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Technical Article

Regularization-Based 2D Strain Tensor
Imaging in Quasi-Static Ultrasound
Elastography SAGE Publications

Anne-Lise Duroy1 , Valérie Detti1, Agnès Coulon2,
Olivier Basset1, and Elisabeth Brusseau1

Abstract
Accurately estimating all strain components in quasi-static ultrasound elastography is crucial for the full analysis of biological
media. In this study, 2D strain tensor imaging was investigated, focusing on the use of a regularization method to improve
strain images. This method enforces the tissue property of (quasi-) incompressibility, while penalizing strong field variations,
to smooth the displacement fields and reduce the noise in the strain components. The performance of the method was
assessed with numerical simulations, phantoms, and in vivo breast tissues. For all the media examined, the results showed a
significant improvement in both lateral displacement and strain, while axial fields were only slightly modified by the regulariza-
tion. The introduction of penalty terms allowed us to obtain shear strain and rotation elastograms where the patterns around
the inclusions/lesions were clearly visible. In phantom cases, the findings were consistent with the results obtained from the
modeling of the experiments. Finally, the easier detectability of the inclusions/lesions in the final lateral strain images was
associated with higher elastographic contrast-to-noise ratios (CNRs), with values in the range of [0.54–9.57] versus [0.09–
0.38] before regularization.
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Introduction

Over the past few decades, elastography techniques have
been developed for the in vivo investigation of the
mechanical properties of biological tissues.1–4 These tech-
niques have been introduced for diagnostic purposes
since significant changes in the mechanical properties are
expected between healthy and pathological tissues.5

Different approaches are available depending on the
imaging modality employed, the mechanical stress used
and the parameter to be determined. The present study
focuses on quasi-static ultrasound elastography, which
produces strain images of media subjected to compres-
sion.6 Commonly, only axial strain (along the acoustic
beam) is estimated. Nevertheless, axial strain imaging
has proved to be a valuable tool for distinguishing
regions with different stiffnesses within a medium, and
many studies have shown improved diagnostic perfor-
mances when combining elastography with B-mode ima-
ging, versus B-mode imaging alone.7–9 Moreover, recent

work comparing axial strain and shear-wave ultrasound
elastography reported similar performances for the two
techniques.10–12

As reported by some authors, estimating not only the
axial strain but also the full strain tensor could provide
useful supplementary information. Konofagou and
Ophir,13 for instance, developed a weighted interpolation-
based approach to estimate both axial and lateral strains,
which make it possible to deduce the Poisson’s ratio dis-
tribution within tissues. The time evolution of this strain
ratio during sustained compression, also called the
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effective Poisson’s ratio, is a parameter that is assessed to
characterize poroelastic materials in elastography.14–17

Likewise, information on lesion mobility can be provided
by estimating the shear strain components18–21 or rota-
tion elastograms.22,23 Bonding information could be help-
ful for distinguishing benign from malignant lesions when
stiffness alone remains insufficient, since benign lesions
tend to be loosely bonded, whereas malignant ones are
more firmly bonded to the surrounding tissues. This more
or less mobility of lesions should result in different shear
strain features. Finally, accurately estimating all strain
components is essential for a full analysis of a medium,
not only through a more complete visualization of the tis-
sue response, but also through implementation of further
computational methods necessary to solve the inverse
problem.24–26

Determining the strain tensor requires computation of
the displacements. Numerous methods are described in
the literature for estimating the different components of
tissue displacements.13,27–34 Nonetheless, radiofrequency
(RF) ultrasound images are characterized by anisotropic
resolution, which leads to coarser-quality fields for the
displacement components orthogonal to the axial direc-
tion. This results in strain images highly affected by
noise. Different methods have been introduced to
improve displacement estimation, especially of lateral
displacement. Some developments place more focus on
the data used. For instance, in the work by Techavipoo
et al.35 and Xu and Varghese,36 displacement is deter-
mined from estimations made along multiple insonifica-
tion angles. Selladurai and Thittai37 introduced a specific
ultrasound probe, in which the array of transducers can
move to sub-pitch locations thanks to an integrated
motor. Acquiring additional RF signals at sub-pitch
positions was shown to produce results—in this work,
rotation elastograms—with higher contrast-to-noise
ratios (CNRs) than those from conventional imaging.
Specific RF images more adapted to tracking the lateral
displacement of tissues were also described in.38,39 These
RF images include lateral oscillations, resulting from a
particular beamforming. As an alternative to the use of
specific data sets, some other approaches focus more on
the strain estimation method itself to reduce noise in
elastograms, involving notably modified block-matching
and/or regularization techniques.13,40–44 This can involve
the use of a supplementary condition to constrain the
estimated displacements, such as the tissue incompressi-
bility45–47 or the equilibrium conditions.40 Enforcing one
of these conditions results in smoothing of the displace-
ment fields. Guo et al.41 recently proposed an approach
referred to as ‘‘partial differential equation (PDE)-based
regularization method’’, which uses the (quasi-) incom-
pressibility property of soft tissues. This method has
shown promising results, with a significant increase in

the CNR for the lateral strain component in particular.
However, with such an approach, some images, espe-
cially shear strain ones, are affected by line artifacts,
which corrupt the strain patterns as shown in Duroy
et al.48 and in some results of this article.

