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ANALYSIS OF COMPRESSIBLE BUBBLY FLOWS. PART II : DERIVATION OF
A MACROSCOPIC MODEL

MATTHIEU HILLAIRET!Y*, HELENE MATHIS! AND NICOLAS SEGUIN?

Abstract. This paper is the second of the series of two papers, which focuses on the derivation of an
averaged 1D model for compressible bubbly flows. For this, we start from a microscopic description of
the interactions between a large but finite number of small bubbles with a surrounding compressible
fluid. This microscopic model has been derived and analysed in the first paper. In the present one,
provided physical parameters scale according to the number of bubbles, we prove that solutions to the
microscopic model exist on a timespan independent of the number of bubbles. Considering then that
we have a large number of bubbles, we propose a construction of the macroscopic variables and derive
the averaged system satisfied by these quantities. Our method is based on a compactness approach
in a strong-solution setting. In the last section, we propose the derivation of the Williams—Boltzmann
equation corresponding to our setting.
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1. INTRODUCTION

The present work represents a straight continuation of a series of articles which proposes to justify the
construction of multiphase flow models. The structure of multiphase flow models can be derived formally by
applying standard conservation principles [9,10,12,17]. However this procedure leaves aside key-terms that have
to be related to mechanical/thermodynamical unknowns via state laws. To this end, a sharp description of the
interactions between phases is required. Classical methods are based on averaging operators whose range of
validity is still to be investigated. Furthermore, the action of these averaging operators on nonlinear quantities
requires further modelling assumptions. From the analytical standpoint, the computations we provide herein
follow previous analysis of the first author notably in collaboration with D. Bresch [3,4,7,14] complementing
previous approaches in [1,13,20]. In these references, one-velocity Baer—Nunziato-like models are derived for
multiphase fluids [2]. By this terminology, we mean that the averaged mixture is described by an additional
evolution equation which governs the dynamics of the void fraction. This additional equation includes a relax-
ation term due to mechanical exchanges between phases. These derivations are based on the remark that, if the
interfaces act as a “perfect” transducer (no mass transfer, perfect transfer of mechanical stress), combining the
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different phases equations yields a global one-fluid equation. Deriving multiphase flow models then reduces to
a thorough analysis of highly-oscillatory solutions to the one-fluid equation. A particular analytical framework
of mixed-regularity (smooth velocity with discontinuous densities [8, 16, 22]) is identified in [5] to make this
approach fully rigorous. However, this approach is restricted to an ideal case (see [6] for further investigations
in this context). The aim of this paper is to tackle the derivation of averaged models in presence of jumps at
interfaces. Starting from an original microscopic model (that is derived in the first paper [15]) in which the
two phases are fully separated, we derive a 1D averaged compressible bubbly-flow model by performing space
averaging operators.

The averaged model reads as follows. It is set on the container Q = (—1,1) filled with a gas/fluid mixture.
The averaged variables are the void fractions ay, € [0, 1], the mean densities py, € [0,00), a bubble phase
covolume' f, € [0,00) and the mixture velocity 4 € R. It reads:

Oc(agfy) + 0x(agfyu) =0,
Or(agpy) + Oz(aypru) =0,
O(agpy) + Ox(argpgu) = 0, on (0,T) x Q, (1)

with the compatibility conditions:
artag =1, p=apps+aypy (2)

and where the mixture stress tensor writes

S Mol [ . (af L ay Gy,
Y=—"——— |0, u— | —prlpr) + —p (p )_'st:|, 3)
Qffig + gl 1 r(pr) g q(Pg) g g (
while the void fraction relaxation term reads:
_— Q0 _
RT = —— L [(uy — )0t + (5 (pr) = Dy () — Fsfo)- 4
Bt + gty [(11g — 1s) (P (Pf) — Pg(Py)) 7] (4)

In these latter identities appear the constants gy, 1y > 0 (resp. the functions ps,p,) representing the fluid and
bubble viscosities (resp. the fluid and gas pressure laws). The constant 7, > 0 represents the surface tension.

The system (1) and (2) complemented with the state laws (3) and (4) is obtained starting from the following
microscopic model, where the two phases are disjoint and their interactions only appear through the interfaces.
Again, the two-phase flow is posed in the one-dimensional domain Q = (—1,1), filled by a liquid (the fluid,
or the continuous phase, indexed by f) and bubbles (the gas, or the dispersed phase, indexed by g). The N
bubbles are described by their centers ¢ and their radii Ry, so that the kth bubble is

By = (v;.2f), af=crtRy, Yk=1,....N.
The fluid domain is N
F=0a\ B
k=1
For later use, we also introduce the fluid intervals
Fr. = (x;:,x,;l) fork=0,...,N (5)

!The denomination covolume may be misleading here. In classical thermodynamics, the term covolume refers to the specific
volume. Here the quantity fg is linked to the volume of the gaseous phase. In 3D configurations, it would be related to the interfacial
area.
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setting z§ = —1 and Ty =L
The fluid is supposed to be compressible and viscous, so that it is governed by the 1D compressible Navier—
Stokes system, posed in F:

—~
(=)
=

Owps + Ox(pyug) =0,
O (prug) + Ox(psui) = 835,
S = pgdyus —prpy), (

—~
[N |
= —

where py is the density, uy the velocity and Xy the stress tensor of the fluid. Moreover, p1y > 0 is the shear
viscosity and py is an isentropic pressure law for the fluid:

pr(ps) = Kspy

where k¢ > 0 and y¢ > 1 stands for the adiabatic exponent. We assume that the fluid is present at the boundary
of the domain 2, where no-slip boundary conditions are imposed:

up(t,£1) = 0. (9)

Equations for bubble kinematics and dynamics are proposed in [15]. Therein, the derivation is based on the
assumption that the bubbles are made of a compressible viscous fluid with an infinite shear viscosity (compared
to the volumic viscosity) and that their spherical shapes are preserved (in three dimensions). We point out that
these assumptions restricts also the possible micro-motions inside the bubbles. We are aware that this restriction
borrows from droplet dynamics but we shall keep the naming bubbles throughout the paper. We have then first
that the continuity of the velocity at the interfaces reads:

up(t, w3 (t)) = énlt) £ Re(t) fork=1,...,N. (10)

In addition, imposing that the jump of the stress tensor at the interfaces is due to the surface tension, one
obtains the following system for the dynamics of a bubble:

mkék(t) = Ef(t,a::) — Ef(t,l’,;), (11)
%Rk(t) =N (t ) + S5 (t 2)f) — 25 (8), (12)
Zkzﬂg%:_pg(pk)_7s7 (13)

where 14 > 0 is the volumic viscosity of the gas, and my and pj are the mass and the density of the bubble,
linked by my = 2Rkpr. As a consequence of mass conservation in bubbles, the masses m; do not depend on
time. The term Fy denotes the force due to the surface tension and writes Fs = ~s/Ryg, vs being the surface
tension. In order to simplify the analysis, we assume an isothermal equation of state in the bubbles, so that

Fy a ka—l—fys 2 Kk
Tk = Dglpr) + - = —( 2) /2 _

— [tk 14
5 i R (14)

where a4 > 0 is the sound speed of the gas. The last form of 7, will be used mainly for the analysis of the
model, while the first form will be useful to interpret the various terms appearing in equations, notably those
due to surface tension. In particular, computing surface tension effects in the microscopic system involves the
quantity 1/(2Ry) that corresponds to the covolume of bubble By in our 1D setting. We point out that the
system (6)—(13) is not integrable and, specifically, does not yield any particular value for the fluid velocity-field
uy. We are then not in the Rayleigh—Plesset regime where the bubble equations (11) and (12) reduce to ordinary
differential equations in terms of (¢, Ry) and an asymptotic pressure [23]. We refer the reader to the companion
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paper [15] for more details on the derivation of (6)—(13) and the analysis of the associated Cauchy problem.
Yet, we shall explain in further details the construction of solutions in the next section.

The main result of this paper is to show that, starting from solutions to (6)—(13) we obtain (1)—(4) by letting
the number N of bubbles go to infinity in case:

me~N"" Ry~N' |Fe|~N"' yg~ N7 (15)

with the other parameters being fixed. This approach contains at least two severe difficulties. The first one is
to prove that the scaling (15) remains valid on a timespan independent of N. The second one is that the target
system (1)—(4) is highly nonlinear. Specifically, products between volume fractions and other (fluid or gas)
unknowns are ubiquitous. To obtain such nonlinear terms, it appears that strong convergences of densities or
gas covolume in sufficiently smooth spaces are necessary. Hence, with this approach, we face two key-difficulties:

— to prove that the scaling regime (15) holds on a timespan independent of the number N of bubbles,
— to define the macroscopic unknowns and especially, the fluid and gas densities ps, p, and the gas covolume
fo-

The first item in this list is the content of the next section. Therein, we consider initial data that are con-
structed as follows. Firstly, we fix fluid initial data (p(},u?() € H(Q) x H}(Q) that are thus defined globally
on 2. We assume further that they are far from vacuum. Secondly, we fix initial distributions of centers/radii
(), R%)kZL””N such that (15) holds. We complement then the microscopic system (6)—(13) with initial condi-

tions so that the initial bubble velocities match the velocities prescribed by the fluid on the boundaries. This
reads:

cx(0) = Ry(0) = RY, for k=1,...,N, (16)
U(O, ) = u(])‘ p(oa ) = p(}7 on fo) (17)
and
w0 (® 4+ RO + 40 (0 — RO
é%:ﬂk QZfU kx fork=1,...,N, (18)
. ud(c? + R%) —ul (% — RY
R%:Ak QQfU kx fork=1,...,N. (19)

The main result of Section 2 is then that there exists a classical solution to (6)—(13) on a timespan that depends
only on fluid initial data and the parameters quantifying initially assumption (15). To obtain this result, we
combine classical energy and regularity estimates for Navier Stokes equations. We remind that, in this strategy,
one classically uses extra regularity thanks to the form of the stress tensor ¥ ;. However, such regularity estimates
should depend on the geometry (and then on N). In particular, we cannot rely on the methods introduced to
study the piston problem as in [19,21] since they do not consider this scaling issue. To overcome this difficulty,
we propose to consider suitable extensions of ¥ (resp. ¥,) on the complementary gas (resp. fluid) domain. In
this way, the extension is defined on a fixed domain and the regularity gain is independent of the geometry.
We point out here that contrary to the classical approach in the topic of homogenization of multidimensional
compressible Navier Stokes equations in perforated domains [11, 18], our construction takes advantage of the
information on the moments of the fluid stress tensor on 9By that are provided by the bubble equations.

The second key-difficulty of our approach is tackled in Section 3. Once solutions to (6)—(13) are constructed
on a time-interval that does not depend on N, we consider the behavior of these solutions for large N. In
particular, we look for definitions of the unknowns that are involved in the macroscopic system (1)—(4). Void
fractions as well as global velocity-fields are obtained classically by considering indicator functions or suitably
extended vector-fields (see Props. 13 and 15). However, the issue is more involved when going to density and
covolume unknowns. Indeed, at the discrete level, fluid density and bubble density, for instance, are defined
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a priori on dispersed subdomains only. This cannot yield convergence with sufficient regularity. To get better
convergence results, we decide to construct suitable extensions. For this we proceed in two steps. Firstly, we
ensure that the initial conditions for (6)—(13) enable to define smooth extended densities and covolume (see
Prop. 12). Then, we propagate this regularity with a well-chosen extended flow (see Props. 14 and 17). With
this construction at-hand, the derivation of (1)—(4) is plain sailing.

