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Summary

The Keplerian shear was introduced within the context of measure preserving dynamical systems
by Damien Thomine [I6], as a version of mixing for non erogdic systems. In this study we provide
a characterization of the Keplerian shear using Rajchman measure, for some flows on tori bundles.
Our work applies to dynamical systems with singularities or with non-absolutely continuous
measures. We relate the speed of decay of conditional correlations with the Rajchman order of
the measures. Some of these results are extended to the case of compact Lie group bundles.
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1 Introduction

In a dynamical system, the mixing property reveals that trajectories are intermingled and asymp-
totically distributed somewhat homogeneously. A paradigmatic example is provided by Arnold’s
cat map on the 2-torus T?, endowed with the Lebesgue measure,

(2 )

From a probabilistic perspective, mixing signifies the asymptotic independence of events;
long-term evolution forgets the initial conditions. This property, along with its quantitative
counterparts (e.g., decay of correlations), forms the foundation for various probabilistic limit
theorems within the context of deterministic dynamics, such as the Central Limit Theorem and
Borel-Cantelli lemmas (see [6]).

However, there are many systems in which certain quantities are conserved during evolution.
This occurs in integrable systems of Hamiltonian dynamics, particularly in some geodesic flows
and rational billiards (see [I6] and references therein). This phenomenon can also manifest in
biological systems, where the preservation of a character results in different evolutionary paths.
The presence of these invariants prevents the system from being ergodic and, consequently, from
exhibiting mixing. The transvection

10
re (1)

acting on the torus T?, is a paradigmatic example. This map acts on the second coordinate as
a rotation on the circle. The evolution in each ergodic component (each individual system) is
notably simple and predictable. Nevertheless, Kesten demonstrated that, with some randomness
introduced into the rotation angle, trajectories distribute quite homogeneously in the long term.
Specifically, the discrepancies, suitably normalized, converge to a Cauchy distribution [12] (see
also [8] for multidimensional generalization).

In celestial mechanics, planetary rings (the motion of each dust particle) may be modeled by
the flow

gt la,b] xT —[a,b] xT

(r,0) — (r,@—l—tr‘g).

While the distance to the center is preserved, and each trajectory is essentially a rotation, the fact
that angular velocities vary allows for the aggregation of materials, potentially explaining the
formation of larger bodies. Recently Damien Thomine [I6] introduced the notion of Keplerian
shear, formalizing the fact that in non ergodic systems, trajectories may distribute homogeneously
and independently of their past, provided we ignore the invariants.

The aim of our work is to pursue the study of non-ergodic dynamical systems which have the
property of Keplerian shear.

The probabilistic dynamical system (X, T, 1) has Keplerian shear if for all f € L?(u) we have
the weak convergence

foT™ — E,(f|¥), (1)

# being the o-algebra of invariant by the transformation 7. The lack of ergodicity is indeed
adding a hazard to the dynamics (the choice of the ergodic component), and even if the dynamics
on the fiber is not mixing the system can globally appear mixing conditionally to the fibers.



We now present the organisation of the article. In the section 2, we define keplerian shear,
relate it to the mixing property and the Rajchman property of a measure, the main notion in
this article. We also make a description of the dynamical systems that we consider in this work,
which includes locally action-angle dynamics.

In the section 3, we show the main result in the discrete case and we investigate the speed of
shearing, using anisotropic Sobolev spaces.

Section 4 addresses in the continuous case the same questions of section 3.

Section 5 generalizes the work to the case where the phase space is a connected-compact
Hausdorff Lie group.

And to finish, section 6 provides applications of keplerian shear to Borel-Cantelli lemmas and
diophantine approximation.

2 Settings

2.1 Mixing property and keplerian shear

The mixing property is well known and is satisfied in many situations. However it makes sense
only for ergodic systems. From this point of view, keplerian shear may be a right compromise.

We will note in the article (2, 7, u, (g¢)ter) (resp. (Q, 7,1, T)) a continuous dynamical
(resp. discrete). A mixing system is an asymptotically independent system:

Definition 2.1 (Mixing system). We say that (2, 7, u, (gt)ter) (resp. (Q, T, u,T)) is mizing
if

V(A,B) € 7% (AN g, ' (B)) — p(A)u(B) —— 0

t—+oo

(resn. A (@) (8) - w(A)u(B) )

We recall that mixing systems are ergodic. Consequently the following systems are not mixing,
but we will show that they exhibit keplerian shear.

Example 2.1.1 (Non mixing system because lack of ergodicity). We endow these systems with
the Lebesque measure on T?2.

T:T? — T2

(z,y) = (z,y+2)

g : T2 — T2

(x,y) (z,y+tcos (27r (:cf %)))

Definition 2.2 (Invariant o—algebra). Invariant c—algebra & is the c—algebra of measurable
sets invariant by continuous flow (resp. discrete):

For (Q, 7, i, (gt)ter) (resp. (Q, 7,1, T)) a continuous dynamical system (resp.discrete)

S ={Ae T :VteR u(AAg; ' (A)) =0} (resp. {A€ T : p(AAT~(A)) =0})

Keplerian shear is a notion of asymptotic independence conditionally to the fibers of the
invariant algebra.

Definition 2.3 (Keplerian shear). Keplerian shear is defined by:

Vf L) fog, = Eu(fl7) <7“esp.f oT" = ]Eu(f|f)>



Definition 2.4 (Conditional correlation). We define the conditional correlation by:

V(f1, f2) € (L2(Q))?, Covi(fy, fol 7) = Bu(Fr - (f2 0 96)| ) — Bu(f1]7) - Bp(fol-#)

(resp. Covn(fr, fol 7) = Bu(Fi - (f20 T™)|F) — Ep(f1]7) - E#(f2|f))

Proposition 2.1 ([I6]). The keplerian shear property is equivalent to the convergence to 0 of
the expectation of the conditional correlation, in other words:

Y(f1, f2) € (LZ(Q))2 JEu (Cove(f1, f2]7)) m) 0 (resp. E, (Cov,(f1, f2|#)) m 0)
(2)

In ergodic systems, keplerian shear is equivalent to mixing. The mixing property is thus
equivalent to the ergodicity and keplerian shear.

2.2 Rajchman measure

Fourier theory will be instrumental in our study of correlation decay. In particular measures
with the Riemann-Lebesgue property will play an important role in this work.

Definition 2.5 (Rajchman measure). We are in the space (R, B(R),v) for the continuous case
(resp. (T, B(T),v) for the discrete case).
v is Rajchman if

v(t) P 0 <T€Sp. v(n) — 0>

with D(t) = [, e*™*dv(z) (resp.0(n) = [, €™ dv(x))
Note that we will only consider one dimensional Rajchman measures.

Definition 2.6 (Rajchman measure in higher dimension). We are in the space (R%, B(R?),v)
for the continuous case (resp. (T4, B(T4),v) for the discrete case).
v is Rajchman if

v(w) — 0 <T€Sp. v(n) ——— O)
llw]|—=+o0 Il =00

with D(w) = [ e?™<PI*>du(z) (resp.v(n) = [; > <"l*>dy(z))

2.2.1 Functional equivalences

We recall an equivalent interpretation of the Rajchman property in terms of convergence in
distribution or equidistribution.

Proposition 2.2. In the continuous case (resp.discrete), the measure v is Rajchman if and only
if for x distibuted by v :

—~ S (T

n—-+oo

Va > 0,21
a

(resp. nall] —— % (']T))

n—-+oo



Proof. Discrete case. Let ¢ € 2(T). Its Fourier series decomposition gives

Vo € T,Vn € Z, p(nx) Zgo 2“”””.
kEZ

By Lebesgue convergence theorem we get

2iTtknx
/]I‘ nx)dv(z Zcp / dv(z Z ok m o(x)d\(x).

kEZL keZ*

Let’s prove the reciprocal implication.

We take ¢ : & +— *™ and note that D(n) = [ p(nz)dv(z) ——— 0.
n—-+oo

Continuous case. Let’s start with the dlrect implication.
Let a > 0. Let u be the push forward of v by x + Z[1]. We have for any n € Z

fi(n) = /T (2N gy () — /R e tedy(a) =7 (%) ——0

a

Therefore, 4 is Rajchman on T and we apply the discrete case.
Let’s prove the reciprocal implication. Let € > 0. The uniform continuity of the characteristic
function gives

36> 0,¥(z,y) € B2, |z — y| < 6 = [p(e) ~ Dly)| < 5

In addition, by the Rajchman hypothesis

)
dng € N,Vn € N, <n2n0:>ﬁ<n§) <g>

Let t > ng3. Since NN [t,t + 6[# () there exists n € N, |ng — t| < §. Thus
v(t)—v 9 + |V 0 <
v v{ng v{ng €.

Lemma 2.1 (Weak—x convergence and Rajchman property). Let p be a Borel-probabilty measure
on R.
The measure i is Rajchman if and only if (m e

(LL(R))" =L(R).

w(t)] <

O

2i7rtz) ﬁ) 0 in the weak-+ topology on
—4o0

Proof. Reciprocal implication is obtained immediately with (z € R — 1) € L, (R).
Let’s prove the direct implication. Let ¢ € .#(R). Writting ¢ with its reverse Fourier
transform and using Fubini theorem we get

[ e ptwuta) = [ e ([ mpean ) dua)

- / Bs)A(t + 5)AA(s) — 0

t—+oo

by Rajchman property and Lebesgue convergence theorem. We conclude by density of . (R) in
LL(R). O
m



2.2.2 Fourier-Rajchman decay

The notion of Rajchman measure is only qualitative. To estimate the speed of convergence to
0 of the expectation of conditional correlations (2], a quantitative version of the Fourier decay
will be needed.

Definition 2.7 (Fourier-Rajchman decay). A Rajchman speed of a Rajchman measure on T (resp. R?)
is a value r > 0 such that

30 > 0.3m € N, € 29, (ol 2 mo = 900} < 7
n

C
(resp. 3C > 0,3to > 0,Vt € RY, (”tH Zto = [P(1)] < |t||T))

Definition 2.8 (Rajchman order). Rajchman order of a Rajchman measure is the supremum of
its Rajchman speeds. We denote it r(u).

Remark 2.2.1. Rajchman order is linked to the Fourier dimension dimF (u) defined in Boris
Solomyak documents [T])], we have dimF (p) = 2r(p).

