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Ultrafast X-ray diffraction by the LCLS free-electron laser has been used to probe Charge Density
Wave (CDW) systems under applied external currents. At sufficiently low currents, CDW wavefronts
bend in the direction transverse to the 2kF wave vector. We show that this shear effect has the
ability to focus or defocus hard X-ray beams, depending of the current direction, making it an
electronic lens of a new kind, tunable at will from the Fraunhofer to the Fresnel regime. The effect
is interpreted using the fractional Fourier transform showing how the macroscopic curvature of a
nanometric modulation can be beneficially used to modify the propagation of X-ray beams.

INTRODUCTION

A incommensurate Charge Density Wave (CDW) may
be highly sensitive to even small external excitation.
It can then appear independent with respect to the
atomic host lattice that yet supports it. For example
when NbSe3 is cooled down, the atomic lattice contracts
slightly while the CDW’s period increases considerably
[1, 2]. In the case of rare-earth tritellurides, the CDW
can even flip 90° after an ultra short femto-laser pulse,
and return to the equilibrium position in less than few
ps [3, 4]. The CDW can also tilt in the perpendicular
direction after elongating the lattice parameters by less
than 1% by using a tensile machine [5, 6].

A CDW is also very sensitive to external currents. In-
deed, when a small external current is applied, the CDW
is submitted to a force due to the applied field because the
CDW is naturally charged. Two deformations are then
observed. The first which concerns the longitudinal di-
rection along the 2kF wave vector, compresses the CDW
near one electrode and expands it at the other [7, 8]. The
second deformation, more recently observed, is located
far from the electrodes. It involves the transverse direc-
tion and corresponds to a curvature of the CDW wave-
fronts [9, 10]. CDW’s defects are described by considering
only the phase of the modulation η cos(2kFx+Φ(r⃗))[11].
In this specific case, involving a continuous deformation,
contraction, dilatation and shear, a quadratic phase Φ(r⃗)
has to be considered, depending of the applied force f , ei-
ther along the longitudinal direction (Φ(x) = f(x2 − l2x))
or the transverse one (Φ(y) = f(y2 − l2y)) where 2lx and
2ly are the sample dimensions in the two perpendicular
directions.

The transverse shear under current has been observed
in NbSe3 by X-ray micro-diffraction. Fast mapping tech-
niques were used to get the quadratic CDW’s phase

by phase gradient method. The observed curvature of
CDW wavefronts increases with rising currents and re-
verses with inverse currents, until a current threshold is
reached, beyond which relaxation is observed. The CDW
in NbSe3 is then able to bend continuously over more
than 20µm, that is a distance 104 larger than its λ=14Å
period. This phenomenon illustrates the extent to which
a CDW is able to deform continuously from one edge to
the other edge over macroscopic distances, despite the
presence of numerous defects. This effect can be under-
stood by CDW pinning on sample surfaces [10].

In this letter, we have undertaken to observe this same
phenomenon, but with a single illumination, from a beam
wide enough and fully coherent delivered by the LCLS
XFEL source to see the curvature as a whole. We show
in the following that the CDW bending induced by the
small external current modifies the beam propagation
from the Fresnel to the Fraunhofer regime, allowing to
continuously focus hard x-ray beams.

Femtosecond X-ray diffraction experiment has thus
been performed to probe the incommensurate NbSe3 sys-
tem submitted to several dc currents. The two electri-
cal contacts needed for in situ resistivity measurements
were located at more than 500µm from each other along
the 39µm × 3µm ×2.25mm single crystal, itself glued
on a sapphire substrate. The connected sample was
inserted into a cryostat mounted on the XCS diffrac-
tometer and cooled down to 80K, below the first CDW
transition (Tc1=145K). The satellite reflections associ-
ated with the CDW are located at ±q⃗2kF from each
Bragg reflection with the incommensurate wave vector
q2kF = 0.243± 0.001(× 2π

b ). The threshold current, mea-
sured during the experiment, was equal to Is = 0.8 mA.
Each 8 keV x-ray pulses, of less than 50fs duration, were
focused on a spot of about 30µm in diameter on the
sample, that is slightly smaller than the sample width.
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The diffracted intensity was recorded with a 55µm×55µm
pixel size detector located 8m further in the horizontal
plane (see figure 1b). The Bragg peaks reflect proper-
ties of the host atomic lattice, while the satellite reflec-
tions associated with CDW contain information about
both the host crystal lattice and the CDW modulation.
Therefore, rocking curves were made for the Q020 Bragg
and the (0 1 + q⃗2kF 0) satellite reflection for several cur-
rents, up to Is. The combined effect of the applied elec-
tric field and surface pinning induces curvature of CDW
wavefronts. As shown in Fig.2, this shear effect has a sig-
nificant incidence on the diffraction pattern. As currents
increase, the beam broadens considerably in the trans-
verse direction and displays characteristic profiles that
can easily be explained by diffraction from curved CDW
wavefronts. The diffraction profile of the 2kF satellite
obtained by the large and fully coherent LCLS xfel beam
is then obtained from the Fourier Transform of a whole
curved modulation, whose exact solution is given in 1D
by:

I(q) ∝(Erfi[
(1 + i)(2af − q)

2
√
(2f)

]− Erfi[
(1 + i)(2bf − q)

2
√
(2f)

])

⊛Gauss(q, σ)

(1)

considering that the x-ray beam less wide than the sam-
ple width, extending from a to b, and a incident Gaussian
beam of width σ. The fit is shown in Fig.2 , which repro-
duces the main characteristics of the diffraction profiles
obtained for different currents by changing only the cur-

FIG. 1. a) Curvature of the CDW wavefronts observed in
NbSe3 when the sample is submitted to a current of I=-1mA.
This image has been obtained from a fast mapping diffrac-
tion experiment using a micrometric x-ray beam (from [9]).
For better visibility, the CDW wavelength λ has been consid-
erably increased to match the sample size. b) Experimental
configuration s illustrating the wide angles diffraction setup.

vature.
The expression (1) of the Fourier Transform (FT) of a

modulation including a quadratic phase term is exact but
not explicit. On the other hand the use of the Fractional
Fourier Transform (FrTF) is a more elegant approach to
dealing with space curvature and light propagation. This
approach is based on the fact that since the standard
Fourier transform must be applied 4 times successively
to recover the initial object, the FT is nothing else but
an angular transformation of α = π/2 in the (x, q) plane.
A generalized Fourier transform can thus be developed
for any angle of rotation α from 0 to π/2, covering the
complete propagation of light from the Fresnel to the
Fraunhofer regime. The integral form of the fractional
Fourier transform of any function f(x) can be written in
1D as [12]:

Fα[g](q) =

∫ ∞

−∞
K(q, x)g(x)du (2)

with

K(q, x) =

√
1− i cotα

2π
exp[−i

qx

sinα
+

i

2
(q2 + x2) cotα]

The expression of the standard Fourier transform is easily
recovered for α = π/2.
The FrFT is a generalization of the ordinary FT based

on a rotational angle in the usual phase space with ap-
plications in optics[13] and x-ray diffraction[14]. Let’s
applied the FrFT to the diffraction of rectangular slit by
considering a quadratic phase along the transverse direc-
tion y. The 1D case reads:

Ff
α(q) ∝

∫ a

−a

K(q, y) exp[i2kF y] exp[if(y
2 − a2)]dx (3)

where f = qE is the force induced by the applied current
and ±a the two sample boundaries (or the beam size).

FIG. 2. c) (0 1.241 0) satellite reflections associated with the
CDW in NbSe3 with increasing currents. All figures corre-
spond to the integrated intensity over the complete rocking
curve. d) Transverse profiles after vertical integration (bleue
curves) as well as the fit (red curves) based on the model de-
scribed in the text.
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The effect of the finite and imperfect lattice and the in-
cident beam profile on the diffraction pattern act like a
convolution in the Fraunhofer regime and are neglected
here.

The advantage of using FrFT to deal with space cur-
vature then becomes obvious, since two quadratic terms
are present in the integral form. As a consequence, the
curvature of the CDW wavefronts under an applied force
is equivalent to changing the α angle with the force f
into another α′ without force, Ff

α(q) = F0
α′(q

′) with:

cotα′ = cotα+ 2f

and to rescale in q with the scale factor:

q′/q =
1√

1 + (cotα+ 2f)2

We show in Fig.3, the consequence on the diffraction pat-
tern. The slit diffraction from the Fresnel to the Fraun-
hofer regime calculated by the FrFT is shown without
force f . The two regimes are easily accessible from slits
closed at few tens of micrometers using keV x-ray beams.
By changing f , the x-ray propagation is shifted in time,
either dilated or contracted depending of the sign of f ,
i.e. depending of the sign of the CDW curvature. As a
consequence, if the detector is located in between the two
regimes, between Fresnel and Fraunhofer, the diffracted
beam will expand and display a characteristic Fresnel
profile for positive currents. On the contrary, for nega-
tive one, the beam profile will approach the Fraunhofer
regime depending of the amplitude of the curvature. It