In our construction, we start from initial data for the macroscopic system and define a sequence of initial
conditions for the microscopic system that are compatible with the scaling (15) and enable to construct extended
densities. It turns out that this requires further assumption on initial data that we explain now. We recall that
initial data for the macroscopic system consists in:

— initial fluid and gas densities : ﬁ(}, ﬁg,

— initial fluid and gas void fractions d(}, dg

— an initial velocity of the two-phase mixture @,
— an initial gas covolume f;) .

It is worth noting that all these functions are defined for z in €2, since both phases are no longer separated at
the macroscopic scale. We shall remain at the regularity level of classical solution and require that all these
initial conditions are H'(£2). For our construction, we require that initial densities and void fraction satisfy:

pumin < min (o9, p2) (20)
Omin < min(a$,ad) ay+ay=1 (21)

for some positive constants pmin, Qmin. The first condition means that we are away from vacuum. The second
one expresses that there is a mixture of both phases everywhere in €. Note that the second conditions imply
simultaneously

maX(H&SHLOO(Q)’ H@?‘HLoo(Q)) <1 - amin. (22)

Concerning, f7, we will require that:
70 ~0 70 ;. o L
Jmin < fy, @, f, is a probability density, (23)

where funin is a positive constant. To explain these latter conditions, we point out that in the 1D case the
covolume of bubbles is proportional to the inverse radius. So fmin is @ bound from above on the initial radius
of bubbles and, since we expect 072 fg to be the limit of the indicator function of bubble domains multiplied by
the inverse radius of bubbles, a straightforward computations yields that it is a positive function whose total
mass is 1, hence a probability density.

The multiphase system we consider in this paper enters the family of spray models as studied by Williams
in [24, Sect. 11]. With this standpoint, a classical tool to analyze the behavior of the dispersed phase is the so-
called “Williams-Boltzmann” equation which describes the time-evolution of the particle-distribution function
of the dispersed phase. In the last section of this paper, we derive what would be the equivalent equation in our
setting. It is worth to mention that this is not a supplementary equation but simply a rephrasing of the bubble-
gas equation that we derived previously. In particular, herein the bubble-gas velocities are correlated to their
position and drag forces are at equilibrium. We do neither have collision or creation of bubbles. Hence, the only
term to be taken into account is the “evaporation” term which should be understood as compression/expansion
term in our compressible setting.

In brief, the outline of the paper is as follows. In the next section, we prove that solutions to the microscopic
system (6)—(13) satisfying (15) do exist on a timespan independent of N if initial data are well prepared, see
Theorem 1. In Sections 3 and 4, we tackle the asymptotics of these solutions when N — oco. In the last section,
we discuss an alternative approach based on using particle-distribution functions for the bubbles. In appendices,
we provide some technical computations involved in the construction of solutions to the microscopic model.
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2. LocAL CAUCHY THEORY FOR THE MICROSCOPIC SYSTEM

In this section, we forget temporarily our homogenization goal. We focus on the microscopic model (6)—(13)
in the scaling (15) and we address the existence of solutions with lifespan independent of the number N of

bubbles provided initial data are constructed as in (16)—(19). In particular, we fix (p?c, ug’c) € HY(Q) x HL(Q)
throughout the section. We assume these global fluid data satisfy:

20 <P} <Px/2 onQ (24)

for some pair (p_,Ps) € (0, 0)2.
To make precise our main result, we start by giving a quantified version of assumption (15) that we assume
to hold initially. Firstly, we fix that bubbles characteristics enjoy the property:

(IC()) Mo < Nmy, Nk < (]\4'00)_17 k=1,...,N,
(ICh) 2dos < NR) < (2ds)™, k=1,...,N,
(ICy) 2dos < N|FO| < (2dss)~", k=0,...,N.

Here M, do are strictly positive constants independent of N. We recall the convention (5) for the definition
of F, ,8 (adapted to notations for initial data). Their union constitutes the initial fluid domain F°. The physical
parameters (ff, /1) and pressure laws are fixed independent of N. With these conventions, the main result of
this section reads:

Theorem 1. Let initial condition to (6)—(13) be constructed as in (16)—(19). Assume further that parameters
(Mg, kk)k=1,....~n and initial bubble distributions (c2, Rg)ke{l,‘..,N} satisfy (ICy)—(IC3). Then, there exists Too >
0 independent of the number of bubbles and depending only on

Moo, doo, P Poos ||u5)‘||H1(Q)7 Hp(‘}HHl(Q)’ (25)

such that there exists a solution to (6)—(13) on (0,T)-

What remains of this section is devoted to the proof of this theorem. From now on, we pick a family of
physical parameters and bubble centers/radii satisfying the assumptions of Theorem 1 and we construct initial
data for (6)—(13).

In the companion paper [15], we prove local-in-time existence and uniqueness of classical solutions to the
Cauchy problem associated with (6)—(13). In this moving-domain setting, classical solution means broadly that:

— the motion of the bubbles is H2(0,T) (i.e. (cx, Rx) € H*(0,T)),
— wuis H} L2 and L?H? in the fluid domain,
~ pis H}, in the fluid domain.

Existence and uniqueness of solutions on a lifespan (0,7p) is obtained for initial data such that

— there is no overlap of the bubbles,
— initial fluid data are H' in the fluid domain with strictly positive density,
— initial fluid and bubble velocities match at interfaces (so that (18)—(19) hold true).

It is also worth noting that the time T} is uniform in data satisfying uniform bounds from below for the distance
between bubbles, the minimal radius of bubbles, the minimum density and also the size of initial fluid velocity
and density in H!-spaces. We refer to [15] for more precise and quantitative statements.

So, under the assumptions of Theorem 1, the local-in-time existence result of [15] yields a solution on a
time-interval (0,7}) that depends on the list of parameters (25) but also on N. To rule out this dependency, we
construct T, such that as long as t < T, the solution

(Pf(t,-), ug(t,-), (Ck(t),Rk(t)a e (1), Rk(t))keg,..‘,N})
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yields an initial condition that is compatible with the Cauchy theory of [15] with an associated existence time
independent of t. We emphasize that any classical solution does not allow overlap of the bubbles and ensures
identity (18)—(19) is satisfied at any time. Controlling the existence time associated with the value of the solution
at time ¢ — considered as an initial data — reduces to obtaining uniform H' bound for the velocity field and for
the density, uniform bound from above and from below on the fluid density, the radius of the bubbles and the
length of fluid segments.

Our approach relies on a suitable combination of energy and regularity estimates for the coupled system
(6)—(13). So, we recall in the next sections the classical estimates that are associated with (6)—(13). We will
pay special attention to obtain estimates independent on N. This will be particularly challenging for regularity
estimates. In particular, we shall study the regularity of fluid velocity-fields that can be gained through the
integrability of the stress tensor by working on extensions of fluid unknowns on bubble domains and conversely.
A tricky part of the proof is that we can obtain these sharp bounds under the condition that we have already
a priori bounds. So, we implement a continuation argument. This continuation argument is explained in the
last part of the section. However, the extensive proof is rather long and technical. Hence, the last subsection
reduces to a roadmap of the proof that is detailed further in Appendix A.

2.1. Classical estimates

We introduce the conjugate function of the fluid pressure q; : [0,00) — [0, c0) defined by

qy(s)s —as(s) = ps(s)- (26)

In other words, the function gy represents the volumic internal energy of the fluid. Considering an isentropic
pressure law, it yields
aps’s
ar(s) = L
d vy =1
We can now state the total energy equation. In the bracket of the statement below, the first term is the total
energy of the fluid, while the second and the third terms respectively are the kinetic energy and the internal
energy of the bubbles.

Proposition 2. For any reference radius Ryef > 0, it holds
2 N ) ’R ‘2
% /f<pf|u£| +qf(ﬂf)> dz + ;mk % + Tk
e (27)
+/ sl dx—|—2,ug§: ’R’“‘
d k=1 | B

N
_QZfﬁkln<Ifkf)

Proof. First let multiply the Navier-Stokes equation (7) by the velocity u; and integrate over the fluid domain
F. Using the mass conservation equation (6), it yields

/ pr(Ous +updpup)uy doe = / ur0; 2 da. (28)
F F

Since the mass conservation (6) gives

d (o ugl?
En Pf
dt ot 2

Tpiy
dz = / pr(Ouy +updyus)uy de,
L P . .
Tk
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one obtains, using an integration by part of the right-hand side,

d wrl?
a ]:pf| £| d.’,UZTl —TQ—T3,
with
N
T = sz(xlzﬂ)uf (25p1) = (@ )uy (2),
k=0

T2 :/ [},f|aIUf|2 dl’,
f
15 = */ ps(py)dzuy d,
‘F

where the terms T5 and T3 come from the definition (8) of the stress Xy.
Using the boundary conditions (9) and, after, the continuity of the velocities at the droplet interfaces (10),
the term T3 can be rewritten as

M=

Ti=-3 (S () up (2) = Sp (2 )ug (21,))
= —;ék(zf(xﬁ) = S5 (xy)) + Ri(Zp(a) + 25 ()

Finally the droplets motion equations (11) and (12) and the definition of the droplet pressure law (14) yield
(whatever the value of Rer > 0):

2 .
N N |R

’ Ry, ’ k
-2 In[ — -2 .
kz:lﬁk n<Rref) Mgz Ry

k=1

:

N .2 R
d k] mk‘ k
T, =-2 LIS i
LT ];m’f 5 T3 3

We now turn to the term T5. By the definition (26) of the function qy, and by the mass conservation equation
(6), it holds

Oar(py) + Ou(ar(pp)uy) = —ps(ps)Ouuy.

