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ABSTRACT

In this paper, we develop a framework for studying unstratified, magnetized eccentric discs and compute uniformly precessing
eccentric modes in a cylindrical annulus which provide convenient initial conditions for numerical simulations. The presence
of a magnetic field in an eccentric disc can be described by an effective gas with a modified equation of state. At magnetic
field strengths relevant to the magneto-rotational instability the magnetic field has negligible influence on the evolution of the
eccentric disc, however, the eccentric disc can significantly enhance the magnetic field strength over that in the a circular disc.
We verify the suitability of these eccentric disc solutions by carrying out 2D simulations in RAMSES. Our simulated modes
(in 2D) follow a similar evolution to the purely hydrodynamical modes, matching theoretical expectations, provided they are
adequately resolved. Such solutions will provide equilibrium states for studies of the eccentric magneto-rotational instability
and magnetized parametric instability in unstratified discs and are useful for exploring the response of disc turbulence on top of

a fluid flow varying on the orbital time-scale.

Key words: accretion, accretion discs —magnetic fields — MHD — celestial mechanics.

1 INTRODUCTION

Eccentric gaseous discs, where the gas orbits on Keplerian ellipses,
are found in a variety of astrophysical contexts. To date there have
been many theoretical and numerical studies considering unmagne-
tized eccentric discs (Ogilvie 2001; Ogilvie & Barker 2014; Barker &
Ogilvie 2016; Wienkers & Ogilvie 2018; Ogilvie & Lynch 2019;
Pierens, McNally & Nelson 2020; Dewberry et al. 2020a). Recently
several studies have considered the behaviour of magnetic fields in
eccentric discs. The effect of magnetic stresses on eccentric discs
was considered by Ogilvie (2001) who developed a turbulent stress
model based on the ideal induction equation in an orbital coordinate
system. Ogilvie & Barker (2014) include a magnetohydrodynamic
(MHD) form of their eccentric shearing box model. This was used
to study the linear phase of the magneto-rotational instability (MRI)
by Chan, Krolik & Piran (2018), while Lynch & Ogilvie (2021) used
the formalism to study the effect of a coherent magnetic field on
the disc vertical structure. Global simulation of MRI in eccentric
discs were performed by Dewberry et al. (2020b) who found that
sufficiently non-linear eccentric waves can shut off the MRI. Oyang,
Jiang & Blaes (2021) compared the excitation of eccentricity in
MRI turbulent discs to viscous, hydrodynamical discs and found
that the latter were excited to larger eccentricities. Finally Chan,
Piran & Krolik (2022) performed a global simulation of the MRI in
an elliptical annulus of large (e = 0.5) constant eccentricity motivated
by the highly eccentric discs found in tidal disruption events.

One challenge for (hydro or MHD) simulations of eccentric discs is
the strong differential precession due to pressure forces which arises
for arbitrary eccentricity profiles. Notably this occurs for a uniformly
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eccentric ring which, naively, might be considered the simplest ec-
centricity profile to simulate. This strong differential precession was a
problem encountered by Chan et al. (2022) who utilized an elliptical
coordinate system to model a disc of uniform eccentricity, which
became significantly misaligned from the simulation grid after only
15 outer disc orbits. Strong differential precession quickly generates
large pressure gradients as a result of orbital compression, which can
be very difficult to resolve numerically, leading to artificial damping
of the disc eccentricity. The strength of this differential precession
will depend on the magnetic field strength and configuration. The
rapid evolution of the disc orbits can potentially lead to transient
phenomena that are primarily a consequence of the choice of initial
conditions. This makes it difficult to disentangle the effect of the MRI
and parametric instability from the evolution of the non-steady initial
conditions. It would thus be beneficial to study how the MRI develops
on top of a steady, or slowly evolving, eccentric background.

A solution to this problem can be found in the existence of
eccentric modes. These are untwisted eccentric discs with a time
independent eccentricity profile which undergo uniform (i.e. rigid
body) precession as a result of pressure gradients and other non-
Keplerian forces. Eccentric modes are thus a particularly suitable
setting for numerical simulations. They are also well motivated
physically as they often provide a good approximation to the relaxed
state of many eccentric discs when excitation and damping processes
are considered (Kley, Papaloizou & Ogilvie 2008; Teyssandier &
Ogilvie 2016; Miranda, Mufioz & Lai 2017; Ragusa et al. 2017;
Teyssandier & Ogilvie 2017).

In this paper we extend the Hamiltonian eccentric disc theory
of Ogilvie & Lynch (2019) to allow for the inclusion of a large
scale, structured, magnetic field in an unstratified disc. We calculate
modal (uniformly precessing) solutions for these eccentric MHD
discs. Such solutions are not intended as a realistic model of a
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magnetized eccentric disc, owing to the neglect of important 3D
effects (Ogilvie 2001, 2008; Ogilvie & Barker 2014; Teyssandier &
Ogilvie 2016; Ogilvie & Lynch 2019) and unrealistic global field
structure (see Ogilvie 1997, for the 3D field structure in a circular
disc), however these solutions are intended to provide a convenient
setting for numerical simulations of the eccentric MRI. To this end
we run 2D MHD simulations in the code RAMSES (Teyssier 2002;
Fromang, Hennebelle & Teyssier 2006; Faure, Fromang & Latter
2014) using our calculated eccentric mode as an initial condition to
test their suitability for numerical calculations. By using an eccentric
mode as our initial condition we aim to avoid strong differential
precession, due to pressure, destroying the eccentric disc as seen in
Chan et al. (2022).

This paper is structured as follows: In Section 2, we give an
overview of eccentric disc geometry and orbital coordinate systems.
In Section 3, we extent the Hamiltonian formalism of Ogilvie &
Lynch (2019) to unstratified ideal MHD discs, which we use to
derive linear theory in Section 4 and compute non-linear eccentric
modes in Section 5. We compare the eccentric disc theory against 2D
MHD simulations in Section 6. Finally, we present our conclusions
in Section 8 and a derivation of the magnetic vector potential is given
in the appendix to aid with future numerical work.

2 ECCENTRIC DISC GEOMETRY

The geometry of an eccentric disc consists of a set of non-
intersecting, confocal Keplerian ellipses where the dominant fluid
motion consists of the Keplerian motion. These Keplerian orbits
slowly evolve due to the effects of pressure gradients and, in MHD
discs, magnetic fields. To describe both the geometry, and dynamics,
of an eccentric discs it is often convenient to make use of an orbital
coordinate system. This is a coordinate system, based on the orbital
elements of celestial mechanics, that describes a point in the mid-
plane of the disc by an orbit labelling coordinate, specifying the orbit
the point lies on, and a coordinate denoting where along that orbit
the point lies. Typically such an orbital coordinate system will define
a time dependent map from some circular reference disc onto the
physical eccentric disc, with the dynamics of the eccentric disc being
described by the slow evolution of this orbital coordinate system.

We formulate this orbital coordinate system in terms of a La-
grangian map between the reference and physical variables arx,
where a are the orbital coordinates associated with a fluid element
and x is the fluid element position vector in Cartesian coordinates.
This Lagrangian map can be thought of as mapping some reference
circular state into the physical eccentric disc, similar to Ogilvie
(2018) and Ogilvie & Lynch (2019). We denote the Jacobian
associated with this Lagrangian map by J;; = g ;} and introduce
the notation

J H
JO HO
where J is the Jacobian determinant of the 2D transform and H is the
disc scale height and we adopt the convention that the superscript-
° denotes a quantity in the reference circular disc. Note that this
Jacobian is for an orbital coordinate system using the stretched
vertical coordinate Z. In Ogilvie (2018) this is approximated by its
value at the mid-plane, which is valid when the disc is sufficiently
thin. For the unstratified discs considered here the horizontal and
vertical parts of the transform are separable so this approximation is
unnecessary.