In this study, we investigated two-dimensional (2D)
strain tensor imaging, and more particularly the
improvement in strain images resulting from the intro-
duction of a specific regularization method. This method
enforces the property of tissue (quasi-) incompressibility
while penalizing strong field variations, and is applied to
the displacement fields estimated using a motion-
tracking technique we previously developed for elasto-
graphy purposes.49 The strain images are then computed
from the gradient of the estimated displacements. The
article is organized as follows: A detailed description of
the regularization method developed is provided in the
next section, along with the material used for assessing
its contribution in strain imaging. Results obtained with
data from numerical simulations, phantom experiments
and patient examinations are then presented and dis-
cussed. In particular, an assessment of the method, when
applied to experimental data, will be conducted with the
computation of CNR values. Finally, in the last section,
we present the conclusions of this study.

Materials and Methods

Method

This first section presents the overall method developed
for 2D strain tensor imaging. It comprises two main
steps: an initial estimation of the displacement fields,
then their regularization. Images of all the strain compo-
nents are finally computed from the gradient of the
displacements.

Step 1: Estimation of the displacement fields. As mentioned
earlier, a large variety of approaches can be employed to
estimate compression-induced internal displacements of
tissues from RF ultrasound images. The method devel-
oped by our group and used in this study is briefly
explained here. We refer the reader to the following
papers for additional information.28,49

The basic principle of the method is the following: let
us consider two RF images, I1 and I2, acquired during
medium deformation. The first image I1 is subdivided
into multiple 2D regions of interest (ROIs) of the same
dimensions, regularly positioned and overlapping each
other. For each one of these ROIs, the deformed replica
in I2 is identified via the maximization of a similarity cri-
terion chosen as the correlation coefficient (CC).
Contrary to most motion-tracking methods, where only
a 2D shift is considered, an axial scaling factor a is also
used to describe the ROI transformation between I1 and
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I2. This factor allows us to take into account the shape
variations that occur in the RF signal due to the medium
deformation.50–52 Along the lateral direction, however,
scaling is ignored because of the coarser image resolu-
tion. Note that the correlation coefficient provides an
indication of the match achieved during parameter esti-
mation: The closer the value to 1, the better is the match.
Several situations can lead to correlation coefficient val-
ues much less than 1 at the solution, such as errors in the
parameter estimation or ROI variations between images
too complex to be described well by the model used. In
the case of an insufficient match, defined as a CC lower
than a threshold Th, the estimates are labeled as untrust-
worthy, and a local regularization is applied to ensure
continuity with spatially close estimates characterized by
CC ø Th. The threshold Th is set at 0.75, value found to
be adapted for the analysis of biological tissues. It was
determined empirically during our previous work.

During elastography experiments, sequences of RF
images are typically acquired. With our method, para-
meters are calculated between consecutive RF images, in
order to limit errors due to out-of-plane motion. Indeed
such motion is expected to be lower between two succes-
sive frames than between the first and the last frame of the
sequence considered. The final displacement fields are then
obtained by combining the contribution of the different
pairs of images. As will be illustrated in the Results sec-
tion, this method enables one to accurately estimate the
axial displacement field but the lateral one remains gener-
ally too noisy to be used directly for strain computation.

Step 2: Regularization. The second step of the proposed
method consists in regularizing the previously estimated
displacements using the (quasi-) incompressibility prop-
erty of tissues. Contrary to the regularization method
mentioned in step 1, whose application is local, the one
here is performed unconditionally over the whole image.

Let �d be a displacement previously estimated in a
domain O, whose axial and lateral components are �uy and
�ux, respectively. Regularized displacements uy and ux are
obtained by solving the following optimization problem:

Minimize F(ux, uy)
ux, uy

with:

F(ux, uy)=

ð
O
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where l1, l2, b1, and b2 are the weighting coefficients.
The first term in F is related to the incompressibility con-
dition, while the following two are the data fidelity terms,
and the last two are penalty terms. l1, l2, b1, and b2,
which are all constant and positive, modulate the regular-
ization weight on the fields. As in Guo et al.,41 the prop-
erty of (quasi-) incompressibility of tissues is used for
regularizing the displacements fields. However, compared
with their approach, F comprises two additional terms
that penalize strong spatial variations within the axial
and lateral displacement fields. These terms were added
in order to reduce some artifacts observed in the shear
strain images. Indeed, when first using this approach
without the penalty terms, that is, with b1 = b2 = 0, and
with our motion-tracking technique, we noted that the
lateral displacement fields appeared relatively smooth
along the lateral direction, but with some small variations
along the axial direction, leading to a slight effect of
‘‘horizontal lines’’ in the corresponding images.48 These
lines do not affect the lateral strain fields but largely
degrade the shear strain ones.

To solve the optimization problem described in (1),
Euler-Lagrange equations are introduced. Indeed, the
axial and lateral displacements that minimize F, will also
satisfy the Euler-Lagrange equations. With our problem,
these equations write:

l1(uy � �uy)� (1+b1)
∂2uy

∂y2 � ∂2ux

∂x∂y
� b1

∂2uy

∂x2 = 0

l2(ux � �ux)� (1+b2)
∂2ux

∂x2 � ∂2uy

∂x∂y
� b2

∂2ux

∂y2 = 0

8<
: ð2Þ

Determining uy and ux is performed by using the gra-
dient descent method, in which the gradient term is given
by the left-hand side of equation 2. Displacement deriva-
tives are approximated using finite differences and the
Neumann boundary condition at ∂O, rdn= 0, with n
the outward normal at the boundary. The step size used
in the gradient descent is constant and equal to dx2dy2

4(dx2 + dy2)
,

where dx and dy are the lateral and axial size of the pixels
in the displacement images to be regularized.

