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Abstract

This work is dedicated to the solution filtering technique for performing direct
and large-eddy simulation. It is shown that this approach is equivalent to the
use of spectral viscosity as a possible ersatz of subgrid-scale modelling. In the
framework of finite-difference schemes, the filter operator can be designed to
ensure time consistency while easily controlling the level and scale selectiv-
ity of the dissipation thus introduced. Then, a new family of filter schemes
is developed in order to represent both the molecular and artificial dissipa-
tions. The resulting viscous filter operator is straightforward to implement
through a simple modification of its coefficients that depend on the molecu-
lar/artificial viscosity and the time step. A definitive advantage in terms of
computational efficiency is obtained for computational configurations where
the time step is restricted by the Fourier condition, as a simple alternative to
implicit time integration of the viscous term. Numerical tests clearly show
that this viscous filtering method is flexible, accurate and numerically stable
at large Fourier number.
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1. Introduction

In the context of large-eddy simulation (LES), spatial filtering can refer to
different concepts and techniques, as a potential source of misunderstanding
between users and developers in this field of computational fluid dynamics.
The essential meaning of spatial filtering is related to the LES formalism
itself as a tool of decomposition between the large-scale component of the
solution and its residual small-scale component designated as the subgrid-
scale (SGS) part. This first concept has been widely developed with the
purpose to derive the governing equations of the large-scale motion while
introducing the unknown SGS tensor in the framework of a closure problem.
For the general background based on this way to define the LES problem, the
reader is referred to the textbooks [1, 2, 3] which also include the presentation
of the most popular SGS models. In this study, this primitive meaning of
spatial filtering is not addressed. The related SGS modelling is also not
considered, avoiding the difficult questions about the way to account for this
“implicit filtering” in the SGS model itself. For the most popular SGS model,
namely the Smagorinsky model, the spatial filtering, to which the solution
is actually subjected, is a model feature. This feature can only be known a
posteriori, as an output of the LES, with a major role of the numerical error
for the filtering actually obtained [4].

In this study, we are interested in the technique that consists in the ap-
plication of spatial filtering every time step on the solution during the time
advancement of the governing equations. This technique is sometimes re-
ferred as “solution filtering” [5] or as “relaxation filtering” [6, 7]. It can also
be designated as “explicit filtering”, but this term is potentially confusing
with the SGS modelling approach where the non-linear convective terms,
based on the implicitly filtered (i.e. large-scale) solution, are themselves fil-
tered with a given operator to define an alternative SGS tensor in a modified
closure problem [8, 9, 10]. Here, for simplicity, the term “solution filtering”
is preferred to clearly express that the filter operation is applied directly on
the solution without any reference to other formalisms or non-linearity treat-
ments. We also only focus on the systematic application of the filter every
time step, even if a periodic application every n time steps can also be an op-
tion to control the resulting artificial dissipation while saving computational
time [11, 12, 13, 14].

The solution filtering approach is shared by a wide community in the
field of LES as well as in direct numerical simulation (DNS), see for instance
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[15, 16, 11, 17, 18, 19]. When used in DNS, it can be viewed as a way to
control the development of numerical oscillations, due for instance to alias-
ing errors, when the viscous term is not strong enough to ensure this control
[20]. Typically, it enables simulators to perform DNS at marginal resolution
while improving the physical realism of their solutions which can be virtually
free from small-scale spurious oscillations. When this idea is pushed further
using coarse computational mesh at high Reynolds number, the filtering so-
lution strategy is referred as an ersatz of SGS modelling in a fuzzy formalism
mainly based on considerations about the expected functional role of the SGS
uncaptured by the computational mesh. Viewed in this perspective, this ap-
proach may be classified in the field of implicit LES, the solution filtering
corresponding to an artificial regularisation process applied throughout the
calculation. Since its very beginning through the MILES approach [21], im-
plicit LES has become very popular with the development of a wide range of
technics to ensure regularisation (see for instance the collective book [22]).
In this work, the goal is not to propose a new approach for implicit LES but
to develop a new technique that can be put in this perspective while being
firstly useful for DNS.

To introduce artificial dissipation for regularisation purposes, the most
popular method is to differentiate the convective term using upwind schemes.
An alternative is to boost artificially the viscous term through an overesti-
mation of the second derivatives at small scales, as proposed by [23] where
a comparison with the traditional upwind-based strategy is presented for a
one-dimensional (1D) linear convection/diffusion equation. In [23], and in
a more detailed way in [4], it has been shown that this type of numerical
dissipation is the finite-difference counterpart of spectral vanishing viscos-
ity (SVV) [24, 25, 26, 27]. In this paper, also based on a finite-difference
framework, the links between SVV, boosted second derivative and filtering
are clarified to open the way for a new technique of solution filtering.

The manuscript is organized as follows. In section 2, a generic finite-
difference operator is defined with a classic definition of its coefficient rela-
tions up to a given order of accuracy. Then, the role of solution filtering is
described in section 3 by considering a 1D model equation where the filter-
ing operation can be clearly expressed inside the time advancement. In this
simplified framework, an equivalent SVV is introduced in section 4 as a func-
tion of the filter transfer function. Based on this equivalence, the strength
and the scale-selectivity of the filter can be controlled through the scaling of
the scheme coefficients while ensuring the time consistency of the resulting
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regularisation operator. This principle is extended in section 5 in order to
incorporate the molecular dissipation into the filter scheme. In section 6,
the numerical accuracy and stability of this new type of filtering, called “vis-
cous filtering”, is analysed through spatial and temporal convergence tests.
Then, DNS/LES results are presented in section 7 to assess the viscous fil-
tering strategy in demanding computational configurations involving fully
developed turbulence. The major advantage of viscous filtering, in terms of
numerical stability, is clearly exhibited, as an efficient alternative strategy
to time implicit integration of the viscous term. The main conclusions are
summarized in section 8 while drawing perspectives for further developments.
Finally, an appendix is provided to clearly establish the close link between
viscous filter and second derivative finite-difference schemes.

2. Filtering scheme and transfer function

Here, the filtering approach is considered in the framework of finite-
difference schemes. For simplicity, the discretization is based on a regular
mesh and the formalism is presented in 1D through the basic filtering oper-
ator expressed as

αf f̂i−1 + f̂i + αf f̂i+1 = affi + bf
fi−1 + fi+1

2
+ cf

fi−2 + fi+2

2

+ df
fi−3 + fi+3

2
+ ef

fi−4 + fi+4

2
(1)

with its associated transfer function

T (k∆x) =
af + bf cos(k∆x) + cf cos(2k∆x) + df cos(3k∆x) + ef cos(4k∆x)

1 + 2αf cos(k∆x)
(2)

where fi = f(xi) are the values of a generic function f(x) on the nodes
xi = (i − 1)∆x, f̂i are the filtered values and k is the wavenumber. To
provide a low-pass filter, it is common to impose the value of T (k∆x) at the
cutoff wavenumber kc = π/∆x with for instance

T (kc∆x) = 1− σ (3)

where 0 ≤ σ ≤ 1. In the context of numerical simulation, the most popular
choice is to fully remove the grid-to-grid wavelength using σ = 1.
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In addition to condition (3), Taylor’s expansion can provide extra con-
straints on the set of coefficients (αf , af , bf , cf , df , ef ) in order to reach a
given order of accuracy, with

1 + 2αf = af + bf + cf + df + ef (∆x2) (4)

2αf = bf + 4cf + 9df + 16ef (∆x4) (5)

2αf = bf + 16cf + 81df + 256ef (∆x6) (6)

2αf = bf + 64cf + 729df + 4096ef (∆x8) (7)

2αf = bf + 256cf + 6561df + 65536ef (∆x10) (8)

For the present 6 coefficient scheme, condition (3) expressed as

af − bf + cf − df + ef = (1− σ)(1− 2αf ) (9)

enables 10th-order accuracy.
If only 6th-order accuracy is desired, an option is to reduce the stencil of

(1) by imposing ef = 0 while leaving free αf , this choice leading to the set
of coefficients

af =
σ(10α− 5) + 16

16

bf =
σ(15− 30α) + 64α

32

cf =
σ(−3 + 6α)

16

df =
σ(1− 2α)

32
(10)

in which the very popular scheme of [28] corresponds to the assumption σ = 1

with af =
11 + 10α

16
, bf =

15 + 34α

32
, cf =

−3 + 6α

16
and df =

1− 2α

32
. For

the more general scheme given by (10), the two control parameters of the filter
behaviour are α and σ. The former defines the scale-selectivity of the filtering
whereas the latter specifies its attenuation level through its prescription on
the grid-to-grid oscillations. These two features are illustrated in figure 1.

3. Functional role of solution filtering

Despite its name, as already mentioned in the introduction section 1,
this type of filtering operator has no direct connection with the filtering

5



 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3

T
(k

)

k∆x

α=0.47
α=0.49

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3

T
(k

)

k∆x

σ=0.75
σ=0.25

Figure 1: Left: highly (α = 0.49) and moderately (α = 0.47) scale-selective filtering for
σ = 1. Right: soft (σ = 0.25) and medium (σ = 0.75) filtering for α = 0.47.

framework of the LES formalism. To make clear this essential point, let us
consider

du

dt
= λu (11)

as a simple model equation of the DNS/LES governing equations. The com-
plex variable λ can be defined to consider a generic convection/diffusion
equation with λ = −ick − νk2 where ν is the molecular viscosity, c is the
convective velocity and u(k, t) is the solution expressed in the Fourier space.
In LES based on solution filtering, the way to impose the filter is related to
the time integration of this type of equation. In practice, the time advance-
ment from tn to tn + ∆t is split into two steps, with

u∗ = un+

∫ tn+∆t

tn

λu dt (first step) , un+1 = Tu∗ (second step) (12)

with un = u(k, tn) and un+1 = u(k, tn + ∆t). Assuming an exact time
integration for the first step, these two steps can be summarized as

un+1 = T exp(λ∆t)un (13)

to be compared to
un+1 = exp(λ∆t)un (14)

obtained from the exact solution of (11). The application of the filter T every
time step produces a damping corresponding to an artificial dissipation as
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long as 0 ≤ T ≤ 1. This is precisely the desired effect in LES through the
expectation that it can represent the SGS influence in the spirit of implicit
LES. The damping of small scales can also be a motivation for performing
DNS while controlling spurious oscillations due for instance to aliasing errors
[20] or to subdomain boundaries [29].

4. Equivalence with spectral vanishing viscosity

The comparison between the time advancement (13) with its exact coun-
terpart (14) leads to the conclusion that the deviation of T from 1 corresponds
to the numerical error introduced, on purpose, by the filtering. It is easy to
show that (13) also corresponds to the exact time integration of (11) with
λ = −ick−(ν+νs)k

2 where νs can be interpreted as the SVV associated with
the filtering. By the exact identification T = exp(−νsk2∆t), the expression
of νs can be obtained with

νs(k∆x) = − lnT (k∆x)

k2∆t
(15)

This very simple relation clearly shows that solution filtering can be related
to an equivalent SVV, at least in a framework where time errors are neglected.

