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MEAN-FIELD LIMIT OF POINT VORTICES FOR THE
LAKE EQUATIONS.

MATTHIEU MENARD

ABSTRACT. In this paper we study the mean-field limit of a system of
point vortices for the lake equations. These equations model the evolu-
tion of the horizontal component of the velocity field of a fluid in a lake
of non-constant depth, when its vertical component can be neglected.
As for the axisymmetric Euler equations there are non-trivial self in-
teractions of the vortices consisting in the leading order of a transport
term along the level sets of the depth function.

If the self-interactions are negligible, we show that the system of
point vortices converges to the lake equations as the number of points
becomes very large. If the self-interactions are of order one, we show
that it converges to a forced lake equations and if the self-interactions
are predominant, then up to time rescaling we show that it converges to
a transport equation.

The proof is based on a modulated energy approach introduced by
Duerinckx and Serfaty in (Duke Math. J., 2020) that we adapt to deal
with the heterogeneity of the lake kernel.

1. INTRODUCTION

1.1. Lake equations. The purpose of this article is to investigate the mean-
field limit of point vortices (which are dirac masses in the vorticity field of
a fluid) in a lake of non-constant depth. Namely we want to establish the
convergence of an empirical distribution of point vortices to a continuous
density solving the lake equations, as the number of vortices becomes very
large. These equations describe the evolution of the horizontal velocity field
of an incompressible fluid in a lake, when:

e The depth is small with respect to the lengthscale of horizontal vari-
ations of the fluid velocity.

e The surface of the fluid is almost flat (small Froude number).

e The vertical velocity is small with respect to the horizontal velocity.

For a rigorous derivation of these equations from the shallow water system
we refer to the work of Bresch, Gisclon and Lin in [7]. A more general
introduction to depth-averaged models can be found in [28, Chapter 5] and
a discussion on the three upper hypothesis can be found in [55].

These equations are similar to the planar Euler equations, but they take
into account the depth of the lake, given by a positive function b. If b is
constant, then one recovers the usual planar Euler equations. The well-
posedness of the lake equations on bounded domains have been first inves-
tigated by Levermore, Oliver and Titi in [43]. In this paper they studied an
analogue of the Yudovich theorem for Euler equations (see [64]). This result
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2 M. MENARD

was extended later by Bresch and Métivier in [12] to include the case where
the depth function b vanishes at the boundary and by Lacave, Nguyen and
Pausader in [39] to deal with the case of rough bottoms. The existence and
uniqueness of global classical solutions have been established by Al Taki and
Lacave in [1].

In this paper we will study the case of an infinite lake modeled by the
whole plane R2. We are interested in the following vorticity form of the

equations:
b
Oww + div <<u — avT> w> =0
(1.1) div(bu) =0
curl(u) = w
where
e | denotes the rotation by g (that is (z1,29)" := (—22,21)).
e a € [0,+00) is a forcing parameter.
e b:R? — (0,+00) is the depth function satisfying Assumption 1.5
below.
e u:[0,+00) x R? — R? is the velocity field of the fluid.
e w:[0,+00) x R?2 — R is the vorticity field of the fluid, defined by

w = curl(u) := O1ug — Oauy.

The true lake equations have no forcing term (a = 0), but we will study
this more general model as it could arise as a mean-field limit of point
vortices (in the regime where the self-interaction of the vortices are not
negligible). It is a particular case of a model studied by Duerinckx and
Fischer (see [23, Equation (1.9)]). In this work the authors proved the global
existence and uniqueness of weak solutions and the local well-posedness of
strong solutions. We will consider the following definition of weak solutions:

Definition 1.1. Let T > 0 and wg € L>(R?) with compact support. We say
that (w,u) is a weak solution of (1.1) on [0,T] with initial condition wy if
w € LY([0,T], L= (R2,R?))NC°([0, T], L*°(R?) —w*) with compact support in
space for all t € [0,T), u € L2 ([0,T] x R?,R?), for almost every t € [0, T,

div(bu) = 0 and curl(u) = w distributionally and for all ¢ smooth with
compact support in [0,T) x R? and t € [0,T),

a2 [ awwrve (v- aVT”’) o= [ ot - [ o0

In the regime where the self-interaction of the point vortices is predomi-
nant, the system of point vortices will converge in an accelerated timescale
to a transport equation along the level sets of the topography:

1

For this equation we will use the following definition of weak solutions:
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Definition 1.2. Let T > 0 and @y € L>®(R?) with compact support. We
say that is a weak solution of (1.3) on [0,T] with initial condition Wy if
w € LY([0,T], L>=(R%,R?)) N CY([0,T], L (R?) — w*) with compact support
in space for all t € [0,T] and for all ¢ smooth with compact support in
[0,T) x R? and t € [0,T),

wy ffaw-ve o= [ w0 - [ o0

1.2. Point vortices for the lake equations. The forced lake equations
(1.1) have been derived as the mean-field limit of complex Ginzburg-Landau
vortices with forcing and pinning effects by Duerinckx and Serfaty in [24].
The dynamics of these vortices comes from the physics of supraconductors
or superfluids and is very different from the dynamics of vortices in a lake.
In this paper we are interested in deriving Equations (1.1) as the mean-
field limit of a model introduced by Richardson in [55]. In that work he
established by a formal computation the equation followed by the center of
vorticity ¢(t) of a small vortex of size € in a lake of depth b. To leading order
in e, this equation gives

_ I[In(e)] V>b(g(1))
dm q(t)

(1.5) q(t) =

where I' is the intensity of vorticity (that is I' = / w).
. . B(q(0).¢)
This means that to leading order in €, a very small vortex follows the level

lines of the topography without seeing the interaction with other vortices
remaining far from him. The latter equation was rigourously justified by
Dekeyser and Van Schaftingen in [19] for the motion of a single vortex and
this result was extended later to the case of a finite number of vortices by
Hientzsch, Lacave and Miot in [33].

We want to investigate the behavior of N point vortices of intensity N !
as N becomes large. We will see in Section 2 that the elliptic problem

{ div(bu) =0

curl(u) = w
has a unique solution given by the kernel

g(,y) = /b(x)b(y)g(x — y) + Sp(z, y)

where Sy, is a function solving a certain elliptic equation (see Equation (2.9))
and g(z) := 5 In |z| is the opposite of the Green kernel of the Laplacian
T

on the plane R?. More precisely, we have

ue) = —gis [ Vdalw o).

Recall that a point vortex is asymptotically represented by a dirac mass of
vorticity. Therefore using the kernel Vg, we can compute the velocity field
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1
generated by N — 1 vortices d,; of intensity yona vortex dg,:

1es 1
_— \Vo ).
N;b(qz) T gb(‘]z QJ)
J#
This term correspond to the term u,y given by Richardson in [55, Equa-
tion (2.90)]. Combining this equation with the self-interaction term of (1.5)
we get the model of point vortices we will study in this paper:

. V4ii(g;)
(1.6) Gi = —ozzvil - —Zb Vi 96(2i> 45)
J#
where we have denoted
oo e
' 47N

where ey is the size of the vortices.

Remark 1.3. Up to now there is no mathematical justification of Equation
(1.6): We do not even expect this equation to describe precisely the motion
of a fixed number of small vortices as we have neglected all self-interaction
terms of order smaller than |In(e)|. However Theorem 1.8 will justify that
this simplified model is statistically relevant when N becomes very large.

Remark 1.4. There are several works establishing approximate analytical
trajectories of vortices in a lake for some specific depth profiles, and also
other numerical and experimental results related to vortex dynamics in
lakes. For more details we refer to the results of [55] and the associated
bibliography.

Two quantities will be of interest for the study of this system. The inter-

action energy
AL
En(t) == DO anlai(t), g5t
i=1 j=1

JF#i
and the moment of inertia

N
_ ()2
t) - N Z; ’% (t)
1=
One could prove that the total energy
Etot En _|_ SN Z b Ql

is a conserved quantity for the point vortex system (1.6) or that if w is a
solution of (1.1) with enough regularity and decay, the quantity

[ ettty va [ st as

is conserved by the flow. The moment of inertia Iy and the interaction
energy En are not conserved quantity but they are bounded in time, and
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this will be useful both for our mean-field limit result and for the well-
posedness of System (1.6) (see Section 3).

If an N—> 400 the self-interactions are predominant. In order to study
—+00

this regime we will study an accelerated timescale as it was done in [19] and
[33] to study the motion of a finite number of vortices. Therefore we define:

@(t) = qiay't).

This gives
. VLb(g) AN B
1.7 G = —— 1 — Vi@ T
(1.7) q % NOészlb(Qi) (@ T)
i

We also define the rescaled interaction energy
En(t) = Ex(a3't)
and the rescaled moment of inertia
In(t) := In(ay't).

1.3. Mean-field limits. Mean-field limits consist in studying the conver-
gence of a system of ordinary differential equations modeling the evolution
of a finite number of particles

1 N
(1.8) i = 5 > K(ri - 1))
=1

to a Euler-like equation modeling the evolution of a continuous density
p(t, )

(1.9) O + div((K * p)p) =0

when the number of particles becomes large (here K : R — R? is an inter-

action kernel). For systems of order two we are interested in the convergence
of a system of particles following Newton’s second law

1 N
1‘2 = N;K(aﬂl—m])

to a Vlasov-like equation modeling the evolution of a continuous density
f(t? x? v):
O f + divy(fo) + divy (K *p)f) =0

ut,z)= | flt,z,0)dv.
Rd

A mean-field limit result consists in proving that if at time zero, the
empirical distribution of the particles

1 & 1 &
N Zzl 0) (respectively N Zzl 6(mi(t),m'i(t))>

converges to the continuous density pu(t,x) solution of (1.9) (respectively
f(t,z,v) solution of (1.10)) then the convergence also holds for any finite
time.

(1.10)
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When K is Lipschitz the mean-field limit of the upper system was estab-
lished by compactness arguments in [6, 51] or by optimal transport theory
and Wasserstein distances by Dobrushin in [21]. If K is singular there are
numerous results establishing the mean-field limit of systems of order one:

Schochet proved in [61] the mean-field convergence of the point vortex
1

. 1 z
system (that is K = o7 2
Euler equations up to a subsequence, using arguments previously developed
in [20] and [60] to prove existence of such solutions.

For sub-coulombic interactions, that is |K(x)], |z||VK (z)| < C|z|~* with
0 < a < d— 1, the mean-field limit of (1.8) was proved by Hauray in [30]
assuming div(K) = 0 and using a Dobruschin-type approach (following the
idea of [31, 32]). It was also used by Carillo, Choi and Hauray to study with
the mean-field limit of some aggregation models in [16].

In [22] Duerinckx gave another proof of the mean-field limit of several
Riesz interaction gradient flows using a “modulated energy” that was intro-
duced by Serfaty in [62].

In [63], Serfaty used this modulated energy approach to prove the mean-
field convergence of such systems where K was a kernel given by Coulomb,
logarithmic or Riesz interaction, that is K = Vg for g(z) = |z|7° with
max(d — 2,0) < s <dford>1or g(x) = —In|z| for d =1 or 2. For this
purpose K x u was supposed to be Lipschitz.

Rosenzweig proved in [57] the mean-field convergence of the point vortex
system without assuming Lipschitz regularity for the limit velocity field,
using the same energy as in [63] with refined estimates. Remark that it
ensures that the point vortex system converges to any Yudovich solutions
of the Euler equations (see [64]). This result was extended later for higher
dimensional systems (d > 3) in [56] by the same author.

In [52] Nguyen, Rosenzweig and Serfaty extended the modulated energy
approach to a more general class of potentials g using the commutator struc-
ture of the equations.

With a modulated energy approach, Bresch, Jabin and Wang defined a
modulated entropy functionnal which allowed them to prove mean-field limit
of interacting particles with noise in [9, 10, 11]. This method was used later
to obtain uniform in time convergence for Riesz-type flows by Rosenzweig
and Serfaty in [59] and by Rosenzweig, Serfaty and Chodron de Courcel in
[18].

For systems of order two, the mean-field limit has been established for
several singular kernels:

In [31, 32], Hauray and Jabin dealt with the case of some sub-coulombian
interactions (or more precisely |K(x)| < ¢|z|™® with 0 < s < 1) by using a
Dobrushin-type approach.

In [37, 38], Jabin and Wang studied the case of bounded and W 1>
gradients.

In [4, 34, 41, 42] the same kind of results is proved with some cutoff of
the interaction kernel.

In the appendix of [63], Duerinckx and Serfaty studied the case of parti-
cles interacting with a Coulomb or a Riesz interaction kernel to the Vlasov

in dimension 2) to a measure-valued solution of
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equation in the monokinetic regime, that is the pressureless Euler-Poisson
equations. The same method have been used to study the mean-field limit
of more general models coming from quantum physics, biology or fluid dy-
namics (see for example [15, 50, 54]).

In [29], Han-Kwan and Iacobelli proved the mean-field limit of particles
following Newton’s second law to the Euler equation in a quasineutral regime
or in the gyrokinetic limit. This result was extended later by Rosenzweig in
[58] to allow a larger choice of scaling between the number of particles and
the coupling constant.

Recently, Bresch, Jabin and Soler were able in [8] to prove the mean-
field limit derivation of the Vlasov-Fokker-Planck equation with the true
Coulomb interactions using the BBGKY hierarchy and the diffusivity in the
velocity variables to get estimates on the marginals.

Numerous other mean-field limit results were proved for interacting parti-
cles with noise with regular or singular kernels. See for example [3, 5, 17, 25,
37, 38, 40, 44, 52, 53]. For a more complete bibliography on the mean-field
limit of interacting particles with noise we refer to the bibliography of [18].

For a general introduction to the subject of mean-field limits we refer to
the reviews [27, 30].

1.4. Notations and assumptions.

1.4.1. Notations.
e For u € L} (R? R?), we denote curl(u) = dyug — ous.

loc

e For h € H'(R?), we denote
(1.11) [h, bl j = 20;hO;h — |Vh[?5; ;.