Because the fluid domain evolves with the velocity uy, T3 can be recovered

d
G [aten as == [ (o900 dz =1
F F
One deduces the final estimate (27) combining the terms 77, T5 and T5. O

In the regime of initial data specified in this section, we obtain the following corollary:

Corollary 3. If initial data are constructed as in (16)—(19) and satisfy (ICo)—(IC1)—(1Cs), there exists a
constant Eqy depending only on the list of parameters (25) such that any classical solution to (6)—(13) on some
time-interval [0, T) satisfies:

N N
Juy|? 1 Z 2, s )P Z
L(ﬂf 9 + q(pf) dz + 5 2 my |Ck‘ + g‘Rk‘ -2 Kk hl(dooNRk) < E07 (29)

k=1
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on (0,T) with, denoting by lny the positive part of the In:

T N 5 12 N
2 | Ry |
welOpue|” do + p E dt < E| —|—2max§ ki Iny (des NRy,). 30
/0 l</f 710 gk:l Ry, )1 ’ 01 i g (30

Proof. To obtain these inequalities, we integrate (27) with Ryt = 1/de N and remark that all the terms on the
left-hand side are positive but:

N
>k In(doo NRy).

k=1
We obtain then the inequalities (29) and (30) with:

‘w}f 8| ‘R()’ N
soim [ | 2E o | are 0| B B ) o3 g
k=1

The first term in Ey is clearly controlled by Hu(}HL2 and pso. As for the second term, the velocity continuity
(18) and (19) gives

-0 50 0 _

2]+ |52 < 2l iy VE=1 N,
Then, with (IC)), we obtain:

N
a2 a2 4 2
;mk(ycm + |7 ) < a0

and, with a classical Sobolev embedding, this part is again controlled by M., and Hu?” ‘@' Now using the
HY(Q

bound (IC4) on the initial radii, it holds
1
2d*, < R)Nd, < 3

so that N
In 2d§o
~ 2 (VR < el

This concludes the proof. (]

We proceed with a second classical regularity estimate:

Proposition 4. The following identity holds

. 2
d Oy a ‘R’“’ Ry
4 19aurl oy | do+3 B P
pr /}_(Mf ) pr(ps)Ozuys 17+k:1 o g 5

N
11 12
+ ooy + ugdusPas s 3w + 5 )
F k=1 3

_ / a 2 (awuf)g d
=/, P (pr)prlOzuyl pp—y | dz

o, i
+; 2K R2 — Hyg R2

(31)
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Proof. Multiplying the momentum equation (7) by dyus +us0,uy and integrating over the fluid domain F yield

/ prlOus +updpus|* de = / (Oruy + updpus)0p Xy do
F F
= T4 - T57

(32)
with

N
Ty= Sp(wp) Qg +updpug) (ws,) — 2y (2) Qg + updpug) (o),
k=0

T = / Zfax(atujr + Ufag;Uf) dx.
F

The boundary term T can be simplified by using the interface conditions (10),

d /. . d
&< = Rk) = &(uf(x,f)) = (Opuy Jrufazuf)(:cf).
Then one obtains

N
Ty = Z My (IL‘];JFI) (élc+1 — Rk-i—l) — Xy (w;:) (C}C + Rk>.
k=0
The boundary conditions (9) allow to reorganize the sum, and using the bubble equations of motion (11) and
(12) and the bubble pressure law (14), we have successively

To= =35 (e ) 3o (6 )

N
== a(Sp () = B¢ (ay)) + RBi(Sr () + S5 (2)
k=1
N .
.2 1‘ 5 |2 2 Ry ki
=- |z ‘ 28t g 2 k.
ka<6k + 3 k + k /.Lg Rk: Rk
k=1
N R 2
.2 1 . 2 d ‘ k’ Rk
=— -|R — — 2K —
kZ::l mk(% +3| k| >+dt Hg i ﬂkRk
.2 . \3
S (o, e, ()
+ 2K3k —
o\ R T R
We now turn to the volumic term T5. Developing the term Ty gives
Ty = Tg +/ p1y(Opuy)’ da — Ty —/ py(ps)|0suy|? da, (33)
F F

with
T6=/ ppOzup (0 (Opuy) + up0y(Ozuy)) da,
F

T = /f D1 (o) (Bu(Dsug) + upda (D)) da.
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These two terms can be handled by classical manipulations, providing

d |Oaus|” (Daup)®
—_ :T
i Lo o] s [

2
d / 2
S prtonus as] = [ orton) = iionps)i0aus? g
F F

As a result,

d |0y |

s = — = — 0 d
5= [/}_ﬂf 5 py(ps)Ozuy da
dpus)®
+Mf/ % das—l—/ p’f(pf)pf\&cuﬂ2 dx.
F F

Finally plugging the expressions of Ty and T into (32) gives the expected result. (]

In the regime of initial data specified in this section, we obtain the following corollary:

Corollary 5. If initial data are constructed as in (16)—(19) and satisfy (ICo)—(IC1)—(ICs), there exists a
constant Ey depending only on the list of parameters (25) such that any classical solution to (6)—(13) on some
time-interval [0, T) satisfies:

|0uus|” S

z W f

sup /u S dr oy )

o1\ JF = I Ry,

k=1
N ‘ ’ (34)
k 0
< sup QZ/{k I /pf(pf)|amuf|d:c +/ / |0z uy| dx
[O)T] k=1
2 K]
(ol 1o

Proof. Integrating identity (31) given in Proposition 4 between 0 and ¢ < T, rejecting all non-signed term on
the right-hand side that we bound then by putting absolute values, it yields:

[0zusl® \Rk\
dz + E
(/J-‘M He k

t
+/ (/ prlous +usply uf| dx+2mk(|0k| +‘Rk‘ ))
/ /fffoPffla us|* da

\R! L 0l
< Qan + }_pf(pf)|8muf|dx + ; ]:HfT dx
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2
+/0 ]; Kk R + g5 R2 +/}_O,sz

w1
dx+z Hg—=5— R0 +2kg R

To obtain the expected result, it remains to drop the last term in the left-hand side which is positive and to
bound the last term on the right-hand side by a constant E; with the expected dependencies. For this, we note

that the first integral in this last term clearly depends on Hu? HHl(Q)' Concerning the first term in the sum, the
0
continuity of the velocity field (19) rewrites for any k :

. 1
R% = 5 o qu%(s) dS,
k

1/2
)R%‘ < ;\/R72</Bg|8xu9c(s)’2 ds) .

‘ : 2

so that

As a consequence it holds

2 2
<5 [ o8O s < bl

Finally, the last term in the sum is bounded by using that xj scales like 1/N. Indeed, applying (ICy) with (IC4)
we have:
Rk < ]\400 1
VRY T V2do VN
and then, with the above bound on ‘Rg‘/\/Rg, we obtain:

Y
P« o 0
oty < (o)

This ends the proof. O

Vk=1,...,N,

1
2

2.2. Extended stress-tensor estimates

In order to obtain regularity estimates on the fluid velocity field, a classical way is to use the stress tensor.
However Xy is only defined on the fluid domain F, so that estimates on this stress tensor depend on the
geometric properties of F, in particular the number of bubbles. In order to remove this dependency, we define
new stress tensors for the fluid and for the gas phase, extended to the full domain :

: f o (35)
f 2y (= );Zf(xk) . Ef(xkngEf(xk>(x —c¢g), iInBg, k=1,...,N,
and

2k in By, k=1,...,N,

- )EN in Fu,

Zg - Eo, in _7:07 (36)
Sp T (p— o)), in Fy, k=1,...,N -1

k+1 k

Observe that these two stress tensors are continuous at each interface xf We analyze here the properties of
these extensions, when X obeys further the continuity properties adapted from (11) to (13). In the stationary
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analysis of this subsection, these latter identities may stand for definitions of ¢, and Rj. These quantities will
be related to the dynamical problem afterwards.

Proposition 6. Assume that ; € H'(F) satisfies (11) and (12) with Xy, defined by (13). Then % € H'(Q)
and there exists a constant Cy > 0 such that

EH <C
%6l 110 = €0

C
1= 1% f)+z my) (‘R ’ e )

L2 3 (37)
o (el
+Y |+ 2k
k=1 Ry, Ry,
Proof. By continuity of % s at the interfaces,

5| 52 SR
[0 = 1050+ 32

We just have to study the H! norm of if on a bubble By. The L? norm of ¥; can be bounded as follows:

2

2
B () 2 () Sy (ay) — By (ay) 2
H f‘ L2(By) /Bk 2 * 2Ry, v = esl” do
_ 2 _ 2
_Br) +55(@0) |yp |Brle) = Bp(el) | 2R
2 k 2R}, 3

2 Rk Rk

= 25 (er) + 2 @) [ + [Sr(er) - S (@) [

2By /Bk

[z () =%y ()

On the other hand,

2
g () — 2y (o)
2Ry

dz

acf’

o Sen) @)

2Rk 2Rk - 2Rk
We now gather the two estimates, and obtain
15 (w0) = 3¢ (=) _ 2Ry
H fHHl(Bk) 2R» + 3¢ () + 2 (2) >

_ R
+’Ef(xk)_zf(xk) ’ Gk

Using the equations of motion of the bubbles (11) and the definition (13) of the stress tensor Xy, one gets

. 2
1 Rk mpg - Rk K Rk
I E R 2 - _F -
H fHHl(Bo il <2Rk % > +< 3T (Hng Rk)) 2

gk
R

. 1 R,
Sm%|0k|2<2Rk+ 6k>+ ‘Rk’ Rk+8ﬂg
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Finally, this gives the estimate

N|=

E k
HEfHHl(Q) <8 ”EfHHl(f) + mp) (’Rk‘ Ry + ¢ ( )) + E py—— G Rk ’

) k

which leads to the desired result since Ry < 1. O

From the above inequality we deduce the following L°°-bound in case Xy is a viscous stress tensor:

Proposition 7. Assume that Xy € H'(F) satisfies (11) and (12) with ¥y, defined by (13). Assume further that
Yy is related to (pg,uy) € HY(F) x H*(F) via (8). Then, there exists Cy > 0 such that

10ruslmry < 2 ([[21] gy + 010 i ) (59)

Proof. In the fluid domain, the stress tensor writes Xy = pr0,uy — py, which gives
1
Opuy = — (55 —prlps))-
Fy

Hence one has
1
el iy < o (I iy + Ir(00) )

The definition of global tensor & ¢ gives then

1241l oo () < HszLoom)'

The H'(Q) C L*(Q) embedding allows to conclude the proof. O

One can note here the gain of working with an extended stress tensor. Indeed, the constant C'; we obtain in
the previous proposition is independent of the position of the particles and their radius. This would not be a
priori the case if we wanted to control d,u by Xy only. Nevertheless, in (37) we introduced on the right-hand side
negative powers of Ry that we shall control independently. To this end, we performed a symmetric construction
with the bubble stress-tensor ¥, and we provide now a corresponding proposition:

Proposition 8. There holds flg € HY(Q) and there exists a constant Cy > 0 such that

1/2

N
- 1 . |2 .2
5 H <c Hz H Y ) ‘R ’ . 39
H S 1F2 2% 2 ! HY(Q) ke{%nnN}lfklkzl(mk) K|+ 1kl (39)

yeeey

Proof. By straightforward calculations, the definition of f]g yields

N
~ 112
[0l gy = Do 2ReIZI + 1907 = | 8 Pl — o
k=1
N-1 2
|Zgt1 — i 2|
+ e 205z — 2|
k=1 |xk+1_xk>|

2 21 _
+§|Ek+1 — Skl ey — xﬂ)
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<c<sz|zk| +Z|fk|\zk\ +Z'E"“ 21 )

‘ k+1_33k|
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where C' is a positive constant, since the length of the bubbles and of the fluid parts are bounded. Summing

equations (11) and (12) leads to
my Rk
Zh =g () - 5 ( &+ 3>
We deduce the following estimates, with some constant C’ > 0,

|Xk] < HEJCH +mk0/(|ék|+‘j‘i’k

).

T ’x;rl)

() 25 )

L= (By)

Li1/2
Sk1 — il < |2, — )|

One can now go back to the estimate on 3,. Noting the relation:

N N
D IFRl+ Y 2R =12,
k=0 k=1

the embedding H'(2) C L>°(Q) implies the expected result.

As for the fluid stress tensor, we deduce from the previous computation a control on the (Xj)g=

applying again the embedding H'(Q) C L>(Q):
Corollary 9. Under the same assumptions as in Proposition 8, there holds:

Rk R
e
k:l ,Ll,g Rk Rk 2 f

,,,,,

1/2

+ﬁz mg,) (‘Rk‘ +|Ck|>

ke{0,...,N

(40)

O

1,...,N by

This latter corollary shall enable to control the radius of the bubble from below, preventing from collapse.