Additionnaly, as mentioned in the work [1]], when the Rajchman order r wverify r > %,
u < A Consequently a Rajchman measure can be singular continuous only if its Rajchman
order r satisfies v < %

Definition 2.9 (Diophantine exponent). We call the Diophantine exponent of x € R, Dio(z) =
inf A = sup B where

A{S>O:E|C>O,V(p,q)GZXN*,|qxp|2%}

and )
B= {t > 0 : Jinfinitely many (p,q) € Z x N*, |qx — p| < E}

The Rajchman order of a measure control the diophantine exponent a.s. (See Proposition [6.1])

Proposition 2.3. If r(u) < 3, then p— a.ac € [0,1], Dio(a) < ﬁ — 1. In the absolutely

continuous case, Dio(a) =1 a.e.

2.2.3 Radon-Nikodyme-Lebesgue decomposition

We discuss the simple relations that can be seen between the Rajchman property and the Radon-
Nikodyme-Lebesgue decomposition

V = Vgc + Vge + V4.

1. Absolutely continue part. Absolutely continuous measure are Rajchman. This is garanteed
by Riemann-Lebesgue. When we know the regularity of the density, we can estimate the
Rajchman order. The work of Damien Thomine already covers the absolutely continuous
case.

2. Singular continuous part. Many singular continuous measures are Rajchman and other not.
We extend Damien Thomine results for very singular systems.

3. Discrete part. Discrete measure are never Rajchman because the non-convergence of com-
plexe exponential to 0.

Consequently, v is Rajchman if and only if v, is Rajchman and vy = 0.



2.2.4 Example of singular Rajchman measures

Definition 2.10 (Pisot number). A real 0 is a Pisot number if and only if 6 > 1 is algebraic
and every other roots 0, of its minimal polynomial satisfy |0, < 1.

We note that Lebesgue-almost all numbers are not Pisot. Now, to highlight the ambiguity of
the Rajchman property for the singular measure, we’ll expose examples of continuous singular
measures respecting this property.

Example 2.2.1 (Self-similar measure). Consider for 0 > 2, pg the distribution of 3, .. £07"
where signs are chosen with i.i.d probabilities % Note that pg has as characteristic function
fo k€ Z I, e cos (2m0"E).

o s Rajchman if and only if 6 is not a Pisot number [10].

Additionally, for Lebesque-almost all real 6 > 2, theses measures are singular and the Rajch-
man order r (j9) > 0.

Example 2.2.2 (Rajchman measure with Liouville set as support (Dio = +00)). Christian
Bluhm [3] has built a Rajchman measure o supported on Liouville numbers.
According to the proposition [Z3, its order is r (jt00) = 0.

2.3 Tori bundle

We study dynamical systems defined in the setting introduced in [I6], tori bundles. These
systems have local action-angle coordinates.

Definition 2.11 (Tori bundle). Let (M, <) a n € N* dimensional €* Lindelsf] manifold.
Let d € N*, (2, ) a Borel space and 7 a continuous projection of Q in M.
Q is a (n,d) dimensional tori bundle if

1. locally, we have for charts U de </ an homeomorphism : vy : 71 (U) — U x T¢
2. for allU in o ,m oy = my

Bundle of the form M x T? constitute already interesting examples. Note that we don’t
impose the affine property on tori bundle because not necessary for the sequel.

Definition 2.12 (Compatible flow). Let (0, i, (g¢)ter) be a measure preserving dynamical sys-
tem.
The flow (gt)ter is a compatible flow with (2, 1) as a tori bundle if for all charts U € o

there exists vy € (Rd)U measurable such that for t € R ¢y o gy o 1/;[}1(507 y) = (x,y + toy (z)).
We note g? 2Py o g o 1/)[}1

Definition 2.13 (Compatibles measure). u is a compatible measure if for all charts U €
JZ{) (,U‘Mrfl(U))d}U = (:u’ﬂ')‘U @A

LAny open cover has a countable subcover.




3 Main result in discrete dynamical systems

In this case, we use the Rajchman property with the help of the corresponding Fourier series.
We will highlight the necessary path to show the presence of keplerian shear in this case. We
get the main result in the discrete case here.

Theorem 3.1 (The main result). The discrete dynamical system (2, u, T) with Q a tori bundle
exhibits keplerian shear if and only if for all € # 074 and for all charts U € <7, mgﬁU is Rajchman

with
T
Me 7 = - .
~v (((“ )'U)<5|vU(A>>—L<5|vu<A)>J)m\{o}

Proof. Let’s start with the direct implication. Let ¢ € Z?\ {044} and U € <. Let take

. -1 2im(&|ma0 x
Frox €m M U) = ey () elow () (o o (T (@) )2 Emevu (@),

Let take fo = f1. So
Vn € N,/ fi- fooT du(z) = / e2i”"zdmgU(z)
T=1(U) R '
And with Birkhoff-Kakutani and keplerian shear

/ e%“"zdmgU(z) — 0.
R

n—-+oo

So
Ue ,Q%,mgU is Rajchman.

Let threat the reciprocal implication. The weak—* convergence of exponentials of Fourier series in
400 is equivalent to the Rajchman property of measures mg,U. We show by Fourier decomposition
this implication. O

3.1 Already known results

1
22 2 .
) ER? — (1+7) ify#0

lelse

Definition 3.1 (Anisotropic Sobolev spaces). Let s > 0 and h : (z,y
We define anisothropic Sobolev space of order s > 0 like this :

BT = F LX) Y |Fe)| W) e R

gezd

Proposition 3.1. Considering this dynamical system (T2, A\ @ X\, T) with T : (x,y) € T? —
(z,y + x), we have the next result

, . 45
Vs > O,V(fl,fg) S (H‘S’O(TQ))2,VH eN alEA®/\(COUn(f1;f2|j))| S ﬁHfl”Hs,U(’]l‘Z)Hf2HHS,U(’]1‘2)



3.2 Results with another measure than Lebesgue measure

Definition 3.2 (Sobolev space on the torus). We will note for s > 0,d € N* the Sobolev space

(1Y) = {fec™: ¥ ‘f(k)f (1+1k12) e r

keza

Definition 3.3. We will note for s > 0,d € N* and f € H5(T%), Oy = Sup{‘f(&)‘ (1 + |\§|\§)§ fe Zd}

To work easier and also estimate convergence speeds, we will threat the next proposition.

Proposition 3.2. Let the dynamical system (T2, @ \,T) with the transvection function T :
(r,y) € T? = (2,y + 2) yet and pu with r > 0 as the Rajchman order.
We get the next proposition :

, c
Vs> 2,3y [min{Z —Lr}.r| V(A1 f2) € (HY(T)",3C > 0,%n € N, [Eyon (Covn(fi, ol 7)) < =

with v optimal.
Proof. Let s > 2. Let
R 2
(f1: f2) € (H*(T?))".
Let n € N*. But

[ teraeen = 5 R [ emes (@ ([ Faperenan ) ) ),

£ez?

And
e2imers ( [T y)emww) =3 Filh, g)erim (b,
T kEZ

Let pose

. T 2iméix e 2i7r§2yd)\

g(§1,§2) HEAES e o fl(xa y)e (y) .

But

(14 k%)%
(1+&+ (& k)22

V(k &1, 62) € 2%, g e (W] (1+ K)E = i - k)| 0+ 8D <y,
And
E#®,\(COUn(f1,f2|f)) _ Z fz(&)/ e2i7rn§zx <e2i7r£1x (/ ﬁ(z,y)e%ﬂ&yd)\(y))) du(:c).
EETXT* T T

Let 0 €]0,1]. We assume that

[&1 — k +n&| < 7(71'32')6 et |n&y — k| < LL'E;')&.

So [k] > nl&y| — &l > nlel  Ang

(i)’ . 3

611 2 niga] — Ik = néal 2 nlga] - 525 > nléal



And (& — k4 né)| < 1. So we get

266+ ¢(2(s — 6))Cy, Cy,

> |Falr,&)||alh &2)] <

35n2(s—9)
S5 3
(k\&1,62) EZXTXT* et |&1 — k + néa|< TE2D% o Ingy — < lE2D7

Now, we suppose that

s
&1 — k +n&| < qucﬂnfg — k| >

(n|&2))°
4 2 ’

5 13 o~
So [61] > [nga — k| — WG > UL And |fi(k, &)||fi6 — k+n&)| € fmsir. So

1+k24+€2)3
‘f2(§1,€2) <
So

4scf2 ~ < 84801‘2 — .
(1+€2+€2)7 — |e2|20T9n2?

[\l [vY

Cp | Fa(€1,62) _ P +CB)) 048 -8 Crly,
2 A+ = (105 |

S5
|&1 — k 4+ n&| < —(n‘gf‘)

(k,&1,£2) ELXLXL* et 1
et |n€y — k| > %

But s >2. So 5(14+0)—4d > 1let5 —1>0. And then, we assume

&1 — k + n&| > LEQ')(S.

So [fi(&1 — k + n&)| < frefir- So

Cr|R6.6)] 4 (14 ¢(3))*Chy,
> AR - nre |

n )
(k61 £2)ELXIXL" et |€1 — k + nés|> 218D

Let pose

M(r,s) = sup {4T (1 e (g)f 48 (1 v (%)) ¢ (2(1 +6) - 5) , 206+ D¢ (95 — 5))} .

With a deep study on extrema, we get

IEyuon (Covn(f1, ol )] < M(r, 5) (ﬂ> |

nmin{%—l,r}
Let note v > 0 optimal convergence order optimal of correlations. So
> min {2~ 1,r}
minq = —1,7¢.
vz 9 )

But
(f c(x,y) € T2 s emy) € HS(TQ)

because €°°. And

/11'2 F,p) f(T" (z,9))dn @ A, y)’ < %

10



And r is the Rajchman order and then optimal. So

And then

And so finally
S C

Vs >2,3y € [mm{5 - 1,7’} ,r} N(f1, f2) € (H(T2))*,3C > 0,¥n € N, [Eugr (Covn(f1, f21.9))] < =
And ~ is optimal. (|
Remark 3.2.1. The convergence speed is bounded by the order of Rajchman of the measure u,

which makes it unnecessary to take increasingly regular applications to observe convergence speeds

greater than r. On the other hand, this is consistent with the result obtained with the Lebesgque
measure because its Rajchman order is 400, which removes the mazimum imposed by r for the

speed of convergence and allows the observation of ever greater speeds of convergence when the
reqularity of the functions used increases.