It is the stress-energy tensor used in [63] to prove the mean-field
limit of several singular ODE’s. Remark that for h smooth enough,
we have

divlh, h] = 2ARVh.

o We denote <2 >= (1+ |z?)2.
e g is the opposite of the Green function of the laplacian:

1
g(z) = ~5- In|z|.

e | |cos is the semi-norm associated to the Holder space C%*:

/)~ S )

flco.s = sup
’ ’ TH#y ’1‘ - y‘s

e When 1 < p < +o0, p’ denotes the dual exponent of p.

e If v is a probability measure on R?, we will denote v%? := v ® v.

e (' is a generic constant. We will denote C4 p when a constant de-
pends on some quantities A and B.

e P(R?) is the space of probability measures on R?.

N
1
e For Qn = (q1,..,qN) € (R2)N we denote I(Qn) = N Zl ]qi]2.
1=
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1.4.2. Assumptions. We will make the following assumption on the depth
function b:

Assumption 1.5. We assume that b is a smooth function, inf b > 0, supb <
+o0 and that there exists v > 0 such that

(1 + [z)*7(|Vb(2)| + | D*b(z)]) < +o0.
We will consider regular solutions of (1.1) and (1.3) in the following sense:

Assumption 1.6. We say that a function w(t,z) satisfies Assumption 1.6
if w € L>=([0,T), L= (R?) N P(R?)) N C°([0, T], L= (R?) — w*), if there exists
a compact K such that for everyt € [0,T], supp(w(t)) C K and if VGpw] €
L>=([0, T, Wh*) where Gy is the operator defined by Equation (2.11).

Remark 1.7. A weak solution of (1.1) in the sense of Definition 1.1 (or a weak
solution of (1.3) in the sense of Definition 1.2) does not necessarily verify
Assumption 1.6 because of the regularity we ask for the velocity field VGy[w].
This assumption will be crucial to apply Proposition 6.1 and prove the
mean-field limit Theorem 1.8. The existence and uniqueness of sufficiently
regular solutions of (1.1) locally in time is ensured by [23, Theorem 2]. One
could also prove that w € L>([0,T],C%*) is sufficient to have VGyw] €
Lo%(0,T), W),

1.5. Main result and plan of the paper. The main result of this paper
is the following theorem which gives the mean-field limit of the point vortex
system (1.6) and its rescaled version (1.7) (we recall that the kernel g is
defined by (2.10)):

Theorem 1.8. Assume that b satisfies Assumption 1.5. We have mean-field
convergence of the point-vortexr system in the two following regimes:

(1) Letw be a solution of (1.1) with initial datum wy in the sense of Def-
inition 1.1, satisfying Assumption 1.6 and (q1,...,qn) be a solution
of (1.6). Assume that:

(IN(O))N is bounded.

Z e =~ Wy for the weak- topology of probability mea-

t N—+o00
S’LLT’@S

e AN — Q.
N—+o0

1 0
* 2 Z gb(qzwqj N—>+OO//R2XR2 x, y)wo(z)wo(y) dz dy.

1<iAj<N
Then for all t € [0,T], N Z 4i() N w(t) for the weak-x

topology of probability measures (md

% > glailt), g N%OO//RQW z, y)w(t, v)w(t, y) dz dy.

1<i#j<N

(2) Letw be a solution of (1.3) with initial datum wq in the sense of Def-
inition 1.2, satisfying Assumption 1.0 and (qi,...,qn) be a solution
of (1.7). Assume that:
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(E(O))N is bounded.

°N Z e LN *_wo for the weak-x topology of probability mea-

SUT@S
e ay — +00.
N—+o00
1 0 0
* N2 Z gb(qz"qj’)Njoo//RQXRQ gv (2, 1) wo (2)wo (y) da dy.
1<i#j<N

N
1 x
Then for all t € [0,T], N g ) Non w(t) for the weak-x topol-
. —+00

ogy of probability measures and

% Z a(@(t), G5 N%+oo//R2XR2 x,y)w(t,x)w(t,y) dx dy.

1<i#j<N
Remark that in the case ay — 0 we recover the classical lake equations

N—+o0
((1.1) with a = 0).

The boundedness of (Ix(0)) is a technical assumption made to ensure
that not too much vorticity is going to infinity. This assumption was not
necessary in the original papers of Duerinckx in [22] and of Serfaty in [63]
but we will need it to deal with the heterogeneity of the kernel g, (defined
n (2.10)).

The convergence of the interaction energy and the weak—# convergence
of (wn) to w ensure the convergence of (wy) to w in a stronger sense: We
will prove in Corollary 5.4 that provided certain technical assumptions are
satisfied, it is equivalent to the convergence to zero of a “modulated energy”
functionnal. For an empirical measure of point vortices (qi,...,qn) and a
vorticity field w € L* with compact support, this modulated energy is
defined by:

(112)  F(Qn,w) =
1 & 1 ¢
//(RQXRQ)\A gb(x,y)d <N ;5 P UJ) (x) d (N ZCqu - UJ) (y)

A= {(z,z); z € R?}.
We will use this energy to control the distance between solutions w and

Qn of (1.1) and (1.6) or solutions @ and Qx of (1.3) and (1.7) at any given
time ¢:

where

(1.13) Fon(t) = Fp(Qn(t),w(t))
and
(1.14) Fon(t) = Fp(Qn(t),w(t)).

The proof of Theorem 1.8 relies on Gronwall-type estimates on these two
quantities. The paper is organised as follows:
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e In Section 2 we prove the well-posedness of the elliptic problem link-
ing a velocity field satisfying div(bu) = 0 and its vorticity, the ex-
istence of a Green kernel for this elliptic problem and we establish
several regularity estimates.

e In Section 3 we prove that the point-vortex system is well-posed and
give some estimates on the interaction energy and on the moment of
inertia of the system that we will need in Section 7.

e In Section 4 we compute the time derivative of 73 y and of 7—";,7 N-

e In Section 5 we state several properties of the modulated energy.
We prove that it controls the convergence in H*® for s < —1 (see
Corollary 5.3) and that having the convergence of the modulated
energy is equivalent to have weak-* convergence of the point vortex
system and convergence of its interaction energy (see Corollary 5.4).

e In Section 6 we bound the main term appearing in the derivatives
of the modulated energies.

e In Section 7 we use the results of the other sections to prove Theo-
rem 1.8.

The modulated energy F;, is similar to the modulated energy defined in
[63, Equation (1.16)] and the proofs of Sections 4 to 7 follow the same global
ideas. The main difference between Theorem 1.8 and other mean-field limit
results using modulated energies is that the kernel g is not of the form
a(z,y) = a(x —y). Most of the difficulties adressed by this paper consist in
dealing with the heterogeneity of the kernel gy.

Funding. This work is supported by the French National Research Agency
in the framework of the project “SINGFLOWS” (ANR-18-CE40-0027-01).

2. VELOCITY RECONSTRUCTION

There exists a Biot-Savart type law to reconstruct a velocity field u satis-
fying div(bu) = 0 from its vorticity. In this section we prove several results
concerning this reconstruction. In Subsection 2.1 we prove that the elliptic
equations linking u with its vorticity are well-posed. In Subsection 2.2 we
prove some results related to the asymptotic behavior of the velocity field as
|z] — oo. In Subsection 2.3, we give an analogue of the Biot-Savart law for
a velocity field satisfying System (2.1). Finally, in Subsection 2.4 we define
some regularisations of the Coulomb kernel and of the dirac mass that we
will need in Sections 5 and 6.

2.1. Well-posedness of the elliptic problem. In this subsection we jus-
tify the well-posedness of the elliptic equations satisfied by the velocity field:

div(bu) =0
(2.1)
curl(u) = w.
1
As we will write u = —EVJ—¢ we will also consider the “stream function”

formulation of the upper system:

(2.2) — div (%w) = w.
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For this purpose we will consider the following weighted Sobolev spaces:

Definition 2.1. For 1 < p < oo we consider the Banach space Wz’f(R2)
defined by

W2P(R?) := {u € D'(R?) ; Va € N?,|a| < 2,<->1°171 D% e LP(R?)}

and equipped with its natural norm

Al

p

L <a|-1 no
lullyzy = | S0 H< lal=1 pay,

|laf<2

Lp

These weighted spaces were first introduced by Cantor in [14] and have
been investigated to study elliptic equations on unbounded domains. For
a more precise study of these spaces and further references we refer to [45,
48, 49]. The following proposition is a straightforward consequence of [45,
Theorem 2| (which is the combination of two theorems proved in [48] and
[49]) and states that Equations (2.1) and (2.2) are well-posed.

Proposition 2.2. Let 2 < p < +o00, assume that <-> w € LP(R?), then
there exists a unique solution ¢ of (2.2) in WE’f(RQ)/R. Morever if u €
LP(R%,R?) is a solution of (2.1) in the sense of distributions, then

1 1

Proof. We can rewrite Equation (2.2) as
1
—Ay — bV <E> -V = bw.
We have that:
e —A is an elliptic operator with constant coefficients and homoge-

neous of degree 2.

o bV <%> € CY and

lim
|x| =400

a2 )y <%> ()

since b satisfies Assumption 1.5.
o <->bwe LP.

2 2
e —1<—andl1—-¢N
p b

Therefore by [45, Theorem 2|, there exists a unique solution 3 (up to a
constant) of Equation (2.2) in Wz’f (R2).
Now if u € LP is a solution of (2.1), then
<> curl(bw)| 1 = ||<-> bwl||,» + H<-> vip. u”
< Cy(l<->wllpe + llull zr)
since b satisfies Assumption 1.5. Let us consider 7 € W>P(R?) to be the

unique solution (up to a constant) of —Am = curl(bu) given by [45, The-
orem 1]. Then bu + V*7 is a div-curl free vector field in LP so it is zero.
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Moreover,
. (1 1,
—div EVTI’ = —curl EV 7| =curl(u) =w

so Vrr = Vi by uniqueness of solutions of (2.2) in WP (R?)/R. O

Now we state several estimates for solutions of Equation (2.2), proved by
Duerinckx in [23]:

Lemma 2.3. [From [23, Lemma 2.6]] Let p > 2, w be such that <-> w €
LP(R?). Ify € WE’{’(RZ) is the solution of (2.2) given by Proposition 2.2,
then:

(1) There exists pg > 2 depending only on b such that for all 2 < p < po,

IVl < Cpllwll 2, -
(2) For all0 < s <1,
[Vileos < Cs 2,

(3) VYl < CHW”leLw-

Remark 2.4. In [23], this lemma was stated for any solution of (2.2) with
decreasing gradient (which is the case for a solution given by Proposition 2.2
since its gradient is in WP) and for w smooth with compact support but
by density it can be extended to all w such that <-> w € LP(R?) and such
that the upper inequalities make sense.

2.2. Asymptotic behavior of the velocity field. The main result of this
subsection is the following proposition giving the asymptotic behavior of a
velocity field satisfying (2.1).

1
Proposition 2.5. Let w € L with compact support and u = —EVJ‘iﬁ

where 1 is the solution of (2.2) given by Proposition 2.2. There exists
C > 0 depending only on b and w such that for all x € R?\{0},

27 \Jue ) Tal2| S a2
Moreover there exists § € (0,1) and C' such that
(2.4) W) < O+ |z]°).

To prove this proposition we will need to use the following result about
the asymptotic behavior of a velocity field given by the usual Biot-Savart
law:

(2.3)

Lemma 2.6. Let us assume that p is a measurable function such that p €
LY (14 |z|?)dz) and |- |*u € LP for some p > 2. Then there exists C, R > 0
depending only on p such that for all x € R?\{0},

/Rgﬁdﬂ(y)— </R? du@))ﬁ <

C

e

In particular if dp =0, then
R2
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/-ﬁli@mw— O (lz?).
R

2 [z —y? el oo

This lemma is a classical result in fluid dynamics (see for example [46,
Proposition 3.3]) that we will prove for the sake of completeness.

Proof. If z # 0, we have

T —y x 1 / 22 (z — y) — |z — y[?
W o—p g ) W=13 [ r dy.
Aﬁ“)Qm—MQ mw) FEl L

Now remark that

|z (z — y) — zfz — y[?
= [z (x —y) — (@ —y) (2> + [y’ — 22 - y) — ylz -y
= (z— )y —2(x —y) -y — 20yl*) — ylo — y|
= —ylz —yl* = 2[(x —y) - yl(z —y) — [y|*(z — v).

kmw@f}—ﬁﬁwkﬁiéymw@

2
+/ Y7l (y) dy>.
R2 |z —yl
Now we have that for any p > 2,

Yl u(y)] 2 B2 T
[y < - Pl - Pl

(see for example [35, Lemma 1]) and therefore we get the proof of Lemma 2.6.

O

Thus

With this result we can now study the asymptotic behavior of a velocity
field satisfying System (2.1):

Proof of Proposition 2.5. We write

1 1 Vb -
(2.5) o= diviw) = div [ ~bu ) =V (=) - bu= -2
b b b
By Helmholtz decomposition we can write
(2.6) uw=—Vg*pu—Vtg*w.

Let 2 < p < 400, then by Assumption 1.5,

1+ |yl
1 2 d <c/ —
/RQ( + [y|9)pn(y)| dy b | T )

<G| @+1-D7E|| |l < +oo

u(y)| dy

and

[ PPl dy < Co [P+ ) )P dy

<@/ﬁwwww<+m.
]R2
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If we apply Lemma 2.6 on each term of (2.6) we only need to show that
/,u = 0 to obtain (2.3). We define
boo := lim b(x).
|x| =400

Remark that the existence of this limit is guaranteed by Assumption 1.5.
Let us prove by induction that for any integer n,

n nk
27) Z : l(fl')OO) /]1@2 r= % R2 W (b)p.

k=0

If n = 0 then this equality reduces to / w= / u. Now let us assume
that it holds for some n > 0. Using Equation (2.5), we get
1

In"(b)p = ———VIn" " (b) .