FIG. 3. a) Slit diffraction from the Fresnel to the Fraunhofer
regime calculated by the FrFT for α ∈ [0, π/2] and 2 differ-
ent forces of oposite signs and below, the corresponding real
space showing the respective CDW curvatures. b)-d) Corre-
sponding beam profiles for the 3 forces calculated at a fixed α
at the dotted line position. e) Intensity profile at q=0 versus
α and forces f . The Fresnel-Frauhofer transition is shifted to
smaller or larger α values or, equivalently, to smaller or larger
distances from the sample by changing the sign of the current
applied to the sample.

will then be focussed, displaying a cardinal sinus square
profile (see Fig.2).

Two things are worth noting. First, when α = π/2, i.e.
when the detector is located in the Fraunhofer regime,
the sign of the curvature no longer plays any role in the
diffraction profile: positive and negative currents, of the
same intensity, will lead to the same profile, approaching
the Fresnel regime. Second, changing the order of diffrac-
tion, measuring (0 1+ q⃗2kF 0) rather than (0 1+ q⃗2kF 0)
reflection, is equivalent to inverse the sign of the curva-
ture.

Focusing beams in the hard x-ray regime is not an
easy task and has always been a major limitation in
the field of x-rays, especially for large instruments (syn-
chrotron and XFel sources). To focus high energy x-
ray beams is now achievable either by using reflective
(Kirkpatrick–Baez systems, capillaries, waveguides[15]),
refractive (Be lenses[16]) and diffractive (Fresnel zone
plate[17]) optics. This work opens up a new class of fo-
cusing optics, thanks to the ability of a CDW to bend
when subjected to a low current. The resulting nano-
metric modulation, bent over tens of micrometers, then
acts as a versatile electronic lens, tunable at will and
operating in a wide energy range. Since the direction of
curvature and its amplitude can be controlled by the sign
and intensity of the applied current, the diffracted beam
can be focused or defocused, from the Fraunhofer to the
Fresnel regime. However, this study remains a demon-
stration of principle because the intensity of the satellite
reflection is probably too weak in this compound, but
other systems displaying similar properties could prove
more effective.

The authors would like to thank G. Abramovici for
his help and F. Polack for his always pertinent optician’s
comments.
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and C. Vettier, Direct observation of charge density wave
current conversion by spatially resolved synchrotron x-
ray studies in nbse3, Phys. Rev. Lett. 80, 5631 (1998).

[9] E. Bellec, I. Gonzalez-Vallejo, V. L. R. Jacques, A. A.
Sinchenko, A. P. Orlov, P. Monceau, S. J. Leake, and
D. L. Bolloc’h, Evidence of charge density wave trans-
verse pinning by x-ray micro-diffraction, Phys. Rev. B
101, 125122 (2020), arXiv:1905.03499 [cond-mat.str-el].

[10] E. Bellec, V. Jacques, J. Caillaux, and D. Le Bolloc´h,

The essential role of surface pinning in the dynamics of
charge density waves submitted to external dc fields, Eur.
Phys. J. B 93, 165 (2020).

[11] D. Le Bolloc’h, E. Bellec, N. Kirova, and V. Jacques,
Tracking defects of electronic crystals by coherent x-ray
diffraction, Symmetry 15, 1449 (2023).

[12] V. Namias, The fractional fourier transform and its ap-
plication in quantum mechanics, J. Inst. Math. Its Appl.
25, 241–265 (1980).

[13] A.W. Lohmann, Image rotation, wigner rotation, and the
fractional fourier transform, J. Opt. Soc. Am. A 10, 2181
(1993).

[14] D. Le Bolloc’h and J. F. Sadoc, X-ray coherent diffraction
interpreted through the fractional fourier transform, The
European Physical Journal B 81, 481 (2011).

[15] T. Salditt and M. Osterhoff, X-ray focusing and optics, in
Nanoscale Photonic Imaging , edited by T. Salditt, A. Eg-
ner, and D. R. Luke (Springer International Publishing,
Cham, 2020) pp. 71–124.

[16] A. Snigirev, V. Kohn, I. Snigireva, and B. Lengeler, A
compound refractive lens for focusing high-energy x-rays,
384, 49 (1996).

[17] B. Niemann, D. Rudolph, and G. Schmahl, Soft x-ray
imaging zone plates with large zone numbers for micro-
scopic and spectroscopic applications, Optics Communi-
cations 12, 160 (1974).