We can define an orbital coordinate system, following Ogilvie &
Lynch (2019), where the orbits are labelled by the semimajor axis, a,

.13 :det(J[j) = 5 (1)
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and the position around the orbit is labelled by the eccentric anomaly
E. The shape of each orbit is controlled by the orbits eccentricity, e,
and longitude of pericentre @ . The (a, E) orbital coordinate system
is related to the cylindrical radius through

r=a(l —ecosE), 2)

and to the azimuthal angle, ¢, through the true anomaly f=¢ — @
which satisfies,

cosE — V1 —e?sinE
cos f = 76, sin f = ;. 3)
1—ecosE 1—ecosE

We can extend this coordinate system to 3D by taking the disc
mid-plane as a reference plane and labelling points by their height
above/below the mid-plane, z. One can also introduce a stretched
vertical coordinate Z = z/H, where H is some characteristic vertical
length-scale such as the disc thickness or scale height. In unstratified
models this is typically taken to be the sonic length H = ¢,Q~!, with
¢, the sound speed.

It will also often be useful to make use of the mean anomaly M,
which is related to the eccentric anomaly through

M =FE —esinE =n(t — 1), 4

where n = (GM,/a®)'? is the mean motion, M, is the mass of the
central object, and 7 is the time of pericentre passage. This allows
us to define an (a, M) orbital coordinate system where the position
around the orbit is now denoted by the mean anomaly. This can be
extended to 3D in the same way as the (a, E) coordinates.

The Jacobian determinant of the (a, M) orbital coordinate system
can be expressed as J = J°j, where J° = a and we have introduced the
dimensionless Jacobian determinant from Ogilvie & Lynch (2019),

1 —e(e+ae,) ae,cosE

j=U/J) = N N —aew,sinE
1 —e(e+ae,)
= —————[1 —qcos(E — Ep)] 5)

V1 —e?

which is related to the elliptical geometry of the disc and we have
introduced the notation that a subscript a denotes a partial derivative
with respect to the semimajor axis. As in Ogilvie & Lynch (2019)
we have introduced the orbital intersection parameter, ¢, and Ej,
the eccentric anomaly at which the maximum orbital compression
occurs. These are related to the orbital elements and their derivatives
through

ae, . V1= aew,
qcosEy= ————, gsinEg= ————.
1 —e(e+ae,)

1 —e(e+ae,) ©

3 DERIVATION OF THE ECCENTRIC DISC
HAMILTONIAN

To derive the equation governing the evolution of the eccentric orbits,
we shall start from the Lagrangian formulation of ideal MHD. After
performing a vertical integration we exploit a scale separation which
occur in ‘thin’ discs where the Lagrangian can be separated into an
O(1) contribution from the Keplerian terms and O(e?) contributions
from the internal and magnetic energies. In an unstratified disc, €
should be thought of as a characteristic measure of the reciprocal
Mach number (or reciprocal Alfvén number for strongly magnetized
discs), rather than the aspect ratio used in thin disc theory.
The Lagrangian for ideal MHD is (e.g. Ogilvie 2016)

1 1BXa, Js, J;;
L:f//pO [Euz—Cb(x)—s(a, Jp — 22 e ) 2(;': p3’ D a, ()
00
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where u is the fluid velocity, p° is the density in the reference disc,
B' is the disc magnetic field, ¢ is the specific internal energy, and a
are the 3D Lagrangian coordinates. Ogilvie (2018) developed a fairly
general thin disc model based on affine transforms of fluid elements
which provides a convenient setting for formulating eccentric disc
models. The affine transform for a coplanar, unwarped, disc is

x =¥+ Hze., @®)

where X are the coordinates in the disc mid-plane and 7 is a
stretched vertical coordinate. For an unstratified disc, where ®(x)
is independent of the vertical coordinate, with periodic boundary
conditions in the vertical direction, we can take H = H° and treat all
quantities as independent of Z. Therefore we have J; = J/J°, J. =1,
J.« =J,, = 0and we can vertically integrate the Lagrangian (equation
7) to obtain,

//O{ u? —d(x)—2a,J) —

where X° = p°H° is the surface density of the reference disc and
a are the 2D Lagrangian coordinates. Here, overbars denote a 2D
(mid-plane) coordinate system.

To obtain the disc magnetic field, we can look for periodic solutions
to the induction equation in an eccentric shearing box (Ogilvie &
Barker 2014). These periodic magnetic field solutions were derived
by Lynch & Ogilvie (2021), and consists of a vertical field with a
quasi-toroidal (orbit following) field,

J°H v orblt\] J°
B' = Big(a, z/H)— — = + B, (a)f (10)
J H n

Here, By, and B, are the toroidal and vertical magnetic fields in the
reference circular disc (we have chosen not to use the superscript ©
to make later expressions less cumbersome). Vomitar 1S the Keplerian
velocity vector. The model of Lynch & Ogilvie (2021) was based on
the eccentric shearing box and equation (10) was setup to satisfy the
(approximate) solenoidal condition of the local model (equation C17
of Ogilvie & Barker 2014). One can show that it also satisfies
the exact solenoidal condition by adopting the (a, M, Z) coordinate
system and taking the divergence,

V,B' = L J3 B /H)JOHO
_ a, s
’ Ty om \ PO

0 B I =0 11
+872( zo(a)7>— , (11)

(J/J°)B*H®

eysscl KNG

as a result of the independence of J3BM (first term) and B* (second
term) on M and Z respectively, and we have used v .., = né}, in
this coordinate system.

In cylindrical, unstratified, geometry H/H° = 1 and By(a, z/H) =
B,y(a). Making use of a dimensionless Jacobian determinant j = J/J°,
we obtain the following for the magnetic pressure due to the magnetic
field given by equation (10),

iz =4 B%(a) ._,1+ecosE

= -, 12)
210 210 1—ecosE
2,2 1+ecos E
where we have made use of v2,,.,, = a’n e E

Substituting equation (12) for the magnetic pressure into the
Lagrangian we arrive at

L= /ﬁ: Buz — &) — 8@, J)

a2 14+ecos E (J/J“)“B,ZO(E)HO _ J/Jo)! Bzzo(ﬁ)HO ia
l—ecos E 2upX° 2upx°

13)
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Expanding equation (13) into the Keplerian Lagrangian Lg and a
perturbation,

L=1L, —// O{V(E)—f—é(z‘z, J)

,14ecos E (J/J°) 'BR@H> (J/J°)'BAL@H] ,_
a® . d-a

)

l—ecos E 2upx° 2upx°
(14)
where V(x) = &(x) — Pk(x). At leading order we have,
S§L 8Lk
8L 8Lk _ (15)
éx Sx

which is Keplerian orbital motion in the plane. Performing the
‘Whitham/orbit average (Whitham 1965) of equation (14), using the
fact that the Lagrangian is nearly integrable,

. GM
L:/ma {nazM—{—na2 1 —e2or + > l] da
a

- /ma {(V(f)) + (8@, J))

2 B2(@)H® <1 +ecosE ._1>

; BZZO(Z:)HO
2upx° l —ecosE"

2/1020

<j“>} da,
(16)

where () = i f -dM denotes an orbit average and we have intro-
duced the mass per unit semimajor axis, m,, which is related to the
surface density in the reference circular disc by

m, =2wa¥’. a7

The dynamics of M is dominated by orbital motion. Therefore,
we separate out the terms in the Lagrangian describing the orbital
motion from those describing the slow evolution of the disc orbits,

L= [ myna®\/1 — e da — /m {(V(i)) + (&(a, J))

B2(a)H°

i~y | da.
ST (j7')|da

+a

,BX(@H® /1+ecosE _,
29 2° l —ecosE
(18)

The associated Hamiltonian is obtained via a Legendre transform,

H= /manazx/ 1 —e2orda— L

= /mu [(V(f))+<5(ﬁ,J)>
,BY(@H® /1+ecosE _,\ = BY@H°
2/1,020

+a (G| da.

