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Harris’s method for non-conservative periodic semiflows and
application to some non-local PDEs

EL ABDOUNI Adil *
October 25, 2023

Abstract

In this paper we propose some Harris-like criteria in order to study the long time behavior of general
positive and periodic semiflows. These criteria allow us to obtain new existence results of principal eigenele-
ments, and their exponential attractiveness. We present applications to two biological models in a space-time
varying environment: a non local selection-mutation equation and a growth-fragmentation equation. The
particularity of this article is to study some inhomogeneous problems that are periodic in time, as it appears
for instance when the environment changes, due for instance to the seasonal cycle or circadian rhythms.

AMS Class. No. 47A35, 35B40, 35B10, 35Q92, 45K05, 92D25, 45M05, 92D15.

Introduction

Many phenomena in biology that rely on periodic time scales appear in the literature. We can cite for
instance [5, 27, 30, 31] for adaptive dynamics problems, or [9, 10, 11] for circadian rhythms and cancer cells.
Therefore, it is crucial to understand evolution equations with periodic coefficients in time, and more specif-
ically the long-time behavior of such equations. In the field of ordinary differential equations (ODEs), the
situation is well-established and extensively described by Floquet in [20] for linear ODEs. Regarding linear
partial differential equations (PDEs), the state of the art is much more limited. The first eigenvalue problem is
well understood and solved in [25] for general time-periodic parabolic operators, but much less is known about
non-local equations. As far as we know, the only existing studies consider nonlocal dispersal operators with
time-periodic zero-order term, see [26, 35, 36, 37] and the discussion at the end of the present introduction.

Thus, the aim of this paper is to examine the long time behavior of non-local linear PDEs d;u(t) = Au(t)
with a T-periodic operator A, which means that A;yp = A; for all £ > 0. More precisely, we are searching for
some conditions on the operators in order to have asynchronous Malthusian behaviour u(t) ~ e*¢=%)~, (h,, u,)
when ¢t — oo for a fixed initial time s, where us = wu(s) is the initial condition. The coefficient Ap is the
so-called Floquet eigenvalue associated to the direct and dual periodic eigenelements (v¢):>0 and (h¢)i>0. The
solutions to the Cauchy problem related to a linear PDE can be represented using a semiflow of linear operator.
In this particular study, our focus lies on investigating the ergodic properties of positive semiflows. We say
that (M, )i>s>0 is a semiflows if My, = Id and My, = MM, for all t > u > s > 0, and T-periodic
if Moypuvr = M,y for all ¢ > s > 0. In this article we consider periodic semiflows (M, ¢)i>s>0 of positive
operators which act on a space of weighted signed measures on the left and on a space of weightedly bounded
measurable functions on the right, and which enjoy the classical duality relation (uMs s, f) = (1, Ms 1 f).

The case of homogeneous environments, which means that A; = A for all times ¢, have been widely studied.
When the semigroup is conservative, which means that the total number of particles is preserved along time for
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a linear PDE, and more precisely M, ;1 = 1 for all ¢ > s > 0. It holds when particles move without reproduction
or death. In this case, Harris’s theorem provides conditions that ensure exponential convergence towards an
invariant measure. The method originates from the pioneering works of Doeblin [15] and Harris [24], and has
been widely developed since then, see notably [6, 23, 33]. When delving into biological systems, the inclusion
of birth and death processes frequently occurs, leading to the emergence of non-conservative semigroups. In
such scenarios, the dynamics aren’t anticipated to reach an invariant measure, but rather to exhibit Malthusian
behavior as it has been studied in [2, 3].

Harris’s method is a contraction approach that can be used for dealing with non-homogeneous environments,
as in [2]. Our objective is to extend this technique in order to alleviate and streamline certain assumptions
associated with the spectral approach, while also presenting more quantitative outcomes. We apply these modi-
fications to two well-established models: selection mutation and growth fragmentation, thereby enhancing their
applicability. With that objective in mind, we draw inspiration from and employ techniques developed in the
field of probability theory. These techniques serve as valuable tools to achieve our intended purpose. We refer
to [2] for the establishment of the basis of this approach for homogeneous environments. The first part of this
paper is to obtain some abstract results of general periodic semiflows, and the second part is devoted to apply
those result on the study of a non-local selection mutation and growth fragmentation equation with two different
methods.