A first remark connected to this equivalence is that the value T = 0
is a singularity for νs which becomes infinite. This singularity is obtained
in particular at the cutoff wavenumber kc when σ = 1. Even if infinite
values for νs are numerically feasible, it is difficult to relate them to any SGS
contribution when interpreted in the framework of implicit LES. Another
remark is related to the asymptotic behaviour of νs for vanishing time steps
with formally

lim
∆t→0

νs(k∆x) =∞ ∀k 6= 0 (16)

Numerically, this second singular behaviour corresponds to a loss of time
consistency. It can be easily understood by remarking that a solution filtering
performed in the same way every time step produces a cumulative effect that
is more and more pronounced as ∆t goes to zero [5].

Fortunately, both singularities can be easily avoided through a scaling of
σ on the time step, enabling the application of one filtering to vanish as ∆t
goes to zero. For this scaling, it is convenient to introduce the numerical
viscosity ν0 which can be defined as the value of νs at the cutoff wavenumber
with ν0 = νs(kc∆x). This value can be chosen by reference to molecular
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viscosity ν as explained for instance in [4] where the ratio ν0/ν is estimated
using a simplified closure of Lin’s equation in the context of implicit LES.
Then, σ can be adjusted on a finite value of ν0 using expression (15) leading
to

σ = 1− exp
(
−ν0k

2
c∆t

)
(17)

This scaling of σ on ∆t can restore the time consistency of the solution
filtering as an alternative to the rescaling technique proposed by [5]. It also
enables the control of the numerical viscosity introduced by the solution
filtering for any ∆t while avoiding to impose an infinite value at the cutoff
wavenumber kc. Using the Fourier number

F =
ν∆t

∆x2
(18)

it can be convenient to make nondimensional expression (17) with

σ = 1− exp
(
−π2ν0

ν
F
)

(19)

which shows that the scaled σ is only a function of ν0/ν and F . In the same
way, the nondimensional counterpart of (15) can be written as

νs(k∆x)

ν0

= − lnT (k∆x)
ν0

ν
Fk2∆x2

(20)

To illustrate to what extent solution filtering is equivalent to SVV, the
resulting νs(k∆x) are compared in figure 2-left. Here, the reference SVV
corresponds to the kernel

νs(k∆x) =

{
0 if k∆x < mπ

ν0 exp
[
−
(
π−k∆x
mπ−k∆x

)2
]

if mπ ≤ k∆x ≤ π
(21)

with the standard value m = 0.3. As expected, because of its singular
behaviour at the cutoff wavenumber kc, the filter (1) based on coefficients
(10) with σ = 1 is unable to mimic the standard SVV kernel. For this
example, the filter is made highly selective with the value α = 0.47 close
to 0.5. Similar conclusions can be obtained from any filter based on the
choice σ = 1. For instance, the optimized 6th-order filter of [30], despite its
good behaviour at low wavenumbers, leads to very high values of equivalent
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Figure 2: Left: Comparison between the reference SVV kernel and its equivalent counter-
parts associated to filter (1,10) with σ = 1 or with the scaling (17) and to filter [30] with
σ = 1. Right: Comparison between the reference SVV kernel and its equivalent coun-
terparts associated to filtering using (1,26) or associated to the computation of second
derivative [4]. Examples at ν0/ν = 10 and F = 0.001.

spectral viscosity for k∆x & 1. This behaviour can make highly intrusive the
filtering when only moderate values of the numerical viscosity are required.
On the contrary, the use of the scaling (17) with α = 0.35 leads to a kernel
close to the standard SVV with a finite value at the cutoff wavenumber kc
as imposed by ν0/ν = 10 in the example presented in figure 2-left.

So far, only 6th-order filters have been considered using the set of coeffi-
cients (10). For reasons that will be explained in the following, we propose
here to increase the formal order of the filter by adding the 8th-order condi-
tion while using the full stencil of scheme (1). The coefficients are determined
using (4-7) and to control the shape of the kernel, two extra constraints can
be imposed. Here, we choose to impose the transfer function at the cutoff
wavenumber kc and at km = 2kc/3 with T (kc∆x) = Tc and T (km∆x) = Tm.
These two extra constraints can be written as

af − bf + cf − df + ef = (1− 2αf )Tc (22)

af −
bf
2
− cf

2
+ df −

ef
2

= (1− αf )Tm (23)

where Tc and Tm are

Tc = exp
(
−π2ν0

ν
F
)

(24)

Tm = exp

(
−4π2

9
c1
ν0

ν
F

)
(25)
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with c1 ≈ 0.44 as given by the SVV kernel (21) at k = km. The system of
6 equations (4−7,22,23) with the 6 unknowns (αf , af , bf , cf , df , ef ) leads to
the solution

αf =
−256Tm + 81Tc + 175

−256Tm + 162Tc + 94

af =
Tc(35Tm + 46)− 163Tm + 82

−128Tm + 81Tc + 47

bf = −Tc(56Tm − 137) + 200Tm − 119

−128Tm + 81Tc + 47

cf =
Tc(28Tm − 28)− 28Tm + 28

−128Tm + 81Tc + 47

df = −Tc(8Tm − 8)− 8Tm + 8

−128Tm + 81Tc + 47

ef =
−Tm + Tc(Tm − 1) + 1

−128Tm + 81Tc + 47
(26)

where Tc and Tm are given by (24,25) in which the input parameters are ν0/ν
and F .

The spectral viscosity associated to filter (1) based on the set of coeffi-
cients (26) is presented in figure 2-right. It is found to be slightly less intru-
sive than the 6th-order filter at low wavenumbers while mimicking correctly
the SVV kernel of reference. Interestingly, this spectral viscosity obtained
from filtering is almost identical to the one introduced by the finite-difference
scheme proposed by [4] to compute second derivatives. This remarkable sim-
ilarity between filtering and second derivative opens a way for designing a
filter to fully mimic a second derivative, i.e. both its numerical and molecular
dissipation. This is the subject of the next section.

5. Viscous filtering

In this work, we propose a new approach where the filter is designed to
provide both the molecular and artificial dissipations. Thanks to this fea-
ture, the viscous term can be removed from (11) by using λ = −ick. In
this way, both the artificial and molecular dissipation have to be included in
T . To enable this feature, Taylor’s expansions must be performed by refer-
ence to the viscous kernel to obtain order conditions between the coefficients
(αf , af , bf , cf , df , ef ). More precisely, the purpose is to approach the exact
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amplification factor associated with the purely diffusive case,

Tref = exp(−νk2∆t) = exp
[
−F (k∆x)2

]
(27)

with a given order of accuracy. Taylor’s expansions of (27), of the numerator
and denominator of (2) lead respectively to

exp
[
−F (k∆x)2

]
= 1−F (k∆x)2 +

F 2(k∆x)4

2!
− F

3(k∆x)6

3!
+O(k∆x)8, (28)

1 + 2αf cos(k∆x) = 1 + 2αf

[
1− (k∆x)2

2!
+

(k∆x)4

4!
− (k∆x)6

6!

]
+O(k∆x)8

(29)
and

af + bf cos(k∆x) + cf cos(2k∆x) + df cos(3k∆x) + ef cos(4k∆x) =

af + bf

[
1− (k∆x)2

2!
+

(k∆x)4

4!
− (k∆x)6

6!

]
+ cf

[
1− 22(k∆x)2

2!
+

24(k∆x)4

4!
− 26(k∆x)6

6!

]
+ df

[
1− 32(k∆x)2

2!
+

34(k∆x)4

4!
− 36(k∆x)6

6!

]
+ ef

[
1− 42(k∆x)2

2!
+

44(k∆x)4

4!
− 46(k∆x)6

6!

]
+O(k∆x)8 (30)

Then, by identification order by order of (2) with (27), the following set of
conditions is obtained with

1 + 2αf = af + bf + cf + df + ef (∆x2)

2F (1 + 2αf ) + 2αf = bf + 4cf + 9df + 16ef (∆x4)

12F 2(1 + 2αf ) + 24Fαf + 2αf = bf + 16cf + 81df + 256ef (∆x6)

120F 3(1 + 2αf ) + 360F 2αf + 60Fαf + 2αf = bf + 64cf + 729df + 4096ef (∆x8)

(31)

Naturally, for the inviscid case given by F = 0 (i.e. Tref = 1), conditions
(4-7) are recovered. For the more general viscous case (F 6= 0), as in the
previous section, we have 6 coefficients (αf , af , bf , cf , df , ef ) subjected to the
4 conditions (31).
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A first option is to remove 2 coefficients, with df = ef = 0 in order to
make more compact the resulting scheme. Contrary to a standard filter based
on conditions (4-7), the present new type of filter, which can be designated
as a viscous filter, is self-sufficient without requiring any extra condition to
avoid the singular solution af = 1, αf = bf = cf = 0. The solving of the
corresponding system (31) leads to the set of coefficients

αf = − 30F 2 − 15F + 2

60F 2 + 60F − 11

af =
180F 3 − 240F 2 + 171F − 22

120F 2 + 120F − 22

bf = −120F 3 − 120F 2 − 6F + 4

60F 2 + 60F − 11

cf =
60F 3 − 3F

120F 2 + 120F − 22
, df = 0, ef = 0 (32)

The associated modified square wavenumber k′′ given by

k′′∆x2 = − lnT

F
(33)

is compared in figure 3-left to the exact differentiation k′′ = k2 and to the
modified square wavenumber of the very popular 6th-order scheme of [28]
for the computation of the second derivative. The almost perfect collapse
between viscous filtering and second derivative suggest that these two finite-
difference techniques can produce very similar results to represent physical
diffusion. The former can be seen as the counterpart of the latter while
including the time integration. This point will be discussed more in the next
section and also in Appendix A.

The comparison presented in figure 3-left is based on a low value of the
Fourier number F = 0.001. Lower values of F would produce virtually iden-
tical k′′. The use of higher values has to be discussed more carefully. First, it
can be noticed that all the coefficients (32) become singular for the positive

root of their denominator given by F =

√
390− 15

30
≈ 0.158. In practice, in

the neighbourhood of this singularity, the transfer function T (k∆x) becomes
erratic with strong deviations from its exact reference exp(−νk2∆t) and sud-
den changes of sign (with vertical asymptotes) at particular wavenumbers k.
In this range of F , this filtering technique becomes inoperable. In a more
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Figure 3: Comparison between the exact wavenumber and its modified counterparts as-
sociated to viscous filtering or to the computation of second derivative. Left: F = 0.001
(green-dashed curve). Right: F from 0.5 to 1 by step of 0.1 (from top to bottom green-
dashed curves).

general way, because T (k∆x) corresponds to the amplification factor in the
context of von Neumann stability analysis, the present scheme is numerically
stable if |T (k)| ≤ 1. To exhibit its numerical stability, the isocontour T = 1+

in the plane (k∆x, F ) is presented in figure 4. A very thin unstable zone can
be identified near the singularity F ≈ 0.158 suggesting to avoid the range
0.14 < F < 0.17. For higher values of F , another unstable zone can be
noticed, starting from F > 1.35 at k = kc.