2.3. Proof of Theorem 1

We combine now the computations of the previous section to construct a solution on a time-interval inde-

pendent of the number N of bubbles. For this, we show that the following bounds can be continued:

(Ql) dooSNRkS(doo)ila kila"'aNa
(Q2) doo < N|Fi| < (doo)™, k=1,...,N,
(@3) p < pr < P on F(2)

and, introducing a sufficiently large K > 0 :
FHf—2 AT T g k 1

(@) fy [HEfH [,

Na @)

e[ } <K,
| <

N .12 2
([ + 1) ] as <

H1(Q)
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We keep the convention here that tildas represent extended stress tensors as constructed in the previous subsec-
tion. We prove that, if K is chosen sufficiently large wrt the list of parameters (25), then we have such estimates
on a time interval (0,7") that depends only on the same list of parameters (25) (possibly via K).

Technically, we apply a continuation argument based on the a priori assumption that the solution exists.
The precise statement is the following proposition in which we denote (2;);=1,... 5 the estimates corresponding
to the above (Q;)i=1,... 5 where large inequalities are replaced with strict inequalities. Tacitly, all constants that
are introduced in the following proposition may depend on the list of parameters (25).

Proposition 10. There exists Ko > 0 such that, for any K > K there exists Too[K]| > 0 for which the
following statement holds: if T < Too[K] and ((ps,uys), (¢, Ri)k=1,....N) is a classical solution to (6)—(13) on
(0,T) satisfying (Q1)—(Qs) then it satisfies also (21)-(Z5).

The proof of Proposition 10 is the content of Appendix A. We explain here how it implies Theorem 1. For
this, given K > 0 we introduce:

T :={T € (0,00) s.t. the unique classical solution exists on (0,7") and satisfies (Q1) — (Q5)}.

Firstly, thanks to the local-in-time existence result, there exists Ty depending on N such that we have a
classical solution on (0,7p). Indeed, for such a solution the radius Ry and ¢ are continuous in time. Since we
assume initially (/C1)—(IC3) (resp. (24)) we have that, up to restrict Tp, this solution satisfies (Q1)—(Q2) (resp.
(Q3)) on [0, Tp]. Similarly, we remark that the quantities on the left-hand side of (Q4)—(@5) are continuous time-
dependent functions of the classical solution. Since the left-hand side of (Q)4) is controlled initially by Hu? HHI(Q)
and parameters involved in (25) (see the proof of Coro. 5), there exists K sufficiently large depending onl; on
the list of parameters (25) such that we can enforce (Q4)—(Qs) on [0, Tp] also whatever the value of K > Kj.
Let fix now K = max(Ky, K ) with K given by Proposition 10 and denote T,, = T [K]. By the previous
arguments, we have that [0, 7p] C Z. We show now that [0, 7] C Z which shall end the proof. By restriction, ZN
[0, T is a closed subinterval of [0, T ] containing [0, Tp]. Let us prove that ZN[0, Two] is open (in [0, T]). Indeed,
assume [0, 7] is a strict subinterval of [0,T,] in Z, then we can apply Proposition 10 and the solution satisfies
(21)-(Z5) on [0,T]. It remains to show that we can continue the solution beyond [0, T]. The inequalities (2)-
(25) being strict, the large inequalities (Q1)—(Qs5) shall be satisfied on a slightly longer interval by continuity.
To extend the solution, we note that (Q1)—(Q2) (resp. (Q3)) entail “a minimum distance between” and “a
minimum radius of” bubbles (resp. strictly positive distance to vacuum) on [0, 7. Inequality (Q4) also ensures
a (uniform) bound from above for ||us|| Hi(F) O [0, T']. By Proposition 29 of Appendix B we have also a uniform

bound for ||pf]| H(F) (up to take Too smaller). We can then apply the local-in-time existence result with initial

data ((pf (T",),us(17,-)), (ck(T"), Ry (T’))kzl,_“’N) for T arbitrary close to T. This yields a solution on some

time-interval AT (independent of 7", given the uniform bound above). By concatenation, we obtain a solution
on (0,7” + AT) where T" + AT > T for a well-chosen T".

To conclude this section, we mention that the proof above entails that we have the following corollary to
Theorem 1:

Corollary 11. The unique classical solution to (6)—(13) on [0, Two] satisfies the bounds (Q1)—(Q2) (resp. (Q3))
with do corresponding to (1C1)~(IC2) (res. p_, poc corresponding to (24)) and (Q4)~(Q5) with Ko depending
on the list of parameters (25).

3. CONSTRUCTION OF MACROSCOPIC UNKNOWNS

In this section, we detail the construction of the unknowns for the macroscopic model starting from a sequence
of solutions to the microscopic model with increasing number of gas bubbles. The full justification of the system

(1)—(4) is postponed to the next section. From now on, we fix initial data (ﬁ?c, ﬁg, av, 64?, 072, fg) for the
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macroscopic model. All these quantities are H'(Q) functions. We assume further that they fulfill conditions
(20), (21) and (23).

The framework identified in the previous section must be adapted for homogenization purpose. For instance,
given a N-bubble solution the gas unknowns at-hand are a priori the discrete set of center/radius/mass
(¢, Ry mk) =y - From them, we can reconstruct a (functional) density and a covolume by defining:

N N

1 m
(N) . 1 (N . N~ kg 492
To k; OINRy P+ Pa ,; 2R, B* (42)

However, these reconstructed functions experience O(1) jumps through bubble/fluid interfaces and might not

have sufficient regularity to perform the homogenization process. To gain regularity, we shall propagate an initial

regularity through a well-chosen evolution equation (which extends the one satisfied by f;N), pgN) on the By).

However, this requires to be able to construct regular initial covolume and density (with uniform bounds in
terms of N). This is obtained with the following proposition:

Proposition 12. Under the assumption that the initial data fulfill the conditions (20)—(21)—(23), there ewist

sequences of initial bubble center/radii ((c,(cN)’()?R,(CN)’O)k ) N) and masses (m,(CN)>k o so that:
=L N/ ven =

yeeey

(i) (ICy)-(IC1)—~(ICs) are satisfied with My, and doo independent of N,
(i) there exist H*(S)) extensions (;(N)’O, ﬁgN)’O) of the associated reconstructed covolumes and densities such
that:

- <fg§N)’O,ﬁ§N)’O) is bounded in H'(Q)
— for arbitrary 3 € C*([0,00) x [0,00)) there holds:

B(A0 N0 gy pono = aB(F). £3)  in D(€).
Proof. Up to a localizing argument, we give a proof in the case:
(1- amin)”f?”mo(n) < Jmin 1= i?lf fq. (43)

To construct our gas bubble, we note that 542 fg is a probability density on €. Then, we might construct the
associated cumulative distribution function:

Fe) = [ ab@)igta) s

1
With assumptions (20)-(21)—(23), this is a C' one-to-one mapping € — [0, 1] with F} > amin fmin on . We set
then:

_ k 1 - -1 _
A= F, ! <N+1>’ R) = W[fg(cg)] my = 2R2p2(cg) fork=1,...,N. (44)

Considering the bounds from above and from below for Fy, we obtain that:

1 1
N+1 (]_ — Oémin)||-fg(J)HL°°(Q)

1 1
N +1 aminfmin

0 0
<1 — 6 <

while
1 1 1

2N||ngL°°(Q) "7 2N funin
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In particular

1 N/(N +1) 1
FOl = (0., — R? RY) > — T -
7] = (chr = Rir) — ( + BY) = N (( — otmin) || 9] L (@) fmi“)

<0 0 - 1 1
C —C —_
=kl k= N aminfmin

where N/((N 4+ 1)(1 — amin))Hfg — 1/ fmin > 0 by (43) for N large. Finally, we have:

HLoo(Q)
1 _Pmin << = 1 HngLw(Q)
NHngLOQ(Q) - N foin

Item (i) is satisfied.
For item (ii), we remark that the reconstructed densities and covolumes read:

N N

1 m
(N),0._ (N),0 . k
fq '_ZQNRO]IBQ Py ZﬁﬂBg'
k=1 k k=1 k
We recall that we denote B,g = (;v,;, xz) where xf = 62 + R% (and xér =-1, 25, =1). At this point, we note

that by item (i), we have:

: — +
min mk+1—xk|2

ke{0,...,N} 2dso N

Consequently, for k = 2,..., N — 1. we can construct a piecewise affine function 19 with satisfies ¢{ = 1 on BY,
that vanishes in z;_ , and z;_, and further away from BY. For k = 1 and k = N we define similarly 9 and 1%
up to the condition that v is constant equal to 1 between —1 and BY (resp. 1, is constant equal to 1 between

BY and 1). Then, we set:
N N

- 1 m
N),0 .__ 0 ~(N),0 .__ k0
0= ot A -—Z@W

k=1 k k=1

By standard computations, we have for instance:

IA

N
L2(Q) ; N2|R0 QHwkHLz

N
v e S 18~

where the first inequality on the second line involves a constant depending on d.,. We also derive using that
Y1 =1 — 4y on Supp(¥y,) N Supp(¥y, ) :

(N)O)

A
2|~

N-1 1 1 2
o520, % 32 s~ )
@)~ = NR],, NR]
N-1 &0 2
Mo 0 701|2
SN[ 0@ adf| S 0. g
k=1 Ck

In these computations, we use extensively the definitions (44) and also that |BY| and |F?| are both of size
O(1/N). Similar arguments yield that:

(N),0 _01|2
Hp HHl(Q) S HngH”(Q)'
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Finally, for arbitrary 3 € C*([0,00) x [0,00)) and ¢ € C°(£2), we have:
~ N _
/Qﬁ(ﬁgN),O,fg(N),O)]lQ\ﬁN),mp do = Z/BU B(pg(ch), Fo(ch))p(x) dz
k=1 k

N
= > 2R (P (1) Fo () () + O/ N[0t < (e

k=1
N CO — CO
= %Z dtz (f’é)(;of( D) ) + O(1/N) (1020l (-
k=1 g\"k

At this point, we remark that, by construction, we have that

N

1 070 -

WE 00 —agfy in P(2).
k=1

Since t — B(p)(t), fg(t))/fg(t) is continuous on (2 we infer that:

lim A ﬂ(ﬁ_gN)’O, féN)’())]lQ\ﬁ(N),o@ dz = /Qﬂ(ﬁy» f_g)@2@ dz.

N—oo
This concludes the proof. ([l
Below, we pick a sequence of initial bubble distribution (céN)’O, RI(CN)’O) i and masses (mlgN)) i
=1,..,N =1,..,N

given by Proposition 12. For any N € N, assuming the fluid initial data is associated with p}, @, we construct
initial data for the microscopic system like in (16)—(19). We have then that the initial data match the assumptions
of Theorem 1 and we obtain a solution

(N) (N) [ (N) p(N)
(o ), )

that is defined on a time-span [0, T] which does not depend on N. This creates a sequence of solutions indexed
by N whose asymptotic behavior (when N — c0) is analyzed in the remaining sections.