"By = — g VI (0) - u
Inserting Equation (2.6), we get

1
In"(b)u = n——i—lv In" (b)) - (Vg p+ Vg *w).

Integrating over a ball of center 0 and radius R and integrating by parts we
get

1 .
/ " (b)p = (/ "t (b)(Vg * p+ Vg xw) - dS
B(O,R) n+1\ JoB(o,r)

- / "1 (b) div(Vg * p+ Vig * w)>
B(0,R)

(2.8) )
= " (B) (Vg %+ Vg sw -dS
n+1 </BB(O,R) (®) )
+ / 1n"+1(b)u>
B(0,R)
where dS(z) = 27z do(z) and o is the uniform probability measure on

0B(0, R). Using Lemma 2.6, we get that for z € 9B(0, R),
(Vg*p+Vigsw)(z) -z

() (7o)
= —% (/R2 u) +O(R™h).

Thus we get that

1 . 1 n+1
/ ") (Vg *p+Vigsw)- dS — _ B V) (beo) / 1h.
8B(0,R) R2

n—+1 R—+o00 n+1

Combining the upper equality with Equations (2.7) and (2.8) we get that

n+1 k
In"(boo) 1
> =—— [ m"*t
> /RQ’“‘ (n+1)!/RQn (b)p

k=0
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which ends the proof of Equality (2.7). Now if n goes to infinity, this gives

Gln(bo) / =0
R2

/ w=0.
R2

Now by Lemma 2.3 and Morrey’s inequality (see for example [13, Theo-
rem 9.12]), for any 2 < p < po,

[(@)] < () — $(0)] + [1(0)]
<G [Vl l2]F + [4(0)].

and thus

2
Taking 6 = 1 — — we obtain (2.4). O
p

2.3. Construction of the Green kernel. The main result of this subsec-
tion is a Biot-Savart type law for the lake equations, given by Proposition 2.8.
Let us begin by giving the definition and some estimates on the function S
that appears in the definition of the kernel g, (see Equation (2.10)):

Lemma 2.7. Fory € R?, let Sy(-,y) be a solution of

(2.9) — div <%v5b(.7y)> gl EIA (%)

1
given by Proposition 2.2 applied to w = —g(- — y)\/b(y)A <%> and P =
Sp(-yy). Then:
(1) For anyy € R? and 2 < p < 400, V.Sy(-,y) € LP and
IVaSe(,9)ll 1 < Cop(L + [y]).-
(2) There ezists so € (0,1) such that for all 0 < s < sg,
[V Sp(2, ) |cos (By,1)) < Co,s(1+1y])
‘szb(wy)‘c()ﬁ(ﬂ%?) < Cps(1+[yl)-
Proof. For any p such that 1 < p < 400, we have

bly) <-> A (%) 9(- —y) . < IIbII%oo g(- —y) <> A (%) .
and
<= ac-ws ()],
<f <ol () @) @
o f <l |a () @) @

p

1
<C HQHip(B(oJ)) H<'> A (%)

LOO
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s [ Py + ol
B(y,1)°

By Assumption 1.5, we have that

/ (1 + |25 (2] + [y])?
B(y,1)¢
/ 1+m E(lal +ol?

(1 + |z|)@+p
< Cp(1 + \y!)

Therefore we can apply Proposition 2.2 to show that there exists a solution
Sp(-,y) of (2.9) in WE’{’(RQ), unique up to a constant. Since <z >> 1 we

also have that
H\/@g(- —y)A (%)

By Lemma 2.3, there exists pg such that for any 2 < p < pgand 0 < s < 1:

Vima () ot =)

X Cb,p( + |y|)

( ) —y)
< Cps(1+1y))

that is the second inequality of Claim (2). Using that

Flzoe < CUl e + 1+ leos)

(see for example the proof of Morrey’s embedding theorem in [13, Theo-
rem 9.12]), we get the bound we want on V,S:

IV Ss (5 y)l oo < Co(1 + yl)-

If we interpolate the inequalities on ||[V;Sp(+,y)| ;o and ||[VzSu(-,y)||» for
2 < p < po we find that for any p > 2,

IVaSs( 9)ll e < Crp(1+[yl)-

For the first inequality of Claim (2), let us consider z such that |z| is small
and remark that Sy(x,y + z) — Sp(x,y) solves

div <%(V$Sb(-,y +2z)— Vbe(',y))>

=( by +2)g(y + 2z —) \/—gy—> <\/%>

Let us find a bound for the second member in LP:

(VG 3Taty-+ 2 = 2) = Vet - ))& (72 ) @
(/T2 - ety - 98 () @)

< Cb,p(1 + ‘y’)

Lp

HV Sb ||LP X 2p

Lp+2

and

’v$Sb( COS \

2
L1I-s
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VBT g+ 2 — 1) — gly - )A (%) (x).

For the first term,

(Vb(y + 2) = Vb(y)g(y — 1)A (%) () gly —w)A (%)

and we can bound its LP norms by Cy(1 + |y|)|z| as in the proof of Claim
(1). For the second term,

L VT et + 2 - 0) -ty - apa () @)
<Gy [ Jiste+2) - atana (52) -

p
<G f o glate) - g@)Pds
B(0,|=]*)

< Gylz|

P
dx

1
dx

1 p
#G [ et - g@P|a () w-a)| ds
B(0,J2]) Vb
for any 0 < o < 1. Now, if |z] is small enough,
[ lglete) - gapdr<c gz + 2 + g(x)? da.
B(0,]z]|) B(0,]z]%)

Now we use a classical rearrangement procedure to bound

[ g [ gy
B(0,|2|%) B(0,|2|%)
S I O
B(z,|2|*) B(0,|2|%)

_ / 92 (Lo ey (2) — 1) da
B(0,|z]%)

—i—/ g(z)?P dx
B(0,]2|*)°NB(z,]2|*)

1
Now remark that for x € B(0,|z|%), g(x)P > 5 In?(|z|*) and therefore
T
| g ey (o) ~ 1) do
B(0,]2[)

1
< ——1In? zo‘/ 105150y (x) — 1) dz
5 0(]2[%) B(O,\z\a)( B(z|z)o) () — 1)

< —5= WPl (B0, 2%) N B, |=1°)] ~ 1B, 121°))

and on B(0, |2|*)¢, g(z) < —5= In(|2|*) so

1 « a\C «
/ 9(@)? dz < =5 In([z[*)[B(0, [2[*)° N B(z, [2[)].
B(0,|2|")°NB(z,|2I*) m

We get

/ gz + 2P —/ g(x)? dz < 0
B(0,|z]%) B(0,|z|%)
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and therefore

[ et -gapde<e [ gy
B(0,]2]) B(0,]21%)

<ClPe /B R

)

<Ol [ (agle) + o) dy
B(0,1)
< il

Now if |z| is small enough,

cb/( IR IR
0.|z|>)e

C p
<aflg) [

< Cplz P

p

s (o
s ()

dx
by Assumption 1.5. Finally, using Lemma 2.3 as for the first claim, we get
that for any 0 < a < 1 and some p > 2,

2a —a
VaSy(@,y +2) = VaSy(w,y)| < o1+ [yD)2] + Col|2] 7 g(z) +[2['72).

Dividing both sides by |z|* for s small enough proves the first inequality of
Claim (2). O

With this lemma we are now able to construct the lake kernel. The
construction is similar to the one established in [19, Proposition 3.1] for
bounded domains.

Proposition 2.8. There exists a symmetric solution Sy of Equation (2.9)
such that Sp(0,0) = 0. We deﬁne gy as

(2.10) gv(@,y) = Vb(@)b(y)g(z — y) + Sp(z,y).
Let w € L with compact support. We deﬁne
(211) Golol@) = [ an(o. ) o)

Then Gplw] is a distributional solution of (2.2).
Moreover for 2 < p < 400, Gp|w] is the unique solution (up to a constant)
of (2.2) in W2P(R2) given by Proposition 2.2.

Proof of Proposition 2.8. Let us first define

g(x,y) == Vb(x)b(y)g(x —y) + Sp(z,y)

where Sy is a solution of Equatlon (2.9) given by Proposition 2.2 (not nec-
essarily symmetric). Then we have the following result:

Claim 2.9. If ¢ is smooth with compact support, then

- /RQ gv(,y) div (%V(p) (z) dz = ¢(y).



MEAN-FIELD LIMIT OF POINT VORTICES FOR THE LAKE EQUATIONS.

Proof of the Claim. We have
- [t aiv (39¢) @)
R2 b
—~ [ Vi@t - i) aiv (599 (2)do

— | Sp(z,y)div <1V<p> (x)dx
w2 b
=T +T5.

We have

Ty =—/b(y) /R2 Vb(z)g(x —y)div (%Wp) (z)dx
1
=V/b(y) /R2 g(x — y)me(x) Vo(z) dz
1
+/0(y) /R2 \/WVQ(CU —y)- Ve(z)dz
=:L1 + Lo.
Integrating by parts in the first integral we get

1
Ly = —+/b(y) . w(x)ng(w —y) - Vb(z)dx

- \/@/RQ o(2)g(x — y) div <ﬁw> () dz.

For Lo, we use
1

(EO R

to get

1
Ly =v/b(y) - @(x)me(x) Vg(z —y)da

+ V() v( ! so(x))-w(x—y)dx
R2 b(x)

1
=V/b(y) - @(x)me(x) -Vyg(z —y)de

+ ()

since —A,g(x —y) = d, distributionally. Now let us compute T:
1
T = —/ Sp(z,y) div (—Vgp) (x)dx
R2 b
1
= —/ div (—Vme(-,y)> (x)p(z)dx
R2 b

= —\/@/RQ g(z —y)A (\%) (x)(x) o

19
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where we used that Sy is a solution of (2.9) in the last line. Now just remark
that
1 1
Al—=)=—div|—=Vb
()= (5a™)
and thus adding L, and Ly we get
. (1
—/ go(x,y) div <5V<p> () dz = ¢(y)
R2
and we get the proof of Claim 2.9. O

Now let w € L>(R?) with compact support. We have

_ /RQ (/RQ (2, y)w(y) dy> div (%w) (z) do
—— [ ([ ateai (9¢) @) a0) wmray

= / p(y)w(y) dy
]RQ

where we used Claim 2.9 in the last equality. Therefore Gj|w] is a distribu-
tional solution of (2.2).

Now we prove that with this kernel we recover solutions in the sense of
Proposition 2.2:

Claim 2.10. Let w € L* with compact support, then for all p € (2, +00),
we have that VGplw] € LP. Moreover if 1 is the solution of (2.2) given by
Proposition (2.2), then ¢ = Gy[w] up to a constant.

Proof of the claim. We have:
Vaule) = [ 5 D/l — (o) dy
+ [ V) Vale — y)(u) dy

- . Va2 Su(z,y)w(y) dy

=T + T+ Ts.

Now,

T) <cb\vz><x>\( / e = shetw)lay

+ [ (el + k(o) )
supp(w)\B(z,1)

<Oy 1]l 1 (14 ol dayroe (1 + ) 7EFY

by Assumption 1.5. Hence T7 € LP. For the second term, we have

Ty = \/b(z)Vg * (Viw)
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and therefore Ty € LP by Hardy-Littlewood-Sobolev inequality (see for ex-
ample [2, Theorem 1.7]). For the third term,

T3] < (/ M)/ V.S ( ’|W(f|)||dy

and thus by Jensen inequality

p—1
1732, < ( / \wr) [, IVl dyda.
R2 R2xR2

We have that
VS ()l e < Co(1 + [yl)
by Claim (1) of Lemma 2.7. Therefore

p—1
il < ([ 1l) [0 briela

and it follows that VGplw] € LP. By Proposition 2.2 we get that Gplw] = ¢
up to a constant. O

We are only left to justify that there exists a symmetric solution of (2.9).
Consider wy, wy two smooth functions with average zero, then by Claim 2.10,
we have

// gb(, y)wr (2)wn(y) dz dy = / (2(z) + Chuos ()
R2xR2 R2

__ /R2 o) div (%W) () dz
—div <%V¢%> = w;

given by Proposition 2.2. If R > 0, we have that

[ @ (i) @ae=- [ LuTu a8
B(O,R) aB(OR)

+ / Vs V.
B(O,R)

where 1; is the solution of

Using Proposition 2.5, we obtain

1
/ 37/)2VT/J1 .
9B(0,R)

and therefore

I o ddy = [ 96V
R2 xR2 R2

which is a symmetric expression of 11 and 5. It follows that

[ sttt = [ o) e

dS| <2rR |07 (1+R5)]§2 L
R—+o00
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Since /b y)g(z — y) is symmetric we get that
// Sp(z, y)wi (z)wa (y dxdy—// (Y, x)wr (z)we(y) de dy
R2XxR2 R2><R2

for any wq,ws smooth with compact suport and average zero. Let us define
A(z,y) == Sp(x,y) — Sp(y, ).
Now we fix x,wi,ws smooth functions with compact support such that
/ wg = 0 and x = 1. Remark that we no longer assume that / wy = 0.
R2 R2 R2
We define
As(z) = /RQ Az, y)wa(y) dy.
We have

fun= Jta (o= (fosn) ) (o) for
=0 (o) forme

Thus A, is constant so for every z € R?,

o Vedl@ y)wa(y) dy =0
for all wy with mean zero and therefore V,A(z,y) = U(z). It follows that
A(z,y) = c(z) + d(y). Since A(z,y) = —A(y,z), we have d = —c. Now let
us set Sp(z,y) = Sp(x,y) + c(y). We have:

Sp(@,y) — Sy(y. x) = Sp(z,y) — Sp(y, ) + c(y) — c(x)
— c(x) — ely) + ely) — ()
=0
which proves that gb a symmetric solution of (2.9). Up to adding a constant
we can also assume that S,(0,0) = 0. O

The symmetry of S, allows us to obtain more regularity estimates:

Lemma 2.11. Let Sy be the symmetric solution of Equation (2.9) given by
Proposition 2.8, then

(1) Sy is smooth on R? x R?\{(z,z) ; = € R?}.