3.3 o—algebra and invariant functions by discrete flow

Just like for the continuous flow case, we can identify the o—algebra of invariant for the discrete
flow using the Fourier series and orthogonality. In the regular case, we always have that the
o—algebra of invariants is negligible up to 7=1(£(M)) under the conditions of the theorem ETl

Theorem 3.2. We assume that (9, p, T) exhibits Keplerian shear.
fe Li(ﬂ) is invariant according to T if and only if for all U € o7,
Hak)reza € L%H,,)‘U(U)Zda (,u,r)w ®@A—aa(r,y) eUxT?

Jie—1 ) (1/151(:E,y)) = Z ak(z>€2m<k|y>_

kezin{vy (z)}+

Proof. Let f € L2(Q) and U € «/.
Let’s prove the direct assertion. Suppose that foT = f u —p.p. Let (z,y) € U x T¢. So

FTWy" (@) = fg" (2.9)).
Namely f(z/;l}l(:c, y+oy(x))) = f(wal(:c, y)). By Fourier series decomposition:

> Fovua, (k) <Hrr > = N7 f oy (a, ) (k)em<H>

kezd kezd

By uniqueness of the coeflicients of a Fourier series
Vi € Zd, f O@, )(k) (€2iw<k\vu(z)> _ 1) —=0.

We assume

fodu(z,-)(k) =0.

Conclusion reached! Now, we suppose that

fodu(z, ) (k) #0et (nx)y ((vg'o < k|- >)7HZ*)) =0

11



Conclusion reached! And then
fotu (@, ) (k) # et () s (v ((< K- >)71(Z")) > 0.

But Z* is countable. So

3 €L (ne)yy ((vpto <Kl >)7H({5}) > 0.
And then, we suppose that
€ vg' (< kI >) 7 ({5})-
So 62i7r<k\vU(ac)> =1. So

Vn € N,/ e2mn<k|vU(I)>d(,LL7r)|U (1,) _ (MW)|U ((Uljl((< k| >)—1(Z*))) < 0.
vy (<K[->)=1({5))
By Keplerian shear, we have that mgU is Rajchman. So

2irtn<k|vy (z)>
e d(px)p (2) === 0.

/Uul((<k|‘>)1({j}))

And so
0> 0.

Impossible!
Let’s prove the reciprocal. Suppose that f satisfies for all charts U € &

(Hr )iy ® A —a.a(z,y) €U x T f(Yy ' (2,y)) = Z ay(x)e2m<kly>
kezin{vy (z)}+

Let z € Q. So
U € o,z en H(U).
And so
F(T(2) = F(T Wy (o (2) = f @y (w(2), 72 0 Y (2) + vu (7(2)))).

So
f(T(2) = > ay,(m(2)) 2™ <kImaovu (2)+vu (n(2))>

kezdn{vy (m(2)}+

By orthogonality of the terms

f(T(z)) = Z ak(ﬂ(z))e%”<k‘”2°wl}(z)>_

kezin{vy (n(2))}+
So
F(T(2)) = f(g (Wu(2))) = f(2).
O
Remark 3.3.1. We note that in the discrete case and in the continuous case, the invariant mea-
surable functions have the same form, ie the same Fourier series decomposition in a dynamical

system exhibiting Keplerian shear. Thanks to this consequence, we have the same invariant sets
in the discrete case and in the continuous case. We then get the following lemma.

12



Definition 3.4 (Orthogonal stability). For U € o/, A € (U x T9) is orthogonally stable if

(,uw)|U —aax €U, A, g Az + pra ﬂ {f}l

geZ4n{vy(z)}+

Lemma 3.1. For U € «/, a measurable A € B(U x T9),

B) = |1a(z,y) = Z Ta(z, ~)(k)62”(5‘y> ((Uﬂ)w ® /\) — p.s.

keZAN{vy (z)}+

Proof. Let’s prove the direct implication. Let A € (U x T%) invariant. So

Lawy) = Y Tale )™ (ue) ;@A —pas.

keZAN{vy (z)}+

Obviously we already have

Ve e U, A, C Ay + pra ﬂ {&+
eezin{vy (z)}+

Consider (z,y) € U x T¢ which satisfies (@) and

Yy € Ay + pra ﬂ {g}L

fezdm{vu(m)}L
Let take k € Z¢ N {v,(x)}* So
3(z,7) € Ay x pra ({k}1) ,y =2+

We find o .
Ta(z,y) = Z La(x, ) (k)e™ &2 =1 4(x, 2).
keZAN{v, (2)}L
So y € A,;. We conclude that
A—a.s
Am‘ = Az + Dra ﬂ {5}L
E€ZIN{vu ()}

(3)

For the reciprocal implication, we easily notice that the measurables A satisfying ([B]) give the

Fourier series decomposition got in (7).

O

Proposition 3.3 (Identification of invariant sets by orthogonality with fixed x). Thanks to the
lemma [33), we deduce that for U € o/, a measurable A € B(U x T9) is flow-invariant (g¢)ter

(resp. T') if and only if for (px)v —a.a ,x € U,

Ag. = Ay + pra N {k}+
kezin{vy (z)}+

That is, for A € B(U x T4), referring to (@),
B) < Acsy

13
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UU(U)

\‘(v (S\D /5/

Figure 1: Push forward measure

4 Main result in continuous dynamical systems

As mentioned in the introduction, many resuts which guarantee keplerian shear were given,
mainly in Damien Thomine work [16]. Our next result extends his Theorem 3.3 below.

Theorem 4.1 (Result in the regular case). Let (2, i, (9¢)ter) be a compatible flow with a com-
patible measure on a tori (affine) bundle as in Subsection [Z.3
Assume that:

1. p <A,

2. All velocity vectors vy are €7,

3. VUG,Q{,M< U {er:d(ﬂvU(aE)):O}):O.

€€Z\{0,4}

Then the system exhibit keplerian shear. Moreover . = {B € %(Q) : 3A € (M), u (BAT'(A)) =0}

The proof of this theorem uses Fourier transform, and relies on methods of differential geom-
etry; In particular, the normal form of submersions. We can see that the push forward measures

Mgy = ((Mw)w) €lou () (see Figure[I)) are absolutely continuous and verify Riemann-Lebesgue
vy (-
lemma. This last property, in other words, Rajchman property will allow lonely to get keplerian

shear, it is even an equivalence. We have successfully abstract this property and obtained the
keplerian shear under the Rajchman property. Using tools from measure theory (conditional
expectation) allow to some extent to get rid of the regularity of the velocity. The next theorem
is the main result in continuous case, and refers to the real Rajchman property.

Theorem 4.2 (The main result). Let (Q, i, (9:)ter) be a compatible flow with a compatible
measure on a tori bundle as in Subsection [Z3.
The dynamical system exhibit keplerian shear if and only if for all charts U € &7, for all non

zero € € 74, the push forward measures (me ). are Rajchman.
&UJIR

14



Proof. Let’s prove the direct implication. Let U € &/ and non zero & € Z9. Take
friz € M U) = Lgfugyo(m(z))e?m Emevu .

We have thanks to the compatibility of u

/ﬁ("”) (fi09:(2)) dp(z) = /

g~ (S)@Qiﬂt‘sdm&[}(s) — / e2i7rtsd (mfaU)UR* (S)
R

R

by push forward theorem. Moreover, with keplerian shear,

Ji(2) - (fr09:(2) dp(z) ——— | Eu(hlS)Eu(fi])dp =0
Q t—+o0 Q
because by ergodic Birkhoff theorem

(hx)jy ®A—a-s 2im : 1T 2imt(|vy (z
it e <§|y>1<£|vu>¢0(x)TgToo? i e2imt(€lou (@) g — (). (5)

Eu(f117) (¥5' (2, 9))

So (mva>|]R* is Rajchman.
Let’s prove the reciprocal implication. Let (U;)ie; € /! be a countable partition of M
modulo p,. Let

vi=  J {@om-elimrd e 12 (r71 ) ra e LUy}
(G,€)erxZ? \ {0}
Let (i,5) € I%,(a1,a2) € L (Ui) x L2 (U;) and (&1, &) € (2%)°. Take
fi=(agom)- e2im(Elmaovu; )
for I € {1,2}. When i # j, the supports are disjoint, and in this case

E# (COUt (fl; f2|f)) = 0

The same happens when & # £ by periodicity of complex exponentials. Finally, when & =
& =0, E, (Covg (f1, f2|-7)) is constant.

Suppose without loss of generality that ¢ = j and & = & = £ # 0. Set Wf =U;\ ({¢|vy,) = 0).
We have

ST G200 B g oo mas = [ S e e 6) 00

t—+oo

because (m¢,v, ) r+ is Rajchman thus converges weakly-+ according to Lemma 2Tl
Moreover

f_~ Jeoge) Ly, V_ owdu:/f_~f L g Vo © T
/Q 1 ( 2 t) <5| Ui>70 o 1°J2 <5| Ui>70
By proposition 2.4 in [I6], we have that
fa: ]l<§|vU¢>:O o= EH (f2|]) :
We obtains by totality of Y that

¥ (fi. fo) € (L2(Q),E(Cov, (f1, fol #)) —— 0.

t—+oo
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Remark 4.0.1. We can also note that the result generalises to infinite dimensional tori bundles
TN with product topology.

Remark 4.0.2. When keplerian shear property holds, the decomposition of Radon-Nikodyme-
Lebesgue of the image measures mey in theorem [{3 reads as (meyv),, + (mev),, + (mev),
with (mg ), = adg, and o > 0. Recall that the absolutely continuous part satisfies the Rajchman
property. The discrete part is concentrated on 0 because otherwise, a non-trivial periodicity would
break the keplerian shear. The behavior of the singular part v is not obvious, since it may be
Rajchman or not, see subsection[2.24)

Remark 4.0.3. When all the me s are of the form (mev),. + ado, Theorem [7.2 immediately
gives Keplerian shear.

4.1 o—algebra and invariant function by continuous flow

Under the conditions of Theorem K1l in the regular case, the invariant o—algebra is just
7 1(%(M)) modulo zero measure set. On the functional aspect, it amounts to say that a
measurable function f is invariant by the flow if and only if it is y—a.s independent on the
second variable on every chart U. However, we will first highlight the invariant functions and
then the o-algebra of invariant sets in order to compare with the regular case mentioned above.
In the following theorem, we will use Fourier series to identify a characterization of invariance
by an orthogonality property.