Firstly, Corollary 11 entails that we have uniform bounds on [0,7] in the form of (A.1) and (A.2) with a
right-hand side Fy independent of N, and that (Q1)—(Qs) hold also with a constant K independent of N. In
passing, we point out that all the bounds that are derived in Appendices A and B are available since they are
obtained under the sole assumptions that initial data are of the form (16)—(19) and that the bounds (Q1)—(Q5)
hold true. Below we denote @) the "mixture” velocity-field meaning that

u(fN)7 on ]:(N)’
u wf’(N) +u I#(N)
a0 _ J wr ) () (45)
wr (2 M) —u wir’(N)
Note that the restriction of (™) on the bubbles boils down to
R(N)
M () = él(cN) + R’(“N) (aj - CECN)) on BlgN). (46)
k

In what remains of this section, we introduce functions describing the different species and the mixture and we
analyse their possible convergences. Since we use mostly compactness argument below, all convergence results
must be understood “up to the extraction of a subsequence that we do not relabel.”
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3.1. Fluid unknowns

In (1), the fluid behavior is encoded through its “void fraction” &y and its density py. We recover such
quantities from microscopic counterparts. We start with the following construction of the void fraction:

Proposition 13. Let x(N) = Lrvy. It satisfies
O™ + a9, xN) =0, on(0,T) x Q, (47)
X(N) (0, ) =1rmo0.

Moreover, there exists &y € L*((0,T) x ), called the void fraction of the fluid, such that, up to the extraction
of a subsequence,

XM —~a; in L®((0,T) x Q) —w* and 0<ay <1-2d%/3 ae. (48)

Proof. Since the fluid domain F) is transported by the velocity field @™¥), (47) holds. The convergence result
is straightforward since the sequence V) is nonnegative and bounded in L>((0,T) x Q). The limit is obviously
positive. The only crucial information is the bound from above. For this, we remark that under (Q1)—(Q2),
any sequence of bubble + fluid intervals has at most length 3/(d.N). Hence, for large N, any segment in €2 of
length ¢ contains at least £Ndw, /3 — 2 such sequences in which the volumic proportion of gas-bubbles is at least
20d?_ /3 + O(1/N). The fluid part of this segment is then asymptotically less than ¢(1 — 2d2%_/3). O

We point out that a strictly positive bound from below for &y is also true with similar arguments. We dot not
state this bound here since it will not help in the sequel. For constructing the macroscopic density, we choose
to extend at first the microscopic fluid density by “filling” the bubbles in a sufficiently smooth manner. To this
end, we take advantage of the fact that pg is initially defined (and sufficiently regular) on the whole Q. So, we

introduce ﬁch) as the unique solution to:

S(N)
" + a5 =~ (50 o (5)), on (0,7) x
(49)

~(N —
pgf )(07 )= p?v, on 2,

where i)(fN) is defined from X7 by (35).

Proposition 14. There exists a time Ty < T, independent of N, such that the Cauchy problem (49) admits a

unique solution ﬁng) € C([0,Tp] x Q).

Moreover, there exists py € L*((0,Tp) x §2) called the density of the fluid such that, up to the extraction of a

subsequence,

[);N) — pp in L*((0,Tp) x 2) when N — +oo.

Proof. The well-posedness of the Cauchy problem (49) is guaranteed by the method of characteristics, since
@™N) belongs to L2((0,T); Wh>=(Q)).
The result of convergence is an application of the Aubin—Lions lemma. One has to check:

- (ﬁch))N bounded in L?((0,T); H'(Q2)),
- (atﬁ;m)N bounded in L2((0, T); L2(£2)).
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For the first item, we apply Proposition 29 in Appendix B which yields that, up to restrict to some time-interval
[0, Tp] C [0, T] we have that ﬁ;N) satisfies a uniform bound in L°°((0,7); H(€)). As for the second item, using

directly equation (49), a uniform estimate can be obtained:

2" < G [ o)
H 5 aomxey = O o @l P70y @)
|7
oo ~ Y
S (5], T )
iy L2((0,T): H(2) L= ((0,T)x9)

where Cy depends only on the parameters of the problem independent of N. Here again, the right-hand side is
uniformly bounded with respect to IV, so that the Aubin—Lions lemma can be applied to deduce the existence
of the limit py stated in the proposition. (I

To illustrate again that our choice for ﬁch) is rigorously adapted, we mention that, on the fluid domain F),

the definition of the fluid tensor (8) gives

O () =0

(N)

Moreover, u ¥ (V)

and @V) coincide on FV), and the density py s also solution of

0.5 + 0. ([);N)ugf\’)) =0, on (0,T)x FVN,

(50)
~(N _
M0, = 0.
As a consequence, the fluid density pch) on the fluid domain F) is the restriction of the global microscopic
density [);N):
P =M, on (0,7) x FNV. (51)

3.2. Mixture unknowns

We proceed with the construction of unknowns that are involved in composite equations: a mixture velocity,
a mixture density and a mixture stress tensor.
The mixture velocity is deduced from the reconstructed velocity @"¥) defined by (45):

Proposition 15. There exists i € L2((0,T); L2(Q)) such that, up to the extraction of a subsequence,
a™) — @ in L2((0,T); L*(Q)) when N — +oc.

Proof. This result is an application of the Aubin-Lions lemma again. From Corollary 3 and (Q1), the sequence
(@™ is bounded in L2((0,T); H'(£2)). It remains to prove a uniform bound for (6tﬂ(N))N in L2((0,T); L3(Q)).
By (7) and (46), the time derivative of the velocity reads:

o [0 o
atu - RkRk—(Rk)z (f
Ry

. . R
Cr + x—ck)—ckR—i on By,
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(note that some exponents (N) have been removed to lighten the notations). Since the velocity @¥) is continuous
through the interfaces ¢ + Ry, one has, in D'((0,T) x ),

0,a™) — ( 0 — Lp, E(N))
/’f
N . . .

. Ri  (Ry)? . Ry
Tk — ) — k| 1p,.
+ ; Cr + <Rk I (x —cx) — ¢ T By

We now take the L2 norm:
‘ ataw)’ S Hu(N)H ‘ 1 ~<N>‘
L2(Q) Lo () ‘p 2 L2(Q)

. ()" (o)
.. 5\ i ks
+2; Rk(ck)2+Rk(Rk) TR TR

< cfa|
H(Q)

=),
‘ ‘ H(Q)

N N
- zdmjwc><> ;mk ((éﬁc)z + (f) ) + 2; Rik ((Rk)4 + (c’kRk)2>

by (ICy) and (Q1). Time-integrals of the two first terms on the right-hand side are bounded by (Q4) and (Q5)
respectively. The third is controlled using (Q5). Moreover, by (ICp), (Q1), and then by (A.1), the last term can
be bounded this way:

/02_: R ((Rk)2+<ék>2> at

= U M m,a}fzv RQ) im’“(@’“yﬂéwz) «

2
2B, [T (R’“)
T doeoMs S k:r?,&.l.}.(,N R

The last right-hand side is finally bounded by using Lemma 27. This concludes the proof of the assumptions of
the Aubin-Lions lemma, leading to the convergence of the sequence (™)) in L2((0,7); L*(12)). O

We focus now on the mixture density. For this, we construct the global density p"):

N
N N
ptN) :ch pa + g o1, (52)
k=1

where p,g ) = mk M) / (2R(N)) is the bubble density that we reconstruct from the bubble mass and radius. Notice

that the global density p(N ) belongs to L>®((0,T) x ), and satisfies a classical mass conservation law (the proof
is left to the reader):

3p ™) + 0, (p(N)ﬂch)) =0, in(0,7)x Q. (53)
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To conclude, we address the asymptotic behavior of extended stresses. This is the content of the following
proposition:

Proposition 16. There exist if and ig in LQ((OaT)§ Hl(Q)) such that, up to the extraction of a subsequence,

E(N) 5
”{N) —f in L*((0,7); H'(€2)) when N — +o0.
Yol =Xy

Proof. The estimate (Q)s) ensures that the sequences ich) and iéN) are both bounded in the space

L2((0,T); H'()). Hence they are relatively compact in L?((0,7); H*(2)) endowed with the weak topology,
and the result follows. O

3.3. Bubble unknowns

We mention first that the indicator of the bubble domains reads 1 — x¥). Similarly to Proposition 13 we
obtain that it converges weakly to some &4 satisfying also 0 < ay < 1 a.e.. Since 1 = a4 + &, Proposition 13
entails further that a, > 2d2 /3.

For our analysis, we need a sufficiently strong (pointwise) convergence of bubble density péN) and covolume

fg(N) as defined in (42). Yet, these quantities are defined only on subsets depending on N. To overcome this
difficulty, we note that both quantities satisfy the same continuity equation:

{%w +0,(5) = 0,
= 0’

810 4 a,(fIMa0Y) in D'((0,T) x Q). (54)

We used here in particular that m,gN) is time-independent and that the bubbles follow the flow associated with

the extended velocity. We propose then to reproduce the same method we used in the case of fluid unknowns
(see Prop. 14). We remark that, on By, there holds:

- 1 vy Kk

0, ™M) = —xM) 4 : (55)
z 4 N
g R

We recall that, on the right-hand side, the first term is the restriction to By of the extended stress tensor igN).
As for the last term, we wish to extract the contribution of the pressure and the contribution of the surface
tension for modelling reason (even though keeping the current form would not change the remark in progress).

So we rewrite: _
Kk —p (p(N)) n Vs
RN IV N R

Here, the second term could be related artificially to a density, but it is usually related to a “covolume” and

is treated independently. Actually, this is the reason motivating the introduction of the unknown f;N). We use
now this novel writing of the term 9,4") to see that (pgN),féN)> is the restriction of a pair (ﬁgN), Ng(N))

solution to:
5\ vy (75 (65" (s N)y 4 FN
o\ ey | + ™0 ) | = = P | (B +paB) + 7, F0), on (0.7) x 2 (56)
fg fg Hg fg
We can then use the stability properties of this latter equation to yield the following proposition:

Proposition 17. There exists a time Ty < T (independent of N) and sequences (ﬁ,(;N), ~9(N)) €

C([0,To); HY(RY)) satisfying the following properties:
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— there holds pgN) = ,5§,N> and fg(N) = Ng(N) on By forallk=1,...,N,
~ there exists (pg, fy) € L*((0,T0) x 2)? such that, up to the extraction of a subsequence,

(ﬁéN),féN)> — (ﬁg,fg) in LQ((O,TO) X Q)2 when N — +oo.

Proof. We recall that the initial bubble distribution (c,iN), R,(CN)) . is obtained by applying Proposition 12
=1,...,
so that they are associated with a sequence of initial density/covolume ﬁgN)’o, }N)’O which extend initially p_((;N)

and féN) and that converge weakly in H'(£2). Hence, we complement (56) with initial condition

ﬁéN) 0,-) = pgN)’O fg(N) 0,-) = féN)’O on (. (57)

The result is then proved following exactly the same steps as in the proof of Proposition 14, since (@Q)s5) involves

similar controls on E}N) and iéN). g

3.4. Two technical lemmas

We close this section by providing two crucial results which allow to pass to the limit in some nonlinear
terms. The procedure we apply here is similar to the construction in [6].
Let b € C1([0,1] x Rt x R*) and consider the sequence

b (t,z) = b(X(N)(t,x), P M (¢, z), fg(N)(t,x)), Y (t,z) € (0,T) x Q, (58)

where p(N) is defined by (52) and f_éN) by (42).
Proposition 18. There exists b € L>=((0,T) x §2) such that, up to extraction of a subsequence,

b < b, in L®((0,T) x Q) — w* when N — +o0.
This limit verifies the following identity, for almost every (t,x) € (0,T) x €,

b="b(1,pr,0)ay +b(0, g, fy)ay. (59)

Proof. By definition, we have:

pN) — b(17ﬁ§N)7O>X(N) I b(O, ), fg(N)) (1 _ X(N))

(N) (N

The strong convergence of Py (resp. pg ) and f;N)), see Proposition 14 (resp. Prop. 17) and the weak conver-
gence of (M) (Prop. 13) ensure that the first term converges weakly towards b(1, pf,0)as and the second one

to b(0, pg, fg) - O
In the following result, the term %(V) denotes either ilch) or EEJN).