Concerning the weighting coefficients l1, l2, b1, and
b2, they are tuned by visual inspection of the results, such
as to improve them in terms of noise reduction and inclu-
sion/lesion detectability. Lastly, two criteria are used to
stop the iterative process. The 1st stopping criterion is
chosen as:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
pixels

((uk
y � uk�1

y )2 +(uk
x � uk�1

x )
2
)

s
\j ð3Þ

also written Crite\j, with uk
y and uk

x the displacement
fields at iteration k, and j = 10�8, considering that the
results remain quasi-unchanged below this threshold.
The 2nd stopping criterion is chosen as a maximum num-
ber of iterations allowed N , here N = 50, 000. The fields
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are thus iteratively updated until one of the two stopping
criteria is reached.

Materials and Data Acquisition

In this study, a first evaluation of the method is carried
out using data of increasing complexity, from numerical
simulations to in vivo tissue images. With the simula-
tions, the actual displacements and strains are known
and allow the accuracy of the developed method to be
assessed, whereas the experimental data are used to deter-
mine whether the method is still able to perform strain
tensor imaging in more complex cases (phantoms, breast
tissues). The tests with phantoms are an intermediate step
for method assessment, as these objects are less complex
than biological tissues. Moreover, for those examined in
this work, mechanical information is given by the manu-
facturer, which will help us analyze the experimental
strain fields. For in vivo breast tissues, no such informa-
tion is available, preventing, for instance, any analysis
about the strain ranges or specific strain patterns from
being performed. However, they reveal the complexity of
breast elastography, for which our method is developed.

The different media used in this work are described
below, along with the chosen evaluation criteria.

Numerical simulation description. Initial tests were con-
ducted with numerical simulations. A 60 3 40 3 40-mm3

linear, elastic, isotropic, and homogeneous medium with
a Young’s modulus of 10 kPa and Poisson’s ratio of 0:49

was simulated using Comsol Multiphysics�. In this simu-
lation, the medium was subjected to uniaxial loading,
resulting in uniform strain of the material. Ten compres-
sion levels were considered, from 1% to 10%, in steps of
1% axial strain. These values are in the range of strains
typically observed in quasi-static ultrasound elastogra-
phy. Since a 2D method was developed in this study, we
retained for each compression level, the axial and lateral
displacement of the median plane. Radiofrequency ultra-
sound images were then generated as follows. The initial
medium was modeled as a collection of ultrasound scat-
terers, with a spatially uniform distribution, and with
amplitudes normally distributed, and the corresponding
RF image was produced by convolution of the set of
scatterers with the point spread function (PSF) charac-
terizing the ultrasound system. In order to use a realistic
PSF, the one of our Ultrasonix ultrasound scanner
(Ultrasonix Medical Corporation, Richmond, BC,
Canada) was measured experimentally, by imaging the
cross-section of a 20-mm in diameter tungsten wire. The
probe used was the L14-5W/60, the selected frequency
on the scanner 6.6MHz, and the sampling frequency
40MHz. Finally, for each compression level, scatterers
were moved according to the displacements provided by

Comsol Multiphysics� and the ultrasound images gener-
ated exactly as described above, resulting in a 11-frame
sequence of the medium under increasing deformation.
It should be noted that displacement estimation from
these simulations was performed as with experimental
data, that is, initial displacement fields were computed
from the consecutive RF image pairs and the results
combined to yield the evolution of these fields, relative
to the first image of the sequence. Regularization was
then applied to the displacement fields obtained for each
compression level.

Experimental data acquisition. The method was also
assessed with experiments on three CIRS (Computerized
Imaging Reference Systems, Norfolk, VA, USA) phan-
toms: two breast elastography phantoms (models 059)
and one elasticity QA phantom (model 049). The CIRS
models 059 mimic a female breast in the supine position,
within which several spherical inclusions are embedded.
The Young’s modulus of these inclusions is approxi-
mately three times that of the background. Here, two
regions were scanned, one containing a single inclusion
(case #1, Figure 1(a)), and the other two inclusions one
above the other (case #2, Figure 1(b)). The CIRS model
049 is a parallelepiped-shaped medium inside which there
are several spherical inclusions of different stiffnesses.
Data were acquired from a region consisting of a 10mm
in diameter inclusion of Young’s modulus of 47 kPa, and
positioned in a 26.5 kPa background (case #3, Figure
1(c)). It should be indicated that the phantom specifica-
tions are all provided by the manufacturer.

For each region examined, a typical quasi-static elas-
tography experiment was performed, that is, the medium
was cautiously and continuously compressed and decom-
pressed by the operator using the ultrasound probe while
the RF images were acquired. Data were collected with
an Ultrasonix ultrasound scanner equipped with an L14-
5W/60 transducer. The sampling frequency was 40MHz.

Finally, the method was also assessed with in vivo
data collected during patient examinations (case #4,
Figure 1(d); case #5, Figure 1(e); case #6, Figure 1(f)).
More precisely, these data were extracted from an
archived database, resulting from a previous breast elas-
tography study. Detailed information on this study can
be found in the article by Brusseau et al.49. It should be
underlined that the data acquisition for in vivo tissues
was conducted similarly to that for the phantoms. The
cases selected are two of an invasive ductal carcinoma
(IDC) (cases #4 and #5) and one of a fibroadenoma
(case #6).