20 2° 1 —ecosE
(19)

Henceforth, we shall only consider Keplerian potentials so that

V(x) = 0. For a perfect gas we can write (Ogilvie & Lynch 2019),

mq (8@, J)) = H;F", (20)

where we have introduced the geometric part of the Hamiltonian,

FP — ;(j*(ﬂfl)% (1)
p—1

along with the circular Hamiltonian density,

H = 27mPg°, (22)

where P, is the vertically integrated gas pressure in the reference
disc. Introducing the Alfvén velocity in the reference disc: v, =

MNRAS 526, 2673-2687 (2023)
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Bl /\/1top°, we parametrize the magnetic field strength in terms of a
dimensionless toroidal (V;) and vertical (V,) Alfvén velocities, where
Vi = avk /ey and V, = vy /cs.

From Ogilvie & Lynch (2019) we have the following expression
for F®,

F(z)(e, q, Eo)

1 V1 —e?
=({)=

qg—e(l—+/1—¢g?cos EO. (23)

T 1—ele+ae,) g+\/1—¢q2

Similarly we can obtain an expression for ( {F<%E j=1)

l+ecosE |\ V1= g+e(l—+/1—g?cosEg
1 —ecosE o 1 —e(e + ae,) l1—gq

= FPe,q, Ey+ 7). (24)

Thus the vertical magnetic field acts like a y = 2 perfect gas, while
the quasi-toroidal magnetic field acts like a y = 2 gas with an anti-
phased orbital compression.

We can then write the Hamiltonian as:

H= / H;(F(”(e, q. Eo) +%V2F®(e,q, Eo+ ) (25)

+LVIF@(e, q, Eo)) da,

where the factor of y in the magnetic terms appear as a result of factor-
ing out H;. This Hamiltonian can be split into contributions from the
gas internal energy, and the energy in the quasi-toroidal and vertical
magnetic fields, with H = Hgas + Hior + Hyert, corresponding to the
first second and third term in the brackets of equation (25). As in gas
discs each of these terms are a product of the, geometry independent,
Hamiltonian density in the reference disc and a geometric part which
encapsulates the dependence on the orbital geometry.

It is convenient to reformulate this Hamiltonian as a Hamiltonian
for a single effective gas. We can do this by introducing a new
geometric part of the Hamiltonian,

1

Fyvi(e,q, E)) = —————F"e,q,E
vi.v: (e, q, Eo) T (e, q, Eo)
Y 2
2 2)
F7(,q, B0+ 7
TIVE VR (e,q, Eo+ )
2
Lv:

+——2 5 F%e.q, E 26
Iy @ E. (26)

which is a weighted sum of two adiabatic gas F* with different ratio
of specific heats and a third non-adiabatic gas term for the toroidal
field. In this case the Hamiltonian can be written as:

H= / S Fyy.(e. q. Eo)da, @7

where we have introduced

) 1+ p°
A = 27a(P] + Pg) = (1+%Vf+gvj) H® = ﬂo,s H,

(28)

which is the Hamiltonian density in the reference circular disc and
B°, the plasma-g in the reference circular disc. Unlike the simpler
perfect gas case Fy, v, is no longer only a function of the geometry for
a given ratio of specific heat, it also depends on the ‘partial pressure’
of the constitutive effective gases on a given orbit.

MNRAS 526, 2673-2687 (2023)

Hamilton’s equations in the non-canonical e(a, 1), @w(a, t) are
(Ogilvie & Lynch 2019)

de \/l—ezﬁ

— =, 29
" ot na’e Sw 29
0 V1 —e2§
7 e (30)

m.
“ " na’e Se

The ideal MHD eccentric disc Hamiltonian preserves the symme-
tries of the unmagnetized eccentric disc Hamiltonian of Ogilvie &
Lynch (2019); i.e. time translation and global rotation, with the
Hamiltonian only depending on z through its derivative @ ,. As
such, following Ogilvie & Lynch (2019), one can show that the total
Hamiltonian, , which in an unstratified disc corresponds to the sum
of the magnetic and internal energies, and the angular momentum
deficit (AMD), a positive definite measure of the total eccentricity
commonly used in celestial mechanics,

C= /mana2 (1 Y ez) da, 31)

are conserved.

The simplest solutions to the eccentric disc equations are the
eccentric modes, which are solutions where e is independent of time
and the disc is untwisted and uniformly precessing at an angular
frequency w. These solutions are a particularly convenient setting
for numerical simulations as they avoid strong differential precession
seen in generic eccentricity profiles. The eccentric mode equation is
obtained from equation (30),

VI—& o

32
na’e e (32)

maw = —

equation (29) is automatically satisfied as the disc is untwisted (so
% = 0) and e is independent of time.

As shown in Ogilvie & Lynch (2019), equation (32) can be written
as:

8L _§H
= , (33)
86 Se
where

mana*\/1 —e?da, 34)

is the angular momentum. Equation (33) can be interpreted as a
variational problem which makes # (here corresponding to the
total disc internal 4+ magnetic energy) stationary at a fixed angular
momentum L = const.

For constant Vi, V,, the eccentric mode equations are explicitly
(Ogilvie & Lynch 2019):

wm, na’e 0Fy,y, aszVz
_ e = — ae,
Ho JT—¢2 Oe 0ed f
0°F dIn(H®) dF,
— aQegtaes,) ——ste — ne,) T
0f2 dlna of

(35)
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where we have introduced f = e + ae,. If V, or V, depends on the
semimajor axis then the equation for an eccentric mode becomes,

2

wm, na‘e
H J1—é2
0Fy,v, O’ Fy,y,
= —dae,
de ded f
%F dIn(H°) dF
—a(2e, + aegy)——Yr nH) Oy,
/2 dlna 0of
y B (dmzaﬂﬂ dv; oF? )
214p° \dlna of |, . dlna of |, _,

(36)

Note that we have the perfect gas circular Hamiltonian density (H)
on the forth term on the right-hand side. We also have F®|g,_o =
FP(e, g(e, £),0) and FP|g_, = FO(e, q(e. f). 7)

For untwisted discs Fy, v,(e, f) has an apparent singularity when
e = f, where the eccentricity gradients vanish. Following Ogilvie &
Lynch (2019) this apparent singularity can be removed using the
trigonometric parametrization e = sin2«, f = sin2p. Expressions
for F(e, ¢, 0) and F®(e, g, 0), in terms of this parametrization
are given in appendix C of Ogilvie & Lynch (2019). For including
quasi-toroidal fields we will also need

FP(e, q, m) = cos(2a) cos(a — B) sec(2) sec(a + fB). 37

4 LINEAR THEORY

When e, ae,, and aew , are much less than unity, the geometric part
of the Hamiltonian density in a 2D disc can be approximated as
(Ogilvie & Lynch 2019)

1 1
FOP = Sele +ae) + v [(ae)’ + (aewa)’] (38)

where we have dropped an unimportant constant term, that has no
influence on the dynamics, so that we can use this expression for
isothermal discs. In addition to equation (38) we require the linear
limit of F® (e, q, Ey + ), to include the quasi-toroidal field, this can
be obtained in a similar way and is