Time-periodic selection-mutation equations raised interest in the last few years, and parabolic models have
been considered and studied in [7, 18, 19, 29]. In these models, the mutations are approximated by a local
Laplace operator. In contrast, we consider the non-local selection-mutation equation

Oru(t, x) + Ozu(t,x) = /[Ru(t, Y)Q(y, dx)dy + a(t, x)u(t, ),

which is the non-local counterpart of the model studied in [19]. This equation models the dynamics of a
population which is structured by a phenotypic trait z € R in a time ¢ > 0. Indeed, the solution w(¢,x) can
describe the density of traits x in each time ¢ in a population, a(t,z) models the balance between birth and
death of traits x in a time t and we suppose that at each period of duration T this fitness is repeated. The
kernel Q(y, dz) models the mutations through the birth of an individual with trait « from one with trait y. The
drift term accounts for a shifting environment, that can be due for instance to global warming, see [4]. We refer
to the papers [12, 14, 28] for the homogeneous case a(t,z) = a(z).

Moreover we have a keen interest in growth models that adopt the structure of a fragmentation equation
preserving mass, along with the inclusion of a transport component. These models are used to depict the
progression of a population wherein each entity undergoes growth and division. The entities can be cells [32,
34], polymers [22], or similar entities and are characterized by a variable 2 > 0, which could represent size [17],
label [1], protein content [16], length of a fungus filament [38], and so on. Periodic environment appears for
instance in the PMCA technique, which aims at amplifying the polymerization process of proteins by alternating
incubation and sonication phases. We refer for instance to [8, 13] for more details and references. In order to
model this, we study the following equation

oo

Opu(t, ) + 0 (T(¢, x)u(t, z)) + B(t, v)u(t, z) = / b(t,y, x)u(t, y)dy.

x

The unknown wu(t,z) represents the population density at time ¢ of some particles with size x > 0. The
fragmentation kernel is of the form b(t,z,y) = Lk (£) B(t,z) where £ is the fragmentation distribution. Each

particles grows with speed 7(¢, ) and splits with rate 5(t, ), and these rates are supposed to be periodic in time.

The following models, closely related to our models, have been widely studied in a series of paper [26, 35,
36, 37].

—owu(t,z) + A K(z,y)u(t,y) dy + a(t, x)u(t,z) = Au(t,z), u(t+T,)=ult,-),



where z € Q, with Q@ C RV a bounded domain, and a(t + T,-) = a(t,-) for all ¢ > 0. Indeed they obtain the
existence of a principal eigenfunction in different cases. In [26], the authors treat the one dimensional case N =1
for K > 0 continuous and a Lipschitz. The higher dimensions N € N are considered in [35], where sufficient
conditions are provided in the case of a convolutive kernel K (z,y) = J(x —y) with J € C* and J(0) > 0. These
conditions were then sharpened and somehow simplified by [36]. In [37], the authors are interested in the case
where a = 0 on a subdomain Qy C Q, still for any N € N, and a kernel K(z,y) = J(z — y) with J continuous
and even. The main differences compared to our examples is that in those works there is no transport term
involved, the domain is bounded, and the integral kernel is always independent of time, while it is time periodic
in our growth-fragmentation example. However, the dimension of the trait space can be higher than 1 in [35,
36, 37], and in order to apply our method to our models, we will need to make some assumptions on the kernel
and fitness terms which will be introduced in Sections 2 and 3.

The organization of the paper is the following. In section 1, we present a contraction method and propose
two sets of assumptions allowing to obtain a convergence result presented by Theorem 1. We use Assumption B
for the selection-mutation model that will be introduced in Section 2. Finally, we obtain a convergence result
of a growth-fragmentation model in Section 3, by using Assumption A.

1 An abstract result

We are interested in the long time behavior of positive and periodic semiflows in weighted signed measures
spaces. Let us start by defining more precisely what we mean by weighted signed measures. Let X be a
measurable space, for a function V : X — (0, 00) we denote by M (V) the set of positive measures on X such
that

Vi€ My (X), (1, V) :/ Vidp < oo.
x
We define the space of weighted signed measures as
MV) =My (V) = My (V).

It is the smallest vector space with positive cone M4 (V), i.e. an element p of M(V) is the difference of two
positive measures 4, u— € M4 (V) which are mutually singular (by the Hann-Jordan decomposition). For a
rigorous construction we refer to Section 2 of [3]. As we are going to use a duality approach by working on
functions, we add that It acts on the Banach space

B(V) = {f X = R measurable, | ls(v) = sup |‘f;((?)| - OO},

through the following linear relation
Gof) = [ fdw = [ g whon e MV). £ € BV).
The space M(V) is a Banach space for the weighted total variation norm

lullmery = sup  (u, f).
IfllBovy<1

Let us recall a result proved in [3] for a positive discrete time semigroup (Mp)nen = (M™)nen by first writing
the assumptions necessary for the result.