Results are presented in the remainder of the article,
with displacement and strain fields obtained during
medium compression (cases #1, #3, #4, #5, and #6) and
decompression (case #2), for a more complete illustration.
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Assessment Criteria

The evaluation of the results is based on different cri-
teria, depending on the type of the data analyzed. For
numerical simulations where the actual values were
known, the mean and standard deviation of estimated
strains obtained for each compression level were com-
puted and compared with the theoretical values. This
was performed for axial, lateral, and shear strains, before
and after regularization.

Then, for the phantom cases for which actual strain
values are inaccessible, experiment modeling was per-
formed to obtain strain images with which the estimated
ones can be compared. Each numerical model was built
with Comsol Multiphysics�, using the information pro-
vided by the manufacturer. Simulated media consisted of
a 3D parallelepiped-shaped homogeneous background
containing spherical inclusion(s), the different regions
being made of a linear elastic and isotropic material. The
simulations reproduced the configuration of media
deformed using a transducer, which results in only part
of the medium top surface being subjected to displace-
ment. The applied displacement was considered to be ver-
tical and was manually adjusted to obtain values similar
to those measured experimentally. The bottom surfaces
of the media were prevented from moving in the axial
and elevational directions, whereas their vertical surfaces
were let free to move. These boundary conditions allowed
us to get closer to the experimental results. Although
modeling the experiments perfectly is not possible, these
simulations provide elements with which the experimental
results can be compared, such as the range of lateral

strain values or shear strain patterns. This should help us
to assess and analyze the experimental fields.

To provide a more quantitative assessment of the per-
formance of the proposed method, contrast-to-noise
ratios were also computed. The CNR is widely employed
in elastography studies as an indicator of lesion detect-
ability within an image. It is computed as follows:

CNR=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2(�si � �sb)

2

s2
i +s2

b

s
ð4Þ

where �s and s denote the mean and the standard devia-
tion of the strain, respectively, within a region inside the
inclusion (subscript i) and the background (subscript b).
These regions are selected using two circular ROIs of
identical size and positioned at the same depth. For each
inclusion, two CNRs are computed, one by selecting the

Figure 1. B-mode images from, (a-c) phantom cases #1, #2, and #3, and (d-f) in vivo breast tissue cases #4, #5, and #6. In case #4,
displacement estimation was performed in a preselected area (white box).

Figure 2. Illustration of the region selection for CNR
computation with the axial strain image from phantom case #1.
For the region selected in the background, two different positions
are considered, (a) on the right and (b) on the left of the inclusion.
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background region on the right of the inclusion (Figure
2(a)) and the other one on the left (Figure 2(b)). The
multiplying factor (MF) is also calculated as the ratio of
CNRs after and before the regularization.

Finally, for the in vivo cases, only the CNR was com-
puted, as no mechanical information about the examined
tissues is available.

Results

Before detailing the results, some comments on the
choice of the weighting coefficients should be made.
First, these coefficients were tuned manually by visual
inspection of the results in order to improve them in
terms of noise reduction and inclusion/lesion detection. It
is interesting to note that the values of l1, l2, b1, and b2

were kept unchanged in all of the cases examined in this
study. For displacement fields in millimeters, the values
of l1 and l2 are 10 and 0.03, respectively. This choice
was made for l1 to prevent any loss of quality in the axial
displacement and strain, and for l2 to allow for sufficient
modifications in the lateral components. To illustrate
their influence on the regularized fields, an example is
given with the phantom case #1. First, for both l1 and l2

(Figure 3), the displacements, and thus the strain fields,
are significantly modified when l is small (e.g., 0.01) but
nearly unchanged for larger values (e.g., 10). More specif-
ically, in Figure 3(b), axial displacement fields very simi-
lar to the one initially estimated can be observed for the
different values of l1, except for l1 = 0:01, which shows
stronger variations. In addition, these fields, when simi-
lar, needed approximately the same number of iterations
to be regularized. However, even imperceptible changes
in the displacements can strongly impact the strain fields
(e.g., l1 = 0:1), and a degradation of the axial strain is
noticeable when l1 is no longer sufficiently high. On the
contrary, the lateral displacement and strain fields are
improved for lower values of l2 by allowing, to a certain
extent, modifications within these fields (Figure 3(c)).
For instance, a value of 0.01 leads to a regularized lateral
displacement that is different (on the top of the image)
from the one initially estimated, and to a shear strain a
little bit more corrupted compared with l2 = 0:055. Yet,
when l2 increases, the lateral strain field become less
smooth, which suggests that adapted values of l2 can be
chosen between 0.01 and 0.055. Thus, with the weights
l1 = 10 and l2 = 0:03, the regularization will mostly
modify the lateral fields and the regularized displacement
fields will remain coherent with the estimated ones.

Concerning b1 and b2, different tests were conducted
with values ranging from 0 to 0:5. To illustrate the influ-
ence of these weighting coefficients, results are given in
Figure 4, still using the phantom case #1. Results are

shown for b1 equal to 0, 0:05, or 0:5 while b2 is fixed at
0, and conversely. The simulated fields obtained by mod-
eling the experiment with Comsol Multiphysics� are also
displayed to help in the analysis of the results. As it can
be expected, b1 acting on an already very smooth axial
displacement, it has a very limited impact on the regular-
ized fields (e.g., with the axial displacement, the axial
strain and the shear strain, Figure 4(a2–a4, c2–c4, d2–
d4)). On the contrary, b2 tends to modify the lateral dis-
placement fields efficiently (Figure 4(b2–b4)), and thus,
the lateral strain (Figure 4(e2–e4)). However, for
b2 = 0:5, the shear strain (Figure 4(d4#)) is less consis-
tent with the simulation (Figure 4(d1)), which suggests a
loss of information in the regularized lateral displace-
ment (Figure 4(b4)). Indeed, the contribution of the lat-
eral displacement in the shear strain is significantly
reduced, leading to a shear strain dominated by the
axial-shear component. If small values of b2 enhance the
regularized fields, a too-strong penalty seems, conversely,
to degrade them. For b1, despite its minor influence in
the example provided, it can be selected equal to b2 to
ensure smoothing on potentially degraded axial displace-
ments. Therefore, the choice was made to set both b1

and b2 to 0.05. In the following, results obtained with a
regularization ignoring the penalty terms (b1 =b2 = 0)
will also be provided for comparison.