Proposition 4.1 (Orthogonality and Fourier characterization of invariant functions). Under the
conditions of Theorem[{.2, a function f € Li(Q) is invariant according to (g¢)ter if and only if

d
for allU € o, Iak)peze € ]L%M)‘U(U)Z () @A —a.a(z,y) €U x T,

flﬂ'*l(U) (¢E1(z,y)) = Z ak(x)e2i”<k|y>_

kezin{vy (z)}+

In other words, for a chart U € of and for x € U fized, non zero Fourier coefficients have indices
orthogonal with the vector vy (x).

Proof. Let f € IL,?L (Q). Let’s start with the direct implication. Suppose that
VteR, fogi=fu—a.e.
Let U € &, t € R and (z,y) € U x T Since

Flaewg' (=) = fy' (2, y))

we have
F@Wg' (@, y + toy(2))) = f(¥5' (2, 9)).

By Fourier serie decomposition, this gives

> Fovula, ) (k)eHm k> = N7 f oy (a, ) (k)e <K

kezd kezd

Hence, by uniqueness of Fourier serie coefficients,

Vk € Zd, f Om’ ) (k) (eQirrt<k\vU(m)> _ 1) —-0.
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When k is such that foy(z,-)(k) # 0 we get Vi € R, t < klvy(x) >€ Z. So < klvy(xz) >= 0,
and then k € {vy(z)}*. And so

(n)yy ® A —a.a(z,y) €U X T f(gt(x,y) = Y. fovu(w, ) (ke =Fv>,
k€Zain{vy (z)}+

Let see the reciprocal implication. Let t € R. Suppose that f satisfies for all charts U € &/
(n)yy ® A —a.a(a,y) € U x T, f(y5'(z,y)) = Yo ap(@)er
kezin{vy (z)}+

Let 2z € Q and take U € & such that z € 7=}(U). We have

flge(2) = f(gt(i/fl}l(?/)U(z)))) = f(“/’al(ﬂ(z),ﬂg o by (2) + toy (7(2)))).
So
f(gt(z)) = Z ak(ﬂ(z))e2i7r<k‘7rzowg(z)+tUU(7T(Z))>
keZdﬂ{vU(ﬂ—(z))}L
- ) ag(m(z))e?im<klmacvu (z)>,
kezdn{vy (w(2))}+

by orthogonality. So
Fl9:(2)) = Wy (Wu(2) = f(2).
O
Remark 4.1.1. We can note that in this proof, we did not use Rajchman property to identify

invariant o—algebra. This version of the proposition does not depend on keplerian shear, by
opposition to the discrete case.

Remark 4.1.2. As a byproduct, the proposition gives an explicit form to the conditional expecta-
tion, with respect to the invariant o-algebra, of a function f € Li(Q) locally by the next formula
forU e of

—

(tn) y@A—a.a(z,y) € UXT (Bu(fl7) 0ty t) (my) = D (Fodg)(m, ) (k)erm<Hv>,

ke{vy (z)}+nzd
Lemma 4.1 (Charts invariance). For any U € o, 7= Y(U) is (g¢)ier-invariant.
Proof. Let U € o and t € R. We have
p—aazen HU),7(z) =m ovu(2).

And
p—aazen HU), (v og)(z) = (v ogiovy’)(m ou(2), m oy (2)).
So
w—a.az € ﬂfl(U), T ((Yu 0 g)(2)) = m(2)

because tori bundle property of 2. Namely

p—aazen H(U),m(g(2) = 7(2).

17



Proposition 4.2. The invariant o-algebra is

I = { U By € #(Q) : (Bv)vew € H P! (JU)},

Ueo Ueot
where for U € &7, the local invariant oc—algebra on U is

-1

Sy = {C € BU x T : firy — a.ax €U, ]1?(?) (C" C {UU(:I:)}J‘} . (6)

Proof. We prove the direct inclusion. Let A € .#. Let U € & and set C = ¢yy(AN7—1(U)). By
proposition [4.1]

Le(z,y) = > ar(z)e* ™ (1), @ A — a.s
ke{vy (z)}+nzd

which shows that C' € .#;. Hence AN 7~ *(U) € ¢;;' (S ), and finally

A= JAnt (V).

Now, we prove the reciprocal inclusion.

Let A € B(Q) st I(Bv)vew € [] ¥y (Fv),A= U By. Then
Ueod

vteR, g7 (A) = | g '(Bo).
Ueof

Let U € /. By bijectivity of ¥y, ¥y (By) € #y. Hence

L —

(br) iy ® A —a.a(z,y) € U x T Ly, (o) (T, y) = Z Ly (o) (2, Y (k)eim<kly>
ke{vy (z)}+Nzd
which proves that A € .# by Proposition [411 O
Remark 4.1.3. We can see that local invariants A € Sy satisfies
La@y) = >, Ta(e,)®)e*™ (1r), @A = a.s (7)

keZiN{v, (z)}+
To show the consistency of this result with earlier works, we have the next corollary.
Corollary 4.1. 7~ Y(%(M)) C .¥

Proof. Let A= 7n"1(B) for some B € Z(M). Let U € /. We have AN7—1(U) =7~ Y(BNU),
hence
Yu(ANT Y U)) = (BNU) x T € 4.

Therefore A € .# by Proposition 1] O
Note that this inclusion is generally strict as shown in the following example.

Example 4.1.1. Consider g; = Idr>, Q = T?, M = T.
Clearly % = B(T?), while n=1(B(T)) = {A xT € B(T?): Ac B(T)} C 7.
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4.2 Convergence speed with the real Rajchman property

We are now interested by the speed of convergence of the conditional correlations. Next result
shows that even in C'*° regularity, the order of convergence is limitated by the Rajchman order.

Proposition 4.3 (Speed roof). Let & # 0za and U € o . For ally >r ((mgU)lR*) , there exists
(f1, f2) € (€°(x~1(U)) N1L;(Q))* such that the decay of conditional correlations is not faster
than t=7, that is,
C
vC > 0,VT > 0,3t > T, |EH(COUt(f1 -1y om, f2|j))| > t_'V
Proof. Let U € o, £ € Z4\ {0ga}. Let v > 7 ((m§7U)|R*). Consider

fiz€Qm 2m<Emov DO gy (2) € € (1 (U)) NLA(Q).

i 7(f09t)du _ /[]€2iﬂ<§|vU(z)>d(M7r) (:C) _ /Rezimzdmf,U(Z)-

By optimality of r ((mg,U)UR*)v

vC > 0,VT > 0,3t > T, >

/R eintzd (mva)UR*

t_’y .
The result follows by definition of conditional correlations. O

Remark 4.2.1. When Q ~ M x T%, we can take fi, fo globally defined of class € in the
proposition [{.3

4.3 Speed of decay of conditional correlations for absolutely continuous
measures

We assume that Q@ = M x T¢ is the trivial bundle, endowed with an absolutely continuous
measures. The speed of decay will depends on the regularity properties of the velocity vector v.
We will use stationnary phase method [19] that allow us to evaluate in an optimal way oscillating
integrals. The regularity of the velocity vector and the presence of critical points influences the
convergence order.

Before this study, we recall that under mild assumption the set of critical points of the velocity
vector is discrete.

Lemma 4.2 (Isolation of non-degenerated critical points). Let M be a finite dimensional €>
manifold. Let v € €*(M,R). Then every non-degenerated critical point of v is isolated.

Proof. Let x € M a critical point of v. Let U € & s.t x € U. Suppose that x is not an isolated
point. So there exists a sequence (z,,)nen of critical points of v convergent to x. Let n € N. We
have V(v 0 5" )y, (2,) = 0. A first order expansion gives

V0orbg )y (wn) = V©0UG" )y (o) +Hess(vorh ) (Yo (2) (o (xn), )+ [vu (@a) — vu (@) | h($u (2n)),
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where h(y) — 0 as y — Yy (z). Thus
0= Hess(vo vy )(Yu (@) (v (zn) — vu(),) + [Yv(za) — Yu (@) |y (za)).

So Vn € N,0 = Hess(vo ;') (Yu(z)) (%, ) + h(vu(xy,)). By compactness of the

sphere in finite dimension, we can extract a converging subsequence

1
<H¢U($a(n)) — Yy ()|

(Vv (Tom)) — 1/JU(ZE))> :

neN

we get there exists for this one a limit y in the unit sphere centered in ¢y (z). By letting n tend
towards +oo, we have

Hess(voyy")(u(2))(y,) = 0.

Since y # 0 we get
det(Hess(v o ;") (Yu(z))) = 0.

O

Theorem 4.3 (Stationary phase, e.g. [19]). Let ¢ € €*(R™,R) with a unique critical point ..
We suppose that x. is non degenerated, in other words det(Hess(x.)) # 0.
Then, for any a € €, (R™,R)

iz s n(A))
a(xc)e * (Zkeamess(mc)) 9 Lo, (i)
t5\/|det(Hess(z.))] <\

In the following we say that a is a critical point of order ¢ of a function f if for 1 < m < g,
f0 (a) =0 and 9 (a) # 0.

Yt > 0,/ 2@ g (x)d\(z) =

Lemma 4.3 (Convergence order with singular points in dimension (1,d) with d > 2). Suppose
that dim(M) =1 < d and M is a compact manifold of class €°.

Let £ # 074 and £ > 2.

We suppose that v is of class €°, that there exists a unique critical point of order ¢ — 1 for
< &|v(+) >, and that all the other eventual critical points are of order strictly smaller.

Then R i
r ()\<§|v(.)>) = Z

Proof. M is compact Hausdorff, so the number of critical points for functions < £|v > is finite.
Let (ax)req,m) the family of critical point of < {|v(-) > with respectives orders I —1 > 1,
1<m«< lk,

< &w™ (ag) >= 0and < &) (ay) > 0.