Proposition 19. Assume that 2N) converges weakly in L*((0,T); H'(Q)), and denote by % its limit. Then for
all b e C1([0,1] x R* x R*), it holds

SN < 5h in D'((0,T) x Q) when N — 4o0.

Proof. This result is a variant of so-called “compensated compactness” lemma. We can reproduce here the proof
of [4, Lemma 10] up to adapt the definition of the operator 9, ! on mean free functions. |
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4. DERIVATION OF A MACROSCOPIC MODEL

Thanks to the results of the previous section, we are now in position to address the limit N — 400 for the
microscopic model (6)—(13). Based on the previous definitions of macroscopic unknowns, we derive successively
the various equations of (1). This is the content of the following theorem.

Theorem 20. Let py,ay,aq,pg,u be as constructed in the previous section. Then, we have that
(ay,py, g, g, fg, 1) is a solution to (1)~(2)—~(3)~(4) on (0,T) with initial condition on Q:

az(0,-) = a} ay(0,:) =ay}
_f(ov ) = ﬁ? &Qﬁg(ov ) = 542/32
’12(07 ) =u’ O?gfg(07 ) = igf_g

What remains of this section is devoted to the proof of this theorem. Our first result provides the limit
equation for the limit b associated with an abstract choice of b.

Proposition 21. Let b € C1([0,1] x RT x R") and define

bi,f(2,§v) = (02b(2,&,v)€ + B3b(z, §, v)v — b(z,&,v))z,

b1g(2,&v) = (92b(2,§,v)€ + 03b(2, &, v)v — b(z, &, v))(1 = 2),

ba,f(2,&,v) = (02b(2, &, V)€ + B3b(z, &, v)v — b(z, &, v))zp (£),

ba,g(2,& ) = (920(2, &, v)€ + 03b(2, &, v)v — b(z, &, 1)) (1 = 2)(pg(§) +7s¥)

Then, the limit b defined in Proposition 18 satisfies the equation

1 - = _
+ —(b1,g2g+b2g) =0
ug(lgg g) (60)

5(0,) = ab(1,55,0) +ajb(0, 5, F7)

Proof. Let us compute for arbitrary N € N

_ _ 1 - _
Ohb + 0, (ub) + ;(bl,fzf + bay)
f

8tb(X(N), ), f;m) = 06N A ™) 4 96N 3, p ) 4 b M) 3, FN)
— —9pM e, ) _ 9,5, (puv)@(zv)) — b, ( fémauv))
by (47), (53) and (54). As a result, we obtain:
Aib(X N, p0), FN) 0, (b(X M), o), £ Y@M ) (61)
+ (82b(x(N)7 pN), féN))p(N’ + asb(x(N), pN), féN)) f
—b(X(N),p(N), fg<N>))axa<N> —0,

in D'((0,T) x Q). In this equation, due to the weak convergence of b6(") and the strong convergence of B}N),

respectively stated in Propositions 18 and 15, it holds that:

b(N) N B’
. in D'((0,T) x Q).
(a0 0 ) g, DO X

Then, we rewrite:

32b(X<N>7 PN, f§N>) o) 4 63b(X(N), PN, fém) SN 5, ()

g
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1 - 1 -
=— (bg?zgm + bgf?) +— (bﬁ’zgm + bg{p).
Hf Hg
The weak convergence stated in Proposition 19 allows to pass to the limit the right-hand side, leading to
82b(X(N), PN, f!gm) o) 4 53b(X<N>7 N, f§N>) £ - b(N)@wuch)
1 - = - 1 - = _
= — (b1, s X +ba ) + —(b1,g2g +bay),
[if ( Jf f) g ( g~g 9)

where the terms by ¢, b1 g, b2 ¢, and b , are defined as in Proposition 18. This provides equation (60) for b.
Finally, we have initially

BV (0,-) = x M0 (1, 05, 0) + (1 _ X(N)’O)b<0,ﬁ(gN)’o, fém,o)
and we are in position to apply Proposition 12 to pass to the limit in this identity when N — oc. ([l

Let us recall that the link between the limit b and the function b is provided in Proposition 18. According to
the choice of b, different relevant macroscopic equations can be obtained.

Corollary 22. The void fractions satisfy the following equations

_ o af = _ _ _
Opavy + 0z (apu) = M*;(Ef +ps(pr)), ar(0,-) = a}

(62)
ap+a,=1
The covolume unknown ng satisfies the conservation equation:
04 (g fy) + u(@gfyu) =0, ag(0,)f,(0,-) = alfr.
The mass conservation laws of both phases read
O(ayrpy) +0z(apppu) =0, az(0,-)p4(0,7) = azph (63)
0i(agpy) + Oz (agpyui) = 0, ag(0,)pg(0,-) = ajpd. (64)

Proof. By Proposition 21, it suffices to compute the different terms of equation (60). In the first case, we consider
b(z,€,v) = z. It yields b = ay and

bLf(lvr) =-1, bLg(l,T‘) =0, b27f(1a7”) = —pf(’l"), b279(1vr) =0,
b17f(077") = 0, bLg(O,’/‘) = O7 bg,f(O, ’I") = 0, b27g(077") =0.
Computing the associated limits, one recovers the first equation of (62). The second equation is true by construc-
tion. The equation on f, is obtained in the same way, taking b(z, ¢, v) = v. Finally the phasic mass conservation
laws are derived using b(z,&,v) = z€ and b(z,&,v) = (1 — 2)& respectively. |
4.1. Momentum equation and closure laws
We proceed with the derivation of the momentum equation.

Proposition 23. Let p = aypy + agpy be the mizture density. The mizture momentum equation reads

3 () + 0, (pT°) = 0p (G Sy + g5y, (65)
with & _
0,0 = *f[szrpf(ﬁfﬂ + J[Engpg(ﬁg) +7st9]’ (66)
My Hg
and

=3, (67)
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Proof. Let us consider the momentum equation in the fluid domain and multiply it by a test function w €
C*((0,T) x Q). It yields

/ / ( PE«N)U;N)> ( ‘ )‘ ))w do dt = / / Oy E(N)w dx dt.
FIN)(t) FWN) (¢

Since the fluid domain F®) (t) is transported with the velocity uch)7 an integration by part in time of the

left-hand side gives

/ /(N)(t (8t pf uf >+8< )’ung)F))wdmdt

/ / (N) (N (8tw + uch)(')ww) dx dt.
]—‘(N>(t)

The right-hand side is handled by an integration by part in space. Reorganising the boundary terms yields (we
omit time dependencies for simplicity):

/ /(N) 2( w de dt = / Z E(N) () w )*E(fN)(zI;)w(I;)) dt

0 k=1

—/ / z(fmazw de dt.
0 F(N)

We now focus on the boundary terms. For £ =1,..., N, one has

2 (@ wlar) = 2P (@ w(ar) = (57 () - 507 () Jw(en)
(E(N)(ask) E(N)( ;))Rkamw(ck)

(N) 2
* O(HEf HLw(Q)Rk”w”CQ).
From the bubbles equations (11) and (12), one deduces
ESCN) (l’k )w(x'k") — ZSCN) (x,;)w(x;) = myépw(t, cx) + (%Rk + 2Ek)Rk3mw(t, ck)
(N) 2
+ 0(Hzf HLOO(Q)RkaCQ).
The term involving the stress tensor can be rewritten as follows
95 Rudpw(t, cr) = / SMo,w da + O(HZ_gN) H R§||w|cz>.
B, L=(Q)

Therefore, one has

B /OT i@m (@ )w(ay) == (@7 )w(ar) ) dt

T N
= —/ Z (mkékIU(t,Ck) + %RkRkazw(t, ck) + / ZgN)ax’w dz
0 5.
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LI ey # 587 R ) )
+ (( ! LQC(Q)"" | P Rillwllc= ) | dt

An integration by part in time gives

S ) - 5 o)) o

k= 1

1. |2 1.
/ ka<|ck| O w(t, k) g‘Rk‘ Oz w(t, cp) + 3RkRkék0mw(t,ck)> dt
0

T N

/ ka (Ckat’w(t ck) + 3R;€Rk6mw(t Ck)> dt
0

k=1

/ / Mo, w dz dt
2\.7-'<N)
+0<<H2§£\”]

1. 12
/ ka<|ck| Oz w(t, k) §‘Rk‘ Oz w(t, cx) —I—ékatw(t,ck)) dt

/ / 6 w dx dt
Q\J—'(N)
+0(O

+(A4“JV)_§HuMczTR/Eb>.

=]
L2((0,T),H'(2)) g

L (o) Q))) \F||w||cz myaxz Rk>

)mwnm (Ao N) !

((0,7),H1(2)) H L2((0,T),H1 ()

where we applied (ICj) and (A.1) with (Q1) to yield the last term in the last inequality. On the bubble By, it
holds

/ mmNK@w+aWwadx
By
:/‘ﬁ%mm@w+mma@dx
k
. o 1.2
= myépOw(ck) + my | |Cl +§‘Rk‘ O w(ck)
+O(mullwlin (1 -+ 1exl + | R ) (Ien] + el ) i ).

Gathering the fluid and gas expressions yields

/ / ‘9tw+u )@cw) da dt
_/O /Q x(N)fJScN) 4 (1 — X(N))f;gN))arw de dt + O(N_1/2),
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Using the strong convergence of @V) and the weak convergence of pV), obtained by Proposition 18 with
b(z,&,v) =&, the left-hand side tends to

T
—/ / pu(Oyw + uwdyw) dz dt.
0o Ja

The limit of the right-hand side is deduced from Proposition 19. One ends up with the desired momentum
equation (65).

It remains to close the system by determining relations between the tensors % ¢ and Sg and the other
quantities. To do so, we prove that 3 ¢ and E_]g are solutions of a 2 x 2 system.

First observe that

Dyu™) = ()

S e p (o) S e (iY) £ R
+ (1 —x! )) .
1223 Hg

The different results of convergence given in Section 3, especially Proposition 19, allow to pass to the limit in
both sides of the equation. In particular, in the right-hand side, the definition of the surface tension yields

(1- X<N>)5 _ XN: 2, =357 (1 X)) = 5.8, fy.

2 2N Ry,
k=1
Eventually, it holds B _
Ay e _ Qg 1 SN F
0yt = #—j: [Ef + pf(Pf)} + ng [Eg + Py(Pyg) +%fg]'
g

The second equation is obtained while studying the difference by F— Sg. Using the definition (35) of the extended
tensor Xy and the Newton laws (11) and (12) for the bubbles, it holds

509 _ Bp(ay) +Ep(xf)  Ey(ey) = Sp(xy) (C B c(N))

2 2R g
k3 My Cr
= — % —

o Lkt E+ o=@ =)

Since E_E,N) = Y on the bubbles domain By, one has
(N) N m mpC
W) (vN) () = (ALY LAY
(1 X )(Ef S );_1:( 5 Rt Gt ck))]lBk.