Numerical Simulation Results

The results obtained with the simulated homogeneous
medium subjected to 10 different levels of compression
are displayed in Figure 5. For each compression level,
the mean and standard deviation are computed for the
same selected area (white box) for the axial, lateral, and
shear strains, before and after regularization. A region of
interest was selected because a decrease in the values was
observed along the vertical edges of the regularized lat-
eral strain fields; these values were therefore excluded
from the analysis. Surprisingly, even though the esti-
mated lateral strain displays only noise before regulariza-
tion (Figure 5(b), second column), resulting in a large
standard deviation, the mean value remains close to the
true one, for each compression step. Applying regulariza-
tion (with or without the penalty terms) lowers these
mean values slightly, while drastically decreasing the
standard deviations. Likewise, shear strains before regu-
larization present large standard deviations but mean
values close to the true ones. After regularization, the
standard deviations decrease and the fields appear much
less noisy, especially for b1 =b2 = 0:05 (Figure 5(c),
third column). Finally, concerning the axial strain, simi-
lar mean values can be observed between the simulated,
estimated, and regularized fields, as well as very low
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standard deviations, whether the regularization method
is applied or not. Overall, we can note that the introduc-
tion of penalty terms b1 =b2 = 0:05 has a limited influ-
ence on the mean values of the strain tensor components,
but allows a strong decrease of the standard deviations,
especially in the shear strain images.

Phantom Results

The results for case #2 and case #3 are displayed in
Figures 6 and 7, respectively. Those from case #1 are not
given here as images from this case were already shown
when analyzing the influence of the weighting coeffi-
cients. For these cases, similar comments can be made.

Figure 3. Illustration of the influence of the weighting coefficients l1 and l2 (when b1 =b2 = 0) on the displacement and strain fields,
with the phantom case #1. (a) Initial fields, from left to right: axial displacement, axial strain, lateral displacement, lateral strain and shear
strain. (b) Regularized axial displacement (top) and axial strain (bottom) for five different values of l1, with l2 fixed at 0.03, (c)
Regularized lateral displacement, lateral strain and shear strain (top to bottom) for four different values of l2, with l1 fixed at 10. In (b)
and (c), the number of iterations at the solution is also represented (�).
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Unlike the initial axial displacement (Figures 6 and 7,
(a)), the lateral displacement before regularization
(Figures 6 and 7, (e)) is noisy, and cannot provide useful
information about the phantom lateral strain (Figures 6
and 7, (q)). However, both displacements remain in
agreement with the simulated fields (Figures 6 and 7, (d)
and (h)). As a reminder, these simulations were built to
provide elements of comparison. It should, however, be
bear in mind that some differences are expected, since
perfectly modeling free-hand elastography experiments
cannot be achieved.

After regularization without penalty terms
(b1 =b2 = 0), the lateral displacement (Figures 6 and 7,
(f)) is smoother compared with the initial fields (Figures
6 and 7, (e). This smoothing is sufficient to significantly
improve the lateral strain, leading to images where the
inclusions are clearly revealed (Figures 6 and 7, (r))). For

case #3, the presence of a second inclusion of different
stiffness even becomes visible at the left border of the
image, although it is partly outside the imaging area.
This inclusion is in agreement with the phantom specifi-
cations, and corresponds to a 10mm in diameter sphere
of Young’s modulus of 13kPa. For these two cases, the
lateral strain field (Figures 6 and 7, (r)) is consistent with
its corresponding simulated field (Figures 6 and 7, (t),
and exhibits the same range of strain values, which was
not the case before. Indeed, before regularization, the
lateral strain (Figures 6 and 7, (q)) is highly affected by
noise, leading to a much wider range of values.

By contrast, the regularization has no visible impact
on the axial displacement (Figures 6 and 7, (a) and (b)),
and on the axial strain (Figures 6 and 7, (i) and (j)), as
expected. Concerning the shear strain (Figures 6 and 7,
(n)), the improvement is weaker than for the lateral

Figure 4. Illustration of the influence of the weighting coefficients b1 and b2 (when l1 = 10 and l2 = 0:03), with the phantom case #1.
On the right, the regularized displacement and strain fields, and on the left (simulation), fields resulting from the modeling of the
experiment with Comsol Multiphysics�. From (a) to (e): axial displacement, lateral displacement, axial strain, shear strain, and lateral strain.
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Figure 5. Simulation results obtained for a linear elastic, isotropic, and homogeneous medium subjected to 10 levels of compression. (a)
Axial strain, (b) lateral strain, and (c) shear strain. Top: simulated (blue), initially estimated (red), and regularized (b1 =b2 = 0(yellow) or
b1 =b2 = 0:05 (purple)) fields, for axial strains varying from 1% to 10% in steps of 1%. The mean strains and the standard deviations are
calculated within a region of interest (dashed white box). Bottom: illustration of the different strain fields at 10% axial strain.