Assumption A. There exist a function 1 : X — (0,00) with ¥ < V, some integer k > 0, real numbers
B>a>0,0>0, (c,d) € (0,1)2, a subset K C X such that supy V/vy < oo, and some probability measure v
on X suported by K such that



(A1) MMV < aV + 01

(A2) M*y > By
k T
(43) vf € Buv/u), in ML > o
Mnkw “ Mnk¢($)
(A4) Vn € N, <1/, R > > dzelgiﬁf(ﬂ?) .

With those assumptions, [3, Theorem 5.5] reads as follows.

Theorem 1. Let (V,v) be a couple of measurable functions from X to (0,00) such that ¥ < V and which
satisfies Assumption A. Then there exist a unique triplet (y,h,A) € M4 (V) x B4(V) X R of eigenelements of
M with (y,h) = ||h|lgvy =1 and h > 0 i.e. satisfying

YM =Ay and Mh= Ah.
Moreover, there exists C > 0 and w € (0,1) such that for all n >0

AT uM™ = (s i)yl mevy < Ce™™ [l amevy-

The first aim of the present paper is to derive from Theorem 1 a similar result for time continuous periodic
semiflows to a periodic propagator. We first introduce a generalisation of eigenelements for periodic semiflows.
We say that (vs, hs, AF)s>0 is a T-periodic Floquet family for a T-periodic semiflow (M, ;)i>s>0 if for all
t>s>0

Ys+T = Vs and hyir = hy.

Vs Mg = e)‘F(tfs)% and M, hy = e)‘F(tfs)hs.
Theorem 2. Let (M )o<s<t be a positive T-periodic semiflow such that (s,t) — ||Ms:V ||y is locally
bounded, and suppose that Ms, s,+1 satisfies Assumption A for some functions V. > 1 > 0 and some sy €

[0,T). Then there exists a unique T-periodic Floquet family (vs, hs, Ar)s>0 C M4 (V) x B4(V) X R such that
(Ysy hs) = [|hsllgvy = 1 for all s > 0, and there exist C > 1, w > 0 such that for allt > s > 0 and all p € M(V')

le = My = (s ho) el vy < Cem |l gy (1.1)

Proof. Applying Theorem 1 to the operator M = Mj, s,+1, we get the existence of a unique triplet (v, h, A) €
M (V) x B4(V) x R of eigenelements of M with (v, h) = [|h|/g) =1 and h > 0, which satisfies

YMsy 5o+ =Ny and Mg, so+7h = Ah.

For ke Z,s € [so+ kT,so+ (k+1)T] and t € [so + (k — 1)T, so + kT we define A\p = % and

- kT—t A kT —
ht =€ F(so+ )Mt,50+kTh/ Vs = € F(sot S)"YMSDquT,s-

Note that we have in particular hs, 457 = h and 5,1, = 7 for all k € Z. Let us take s € (so+kT, so+(k+1)T),
we will show that (vs, hs) = ||hs|lBvy =1, hsyr = hs and yepr = 7.

(s, hg) = AP (s—s0—kT) (YMay sk, hs) = e F (s—s0—kT) (v, Mgy kr.shs) = e—>\FT<77 M50+kT,so+(k+l)Th>
= AeiAFT<’y7h/> = 17

= €_>\F(SO+(k+2)T_S_T)MS+T,SO+(k+2)Th =€
e)\F(50+kT7

it _)\F(SO+(k+1)T_S)MS,S()-‘r(k?-‘rl)Th’ = hy,
— Ar(sot(k+1)T—s-T)

Ys+T = ’7M50+(k+1)T,s+T = S)/YMS()-"-ICT,S = Ys-



So we proved that (vs, hs, Ar)s>0 is a T-periodic Floquet family, and we will now prove the stability estimate
(1.1). We know from Theorem 1 that there exist C' > 0 and w € (0,1) such that for all n > 0 and for all
neM(V)

AT MG oo = (s )Y lmvy < Cem™ [l amevy-

So, for s = sg and t = sg + nT equation (1.1) holds. Let us take two integers n,k > 0 such that 0 <
so+ kT —s<Tand 0 <t—sy— (k+n)T <T, which gives the existence of ¢ > 0 such that t — s =nT +t'.
Moreover (s,t) — || M :V||g(v) is locally bounded, so there exist C' > 0 such that

max (|| My sk V l50v) 1Moot (ernyre VI 50vy) < C-
Which gives
e M = (s b )l waevy = lle T UM, e M2 e Mg s etmyre — (s hs) el v
= ||e= " (A" M oo rr MY oo v — (WM sornr, B)Y) (Mot (emyrit) laaovy
< C“Ce*"“’e’“tl||MMs,so+kTHM(V)
< eI |l vy

where C' = 5206(_)‘F+W)T, which concludes the proof. O

In practice the assumption (A4) might be quite complicated to verify, so we will replace it with another
assumptions that are stronger but sometimes easier to check. For some functions f,g : £ — R, the notation
f < g means that f < Cg for some C > 0.