Proposition 19 applies to the left-hand side:
(1= x™) (B = 209) = (1 a5) (2 - 5),

in the sense of distributions. The right-hand side can be proved to tend to zero in L?((0,T) x Q)) since

N .
mg - mgcCg
Z(GRk + 2R: (z — Ck)>1Bk

k=1

2 2

1 .
1 [

k=1

<
L2 ()

L2()

N .12
< Z/ mi(‘Rk‘ +|5k|2> dz
k=1 B
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2 N 2
- . 12
i S| )
N2d oo My &~
9K,
N2d__ M.’

<

thanks to (ICp), (Q1) and (Qs5). Recalling the second part of (48), one recovers (67). O

5. AN ALTERNATIVE DESCRIPTION OF THE BUBBLE DYNAMICS

In order to describe the dynamics of the bubbles, an alternative approach is to introduce the distribution
function in position and (scaled) radius

N
1
=5 Z Ocr(t),NRi (1) (68)
k=1
which is a measure on  x (0,00). According to (Q1), one has
supp(St(N)) C QX [deo,1/ds], Yte(0,7).
Proposition 24. For all 3 € C(Q x [deo, 1/ds)), the distribution function St(N) satisfies

2.(s,5) — (5, a(x )awﬁ>—i<s§m,((i< @)+ 0 (B)) )r +5,/2)8:8) =0. (69)

Hg

Moreover, the sequence of applications t — St(N) s compact in C’([O, T); [P(Q X [doos 1/doo])). As a consequence,
there exists S, € C’([O,T]; [P(Q X [doo, 1/d00])) such that, up to the extraction of a subsequence,

(89,8) = (5,,8), in C(10,T)),
for any B € C(Q X [doo, 1/d0])-
Proof. Let us first prove that, for any 8 € C1(Q x [doo, 1/dw)]), the sequence V) : ¢ <St(N), 6> is uniformly

equicontinuous. The definition of 3(N) and (68) enable to write

1 N
Bt Zﬁ ), NRy(t)).

k:l

For legibility, we drop the exponent (N) in ¢, and Ry here and in what remains of the proof. By construction,
cr and Ry belong to H?(0,T) and thus are in C*([0,7T]). It follows that 3(N) € C1([0,T]), and

N
S500(1) = v 2 (0ten, N + N0, e N )
(70)

2 \

N
Z( )0:B(ck, NRy,) + %NRkarﬁ(ck, NRk)>

Recall that, by Corollary 3, ﬂ(fN) is bounded in L2((0,T); H'(2)) and then in L2((0,T);C(Q2)). Moreover

(Q1) ensures that NRy is bounded by de. From Lemma 27, dtﬁ(N) is bounded in L?(0,T). Thus M) is
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bounded in H'(0,T) and then uniformly equicontinuous. The compactness result and the existence of 5'9 is
then straightforward.
It remains to check that S,SN) verifies equation (68). This comes directly from (70) where the term Ry /Ry, is
replaced using (13):
R, 1 ¥ 1
ko (v
Ry ug< b+ Palr) 5 NRk>

1

1y (ig(Ck) + Py (pg(ck)) + 7; Ni%k)

Actually, the dependence of the measures S’g,t with respect to the space variable z can be precised:

Proposition 25. For any 3 € C°°(R"), there exists Sg € L°°((0,T); L>°(2)) such that, for all® € C2°((0,T)x

Q) and allt € (0,7),

(Sgu, ®(t,) ®B) = / Ss(t,z)®(t, z) dz. (71)
Q

In other words, we have:

Sa(t,-) = - B(r)Sg.i(-,dr) € L=((0,T) x Q).

Proof. Let € C*(RT) and ¢ € C°((0,T) x Q). One has for every t € (0,T)

2

(S0, 6(t) @ B) = 5 D~ BINR(0)o(t, (1)
=

Z/ INEL B(NRy)H(t, ) dz

*Z /B o PV RO(@( ) = ol i)

The second term of the right-hand side can be bounded by

.....

with

N
SéN) (t,x) = kZ:l mﬁ(NRk(t))]lBk(t) (2)

which provides a bounded sequence in L*°((0,T) x ), by (Q1). Therefore, there exists Sz € L°>((0,T) x )
such that, up to the extraction of a subsequence,

S = 85, in L¥((0,T) x Q) —w”  when N — +o0.

Then, letting N — oo in the previous equality yields (71). O
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We obtain then the following limiting equation for S, :

Proposition 26. The limit S'Q,t defined in Proposition 2/ satisfies the equation

D5y + 0 (5,.1) + uiar((r(zg 11y (79)) +9/2)8y) = 0. (72)

Proof. To obtain a time-evolution PDE for Sg,t, we go back to equation (69) with a tensorised test function

B(xz,7) = Be(x)B,-(r), which writes
a (s, 8) = (s.a (@)8, © B, )
+ (5 S0 @)8, @ B

Hg
4o {80,y (7))
+ 2”759<S£N’,ﬁm®5;>.

The first term of the right-hand side can be dealt using the strong convergence of (@(™))y in L? ((0,T), L*(2)).
Since it is bounded in LQ((O,T),HI(Q)), the sequence (ﬁ(N))N converges also in L2((O,T),C(Q)) by inter-

polation. The weak convergence of (St(N))N in C’([O,T}, [P(Q X [R+)) together with this strong convergence

gives

<S<N> aMg ®5r> — {8y, B, @ B ).

Since %, is uniformly bounded in L2((0,T), H'(Q)) € L?((0,T), C%'/2(Q)), the second term writes

N
(S10.r500 (@), © 1) = Z ()N Rifia (e, (N B

i / B2, (N Rx) da + %

— 1/ SV ()8, (2)6WN) (z) da + %
2 Jq ¢ i VN
where b(Y) is defined by equation (58), with
b(1,-,-) =0, b0,-v)=B.(1/(2v)).

l\D\»—t

Indeed, this provides

ﬁ;(l/(sz)) in Byg.

Using successively Propositions 19, 18 and 25, we obtain

(M. rEM @8, 0 0) —3 [ @h@)i(a) ds

by
sl

1\3\»—\
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+ [ 0., 1/(20)8,00) (o)

_1 S, (z) (2r)5,.(r)Sg,e (dr)|Be(z) da
2 Jq R+

= <§g,ta Tigﬁz & 51,”>
For the third term, we proceed similarly, defining

so that
(58,0 (6) B2 © BL) — (S 0470} © 52).

The convergence of the last term is nothing else but the convergence of St(N). ]

Observe that &, f, and a, are respectively the zeroth and first moments of S,. Their PDE’s, see Corollary 22,
can be deduced from the equation (72).

APPENDIX A. PROOF OF PROPOSITION 10

In the whole section, we consider 7' > 0 and (pf,Uf, (ck, Rk)k:L...,N) is a classical solution to (6)—(13) on

(0,T), satisfying (Q1)—(Qs).
To start with, we recall that Corollary 3 applies. With (Q1), these estimates yield:

/. (m“f +q<pf>> dx+§émk(|c'k|2+§|mf) (A1)

N
— Y krIn(de NRy) < Ey,

r 2 Y| Ry 2
prplOpup|” do + p

with a constant Ey depending only on the list of parameters (25).

Strict version (21) of (Q1)

Since |a| — |b] < |a — b] and (a® + §% +~?)1/2 < a + (8% ++?)'/? as soon as the a, § and 7 are nonnegative,
it follows from Corollary 9, (ICj) and the bounds (@) on Ry, (Q2) on |Fi| that

dt < E, (A.2)

: 1/2
< — R ‘
Rk Hg M NRk H ‘ Hl(Q (mlnk|]—'k| Z mk < k| + |Ck|
and then: y
Rk 1 1 Ci HN o
B| =, e[l i ‘ : A3
Ri| = pg Moods + 115 179 1 @) + Mo d ka Kl + el (A.3)

The last term can be bounded by K according to (Qs). Integrating on the time interval (0,t), ¢t < T, it
yields
[
0

N dt < 1T+C2<1—|-1>\/KT.
k

pgMoodoo Hg Modo
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Considering a smaller time 7', only depending on fig, doc, Moo, Co and K, it holds
t
/

RO
7’“ < e V2RY) < Ry, < e?RY < 2RY.

Finally the Assumption (ICy) on the initial radii leads to the desired estimate (2;). We note in passing that
we obtained the following lemma:

fy
Ry,

1

dt < =,
2

which gives

Lemma 27. There exists a constant K depending on g, doo, Moo, Co and K, such that:

T
max
o \k=1,..N

The proof of this lemma is a straightforward application of (A.3) and is left to the reader.

Ry, (t)
Ry (t)

2
> dt < K.

Strict version (22) of (Q2)

First, we remark that we can also adapt the previous proof to yield the following lemma:

Lemma 28. There exists a constant C', depending only on K and the list of parameters (25), such that, for
T < 1, there holds

T
/ 00t oy < C'VT.
0

Proof. We use the L* bound on 9,uy, see (38), and the bound (Q3) on the density py. It holds, by integrating
on (0,7),

T C T B
Opttl oo dt < —/ HE H dt+T max r).
Ll ar< = [, ps(r)

P /2<r<2po
Inequality (Q5) on the stress tensor leads to
r C
/O 10zt fll oo () dE < ;f\/ﬁﬂL T, e P
which gives the expected bound for T" < 1. a

The continuity of the velocities (10) implies then that

d, _ _
& (o 1) = uloin) — (o)

< ”axuf||L°°(]-')‘xl;+l - xZ}
From Lemma 28, we can choose T small (depending only on C’) such that there holds:
7]

T<|]:k|<2’.7:]8‘,

on (0,T), which leads to the desired estimate.
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Strict version (23) of (Q3)

Since the fluid density p; satisfies a continuity equation associated with the velocity u; on the fluid domains
Fi, which are transported by the same velocity field uy, a classical estimate on (0,7") provides

T
0
(wnelg_lo pf) X exp (/o ||5:cuf||Lm(]_.) dt) (A.4)
T
< psttia) < (s ) <omw [ [ 100l ).
zeFO 0

Lemma 28 allows to bound the exponential terms in (A.4) for small time. Namely, for 7" small (depending on
C") it holds, on [0, 7],

1
pr(t,z) € <2 min pf,2 max pf>
Then the assumption (24) on the initial fluid density allows to deduce a strict version of estimate (Q3).