Figure 6. Phantom results - case #2. From top to bottom: (a-d) axial displacement, (e-h) lateral displacement, (i-l) axial strain, (m-p)
shear strain, (q-t) and lateral strain. From left to right: fields before regularization, after regularization without penalty terms (b1 = b2 =
0), after regularization with b1 = b2 = 0.05, and fields resulting from the modeling of the experiment with Comsol Multiphysics�.
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strain. Compared with the simulation (Figures 6 and 7,
(p)), the field presents line artifacts along the lateral
direction that corrupt the shear strain patterns. This
effect of ‘‘horizontal lines’’ can also be noted in the lat-
eral displacement (Figures 6 and 7, (f)), but they are
much more attenuated. The regularization without pen-
alty terms significantly improved the lateral strain field,
and the inclusions are easily detectable in both regular-
ized axial and lateral strain images (Figures 6 and 7, (j)
and (r)).

After regularization, but this time with b1 =
b2 = 0:05, the axial displacement (Figures 6 and 7, (c))
and strain (Figures 6 and 7, (k)) remain visually
unchanged, as expected, and the lateral displacement
(Figures 6 and 7, (g)) becomes smoother compared with
(Figures 6 and 7, (e)–(f)). Yet, this smoothing does not
affect the lateral strain (Figures 6 and 7, (s)), which is
similar to the field regularized with b1 =b2 = 0 (Figures
6 and 7, (r)). Nevertheless, adding the penalty terms

greatly improves the shear strain images, making the
presence of the inclusions more easily detectable (Figures
6 and 7, (o)). Above all, the shear patterns show now
similarities with those from the simulations (Figures 6
and 7, (p)).

These visual observations are supported by the com-
puted CNR values (Table 1). More precisely, CNRlateral

significantly improve with the regularization, with values
in the range of [0.54–9.57] for b1 =b2 = 0:05 and [0.68–
9.40] for b1 =b2 = 0 versus [0.09–0.38] before regulari-
zation. We can note that relatively similar values of
CNR are obtained whether or not the penalty terms are
used. Moreover, in both cases, CNRlateral values after
regularization are quite close to CNRaxial ones, which
confirms the fact that the inclusions are now as easily
detectable in the lateral strain images as they are in the
axial ones. A specific comment can be made for the bot-
tom inclusion in case #2, which shows more variations in
the results than the other cases. For this inclusion, the

Figure 7. Phantom results - case #3. From top to bottom: (a-d) axial displacement, (e-h) lateral displacement, (i-l) axial strain, (m-p)
shear strain, and (q-t) lateral strain. From left to right: fields before regularization, after regularization without penalty terms (b1 = b2 =
0), after regularization with b1 = b2 = 0.05, and fields resulting from the modeling of the experiment with Comsol Multiphysics�.
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MF is extremely different, 2.16 and 34.86 (b1 =b2 = 0)
or 1.72 and 39.49 (b1 =b2 = 0:05), depending on where
the background region is selected. This difference is due
to the higher heterogeneity in the strain values for the
region selected on the right of the inclusion. Concerning
the axial strain, we showed that the regularization pro-
cess has no visible impact on the field whatever the value
of b1 or b2. Overall, a slight improvement in CNRaxial

can be observed, with an MF ranging from 1.04 to 1.10
(b1 =b2 = 0) and from 1.07 to 1.13 (b1 =b2 = 0:05).

In Vivo Results

The results obtained with breast tissues are presented
here. Once again, the regularization effect on the axial
displacement (Figures 8–10, (a)–(c) and strain (Figures
8–10, (g)–(i) remains limited, while it drastically improves
the lateral components (Figures 8–10, (d)–(f), and
Figures 8–10, (m)–(o)). In both axial and lateral regular-
ized strain fields, the abnormal areas are perfectly distin-
guishable and deform less than the surrounding tissues,
which is in agreement with the observations generally
made in elastography studies.53,54 The introduction of
the penalty terms (b1 =b2 = 0:05) allows us to obtain
shear strain fields (Figures 8–10, (l)) that are much less
noisy, while preserving the regularized axial (Figures 8–
10, (i)) and lateral (Figures 8–10, (o)) strain images. This
last observation is supported by the similar values of
CNR between fields regularized with b1 =b2 = 0 and

b1 =b2 = 0:05 (Table 2). Overall, we can observe an
increase in the CNRlateral, with values in the range of
[1.98–6.50] versus [0.08–0.34] without regularization. Just
like with phantoms, the CNRaxial values obtained for the
in vivo experiments are slightly enhanced after regulari-
zation, with an MF ranging from 1.04 to 1.34. Further
analysis is nonetheless difficult, due to the high complex-
ity of biological media and the lack of information
regarding the mechanical properties of the examined tis-
sues, which also prevent any simulations from being per-
formed. It should however be added that a coherent
evolution of the displacement and strain fields with com-
pression was observed for all in vivo cases, as it was also
for the phantoms. An illustration is provided with the
invasive ductal carcinoma—case #5 (Figure 11).