@ 1 1 2 2
F®e, q, Eg+m) ~ Ee(e +ae) + 3 [(aeq)” + (aew,)?] + aeeq,

(39)

where the first two terms arise from the adiabatic variation of the
magnetic pressure, similar to the vertical field, while the last term
arises from the magnetic tension and the non-adiabatic variation of
the magnetic pressure. Combining these we arrive at an expression
for Fy, v,,

F ~ 1 )7 2 2
V[.Vz(es q, EO) ~ Ee(e + aea) + Z [(aea) + (aea)a) ]
2

+7
L+ 52+ VD)

aee,, (40)

where we have introduced a modified ratio of specific heats

1+ V2+V2

_— 41
T+ v @b

)7 =
To connect with the existing work on linear eccentric disc theory, it
is useful to rewrite equation (40) in terms of the complex eccentricity
&€ = eexp(iw), the geometric part of the Hamiltonian in the linear

Eccentric modes in unstratified MHD discs 2677
limit is then
Fy.v,(e, q, Eo) = 3[IEI* + Re(aEEN] + Fla&,|? (42)
e «
+mRe(agga )

The, non-canonical, Hamilton’s equations for the complex eccentric-

ity are!

2i/1—e? §H
na? 8’

with the functional derivative of £* being related to the functional

derivative of e and @ through,

1) 1, (8 06
ser ~ 2° (g + zg) : “9
Substituting in the Linear form of the Hamiltonian into equation (43)
and performing the functional derivative we obtain a linear equa-
tion for the evolution of the complex eccentricity in an unstratified
ideal MHD disc,

d d d
22°na3—5 = = (i;?POa3—g)

m,€ = — (43)

ot Oda da
dpP°

+ia®
da

E+io,
Mo

b2
H] N )

where we have used M, = 2mraX° and I:I; = 2maP°. The first two
terms on the right-hand side correspond to an adiabatic gas with an
effective ratio of specific heats, 7 set by the plasma-g. The final term
arises from the non-adiabatic change to the magnetic pressure from
the stretching of the magnetic field lines.” Terms arising due to the
magnetic tension cancel with additional non-adiabatic terms along
with the modification to the background rotation profile as a result
of the magnetic tension in the unperturbed disc.

Specializing to an eccentric mode in a disc with a purely vertical
field (V; = 0), the equation simplifies to

0 o dpe

2%°na’wé = — | yP°a®— | + a’€. (46)
da da da

When the gas pressure, Py, and dimensionless Alfvén velocity, V.,

are constant one can rewrite the above equation as

2%°na’®€ = % <yP;a3g) , 47
where we have introduced a rescaled precession frequency @ =
w/(1+ VZZ). Therefore, under these restrictions on the pressure
and magnetic field, the eccentric mode in the magnetized and
unmagnetized discs are identical and differ only by their precession
frequency.

5 NON-LINEAR MODES IN AN ISOTHERMAL
DISC

Our primary motivation for extending the unstratified eccentric disc
theory to include magnetic fields is to provide initial conditions for

'This form of Hamilton’s equations for the eccentric disc theory was
originally suggested by Prof. Gordon Ogilvie in an earlier draft of Ogilvie &
Lynch (2019) as a way of connecting Hamiltonian eccentric disc theory with
the Shrodinger equation.

2This can be shown by deriving the linear, magnetized, eccentric disc
equations following a similar procedure to Goodchild & Ogilvie (2006),
a task that is significantly more involved than taking the linear limit of the
Hamiltonian theory.

MNRAS 526, 2673-2687 (2023)

20z Ateniged 20 uo 1senb AQ 6€.192./€L92/2/92G/I01HE/SEIUW W0 dNO"0IWepED.)/:Sdy WOy papeojumoq



2678  E. M. Lynch and J. W. Dewberry

simulations of the eccentric MRI. As such we focus on calculating the
non-linear eccentric modes found in a disc contained between two,
circular, rigid walls as done to setup the hydrodynamical simulations
of Barker & Ogilvie (2016), rather than the more realistic free
boundaries considered in Ogilvie & Lynch (2019). As a model of
a realistic MHD disc, however, the unstratified model derived in the
previous section has major limitations; namely it fails to account
for the dynamical vertical structure of the disc which is known to
be important to correctly describe the dynamics of eccentric discs
Ogilvie (2001, 2008), Ogilvie & Barker (2014), and Ogilvie &
Lynch (2019) and can significantly increase the field strength of
the quasi-toroidal field, particularly for more non-linear eccentric
discs (Lynch & Ogilvie 2021). There is also the issue of how the disc
interacts with the external magnetic fields.

We, thus, consider a simple MHD generalization of the mode
computed in Barker & Ogilvie (2016). This consists of a globally
isothermal disc with a constant reference surface density, X°, with
the Hamiltonian density in the reference circular disc being H; =
27mc522°, where c; is a constant sound speed.

For the modes that will be simulated in Section 6, we impose a
purely vertical field with,

I
V=0, V,=_—"MRL__ ). (48)

" 21 /16/15
For comparison, in this section, we also compute a quasi-toroidal
case with

V= nlvri
"7 2re/T6/T5

In both cases lyg; is a constant length-scale, which in the vertical
field case corresponds to the length-scale of the fastest growing MRI
mode in the reference circular disc. W(a) describes the taper on the
inner and outer disc boundaries, for which we use

1 — Uin — Hou
W(a) = - {1 + tanh (l)} {1 — tanh (w)} . (50)
2 Whransition Whransition

when we wish to include a taper. The disc is contained within two
rigid circular walls located at @i, and dmax, such that apin < din < dou
< amax- We therefore have boundary conditions e(@min) = €(@max) =
0. The precession frequency of the mode, w, is an eigenvalue of
the problem. One can solve equation (36) for the eccentric mode
by specifying e, on the inner boundary and employing a shooting
method to obtain .

To provide initial conditions for our simulations we solve for
eccentric modes with Iyr; = co/n(dmin), Amin = 1, ain = 1.5, agy =
4.5, amax = 5, and ¢y = 0.05, with purely vertical fields. These
modes are shown in Fig. 1. The simulated modes with different
choices of parameters (as discussed in Section 6) have functionally
indistinguishable eccentricity profiles.

The MHD eccentric modes depicted in Fig. 1 are nearly indistin-
guishable from the unmagnetized case. The same is true of eccentric
modes computed using a similar strength quasi-toroidal field. This
is perhaps not surprising given the magnetic field strength in these
discs is set by the requirement that the circular reference disc is MRI
unstable. This means the plasma-p in the reference disc never drops
below B = 84. In the eccentric disc, the range of plasma-g attained
is greater as a result of the lateral orbital compression which occurs
in the presence of eccentricity gradients.