Assumption B. There exist a time sg > 0, a subset K C X, a time 7 > 0, constants § > a > 0, ¢ € (0,1] and
6 > 0 and some probability measure v on X supported by K such that for a couple of functions (V,) from X
to (0,00) which verifies v <V on X and V <9 on K we have

(B0O) M,V SV oand M 2 on X uniformly over so < s <t <sg+ 27

(B1) Vs >0, Ms oy, V <aV + 01y

(B2) Vs > 0, Ms,s-l—Tw > ﬁ’@lj
o My soi- () ()

B3 Vf € BL(V/¢), inf —Swot > clv,

( ) f +( /dj) 2eK M50150+T¢($) < f>

M50750+n7'2/](y) <C
Ms,ernTU)(y) - ’

and there exist d > 0 and a family of probability measures (04 )z ycrx over [0,7] such that

(B4) aC >0, Y(s,n,y) € [s0,80 + 7] x N x K

My 50+ f () so+T Mu,s()-l-'rf(y)o
(B5) U € Bu(V), oy € K, Tl g / e, ).

Condition (B5), which was introduced in [12] in the non periodic case, ensures the existence of a time 7 such
that, with positive probability, uniformly with respect to any initial positions x and y in X', the trajectories
issued from z intersect at time 7 the trajectories issued from y at some random times u € [sg,7]. We present

an example which explain why we need to add the condition (B4) unlike the homogeneous case presented in
the paper [12] which not need (B4). Let us take the equation

Owu(t, x) + Opu(t,z) = sin(t — x)u(t,z), (t,z) € R

We define the semiflow (M ;)i>s>0 by My f(x) = u(t, z) with initial data u(s,z) = f(x), which gives for this
equation M, f(z) = f(z +t — s)e(t=s)sin(z=s) " A gimple computation shows that

MS,S+7€T¢(‘T) _ ekT(sin(m—s)—sin(m—u)) )
Mu,u-i—kTw(‘r)



So, we clearly see that if sin(z — s) — sin(z — u) > 0, then lim MW(I)) = 0.

k= too Muutrrd(z
Now, We will prove that Assumption B implies Assumption A for My, s,+7, by showing that Assumption
B implies the existence of a constant d > 0 such that for all z,y € K and alln >0

MSO,SoJrnTw(I) > dMSO,SoJrnTw(y) )

> (1.2)
¥(x) ¥(y)

It will prove (A4), because v is a probability and v is bounded on K. Before to start the proof we begin with

a simple lemma which shows that we can control the ratio I\I\//[[s‘t v for fixed initial time s, uniformly in the final

times ¢ and u with |t — u| bounded.

Lemma 3. We take a T-periodic semiflow (M ;)o<s<i¢ which verifies (B0), (B1) and (B2) with T = kT. Then,
there exist C,c1,co > 0 such that for any s > 0 and t > u > s such that t — u < T, we have for all x € K

MsﬁtV(.I) S OMsyt’l/)(.I)
ClMs,uw(I) S MS,H/J(I) S C2Ms,uw(x)'

Proof. Let us fix t > s and take k € N such that t € [s + kT, s + (k + 1)T]. Let us start by proving that there
exists C' > 0 such that M,V (x) < CM;¢(x) for all x € K. Using assumptions (B1) and (B2) we have

Ms,s-i—kTV < OéMs,er(kfl)TV + eMs,er(kfl)Tw; Ms,s-i—kTw > ﬁMs,er(kfl)Tz/}u
which yields
M sixTV < a M ey ge—nyrV

< + 6,
Mg sikry = B My sy (k—1)T%
and we deduce by induction
k
Ms,s-l—kTV < (g) K + 0 '
Ms,erkTw ﬂ 1/} ﬂ -«

Using (B0) and the fact that 3 <1, we finally get

Ms)tv < Ms,s+(k71)TV < K
Ms,ﬂ/} ~ Ms,s-l—(k—l)Tw ~ 1/)

uniformly on ¢ > s > 0. Now we prove that M, ;10 < M; 4 in K, uniformly in v € [t — T, t]. To do so, we write

(1.3)

Ms,tw < Ms,tV = Ms,uMu—kT,t—kTV S Ms,uV 5 Ms,uwu
where we have used (1.3) in the last inequality. To finish, we prove M, 4 < Mj 1), which readily follows from

(B0) by writing
Ms,tw = Ms,uMufkT,tfkTw Z Ms,vﬂ/)-

Now we have the tools to demonstrate that Assumption B implies Assumption A for M sy7.