Discussion

In the present study, we investigated the feasibility of esti-
mating the 2D strain tensor of biological tissues in quasi-
static ultrasound elastography. The proposed approach
includes a regularization method, which enforces the
(quasi-) incompressibility property of soft tissues and
penalizes strong variations within the displacement fields.
Such variations are nearly absent from the axial displace-
ment, because this field is already accurately estimated by
our motion-tracking technique and smooth. Moreover,
simulation results obtained with a linear elastic, isotropic,
and homogeneous medium subjected to 10 different

Table 1. Contrast-to-Noise Ratios (CNRs) Before and After Regularization, and the Corresponding Multiplying Factors (MFs) Obtained
for the Phantom Cases.a

CNRaxial CNRlateral

Before After MF Before After MF

Case #1—right 9.38 10.07 1.07 0.36 9.40 26.47
9.38 10.33 1.10 0.36 9.57 26.95

Case #1—left 10.51 11.19 1.06 0.35 8.83 24.93
10.51 11.51 1.09 0.35 8.63 24.36

Case #2—top right 7.57 7.89 1.04 0.27 5.54 20.32
7.57 8.23 1.09 0.27 6.88 25.26

Case #2—top left 7.10 7.82 1.10 0.38 5.84 15.33
7.10 8.04 1.13 0.38 6.32 16.59

Case #2—bottom right 2.20 2.30 1.05 0.31 0.68 2.16
2.20 2.36 1.07 0.31 0.54 1.72

Case #2—bottom left 3.76 3.98 1.06 0.09 3.25 34.86
3.76 4.12 1.10 0.09 3.68 39.49

Case #3—right 5.90 6.44 1.09 0.14 5.57 38.62
5.90 6.62 1.12 0.14 6.80 47.12

Case #3—left 3.82 4.14 1.08 0.10 2.97 29.73
3.82 4.27 1.12 0.10 3.72 37.25

For case #2, CNR values are provided for each of the two inclusions. Lines in gray correspond to regularization performed with b1 =b2 = 0:05 while for

the others b1 =b2 = 0.
aFor each of the three phantom cases considered, CNRs and MFs are calculated by selecting the background region on the right (as illustrated in Figure

2(a)) or on the left (Figure 2(b)) of the inclusion.
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levels of compression have also shown that the axial
strain images before regularization have mean values that
are already very close to the actual ones with very low
standard deviations (Figure 5). This explains the choice
made for the regularization method to have a very lim-
ited impact on the axial displacement, whereas significant
modifications in the lateral displacement are allowed and
expected. This has led to the selection of specific weight-
ing coefficients (l1, l2, b1, and b2), which were kept
unchanged for all of the cases examined. Nevertheless, in
future work, if additional tests reveal the need of

parameter adjustment to the data, an automatic selection
of these parameters will be considered. Although the reg-
ularized axial fields display no visible modifications com-
pared with the initial ones, a slight increase in the
CNRaxial values was noted. Moreover, the inclusions/
lesions become as clearly visible in lateral strain images as
they are in the axial ones, which was not the case before
regularization. These results are quantitatively supported
by the significant increase in the CNRlateral values, both
for phantoms (Table 1) and in vivo tissues (Table 2).
Finally, for the phantom cases, modeling of the

Figure 8. In vivo results - case #4. From top to bottom: (a-c) axial displacement, (d-f) lateral displacement, (g-i) axial strain, (j-l) shear
strain, and (m-o) lateral strain. From left to right: fields before regularization, after regularization without penalty terms (b1 = b2 = 0), and
after regularization with b1 = b2 = 0.05.
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experiments were also performed, and similarities in terms
of strain patterns and values were observed between
experimental and simulated fields (Figures 6 and 7).

Concerning the accuracy of the regularized fields, one
limitation can, however, be raised from the uniaxial com-
pression test (Figure 5). Indeed, the lateral strain values
along the vertical edges of the images are much lower
than those expected, while the rest of the image is more
accurately estimated (see values of the mean strains and
standard deviations within the selected region of interest,
Figure 5). This loss of accuracy can be explained by the
boundary conditions chosen. Indeed, these conditions are
used to compute the spatial derivatives at the borders,
and they may be responsible for erroneous estimates if
insufficiently adapted. In such a case, the areas affected
will be more extended than only the vertical edges, since
the regularization method employed is an iterative
method. However, except for these border regions, results

were found to be close to the theoretical values. This
tends to indicate that, for experimental data to be used
with this method, it is preferable to acquire them with the
region of interest positioned in the middle of the image,
along the lateral direction. This, actually, corresponds to
the current practice in ultrasound imaging.

Guo et al.41, who used only the incompressibility prop-
erty (i.e., b1 =b2 = 0 in Figures 6–10), also reported an
improvement in the lateral strain images. Concerning the
shear strain, these images were not presented. However,
as shown in the present study, some ‘‘horizontal lines’’
can be observed in the lateral displacement when regulari-
zation is performed using the incompressibility condition
alone with the data fidelity terms, and these lines are par-
ticularly reinforced in the shear strain because this field
requires the differentiation of the lateral displacement
along the axial direction. Introducing penalty terms
allows us to obtain smoother lateral displacement fields

Figure 9. In vivo results - case #5. From top to bottom: (a-c) axial displacement, (d-f) lateral displacement, (g-i) axial strain, (j-l) shear
strain, and (m-o) lateral strain. From left to right: fields before regularization, after regularization without penalty terms (b1 = b2 = 0), and
after regularization with b1 = b2 = 0.05.
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Figure 10. In vivo results - case #6. From top to bottom: (a-c) axial displacement, (d-f) lateral displacement, (g-i) axial strain, (j-l) shear
strain, and (m-o) lateral strain. From left to right: fields before regularization, after regularization without penalty terms (b1 = b2 = 0), and
after regularization with b1 = b2 = 0.05.