Even if the present scheme is numerically stable at F ≈ 1, it is worth
to address its accuracy. For that purpose, a map of the error parameter

k′′err =
k′′ − k2

k2
c

in the plane (k∆x, F ) is presented in figure 5. Paradoxically,

the unstable/inaccurate zone (plotted in red) near F ≈ 0.158 is surrounded
by regions where the accuracy is slightly improved by reference to the error
at low F . Outside the unstable/inaccurate range F ∈]0.14, 0.17[, low values
F ≤ 0.14 provide similar accuracy. On the contrary, high values F ≥ 0.14
deteriorate the accuracy as F is increased, with a strong under-estimation of
k′′ at high wavenumber k∆x ∈ [π/2, π]. This behaviour is also illustrated in
figure 3-right in the range 0.5 ≤ F ≤ 1. Based on these observations, it is
suggested that the useful ranges of Fourier number to ensure both stability
and accuracy are F ≤ 0.14 and 0.17 ≤ F ≤ 0.5.

To avoid the singular behaviour of the scheme because of the root of its
coefficient denominator, it can be decided to make it explicit (αf = 0) while
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Figure 4: Isocontour T = 1+ in the plane (k∆x, F ). The red dashed line indicates the
singular value F ≈ 0.158.
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Figure 5: Map of the error parameter k′′err =
k′′ − k2

k2c
in the plane (k∆x, F ). Saturated

colormap for |k′′err| > 1%.
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extending its stencil (df 6= 0) in order to preserve the 8th-order accuracy.
With these new constraints, solving system (31) leads to

af = −60F 3 − 84F 2 + 49F − 18

18

bf =
10F 3 − 13F 2 + 6F

2

cf = −20F 3 − 20F 2 + 3F

10

df =
30F 3 − 15F 2 + 2F

90
, αf = 0, ef = 0 (34)

A second alternative is to keep its implicit feature (αf 6= 0) while using the
stencil extension (df 6= 0) to ensure an extra constraint designed to impose
the transfer function at kc as in (22). In that case, to take into account both
the molecular and numerical viscosities, Tc is given by

Tc = exp
[
−π2

(ν0

ν
+ 1
)
F
]

(35)

instead of (24) which was designed to only mimic the numerical dissipation.
These extra constraint combined with system (31) leads to the solution

αf = − 45Tc + 480F 3 − 600F 2 + 272F − 45

−90Tc + 960F 3 + 240F 2 − 416F + 90

af =
F 3(600Tc − 720) + F (145Tc − 561)− 90Tc + F 2(1158− 390Tc) + 240F 4 + 90

−90Tc + 960F 3 + 240F 2 − 416F + 90

bf = −F
3(1800Tc − 240) + F (135Tc + 953) + 180Tc + F 2(−990Tc − 1362) + 240F 4 − 180

−180Tc + 1920F 3 + 480F 2 − 832F + 180

cf = −F
2(90Tc + 438) + F (81Tc − 81) + F 3(−360Tc − 720) + 240F 4

−90Tc + 960F 3 + 240F 2 − 416F + 90

df =
F (7Tc − 7) + F 2(78− 30Tc) + F 3(−120Tc − 240) + 240F 4

−180Tc + 1920F 3 + 480F 2 − 832F + 180
, ef = 0 (36)

Both sets of coefficients (34) and (36) avoid any erratic behaviour around
a singular value of F . The stability condition is more favourable for the
scheme (1,36) than for the scheme (1,34) with F < 4.12 for the former and
F < 0.84 for the latter. More importantly, at 10% of the maximum stable
Fourier number, the scheme (1,36) is significantly more accurate than the
scheme (1,34) as illustrated in figure 6-left.

Following the method presented in the previous section to control the
shape of the SVV kernel introduced by the filtering, the last option presented
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Figure 6: Left: Comparison between schemes (1,34) and (1,36) at 10% of the maximum
stable Fourier number F (ν0/ν = 0). Right: Comparison between the reference SVV kernel
and its equivalent counterparts associated to filtering using (1,38) or to the computation
of second derivative [4] (ν0/ν = 10 and F = 0.001).

here is to use the full stencil (df 6= 0 and ef 6= 0) of scheme (1) while imposing
the transfer function at kc and km through the two constraints (22,23) where
Tc is given by (35) and Tm by

Tm = exp

[
−4π2

9

(
c1
ν0

ν
+ 1
)
F

]
(37)
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Then, solving system (31,22,23) provides the set of coefficients

αf = − 1280Tm − 405Tc + 1440F 3 − 3240F 2 + 2736F − 875

−1280Tm + 810Tc + 2880F 3 − 2160F 2 − 288F + 470

af =

(
F (3520Tm + 855Tc − 4951) + F 3(3200Tm + 1800Tc − 1520)+

Tc(700Tm + 920)− 3260Tm + F 2(−4640Tm − 2430Tc + 5038) + 240F 4 + 1640

)
−2560Tm + 1620Tc + 5760F 3 − 4320F 2 − 576F + 940

bf =

(
F 2(2560Tm + 6210Tc + 6478) + F (256Tm − 4329Tc − 6871)− 4000Tm+

Tc(2740− 1120Tm) + F 3(−2560Tm − 3960Tc − 1520) + 240F 4 + 2380

)
−2560Tm + 1620Tc + 5760F 3 − 4320F 2 − 576F + 940

cf = −

(
F (1792Tm − 2115Tc + 323) + F 3(1280Tm − 1800Tc − 1040) + 280Tm+

Tc(280− 280Tm) + F 2(−2240Tm + 2970Tc + 598) + 240F 4 − 280

)
−1280Tm + 810Tc + 2880F 3 − 2160F 2 − 288F + 470

df = −

(
F 2(2560Tm − 2430Tc + 2158) + F (256Tm + 855Tc − 1111)+

Tc(160Tm − 160)− 160Tm + F 3(−2560Tm + 1800Tc − 1520) + 240F 4 + 160

)
−2560Tm + 1620Tc + 5760F 3 − 4320F 2 − 576F + 940

ef =

(
F 2(160Tm − 270Tc + 478) + F (64Tm + 99Tc − 163)+

Tc(20Tm − 20)− 20Tm + F 3(−640Tm + 360Tc − 560) + 240F 4 + 20

)
−2560Tm + 1620Tc + 5760F 3 − 4320F 2 − 576F + 940

(38)

The corresponding SVV can be expressed using this time the exact identifi-
cation T = exp[−(ν + νs)k

2∆t] in order to incorporate both the molecular
and artificial dissipations while solving (11) with λ = −ick. Then, the coun-
terpart of (15) becomes

ν + νs(k∆x) = − lnT (k∆x)

k2∆t
(39)

or equivalently in nondimensional form

νs(k∆x)

ν0

= − lnT (k∆x)
ν0

ν
Fk2∆x2

− ν

ν0

(40)

As in the previous section, when compared with the approach of [4] based
on the explicit computation of the viscous term while boosting it artificially
at small scales, the present viscous filtering method can lead to virtually
identical spectral viscosity as shown in figure 6-right. Both approaches can
behave like SVV with an equivalent flexibility through the choice of the input
parameters ν0/ν and c1 to shape the associated kernel. In terms of stability,
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the extra constraint at km introduces an unstable range 0.023 < F < 0.64.
For higher values of F , numerical stability is ensured as long as F < 7.94
but with a strong loss of accuracy (not shown for conciseness). Even if the
stability condition F < 0.023 is more restrictive than for schemes (34) and
(36), it is not at all penalizing in many DNS/LES applications where the
typical values of Fourier numbers are clearly smaller.

By comparison to conventional filtering, the present viscous filtering tech-
nique enables the bypass of the viscous term and then the saving of compu-
tational time. But in terms of computational efficiency, the main advantage
of viscous filtering lies in its robustness for large values of the Fourier number
F . This fundamental point is discussed in the following section through an
analysis of the formal accuracy and numerical stability of this new approach.

6. Accuracy analysis

To validate the present viscous filtering procedure while exhibiting its
main accuracy features, the standard convection/diffusion equation

∂u

∂t
+ c

∂u

∂x
= ν

∂2u

∂x2
(41)

is solved where u(x, t) is the solution expressed in the physical space. With
the initial condition

u(x, 0) = exp

[
−
(
x− Lx/2

σx

)2
]

(42)

this equation has an exact solution with

u(x, t) =

√
σ2
x

σ2
x + 4νt

exp

[
−(x− ct− Lx/2)2

σ2
x + 4νt

]
(43)

where Lx is the computational domain considered. The problem is solved
using periodicity in x while considering a narrow Gaussian with σx = Lx/40
to make negligible the role of the boundary condition for the deviation from
the exact solution (43) subjected to same periodicity. Using the nondimen-
sionalisation Lx = 1 and c = 1, the viscosity considered is ν = 1/1000 and
the equation is solved up to t = 1.
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In this section, we want to address the general features of the viscous fil-
tering by comparison to the conventional approach where the viscosity effects
are described through the computation of the right hand side of equation (41)
using a finite-difference scheme for the computation of the second derivative.
For this classical way to take viscous effects into account, we will refer to
explicit diffusion. As generic viscous filter operator, only the scheme given
by the set of coefficients (36) is considered for conciseness. In the same way,
as generic second derivative scheme, only the 6th-order scheme reported in
[23] is used for comparisons. These two schemes are expected to behave very
closely as it was observed in the previous section and as it will be checked
practically in this section. To reduce the spatial differentiation errors, both
schemes are scaled to provide a very small amount of numerical dissipation
using ν0/ν = 0. This choice to consider only these two schemes is for concise-
ness reasons. Fundamentally, all the comparisons discussed in what follows
can be transposed for other numerical parameters (accuracy order, stencil,
imposition of Tc and Tm, etc.) provided that the viscous filter is compared
to its counterpart for the computation of the second derivative.

6.1. Spatial accuracy

First, the spatial accuracy is addressed by using a very small time step ∆t
making negligible the error due to the time integration. For the conventional
approach, the advancement is entirely based on a 3rd-order Adams-Bashforth
(AB3) scheme. For the technique based on viscous filtering, the AB3 scheme
is only used for the convective term while representing the diffusion by the
application of the viscous filter operator on the computed solution every
time step as explained in section 3. In both cases, the spatial differentia-
tion of the convective term is performed using the same 6th-order compact
finite-difference scheme (see [28, 31] for information on this standard centred
scheme for the computation of first derivative).

The spatial convergence obtained in each case is shown in figure 7 by
considering both the convective/diffusive (c = 1) and purely diffusive (c =
0) situations. Three spatial resolutions have been considered with ∆x =
Lx/nx where nx is the number of mesh nodes with nx = 256, 512, 1024. The
remarkable matching of the L2-norm at any spatial resolution clearly confirms
that the present viscous filtering technique can mimic almost perfectly an
explicit diffusion. A 6th-order accuracy is well recovered. This accuracy
order of the viscous filter (1,36) is expected in view of the almost perfect
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Figure 7: Spatial convergence for diffusion (c = 0) and convection/diffusion (c = 1) equa-
tions. Comparison between the present viscous filtering technique and the conventional
explicit computation of the diffusion term. Three spatial resolutions are considered with
∆x = Lx/nx and nx = 256, 512, 1024.

collapse between modified wavenumbers as illustrated in figure 31. However,
the 6th-order accuracy may seem like a contradiction in view of the order
conditions checked up the 8th order as expressed in (31). In practice, it is
worth noting that the 8th-order accuracy is ensured only if F is kept constant
with the same number of time steps. For the present investigation of spatial
convergence based on a constant time step ∆t while computing the L2-norm
at the same time t = 1, the variation of F , as ∆x is reduced, introduces
a division by ∆x2 of the numerical error, explaining the 6th-order accuracy
observed in the present tests of spatial convergence. This is the reason why a
∆x8 formulation corresponds in practice to a 6th-order accuracy in terms of
spatial convergence. Note that it can be checked that the computation of the
L2-norm based on a spatial convergence at F = cst with the same number of
time steps leads to L2-norm ∝ ∆x8 as expected (not shown for conciseness).
In Appendix A, the reason of this reduction by ∆x2 of the formal order is
exhibited analytically.