(2) |Sh(@, y)| < Co(1 + |z + [y[*).
Proof. For 0 < r < R, we define C(y,r, R) := B(y,R)\B(y,r). We have
that Sy(-,y) is a solution of

i (598)) = o ~VIA () in )
Sb('a y) = Sb(" y) € CO,S in aC(y, Ty R)

Thus by elliptic regularity (see for example [26, Theorem 6.13]) we obtain
that Sy(-,y) € C>*(C(y,r, R)) for all y € R? and 0 < r < R. By symmetry
we get that Sy is C*® on

R? x R2\{(z,z) ; = € R?}.
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We can iterate the argument by writing the elliptic system satisfied by the
derivatives of Sy to show that Sp is smooth on
R? x R\ {(z,z) ; = € R?}.
The second claim is just a consequence of Lemma 2.7, since
|1S6(z, 9)| < [56(0,0) = Sp(, 0)| + [Sp(,0) — Sp(, )|
< 155(0,0) = Sp(, 0)| + [96(0,2) — Sp(y, )|
<V (- 0)l| oo 2] 4+ [[Va S (s )| oo [y
< Cpla| + Cp(1 + [])]y|
< Co(1+ [af* + Jyf*).

O

We finish this subsection by giving a straightforward consequence of Propo-
sition 2.5 and [23, Lemma 2.7] which will be useful to deal with the regu-
larisation of the dirac mass we will introduce in Subsection 2.4 and use in
Sections 5 and 6.

Lemma 2.12. p — VGy[u] extends into a bounded operator from H~' to
L2

Proof. Let p be a smooth function with compact support and average zero.
By Proposition 2.5, VGy[u] € L? and therefore it follows by [23, Lemma 2.7]
that

IVGolpdll 2 < Gl pall -1

and the lemma follows from the density of smooth functions with compact
support and average zero in H L. ]

2.4. Regularisations of the Coulomb kernel and the dirac mass. To
study our modulated energy we will need to have suitable regularisations of
g and of the dirac mass J,. For that purpose, let us first define g™ for any
0<n<las

(2.12) g () = {2 )

and we define 53(;7) as the uniform probability measure on the circle dB(y, ).
We also define

dsy”
Vb

(2.13) o = my(y,m)

where

m\ !
(2.14) (o 7) = ( /= ) .

In the following proposition we state several properties related to these reg-
ularisations.
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Proposition 2.13. For any 0 < n < 1 and y € R?, we have
(2.15 [ ot =208 ) = g0~

and

(2.16) Imp(y,m) — Vb(y)| < Cyn.

Proof. By a change of variable we may assume that y = 0. The function
f@i= [ gla-2)ds )
aB(0,m)

is locally bounded and satisfies Af = —5877) = Ag. Now if |z| > n, we
have

/ glx — z) dé(()n)(z) - g(") (x) = / (g(x — z) — g(x)) déén)(z)
dB(0,n) 0B(0,n)

z z (m)
= gl — — — ) ddy" (2
Amw><mr\w> o (2)

— ——In(1) =
|z|—o00 /8B(O,n) 2 ( )

by dominated convergence theorem. Thus f — ¢ is a harmonic bounded
function so it is constant. Since f(z) = g(n) = g (z) for any z of norm 17,
we get that f = ¢,

Let us now prove (2.16):

(),
my(y,n) — V0(y) = mp(y,n) b(y)< ! _/M>

and thus

Imy(y,m) — V/b(y)| < Coyn

by Assumption 1.5. O

3. POINT VORTICES

To prove Theorem 1.8 we will need to control the evolution of the in-
teraction energy and of the moment of inertia. We recall that the moment
of inertia is not conserved for the lake equations, nor for the point vortex
system. Due to the self-interactions, the interaction energy Ep is also not
conserved.

The following proposition gives bounds on the interaction energy and on
the moment of inertia and the global well-posedness of the lake point-vortex
system (1.6).

Proposition 3.1. Let T > 0 and (¢9, ..., q%) be such that ¢ # q? if i #£ 7.
There exists a unique smooth solution of (1.6) on [0,T]. Moreover, we have
the following estimates:

3.1) [En(t)] < e By (0)] + In(0) + 1)

(3.2) In(t) < PN By (0)] + In(0) + 1).
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We also have similar estimates for the rescaled moment of inertia and for
the interaction energy:

(3.3) [En(0)] < @0y (0)] + Tn(0) +1)

(3.4) In(t) < 0Dy (0)] + T (0) + 1),

Proof. Since b is regular (see Assumption 1.5) and Sy, g, Vg are regular out-
side of the diagonal (see Claim (1) of Lemma 2.11), System (1.6) is well-
posed up to the first collision time by Cauchy-Lipschitz theorem. We will
first prove the bounds on Ey and Iy and then deduce that there is no colli-
sion between the points (this is the classical strategy to prove that the Euler
point vortex system is well-posed when all the vorticities are positive, as
explained for example in [47, Chapter 4.2]). Let us assume that there is no
collision up to some time T < T.

We first compute the time derivative of En. Since g, is symmetric, we
have

1
=~ Z <Z% V(g 45) + 65V y 90 (4, qj)>
=1 =

J#Z

N N N

2 V4b(g) 1 >
T s * x iy 5

N2 P ( N b(q) Nb(qi)];:l; 9(q Qk) j§_ v gb(q QJ)

1

ki j;i

anv A Vib(a A
:_2 N v b(%) X <2 b(%) g(Qi—Qj)vb(Qj)

N? —~ b(g) b(qj)
+ 1/0(q:)b(q;)Vg(ai — q;5) + VaSp(a, Qj)>

and thus we get that
(3.5)

. 2aN v+t b(q;)

Ern = i S 5

A o D7y (Z\/ 4:)b(4;)V9(gi — ;) + VaSi(gi qj)>
J#Z

Now let us bound the right-handside of the upper equality. Using Claim
(1) of Lemma 2.7 and Assumption 1.5, we have

V4b(g;)
‘ b(Qz) V Sb((h’q]) ~N b(l + |q.7|)
and thus
2aN v+t b( ql
(3.6) N2 £ b ql ZV Sb ql,qj CbaN(l + IN).

J#z
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Now remark that

an < V4b(g; N
2Nj2\7 > Vob(qi) (Z b(Qi)b(Qj)VQ(Qi_Qj)>

1 b(ai) Jj=1
J#i
N N ‘
:“—Ngg( WL - [t j;qu])) Vol ~ ;)
J#i
Moreover,
Zigigvib(qi)— Z((gf))vlb(qj‘): ZEZJA‘;(V%(%)—V%(%))
b(gj) —b(di) o1 py
mv b(QJ)

and thus using the Lipschitz regularity of b and Vb (see Assumption 1.5)
and |Vg(gi — ¢j)| = Clgi — qj\*l we get that

2c v+ b(q;
(3.7) NJQV quq [Z\/ 4i)b(q;)Vy(q —q]] < Cpay.
J#Z

=1

Combining inequalities (3.6) and (3.7) we get that
(38) ’EN’ Cb(l —i—IN)aN

Now we compute the time derivative of Iy:

o N
Z—Zqz"di
Ni:l

_ 2an al g V*b(g:)
N "oba)

=1
2 Al b(QJ) 1
9(a — qj)q - Vb(q)
leljzl% (2i)/0(a:)
JF#i
al \/ % QJ L
——ZZ -V=g(gi — gq;)
i=1 j=1
J#i
o NN
-~ S 4 ViSilaiq;)
i=1 j=1
J#i

=2 + Tz + T3 + Ty).
Using Assumption 1.5 we have

(3.9) IT1| < Cyhan.
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For the second term, using Assumption 1.5 we have

T < (ng W)

J#l
o N
b
< N2 Z (Zg 4)jg—q;1<1 + lgil* + ‘%‘2)
i=1 Nj=1
J#z
Cy
SGIN++5 Y 90— ).
1<i£j<N
lg:i—q;|<1

Now by Assumption 1.5, we have that

1 Cy

= D da-g) <5z D < b(q:)b(a;)9(q: — gj)
1<iAj<N 1<iAj<N
lgi—aq;]<1

Cy
+ Sb(Qian)) + 32 > lalai — )l
1<iZj<N
lgi—q;|>1

C
oz > 1S

1<i£j<N

1
<Cb<EN TN Z l9(ai — qj)
1<i#j<N
lgi—qj]|>1

1
N2 Z ‘Sb(Qth)‘)'
1<iA<N

Moreover,

Ch Ch
N2 Z !g(qi—qj)\ém Z |ail* + g1

1<iZj<N L<iAj<N
lgi—aq;1>1 lgi—qj]>1
< Gyl

and using Claim (2) of Lemma 2.11,

1 Cy
e Z 1S6(gi, q5)| < e Z (1 +1gl® + 1g5%) < Co(1 + In).
1<iZj<N 1<iAj<N
Therefore

For the third term we write

T3 = > Zl q]\/— ql V¥olai —qj) - @

J#

27
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2N222Vl 4% — ¢5) (i_Qj)

=1 j=1
j#l’
) D WV
=— = ) - g
N =1 j=1 )
JF#i
and thus using the Lipschitz regularity of b (see Assumption 1.5) we get
(3.11) T3] < Cp(1 + Iy).

For the fourth term, using Claim (1) of Lemma 2.7 we get

Tyl = szzb ¢ - Vi So(gi, q5)

i=1 j=1
J#i

| NN
< Cbﬁ Z Z |g:l (1 + lg;1)
i=1 j=1
< Cb(l + IN).
Combining with inequalities (3.9), (3.10), (3.11) and (3.12) we get that
(3.13) 1In| < Cy(1+ an + |In| + | En).
Let us write Uy := (En, In). By equations (3.8) and (3.13) we have
Un| < Co(1+ an)(1+ [Un])
therefore by Gronwall’s lemma we have
Un ()] < e (JUn(0)] +1) — 1

from which (3.1) and (3.2) follows.
Let us use these bounds to prove that there is no collision (and it will
follow that System (1.6) is globally well-posed). If ¢ # j, then

1
g(lq@'—QJ|)<Cb<EN+m > IS(ae @)l

1<k#AI<N

- % > gla - qz))

1<k£IKN
(k,1)#(3,5)

1 2 2
<GBwtys X 0+l +laP).

1<k#AI<N

(3.12)

where we used Claim (2) of Lemma 2.11 and In |z — y| < |z| + |y|. Thus by
inequalities (3.1) and (3.2) we get

9(lai — g51) < Co(eP T+ (En(0)] + In(0) +1) +1)

and therefore

|gi(t) — q;(t)] = exp < — 21 Cy (e HONE (| En (0)| 4+ In(0) + 1) + 1)> > 0.



MEAN-FIELD LIMIT OF POINT VORTICES FOR THE LAKE EQUATIONS. 29

It follows that there is no collision on [0,7]. The bounds on Ey and Iy
follow directly from Inequalities (3.1) and (3.2) applied to ¢ = a7 O

4. TIME DERIVATIVES OF THE MODULATED ENERGIES

The time derivatives of Fj, y and of Fp y, defined in (1.13) and (1.14),
are given by the two following propositions:

Proposition 4.1. Let w be a weak solution of (1.1) in the sense of Defini-
tion 1.1, (q1,...,qn) be solutions of (1.6). We denote

1 N
N =7 Zl%i(t)

Assume that w satisfies Assumption 1.6. Then Fy N is Lipschitz and for
almost every t € [0,T],
d

7Nt =

u(t, x —aw . . o) — w ®2(,
2//(R2x]R2)\A< (t.2) = o= ) Vags(z,y) dw(t) — wn ()% (2, y)

Vib(z)
e —a) f| T Vale) de(t2) 40 —on () )

Proposition 4.2. Let (q1,...,qn) be solutions of (1.7) and @ be a solution
of (1.3) in the sense of Definition 1.2.

We denote
1N
Wy = Zl Ogi(t)

Assume that @ satisfies Assumption 1.6. Denote v = VGy[w]. Then Fp
is Lipschitz and for almost every t € [0,T], we have

L1 X
%ﬁw(f) =2 //(szm) v A )‘Vmgb(w,y)d(w(t)—wN(t))@(xay)

\a b(z)
N N
2 v(t, @) _
J#i

Proof of Proposition J.1. We split F n in three terms:

FoN = // (T, y)w(t, z)w(t,y) dr dy
R2xR2

N
2
N ZZ:;/R? gp(x,qi)w(t,x)dz + En

=T+ Ty + EN.

Let us compute the time derivative of T;. For that purpose, we will need
to regularize the kernel g,. The regularisation we will use is given by the
following Claim:

Claim 4.3. There exists a familly of smooth functions (91?)0<77<1 such that:
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o g/ (z,y)] < Cyllg(x — )|+ 1+ |2* + |y]*)
o Vg (z,9)],[Vygy (x,9)] < Collz —y[ 7" + 1+ |z| + [y)).
e For any (x,7y) € (R?)? such that = # v,

ui
9 (z,y) -t g, y)
Vg (2,y) — Vags(x,y)
n—0
Ui
Vg, (z,y) " Vygs(z,y).

Proof of the claim. We define

gy (2, y) = Vb(2)b(y)g"(x — y) + ) (z,y)

where ¢ is a smooth function satisfying:

* g'(x) = g(x) for [z] =7

* |g7(x)| < lg(=)],

o [Vg'(z)| < Cla| ™.
that we can obtain by extending In |;>, in a smooth function on R*. We
define Sg = Sp* Xy where x;, is a mollifier on R*. Since S}, is locally Lipschitz
(see Lemma 2.7), S} is smooth and we get from Claim (1) of Lemma 2.7
and Claim (2) of Lemma 2.11 that

o [S)(z,y)] < Co(1+ |2 +[yl?),

o VoS (@, )], IVy Sy (z,y)] < Co(1 + |2 + |y]).
Since Sy is locally Lipschitz, S and V.S;' converge locally uniformly to
Sy and VSy (see for example [13, Proposition 4.21]) and therefore we get
the convergence of g (z,y) and Vg (z,y) to gy(x,y) and Vgy(z,y) for any

T # . O

With this regularisation we can compute the time derivative of T7:

Claim 4.4. Ty € WH>°([0,T]) and for almost every ¢ € [0, 7], we have

Lo R( (t.2) V;(bg>)-vgggb(x,y)w(tw)w(ty)dmdy

Proof of the claim. For 0 < s,t < T and 0 < n < 1 we have:

(0 -Ti(5) = [ aep)(eltalolt.y) - wlsa)u(s.) drdy.