Table 2. Contrast-to-Noise Ratios (CNRs) Before and After Regularization, and the Corresponding Multiplying Factors (MFs) Obtained
for the Breast Tissues.a

CNRaxial CNRlateral

Before After MF Before After MF

Case #4—right 7.38 8.00 1.08 0.15 4.76 31.82
7.38 8.28 1.12 0.15 5.39 36.05

Case #4—left 4.60 4.80 1.04 0.22 2.16 9.95
4.60 4.92 1.07 0.22 2.36 10.90

Case #5—right 3.82 4.41 1.16 0.16 1.98 12.18
3.82 5.09 1.34 0.16 2.52 15.51

Case #5—left 5.74 6.26 1.09 0.08 3.46 42.66
5.74 6.74 1.17 0.08 3.66 45.06

Case #6—right 4.38 4.59 1.05 0.27 5.65 20.61
4.38 4.99 1.14 0.27 6.50 23.68

Case #6—left 4.13 4.41 1.07 0.34 4.48 13.30
4.13 4.81 1.16 0.34 4.57 13.58

Lines in gray correspond to regularization performed with b1 =b2 = 0:05 while for the others b1 =b2 = 0.
aFor each of the three in vivo cases considered, CNRs and MFs are calculated by selecting the background region on the right (Figure 2(a)) or on the left

(Figure 2(b)) of the lesion.
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and to remove these line artifacts. As a consequence, reg-
ularized shear strain images are less noisy, and the shear
patterns become more visible. For the phantom cases, the
regularized shear strain images, and more particularly
their patterns, are in agreement with the simulations.

In addition to shear strain maps, other types of images
can be obtained with our method, such as rotation elasto-
grams, defined as:

vxy =
1

2

∂uy

∂x
� ∂ux

∂y

� �
ð5Þ

with, as a reminder, uy and ux the axial and lateral
displacement, and x and y the lateral and axial spatial
variables, respectively. Figure 12 presents the estimated
rotation elastograms for each of the cases investigated
in this study. As observed for the regularized shear
strain, the patterns of rotation are clearly detectable
around the inclusions/lesions, and, for the phantom

cases (Figure 12(d)–(f)),in agreement with the corre-
sponding simulations (Figure 12(a)–(c)). Concerning
the in vivo results, further analysis is obviously difficult
as no information about the mechanical properties of
the tissues is available. Nevertheless, what should be
retained is that any improvement in the 2D strain ten-
sor imaging method will benefit rotation elastography
as well.

Currently, two stopping criteria are used in the regu-
larization method, namely, the fact that the change in
the displacement fields is lower than a threshold
(Crite\j = 10�8, (3)) and the maximum number of itera-
tions (N = 50, 000) is reached. Generally, regularization
stops because of the first criterion. Figure 13 shows, for
phantom case #1 and in vivo case #5, the evolution of
Crite, as well as the regularized lateral displacement at
four different iterative steps. In case #1, two phases can
be observed. First, the regularized lateral displacements
display substantial modifications with a smoothing

Figure 11. Illustration of fields evolution over time with in vivo tissues - case #5. From left to right: displacement and strain images
during tissue compression. From top to bottom: (a-d) axial displacement, (e-h) lateral displacement, (i-l) axial strain, (m-p) shear strain,
and (q-t) lateral strain. In Figure 12, parts 12a-12i are labeled but those parts should also be included in the figure legends. Please edit the
legend to include those parts.
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effect, and then additional iterations produce no visible
changes. Interestingly, in case #5, even though the maxi-
mum number of iterations is reached, the same observa-
tion can be made, that is, the last two lateral
displacement fields present no visible modifications, and

Crite (Figure 13, red curve) follows an evolution similar
to that of case #1 (Figure 13, blue curve). These results
suggest that, visible changes in the different fields should
no longer occur for this case. Moreover, we can note
with the different cases examined in this study, that the

Figure 12. Rotation elastograms from phantom and in vivo cases, after regularization (b1 = b2 = 0.05). (a-c) rotation elastograms
resulting from the modeling with Comsol Multiphysics� of the phantom experiments, cases #1, #2, and #3, (d-f) and corresponding
experimental results. (g-i) in vivo breast tissue rotation elastograms from cases #4, #5, and #6.

Figure 13. Evolution of Crite during the regularization process for phantom case #1 (blue) and in vivo case #5 (red). The regularized
lateral displacement is displayed for four different iteration values.
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value of the threshold could be less restrictive without
losing the contribution of the regularization method,
which would also allow to reduce the computation time.
The proposed approach could in addition benefit from
the introduction of an adaptive step size, instead of using
a constant one for all iterations. For this first version of
the method, real time aspects were not taken into consid-
eration, but for information, a few seconds on a standard
laptop were necessary for fields to be regularized when
the 1st stopping criterion was reached.

Finally, it is important to highlight that, although our
method is a 2D approach, the regularized strain fields are
consistent with media deforming in 3D. It should also be
specified that, both the regularization and motion estima-
tion methods can be easily extended to the third dimen-
sion to visualize the full strain tensor, which will be part
of future developments.

Conclusion

In this study, 2D strain tensor imaging was investigated
involving the use of a regularization method, which com-
bines the (quasi-) incompressibility property of soft tis-
sues and penalty terms. Our results show the strong
contribution of this method when facing complex and
noisy data, especially for the lateral components of dis-
placement and strain. Furthermore, the proposed
approach enables us to obtain shear strain images and
rotation elastograms. Beyond a more complete analysis
of the medium strain, these results are particularly inter-
esting for mechanical parameter reconstruction, which
will be the subject of future research work.
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