f
preferEtrce or indiff€rence, otler f!2zt reLalions
are  ob ta ined f ron  Nes(N i lN i )  (ne .ess i ty  o f  p re-
fe rence or  ind i r fe rence)  and ?os(N i> f l i )  (poss ib i -
l i t y  o f  s t r i c t  p re fe rence) ,a ie  des i r i6ed in  /141
qnere s!ecific netlods for theii processirs are
d iscussed a t  rens lh ,  The !a !€ rs  b r  Rr j .a  /6 /  a r
Roy /23 /  a re  a lso  qu i re  re levan!  fo r  der in ing

d " r " g .  o r '  o r  t . z z )  r " . a r , o n , ,

This pap€r has proposed an overvier of results
a n d  r r g o  i '  n .  L ' r .  d - n o n s L r d r e ' h "  u r t . " " ' , u " .
ness of the fuzzt nnn6er concept for decision

" r r r / s i  
- d " ,  " e L " - " I  o b j e " _  i v e . .

Th€ use o f  L ing l i s r i .  l robab iL i t ies  eMbles  to
soften rle draslic nomative franeror| of u!i1i-
ty theory, and effi.iert arBoritnns nake possible
a  fas l  l rocess ing  o f  f rzzy  da ta .  Scor ing  ne thdds
in dulticriteria decisior nakirs car also berc-
fit fron th€ $e of flzzr runbers and of these
atgorithns. l-ast1t a stronely ftotivated aplroach
to flzzy nlnbei iankine, based o! peEimistic and
optinisiic indices, seens to emerce as calonical
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