Theorem 4. Suppose that the T-periodic semiflow (Ms)o<s<t verifies Assumption B for a time sop > 0 and
T =KkT for an integer k. Then the operator M, sy verifies Assumption A.

Proof. Let us fix s > 0. By Assumption (B0), Condition (1.2) is clearly verified for ¢ € [sg,s0 + 7]. When
t> so+ 7, using f = My, 0(x) in (B5) ensures that for all z,y € K

Mso,tdj(x) 2 C/SDJrT Mu,zﬂﬁ(?!)

(@) O R Aa



So, in order to show (1.2), we need to verify

IC >0, V(u,y) € [so0,s0 + 7] X K, Mo 00y) <C. (1.4)

Mu,tw(y)
For u € [so, so + 7], let us take | = [2=2¢], so that s <t —I7 < so+7and u <t— (I — 1) < so+ 27. By

Lemma 3, we have
MSo,tw < M50750+ZT1/}

Mu,tw ~ Mu,u-{-lrw '
By using (B4) we clearly obtain (1.4). Moreover, we note that Assumption B clearly implies (A1), (A2) and
(A3), which concludes the proof.

O
2 Application to a selection-mutation model
We apply our method to the following non-local equation with drift
Owu(t, z) + Opu(t,x) = / u(t,y)Qy, dx)dy + a(t, z)u(t,z), (t,z) € (s,00) x R @)
R 2.1

u(s, ) = us(x).

We suppose that a : R?> = R is a continuous function on R?, T-periodic in time and C' in space such that
t t
VR > 0,3Cg € R,¥(z,t,a) € [-R,R] x R x [O,T],/ a(t +a,z+7)dr < Cgr —|—/ a(t,z + 7)dr, (2.2)
0 0

and there exist continuous functions a, @ which verifies | llim a(x) = —oco and a(+) < a(t, ) <a(-) for all ¢t € Ry,
xT|—r0o0

and we set A = supg@. A function which verify (2.2) can be for example a(t,z) = —+/|x + sin(t)]. We also
assume that x — Q(z,-) is a narrowly continuous function R — M (R) which satisfies

36, Iio,VI € [R; Q(x,dy) > Hol(m—e,z-l-e)(y)dy (23)
@ =supQ(z,R) < oo (2.4)
zeR
301 €R,; Y(z,y,0) ER xR X [0,T],; Qz + a,y) < C1Q(w,y). (2.5)

We recall that (i, )n>0 converges narrowly to p if [ fdpu, converges to [ fdu for every bounded function f. An
example of a function verifying (2.5) can be given by Q(x,dy) = e 17ldy.

Theorem 5. Under Assumptions (2.2), (2.3), (2.4) and (2.5), there exist constants C,w > 0 and a unique
T-periodic Floquet family (vs, hs, A\p) C L' x C} x R with {vs, hs) = ||hs|loc = 1 for all s >0, such that for any
ingtial condition us € M(R) the corresponding solution u(t,z) of equation (2.1) verifies for all t > s

ult, e = ([ ey v

The method of proof consists in applying our general result, Theorem 2, to the semiflow (M, ;)i>s>0 asso-
ciated to Equation (2.1), which is defined through the Duhamel formula

< C ]|y e,
TV

t
M f(z) = flx +t— S)efs a(retT—s)dr | / el alr atr —s)dr’ / M::f(y)Q(z + 7 — s,dy)dr. (2.6)
R

S

by using the Banach fixed point theorem. This semiflow satisfies

atMs,tf = Ms,tﬁtf and 85Ms,tf = _EsMs,tfu



where L is the generator associated to equation (2.1), which reads

L.f(x) = /() + a(s,2) f(z) + / F)Qz. dy).

We will rigorously demonstrate that all is well defined in some suitable spaces.