Now for almost all x and y such that x # vy,

g, (@, y)||w(t, 2)w(t, y) —w(s, x)w(s,y)|
Collg(z — )|+ 1+ |z + [y lw(t, 2)w(t,y) —w(s, z)w(s,y)|

and

I, st = )l + 141 + o)
X w(t, z)w(t,y) —w(s, z)w(s,y)|drdy < +o0
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because w € L* with compact support. Therefore by dominated conver-
gence theorem we get that

(4.1)

(0 ~Ti) = lim [ alla)tao(t.y) (s a)u(s.y) dedy,

Since gg is smooth and w has compact support, we can use (1.2) to get that
/R2 g9y (@, y)(w(t,y) —w(s,y)) dy =

[ fomsen (v “v:(l;gy)) w(r.y) dydr.

Let us write
o(t,x) = /RQ gy (, y)w(t,y) dy.

Since g} is smooth we have that for any compact K C R2?,

(t,x) —
1
L9t (uten) - a2 Yty dy € 220,70 (K)

and thus ¢ € WH°([0,T],C®(K)) and for almost every t € [0,T],

iR
Oep(t,x) = /R . Vyg; (2, y) <U(T, y) — avb(l;()y)> w(t,y) dy.

Therefore we can use ¢ as a test function in (1.2) (remark that we defined
(1.2) for smooth functions only but by density we can extend it to functions
which are only W1 in time) and we get that

//R?xR2 g (z,y)(w(t, z)w(t,y) — w(s,z)w(s,y))dzdy
-/ t .. Ve (u<7,y> - av”’(y)> w(r,y)olr, 2) dy dadr

b(y)
+ / t //R s VI @0) (u(T,x) _av;z;()x)) (. Yool ) de dy

Now we have that for almost every x and y such that x # y and almost
every 7 € [0,T],

. ’LLT%'—OéVLb(x) W\T, T )W\T
V.aj(e.0) - (ur.2) ~ 0Tt ) wlr ot
1 X
< Culo =17+ 1+ laf + )] [u(r,2) = o 22 (o ltr.a)

and
¢ 1 2 2
L[ o=l ol + o)
s R2xR2

V()
b(x)

X

u(r,x) — lw(T, Y)||lw(r, z)| dedy < +o0.
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Applying dominated convergence theorem we find that

/ t //MR Vagy (@) (u(r,m) - avbi(z;()x)> w(r, 2)w(r,y) de dy dr
= / //R o Veley)- ( (r,2) - V;(Z()””)) w(r, 2)w(r,y) do dy dr.
We can do the same for the first term to get that

[ St (s = T2 oyt oy ayasa
n»o/ //RR y9p(2,Y) - (MT, y) — avz(z()y)) w(r,y)w(r ) dy dz dr.

Using that Vyg5(z,vy) = Vagp(y,z) and (4.1) we get that 73 € W1°([0,77)
and for almost every ¢ € [0, 7], we get Claim 4.4. O

We know by Equation 3.5 that

. 2aN Al v2S b(q;)
Eyxy = - vagb q“(lj

N? i=1 b qz
J#z
and therefore
Vlb )
(4.2) = —2an ) Vagp(z,y) dwn(z) dwy (y).
R2xR2\A

Now we compute the derivative of the second term:

Claim 4.5. Ty is Lipschitz and for almost every t € [0, 7], we have

iTz( t)

dt
— 2//1&2%&2 ( (t,x) v:(b() )> Vagp(z,y)w(t, z) de dwy (t,y)

Vlb
+ 2ay : Vmgb(% y) dwn (z)w(t, y) dy
r2xr2  b(2)

+2 // ul(t, z) - Vago(z,y) dwn (@) dwn (9).
(R2xR2)\A

Proof of the Claim. If we use the regularisation gg we defined in Claim 4.3,
Equation (1.2) and if we let 7 tends to zero as we did for the proof of
Claim 4.4, we can show that T5 is Lipschitz and that for almost every t €
[0, 7], we have

dTs
— =T T:
1 2.1+ 122
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where
- 2 & Vib(z)
Ty = N ;/}W <u(t,x) -« o) > - Vagp(z, ¢i)w(t, z) dx

=— u x—av”)(x) : z,y)w(t, z) de dw

=2 [, (uta) =0T ) Vet dodin
and

N
T :=— %Z%"/RQ Vygs(z, qi)w(t, v) dx

i=1
N
o Ve |
- Ve gu(a, t,r)dz
[ N 221 b(gi) Jo(t,)
N
2
+ _222 (Qz‘)v 9v\qi; qj /QVmgb i, T)w(t CC)dx}
i=1 j=1
J#i
=Th91+ To22.
Now we have
20 V(g
Tp21 = NN b (&) / Vagn(qi, v)w(t, z) do
(4.4) = @)
Vib(x)
= 2aN// .Vmgb(x,y) dwy (x)w(t,y) dy
R2xR2 b(fE)

and using / Va96(qi, y)w(y) dy = b(g;)u™(t,¢;) (see Proposition 2.8), we
R2
get

N N
2 1
To22 =73 Zl u(t, gi) - va 96(4i» q5)
J#i
2 ff ) V(o) deon(e) dex(y).
(R2xR2)\A

Combining the upper equality with (4.3) and(4.4) we get the proof of Claim
(4.5). O

Now remark that

//RMR2 w(x) - Vagp(z,y) dwn(z) dw(y) = /R2 w - but dwy = 0.

Thus combining Claim 4.4, Equation (4.2) and Claim 4.5 we obtain Propo-
sition 4.1. U

We now compute the derivative of the rescaled modulated energy:
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Proof of Proposition 4.2. We split 71,7]\/ in three terms:

?b,N = ﬂ gb(xa y)w(ta m)w(ta y) dx dy
R2 xR2

N
2 —\— —_—
33 w0 T

=Ty + Ty + Ex.

Let us compute the time derivative of the first term. Using the regularisation
g, we defined in Claim 4.3 and using (1.2) and letting 7 tends to zero as we
did for the proof of Claim 4.4, one can show that T3 is Lipschitz and that
for almost every t € [0,T], we have

dT’ vib
ws) = ) Vg y)(t, 2)B(E, y) dady.
R2xR2 iE
For the derivative of Ey we rescale Equation (4.2) to get
vlb (z) _ _
(4.6) —EN -2 e - Vagp(z,y) doy (z) doy(y).
R2XxR2\A
Now let us compute the derivative of the second term:
Claim 4.6.
dTs V4b(z)
29 -V t,z)drdwn(t
72 L T Venla)a(ta) de da )
vib(x)
+2// -Vaegp(z,y)dwy(x) dw
(47 R2><]R2 b go(x, y) dwy (z) dw(y)
RS g
N =1 j=1
J#i

Proof of (4.7). Using the regularisation g; we defined in Claim 4.3 and using
(1.2) and letting 1 tends to zero as we did for the proof of Claim 4.4, one
can show that T5 is Lipschitz and that for almost every t € [0, 7], we have

A7,

T =T1+ T2
where
VLb(x
Ty = Z oy Vel 0Bt ) de
VLb(z)
=2 ————= - Vagp(z,y)w(t, z) de dwoy (t,y)
r2xr2  b(T)
and

N
Zq_ / Vygp(z,q:)w(t, v) dz
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N
2
- N g -v(t,q)
i=1
al N
2 [ Vou@) 1 N
e v t) i — — vm i, i
szl ) [ b(@) Naszlb( 3 96(Ti- T5)
i

= VLb(x). T wy(r)dw
2] s Ty Ve A @) 5t
(

9 NN 7
- N2ay ;; b(@) - Vago (i, T5)

J#i

and thus we have (4.7).

Combining Equations (4.5), (4.6) and (4.7) we get (4.2). O

5. PROPERTIES OF THE MODULATED ENERGY

For 0 < < 1, we denote

Hy ) = Gy

1L~
20 —WI :
=1

If b = 1 this quantity is the electric potential introduced by Serfaty in [63,
Equation (3.12)] divided by N.

Proposition 5.1. Let w € P(R?) N L>®(R?) with compact support and

Q1. qn € R? be such that q; # q; if i # j. Then the following inequality
holds:

1 C
/R2 5|VHN,77|2 + ﬁ; > le— ) — 9" (@ — )

1<i£j<N

< Fp(@n,w) + G (#\7) +HIQN) N+ N7 + 1wl g1 (14 fo)) dwynzos 9(77)77>

where g is defined by (2.12).

From this proposition we see that even if it is not necessarily positive,
the modulated energy is bounded from below by some negative power of N
(provided that (I(Qn)) is bounded). We will also prove the three following
corollaries:

Corollary 5.2. If w and Qn satisfy the hypothesis of Proposition 5.1, then
there exists ¢ > 0 such that

%\{(%qﬂ‘); lgi — qj| < e} <Fp(Qn,w) + Cz,(%i) +I1(QNn)(e+N7H

R g<a>e> .
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Corollary 5.3. Let a € (0,1) and £ be a test function (for example smooth
with compact support or in the Schwartz space), then if w and Qn satisfy
the hypothesis of Proposition 5.1 we have

1 N
Le(xn--)

<Gl 4Gy ([ 1962)" (Fe

In(NV)
N

_l’_

+I(QN)N !

In(N) ) 2 |

+ 1wl £t (14 2]) dz)nroe N

In particular, there exists B > 0 such that for all s < —1,

N

1 _

N D g —w|| <C((1+I(@QN) + Wl 1 ((141af) daynze )N 7
i—1

Hs

+ Fp(w, Qn))-

Corollary 5.4. If w and QN satisfy the hypothesis of Proposition 5.1 and
if (I(Qn)) is bounded, then the two following assertions are equivalent:

(1) Filew,Qw) — 0.

N
1 * .
(2) — g 0g; — w for the weak-* topology of probability measures
N =1 N—+

and
1
.y : dz dy.
Nz § (g QJ)—>//R2XR2%($ y)w(z)w(y) dz dy

1<iAj<N

Proposition 5.1 and Corollaries 5.2, 5.3 and 5.4 are analogues of other
results obtained in [22, 52, 63]. Proposition 5.1 is an equivalent of [63,
Proposition 3.3] or [52, Proposition 2.2] and the proof will follow the same
steps: regularise the modulated energy and control the remainders. Some
terms are very similar to the ones obtained in the Coulomb case whereas
other terms are specific to the lake kernel and will be handled using the
estimates proved in Section 2.

Corollary 5.2 is an equivalent of [52, Corollary 2.3] and Corollary 5.3 is
an equivalent of [63, Proposition 3.6]. Both can be deduced from Propo-
sition 5.1 in the same way [52, Corollary 2.3] and [63, Proposition 3.6] are
deduced from [63, Proposition 3.3] or [52, Proposition 2.2].

Corollary 5.4 is an equivalent of [22, Lemma 2.6] and its proof proceeds
in the same way. Due to the bound we assumed on the moment of inertia,
tightness issues will be easier to handle.

Let us begin by proving the main proposition of this section:

Proof of Proposition 5.1. Let us regularise the modulated energy (1.12) us-
ing the regularisation of the dirac mass § defined in (2.13). We have

Fp(Qn,w) =



MEAN-FIELD LIMIT OF POINT VORTICES FOR THE LAKE EQUATIONS. 37

(i (o).

- > //R . qg)g(q — q5)

1<z;£j<N

Ji w)g(x ) Ao (x) A5 (y)
= 2 e - St F @0 P

1<z;£j<N

L T 5 () dg™
N? Z// 9v( ) 5 () 5 (v)
9 N

N I (Voahe—

— Vo(@)b(q:)9(x — gi))w(x) dz Ao (y)

N
2 o~
N - j (n)
+ N Z//R2XR2(56(%3/) Sp(,¢i))w(x) dz dsy? (y)
=1
=T+ T+ T3+ Ty + 15 + Ts.
Claim 5.5. We have

1
le/ E\VHNW\?.
R2

Proof of the claim. Let us first fix p smooth with compact support and av-
erage zero and write H, = Gy[u]. By Proposition 2.8, we have

// g (@, y)p(@)u(y)dedy = [ Hy(z)u(r)dz
R2 xR2 R2
. 1
=— - H,(z)div <EVH#> (z) dz.

Let R > 0, then integrating by parts we get

1 1 = 1
—/ H, div (—VHﬂ> = —/ ~H,VH,- dS+/ —|VH,*
B(0,R) b aB(0,R) b B(O,R) b

1
Using Proposition 2.5 applied to w = pu, u = —EVLHM and ¢ = H,, we
have

C 1)
< —(1
RQ( +R)RR—>—+>OOO

1 q
/ FH,VH, - dS
dB(0,R)

and therefore

oo (o () ly) dedy = | H[VH,[
//R?xR? /Rz b
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Now consider a sequence () of smooth functions with compact support and
ing t ._iig(m_ in =1, then by L 2.12
average zero converging tom := g —win , then by Lemma 2.12,
i=1

VH,, — VHy,inL

k—+o00

and therefore

1 1
~|\VH,, |? — ~|VHy ,|?
/1;2 b | e | k—+o0 Jp2 b | N,n|

and

[ e [ e anant)

Gylpk — m) dpug + / Gylm] d(juz — m)
RQ RQ

CIVGolpe —mlll 2 |kl gr-2 + C NV Goml 2 [lpex = 1|
Cllpk = mll g

<
<

by Lemma 2.12 so we get Claim 5.5. (]
Now let us bound the fourth term:

Claim 5.6. c
T3] < 57 (9(n) + 1(@Qw)).

Proof. We write

N
Ti=- E //RR b(@)b(y)g(w — y) Ao (x) Ao (y)

N
1 ~ -
- (n) (n)
DD I Sita) 452 ) 5 0

::T471 + T472.