Figs 2 and 3 show the minimum and maximum plasma-$8 on an
orbit, in the absence of a taper, for the vertical and quasi-toroidal field
models, respectively. In the absence of a taper the orbital compression
results in regions of high magnetic field strengths in the inner disc,

W), V,=0. (49)
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Figure 1. Eccentricity profiles of the eccentric modes used in simulations
with max (e) = 0.2, max (e) = 0.35, and max (e) = 0.5 respectively. For both
modes Imrr = ¢s/M(Amin), Amin = 1, ain = 1.5, aout = 4.5, amax = 5, and
Wiransition = 0.05. The eccentric modes in the unmagnetized and MHD discs
with a purely vertical field are almost indistinguishable. The dotted line is the
‘limiting slope’ solution.

w0'y —— max[e] = 0.2
—— max[e] = 0.35
—— max[e] = 0.5

100 2x 109 3% 109 4% 100
a

Figure 2. Minimum (dashed lines) and maximum (solid lines) plasma beta
on orbits for the eccentric modes with a purely vertical field and no taper.
The dotted line is the plasma beta in the circular disc. Orbital compression
can lead to significant local enhancement of the magnetic fields, while at
the eccentricity maxima the plasma-f is constant around the orbit. The
simulations do not reach as extreme plasma-fs as a result of the taper.

particularly for the mode with max [e] = 0.5. This effect is lessened
when the taper is included as the magnetic field strength drops to
zero close to the boundary where the effects of orbital compression
are greatest. Despite attaining plasma-f as low as B ~ 4 for the
max [e] = 0.5 mode, without taper, differs only slightly from the
unmagnetized case (having a slightly lower eccentricity gradient
on the inner boundary). This is, in part, a geometric effect where
the shape of highly non-linear eccentric mode is dictated by the
requirement that |g| < 1 to avoid an orbital intersection. As discussed
in Barker & Ogilvie (2016) and Ogilvie & Lynch (2019), this results
in a limiting slope solution given by

a — Apin, Amin < a < a
ae =

—a + Amax, G < a < Qmax G
where @ = (dmin + dmax)/2. In principle higher order limiting slope
solutions might depend on the magnetic field strength as it is not
obvious how the mode selects nodes for the higher order modes.
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Figure 3. Same as Fig. 2 but for a quasi-toroidal field. There is a greater
variation of the magnetic field around the orbit in the inner disc. Unlike
the vertical field case the stretching of the field lines around an eccentric
orbit means the magnetic field always varies around the orbit, even at the
eccentricity maxima where the surface density is constant.
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Figure 4. Mode number dependence of the magnetic field enhancement for
modes with max [e] =0.1. Dashed line shows the function 1/(1 — gmax ), which
is the approximate magnetic field enhancement for disc with low eccentricity.

The large orbital compression responsible for the regions of greatly
enhanced magnetic fields in the modes calculated above are primarily
a consequence of the adoption of rigid circular boundaries. As shown
in Ogilvie & Lynch (2019), adoption of more realistic free boundaries
conditions result in more moderate eccentricity gradients for a given
max [e]. In Appendix A, we solve for the MHD eccentric modes with
free boundaries and a taper in both the magnetic field and the surface
density. The variation of the magnetic field strength and the orbit are
much reduced compared with the equivalent rigid boundary eccentric
mode due to the smaller eccentricity gradients. This confirms that
the strong enhancement of the magnetic fields seen in the modes
computed for Figs 2 and 3 are primarily a consequence of the rigid
wall boundaries.

While the strong enhancement of the magnetic field in the
fundamental (zero node) modes considered thus far are primarily
a consequence of the choice of boundary conditions, higher order
modes (i.e. with multiple nodes) will attain larger eccentricity
gradients for a given max [e]. Fig. 4 shows the maximum magnetic
field enhancement for eccentric modes with max [e] = 0.1. These
modes are discrete due to the boundary conditions. Increasing mode
number results in an increased max [g], resulting in an increasing

Eccentric modes in unstratified MHD discs 2679

magnetic field enhancement due to the greater lateral compression.
This magnetic field enhancement approximately follows 1/(1 —
gmax) for small max [e]. This magnetic field enhancement may have
important consequence for the eccentric MRI if the higher field
strengths are able to stabilize the MRI.

6 NON-LINEAR SIMULATIONS

We have run non-linear MHD simulations to demonstrate the
integrity of the eccentric disc solutions calculated in Section 5,
specifically the vertical field case including a taper. We limit our
focus to purely 2D simulations in this paper in order to isolate
the eccentric modes’ role as MHD equilibria, which are of course
unstable in three dimensions. In a companion paper, we explore the
growth and turbulent saturation of the instabilities of these equilibria
in fully 3D simulations.

6.1 Setup

We use a uniform grid version of the code RAMSES (Teyssier
2002; Fromang et al. 2006; Faure et al. 2014),> which employs
a high-order Godunov method to solve the magnetohydrodynamic
equations under the cylindrical approximation (i.e. without vertical
gravity). Taken with a purely isothermal equation of state, these are

d
5P 4V (ou) =0, (52)
ot

B.B
a(gt”) +V . (puu—BB)+V (p + T) — _pVd, (53
OB
S5+ V@B - Bu)=0, (54)

where p is the gas density, P = cp is the pressure, c; is the sound
speed, u is the fluid velocity field, ® = —GM,/R is the (Newtonian
and cylindrical) gravitational potential of a central mass M, and
B is the magnetic field. We initialize purely 2D simulations with
the surface densities, radial and azimuthal velocities, and purely
vertical magnetic fields (from equations B1-B4) corresponding to
eccentricity profiles like those shown in Fig. 1. Table 1 lists relevant
properties. We do not simulate the quasi-toroidal field case in this
paper. This case is complicated by the difficulty in ensuring that the
solenoidal condition is satisfied when switching from the orbital to
the polar grid, this is best done by use of a vector potential (derived
in Appendix B2) which is not implemented in the version of RAMSES
we are using.

We impose quasi-rigid wall boundary conditions at both the inner
and outer radial boundaries ry = @y and r| = apax, fixing ug =0, and
setting uy4 by the Keplerian angular velocity of the circular reference
disc. Non-zero eccentricity gradients at the boundaries imply non-
zero surface density variations with ¢. We therefore use a zero-
gradient boundary condition for the density, setting its value in the
ghost cells to the value of the last cell in the active domain. We lastly
set B, to zero in the ghost cells (B and By remain identically zero
throughout, and so the magnetic field remains trivially solenoidal in
these 2D simulations).

To track the evolution of eccentricity in our simulations, we
compute the semimajor axis of each grid cell from (e.g. Miranda

etal. 2017)
2 w2\

3 Available at https:/sourcesup.renater.fr/projects/dumses/
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Table 1. Details of the non-linear simulations considered in this paper. All simulations were run on a uniform cylindrical
mesh with agy/ain = 5, and ¢y = 0.05aminn(amin). The magnetized runs include purely vertical fields as described by
(48), with Ivr1 = ¢s/n(@min)> Wiransition = 0-1@min, @in = 2amin, and dout = 4amin (except for m35t, which uses Wiransition =
0.05@min, ain = 1.5amin, and doyt = 4.5amin). The final three columns compare precession frequencies predicted by the
eccentric mode calculations with frequencies and decay rates measured in the simulations.

Simulation Max (e) B.? Nr x Ng Predicted w Simulation R,(w) Simulation 7,,,(w)
h2 0.20 No 480 x 800 —0.004235 —0.0044 —4.8 x 1073
h35 0.35 No 480 x 800 —0.005012 —0.0054 —1.0 x 107
hS 0.50 No 480 x 800 —0.007459 —0.0045 —55%x 1073
m?2 0.20 Yes 480 x 800 —0.004244 —0.0044 —4.8 x 107
m35 0.35 Yes 480 x 800 —0.005042 —0.0054 —1.0 x 107
m35t 0.35 Yes 480 x 800 —0.005047 —0.0055 —9.9 x 1073
m351 0.35 Yes 240 x 400 —0.005042 —0.0033 —38x 1074
m35h 0.35 Yes 960 x 800 —0.005042 —0.0053 —6.2 x 1073
m5 0.50 Yes 480 x 800 —0.007582 —0.0045 —55%x 1073
m5h 0.50 Yes 960 x 800 —0.007582 —0.0046 —5.6 x 1073

and the eccentricity vector from
e=[ecosw,esinw]=(GM,)"' [’R—(u-Ru|]—R. (56

Binning the eccentricity values in every cell by semimajor axis, we
average within each bin to produce 1D eccentricity profiles é = é(a)
at each time-step. These we use in turn to compute the integrated
angular momentum deficit C. We additionally consider the time-
evolution of the total Hamiltonian

dmax 2

H= (2SInE + Py)Rd¢dR, (57)

amin  J 0

which is conserved in the ideal secular theory.