2.1 The dual equation
Let us start by setting the dual equation of (2.1) which is

_0,(s,2) — Dyu(s,a) = / (5, 9)Qa, dy) + als, 2) (s, 7). (2.7)

We denote Y = {(s,t,:v) ER3 0<s< t}.
Definition 6. We say that v € Cy(Y) is solution of (2.7) with final condition (t,t,-) = f when for all
(s,t,z) €Y

t
1/}(S,t,117) _ f(:Z?—Ft— S)ejs a(T,er‘rfs)d‘r_'_/ ef; a(Tl’z+T,7s)dTl/1/)(T,t,y)Q(:Z?+T _ S,dy)dT. (28)
s R

Let’s start by proving the following theorem using Banach’s fixed point theorem.

Theorem 7. For all f € B(R), there exist a unique function ¢ € B(Y) solution to (2.7) with final condition
P(t,t,-) = f. Additionally if f € Cy(R) then ¢ € Cy(Y). Moreover, when f € CL(R) we have

atMs,tf - Ms,tﬁtf and as]\4s,tf - _LsMs,tfa
where M f(z) = (s, t,x) for allt > s >0 and x € R.

Proof. Let € > 0 to be chosen later and let us take n = [ L] 4 1, and denote for all k € [0;n]

€

YF = {(s,t,2) € R®, max(0,t— (k+1)e) <s<t—ke}.
We will construct by induction a function 1, in each set Y. Let fo € Cp(R), we start by defining the operator
Lo : BY?) — B(Y?) by

t
Tog(s,t,x) = folx +¢— S)efst a(retT—s)dr | / el alr atr/ —s)dr’ / g(m, t,)Q(x + 7 — s,dy)dr.
s R

For g1, g2 € B(Y,?) we have

t
(Fogl - F092)(87t7 ‘T) = / ejs a(r et —s)dr /(gl(Tvtv y) - 92(T7 t,y))Q(JJ +7 =5 dy)dT7
s R

from which we deduce
t

[Togr — Togz2ll,, < Q llgr — 92”00/ el Tt T =04 g < At — ke — 5)Q g1 — g2]l < €eQ g1 — g2l -
S

So, for eed < %, Ty is a contraction, and we deduce from the Banach fixed point theorem the existence of a

unique fixed point 1o in B(Y?).
Let us take k € [1;7n], we have 1,1 € B(Y*~!) and we define the operator: I'y : B(Y}~1) — B(Y*~1) by

t—ke
Thg(s,t,2) = fult, o+t — ke — s)eli " alrasr=adr | / elemmr / 9(r,t,9)Q@ +7 — 5, dy)dr.
s R



where fi(t,-) = tp_1(t — ke, t,-). For g1, 92 € B(YF), we have

t—ke
Cugn = Dug)(s.to) = [ e o asm 00 [ (gy(r,t,) = gu(r ) Qe+ 7= s, dy)ir
s R
from which we deduce similarly as in the previous step that

ITrgr — Tgall, < e“eQ g1 — g2l

So, for eet < é, T’k is a contraction, and we deduce from the Banach fixed point theorem the existence of
a unique fixed point v in B(Y¥). As we have Y = U_,Y* we define ¢ by ¢, in Y*. And we obtain the
existence of a unique fixed point 9 in B(Y'). Moreover, by using the density of B(R) in Cy(R), we deduce that
if f € Cp(R) then ¥ € Cp(R).

Let N € N, we note

YNZ{(s,t,x)EIRB,OSSSt xe[—N,N]}
Yy ={(s,t,2) € R?, max(0,¢ — (k+1)e) <s<t—ke, z€[-N,N}.

If f € C}(R) we will do the fixed point in all {g € C}(YFy), g(t — ke t,-) = r_1(t — ke, t,-)} with the norm
Hller = oo + 192+l oo + 1105l + 105l
Let us denote for g € C}(R?)
Li(s,t,x) = f(z +1t — s)els almatT=s)dr

2(s,t,x) = / el atrh ot =s)dr /g(T,t,y)Q(I+T—s,dy)dT

= / ef“+s a(r’,xz+71'—s)dr’ /g(u + 5,6, 9)Q(z + u, dy)du (2.9)
0 R
t+m uU—x ’ ’ ’
= / els T alr wtr —s)dr / g(u—z,t,9)Q(u — s, dy)du. (2.10)
s+x R