Using the definition of Sq (2.13) and Equality (2.15) we get

N
1
Ty = —— )2 _ (m) (m)
11 e ;:1 my(qi, 1) //R QWQ(w y)dé,” (z)dé,” (y)

N
1
=~z Zmb(Qi777)2/ 9" (x — q;) d5«(1? ().
=1

R2

Therefore,

Cog(n)
N
Now by Claim (2) of Lemma 2.11, we have

|Tyq| <

N
Ch
Ty 2| < N2 Z(l +ail?)-

i=1
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We get that
Cy

Ty| < N

ZIS

— 1+ 1(@Qn) +9(n) < —(9(n) + 1(@n)).
Now we bound the third and the sixth term:

Claim 5.7.
T3] + | Ts| < Collwll L1410y az) + 1(@N))-

Proof. For x € 0B(¢;,n),y € 0B(qj,n), we use Claim (1) of Lemma 2.7 and
the symmetry of Sy to get

156(qi> q5) — Sp(w,y)| < [Sb(gi,q5) — Sp(z,45)| + [Se(z, 45) — Se(z,9)]
< Cp(1 4 gi)n + Co(1 + |as|)n
< Cp(1 4 |gi| + la;))n-

Thus we can bound the third term:
(5.1) T3] < Cp(1+ 1(QnN))n-

The sixth term can be bounded in the same way:

N
Cy ~
T <X Ll lalmela) ded5 (),
i=1

We get that

(5.2) 76 < Co(lwll 1 (14 12))y az) + L (@N))-

and combining (5.1) with (5.2) we get Claim 5.7. O
Now let us bound the fifth term:

Claim 5.8.
T5] < Co ||lwll L1 n9(0)-

Proof. Using Proposition 2.13 we write T5 as

9 N

=N Z: /R (m(aimg"™ (@ = 4:) = v/blai)g(x — 4:)) Vb(2)w() dz
9 N

= L malam) ~ Vh@) [ 9" = a) Vb (o) da
TN Z Vb(gi / ( — @) — g(7 — ¢;))Vb(z)w(x)dx

and thus by (2.16) and since [¢" (z — ¢;)| < C(g(n) + |z| + |gi|) we have
75| <G [|lwll 1 ng(n) + Co Wl L1z azy 1+ Co llwllr 1+ 1(QN))n
ool [ 19 @) — )]

B(0,n)
We get that

751 < Co [lwll L1 (14 (2] daynzes 19(n) + (1 +1(QN))n
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since w is a probability density. O
We are only remained to estimate from below the second term:

Claim 5.9.
Ch
5252 > (9ai—q5) — 9" (@ — q5) — Comg(n)-
1<i#j<N
Proof. We also split 75 in two terms:

Z \/ Qz (17] _QJ

1<z7£]<N

—ww%mmmmmﬂ” gl — ) A6 () A5 (y)
R2 xR2

> /ba)blg;)g(as — a5)

1<iAj<N
— my (g, )M (g5, 1) /R 9" (g — ) A5 ()
1
=Nz > (/bla)b(g;) — mu(ais mmi(az,m))
1<iAj<N

< [ - e
RQ

Z \/b(qi)b(g;) <g(Qi —qj) — /}R2 9" (g —y) d5§;’) (?/))

1<iAj<N
=T51+Ts2.
Writing

b(a:)b(q;) — mw(gi, m)mu(aj,n) = Vb(q)(1/b(q;) — me(aj,n))

+ mb(q]', n)( b(Qi) — my(qi; 1))
and using (2.16) we get that

(5.3) To,1| < Cong(n).
Now by (2.15),
9(ai —a5) — | 9(ai —y)dol (y)
R2 !

=9(gi — ¢j) — 9" (@ — ;) + /R2 (9(ai —v) — 9" (¢ — ) 5§ ()

> g(g — ¢;) — 9" (¢ — q;) + 0

and thus
Chy
(5.4) D22 352 > (9(ai—a) — 9" (@ — 7))
1<iAj<N
We get Claim 5.9 combining Equations (5.3) with (5.4). O

=

Combining Claims 5.5, 5.6, 5.7, 5.8 and 5.9 we get the proof of Proposi-
tion 5.1. U
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Now we prove the “counting close particles” Corollary:

Proof of Corollary 5.2. The proof is exactly the same as the proof of [57,
Lemma 3.7]. If |¢; — ¢;| < € then

1 1
2
9(a — 4j) — 9% (ai — ¢j) = —5- nlai — ¢jl + o In(2e)
1 1 1
> ——1 — In(2e) = — In(2 0.
2w n(e) + 27 n(2e) 2w n(2) >
Thus, since g — ¢(%) > 0,
o vz 2N (g 45); lai — g5] < €}
1
< 2L e —a) = 9% - q5)
1<i#j<N
lgi—qj|<e
1
< Y (9la—q) — 9% (@ — 4)))
1<i#j<N
<F(Qn,w)
+ C @%—I(Q )+ N1+ ||w] (e)e
b\ TN N LY ((14]z]) dz)nLe< 9 :
where we used Proposition 5.1 in the last inequality. (]

Now we prove the coercivity result:

Proof of Corollary 5.5. We have

1Y 1 N )
/IKQ§<N;5i—W> =N R25<Z5i—5q?>

=1
1L
+ g(- o —w)
Lelw2d
=:T11 +Ts.
Now,
Ny £(z)  1sm
Ti = 3 3o ela) — mn) L S )
1 & £(gi) — &) ()
- S 7S 450 (1),
N ;mb(q " /éfB(qi,n) Vo) " )
Thus

71| < Cbl€lco.an®.
Using a sequence (ug) of smooth functions with compact support and av-

N
1 ~
erage (0 converging to N E 5(5?) — w as we have done for Claim 5.5 we can
i=1
show that
1
Ty = -V¢-VHy,

R2b
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and therefore

1 2
< (fogr7e) (faamor)

<o/, %|V£IQ>% (A + 22

QN+ N1 + @l £ (1] e 9(77)?7>

N[

NI

by Proposition 5.1. We conclude by taking n = N~'. The bound on

1
— 0g, — W
v

follows from Sobolev embeddings. O

Hs

We finish this section by proving the weak-* convergence result:

N
1
Proof of Corollary 5./. Let us denote wy = N Z dq, and prove that (wy)

i=1
is a tight sequence of probability measures. Let R > 1, then
N

[{i € [LN]; lai| > RHURP < > ol
(5.5) i=1
la:|>R

< NI(Qn).

Dividing by NR? both sides of the inequality we get

/ dwy < I(Qn)R~2
B(0,R)e

and since (I(Qn)) is bounded we get that (wy) is tight. We will now prove
the following Claim:

Claim 5.10. Assume that (wy) converges to w for the weak-x topology of
probability measures and that (I(Qn)) is bounded. Then F,(Qn, w) ot 0
—+o0

if and only if we have

% > olanq) —>//R2XR2 gp(x, y)w(z)w(y) d dy.

1<iAj<N

Proof. Let € > 0. We write the modulated energy as the sum of three terms:

Fp(Qn,w //RQX]RQ (@, y)w(z)w(y) dz dy
(5.6) +N2 > w4 q)

N

1<i#j<
~2 [ v den —w)w)
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where 1) = Gp[w]. Let R > 1 be such that supp(w) C B(0, R). We have
¢d(w—wN):—/ ¢dwN—i—/ Yd(w—wy).
R2 (0,R)° B(0,R)

We bound the first term as we did to obtain (5.5):

< Cy(R°1(Qn) + R*°1(Qn))
for some 0 < § < 1 (by Proposition 2.5). Therefore,

/ Ydwy| < s
B(0,R)°

if R is big enough. Now let x g 3 be a smooth function such that 0 < x <1
xrp(z) =1if |z| < Rand xpg(z) =0if |z| > R+ 8. Then

/ Pd(w—wy) = / st d(w — wy) - / s d(w —wy)
B(0,R) R<|z|<R+8

Choosing 5 small enough we have

/ gt d(w — wy)
R<le|<R+6

Now 1 is continuous (see Lemma 2.3) so by weak-* convergence of (wy) to
w we get that

)

<Le€

/¢XR,ﬁ d(w —wn) N_>—+>OOO

and therefore
lim sup
N—4o0
for all € > 0, so we get

de(w—wN)‘ < 2e.
R

Yd(w—-—wny) — 0.

R2 N—+o0o

Using (5.6) we get that Fp(Qn,w) H 0 if and only if we have

1
AT 9 dd
= gbqu—>//R2xR2 (a y)(a)o(y) da dy

1<i#j <N
U

It follows directly from the Claim that (2) == (1). Now if we have
(1), using Corollary 5.3 we have convergence of (wy) to w in any H? for
any s < —1. It follows by Prokhorov’s theorem (wpy) converges to w for
the weak-* topology of probability measures. By the Claim we also have
convergence of the interaction energy and therefore (1) = (2). O
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6. PROOF OF THE MAIN PROPOSITION 6.1

Let us recall that for ¢ € R?, Qn = (q1,...,qn) € (RH)N and 0 <y < 1,
we have denoted

1 N
I(Qn) =« > lail,
=1

and

where 55’7) is the uniform probability measure on the circle 9B(q,n).
In this Section, we prove the following result:

Proposition 6.1. Let Qn = (q1,...,qn) € (R)Y such that q; # q; if i # j,
u € WH(R2 R?) and w € P(R?) N L>(R?) with compact support such that
VGylw] is continuous and bounded. There exists B € (0,1) (independent of
w, u and Q) such that

| /R (% fys - w) " )

<Gy |ullyree [Fo(@n, w)|
+ Cp(1+ [[ullyproo) ol 1 (14 ]y daynre (1 + T(QN))N .

This proposition is an equivalent of [63, Proposition 1.1] or [52, Propo-
sition 4.1] and the proof will follow the same steps: regularise the dirac
masses, use the structure of the lake kernel to bound the regular part and
control the remainders. Some terms are very similar to the ones obtained in
the Coulomb case and we will use both the properties of our regularisation
(see Subsection 2.4) and some estimates proved in [52] to bound them. As
in the proof of Proposition 5.1 some terms are specific to the lake kernel and
we will use results of Section 2 to bound them.
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1
Proof. Let us fix 0 < n < 3 and write

N ®2
S g 20 Tt ( >t - ) (29)

= ue)- Vet G B w) " o
+(-3 Z //R i) Vo) [ du() 466, ~ 50
T d(dy, — 5 (@) duly >])

1<zg<N (R2x RQ)\A

(464, () A8, () — 3 () dBED <y>])

=T + T+ Ts.

2 |

0

Q/\

&Mz

(6.1)

Let us bound the first term. As in Section 5 we write

1L~
NZ‘SCS?)—MI-
=1

Hy, = Gy

We claim:

Claim 6.2.

T = /R ula) - VHyy )V (%) Y Hy () do

Proof of the Claim. This claim is similar to [63, Lemma 4.3] and we proceed
the same way: Let us first fix g smooth with compact support and average
zero and write H,, = Gp[p]. Then

//szw w(x) - Vags(x, y) du®* (2, y)
_ /R ula) - VH(x) div <%VHH> (2) do
__ /R w(z) - VH, (@)Y (%) VH,(2)dz

—/ 1u VH,AH,.
]RQb

For the second integral of the right handside we proceed as in [63] and
use the stress-energy tensor defined by (1.11) (for more details, see [63,
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Equality (1.25)] and the associated references):

1
/ Fu VH, AHH—/ T div([H,, Hy)).
R2 2

Integrating over a ball of radius R and mtegrating by parts we get
1 -
/ —u-div([Hy, H,]) = / [H HyJu- dS
B(o,R) 20 aB(o,Rr) 2b

_/B(O,R)v (215 > Hl, Hy

Using Proposition 2.5 (applied to w = p and ¥ = H,,) we have

Cb,u HUHLOO

< R,

1 -
[ gl a8
aB(0,R) 2b

Letting R — oo we obtain

/R22—bu div([H,, H,]) = — /v<21b> [H,, H,).

Now if (ug) is a sequence of smooth functions with compact support and
average zero such that

Mk-( Zé’”—w) N_>—+>OOOinH_1

then by Lemma 2.12 we have

VH, — VHy,inL?
¥ Notoo '

and therefore since u € W and since [H,,, H,,] (defined by Equation

Mk s
1.11)) is quadratic in the derivatives of H, we et that
n g

k

—/R2U(9ﬂ)'VHmc(x)v (%) -VHMk(m')d.%'—i-/ V<21b > [Hy s Hy, |

converges to

—/R2 u(z) - VHy ,(2)V <%> - VHy 5 (x) dz + /R2 \ (%“)  [HN g, HN )

as k — 4+00. We are only left to justify that

// U($) : V:vgb(x’y) d,u?Q(x,y)
R2xR2
1 .
]H+OC>//R2X]R2 Vags(z,y) <NZ 5m) _w> (z,y).