Let (Uk)req1,m] charts such that,
Yk € [1,m], ar € Ux
We have

(z — o, (ar))"*

N < &) (ar) > +(z—pu, (ar))* h(z—pu, (ar))-

< Elu(yg, (2)) >=< Elv(ar) > +

20



Nl"‘

Let pose for k € [I,m],w; : € R = (x — ¢y, (ax)) (%}W + h(z — @Uk(ak))) *. So

1

S0 (e h'(z— a
whia e R (SO0 4 ho — oy (00)  + (- o, (a0) e
(<€lv® (ar)>+h(@—puy () Tr

o) (@) T .
So, we get w). (v, (ak)) = (W) " =£0. We get a local reverse of wy, on a neighbourhood
Wi of 0. Let (Vi)peqi, m + m'] @ family of charts on M such that,

Vk € [1,m], (Vi = w;,' (W) C Uy and¥j € [m+1,m'],ar & Vi).

Let (¥k)keq1, m + m’] @ partition of unity subordinated to (Vi)ieqr, m + m'j- We get immediately
that for k € [1,m], ¥« (ar) = 1. By local reverse, for k € [1, m], we get that on Wy,

Vo € Wy, < £|U(g0,}i (wH () >=< v (ag) > Falx.

So, for k € [1,m],

v

/ 62i”t<f‘”(l)>wk(z)d/\/(\:v) _ ezmt<§\u(¢;v1k (wfl(ak)))>/ eQiﬂ'tzlk,l/)k(z)dA(z)
ey, (w1 (W)

Wi
with 5
U x € W ¢ (o (wi (@) T (g ) (wy (@) (w ().
So
2imt<&|v(z)> YR _ 2i77t<£|v(¢71(wfl(ak)))>L 2irzlk ) _x
f%;(w;l(wk)) e Y(z)dA(z) =e O s Jee Yk T dA(x).
And
. 1 : U
simate ¢ [ (=1 =1) . (= L (e2ma —1)
— | dX(z) = — |d\z) — —+— | ————=
/]Re vk (ti) (@) (/]R alk U\ gr (@) R vk t
But o,
Vo > 0,3C > 0,Vz € R, W (x)‘u +2% < C.
And l
2imx'k 1
3C, > 0,Vz € R, (61771) |1+ 2 < Co.
€Ttk
And

3C5; > 0,Vx € R, Vi € R*,

(I — 1)(e2ma'™ — 1) . ( x )

~ = |1+ 2* T < Gl

tl

By Lebesgue convergence theorem

[ (5 ) o) o) [ DET 1) 45 )

tTe t—+oo zle

For k € [m + 1,m + m’'], by Greene formula, we get
) — 1
/ 62mt<5lv(m)>¢k(x)d)\(x) € O+0 (—) )
ol (Vi) t
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Thus,

1

_ — 1 Ig! T 1
217r<§|v(z)>d)\ — J 1 k. I sol(1 Oioo | =
Je P ( st oo ( Siiys ) A bosst) )40 (5

P
eZMra: —1

with [} := fR ——d\(x). A simple analysis shows that [; does not vanish.
By hypothesis, there exists just one critical a point with maximal order ¢, hence

27T v(z YR 1 4 %
/I\/[ 62 <&lv( )>d)\([1,') = t_% (J‘pUjl (QDUJ (a)) (W) IJ +0ioo(1)> .

Then,
~ 1
r (/\<s|v(‘>>) =7

We get then the next proposition.

Proposition 4.4. Under the hypothesis of lemmal[{.3, we get that the order of decay of correla-
tion v with f1, fa € €°(Q) satisfies

S

S

Proof. Tn proof of lemma[E3, you can take f; = e?"<¢v()> and f, = 1); with j the index of the
chart containing the critical point @ with a maximal order /. |

We can now threat the general case.
The following lemma is obtained with the theorem 7.5 p.226 in [1].

Lemma 4.4 (Convergence order around a singular points with analytical functions). We will
use notations and results of [1.

We place ourselves in R™.

Let f 7& Ozd .

Let v be such that < &|v > is analytic with 0 a critical point of multiplicity m € N*

Then there exists a € Q% and j € N in a compact neighbourhood V' of 0 such that

2i7rt<£|’u(m)>(p($)d)\($)

Clay t—too

Vo € Zv(),3C € RY, Jan©

Definition 4.1 (Logarithmic convergence order). Consider a probability measure v on (R, B(R)
We call logarithmic convergence order of v the value

rl(v) :mf{5>o:30>o,w>o,‘ﬂ(t)‘ < Cltil((u))l }

Next result may be obtained by a partition of unity and the previous lemma.

Proposition 4.5 (Convergence order with singular points in dimension (n,d) with d > 2).
Suppose that M is analytic. Let & # 0za. Suppose that v such that < &|v > is analytic. We have

30, @) € Nx QL (1 (Aceio(ys) » 7l (Aeepp(r>)) = (@, 4)-
2For [ even I} € (—o00,0) trivially, while for I odd we have I; € (0, 00), using a decomposition of the integral
on intervals [2n,2n + 2].
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Corollary 4.2. Let v be a €2 function. If there exists only one critical points a € M and it
satisfies

3¢ # 0zq, (V(< &v(+) >)(a) = 0anddet(Hess < &|u(-) > (a)) # 0)
then T(X<£‘U(,)>) = %

Proof. Let £ # 0z4. Applying the stationary phase theorem on respectives charts (U, ¢y ) of &
containing at most just one critical point a € U and test functions ¢ on U, we get

/ 62i7rt<£\v(m)>w(x)dX(x) _ / 62i7rt<f‘v(tp;1(r))>w (9051(:6)) J(gﬁal)(l')dA(1'>
M n

( A€o (Hess(a)) Sgn(A))
B el a))e +O+oo(1).

t3\/|det(Hess(a))| tn
By partition of unity we obtain

C

, ~ 1
3C e R,/ 2 <EV@> g\ (2) = = + O4 00 <—)
M t2 tn

Remark 4.3.1. Note that the result is consistent with the case n = 1.
We recall the definition of Damien Thomine [16]
Definition 4.2 (Anisotropic Sobolev space on R x T). Let s > 0. Let h:x € R — /14 22. Let

HS*O(RX’H‘):{J"GMRXT Z/’fzk hQS( )dA(z )}

keZ

Proposition 4.6. Consider (T?,u ® X, (gt)ter) such that r = r(u) > 0 and for (z,y) €
T2, gi(z,y) = (z,y +tx). Let s > % Let for e € }O,QLS[,QE = min{s(1 —¢),r(u)}. Then,
we get for all € € }0, 2—1§ [, there exists Ce > 0 such that ¥t > 0,

Cstl ||HS’“(]R><’]1‘) ||f2||Hs,0(Rx'J1‘)
tqa

[Euex(Covi(fi1, f2| 7))] <

and if v > 0 denotes the convergence order on H*°(R x T), we get min {s — §,r(u)} < 7.
Moreover if supp(u) is compact then v < r(u).

Proof. Let s > 1 and (f1, f2) € (H*°(RxT))?. Then by Cauchy-Schwarz inequality and Parseval
Epea (Covelfr, Lol N = [Speze foa File, k) oy, bkt — (@ + y))dA(z, )|
< S(t)HleHs,O(Rx'ﬂ‘)||f2HHs,0(1Rx1r)

with

1 3
S(t) := sup C / ) .
0= (|, e )
We can consider k = 1 considering kt instead of t. Let D1 (t) := {(z,y) € R2 [t—(z—y) <Landly <t}
Dy(t .f{z,yR2:|t7(x7 )|§ and|y|>4}andD3 :{ r,y)R?: |t — (z y)|>%}
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Then for all & € 0, & |

1
Jee wrrEmorrE e M@ Y) = b mrees y)|>%<wh2s<m>h28<y>

dA(z,
T,y T =@ - y)\)”(”)h“(r)hzs(y) (z )
Az,

+ Dz(t) (14t - (I — y)\)%(;)hzs(z)h%(y) v)
< mfmz h=2*(x)h =2 (y)d\(z,y)
i Jpe 2 ()R (y)dN (, y)

Ve € ]0, 2% [,S(t) < 85“ </]R h_QS(z)d/\(z)/Rh_QSE(x)dA(x)>%
with g. = min {s(1 —¢),r(x)}. Finally,

Then,

N

tae ’

1
Ve € :|0, 2_8 |:,E|CE > 0,Vt >0, |Eu®)\(COUt(f1,f2|f))| <

And for v > 0 the convergence order on H*(R x T), we get min {s — 1,7(x)} < v and when
supp(p) is compact, v < r(u). O

Remark 4.3.2. When (f1, f2) € (H*°(RxT))? with s > T(”—Q)H, we get that v = r(u) as optimal
order of convergence when supp(u) is compact.

Remark 4.3.3. For s > 1, for all integer k > s+ 3, €#(R x T) C H*°(R x T), and then, for
k> s+ 3 the convergence order v > 0 for €F(R x T) is such that v € [min {s — &,7(u)},r(u)]
when supp(u) is compact.

Remark 4.3.4. When = A, with v € €°° with a unique critical point of order | —1 with [ > 3,
then v =r(p) = 1.

5 Flow on compact Lie group bundle

In this part, we extend the notion of Keplerian shear in a more general framework allowing us
to cover other cases in which we are not in torus bundles as in the previous sections. The main
case we want to cover is the case of Lie group bundles with the non-abelian fibration Lie group.
It is precisely this point of non-commutativity which announces the most severe breaking point
between the work carried out previously in the article and those which will follow. In this section,
however, the aim will be to come back to a case analogous to the classic case seen previously in
the article in order to show the fact that the notion exposed in this part is a generalization of
that exposed previously. We maintain the properties of compactness, of Lie and of connectedness
to maintain properties on the fibration group allowing us to make the analogy with the previous
cases which used the torus and also to define a continuous flow/a R—action easily.

5.1 Tools used in connected-compact Hausdorff Lie group bundle

Definition 5.1. Let (M, /) be a of Lindeldf manifold of dimension n € N* of class €.

Let (Q, ) be a Borelian space, G a connected compact Lie group and m a continuous map
from Q into M.

Q is a connected compact Lie group bundle if

1. locally, we have for the charts U of o/ a homeomorphism vy : 7= (U) = U x G
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exp(r1X1)erp(r2X2)

Xa

X1 29X5
z1X1

v = .7,‘1X1 + JJQXQ

Figure 2: Coordinate system of the Second kind in Lie algebra

2. for allU in o ,m oy = my

To define the continuous flow, we are going to use the exponential defined on the corresponding
Lie algebra of the group. Here the connectedness and the compactness of the group provide good
properties to the exponential, allowing us to work in setting similar to the previous one. We will
use a local coordinate system, namely coordinates of the second kind, that will make it possible
to fiberize the group G as a torus.