By differentiating I; we get
Oli(s,t,x) = (fl(x+t—s)+alt,x+t—s)f(x+1t—s))el almatr—s)r
t
0511 (s, t, ) = ( fla+t—s)—a(s,z)f(x+t—s)— flx+t— s)/ Oga(T,x + 7 — S)dT) efs almetr=s)dr



and for I5 using (2.9) we obtain

t
8 Irg(s, t,x) = els “(T’“T_S)‘”/ fW)Qx +t—s,dy) + / els o+’ =s)dr’ / Org(T,t,y)Q(x + 7 — s, dy)dr
R R

S

aSI2(87t,:E) = _efst G(T7$+T—S)d7' / f(y)Q(x + t — S,dy)
R
t—s u+s u-+s ’ ’ ’
+ / <a(u +s,x+u) —a(s,x) — / Opa(r o+ 7" — s)dr’> el alr @t —s)dr
0 s

t—s
/ g(u + 8,1, y)Q(:E + u, dy)du + / efsu+5 a(r’,z+7"'—s)dr’ / 8Sg(u Ysit, y)Q(;E fu, dy)du
R 0 R

= —eli et [ Qe+t = s.dy)
t T
i / (a(T’ z+7—s)=a(s,z) - / Opa(tx+ 7' — s)dT’) el a(r! w7 —s)dr

t
/g@uwQu+r—a@wT+/eﬂ“ﬂﬁfﬂWf/mMnan@+T—a@Mu
R R

S

Using (2.10) we obtain

0uIx(s,t,x) = el eratr=a)dr /[R fW)Qz +1t—s,dy) — /[RQ(S, t,y)Q(x, dy)
e wee u—z ’ ’ ’
- / (a(u —x,u—s)+ / Opa(r’,x+ 71" — S)dT') el alr! et —s)dr

s+x
t+x

/ﬁw—aquw—a@Mu—/ e”ﬂ“*””ﬂﬁ/fmw—%uwa—&@Mu
R R

s+x

_ jsr a(t,x+71—58)dT _ _
’ lﬁﬂ@@@+t &@)‘Ag@an@Jw

t T
- / (a(T’ TH+T— S) + / aza(Tl, x+7 — S)dTI> ef; a(t' x4+ —s)dr’

/g(T ty)Qx+71—s dy)dT—/ eJdalr et =) /859 (1, t,9)Q(x + 7 — s,dy)dr
R
— o)t a(‘r,erTfS)dT/lRf(y) Qx+1t—s,dy) — / (/ 0s9(s,t,y)ds — f(y )> Q(z,dy)

t T
B / (G(T, THT—8)+ / Opa(r,x+71 — 3)d7’> el alrhatrim)dr’

¢
/ 9(r,t,9)Q(x + 7 — s,dy)dr — / eld alratr —s)dr’ / 0s9(1,t,y)Q(x + 7 — s, dy)dr.
R R

S

So we deduce that for all g1, g2 € {g € C}! (YekN), g(t,t,-) = f}

tlogr — Ol 0g2|loo = € «Q td1 — 0t92|| o
[0:T 9iTog2|lo, < e eQ 0 drg2||
s1091 — 0Usl 09250 = € €A g1 — 92|l T € €A sg1 — Us92||
|05 dsTog2|,, < 3Ae Q|| oo + e | 7|
18:Tog1 — 9uTogell.e < €Q (10591 — g2l + Ae“eQ|gr — goll o + sup  Oga | 2eQ g1 — goll
[0,T]x [~ N,N+T)
+e“eQ 9591 — Bgll

<Q (Ae“‘e - < sup 3ma> 626“‘) g1 — g2l o (Qe + et ) 10591 — s g2l o
[0,7] ]

X[-N,N+T
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So, we obtain

ITogr — Togallcn < @ (366‘46 + 4Aee + ( sup 5za> et + 6) g1 — g2llcn -
[0,T]x[~N,N+T]

[0,T)x [~ N,N+T
Banach fixed point theorem the existence of a unique fixed point 1y in C} (YekN) In the same way that

As <3e€Ae + 4Aes4e + < sup Bma> e2esd + e) < 5 I'p is a contraction, and we deduce from the
]

we did for continuous functions, we obtain by induction a unique fixed point ¥y in C} (YekN) As we have
YN = nglY:N, we define ¥y by Yy = ¢y in YEkN We then obtain the existence of a unique fixed point ¥y
[e]

in O} (U, Vioy)-
To show that the fixed point is differentiable at the boundary of the sets we denote for all k € [1;2n — 1]

}Z?Nz{(s,t,x)E[R3, max(0,t —€/2) <s<t, —-N<z<N}
VEy = {(s,t,2) € R®, max(0,¢— (2k+3)e/2) < s<t— (2k+1)e/2, —N <z < N},

and define the operators I'y, : Cb(ZkN) — Cb(f/ekN) In the same way we prove that I'y, is a contraction for all
k € [0;n] , so again from the Banach fixed point theorem we obtain a fixed point wN in Cl(U2” 1Yf ). By
uniqueness of the fixed point we have ¢y = 1/}N so we deduce that ¢ € C}(Yn). We define ¢ by ¢(z) = ¢ (z)
if z € [-N, N], by uniqueness of the fixed point we clearly have wN’ = ¢y for M < N, so ¢ is well

(_MvM)
defined, and we obtain that 1 € C}(Y).