1Figure 3 actually compares the modified wavenumber of the viscous filter (32) with
its second derivative counterpart, but the same agreement (not shown for conciseness) can
be obtained for the viscous filter (36) used in the present validation.
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6.2. Temporal accuracy

The accuracy in time of the two strategies, namely the viscous filtering
and the explicit diffusion, is more difficult to assess. This difficulty is related
to the impossibility to make negligible the contribution of the spatial error.
For the conventional method based on the explicit computation of the diffu-
sion term, in the framework of von Neumann analysis, it is well known that
numerical stability is ensured only if

F <
σr

k′′max∆x2
(44)

where k′′max∆x2 is the maximum of the modified square wavenumber while
σr is a feature of the time advancement scheme with σr = 6/11 for the
AB3 scheme used in this study [32]. In the present formalism, k′′max∆x2 =
(1 + ν0/ν)π2 leads to the Fourier stability condition

F <
6

11(1 + ν0/ν)π2
. (45)

which reads F . 0.055 for ν0/ν = 0. Close to this critical value, thanks
to the accuracy of the AB3 scheme, the main contribution to the numer-
ical error comes from the spatial discretisation. A mesh refinement while
keeping constant ∆t is a way to remove progressively the spatial differen-
tiation error by comparison to the temporal error, but the resulting higher
value of F leads to numerical instability, making impossible the evaluation
of the time accuracy. To ensure numerical stability, a mesh refinement by a
factor 2 requires a reduction of the time step by a factor 4 because of the
scaling of F on 1/∆x2. Then, for the present combination (∆x6,∆t3), the
balance between time and spatial errors is kept constant, making impossible
a time convergence analysis based on a negligible contribution of the spatial
differentiation error.

To overcome this difficulty, the present assessment is based on local ac-
curacy. The principle of local accuracy analysis is to estimate the numerical
error introduced only by one time step (nt = 1), in contrast to global ac-
curacy for which the numerical convergence is examined by considering the
solution at a given time t while decreasing the time step ∆t (i.e. by in-
creasing the number of time steps nt with t = nt∆t). The advantage of
local accuracy analysis is that it is not restricted to the stability zone of the
scheme, enabling the investigation of high values of F . In present analysis,
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this convenient property can be used to make negligible the contribution of
spatial errors. Local accuracy is connected to global accuracy such that a
∆tn-accurate time scheme exhibits a local convergence proportional to ∆tn+1.
As a consequence, for the present AB3 scheme, a ∆t4 local convergence is
expected. To check this scaling, equation (41) has been advanced in time for
one time step ∆t using a spatial resolution with nx = 512. To relate more
easily the range of considered ∆t with the AB3 stability condition F . 0.055,
the convergence is exhibited as a scaling in F , a global 3rd-order accuracy
corresponding to a F 4 scaling.

Figure 8 compares the local time convergence of the present viscous fil-
tering technique with the conventional approach where the viscous term is
computed explicitly by spatial differentiation (second derivative). To start
this analysis, the simpler case of the pure diffusion (c = 0) is first addressed.
For the explicit diffusion, two zones can be distinguished in figure 8-left.
From very small F to F ≈ 0.05, a scaling in F can be clearly noticed. It
corresponds to a lack of numerical convergence in terms of global accuracy.
This behaviour corresponds to the situation already discussed for which the
spatial errors completely dominate the time errors, preventing any conver-
gence in time. At higher F , a scaling in F 4 is established, confirming the
3rd-order accuracy of the AB3 scheme. In this second zone, beyond the sta-
bility region, it can be considered that the contribution of spatial error is
negligible.

The behaviour of the time error for the viscous filtering also exhibits
the non-convergence zone at small F but reveals a more complex behaviour
for F & 0.05. Fortunately, the more or less erratic behaviour of the time
error with F in the range 0.1 . F . 1 corresponds to an increase of the
accuracy. A more regular dependency on F is recovered for F & 1 with a
scaling close to F 4 corresponding to a global 3rd-order accuracy. The lack
of a clear scaling in F is an expected result because of the entanglement
between time and spatial errors which is an essential feature of the present
viscous filter scheme. The present analysis shows that this feature is not a
drawback thanks to the resulting time accuracy which is clearly improved
by comparison to the AB3 scheme. In the zone where time error dominates,
namely for F & 0.05, the improvement corresponds to a reduction of about
one order of magnitude in the error. At lower F , this reduction is gradually
removed, as the contribution of the time error by comparison to the spatial
error, but the viscous filtering remains the most accurate approach. As
a first conclusion, for the purely diffusive case, it can be stated that the
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equation. Right: convection/diffusion (c = 1) equation. Comparison between the present
viscous filtering technique and the conventional explicit computation of the diffusion term.
The blue dashed line indicates the stability limit of the AB3 scheme F . 0.055.

viscous filtering technique is more accurate in time than the AB3 scheme.
This feature is of secondary importance at low F for which spatial error
dominates. At higher F , the accuracy improvement is a favourable property
that supplements the numerical stability which is already a major advantage.

The convective/diffusive case (c = 1) must be considered more carefully.
In this situation, both approaches (viscous filtering and explicit diffusion) re-
quire the time integration of the convective term. For the present technique
based on viscous filtering, the way to accurately combine the time integra-
tion of the convective term and the application of the filter (in which the
time integration is embedded) needs to be clarified. In the general case, the
convective term may be non-linear requiring an approximation for the time
advancement. The corresponding generic equation, written in the Fourier
space, reads as

du

dt
= F (u)− νk2u (46)

To integrate this equation in time, a simple option is to treat the two terms
on the right hand side using the same scheme, with, in the case of an explicit
multi-step scheme

un+1 = un + ∆t

p∑
i=0

ai
[
F (un−i)− νk2un−i

]
(47)
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for which the AB3 scheme coefficients are given by p = 2, a0 = 23/12, a1 =
−16/12 and a2 = 5/12. This technique, referred here as the conventional
strategy, does not require any filtering given the explicit computation of the
diffusion term.

If one desires to integrate exactly the viscous term while approximating
the non-linear term with a multi-step scheme, it may be tempting to split
the time advancement into two steps with

u∗ = un + ∆t

p∑
i=0

aiF (un−i) (48)

un+1 = exp(−νk2∆t)u∗ (49)

The drawback of this approach is that a time splitting error is introduced
preventing from considering as exact the time advancement of the viscous
term in the second step (49). To integrate exactly the viscous term, equation
(46) can be multiplied by the so-called integrating factor [33, 34] exp(νk2t)
leading to

d[u exp(νk2t)]

dt
= F (u) exp(νk2t) (50)

Then, the time advancement scheme no longer requires a splitting with

un+1 exp(νk2tn+1) = un exp(νk2tn) + ∆t

p∑
i=0

ai exp(νk2tn−i)F (un−i) (51)

or, after division by exp(νk2tn+1),

un+1 = exp(−νk2∆t)

[
un + ∆t

p∑
i=0

ai exp(−iνk2∆t)F (un−i)

]
(52)

Expressed into two steps, as a more convenient way to implement it, this
time advancement can be written as

u∗ = un + ∆t

p∑
i=0

ai exp(−iνk2∆t)F (un−i) (53)

un+1 = exp(−νk2∆t)u∗ (54)

without introducing any time splitting error.
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The exact amplification factor (27) is recovered in these two steps. Be-
cause the present approach consists in the approximation of this amplification
factor by a discrete filtering operator of transfer function T , the analogous
of the two-step time advancements (48,49) and (53,54) are respectively

u∗ = un + ∆t

p∑
i=0

aiF (un−i) (55)

un+1 = Tu∗ (56)

and

u∗ = un + ∆t

p∑
i=0

aiT
iF (un−i) (57)

un+1 = Tu∗ (58)

The advantage of (55,56) is that it only requires one filtering per time step.
In the present framework of finite-difference schemes, the computational cost
of this type of filter is equivalent to that of a second derivative, avoiding any
extra-cost due to the viscous filtering strategy. The drawback is the time
splitting error resulting in a loss of time accuracy. The time advancement
(57,58), free from any time splitting error, is more accurate but also more
expensive through the need to filter three times per time step for an AB3
scheme: twice in (57) and once in (58). By comparison to the computation
of one second derivative, the extra-cost is 200%. This may be seen as very
penalizing, but as it will be discussed in the next session, when implemented
in a full Navier-Stokes solver, the relative extra-cost brought about by the
viscous filtering is much lower while offering very advantageous features in
terms of numerical stability.

Figure 8-right presents the local convergence obtained for the convec-
tion/diffusion equation. For the present balance between convection and
diffusion given by c = 1 and ν = 1/1000, the time accuracy is mainly driven
by the time integration of the convective term. As a consequence, schemes
(47) and (57,58) are close to each other with a global 3rd-order accuracy (i.e.
a scaling of the local error in F 4) provided by the AB3 scheme for F & 0.01.
For lower values of F , the time convergence saturates because of the spatial
errors as indicated by the scaling in F . The loss of accuracy using the scheme
(55,56) is clearly exhibited in figure 8-right with a scaling in F 2 (i.e. global
1st-order accuracy) in the extended range 10−5 . F . 1. For the present
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accuracy analysis performed with very low spatial errors, the superiority of
scheme (57,58) by comparison to scheme (55,56) is clearly shown. However,
the time splitting error of scheme (55,56) can become insignificant in the
context of multidimensional non-linear governing equations. The generalisa-
tion of present viscous filtering in this more demanding context is the main
subject of the next section.

7. DNS/LES results

In this section, the present viscous filtering technique is used to perform
DNS/LES of two academic turbulent flows. The corresponding scheme has
been implemented in the finite-difference code Incompact3d that numerically
solves the incompressible Navier-Stokes equations. This code is massively
parallel and 6th-order accurate in space when free-slip or periodic boundary
conditions are used, as in the present study. The computational mesh is
Cartesian with nx × ny × nz nodes regularly distributed in the domain Lx ×
Ly × Lz

2. For more information about this code, the reader is referred to
[31, 35, 36] and also to [37] for an extension of its capabilities in the new
framework called Xcompact3D.

The implementation of the viscous filter in Incompact3d was straightfor-
ward thanks to the generic form of the finite-difference scheme (1). The only
sensitive point is to carefully code the sets of coefficients, e.g. (36) or (38),
as functions of F and ν0/ν given the dependency of Tc and Tm on these two
parameters. Note that these two sets of coefficients preserve the 6th-order
accuracy of Incompact3d.