L0

Let us consider a sequence () of smooth probability densities with support
included in a ball B(0, R) independent of k (containing supp(m)), such that

We define
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(v, —m) converges to zero in H~! and for the weak-* topology of probability
measures. If we set pp = v — w, then

pe — (m—w) — 0in HL,

k——+4o00

Now we write

ﬂ U($) : Vng(x, y) d#§2 (x’ y)
R2xR2
B // w(@) - Vags(z,y) d(m — w)**(2,y)
R2xR2
- ﬂ u(x) ' va:gb(xa y)w(m) dz d(m B Vk)(y)
R2xR2
* //]R2 < R2 u(x) : vmgb(xa y)w(y) dy d(m - Vk)(x)

s ) Vgl s v - mm)(ay)
R2xRR2
=0 + I + Is.
We have
= | [ e VGutm — ke <l ol 19 Golom = ]
< O ull e ol lrm = v

by Lemma 2.12 and therefore I; k% 0. Recall that (m — vg) converges to
—+00

zero for the weak-x topology of probability measures. Therefore
I, = / u-VGylwld(m —vp) — 0
R2 k—+o0
since u and VGp[w] are continuous and bounded by assumption. Now we
want to show that I3 converges to zero. Remark that writing pp = vy — w

and proving that I and Iy converge to zero allowed us to restrict ourself to
study the convergence of

// u(z) - Vegy(z,y) dvg(z) dvg(y)
R2ZxR2

for v, nonnegative (which will be crucial for using Delort’s argument below).
We use the definition of g, (2.10) to write

Iy = // u(z) - VVb(x)v/b(y)g(x — y) d(vi @ v — m @ m)(z,y)
R2 xR2
" / e V@U@ - Vola —y) A © v —m & m)(,y)

" //R2X[R2 u(@) - VaSp(z,y) d(vg @ vp —m @ m)(z,y)

=31 + I32 + I33.
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We write

I3,1 = // U(x) . v\/B(CC) \/@g(az — y) d(yk _ m)(:ﬂ) de(y)
R2xR2
+ //}1%2 2o u(x) - V\/B(:c)\/@g(x —y)dm(z) d(vg — m)(y)
(6.2) X
:/ (u- VVb) (g * [Vbuy]) d(v, — m)
R2

n / (u- TVB)(g * [VB(g — m)]) dm.
R2

Recall that B(0, R) is a ball containing the supports of m and v,. Consider
a smooth probability density p with support in B(0, R). We define

Xk = (/R2\/5Vk>p,
()

and write
Vg * (Vb(u, —m)) =Vg* (Vbug — xi + Xoo — Vbm)
6.3
(63 —i—( Vb, — \/Edm> Vg * p.
R2 R2
Now

‘Vg % (Vbug = Xk + Xoo — \/Em)H;

=0 [ V() - T + To(©) - Vim(e) P de.
e €]

Remark that oy = Vv, — Xk + Xoo — Vbm is a Radon measure with support
included in B(0, R) such that a;(0) = 0. Therefore

L= o] =| [ = Do

[ i (%55) doto

<CRI¢l [ | dlax@)

< Cy,rl¢)-

=2

It follows that for € > 0

1
/5 I OR A < Cie®
<e

Moreover,

/5 } VIO — T + T=(O) - VIm(©) dg

— _— I -
<o ([ e - m@rds+ [ Vin© - imr)



MEAN-FIELD LIMIT OF POINT VORTICES FOR THE LAKE EQUATIONS. 49

<C. <”ch — Xoollp2 + H\/Eyk N \/EmHHﬂ) A

k——+o00

since b is smooth. Therefore

2
(6.4) lim sup HVg s« (VOug, — Xk + Xoo — \/Bm)H < Gy ge?
k—+o0 L2
for all € > 0 so
2
(6.5) Vg« (Vo = i + Xeo = Vim) 5 0.

By Hardy-Littlewood-Sobolev inequality (see for example [2, Theorem 1.7]),
Vg#*pe€ LP for all 2 < p < +00 so

</ ﬁuk—/ \/Bm) Vgxp —s 0in L2(B(0, R)).
R2 R2 k—+00
Combining the upper limit with (6.3) and (6.5) we get that
Vg * (Vo) Ve (vVbm) in L*(B(0, R)).
—+o0
Now, by convolution inequality, we have

(6.6) |9« [Vbia]

< <
L2(B(0,R)) ~ Cb Hg||L2(B(O72R)) ||Vk?HL1 ~X Cb HgHLQ(B(OQR))

so (g * [Vbry]) is bounded in H'(B(0, R)) which is compactly embedded in
L%(B(0, R)). Therefore by (6.5), up to extraction, (g * [V/bvy]) converges to
g*[vVbm] +C where C is a constant. If 2o € B(0, R) is at a positive distance
from the supports of v, and m then g(xzy — -) is continuous on the supports
of v, and m and therefore

g * [Voug](z0) — g+ [Vbm](wo)
k—+o00
by dominated convergence theorem. It follows that C' = 0, thus
g * [Vouy] A [Vbm] in H'(B(0, R)).
—+400
We recall that since b is smooth,

\/Eyk — Vbmin H .

k——4o00

Moreover, m € H~! with compact support and u-V+vb € W so it follows
by Decomposition 6.2 that

1371 — 0.
k—+o00

Since Vg is antisymmetric we can write

B =3 [[, o) dhn)(@) dvim))
1
=3 L ) A/ @) A om) )

where

Ho(,y) = 5 (u(x) ~ u(y)) - Vol — ).
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We recall that (\/Euk) is a sequence of nonnegative functions with supports in
B(0, R) converging to vbm in H~! and for the weak-* topology of measures
with finite mass. Moreover, since wu is Lipschitz, H, is continuous outside
of the diagonal and bounded. Therefore we can use Delort’s argument (see
[20, Proposition 1.2.6] or [60, Inequalities (3.4) and (3.5)]) to prove that

132—>0
k—+o00

Finally we write

ha= [ ) ([ VSt an) aon - m)a)

# [t ([, vasiaam) ) - m)

By Proposition 2.7 u(z) - V. Sp(x,y) is locally Holder with respect to both
variables and therefore since v ® v, — m ® m has compact support we have

that 1373 — 0. U
k—+o0

It follows from Claim 6.2 that
1 < s el [ | 1V

Hence by Proposition 5.1 we get

131 <Cilulhyne (173(@) + 242 + H@u) o+ )

(6.7)
+ llwll L1 142y daynzoe 9(77)77> :

Now let us split T2 in three parts:

Z //R () Vo)
+U(y)-ngb(y, x))w(@) da d(dg, — o) (y)
z //R  (u(e)- 9VhL2) V)
u(y) : vf b(y)V/b(@))g(z — y)w(x) ded(5,, — o) (y)
1y I, VA ) -
N — JJr2xr2

- Vy(z = y)w(z) ded(d, - 357)(y)

Z//RQXRQ - VaSi(z,9)

+u(y) - VaSp(y, @)w(x) dz (6, — 557 (y)
— (Toq +Ta2 + To3).
We will bound the three terms separately:
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Claim 6.3. There exists 0 < s < 1 such that
T2 ] < Gy [ull oo ol L1 (14 ) doynzee (1 + L(@N))7°
Proof of the claim. Since g(g?) is a probability measure, we can write
1N
La=x > [, Vb ul)ela) (Vi@gts - 0)
N i—1 v/ RZxR2
—Vb(y)g( —y)) A6 (y) dz
N
1
sy [ V@) (v Vba) u@)se - a)
N = JJr2xre

— VVb(y) - u(y)g(z —y)) Ao (y) da

qi

N
S VB o) (VB VBt~ ) 05 )
i—1 v/ RZxR2

1 N
+ 5 ;//RQXRQ(V\/B- uw) () v/b(q)
X (9(x — ;) — g(x — y)) Aoy (y) da
1 N
50N IRCErEIORTS
— VVob(y) - uly))g(a —y) A6 (y) dz
1 N
1500 INRCERENC IR

x (9(z = q;) — gz — y)) Aoy (y) da.
For the first integral, we use the Lipschitz regularity of v/b to bound

L 9B o)) Vet - ) )
< Cyn //R2 2o |(V\/B uw)(z)g(x — y)| dg((}:;) (y) dz.

Moreover for y € 9B(q;,n), we have
VB w)@g(e = ) o
<[ (VE w) @l )] do
B(y,1)
s [ (VE w) @l ) do
B(y,1)¢

<[vE |, Mol + [ OVE-wo)a)l (el + ol da

(y,1)°

<Cp [lull oo Wl oo (1 + i)
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since b satisfies Assumption 1.5. Therefore

L OB (a0 Vet - ) ) )

< Gy llull g [wll oo (1 +lgil)n-

The third integral can be bounded in the same way:

‘ //RQX]}@ \/@w(x)(v\/g(%) ~u(q;) — V\/B(y) cu(y))g(z — y) dg((ly) (y) d
<Gy ”u”VVloo??//]R2 1V/b(2)w(z) ‘d(g(n (y) dz

<G [|ullpr.eo HWHLl((leDdx)ﬂLOO (L + |ai)n.

Summing over N we get that both the first and the third line can be bounded
by

(6.8) Co [[ull o0 0l L1 1412y deynzoe (1 + T(QN))1-

Now the second integral is equal to

N
=3 Vi) /R (g (VWb uw)(gs) — g+ (Vb uw)(y)) 30 (9)
=1

and thus by Morrey’s inequality (see [13, Theorem 9.12]) its absolute value
can be bounded by

1—2
Cb,p'r/ P

(VVb - uw)‘

for any finite p > 2. The fourth integral can be bounded in the same way

by
Vo,

Using Hardy-Littlewood-Sobolev inequality (see for example [2, Theorem 1.7])
we have

(6.9) Cyn'

Lp

1—2
Cb,pn P

(\/Ew)‘ .
Combining (6.8) and (6.9) we get that

Ton| < Cy llullyproo lll L1412y dmynzee (1 + L(@N))0°
for some 0 < s < 1. O

<Cm'” HwH 2

p+2

Now we bound 75 o:

Claim 6.4.
To2| < Co [ Vul| oo |w[ 1100 1-

Proof of the claim. Let us recall that
dsy”

o = my(q, U)W

and thus

/ e VPR ) Vgl = y)w(@) ded(d, = 7))
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=my (i, ) //2 Y b(z)(u(z) — u(y)) - Vg(z — y)w(z) dz d(5, — 67)(y)
X
+ (1 q“ ) Vo(x)b(g;)( —u(q;)) - Vg(zr — ¢;)w(z) d.
R2

The first 1ntegral is exactly the term defined in [52, Equation (4.10)] with
s = 0 and m = 0 (remark that we can choose m = 0 since no extension
procedure is needed for s = 0 and d = 2, for more details we refer to the
introduction of [52, Section 4]). It can be bounded by the right hand side
of [52, Equation (4.24)] :
C1Vull o |1V (VB0)|| |0 < CollVull e [ 1917 0]
< G [ Vullpoo @l i pee -

A proof of the last inequality can be found for example in [35, Lemma 1].
Now by (2.16) and the Lipschitz regularity of u we can bound the second
line by

Co [IVull oo @l 1 7-
Combining the two upper equations we get

T2l < Gy [[Vul oo @l i oo -

Claim 6.5.
T2,3] < Cos [[ullwoo l9ll L1 (14 12]) dey (1 + 1(@N))0°
Proof of the claim. We write T5 3 as

b=y Z < //RQ 2o )+ (VaSp(, 4;) — VaSp(z,y)) Ao (y) dz
+ //R2xR2 w(@)(u(g;) — u(y)) - VaSp(gs, ) Ao (y) dz
- //R2><R2 w(z)u(y) - (VaSp(gi, ) — VaSp(y, x)) dg((}:ﬁ (y) dx>.

Using Claims (1) and (2) of Lemma 2.7, we get that for some 0 < s < 1,
N

1
Taal <57 3 (Gl ol 0+ b

=1
+ IVl poo lwll L1 ((1412)) dz) 7

o 1l s e nS)
<C,s [ullyyroe Wl L1141y dzy (1 + 1(@nN))7°

Combining Claims 6.3, 6.4 and 6.5 we get that
(6.10) T2| < Cos ullwroe 1901 1 (4 ja]) daynzee (L + 1(QN))0°

Now let us write T3 as
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- > //(R2XR2 ) - Vagy(2,y)

1<1]<N
(d5q,( ) ddy; (y) — dog () A6 (y))
) - VVb(z)\/b T —
1<§N //(RQX]RQ Vo) v/b(y)g(z —y)
(484, () dby, () — BB () 3P (1))

22D // VH@H)u(z) - V(e 1)

1<i,j<N (RZxR2)\A

(d5q,( ) ddg; (y) — oy ( )d5(”)( )

— > // -V Si(z,y)

1<z JSN (R2XR2)\A
(ddg, () ddg, (y) — dot™ (x) d5~§’]) (¥))
=131+ 132+ T53.
We bound the first term:
Claim 6.6.

(T3] < Co Jull oo [ F6(Qu, )] + Co [l e <g—§3)

FI@QN) 0+ N+ |l 1 (14 oy daynze 9(77)77> :

Proof of the claim. We write

Tg,l———z//w B (v B)g(x — ) A3 () A5 1)
= ) TVHa) Fe )
1<§<N //RQXRQ 7 !
(A8, () Ay, () — AT () 450 (1)
=T311+T31,2.

By the definition of 5(77) (2.13) we have

Tyiq=— % Zl mi(gi,m)? //R2><]R2 u(z) - v\/%)g(:c — y) d6{P () A6\ (y)

N
= % Zmb(ql,’n)2 /R2 Mg(n) (z — q) d(;((l?) (z)
i=1

Vb(z)
by Claim (2.15). It follows by Assumption 1.5 that

Ci = )

(6.11) 1T51,1] < N
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Now we write

o=y Y (<u-W5><q@-> ba)aa: — )
1<iAj<N
- L VD@Vt ) 0 ) a5 ) )
- o (0 9VB@)otaatas - o)
—mufazn) [ TR o - ) A0 ) )
by the definition of g,(]:’) (2.13) and Claim (2.15). Now,
Tiio=xm > (- VVB)@)y/ba) o — a5) — 6 (0 47)
1<iAj<N
b X (e V) a)yfolay)

1<iAj<N

< [0 - a) — 9 — 47) 400 @)
R2

55

+ % Z (u - V\/l;)(ql-)\/@/R2 g (z — 4) d(é((}:;) B g(g:,))(x)

1<iZj<N
1

5 DL Vb))
1<iZj<N

X /RQ((u VD) (qi) — (u- VVD) () g™ (z — g;) A6t (x)

qi

tar Y (o)~ mulas)

1<i#j<N
<[ (TR @) (@ ) 4 ()
RQ
=:51+ S+ 53+ 54+ Ss.