6.2 Results

For a given eccentricity profile and resolution, our hydrodynamic
and MHD simulations show remarkably similar evolution. Table 1
compares the precession frequencies we observe in simulations
against the eigenvalues computed in generating our initial conditions.
We measure precession rates in the simulations by fitting lines to
binned arguments of pericentre @ that have been averaged over
the interior of the disc. The measured precession frequencies agree
reasonably well with the predicted eigenvalues, except in simulations
that we identify as under-resolved (namely m35l, h5, m5, m5h). For
the simulations, we also estimate eccentricity decay rates (listed as
imaginary parts of the frequencies) by fitting slopes to the natural
logarithm of the AMD as a function of time, and assuming that the
AMD decays as 2.

The space—time diagrams in Fig. 5 show radial profiles of radial
velocity as a function of time for most of the hydrodynamic and
MHD simulations listed in Table 1. Sliced at a fixed ¢ = 0, these
space—time diagrams illustrate the coherent precession of untwisted
eccentric distortions for maximum eccentricities of 0.2 and 0.35. The
modes initialized with max [e] = 0.5 involve very strong eccentricity
gradients (and hence density variations) near the inner boundary,
coming closer to the limiting eccentric mode shape for our radial
extent 71/rop = 5. Their interaction with the inner boundary leads to
shock formation that is visible in the bottom three panels of Fig. 5.
Although the eccentric distortions in these simulations continue to
precess, they clearly take on a different character from the initial
conditions. Papaloizou (2005) observed such shocks in simulations
initialized with linear eccentric modes prescribed a finite amplitude,
and Barker & Ogilvie (2016) excluded them by considering only
smaller values of max [e].
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For a given value of the maximum eccentricity in the simulation
domain, these space—time diagrams show very little difference
between the hydrodynamic and MHD simulations; the vertical
magnetic field simply causes slightly more rapid precession. The
space—time diagrams in Fig. 6 illustrate the corresponding evolution
of the vertical field with time. The simulations m35 and m35t have
similar values of max [e], but two different widths of ‘envelope’
(see equation 50) for the vertical magnetic field (Wiransition = 0.1 and
0.05, respectively). The different distributions of vertical magnetic
flux do little to alter the characteristics or behaviour of the eccentric
mode.

Fig. 7 provides a quantitative measure of eccentricity decay,
plotting the percent change in integrated AMD versus time. For
lower eccentricities (max [e] = 0.2, 0.35) we attribute eccentricity
decay both to numerical diffusion, and to weak damping by the
initial growth of the Papaloizou—Pringle instability (see Barker &
Ogilvie 2016). The level of decay over the simulation runtimes (of
400T,, where Ty = 2t/Qp and Q¢ = /G M /a}} are the orbital period
and angular velocity at the inner boundary) is consistent with the
hydrodynamic results reported by Barker & Ogilvie (2016).

The shock formation in the simulations with larger max [e] =
0.5 leads to much stronger eccentricity damping initially (until 7£2¢
=~ 400), and shallower, ‘bursty’ decay at later times. We attribute
this stochastic evolution to periodic interaction between the strongly
modified distortion and the inner boundary. Fig. 7 quantitatively
demonstrates the similarity of the hydrodynamic and MHD results
for a given eccentricity profile and resolution, regardless of vertical
flux distribution (compare m35 and m35t).

The curves in Fig. 8 show the evolution of the total Hamiltonian
(equation 57), which is clearly not conserved in our simulations.
Adiabatic damping, i.e. damping which is slow relative to the
precession time-scale, should lead to a slow evolution of the eccen-
tricity along the family of ideal eccentric modes, towards modes of
lower amplitude. As in the unmagnetized case (Ogilvie & Lynch
2019), equation (33) implies that an infinitesimal change in the
total Hamiltonian is related to an infinitesimal change in the AMD
by dH = —wdC. The modes in our simulations have retrograde
precession (w < 0) meaning a decrease in AMD should lead to a
decreasing H, when damping is slow enough. Thus slowly damped
modes should follow the blue curve in Fig. 9 which shows the
H-AMD phase space. However, Figs 8 and 9 demonstrate secular
growth for the simulations with max [e] = 0.2, 0.35 (except for the
low-resolution simulation m351, which shows similar decay to the
simulations with max [e] = 0.5).
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Figure 5. Space—time diagrams showing radial profiles of radial velocity at a fixed ¢ versus time for both hydrodynamic (names starting with ) and MHD (m)
simulations. The periodic changes in the sign of v, over 12 ~ 1000 illustrate the retrograde precession of the eccentric distortions.

One potential explanation for this growth is that non-adiabatic
damping in our simulations shifts the initialized eccentric profiles
away from the family of ideal eccentric modes that minimize H for
a given AMD. In particular when damping is strong enough, the
eccentric disc will develop a twist as a result of the disc transporting
AMD to compensate for spatial variations of the damping rate
(Ferreira & Ogilvie 2009). Fig. 9 shows that the resolved simulations
evolve from the untwisted ‘modal’ H-AMD relation (blue curve)
to the ‘maximally twisted’ 7{-AMD relation (Orange Curve). The
latter is obtained by taking a given eccentric mode and twisting it
until it reaches an orbital intersection everywhere. This is consistent
with the disc gradually twisting, over the course of the simulation,
causing a growth in the total Hamiltonian. This is supported by the
simulations orbital elements, computed using 56, and from looking

at the residual in the radial velocity when the radial velocity of the
untwisted eccentricity profile is subtracted; both of which show the
disc becoming increasingly twisted with time. This twisting of the
disc occurs over 1000s of orbits and is thus much milder than that
seen for non-modal initial profiles (e.g. the const-e profiles studied
by Chan et al. 2022) which become highly twisted over 10s of orbital
periods.

Fig. 10 plots profiles of binned eccentricity é(a) at the beginning
(solid lines) and end (dashed lines) of our simulations. For max [¢] =
0.2 and 0.35, the plot shows the decay of eccentric modes that
retain roughly the same profile in eccentricity, except in m351 (which
has half the radial and azimuthal resolution). Although the profiles
for the simulations with max [e] = 0.5 deviate qualitatively, hS,
m5, and mSh remain strongly distorted and relatively untwisted

MNRAS 526, 2673-2687 (2023)

20z Areniged 20 uo 1senb Aq 6€.192./€/92/2/9ZS/RI10Ne/SeIu/W0d"dNO"0IWSPED.//:SARY WO} PAPEOUMOQ



2682

E. M. Lynch and J. W. Dewberry

Ho.0075
0.0050
m
0.0025
0.0000
H0.010
N
0.005 @
m35t 0.000
4
o 0.02 «
= 0a)
2
[— T — B e ——
— 0.00
a H0.02
o
= N
= 0.01®
2
mb5h 0.00
4 0.02
N ’ N
= m
2
500 1000 1500 2000 2500 000
tQo

Figure 6. Same as Fig. 5, but for vertical magnetic field in the MHD simulations.
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Figure 7. Time-evolution of angular momentum deficit (equation 31) for
all of the simulations listed in Table 1. The AMD of the magnetized and
unmagnetized discs are nearly indistinguishable (e.g. see the curves for h2
and m2, h35 and m35, and h5 and m5).

by the end of the simulations. The panels in Fig. 11 show snap-
shots of radial velocity (top) and vertical magnetic field (bottom)
at the end of the simulations m2 (left), m35 (middle), and m5
(right).
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Figure 8. Time-evolution of the conserved Hamiltonian (equation 57) for
all of the simulations listed in Table 1. As with Fig. 7, the evolution of
the total-Hamiltonian for the magnetized and unmagnetized disc is nearly
indistinguishable.