When the Navier-Stokes equations are solved in the conventional way
through the explicit computation of the second derivatives in the viscous term
while integrating in time the governing equations as in (47), we will refer to
“Navier-Stokes” results. When the viscous filtering is used, because the vis-
cous term is removed from the governing equations, the corresponding results
will be designated by the term “Euler+VF” with VF designating Viscous Fil-
tering. More precisely, we will make the distinction between “Euler+VF1”
and “Euler+VF3” to refer to a time advancement based respectively on one
VF (55,56) or three VF (57,58) operations per time step.

In what follows, the goal is to assess the concept of viscous filtering in
the general framework of high-fidelity simulation of turbulent flows. Subsec-

2The mesh refinement in one direction, enabled by Incompact3d, is not used here.
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tion 7.1 is mainly a validation based on a widely documented fundamental
flow in order to show the remarkable equivalence between a computation
based on “Navier-Stokes” or “Euler+VF” formulations. Then, a problem
with wall turbulence and heat transfer is addressed in subsection 7.2. The
equivalence between “Navier-Stokes” and “Euler+VF” formulations is also
well recovered, but more importantly, the interest of “Euler+VF” approach
is evidenced through its high computational efficiency for numerical stability
reasons.

7.1. Taylor-Green Vortex problem

In this subsection, the Taylor-Green Vortex (TGV) problem is used as a
benchmark to assess the present viscous filtering technique. The correspond-
ing solution is triperiodic in a cubic domain (2π)3. Two Reynolds numbers
Re = 1/ν are addressed from t = 0 to t = 20. In this time interval, the flow
is subjected to a strong turbulent breakdown up to a fully developed state of
turbulence. Formally, the low Reynolds number case Re = 1250 may not be
seen as turbulent because of the deterministic nature of the flow evolution.
However, a multiscale state is well established at t = 20, as an important
feature in common with turbulence. The advantage of the deterministic
dynamics is that it enables an easy assessment of the numerical accuracy
based on instantaneous states obtained by DNS. For the higher Reynolds
number Re = 10000 considered, this attractive feature is lost because of
non-deterministic evolution of the flow after the turbulent breakdown. In
this second framework, the LES capabilities of the present viscous filter will
be examined more qualitatively.

At Re = 1250, using a spatial resolution of 4803 nodes3, the DNS accu-
racy is fully reached. Figure 9-left compares the time evolution of the kinetic
energy Ek for the conventional “Navier-Stokes” strategy and for the present
“Euler+VF1” and “Euler+VF3” alternatives. The former is based on the
second derivative scheme documented in [23] whereas in the two latter cases,
the viscous filter is given by (1,36). As already mentioned and checked in
section 6, these two finite-difference schemes are expected to behave almost
identically for the discrete representation of viscous effects as well as the
slight artificial dissipation using ν0/ν = 3 to control aliasing errors. The

3The symmetries of the problem has been used to reduce by a factor 8 the number of
degrees of freedom actually computed in the impermeable sub-box π3.
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Figure 9: Time evolution of the kinetic energy Ek (left) and its relative error Ek−Ekref

Ekref
in

% (right).

collapse between the three curves in figure 9-left confirms this point. The
viscous dissipation, that drives the free decay of this turbulence problem,
is found to be numerically equivalent for the three approaches. Thanks to
the deterministic nature of the flow, defining the reference solution as the
one obtained from the “Navier-Stokes” formulation, the relative deviation
Ek−Ekref

Ekref
can be monitored throughout the simulation. Figure 9-right com-

pares the time evolution of this deviation. For the “Euler+VF1” case, the
maximum deviation of about 0.045% remains acceptable without compromis-
ing the DNS accuracy. However, it can be observed that the “Euler+VF3”
strategy enables a drastic improvement of the agreement with the reference
solution through a reduction of the maximum deviation by more than 300.
This behaviour is consistent with the results reported in subsection 6.2 where
the clear improvement of accuracy was observed using the time advancement
scheme (57,58) by comparison to (55,56).

The “Euler” case is also presented in figure 9 to exhibit the behaviour
of the code Incompact3d when computing a discrete solution free from any
viscous effect. Thanks to the use of the skew-symmetric form for the con-
vective terms, this code can ensure the kinetic energy conservation up to the
time integration error. Using the same time step as for the three other cases,
a slight decrease of Ek can be observed beyond the start of the turbulent
breakdown due to the time error associated to the AB3 scheme. The use of
a smaller time step can easily make insignificant this deviation from a pure
kinetic energy conservation (not shown).

The multiscale dynamics produced at t = 14, after the turbulence break-
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Figure 10: Kinetic energy spectra E(k) (left) and its absolute error |E(k)−E(k)ref| (right)
at t = 14.

down, is illustrated in figure 10-left where the kinetic energy spectra E(k)
are presented. For the “Euler” case, a flat spectrum corresponding to a white
noise can be clearly observed, as expected. The excellent agreement between
the three other strategies is well recovered on the whole range of wavenumbers
k, confirming practically the equivalence between the present viscous filtering
and the conventional technique where the viscous term is computed explic-
itly. The quality of this agreement is particularly remarkable at the smallest
scales captured by the computational mesh, i.e. at k ≈ 240. A scale-by-scale
estimation of the difference between these two basic approaches can be pro-
vided by plotting the absolute deviation |E(k) − E(k)ref| at any computed
wavenumber k for the present mesh resolution (see figure 10-right). The
maximum deviation of about 10−4 can be considered as satisfactory for the
“Euler+VF1” case. If a higher accuracy is expected, the use of “Euler+VF3”
enables a spectacular improvement as shown by figure 10-right with a reduc-
tion by about two orders of magnitude of the deviation |E(k) − E(k)ref| in
this case.

The capability of the viscous filtering technique is now addressed in the
context of LES. For that purpose, a higher Reynolds number is considered
with Re = 10000. The reference results are from a DNS performed at the res-
olution 20483 whereas the corresponding LES are based on �a meshes reduced
by a factor 8 or 16 in every direction with 2563 and 1283 nodes respectively.
These two levels of mesh refinement are referred as high-resolution (HR) and
low-resolution (LR). By comparison to DNS, their associated reduction of
the number of degrees of freedom corresponds to a drastic decrease of the
computational cost with a division by a factor of about 4000 for HR LES
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and more than 65000 for LR LES. Both LES configurations can be considered
as challenging in terms of SGS modelling quality, with naturally a stronger
demand for LR LES.

A comparison between HR LES and DNS results is presented in figure
11 for the dissipation εt (left) of the kinetic energy Ek and for its spectrum
E(k) at t = 14 (right). The observation of dissipation, estimated as

εt = −dEk/dt (59)

by finite difference, enables a closer analysis of the differences between one
result to another. The HR LES results of [4] are also included in the compar-
ison. This LES calculation of reference has been performed using an implicit
SVV as SGS model. For this approach, belonging to the family of implicit
LES, the artificial dissipation is provided by a boost of the second deriva-
tive at small scales [23, 4] while shaping the modified wavenumber to mimic
SVV. For present HR LES, the counterpart of this technique is used through
a viscous filtering based on the set of coefficients (38) while using the same
level of numerical dissipation with ν0/ν = 63. Despite the non-deterministic
behaviour of the flow at this Reynolds number, an excellent matching can be
observed in figure 11 between present results and those from [4]. The time
evolution of εt is in good agreement with the DNS results of reference as well
as the kinetic energy spectrum E(k) in the wavenumber range 0 ≤ k . kc/2
as already reported in [4]. In the second part of the spectrum kc/2 . k ≤ kc,
the damping of E(k) is almost identical for the reference LES [4] (referred
as “Navier-Stokes LES”) and for both cases “Euler+VF1” and “Euler+VF3”
LES. This is the practical confirmation that the present viscous filtering
technique can be used in the context of implicit LES as the counterpart
of implicit SVV initially introduced by [23, 4] through the computation of
second derivatives in the viscous term.

An attractive feature of this remarkable correspondence is that it provides
a way to explicitly estimate the kinetic energy dissipation provided by the
viscous filtering. As explained in [4], the estimation of εt can be based on
the computation of second derivatives with

εt = −ν
〈
ui

∂2ui
∂xj∂xj

〉
(60)

using the counterpart scheme of present viscous filtering technique. Estima-
tions of εt given by (59) or (60) are virtually identical as shown in figure
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Figure 11: Left: time evolution of the kinetic energy dissipation εt. Right: kinetic energy
spectra E(k) at t = 14 .

12-top-left where the symbols are superimposed on the curve. The availabil-
ity of an accurate procedure to estimate the total dissipation εt (i.e. including
its artificial component) is a clear advantage of the present viscous filtering
technique. For instance, in the production of turbulent budgets, it is common
to estimate the contribution of the artificial dissipation as the residual term
assuming that budgets are perfectly balanced. With the present approach,
the total dissipation can be explicitly estimated and thus this assumption is
no longer required, enabling the analysis of unbalanced budget in transient
turbulent states (as for the present TGV flow) or to estimate the lack of
statistical convergence when a stationary state is reached.

A slight loss of quality can be observed in figure 12 (bottom) for the
LR LES results. However, it is worth noting that despite the coarse mesh,
the present implicit SGS modelling enable to capture the peak of dissipation
with an acceptable accuracy. This means that the brutal kinetic energy cas-
cade during the turbulent breakdown is correctly taken into account by the
hyperviscous filtering, as far as the time evolution of the kinetic energy is
concerned. The shape of the spectrum E(k) is qualitatively similar for LR
LES by comparison to HR LES (see figure 12-right-bottom) with a compa-
rable fall from kc/2 to kc. It must be noted that the reduction of the spatial
resolution requires to increase the numerical viscosity with ν0/ν = 182 for
LR LES against ν0/ν = 63 for HR LES. These two values are predicted by
the very simple Pao-like closure proposed by [4] to choose the level of ar-
tificial dissipation knowing the ratio between the LES and DNS cell sizes.
Here, this ratio is 8 and 16 for HR and LR LES respectively, leading to the
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aforementioned values of ν0/ν. The similar damping of the second part of
the spectrum for HR and LR LES suggests that these predicted values are
physically consistent while being transposable to the present hyperviscous
filter operator.