Strict version (24) of (Q4)
Applying (34), we obtain:

.2
N

/ |81Uf|2 d +
su — dx a—
Pl Ig A

(0,77 k=1

T N .2
+/ (/ pf|8th+Uf8me|2 d1’+zmk<|ék2+’Rk‘ >>
0 F k=1

i
<sup||2) kKp—= +/p(p)|8wu|dx
[0,T] ; Ry, I g
T 3
0y
+/ /Ml url” 4
o JF
E
af |
+/ Z 2k, R + Hg R2 + Eu,
0 k

with a constant E; depending only on the list of parameters (25). To proceed, we detail now the controls of the
five remaining terms on the right-hand side.
Concerning the first line in the right-hand side, the first term can be rewritten with (1Cp):

R L
S
P Ry, Mo =\ VR N
The Cauchy—Schwarz inequality gives then

R N
‘Rk‘ < ool\ﬁ zZ:
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The first parenthesis can be bounded by K using (Q4) and the second one by 1/v/do thanks to (1) so that

2{: ‘j:k‘ < i/ﬁ;;cK’ (A.5)
k=0 Mo

The control of the second pressure term relies on (Q3)—(Q4) and a Cauchy—Schwarz inequality:

1/2
V2 Oz 2
/fpf(pf)laxwldwé— /}_Mf|2f| dz max  ps|V2'

VI [ /2:2p]
2
= Vi Lpﬁé‘px] pf} v o

As for the term on the second line in the right-hand side of (34), we decompose as follows

|0zug]” 3
[0,7] .7:

where the first term can be bounded by K according to (Q4). The second one is bounded using Lemma 28. It
follows that

g |Opus [’
pp = dx < C'VTK. (A7)
7
0o JF
We now turn to the first term on the third line. Applying a standard L> — L' Hélder inequality allows to bound

this term by
.2
;o
Kk < max ||— /u .
/0 ; R? sotlg N ke{1,...,N}HRk Lo (0.1) Jo gk:l Ry,

The L° norm can be handled by the bound (Q;) and the integral term by (A.2). It follows that

re m[
0
< . (A.8)
A E R2 oo,ugdoo

LI 1

It remains to bound the second term on the third line. In this respect, we decompose the nonlinear term

.3 . L 13/2 . 11/2

2 _ || |2

2 T 3/4 1/4
Ri  Rp RY' R,

and apply a L — L*/3 — [* Hélder inequality to yield:
.3 . .2\ 3/4
f \ | (&[]

1 ke{l, ,N} Rk ]; Rk =1

Mz

Integrating over (0,7') we obtain again with a L? — L* — L* Hélder inequality that:
1/2

[ w Y[ e mf ) ||
/0 Z R = /0 rell Ny Ry /0 > Ry, /O Z Ry

k=1

1/4
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Corollary 9 and inequality (Q1) allow to control the first term on the right-hand side. Indeed,
2

1 = 12 R .2 ) 1/
< A ) )
Ho ke{rnlf'i'}‘fN} Ry 7 Mxdw " 1< d H(Q) + Moodoo kglmk el |Ck|

Taking the L2-norm in time and applying a triangular inequality and (Qs) provides

L2\ /2
T ’Rk‘ 1 1 1
Ll < (vT o K(1 .
/0 I =y \FMOOdOO T < +Mmdm)

As the second term is concerned, it holds

23\ V4 C 2y 3/4
) s
— <T sup )
o |i= B 0.1 = B
which can be handled thanks to (Q4), leading to
513\ 1/4
T| N ’R’ 3/4
hEw ] @)
0 |21 Ry, Hg
Now the bound (A.2) gives
.2\ V4
/TZN: i . <E0)1/4
0 o ~ \Hy .
To sum up, it finally yields
E
/Tﬁz‘Rk‘ < Lyvgengi(vr— 1o k(14 L (A.9)
RS2 0 Muodoo " Mudss ) ) '
0 k=1 "'k g
Plugging (A.5)—(A.9) into (34), it yields
N R2
|0 us|” ’“‘
sup /7dx+ fg—=— (A.10)
o \Jr 2 ; ? Ry
VK 1
<2 + max _p rWVEK
(Moov ,ugdoo VHf [ﬁm/272)5oo] f( )
Ey
C'VTK + ————
+C'VTK + T

2 14 -3/4 ;01/4 1 1
— K" E, T Ciy/K|(1 FEi.
+M§T VTt O t ) ) B
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A key remark here is that, on the right hand side, we have two types of quantities: some quantities are constants
multiplied by powers of K less than 1 (these can be made arbitary smaller than K for sufficiently large K)
either we have some constant depending on K multiplied by a positive power of T' (these can be made arbitrary
smaller than K for small T'). If one considers K > 1 and T < 1, defining

;L 1 1 .
Cl?(M \/T \/7/) /22pw}pf( ))a

2 a1 1
E 1
=z bo <Moodoo+cl +Moodoo>’

the previous inequality writes

L
sup / Oes 7 dz + Zug% <CWK+ —"— + C'"VTK + TV*K*/*C} + E,. (A.11)
[0,7] 2 =1 Rk oo,ugd

Introduce A € (0,1/2) to be fixed later on and set:

4|ci P IS S 2 O

Ky = — .
* A2 Moo pigdos 2X T

When K > K, the sum of the two first terms on the right-hand side of (A.11) are bounded by AK. Now
taking 7" small enough, for instance

T = min{(/\/2|C”|)27 ()\(K3/QC§)_1/2>4},

the sum of the third and fourth term can be bounded by AK as well. Finally, the right-hand side is bounded
according to

1R2\
<FE +2)\K < K

7
R

[0,T]
since A < 1/2 and C} > 0.

Strict version (25) of (Q5s)

In order to prove this estimate, we can adjust with the parameter \. First, thanks to Proposition 6 and to
the bounds (Q1) and (ICjy), there exists C' > 0, depending in particular on My, and d., such that

T, 2 T
S, o< / 0% A2
L Eil = [ [| Mg (A12)

.12
N .2 9 N ’Rk‘ K3
DN (AT ol P SR | 2
k=1 k=1

k

The second term of the right-hand side can be bounded with the help of (34) by bounding the right-hand side
of (34) as in the previous analysis on (Q4). This entails:

/ ka(‘Rk‘ + | ¢kl ) dt < E; +2)\K. (A.13)
0

k=1
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The third term is controlled using (A.2). The last term can be bounded by T/((Ms)?ds). Therefore, this
inequality becomes

T, _ 2
[Tl =
0 H(Q)

Let us now focus on the first term. We use the definition (8) of ¥y and the momentum equation (7) to write

T
/O 1S3 ey dt+ (Br +20K) + pig B + (A.14)

_r
(Moo )?dos |

T T
| 1= dt = [ asdens = sos) s at

T
2
+/0 s (Drus +updpup)llzs g dt.

Thanks to (A.2) and (Q3), the first term can be bounded. For the second term, one has

T T
[ os(@rs +usdrup) iy @t < e [ [ prlorns sl a

and this right-hand side actually appears in (34) and thus, the previous estimate obtained to prove (Q4) can
be used. This provides

2
max Pyl + poc(E1 + 20K).

T
/ 15115 ) dt < 20 Bo + 2T Jna.
0 P Poo

Gathering the previous estimates and after rearrangement,

T _ 2
/ HZfH dt < Cy
0 H'(Q)

+12

(2upEo + (poo + 1) E1 + pgEo)

2

max p¢ T+ 2(poo + 1)AK

BOO »Poo

1
(Mo)?de

holds. Now starting from Proposition 8, a similar estimate can be proved for f]g. Then, using again (A.13), one

finally have
Tro. ;2 N
21 gy * [
/0 [H f Hl(Q)+ g

where Cy, Cy and C3 are positive and independent of N, T, A and K. To conclude, it suffices to choose
A sufficiently small so that A < (4C3)’1 and K > 4C;. We can then take T smaller if necessary so that
CoT < K/4.

2

.12
Q) —i—mk(‘Rk‘ + |Ck|2>:| dt < Cy + CT 4+ C3)\K,

APPENDIX B. ANALYSIS OF THE DENSITY EQUATION
This section is devoted to the proof of the following proposition:

Proposition 29. Assume that T > 0 and (pf,uf, (Ck’Rk)k:LA..,N) is a classical solution to (6)—(13) on (0,T)

— complemented with initial conditions constructed as in (16)—(19) — that satisfies (Q1)—~(Qs). Then, there exists
strictly positive constants Ky and Ty depending only on the list of parameters (25) and K such that

”pf(t)”]—[l(]:(t)) <K; on (O,Tl).
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Again, the main difficulty in obtaining this proposition is to make the constant K; independent of the
parameter N. For this, we proceed as in Section 4 and interpret py on F(t) as the trace of some global density
defined on 2. We notice here that, by assumption, we already have this property initially since we set

ps(0,-) = py on F°

with p?c € H'(). To extend this property, we construct again extensions @y of fluid velocity-field us and ) yof
stress tensor X; with the same formula as in (45) and (35) respectively. We then construct py

{&sﬁf +iig0upy = — 4t (Ef + Pf(ﬁf))a on (0,T) x Q, (B.15)
[)f(ov )= p?”a on {2,

By (Q5) with Proposition 38 for the fluid part and (@Q1)—(Q5) with Corollary 9 for the bubble part, we obtain
that @iy € L2(0,T; Wh>(Q)) with Xy € L?(0,T; H'(Q)). Consequently, we have a unique solution (B.15) which
solves (6) on F. By uniqueness of the solution to (6) in the regularity class of classical solutions (see [15]), we
have thus py = py on F(t) for t € (0,T). So, our proof reduces to computing bounds for py.

First, we prove that there exists Ty < 1" such that we can control ||15fHL°C(Q) explicitly on (0,7p). By the
method of characteristics and the explicit value of py :

1 (e
~ 0 L ~ s
npfuwﬂup%9>s|vaLm«neXp<ﬁwb£ (HEfHLw“n-*af“v<ﬂJ'Lw«n)‘ﬁ>'

The bound (Q5) coupled with the embedding of H!(Q) in L>(Q) allows to control the stress tensor norm by

KT |57t ) g gy < QHpS)c(t, , it yields

')HLoo(Q)

- 1 —

By a standard continuation argument, we construct then a time-interval (0,7}) depending only on K, ay, ¢
and ||p(}(t, =) so that:

165t M o) < QHp(}HLw(Q)
for t < Tp.
We focus now on 0,p5. For this, we apply a space derivative to (B.15):
01 (8upy) + 0u(UBufpy) = f%axif
~ (S +01(0) + 50 (51) ) 0uiy
(0:7)(0.") = D0}

For simplicity, we denote from now on Y := 0,p¢. We multiply the previous equation by 2Y’, leading to

0 (Y2) + 0, (ay?) = —2v 2L, 5, — v2A
133

where A denotes 0,4 + % (f]f +rp(yy+ 1)([)f)7f>. Let first bound the right-hand side by a standard Cauchy-
Schwarz/Minkowski inequality:

. . )
/ <2Y”faxzf - Y2A> dr < 7H,3faxzf‘
Q My My

2 1
— + || Al| e~ V|3 200)-
i+ (o Mm@ ) ¥ T



ANALYSIS OF COMPRESSIBLE BUBBLY FLOWS. PART II. 2905

Going back to the PDE for Y2, the L? norm of 9,5 can be bounded as

T
<

T T 2 (1=
cexp( ot [ (10l = ([[E4] gy + 07 + D1 ) )
1) o | 15 Q) [if I Lo () AN Moslly Q)

All the terms can be controlled using (Q3) and (Q5), except fOT||8x12||Lw(Q) dt. This latter term can be bounded
using lemmas 28 and 27 (corresponding respectively to the contributions of [0yl ;e (z) and [|0ptl[ 1o (0 7))
Then, for a sufficiently small time T < Tg,

T 1
/ (020 oo (@) dt < 3
0

so that on (0,7}) :

~ 2 2 2
O (L A iy

T; 1 2
‘ exp(M; + 5+ VIR + Ty + )27 ||pg||z;(m).

This completes the proof.
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