The differences with increasing resolution illustrated by Figs 7—
10 (compare m35, m351, m35h, and m5, m5h) indicate that care
should be taken in resolving disc distortions with strong eccen-
tricity gradients. We do not claim to have completely resolved
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the eccentric modes’ precession in any of our simulations; m35],
m35, and m35h demonstrate a clear reduction in AMD decay with
increasing resolution. However, this decay is slow compared with
the dynamical time-scales of interest for magnetorotational and
parametric instabilities. Further, m35 and m35h exhibit qualitatively
similar if not quantitatively identical evolution.

7 DISCUSSION

At the magnetic field strength relevant to the MRI the magnetic
field has negligible influence on the eccentric modes, which are
almost indistinguishable from their unmagnetized counterparts. In
2D (i.e. specifically suppressing the MRI and parametric instability),
the evolution of the magnetized and unmagnetized eccentric modes
in RAMSES is qualitatively the same. There are some differences
seen between the magnetized and unmagnetized simulations with
max [e] = 0.5, however these simulations are not adequately
resolved.

Although the magnetic field has little effect on the eccentric
mode, the presence of an eccentric mode can have a strong in-
fluence on the magnetic field: with lateral compression by the
orbital motion, the presence of eccentricity gradients can enhance
the magnetic field strength in regions of the disc. Similarly the
magnetic field strength is reduced in regions of the disc where
the orbital velocity diverges. Despite the strong magnetic field
enhancements, the magnetic field configurations we setup are stable
in our 2D simulations and their slow evolution is consistent with
that expected due to the evolution of the eccentricity profile. In
the simulated modes, the enhancement of the magnetic field is
primarily a result of the imposition of circular rigid wall boundaries.
However, this effect is potentially very important in short wave-
length/tightly wound eccentric discs such as those expected in the
inner regions of black hole discs as simulated by Dewberry et al.
(2020b).

One issue that we have encountered is the difficulty of both re-
solving and converging the eccentric modes in numerical simulations.
This is important for studies of the eccentric MRI, as having a high
enough resolution to resolve the MRI (e.g. as measured by MRI
quality factors) may not be sufficient to ensure that the simulation
is well resolved. One also needs adequate horizontal resolution to
resolve the the eccentric mode as well. This is particularly important
if one is interested in analysing the effects of the MRI on the
eccentric disc as the strong damping of the eccentricity by the
grid may overwhelm the effects of the MHD turbulence. Given the
relatively strong damping seen in our 2D simulations, assessing the
influence of the MRI on the eccentric disc will prove challenging
unless MRI is very efficient at damping (or in principle exciting)
eccentricity.

In this paper, we have limited our focus to the 2.5D cylindrical disc
setup. This setup has a number of advantages numerically (easier to
implement the vertical boundary and to achieve adequate vertical
resolution), however it does not give a good approximation to a
physical 3D disc. As in hydrodynamic eccentric discs, the variation
of vertical gravity and pressure around an eccentric orbit leads to
a dynamically varying scale height around an orbit. This causes
prograde precession of the eccentric disc (Ogilvie 2001, 2008;
Ogilvie & Barker 2014; Ogilvie & Lynch 2019). More importantly
the vertical compression induced by the scale height oscillation can
greatly enhance the quasi-toroidal magnetic fields in non-linearly
eccentric discs (Lynch & Ogilvie 2021). Additionally the periodic
solution to the induction equation within the disc needs to match on
to the current free external field. This can be constructed in a circular
disc via matched asymptotics (Ogilvie 1997). However for non-
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Figure 9. Plot showing simulations’ time evolution in H-AMD phase
space. All ten simulations from Figs 7 and 8 are represented by points
with colours that run from dark to light as time progresses. The blue and
orange curves respectively illustrate the relationship between H and AMD
for ideal untwisted eccentric modes, and eccentric distortions with twists set
everywhere equal to the values required for orbital intersection. For better
visibility, the y-scale transitions from log to linear at H = 0.06..
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Figure 10. Binned eccentricity profiles at the beginning (solid) and end
(dashed) of our simulations. The modes with max [e] = 0.2, 0.35 decay to
qualitatively similar eccentricity profiles (except in the low-resolution run
m351). On the other hand, shocks in the simulations initialized with eccentric
distortions with max [e] = 0.5 lead to strongly modified eccentricity profiles.

axisymmetric discs, the set of external field solutions (which can be
described using cylindrical harmonics) are generically incompatible
with the field configuration within an eccentric disc (excepting the
purely quasi-toroidal case where no magnetic flux leaves the disc).
The internal and external fields could be connected by a force free
transition layer in the upper disc atmosphere. However, such a field
configuration is likely unstable even in the absence of the MRI.

The full 3D problem is important, however, and deserves further
attention. A simpler initial approach might be to simulate a 3D MHD
disc while exciting eccentricity at the outer boundary (similar to
Dewberry et al. 2020b) and observe the magnetic field response.

8 CONCLUSION

In this paper, we have extended the Hamiltonian eccentric disc
theory of Ogilvie & Lynch (2019) to include a magnetic field in an
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Figure 11. Snapshots showing end-state radial velocities (top) and vertical magnetic fields (bottom) in the simulations m2, m35, and m5. Steep density gradients

in m5 lead to the development of shocks that are likely unresolved.

unstratified, cylindrical geometry. We have solved for the uniformly
precessing eccentric mode solutions of our model and shown that, for
magnetic field strengths relevant to the onset of MRI, the resulting
eccentricity profile, and precession rate, is nearly identical to the
unmagnetized case. While such eccentric modes are of limited utility
in describing realistic 3D eccentric discs due to several important
physical effects not being present in the unstratified geometry, they
provide a useful setting for the study of the eccentric MRI and
magnetized parametric instability to further our understanding of
how disc turbulence operates in eccentric discs. More broadly, this
will help inform our understanding of how disc turbulence operates
in flows that vary on the orbital time-scale. To this end we confirm the
suitability of our eccentric mode solutions for numerical applications
by using them as initial conditions for 2D MHD simulations in RAM-
SES. In 2D simulations, we obtain long lived uniformly precessing
eccentric flows that agree closely with the analytical predictions.
These flows will provide the background state for 3D, unstratified,
simulations studying the stability of these eccentric discs to both the
MRI and parametric instability which will be presented in a future
publication.
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Figure Al. (Left) Example eccentric modes with free boundaries. (Right) Same as Fig. 2 but for the modes with free boundaries. The equivalent modes with
quasi-toroidal fields look broadly similar. There is much less enhancement of the magnetic field as modes with realistic boundaries are less steep than those with
rigid boundaries.

APPENDIX A: MODES WITH FREE BOUNDARIES

As discussed in Ogilvie & Lynch (2019), the large eccentricity gradients seen in our simulated modes, which are responsible for the strong
variation of the density around the orbit, are primarily a consequence of imposing rigid circular boundaries. More realistic free boundaries,
appropriate for an eccentric disc of finite extent, tend to result in smaller eccentricity gradients for a given value of max [e], reducing the level
of magnetic field concentration by the eccentric mode.