Before closing this subsection, a few words can be added on Let us con-
sider now the use of filtering in combination with the explicit computation
of the viscous term in Navier-Stokes equations. In that case, the filtering has
to vanish at large scales, so that this approach can be referred as “Navier-
Stokes+IF1” with IF for “Inviscid Filtering”. For conciseness, only the case
with one filtering per time step is considered as it is commonly used in the
literature. As inviscid filter, an option could be to use the set of coeffi-
cients (26) in combination with a conventional scheme for the computation
of second derivatives. In practice, because this strategy would be less com-
putationally efficient by comparison to the present viscous filtering technique
while being equivalent in terms of accuracy, this specific combination is not
addressed. As an example of “Navier-Stokes+IF1” case, a filter fully remov-
ing the grid-to-grid wavelength is used with σ = 1. This is, by far, the most
popular choice when the filtering solution strategy is used in DNS/LES. The
filter developed by [30] is chosen for its good features of spectral vanishing
at low wavenumber as illustrated in figure 2-left. The results of the corre-
sponding calculation are presented in figure 12 for the time evolution of εt
(left) and for the kinetic energy spectrum E(k) at t = 14 (right). Despite
the favourable scale-selective features of the filter from [30], the prediction
of the total dissipation εt is found to be of lower quality by comparison to
“Euler+VF1” LES, the latter being less expensive thanks the dispense of
second derivative computation. In particular For HR LES, the phase of tur-
bulent breakdown around the secondary peak of dissipation at t ≈ 12 is not
correctly captured. Even the first peak of dissipation, corresponding to early
transition, is less accurately predicted by “Navier-Stokes+IF1” HR LES. This
loss of accuracy, significantly magnified for LR LES, may be attributed to
the too invasive influence of the filtering at small scales. This behaviour is
well illustrated in figure 12-right by the abrupt fall of E(k) due to the use
of σ = 1 that corresponds to an infinite value of the numerical viscosity ν0

because of the full removing of turbulent scales at kc. This intrusive effect
of this type of filtering at small scales is consistent with the equivalent SVV
kernel presented in figure 2-left. A more gradual scale-selection of numerical
dissipation seems to be a preferable option, with in particular a finite value
for ν0. For a choice of ν0/ν based on physical considerations, the reader is
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referred to [4].
A fundamental issue is the evaluation of the actual role of the artificial

dissipation while relating it to what can be expected from a SGS model. The
simplest way to assess the activity of any SGS modelling, whether implicit or
explicit, is to switch off the model and then observe the consequences on the
results. This type of calculation can be referred as “no model” LES. For the
present approach, no model means that no filtering is applied while using a
conventional scheme, free from any artificial dissipation, for the computation
of second derivatives. For both HR and LR LES, the lack of regularisation is
found to lead to very inaccurate results. The loss of accuracy can be directly
observed on the time evolution of the kinetic energy, with in particular a clear
overestimation of the dissipation (see figure 12-left). As expected, no model
LR LES results are worse than their HR LES counterparts. An examination
of instantaneous solutions (not shown) reveals that no model LES solutions
are subject to small-scale oscillations. These spurious oscillations tend to
magnify the viscous friction, explaining the paradox that the lack of artificial
dissipation leads to an overdissipative behaviour. The signature of these
unphysical oscillations on the spectrum E(k) can be observed in figure 12-
right as a pile-up of kinetic energy in the spectral range kc/2 . k ≤ kc,
especially for LR LES for which E(k) becomes almost flat in an extended
range of k, indicating the establishment of an unphysical white noise which
can be seen as a partial thermalization of the flow.

Another way to assess the role of the artificial dissipation is to estimate
its relative contribution to the total dissipation. Here, we propose to make
indirectly this estimation by computing first the viscous large-scale dissipa-
tion εLS. Then, in agreement with the standard definitions of SGS modelling,
the SGS dissipation εSGS can be defined as εSGS = εt − εLS where εt is the
total dissipation provided by the hyperviscous filtering as a sum of its artifi-
cial (equated with SGS contribution) and viscous (equated with large-scale
contribution) parts. A reasonable choice to estimate εLS is to use a standard
second derivative scheme free from extra dissipation to compute the right-
hand side of (60). Because these estimations are based on LES results, they
can be referred as a posteriori analysis. To check their reliability, an a priori
analysis based on raw and filtered DNS data has also been performed. For
that purpose, the same methodology as in [38] has been carried out, enabling
to provide an a priori estimation of both εLS and εSGS. The filtered DNS
data are generated consistently with the numerical dissipation through the
use of a simplified spectral closure as explained in [4]. For both HR and LR
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LES, a good agreement is obtained between these a posteriori and a pri-
ori estimations as shown in figure 13. Because this agreement is obtained
without any constant adjustment, it can be considered as successful. Both a
priori and a posteriori analyses confirm that even HR LES is quite challeng-
ing in the sense that εSGS can correspond, during the turbulent breakdown,
to more than 60% of εt. For LR LES, this relative contribution of the SGS
dissipation to the total dissipation can reach more than 80%. This is a clear
confirmation, consistent with the no model results, that the present type of
implicit SGS modelling plays a major role.

To conclude this subsection, let us compare the computational efficiency
of “Euler+VF” and “Navier-Stokes” DNS/LES. In the code Incompact3d,
the Euler (i.e. the convection and pressure terms) and viscous parts re-
quire the computation of 24 first and 9 second derivatives respectively. Re-
moving the viscous term while applying a viscous filtering once every time
step (referred here as “Euler+VF1”) simply consist in the substitution of
these 9 second derivatives by the 9 one-dimensional filter operations (i.e.
one by direction) without impacting the computational cost. If the more
time accurate strategy “Euler+VF3” is adopted, the extra application of 18
one-dimensional filters results in an increase of about +56% of the computa-
tional cost. Viewed in this perspective, the viscous filtering technique does
not present any advantage by comparison to the traditional solving of Navier-
Stokes equations. It can only be said that the “Euler+VF1” approach reduces
the computational cost by about −21% by comparison to the conventional
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“Navier-Stokes+IF1” strategy thanks to the dispense of computation of the
9 second derivatives in the viscous term.

Because the strongest time step restriction comes from the CFL condition
in the present DNS/LES of TGV, there is no interest in using a viscous filter-
ing as a way to relax the viscous stability condition. In the next subsection,
a more challenging situation is addressed where the stability limit is mainly
dictated by the time integration of the viscous term.

7.2. Turbulent pipe flow

As a second computational configuration, DNS of a turbulent pipe flow at
low and high Reynolds numbers are addressed. Again, the code Incompact3d
is used with the solving of an extra governing equation for a passive scalar
in order to provide heat transfer predictions. The computational domain
Lx × Ly × Lz is discretized using a regular Cartesian mesh of nx × ny × nz
nodes despite the cylindrical geometry which is modelled thanks to an im-
mersed boundary method customised for Incompact3d [39]. This computa-
tional configuration enables the imposition of periodic boundary conditions
in the streamwise z as well as in the transverse x, y directions.

The physical boundary conditions imposed at the pipe wall are no-slip
for the velocity and mixed-type for the temperature [40]. Numerically, both
can be treated as Dirichlet-type boundary conditions. Defining the Reynolds
number on the bulk velocity Ub and the pipe diameter D, its two addressed
values are Re = (5300, 37700) at the same Prandtl number Pr = 0.71. For
the Reynolds numbers based on the friction velocity uτ , the two related nom-
inal values are Reτ = 180, 1000. The streamwise length of the computational
domain is the same for both Reynolds numbers with Lz = 12.5D; concerning
the transverse dimensions, at Re = 5300 a slightly larger size is used with
Lx = Ly = 1.28D against Lx = Ly = 1.12D at Re = 37700. This adjust-
ment of the computational domain enables us to ensure a minimum number
of nodes inside the solid region that corresponds to the pipe wall thickness
tw with tw ≈ 0.075D at Re = 5300 and tw ≈ 0.016D at Re = 37700.
The computational mesh is based on nx × ny × nz = 256 × 256 × 640 and
nx × ny × nz = 768× 768× 1920 nodes for the low and high Reynolds num-
ber respectively. For a schematic view of the computational configuration,
see figure 14 where the principle of the solution reconstruction inside the
immersed boundary is illustrated [39].

Expressed in wall units, the related cell sizes are ∆z+ = (7, 13) and
∆x+ = ∆y+ = (1.8, 2.9) at Re = (5300, 37700). These spatial resolutions can
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be considered as fine except in the near-wall region for ∆x+−∆y+, especially
for the high Reynolds case. However, it has been shown by [41, 42] that this
type of Cartesian mesh can provide basic turbulent statistics reaching the
DNS accuracy. This is why we refer to DNS in this subsection, as a reliable
computational configuration to assess the present viscous filtering technique
while showing its major advantage in terms of computational efficiency.

The principle of comparison is the same as in the previous section. The
reference data are from DNS based on the conventional way to compute the
viscous term in the governing equations, referred here as “Navier-Stokes”
DNS. The original data are obtained by the strategy “Euler+VF” DNS,
namely through the solving of Euler equations while applying the viscous
filter once (“Euler+VF1” DNS) or three times (“Euler+VF3” DNS) per time
step. The viscous filter is given by (1,36) as the counterpart of the second
derivative scheme from [23] on which are based the reference “Navier-Stokes”
DNS. As in the DNS of TGV presented in the previous subsection, aliasing
errors are controlled using a moderate value of the numerical viscosity with
ν0/ν = 3. For the present pipe flow DNS, this artificial dissipation sig-
nificantly improves the results contrary to the TGV flow for which it is of
secondary importance.

It is important to stress that, unlike the previous subsection, the present
comparisons between “Navier-Stokes” DNS and “Euler+VF” DNS are not
based on the same time step. For the “Navier-Stokes” DNS, the more severe
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restriction on ∆t comes from the AB3 Fourier condition (45) which reads
F < 0.0138 for ν0/ν = 3.

In the present computational flow configuration, based on immersed bound-
ary condition, the correct definition of F is not obvious. Firstly, because of
the Prandtl number less than unity, the most restrictive condition comes from
the diffusion term in the temperature equation so that it is more convenient
to define the Fourier number using the thermal diffusivity α instead of the
viscosity ν. Secondly, concerning the reference length in F , an option could
be to simply consider the smallest cell size given by ∆x or ∆y. From this def-
inition of F , the maximum time step ensuring numerical stability should be
Ub∆t/D ≈ (1.30 10−3, 8.87 10−4) for Re = (5300, 37700). In practice, for the
present “Navier-Stokes” DNS, these maximum values cannot be approached
without losing numerical stability when an immersed boundary method is
used. These maximum time steps have been therefore determined empir-
ically. For the two configurations addressed here, the obtained values are
Ub∆t/D ≈ (4 10−4, 2 10−4) for Re = (5300, 37700), about 25%-30% of their
reference values predicted by numerical stability analysis, corresponding to
a strong reduction of the computational efficiency.

One reason of this difficulty lies in the mesh node distribution discon-
nected from the wall geometry. This feature, which is a strength of immersed
boundary methods, imposes the computation of the solution on mesh nodes
very close to the wall, namely at a clearly smaller distance than the mesh
size. Figure 14 illustrates this situation with a red mark for these very near-
wall nodes by contrast to the others marked in green. This irregular mesh
topology in terms of wall distance suggests that ∆x may not be the correct
length scale to estimate the maximum Fourier number. To the best of the au-
thors’ knowledge, a numerical stability analysis of this problem, inherent to
the immersed boundary method, is not documented in the literature. Here,
we presume that, when expressing the Fourier condition, its reference length
should be corrected in order to take into account the occurrence of mesh
nodes very close to the wall. This corrected cell size ∆c can be estimated
from the empirical determination of the maximum numerically stable ∆t.
Based on the 25%-30% reduction of the time step previously mentioned, we
get the crude estimation ∆c ≈ 0.5∆x which can be seen, in first approxima-
tion, as a median value of the distance of the closest mesh nodes from the
wall.

The crucial advantage of the present viscous filtering technique is the
strong relaxation on the Fourier condition with F < 4.12 for the present
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scheme (1,36) as already mentioned in section 6. For the present DNS, this
condition is clearly less restrictive on the time step than the CFL condition
which enables the use of a time step (6, 3.5) times larger in “Euler+VF” DNS
by comparison to “Navier-Stokes” DNS for the case Re = (5300, 37700) re-
spectively. Naturally, the point is to ensure that the resulting computational
saving is not against accuracy. The following comparisons address this key
issue.