Since g — ¢ is nonnegative we can bound

1

511 <G l[ullpe 772 > (9(ai —4) — 9" (g — 7))
1<iAj<N
(6.12) <Gyl 173(@ )] + Gl (42

+I@QN) 1+ N + 1wl g1 (14 jo)) daynzes 9(77)77>

by Proposition 5.1. Now remark that if |¢; — ¢;| > 2n and « € 9B(¢;,7),

lgj — 2| > lgi —qjl —|lai —=| = 2n—n =1
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and it follows by Claim (2.15) that
/ 9" (z — q5) AP () = / 9(x = q5) dogP (x)
R2 R2

= 9" (q; — q))-
Hence we can write
1
S2=3 D (u'V\/B)(q@-)\/b(qJ-)/RQ(g(")(q@-—qj-)—g(")(w—qg-))d5§?)(£ﬂ)-

1<iZj<N
lgi—q;]1<2n

Notice that if |¢; — ¢;| < 21 and x € 0B(¢;,n), then

19 (0 — 47) — 9@ — )| < ||Vg?| _n=cnm<c

Therefore,
Co ol
|52 <T2L|{(qz‘,q]'); lgi — qj| < 2n}|
2
619 <Clulie 7@y + G ol (L2

+I@QN) (20 + N7 + 1wl 1 (14 1o daynzos 9(277)277>

by Corollary 5.2 applied to € = 2.
By definition of 5(?) (2.13) we can write

Si=am O (e VB @) /ol

1<i#j<N
x/ gD (@ —q;) [ 1- e (gi 1) Ao ()
- bw) )
and therefore
CbHuHLOO / my( qz
S 1| A6 ().
551 < Z s s
For x € 9B(q;,n), we have
mb((h’n) -1 1
—— — 1| < Cp |mu(q;, -
b@) b | (qis ) b(x)
. Ao y) 1
]RQ
< Oy

since b is Lipschitz by Assumption 1.5. It follows that

(6.14) 193] < Cb [|ull oo g(n)n-
Now by regularity of u, b and Proposition 2.13, we have

[Sal + 15| < Cp [|ullyyr.0 ng(n)-
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Combining the upper inequality with (6.11), (6.12), (6.13) and (6.14) we
obtain Claim 6.6. (|

For the third term we have the following bound:

Claim 6.7. For s small enough, we have

T35 < Chs l[ullyro (14 1(Qn))1°
Proof. We write

1
T33 :N— ( i) - VaSu(4i, q5)
1 // ~
- -V Sp(,y) 6P (z) A6 (y
e 1<Z§,]:<N . b(2,y) () dég” ()
— > // ( i) - VaSe(qir ) — u(@i) - VaSe(gis y)
1<Z_]<N R2xR?

+u(qi) - VaSp(qisy) — ul(qi) - VaSe(w,y)

Therefore,
1 S
T55] <73 > ull oo 1V286(ai, ) leos (Bg;, )7
1<ij<N
1 . ~
+m S Nl [ 1VaShC)len 2 0)
1<0,j<N
55 L Tl 9285t )] @) a5 )
1<z,]<N

By Proposition 2.7, for s small enough we have

Cy
Tssl <=2 Y lull e 11+ lgi))n°
1<ij<N
Cb,s s
D D [ PR )
1<i,g<N
Cy
t N2 Z [ull oo m(1 + |g51)
1<, <N

<Cps [[ullyro (1 + 1(Qn))7°

We are only remained to bound 73 o:

Claim 6.8. For € > 2n small enough, we have

Con [[Vull oo (€)
9

C
|T5.2] <Wb IVl g + + Gy ||Vl oo (\J—"b(QN,w)\ + QT .

@)+ N+ 19l 1 1 o ez g(e)a) .
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Proof. Let us denote

ku(2,y) = (u(@) —uly)) - Vg(r —y)
and remark that
(6.15) [Fu(z,y)| < C [ Vul| poo -

Since Vg is antisymmetric we can write 739 as

T30 =

)

37 2 oo VIl + 30005, =510

1<i,j<N
Using the definition of 5((1?) (2.13) we can write

d(0g, + 05 (x) (8, — 6" (v)

—d <5qi n %ib’”)ég’])) (z)d <5q]. - %63])) ()

:mb(Qi,n)mb(Qjan) A6+ 5 () dls. — 5
Sty 0@ A, — 3HE)

_mb(Qim)mb(qj,n) 5 s,
" <1 b(Qi)b(QJ‘) ) d qi( )d qj (y)

b(qi) b(g;)

mb(Qj’n) mb(%ﬂ?) _ dé. (x d(‘)‘(n)
T ( bao) 1) o)

We will use some inequalities proved in [52] and Corollary 5.2 to control the
first line, but let us begin by controling the three last remainders. Using the
bound (6.15) and (2.16) we can bound

N D // Vo(@)b(y)ku (2, y)

1<Z TN M @2 xR)\A

((1 b )> 5, (r) 43, (1)

Vb(a)b(g;)

LM AU Mo(8521) 4500 () a5,
Vo) < b<%> ) i
mb QJa Qla _ T (n) x) ).

b(y) ( ) Pal) @2 )>

(6.16) T5,2.2] < Co[[Vull oo 1-
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We are remained to bound

1
T30 =3N2 Z mi(qi, 1) (g5, 1)

1<i,j<N
< // Fu(, ) A8, + 000) (2) d(8, — 0 (y):
(R2xR2)\A

Using decomposition (4.26) and inequalities (4.27), (4.28) and (4.31) of [52]
with s = 0 and m = 0 (remark that we can choose m = 0 since no extension
procedure is needed for s = 0 and d = 2, for more details we refer to the
introduction of [52, Section 4]), we get that for any small parameter € > 27,

Co Co [Vl oo Cn || Vull o
Tl < S NVul + U g 0): s — 5] < <} + LIS,
Using Corollary 5.2, we get that
C Con|[Vull 7
T391 éﬁb IVl oo + % + Gy [|[Vul <].7-"b(QN,w)\
(6.17)
9(€)

# 2 1QW(E + N7+ ol s 9621 ).
And we get Claim 6.8 by combining (6.17) with (6.16). O

We finish the proof of Proposition 6.1 using Decomposition (6.1), Inequal-
ities (6.7), (6.10) and Claims 6.6, 6.7 and 6.8. That gives

' //(RQX]RQ)\AU(@“) - Vagy(z,y)d (% ﬁ;&m - w) N (z, y)'

<Collulyre (7@ + 2 4 @)+ 87

F Wl L1 (14 2] doynzo 9(77)77>
+ Cos lullyree 1wl L1 1410y daynze (1 + 1(Q@n))7°

+ Cy [[ull oo Fo(@Qnsw) + Co [y (%

+I@QN) 0+ N+ 1wl 1 (14 1o dwynzos 9(77)77>
+ Chs [ullyre (1 +1(Qn))7°

C Cpn [Vl 700

+ Il + T vl (17(Qy )
9(6) I N*l

+ 7 T L@+ N7 + @l (1l dwynre 9(E)E )

Choosing ¢ = N=! and n = N2, and since Wl 1 (14 12]) dz)nree 18 Pounded
by below (because w is a probability density) we get that

' //(R2Xm2)\au(x) Veg(@v)d (% g% - w) h (z, y)‘
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<G [|lullyrrco [Fo(Qn, W)
+ Cp(1+ [[ullyroo) 90l 1 (1] daynree (1 + QNN
for some 0 < 8 < 1. O
7. MEAN-FIELD LIMIT

In this section we prove the mean-field limit Theorem 1.8. For this pur-
pose let us first prove the following estimates:

Theorem 7.1. If w is a weak solution of (1.1) with initial datum wy (in
the sense of Definition 1.1) that satisfies Assumption 1.6 and if In(0) is
bounded, there exists a constant

A=A (b, T Nwll poo o, 7y,w00) 5 90l Loo (0,77, L1 ((1-410]) dw)izoe) »Sup IN(0)>
such that for every t € [0,T],
(7.1) [Py, n (8)] < A(Fon (0)] + (1 + [Ex(0)) (N7 + |ax — a)).

If @ is a weak solution of (1.3) with initial datum wq (in the sense of Defini-
tion 1.2) that satisfies Assumption 1.6 and if In(0) is bounded, there exists
a constant

B:=B <b7 T, [|©1] oo (jo,77,1 ((1+]2]) dz) L) »

196 o111 500 T 0))
such that for every t € [0,T],
(7.2) [Fon ()] < B(IFon(0)] + (14 [Ex(0))(N~7 + ay')).

Proof. By Proposition 4.1, we have that for almost every ¢ € [0,T7],
d

7o ()
_ Vlb(ac)
- //URWM (““’”” ) )'W%(wvy)dw(’f) —wn ()% (,)
Vib(z)
Hrava // s 0@ e@y)don(h o) d@(d) —wn(E)()

—L1+2(OzN—Oz L2

Using Proposition 6.1, we have

V4o
|L1] <Cp ||u — aT | Fu(Qn,w)|
Lo ([0,T],W1le)
1
+Cp | 14 ||u— QD
bl Loo (0,77, w100

X 9]l oo 0,77, 21 (14 o) deyrzoey (L + IN())N .

By Proposition 3.1, we have
In(t) < Cor(1+ [En(0)] + In(0))
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since (ay) is bounded (here we consider the case ay NI «). Therefore,
— 100

(7.3)

|L1| <Cp(1+ llwll oo (0,77, w100) NFo(Qnsw)| + Cor (1 + HUHLDO([O,T},WLDO))

X @l oo (0,9,01 (14 2]y deyrzeey (1 In(0) + [ Ex (0))N 7.

Now
1~ V()
=¥ Z
i=1
| XN
: Vb(g:)b(y)Vy(g — y) d<w(t) - = "6, >
|: R2\{q;} N]Z; q;(t)
| N
+/ Vme(q@-,y)d<w(t) — = 6,4 ﬂ
R2\{gq;} szl q; ()
=:Lo1+Loo+ Lo
with

_ Ly T |
(7.4) [ Bal = ‘N /R? V(g —y)Vo(y)w(t,y) dy‘

i=1 b(qz)

< Gy [|wll oo 10,77, 1L

(for the last inequality see for example [35, Lemma 1]) For the second term

2.2 b(gi)b 9(ai — 45)-
i=1 j=1
JF#i
We can bound it as in (3.7) to get
(7.5) |La2| < Cy

For the last term, we use Claim (1) of Lemma 2.7 to get

1 Vlb q,
‘L273’ = 'N Z / \Y Sb QH < NZ(SQJ t)> '
=1

J#Z

<C/R(1+!y\ ( NZ% t))

J#Z
< Cy(lwll pos (f0,77, 21 (1)) day) T IN (1))
< Opr(lwll oo o171 (4 12]) day) T 1 + In(0) + [En(0)])
by Proposition 3.1. Combining the upper inequality with (7.3), (7.4) and
(7.5) we get that for almost every t € [0, 7],
‘ d

Sl ¢
V)

SCOp(L 4 |ull oo o, 77,w1.000) [ Fo, 3 ()] + Co (1 + HUHLOO([O,T},WLOO))
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X ]| oo (079,21 (14 2]y deyrzoey (1 In(0) + | En (0) )N 7

T Chrlaw — o ( 169l e 02128 (1) eyt + 1+ In(0) + \EN<o>r).

Therefore there exists a constant A depending only on the quantities b,

T N[l oo o0, w100y 190l oo 0,77,L1 (1 4 2]y d)nzeey and In(0) (which is uni-
formly bounded in N by assumption) such that for almost every t € [0, 7],

(0] < AUFN(E] + 1+ [ENOD? + ax — )

By Gronwall’s lemma (up to taking another constant A depending on the
same quantities) we get (7.1).
Now let us study the rescaled regime where ay — —+o00. By Proposi-

N—+o00
tion 4.2 we have
d— Vb(x _ _
—Fun(t) = 2// 2 - Vage(z,y) d@(t) — ©n () ¥ (2,y)
dt (R?x R?)\A b(z)
t Qz
Vb q“%)

J#z
=:I1 + Lo.

The first term can be bounded by Proposition 6.1:

e[, )

(7.6) XN oo (0,77, ((14 ) daynzoey (1 + T(@QN))N T A

’L1’ <Cb

SCo|Fo, N ()] + Co 18 poo (0.7, 11 (1.4 2]) d) oo
x (1+In(0) + [En(0))N 7

where we used Proposition 3.1 in the last inequality. We split the second
line in three terms:

t QZ Vb Qz _
NQQNZZ (@) ' ﬁ b(@)9(@ — @)

Z

t,q;) _ ——
NZQN;]ZI (T V(a QJ) b(%)b(%)
J#z

t,q;) _

V:BS iy 4g

NZO‘N;; o o(T@. Q)
J#i

=:Loy + Lao+ Lo 3.
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We can bound the first term by

Cy
|L2a| < Nan [[v]l oo ZZL@ 7 —qj)|

i=1 j=1
J#i
and applying Lemma 2.3 we get

[v][ oo = [[VGB@][| 1o < Cb HwHLw([o,T],leLOO)-

We can bound Z Z|g — ;)| as we did for Inequality (3.10) to get
i=1 j=1
JF#i
| L2,1| < Co 1@ oo 0,7, 1r1p00y (1 + [En| + In)ay'
The second term L9 2 can be bounded as in (3.7) to get
|L2,2| < Cp(L + [|v]] oo o, 77, w1 w))aNl
and the last term can be bounded directly using Claim (1) of Lemma 2.7:
|L23] < Gy |[v]| oo (14 Iw)ay! < G 191l oo (f0,77, 21 zey (1 +1In)ay'.

Combining these three inequalities with (7.6) and using Proposition 3.1 to
bound Iy we get that for almost every ¢ € [0, 77,

d— — _
E}_b Nt )‘ SCp|Fo,n (O] + Coll[@]] oo 0,77, L1 (14 |2]) dz)nL)

+ [0ll oo (fo,77, 1,00
X (1+[In(0)] + [Ex (0)) (N7 + axh).

And therefore there exists a constant B depending only on the quantities b,
T |lwll oo 0,77, L1 ((14|2]) dz)nzeey @and In(0) (which is uniformly bounded in N
by assumption) such that for almost every t € [0, 7],

d —= - _ _
T 0] SBOFux(O] + 0+ RO + a5,
By Gronwall’s lemma (up to taking another constant B depending on the
same quantities) we get (7.2). O

Proof of Theorem 1.8. By Corollary 5.4, weak-x convergence and conver-
gence of the interaction energy gives that (Fp,n(0)) and (Fp n(0)) converge
to zero. Using convergence of the interaction energy we also get that |En(0)]
and |Ey (0)| are bounded. Thus by Inequalities (7.1) and (7.2) we get that
for any t € [0,T] (Fp n(t)) and (Fp n(t)) converge to zero and the theorem
follows by Corollary 5.4. U
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