Following the same procedure laid out in Zanazzi & Ogilvie (2020), one obtains the free boundary conditions by introducing a taper T(a),*
which drops to zero on the disc boundary, into the disc mass and internal energy by taking m, — m,T(a) and (€) — (&)T (a). In an isothermal
disc, the latter implies the sound speed also drops to zero on the boundary with ¢? oc T'(a). This is in fact a requirement for the disc to truncate
without the forces due to pressure gradients exceeding those due to gravity and dominating the dynamics of the fluid in the outer disc. Taking
the length-scale of the taper to zero we require

aFVUVZ
af

in order that the precession frequency remain finite.
In the presence of a taper in the magnetic field (e.g. the magnetic fields given by equations (48)—(49)) then equation (A1) simplifies to

=0, (A1)

Amin;@max

QFW
of

which matches the free boundary condition in the unmagnetized disc.

‘We now consider vertical field setup for the modes computed in Section 5, but impose equation (A2) for the free boundaries. This results in the
modes depicted in Fig. A1 a (left). Such mode have non-zero eccentricity on both boundaries and are thus a challenge to simulate numerically.
They do, however, possess the shallower eccentricity gradients and monotonically decreasing profiles characteristic of the fundamental mode
in more realistic setups. As shown by Fig. Al a (right) the variation of the plasma-8 around the orbit is much milder than that seen in the
rigid wall case and suggests that the fundamental mode in eccentric disc does not strongly enhance the magnetic field over the circular value.
As discussed in Section 5, this is not the case for higher order modes which can support larger eccentricity gradients, and thus magnetic field
enhancements, independently of which boundary condition is adopted.

=0, (A2)

Amin»>dmax

APPENDIX B: INPUT VARIABLES FOR NUMERICAL SIMULATIONS

B1 Input variables for the RAMSES simulations
In the a, ¢ grid the input variables required for simulations, for a given eccentricity profile, e(a), are

_ O(l—e(e—{—aea) ae, Cos¢—+-e>1
P= V1 —e? J1—¢e21+ecosg

(B1)

4Note T(a) # W(a) the taper in the magnetic field as the latter is designed to isolate the magnetic field from the boundaries.
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g = %esind) (B2)
Uy = %(1 + ecos¢) (B3)
B = nlvrr Wia) (1 —e(e + aey) _aeg cos¢p +e )1 .

T 2m4/16/15 J1=¢2 J1—¢21+ecosg
These are then interpolated onto the cylindrical grid by performing a 1D interpolation from a to R for each azimuthal slice in the (a, ¢) grid
and copying the resulting 2D fields in the vertical direction (if present).

(B4)

B2 Vector potential

For numerical implementations, it is often useful to specify the magnetic field using a vector potential in order to ensure that the magnetic
field is divergence free. For example transforming from the orbital coordinate system to cylindrical polars can induce a non-zero velocity
divergence if interpolation is done on the B-field. Instead interpolating the A-field ensures the resulting magnetic field, in cylindrical polars,
obeys the solenoidal condition.

The vector potential obeys

Ai — EijkujékabaaA}, = a,«f, (BS)

where an overdot indicates a partial derivative with respect to time, € indicates the permutation symbol, and f'is the electrostatic potential.
We are interested in magnetic fields which are steady on the orbital time-scale, for such magnetic fields equation (BS5) simplifies to

2uj6[inJ = a,‘f, (B6)

where the square brackets around the indices denote that the indices are being anti-symmetrized, i.e. Tj;j) = %(T,-_,» — Tj;). As we did when
computing the B-field, we neglect the contribution from the slow rotation of the field due to disc precession.

In the (a, M, %) orbital coordinate system, with stretched vertical coordinate Z = z/H, the fluid velocity simplifies to ' = néjw, where n is
the mean motion. The steady B-field in an eccentric disc, in the (a, M, Z) orbital coordinate system is

B' = B(a,?2)j 'h™'é%; + B.o(a)j ' H'eL. (B7)

Using the relationship between the A and B fields, we find that the A field must obey the following expressions in order to yield the steady
magnetic field solution in an eccentric disc,

0= dyA:, (B8)
B Z 2
Bo@d _ 25 A (BY)
jh JH
B,o(a) 2
O A B10
jH — JH “"M (B10)

Substituting the expression for the velocity and equation (B8) into equation (B6), we find that the electrostatic potential is a function of
semimajor axis only, f = f(a). This means the M and Z components of equation (B6) are satisfied. To obtain agreement with the B-field solution,
we set A, = 0 and obtain the following for A); and A;,

Ay :/JOBzo(a)da, (B11)
A :—/HOJOB,O(a,Z)da. (B12)
In order to satisfy the a component of equation (B6), we require the electrostatic potential satisfy

f(a):—/nJOBzoda. (B13)

We now transform to the (a, E, z) orbital coordinate system, which is more useful for transforming A into other coordinate systems. To do this
we assume that we have a thin disc, allowing us to evaluate the coordinate transform at the mid-plane similar to Ogilvie (2018). This works
equally well for the unstratified discs considered in the rest of this paper. The vector potential in this coordinate system is

A, = —e, sinE/]oBzo(a)da, (B14)

Ag=(1 —ecosE)/J"BzO(a)da, (B15)
1

A, = —E/HOJOB,O(a,Z)da. (B16)

The general expression for A in Cartesian and cylindrical coordinates are fairly complicated, but can be obtained from the above expressions
as follows:
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1 . ay ay o
Ax=—7 casinEoo —l—(l—ecosE)a J°By(a)da, BI17)
A, =1 e L 0 /JOB (@)d (B18)
= — in E— - SE)— 7 ,
y 7 e, s ¥ e cos % zola)da
1
A= —E/H°J°Bzo(a,2)da, (B19)
while the expression in cylindrical polars can be obtained in the usual manor from Ag = cos @A, + sin @A, and A, = —rsin pA, + rcos pA,.
To evaluate these we require the following expressions for the partial derivatives of the Cartesian coordinates,
x 1 —e(e+ae,) . . . .
3 = (cosE —e)cosm — ﬁ sin E sinw — ae, cosw — a(cos E — e)w, sinw —aw,\/ 1 — esin E cos w, (B20)
0
é = —asinEcosw —ay/1—e?cos E sinw, (B21)
dy 1 —e(e+ae,) . . . . .
— =—— " sinEcosw + (cOSE — e)sinw — ae, sinw — aw,\/1 — e?sin E sinw + aw,(cos E — ) cos w, (B22)
Oa V1 —e?
0
%=a\/1—ezcosEcosw—asinESinw. (B23)

For an untwisted disc where the pericentre direction is aligned with the x-axis, these expressions simplify significantly and we arrive at the
following expressions for A in Cartesian coordinates

sin £ 1 —e(e +ae,) /
Ay =— V1 —e*cosE+ ————(1 —ecosE J°B.y(a)da, B24
i <ae V1—e + T (1—e ) o(a)da (B24)
1
A, = Vi (—ae, sin® E + (cos E — e — ae,)(1 — ecos E)) / J°By(a)da, (B25)
1
A, = —E/HOJOB,O(a,Z)da, (B26)
while in cylindrical polars A is given by
in E
Ag =0 (—cosdJaea\/l —e2cos E — cos (1 — e cos E) — sin pae, sin E —mﬂ) / J°Bu(a)da, (B27)
J V1 —e?
r(. . 3 . .1 —ele+ae,) .5
Ay = 7 sin E singae,\V/ 1 — e? cos E + sm¢)smE72 (1 —ecos E) —ae, cospsin® E + cos p(cos E — e — aey)(1 — ecos E)
—e
X /JOBZU(a) da, (B28)
1 .
A, = —E/HOJOB,O(a,z)da. (B29)
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