Profiles of mean velocity, turbulent kinetic energy, mean temperature and
temperature variance are presented in figure 15 at Re = 5300 for “Navier-
Stokes” DNS, “Euler+VF1” DNS and “Euler+VF3” DNS. Present turbulent
statistics are estimated through a smoothed projection from the Cartesian
mesh to the cylindrical coordinates (r, θ) with an average in time and in the
azimuthal direction θ (see [41] for more details on the data projection tech-
nique). The DNS data of [43] are also included for reference. For all of these
quantities, an excellent agreement can be observed. The very small discrep-
ancies are within the statistical convergence uncertainty. As in the previ-
ous subsection, the difference between “Euler+VF1” DNS and “Euler+VF3”
DNS is found to be insignificant, making questionable the practical interest
of the extra cost of +56% due to the two additional filtering applications
per time step. This conclusion is not unexpected: it is well-known that
because of time-scale ratio between convection and diffusion processes, the
viscous term can be integrated in time using a scheme of lower accuracy by
comparison to the convection term. By accepting the negligible loss of time
accuracy of “Euler+VF1” DNS, it can be concluded that the present viscous
filtering strategy reduces by −83% the computational cost by comparison to
an explicit time integration of the viscous term. For “Euler+VF3” DNS, the
computational saving is only −74% which is nonetheless very satisfactory.

The advantage of viscous filtering can be even more spectacular at low
Prandtl number Pr. This can be particularly useful in applications involving
liquid metals, such as advanced cooling devices, in which the prediction by
DNS/LES of heat-transfer in turbulent flows of low-Pr fluids is necessary
for design purposes. Because of the corresponding high value of the ther-
mal diffusivity α, an explicit time integration of the viscous term becomes
extremely penalizing requiring the use of a very small time step in order to
ensure the Fourier condition. With the present viscous filtering technique,
low-Pr fluids can be addressed without any extra-cost. To illustrate this
capability, a case at Pr = 0.025 has been considered by DNS at Re = 5300.
At this high level of diffusion, there is no need to apply any artificial dis-
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Figure 15: Profiles of mean velocity 〈uz〉, turbulent kinetic energy k, mean temperature
〈Θ〉 and temperature variance 〈Θ′Θ′〉 at Re = 5300. Temperature statistics at Pr = 0.71
(middle) and Pr = 0.025 (bottom).
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sipation for the temperature equation (ν0 = 0). Despite the corresponding
less restrictive Fourier condition F < 0.00425, the high value of the diffusiv-
ity would make too expensive a “Navier-Stokes” DNS. On the contrary, an
“Euler+VF” DNS without changing the time step can be easily performed.
A comparison of the resulting temperature statistics with the reference data
of [43] is presented in figure 15-bottom. Again, an excellent agreement is ob-
tained. The same computation by “Navier-Stokes” DNS would have required
a time step 30 times smaller, leading to a computational saving of −95% for
the “Euler+VF3” DNS.

To confirm the good behaviour of the present viscous filtering approach,
a more demanding computational configuration at Re = 37700 is now con-
sidered. As already mentioned, expressed in wall units, the spatial resolution
is marginal, especially in the near-wall region. In such a situation, the use of
artificial dissipation is crucial to compensate the small fraction of viscous dis-
sipation missed due to the too coarse mesh to fully capture the Kolmogorov
scale. At this Reynolds number, successful turbulent velocity statistics have
been obtained by [44] with the same computational configuration using the
conventional strategy “Navier-Stokes” DNS. In figure 16, turbulent statistics
with the present “Euler+VF3” DNS approach are compared to the DNS of
[45] for velocity and to the well-resolved LES of [43] for temperature4. Despite
the marginal resolution for this high Reynolds number case, a good overall
agreement can be observed. The ability of “Euler+VF3” DNS to faithfully
reproduce the reference results despite the use of a 3.5 times larger time step
by comparison to “Navier-Stokes” DNS shows that the present viscous filter-
ing approach is not only attractive for low Reynolds turbulence. It leads to
a reduction of about −55% that can be extended to −71% if the simpler and
slightly less accurate “Euler+VF1” DNS strategy is used. In conclusion, as a
generic, stable, efficient and accurate method, the “Euler+VF” DNS seems
to be a convenient technique for solving the Navier-Stokes equations.

8. Conclusion and discussion

In this study, a new approach of spatial filtering is proposed for solving
the governing equations of fluid mechanics. The general framework of this
approach is the concept of solution filtering which consist in the application

4As [43], we refer to LES, but it must be noted that, thanks to the very fine mesh used,
the accuracy of this calculation is very close to DNS.
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Figure 16: Profiles of mean velocity 〈uz〉, turbulent kinetic energy k, mean temperature
〈Θ〉 and temperature variance 〈Θ′Θ′〉 at Re = 37700. Temperature statistics at Pr = 0.71.
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of a spatial filter operator every step of the time advancement. The method
is developed in the context of finite-difference schemes as a simple spatially
discrete integrating factor commonly used in spectral Fourier methods for
computational fluid dynamics [33, 34].

First, the guiding principles of the solution filtering technique have been
discussed while clearly exhibiting the flexibility of the method through the ad-
justment of the scheme coefficients. In this preliminary part, the equivalence
between solution filtering and spectral vanishing viscosity is shown. To the
authors’ knowledge, this is the first time that this link is clearly established.
Thanks to the simple formalism related to this connection, the consequences
of using a fixed filter are discussed as well as the physical anomaly that con-
sists in fully removing the grid-to-grid wavelength that must be associated to
the application of an infinite artificial viscosity at this scale. Another issue
raised by the use of a fixed filter scheme is the lack of time consistency. As
a very simple remedy to these drawbacks, it is suggested to make dependent
the scheme coefficients on the time step ∆t. It leads to a first family of flexi-
ble filters that can be shaped to mimic a generic spectral vanishing viscosity
while controlling the level of artificial dissipation at small scales through the
parameter ν0 referred as numerical viscosity. As nondimensional parameters
to represent ∆t and ν0 in the scheme coefficients, the Fourier number F and
the ratio ν0/ν are introduced. Because of the spectral vanishing behaviour of
these finite-difference operators, they can be referred as inviscid filters (i.e.
virtually free from any significant dissipation at large scales).

Then, the principle of modifying the filter scheme coefficients is extended
in order to incorporate both the molecular and artificial dissipations in one
single operator. The development of this new family of filter schemes is
performed in the Fourier space to make easier the establishment of relation
orders between the scheme coefficients. This leads to the new concept of
viscous filtering while keeping the initial philosophy to apply the filter on
the solution every time step. Various sets of scheme coefficients are provided
on the basis of 8th-order accuracy in space. These coefficients are a function
of F and ν0/ν. Each viscous filter operator is connected to its counterpart
as a differentiation operator to compute a second derivative. Based on this
link, it can be shown that the actual order of accuracy of the viscous filter is
reduced by two levels by comparison to its formal order, leading to 6th-order
for the family developed in this study. The same link shows that the solu-
tion provided by the viscous filter is a 1st-order approximation in time of its
counterpart obtained using a second derivative scheme with an exact time
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integration (see Appendix A). Spatial convergence test confirms the 6th-order
accuracy of the developed viscous filter scheme. Temporal convergence shows
that despite the 1st-order previously mentioned, because of the entanglement
between spatial and time errors, the viscous filtering is always more accurate
in time than an Adams-Bashforth scheme of 3rd-order accuracy. By compar-
ison to this explicit time advancement scheme, it can be observed that the
present viscous filtering strategy is much more robust in terms of numerical
stability, with a spectacular relaxation of the Fourier condition.

The accuracy as well as the numerical stability features of the viscous
filtering technique are recovered for challenging DNS/LES of two academic
flows. For the Taylor-Green Vortex problem, the study of a determinis-
tic regime at low Reynolds number has enabled very accurate comparisons
between a conventional solving of Navier-Stokes equations (based on the ex-
plicit computation of the viscous term) and the present new viscous filtering
approach. A higher Reynolds number is also considered by LES to show
the capability of the method as an implicit subgrid-scale model. As a generic
wall-turbulence problem, the turbulent pipe flow has been calculated by DNS
while considering heat transfer. The treatment of this cylindrical geometry
with an immersed boundary method and a Cartesian mesh has enabled us
to assess the method as a more general approach compatible with complex
geometry. Successful results are obtained in the sense that the viscous filter-
ing strategy can reach an excellent accuracy while reducing drastically the
computational cost thanks to the use of large time steps. This facility is
allowed by the very favourable numerical stability of the time advancement
provided by viscous filtering. In particular, this is a definitive advantage in
the context of immersed boundary method, low Reynolds and/or low Prandtl
turbulent flows.

The present viscous filtering method can be seen as an alternative to
implicit time integration of the viscous term which is very popular in the
context of DNS/LES of wall turbulence when unconditional stability is ex-
pected, enabling to deal with any value of the Fourier number F . For the
present method, the conditional stability is not removed but its restriction
is so relaxed that it is close to unconditional stability. By comparison to
implicit methods, the treatment of the viscous influence as a filtering process
offers advantages in terms of flexibility (control of the molecular/artificial dis-
sipations) and efficiency (no operator inversion required). It is also extremely
easy to code in the sense that any finite-difference routine can be straightfor-
wardly adapted through the simple changing of the scheme coefficients. This
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is an almost “zero development” method contrary to the implementation of
an implicit time integration, especially in a three-dimensional context. Here,
because the filtering is explicit in time, the filter operators can be applied
sequentially in every direction without any difficulty in terms of coding.

Further work is required to extend the validity of the viscous filtering
approach. First, one-sided viscous filter schemes need to be developed for
the imposition of Dirichlet and Neumann boundary conditions. A slightly
more delicate step is to generalize the viscous filtering for a non-regular com-
putational mesh. The use of a mapping technique may be the most straight-
forward way to take this step but other methods, possibly more efficient, are
probably feasible.

A few words can be added on the anisotropic and inhomogeneous applica-
tion of the viscous filtering through the choice of ν0/ν related to the artificial
dissipation. Technically, the use of a different value of ν0/ν depending on
the spatial direction is straightforward in the sense that the present filter-
ing strategy is based on one-dimensional finite-difference operators. Then,
if there are physical reasons for an anisotropic application of the artificial
dissipation, it can be done easily. In the same way, its inhomogeneous ap-
plication is technically feasible by enabling spatial variation of ν0/ν for the
computation of the coefficients of the finite-difference filter scheme at every
mesh node. Another option is to use two sets of constant coefficients, one
with ν0/ν = 0 and another with a high value of ν0/ν. Then, a local switch
between the two operators (one free from artificial viscosity and another one
highly dissipative at small scale) can be performed. This second option has
been investigated by [46] for the boosted second derivative which is the coun-
terpart of the present viscous filtering. The simplicity and efficiency of this
approach, called Adaptive Numerical Viscosity (ANV), is clearly shown in
this study. To summarize, there is no technical barrier for an anisotropic
and inhomogeneous application of the artificial dissipation embedded in the
present viscous filtering technique.