Let us consider a basis (X;);eq1, qp of Lie(G) with d € N* the dimension of Lie(G). We can
get a coordinate system in a neighbourhood of the unit 1.

Proposition 5.1 (Coordinate systems of the second kind, e.g. [4]). There exists a neighborhood
V' of the neutral element 1¢ such that all the elements a € G are written in a unique way as
follows

d
a= H exp (x;X;) with (x5)jep,q € RIL 4
j=1

(See Figure[2)

Now, we explain why we assume that the group is compact Hausdorff and connected. Com-
pacity ensures the surjectivity of the exponential over a certain domain. More precisely, we use
the following result.

Theorem 5.1. The compactness of G implies the surjectivity of the exponential on the connected
component of the neutral element of G.
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By considering the neighborhood of the neutral element on which the points are written in a
unique way with the coordinate system of the second kind, we can with all the right translations
of this neighborhood cover the whole group G. By compacity, we can extract a finite subcover
from it, which allows us to approach more easily the properties already encountered in the case
of tori bundles.

The fact that GG is connected complement the previous property. The only connected com-
ponent which will necessarily be that of the neutral element, so that the exponential become
surjective over the whole group G.

5.2 Main properties of the flow on the Lie group

This step enables us to identify the possible flows on the Lie group. This will give us a more
simplified approach to the dynamic system under study.

Theorem 5.2. All flows (gi)tcr on G satisfying for all y, z € G, g:(yz) = gt(y)z are of the form
(9:(z,y) = exp(tv)x) with g.(z,y) — exp(tv)z).

We can then continue by defining the notion of compatible flow.

Definition 5.2 (Compatible flow). Let (g¢)ier a flow on (2, p)
(9¢)ter is a compatible flow iff :

1. There exists for all U € o/ a measurable function vy : U — G
2. VU € & ,¥(z,y) € U x G, ¢y o g oy (x,y) = (z,exp(tou (z))y)

Definition 5.3 (Compatible measure). Consider the notations previously established with the
connected compact Lie group bundle.
Let U € of . Let pose pY := iy, . And let pose i’ := pir. p on Q is compatible iff

U\[{T*I(U) = HTU ® JC with € the Haar measureon G

The next theorem written in paragraph 2 of the article by Antoine Delzant [7] allow us to
come back to an analogous case with torus.

Theorem 5.3 (Isomorphism with torus). Any compact, connected and abelian Lie group is
isomorphic to a torus.

Then, we use the following theorem ensuring that we have the properties of Lie on the
subgroups of G to get tori.

Theorem 5.4 (Lie subgroup). Any closed subgroup of G admits a group structure of Lie and
Lie(H) is a sev of Lie(G)

Definition 5.4 (Flow orbit on the Lie group). We call for the flow previously defined the orbital
group of a direction v € Lie(G) the set

H, :={exp(tv) € G: t € R}
H, is an abelian Lie group, compact and connected and so isomorphic to a torus.

Let d,, be the dimension of this torus.
Note ., : H, — T% the isomorphism
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With the flow orbit, we can make a semi-fibration on Lie group to use torus property as in
the previous theorem in the tori bundle case.

We consider v € Lie(G). Consider then the orbital group in the direction v. H, has a group
structure of Lie by observing the previous theorem. We consider a basis (X}'})jef[l, a,] of Lie(H,)
that we complete to make it a basis (X})jep1,qp of Lie(G). Consider the neighborhood V' of the
local coordinate system of the second kind associated with (X7)jef1, ap-

We cover G with a finite family of elements (gi)rep, i € GV s.t

1
G=U Vo (8)
k=1
Let (Wk)ke[[l,l]] s.t W7 =Vg; and
VEe 2,00, Wi=Va\| U V|- 9)
jell, k—1]

Let ¢ : G? — G defined by ¢(z,y) = xy. By uniqueness of the coordinate system in V of the
second kind we can define

vy Vg, — Lie(H,) xG

v,k v v,k v
T > :cg )Xj, I1 exp(:cg- )Xj )9k> :
ke[l,dy] keld, +1,d]

Since the orbits are abelian subgroups we have

Vk € [1,1],Vx € Vgg, Vv € Lie(G), H exp(z§v’k)X;) = exp Z z§v’k)X;
ke[l,dy] ke[l,dy]

Let ¢ : Lie(G) x G — Lie(G) x G defined by ¢?(0,y) = (6 + tv,y) and 1 : Lie(G) x G — G?
defined by n(6,y) = (exp(f),y). We immediately get

Vk € [1,1],Vx € Vigg, (pono ¢} o) (x) = exp(tv)z.

We finally set ¢ := pon.

5.3 Keplerian shear on compact Lie group bundle

We can now study the Keplerian shear problem.
Let pose for U € o/ and y € G, wy = X(vy(-),y) © VU (")
Let pose for nonzero £ € Z% and U € o7, 1(&U) = :LLTU (Elwn ()
wy (-
Theorem 5.5. The dynamical system (2, u, (g¢)tcr) exhibits keplerian shear iff for all nonzero

£eZ4 and for allU € o, V‘(Dg;U) is Rajchman

The plan of the demonstration will initially be to come back to a situation very similar to
that of the torus bundle by relying on the maximal torus. To do this, we are going to use the
orbit in the vector vy (z) in the Lie algebra in order to identify an abelian subgroup which is
isomorphic to a torus. The second step will be for a map U € & and x € U fixed to work on
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the sections of the Lie group G by the translations of the orbit of vy (x). Once immersed in this

configuration provided by Lemma [5.I] we will be able to carry out the same reasoning as in the

torus in order to arrive at the property of Rajchman of VI(R* ) In order to clarify and highlight

the configuration by the orbits, we will show an equality allowing us to realize this link.

2
Lemma 5.1. Let U € & and (f1, f2) € (ILZ,‘ an (U X G)) . We define fort € R
U

be(fs fo) = /U Titaexp (o (@) o) o)y © #(a.)
Then

wnm= Y [(f e+ tu 0, )l o) ) dify 0) (10)

ke[1, ] @ xw,
with
.fl : (ZL',Z,’I’) = fl(x,@(X;Ul(z) (Z),T)) and .fQ : (ZL',Z,’I’) = fQ(xng(X;Ul(z) (Z) 7T))'

and m'(x K = (qu(m) o exp)* M(z,k) 18 the push forward measure obtained by transfer theorem,

where m (g )y = (wZU(I)) J is the push forward measure associated.

2
Proof. Let non-zero ¢ € Z%. Let U € & and (f1, f2) € (Li‘, o (U X G)) . We have the
U

following expansion
(i fe) = [ Tilwesp (tou () o) oo )iy © #(a.0)
UxG

- / | Tt (o @) ) oo ) () o)
fz v ([ Fpo @ 0O ) atep oy )i ) ) ity o)

> (f.

In this part, we have established the first step by placing ourselves in the Lie algebra of the orbit
of vy (x) which is the denoted group H,,, () and which is abelian, so

) X Wy

Fi(w, 060" (0,m) folw, $(0,7))dm s 1) (0, 7")) dpjy (),

vy (@)

B0 dy M (0,r) = (8 + toy (), r) = p(exp(f + tvy (), 1) = plexp(tvu (x)) exp(6), 7).

We are now at the second step placing ourselves in the sections of the Lie group G by H, (). So

be(f1, f2)
1
- / ( / g, T AP DN ) (o) ()P ol e (fm) dply ()

= /U < /) o T v @) (2) ) ol 000 o (2 ) r>> dpify ()
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We pass here in the torus isomorphic to H,,, .. Since

2+ Xoy (@) (exp(tvy (2))) = 2 + tXuy (2) (exp(ou (7)) = 2 + twy (z)

we get

be(f1, f2)
1
>/ ( Lo Bl e+ @) (0 <z>,r>>dmzz,k><9m>) e

k=1
This proves ([I0I). O

We are then in the case of a torus foliation by the variable  which will then allow us to apply
the same reasoning as in the case of the torus.

Proof of Theorem[24 Let begin with the direct implication. Suppose that the dynamical system
(Q, 1, (g¢)ter) exhibits keplerian shear. Let U € & and let

¢ € 2%\ {0ga}.

2
Let (f1, f2) € (Li"u oA (U x G)) such that :

v

fi:(z,z,r) = e2im€l2)
and 5 '
oo (w,2,7) = Ligg () 20(@)e® ™2
taking notations of Lemma 5.1l Then
/ €—2i7rtde§,U(Z) — / e—2i7rt(£|wU(z))g(l,)dul(x)
R U

with

g:x € Uw— ]l(g'wU(.));éo(x).
Thus, by Lemma [5.7]

/ e—2iwt<§\mu($)>g(1‘)dﬂ1[] () :/ Ji(z, exp (tvy () ) fa(, y)dp|y @ ().
U UxG

By the Keplerian shear property the right hand term converges and as in (@), the limit is zero.
So

/eiQimzdyf’U(z) — 0.
R

t—too

Let us continue with the reciprocal implication. Let d be the dimension of the maximal torus
of G. Consider the level set of torus dimensions (see Definition [(.4])

Y, = {x eU dy,(z) = m} ,m € [1,d].

Consider (m, k) € [1,d] x [1,1] and define the measure w¥, on U x T™ x W}, by

VA€ B(U x T™ x Wy),wk (A) = /U/mxw La(z,y, z)dmi, 1) (y, 2)dujy, (@)
k
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, 2
Let U € o7 and (&1,&2) € Z™ x Z™ . Let (f1, f2) € (Li‘/U w (U X G)) such that,

v

fi:(z,z,r)— al(:n,r)e%r<£1‘z>]1ym (x)
and y '
fai(z,z,r)— ag(x,r)eQW(&lZ)]lym, (x)

with a1 and as square summable functions in the appropriate Lebesgue space. If m # m/, the
scalar product between f1, fo is zero. Therefore we assume that m = m’. So, by Lemma 5.1

/ Fi(a, exp (tvo () y) f2(x, y)duy ®«%ﬂ(%y)=/ e HmHE e ) g () dpty, (v) (1)
UxG U

with

g:zeUm— 1y, () Z </W a1 (z,r)as (x,T)62i7<52*51|2>dm’(1,k) (z, 7’)) .
k=1 :
By hypothesis, when & # 0,

e~ 2imtz gk ’U(z) — 0.
R t—+oo

And then, by Lemma 2T}, we have that exp(2int-) converge weakly-* in Lo¢, (R) to 0. Thus,

/UeQ”t“lw”(”””g(z)du’U (z) filz,y) 22, y)dujy @ H(z,y)

t—oo / =
{<E]|’LUU(')> O}XG
Then, I‘emembering (m)? we ge

/ T, exp (toy () y) fa (@, y)dply @ H (x,y) —— fi(@,y) fo(@, y)dpjy @ A (2, y).
UxG 0 J<ti|wu () >=0}xG

By totality obtained by the Fourier series expansion, this gives that for all functions fi, fo €
2
IL#,‘U®W(Ym x G)

/ fi(z, exp (tou (2)) y) f2(2, y)du|y @ H(2,y) —— Ey won(ilI0)Ew g (fol Su)dujy @ .
Yo G totos Jy g M | )
12

2
Let (f1, f2) € (Li‘,U(g%ﬂ(U X G)) . Finally we apply (I2)) on each term of the following sum
/ Titaexn (v (@) ) o)y © 9 .)