A more fundamental question is related to the purpose of an anisotropic
and inhomogeneous application of numerical dissipation. In terms of physical
scales, the use of the same value of ν0/ν in the three spatial directions does
not mean than the artificial dissipation is isotropic. It is only true if the
computational mesh itself is isotropic. For instance, in the turbulent pipe
flow DNS presented in section 7.2, the use of non-cubic cells, with an aspect
ratio of about 4, leads to an anisotropic numerical dissipation despite the
same value ν0/ν = 3 used in the three spatial directions. For a regular
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and Cartesian computational mesh, directional values of ν0/ν would only be
useful to compensate a potential mismatch between physics and numerics.
In other words, instead of imposing anisotropy on the numerical viscosity,
a preferable option would be to adapt the computational mesh. A similar
idea can be advocated for the use of inhomogeneous numerical dissipation
that should be first reflected by the mesh design. This corresponds to the
general recommendation of [4] (see concluding section) who suggest to adapt
the LES mesh on its corresponding DNS counterpart using a constant and
isotropic derefinement factor everywhere, this choice making meaningful the
use of a constant numerical viscosity. This recommendation can be extended
to the present viscous filtering, at least in first intention.

A common motivation for spatially varying subgrid-scale viscosity is also
the treatment of wall turbulence, with typically a damping of the model
activity in the near-wall region. This approach has been investigated by [46]
using their technique of Adaptive Numerical Viscosity for LES of turbulent
plane channel flow up to very high Reynolds numbers. Their conclusion
was that a local adaptation of ν0/ν was not really needed, even for the
most demanding computational configuration addressed. This conclusion is
consistent with our pipe flow LES reported in [44] and based on the use
of boosted second derivatives. In this previous study, it has been shown
that good turbulent statistics can be obtained while using a constant value
for ν0/ν. This easiness probably comes from the high scale-selectivity of the
numerical dissipation which is weakly intrusive on the largest scale dynamics.

Naturally, in a perspective of advanced subgrid-scale modelling, the spa-
tial variation of ν0/ν may be a physically meaningful option. For instance,
to deal with the unsteady and inhomogeneous component of non-equilibrium
turbulent cascade [47], the opportunity of controlling locally and instanta-
neously the strength of the kinetic energy transfer may be an attractive
feature. Hence, scaling of the artificial dissipation, related to the choice of
ν0/ν, can be guided by physical considerations on the kinetic energy transfer
between from large and to subgrid scales. Naturally, because the present ap-
proach is purely dissipative, no backscatter phenomenon can be handled in
this way. However, in complement to the simple spectral closure of [4] only
valid for isotropic turbulence at equilibrium, as a tool for a priori estimation
of ν0/ν, a more dynamic evaluation of this parameter, as in the adaptive
filtering of [12, 14], may be an interesting option, requiring to recompute the
filter scheme coefficients every time step.

The scaling of the artificial dissipation for LES, related to the choice of
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ν0/ν, could also be more guided by physical considerations on the kinetic
energy transfer between large and subgrid scales. In complement to the
simple spectral closure of [4] only valid for isotropic turbulence at equilibrium,
as a tool for a priori estimation of ν0/ν, a more dynamic evaluation of this
parameter, as in the adaptive filtering of [12][14], may be an interesting
option, requiring to recompute the filter scheme coefficients every time step.

The extension of the concept of viscous filtering may also be adapted to
more sophisticated spectral/hp element approaches [48, 49], as a contribution
to the development of implicit LES in highly accurate DNS/LES solvers
[50, 51]. In this demanding context, the present combination of high-order
finite-difference schemes with an immersed boundary method can be seen as
a simple and efficient strategy which is reinforced by this particular way to
model viscous effects.

Appendix A. Connection between viscous filter and second deriva-
tive schemes at small Fourier number

In this appendix, the asymptotic behaviour of the viscous filter when
F → 0 is examined. It will be shown that the modified wavenumber given
by (33) can be seen as a 1st-order O(∆F ) approximation of the modified
wavenumber of a counterpart second derivative scheme written in the form

αf ′′i−1 + f ′′i + αf ′′i+1 = a
fi

∆x2
+ b

fi−1 + fi+1

2∆x2
+ c

fi−2 + fi+2

2∆x2

+ d
fi−3 + fi+3

2∆x2
+ e

fi−4 + fi+4

2∆x2
(A.1)

with its associated modified wavenumber

k′′∆x2 = −a+ b cos(k∆x) + c cos(2k∆x) + d cos(3k∆x) + e cos(4k∆x)

1 + 2α cos(k∆x)
(A.2)

where f ′′i is an approximation of the second derivative f ′′(xi) at the node
xi. Here, to make easier the connection between this scheme and the viscous
filter, the adopted form mimics the generic form of a filter scheme without
any loss of generality in the framework of centred schemes based on a given
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stencil. For this scheme, the order conditions can be easily obtained with

0 = a+ b+ c+ d+ e (∆x0)

2 + 4α = b+ 4c+ 9d+ 16e (∆x2)

24α = b+ 16c+ 81d+ 256e (∆x4)

60α = b+ 64c+ 729d+ 4096e (∆x6) (A.3)

This set of conditions has similarities with the order conditions (31) of
the viscous filter which can also be written as

0 =
af − 1

F
+
bf − 2αf

F
+
cf
F

+
df
F

+
ef
F

(∆x2)

2 + 4αf =
bf − 2αf

F
+ 4

cf
F

+ 9
df
F

+ 16
ef
F

(∆x4)

12F (1 + 2αf ) + 24αf =
bf − 2αf

F
+ 16

cf
F

+ 81
df
F

+ 256
ef
F

(∆x6)

120F 2(1 + 2αf ) + 360Fαf + 60αf =
bf − 2αf

F
+ 64

cf
F

+ 729
df
F

+ 4096
ef
F

(∆x8)

(A.4)

In particular, it can be concluded that the set of coefficients(
αf ,

af − 1

F
,
bf − 2αf

F
,
cf
F
,
df
F
,
ef
F

)
(A.5)

is a O(∆F ) approximation of the set of coefficient (α, a, b, c, d, e).
The logarithmic term lnT in (33) can be written and approximated as

ln

[
1 + F

af−1
F +

bf−2αf

F cos(k∆x) +
cf
F cos(2k∆x) +

df
F cos(3k∆x) +

ef
F cos(4k∆x)

1 + 2αf cos(k∆x)

]
=

F
af−1
F +

bf−2αf

F cos(k∆x) +
cf
F cos(2k∆x) +

df
F cos(3k∆x) +

ef
F cos(4k∆x)

1 + 2αf cos(k∆x)
+O(∆F 2)

(A.6)

Then, using (33), the corresponding approximated modified wavenumber is

k′′∆x2 = −
af−1
F +

bf−2αf

F cos(k∆x) +
cf
F cos(2k∆x) +

df
F cos(3k∆x) +

ef
F cos(4k∆x)

1 + 2αf cos(k∆x)

+O(∆F ) (A.7)

as the counterpart of (A.2) for a second derivative scheme where the set of
coefficients (A.5) is recovered to replace (α, a, b, c, d, e).
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These developments show that the present viscous filter corresponds to
a second derivative which behaves asymptotically as a conventional second
derivative finite-difference scheme when F → 0. The scaling in F means that
this approximation is 1st-order accurate in time while leading to a reduction
of 2 for the spatial order of accuracy. It explains why the present 8th-order
filter formulation can only provide 6th-order accuracy.
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[3] M. Lesieur, O. Métais, P. Comte, Large-eddy simulation of turbulence,
Cambridge University Press, 2005.

[4] T. Dairay, E. Lamballais, S. Laizet, C. Vassilicos, Numerical dissipation
vs. subgrid-scale modelling for large eddy simulation, J. Comp. Phys.
337 (2017) 252–274.

[5] A. K. Edoh, N. L. Mundis, C. L. Merkle, A. R. Karagozian, V. Sankaran,
Comparison of artificial-dissipation and solution-filtering stabilization
schemes for time-accurate simulations, J. Comp. Phys. 375 (2018) 1424–
1450.

[6] J. Berland, P. Lafon, F. Daude, F. Crouzet, C. Bogey, C. Bailly, Fil-
ter shape dependence and effective scale separation in large-eddy sim-
ulations based on relaxation filtering, Computers and Fluids 47 (2014)
65–74.

[7] F. Kremer, C. Bogey, Large-eddy simulation of turbulent channel flow
using relaxation filtering: Resolution requirement and Reynolds number
effects, Computers and Fluids 116 (2015) 17–28.

49



[8] T. Lund, The use of explicit filters in large eddy simulation, Computers
& Mathematics with Applications 46 (4) (2003) 603–616.

[9] Klein, An attempt to assess the quality of large eddy simulations in the
context of implicit filtering, Flow Turb. Combust. 75 (2005) 131–147.

[10] S. Bose, P. Moin, D. You, Grid-independent large-eddy simulation using
explicit filtering, Phys. Fluids 22 (105103) (2010) 1–1.

[11] C. Bogey, C. Bailly, Large eddy simulations of transitional round jets:
influence of the Reynolds number on flow development and energy dis-
sipation, Phys. Fluids 18 (6) (2006) 1–14.

[12] T. Tantikul, J. A. Domaradzki, Large eddy simulations using truncated
Navier-Stokes equations with the automatic filtering criterion, J. Tur-
bulence 11 (21) (2010) 1–24.

[13] D. Fauconnier, C. Bogey, E. Dick, On the performance of relaxation
filtering for large-eddy simulation, J. Turbulence 14 (1) (2013) 22–49.

[14] G. Sun, J. A. Domaradzki, Implicit LES using adaptive filtering, J.
Comp. Phys. 359 (2018) 380–408.

[15] M. R. Visbal, D. P. Rizzetta, Large-eddy simulation on curvilinear
grids using compact differencing and filtering schemes, J. Fluids Engine.
124 (4) (2002) 836–847.

[16] D. P. Rizzetta, M. R. Visbal, G. A. Blaisdell, A time-implicit high-order
compact differencing and filtering scheme for large-eddy simulation, Int.
J. Numer. Methods Fluids 42 (6) (2003) 665–693.

[17] C. Bogey, C. Bailly, Computation of a high Reynolds number jet and
its radiated noise using large eddy simulation based on explicit filtering,
Computers and Fluids 35 (2006) 1344–1358.

[18] C. Bogey, C. Bailly, Turbulence and energy budget in a self-preserving
round jet: direct evaluation using large eddy simulation, J. Fluid Mech.
627 (2009) 129–160.

[19] G. Aubard, P. S. Volpiani, X. Gloerfelt, J.-C. Robinet, Comparison of
subgrid-scale viscosity models and selective filtering strategy for large-
eddy simulations, Flow Turb. Combust. 91 (3) (2013) 497–518.

50



[20] A. K. Edoh, N. L. Mundis, A. R. Karagozian, V. Sankaran, Balancing as-
pects of numerical dissipation, dispersion, and aliasing in time-accurate
simulations, Int. J. Numer. Methods Fluids In press (2020) 1–22.

[21] J. Boris, F. Grinstein, E. Oran, R. Kolbe, New insights into large-eddy
simulation, Fluid Dynamics Research 10 (1992) 199–228.

[22] F. F. Grinstein, L. G. Margolin, W. J. Rider (Eds.), Implicit Large
Eddy Simulation: Computing Turbulent Fluid Dynamics, Cambridge
Univ. Press., 2007.
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