Ux

d
=> /Y Xcﬁ(w,exp (tou (2)) y) fo(z, y)dpjy @ A (,y).

O

Now, the aim here is to give an analogue of the fundamental theorem 3.3 in [I6], which
guarantees Keplerian shear for flows with regular velocities and the negligible critical points.
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Theorem 5.6. If for all U € o/, wy is of class €, iy < A and

p|l U {leeU:idiup(@)=0}| =0
€€\ {0z }

then the dynamical system (2, u, (g¢)ter) has Keplerian shear.

Proof. Let U € . Let us show that the measures v(¢Y) have the Rajchman property. We
assume vy of class €. So wy : & € U = Xy (2)(vu()) is €. Let

€ € 27\ {0za}.

By Radon-Nikodyme

/Uezm<g|wU(x)>du/U (z)/Uezmt@wu(z»ﬁ(x)d)\(x)_

dX
But
p U {zeU:dEuu(x)=0}|=0
cezi\ d {ozd}
So
Va e R, p U {zxeU: {wy(x))=a} | =0.
ez’ \ {0, }
And so
-1
/ 1 ) —1
/ 6*21'“<§|1UU(1)>—d'u‘U (x)dX\(z) = / o~ 2imt<€| 2> Z wo @, (2) ((wU)hUU Wk)? c) d\(x).
dA , -
U Rd j€L |det <JwU (((wU>|1UU1(Vk)) (Z)>)‘
And so by Riemann-Lebesgue,
. du
—2int(€|lwy (z)) U
And then,
/U T ) ity () 0,
O

Remark 5.3.1. We can note that we could use same arguments as Damien Thomine [16] in the
proof of his theorem analogous to this one, i.e., we could use the normal forms of submergences
by relying on the regularity properties of wy. Thanks to the property of Rajchman, we were able
to more expeditiously prove the above theorem.
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5.4 Main examples

Example 5.4.1 (Torus). The tori also form an abelian example, it is still a connected compact
Lie group. The most notorious torus is the torus of dimension 2 denoted T? which we can easily
represent in R3. The first example in the abelian framework would be the one used in the article
by Damien Thomine [16] with T2, a measurable velocity vector v(z), and for a single fiber to
torus, the flow:

ge: (z,y) € T? = (z,y + tv(x))

To know if this dynamical system exhibits Keplerian shear, it is necessary and it suffices that pu,
Let of Rajchman. We can then study the speeds of convergence.

Example 5.4.2 (Spinorial groups). The spin group for n > 2, Spin(n) is a compact and con-
nected Lie group, which allows us to use it as an example.

Example 5.4.3 (Orthogonal groups). The orthogonal groups for n > 2 SO, (R) are connected
compact Lie groups. The most usual example is that of the orthogonal group SO3(R) which
is compact, connected with a structure of Lie but not abelian. We consider as flow g : M €
SO3(R) — exp(tA)M with A an antisymmetric matriz, fundamental property for the stability
of the exponential in the orthogonal group SOs(R). As before, we can leaf it in torus as with
the general cases previously treated in bundles in compact and connected Lie groups. The other
classic examples are in the abelian framework which, according to the work of Antoine Delzant [7],
amounts to torus bundles as before. As before, we consider as flow g: : M € Spin(3) — exp(tA)M
with A an antisymmetric matriz.

Example 5.4.4 (Special unitary group). A special unitary group for n > 2, SU,(R) is also
a connected compact Lie group and so we can use the previous theorems. Moreover, these Lie
groups are even simply connected. They are always non-abelian groups, which means that they
are not a torus. The most common example is SUz(R) which is isomorphic to the hypersphere

S? of R%. The flow for Ain.#>(R) such that *tA = —A* on it will be defined by

gt : M € SU3(R) — exp(tA)M.

6 Keplerian shear, Rajchman property and Diophantine
approximation

In this section we present an application of Keplerian shear (with speed estimates) to dynamical
Borel Cantelli lemmas. The latter is linked to Diophantine approximation and we discuss the
relations between the Rajchman property and diophantine properties.

Let the probabilistic space (€, 1). The main application consists in readjusting the dynamic
Borel-Cantelli theorem in the non-ergodic case. We find an adaptation of Sprindzuk’s theorem
inspired by the thesis of Victoria Xing [I8]. The keplerian shear will ensure that for almost any
x, there exists an infinity of integers n satisfying T"(z) € A,.

Theorem 6.1 (Variable Sprindzuk). Let (fx)ren< and (gi)ren measurable and positive appli-
cation sequencies. Let (pp)ren+ a real sequence such that : Vk € N*,0 < g, < ¢ < 1pu—p.s Let
§>1 and C > 0. Suppose that for all (m,n) € (N*)? satisfying n > m,

n 2 n 5
/ <Z fk(x)_gk($)> du($)§0<z s%) .
@ k=m k=m
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Then

Vn € N, Ve >O,if;€ = zn:gk+0(¢(n)%
k=1

k=1

(log (6(n)) %) i = a.e.

with $(n) = Y, ¢k

For the proof, we will draw on the proof of the original theorem in the book by Sprindzuk
[15] on page 45 formula (68)

Proof. Let 6 > 1 and let us denote for I C N*,¢(I) = >, .; ¢r. By the fact that Vk € N*,0 <
vr < 1, we have that

I(no)ven- € NV Yo € N*, ¢(n,) < v < (e +1).

We have also
Vo € N* nyp1 > n, + 1.

And
Yo e N p(ny) +1<v+1<d(nye1 +1).
So
Y(u,v) € (N*)? (u < v = [n, +1,n,] #0).
Let

o: P(N*) — P(N¥)
I —{ny,eN:wel}"

Let for r € N* s € [0, 7] sets of parts
Jrs = {[i2° +1,(i+1)2°] € 2(N*) : i € [0,27° — 1] } .

Let » € N* and s € [0,7]. We notice that

U o) =1, nor]

I€J, .
Let i € [0,27~¢ — 1]. But

¢(ni25) < 12° S QZS(TL,L'QS —+ 1) S qﬁ(nigs) + 1.

And then
,[:25 —1 S qﬁ(nigs) < ’L2S
And
o) (n(i+1)25) <(1+1)2°< ¢ (n(i+1)25 + 1) <o (n(i+1)25) + 1.
And
(i4+1)2° =1 < ¢ (ngp1y2s) < (14 1)2°
And then,
¢ (o ([rizs + 1,ma41)2:])) = & (Nigr)2s) — ¢ (nage) < 2° +1 < 2°FL

So

S (9lo(D)” < 202700,

IeJr,s
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Denote

sefo,r]

So . oos

S 6 =3 3 (o)’ < 5y

IeJ, s=0TI€J, s
Let

h: N*xQ —R
L2) = e (Cher fr(@) — gu(@)?

So

200270
/Qh(?", r)dp(r) < C <Z ¢(U(I))> < P11

IeJ,

Let € > 0. By the Markov inequality,

26 1+82T6
(102 2S¢

By Borel-Cantelli,

2ECT1+5 2r§

pw—aax € QIr, e N Vr>r, h(r,z) < Y

For v € N*| we have that [1,v] can be split into a finite number r, of interval J, such that
ry < [logy(v)] + 1.
Let J(v) denote the set of these intervals. We then get
o ¥ (Taa)
k=1 I€J(v) \kEI
By the Cauchy-Schwarz inequality,
. 2 2
pw—a.ax €, <ka gk> <1y Z <ka gk) =rph(ry,z).
k=1 IeJ(v) \kEI

So

2
"y 26 2+82T6 26 1 24¢ F}
p—aaxeQ,Ir, € N, Vr>r,, < E fr(x) — gk(l')> < Cr < Clogy ™ (v)v

= 26-1_1 = 2-1_]
And so
n 3 1 1+£ s
- 2207 ] 2
uw—aax € Q3Ir, € N Vr>r,, ka(x)—gk(x) < : 250g2 (1})1}2.
f=1 (2071 =1)2

Let n € N*. So
v e N n, <n < nyyi.
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So

o n Noy41
Uw—a.axr € Q’ka(x) < ka(ﬂﬁ) < Z fu(z).
k=1 k=1 k=1
We also have
Noy41
p—aazr e 0L Z 9:() < @ (Npg1) — @ (nw) .
k=n,

In addition,
v=1<¢(ny) <v<o(ny+1) <P (nps1) <v+1

And so
0<¢(nut1) — ¢ (ny) <2.
And then,
uw—aaxe€0< Z gr(z) < 2.
k=n,+1
So
p—aaz e QY gu(@)+0 (logy F (6(n,) (6(m0)F) <37 fu@) < D7 gu(@)+0 (logy ™ (9(m041)) (Blno1))?)
k=1 k=1 k=1
We then find

p—naz € 9,240 (logy " (6(m) (6(m)*) < 37 (fi(a)—gx(x)) <240 (logz " ? (9nus1)) (B(mes1)) )

k=1

We easily find
2+ 0 (logy " (é(n,)) (6(n,))* ) = O (1o (6(m)) (6(m))* ).
And on the other hand
240 (logy "% (9(m41)) (9(nu41))F) = O (logy ™ ((m)) (6(m)¥)

Finally
p—aaz €Y file) = 3 oul@) + 0 (logy ¥ (6(n)) (6(n)?).
k=1 k=1

O

Theorem 6.2 (Dynamical Borel-Cantelli by keplerian shear). Suppose that (2, T, u) is a discrete
measure preserving dynamical system with keplerian shear. Let (A,) be a sequence of measurable
N k
sets and note Sy,N = Zk:M 14, 01",
We suppose that[Id or[IB holds and[@

1. (a) There existsy > 0,C > 0 such that for all (j, k) € N? satisfying k # j, |E (Cove—; (1a,,14,].#))| <
g

(b) There exists v > 0,D > 0 and B C Li(Q), a Banach space such that : 3C >
0,Y(f,9) € #2,n € N, |E(Couv(f,g|.7))| < Wlalsla 4gvj e N, |14, < D
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2. There exists f > max(s,1 — 1) such that liminfy_, (W) >0 p—a.s.

1
27 2

We have

SN p—a.s
E(SN |f) N—+4o00

Proof. Without loss of generality we assume that v € (0,1). Note that [[D implies [Tal so [Tal holds
in both cases.

By expansion of the square as a double sum and the series-integral comparison criterion, we
get V(M,N) e N*> s.t. M < N,

N—-M+1

ISm,n —E (S]M,N|j)”§ < E(Sm,n) +2C Z
=1

<E(Sy.n) +20(N — M +1)*77

(N — M +1)
1

By setting 6 = 2 — v, and noticing that E(Sy n) < N — M we get that there exists D > 0
satisfying
2
VN €N, HS]\/[,N — E(S]M,le)HQ < D(N - M + 1)5.

By variable Sprindzuk theorem [6.1] with ¢, = 1 for all k, we get
Sy — E(Sy|.#) % O(N? log' 5 (N)).

Then

% 1+¢
SN 140 Nzlog "¢(N) as 4
E(Sn|4) N5 N—+o00

Example 6.0.1. Let us place ourselves in the case of (T2, A ®@ \,T) with

MMG)G 3.

Consider a sequence (b,) € TV and let

1 1
An:TX |:bn—ﬁ,bn+ﬁ:|

with 0 < p < % We get that VN € N*,
1
E(Sx|-7) = B(Sy) =2) = ~ i NP
k=1

Let s := % and n € N*. By direct computation of the Fourier coefficients of 14,,, we see that
14, € H¥°(T?)

since )
2
H]lAnHHSxO('Jl‘?) < FC(Q) +— <3
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By the decorrelation estimates in [16], V(k, j) € N2,
B (Conn_ (1a,1419)) = 45

The hypotheses are then brought together, applying theorem[6.2 with v =1 and 3 € (%, 1—p), we
get

2
Sy ~ ——N'? —a.s.
L—p

Definition 6.1 (s—Diophantine number). Let s > 0.
A number x € R is s—diophantine if

C
3C > 0,¥(p,q) € Z x N*, gz — p| > — (13)

S°

(=)

Let 9;(s) be the set of diophantine numbers.

Definition 6.2 ( Liouville Number). A number x € R is Liouville if and only if for all s > 0, x
is not diophantine, that is, it does not satisfy for any s > 0 the assertion [I3). In other words

zeL: =R\ (U@As))

5>0
Or even, Dio(z) = +00.

In the case of any measure of Rajchman, we have as an application a proposition based on
theorem 4.2 page 551 of Athreya [2] and also the theorem of Kurzweil ([I3] and [I7], theorem 1.3
page 3) concerning diophantine numbers. To introduce this theorem, we will also have to recall
the Shrinking Target Property (STP) and its monotone version (MSTP) of a dynamical system.

Definition 6.3 (Shrinking Target Properties). A discrete dynamical system (Q, u,T) is called
STP if for all sequence of balls (Bpn)nen of radius r, > 0 tending to 0 and satisfying

> w(By) = +o0 we have (WT‘"(BH)) =1.

n—-+o0o
neN

The MSTP property is defined in the same way, assuming in addition that the sequence ry, is
monotone.

Let us now recall Kurzweil’s theorem in dimension 1.

Theorem 6.3 (Kurzweil-Tseng). Consider the dynamical system (T,\,T,) with o € T and
Ty : ¢ — x4+ . Then the dynamical system is s—MSTP if and only if « is s-diophantine (i.e.,
a € Zi(s)).

We also deduce with the documents of Chaika [5] the following theorem.
Theorem 6.4 (Kurzweil). For A —a.aa € [0,1[, (T, A\, T,,) is MSTP.

In the case of singular continuous Rajchman measures, we will have a weakening of the
theorem [6.4] of Kurzweil. First, we present a dynamical Borel Cantelli for Rajchman measures.
As in Theorem [6.2] it is based on covariance estimates. Here they do not rely on the keplerian
shear but are obtained directly from the Rajchman property.
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Theorem 6.5 (Dynamical Borel-Cantelli for Rajchman measures). Consider a Rajchman mea-
sure p on T of order 0 < r(p) < % Let T be the transvection on T? defined by T'(z,y) = (z,x+y).

LetC>0ands>$—1. We have
SN HRA—p.s
N
E(Sy) No+oo
where
N C C
SN:Z]lAkoTk, and An:']Tx}zn——l,zn—i——l
k=1 UN US

Proof. Let p= 1. Let for (m,n) € (N*)? such that m > n the sum

n) == Z ]lAk OTk.
k=m
We get

Jr2 (Stmay = E (Senm)) dp® X =35, Ziem Jo La, o TH Mg, = By (La, |) By (14,].7) dp

< Eu(Sim.m) +2 Z Z Jo Laj OTﬂA —E, (1A1+z|j) Ey (ﬂAj|j) dp

Jj=m l=1
And then, we have
in M sin —Z.k"% -
UQ Tajp0 TlllAj —Ey, (]1A1+z|j) E, (ﬂAj|f) d.“‘ Zkez* (% k):w?((ﬁl) )M(kl)
sin ( 2ZkC
< 46,0 Y en- Tl k1+r((g+l)p)w

22trg, ottt or [sin(z)]
- jpr(u)(jJrl)plr(u) f]R* z1+7 d/\ )

And we get

2
f’]I‘2 (S(mvn) -E (S(man))) dﬂ’ DA < El‘ (S(ma”)) + f[O,n—m] f[O,n—m] leW) (:EJrly)p ypr(n) d>\( )dA(:L‘)
1 d\(6)(n m)2 r(p)—p(l+r(n)) -

< Ji0,5) cor®) P (con @ @) B P

Let’s consider § = 2 —1r(u) —p(1+7(u)). But p < 1T(T‘E)H) So £ < 1—p. By Sprindzuk’s theorem,

u®k_—a.s

S E(Sy) + O (N% loghte (N)) .

So
SN HROA—a.s
S

1.
E(Sy) N—+oo

O

Remark 6.0.1. We observe that this "loss of power" in the Borel-Cantelli lemma above increases
as the Rajchman order decreases.

Next result relates the order of a Rajchman measure to diophantine properties of its support
and thus the SMTP property. This result will therefore also show the proposition
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Proposition 6.1 (General Kurzweil for Rajchman measures). Consider a Rajchman measure
on T of order 0 < r(u) < 3. Let s > ﬁ — 1. We have 1(Z;(s)) = 1, or equivalently

pw—a.aa€l0,1[(T,\,Ty) s — MSTP.
Proof. Let C >0, j € N* and p € [0,5 — 1]. Consider

q—1 i 2 I{?g
» c p C C 51n(7r S)A _
E Mq—. —,+js+1 D :/T]l]g_ cl2iC [d,u':2F+ E Tjﬂ(k])-

js+1’ =TT 5t =TT
per AN DR A 3 ; 5

So
qg—1
» C p C C 20,00
a (:| PR TR jerl |:) S 2j5+1 + er(Z)Jrss C(l + T('u) - E)

P C p C C cuc*
H U }—.—jsﬂ,;ﬁ-jsﬂ{ SQ(j—Sﬁ-WC(l"'T(N)_E)
p€f0,5 — 1]
And we have by hypothesis that
1
> —.
rw) >

By strict inequality, we get that there exists € €]0, r(u)[ such that

1
r(p) > i) and r(p) > 1 — se.

We also have the assumption that r < % By Borel-Cantelli

H nl—l:i-noo U :| n ntln + nstl =0
pel0,n — 1]

So for

p—aaa€(0,1],3In € N* Vk > n,d(ka,Z) > %
Let then take o € [0, 1] such that
C

In € N*,Vk > n,d(ka,Z) > e
This proves that o € 2;(s), hence u(2;(s)) = 1. By Kurzweil-Tseng theorem [6.3]
(T,\,T) s — MSTP.
|

Recall that when we have r(u) > %, the measure p is absolutely continuous and therefore by
Kurzweil theorem cited above u — a.a a € [0, 1], the system (T, A\, T,) is 1 — MSTP.

Remark 6.0.2. We can note that the result obtained in proposition [61] remains consistent with
that obtained with the Keplerian shear in the theorem [6.1 because

S

n C C S n s
,; sz ERELR®: D ; PREES
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Remark 6.0.3. For a Rajchman measure with positive order r(p) > 0, p — a.aa € [0,1] 4s
Diophantine, that is, Dio(a) < +00 p—almost surely.

The following result shows that Proposition [6.1]is optimal.

Proposition 6.2 (Optimality of Rajchman order [I1]). Let 0 < r < % Then for alll < s < %71,
there exists ;1 a Rajchman measure such that r(p) =r and u(2;(s)) = 0.

Proof. Let ¢ = % —(s4+1) > 0. We can consider p, with & = s — 1 4+ & constructed in the
document of Kaufman [IT] with its support in E(«) C [0, 1[\Zi(s). O

Remark 6.0.4. With conver combination, for any s > 1 we can construct a Rajchman measure
w for which p(2;(s)) is equal to any value in [0, 1].

Example 6.0.2 (Diophantine property with self-similar measures). The self-similar measure g
with 8 > 1 not being Pisot, according to the work of Pablo Shmerkin and Jean-Pierre Kahane
[L0], has an order of Rajchman r (ug) > 0. In particular pg — a.a o € [0, 1] is diophantine.

Example 6.0.3 (Liouville property with Rajchman measures on Sy,). The measure of Rajchman
oo mentioned in is Rajchman but since its support So almost surely contains Liouville
numbers, then we deduce by contrapositive of the proposition[6.1] that o, does not have a strictly
positive Rajchman order, i.e. that r (fiee) = 0.
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