To conclude the proof let us show the properties
Ms,tf = Ms,t£tf7 65Ms,tf = _EsMs,tf'

From the computation of 9;I", we have

t
oY(s,t,x) =Lif(z+1t — S)efst a(r,z+7—s)dr + / els alr s wtr'=s)dr’ / (7, t,9)Q(x + 7 — s,dy)dr.
s R
So, if 'y = v, we obtain
t
Onb(s,t,x) = Lof(x +t — S)efst a(rztr—s)dr | / eld alr mtr!=s)dr’ / (7, t,9)Q(xz + 7 — s,dy)dr,
s R

80, if 9 is the fixed point of I with terminal condition f, then 9;% is the fixed point of I" with terminal condition
L:f. By uniqueness we deduce that 0; M, ) = M, L1 and from the computation of 9;I" and J,I" we have
OsTY(s,t,x) = =0, T(s, t,x) —a(s,z) f(x + ¢ — s)efst a(retr=s)dr _ /[Rd)(s, t,y)Q(z, dy)
- /t a(s, x)els (7wt —s)dr! /[R (1, t,y)Q(x + 7 — s,dy)dr
= =0T (s, h) = [ 0l t0)Q.d)
—a(s,x) (f(a: 4+t — s)ef a(r@t+7—s)dr / JJ alr @t —s)dr! / V(1 t,y)Q(x + 7 — s, dy)dT)

= =0, TY(s,t,z) — a(s,z)T'Y(s, t,x) — /Rw(s,t,y)Q(x,dy).

11



If ¢ is the fixed point of T with terminal condition f, we then obtain 95t (s, t,z) = — L4t from which we deduce
that 65M5)t’¢ = _EsMs,tw-
O

2.2 Construction of measure solutions
We start by the definition of a measure solution for our PDE.

Definition 8. A family (ps,¢) is called a measure solution to Equation (2.1) if for all bounded and continuously
differentiable function f the mapping (s,t) — (s, f) is continuous and for allt > s >0

tos 1) = (ttsoss f) + / (ttasr Lo f)dr.

For p € M4 (X) and t > s > 0 and a borel set A we define

(M) (4) = [ Mitadp
R

We will start by proving that M, ; defines a positive measure and verifies the duality relation.

Theorem 9. For all p € M4 (X) and all t > s > 0, uM,, defines a positive measure. Additionally for all
bounded measurable function f we have the relation

<,UMS,ta f> = <,ua Ms,tf>'

Proof. Clearly, as M, is a positive operator we have that uM,, is positive and (M) (@) = 0. Let (An)n>o0
be a countable sequence of disjoint Borel sets of X and define f,, = >, 14, = 1up_, 4, For any integer n we
have

n

P (UigAt) = [ Meafudi= S [ Mastagdn =3 (1Moo (A1)
R k=0"’R k=0

We apply the monotone convergence theorem to the relation (2.8) and we obtain by uniqueness of the fixed point
that liIJIrl (M1 fn(z)) = Mgy ( 1121 fn(:zr)> forall t > s > 0 and z € X. Moreover, (f,)n>0 is increasing
n——+oo n——+oo =

and it’s pointwise limit is = Ty A, , SO We deduce by monotone convergence
U k)
k=0

n—-+oo

lim [ My fudp = / My fdp = My, (U0 Ar) -
R R

So we conclude that uM,; (U2 Ak) = Z;OZO(MMM)(A;C) and pM, ; satisfies the definition of a positive mea-
sure. For a simple function f we have clearly the identity (uMs., f) = (u, Ms.f). We deduce by using

lim (Msifn(x))) = Ms, (mllglr—loo fn(:v)> that the relation (uMs, f) = (u, My, f) is also true for any non

n—-+oo
negative measurable bounded function. Finally, decomposing f = fi — f— we obtain that for all function f
measurable (uMs ., f) = (pt, Ms o f).

O

We can now finish this part by the construction of a measure solution of (2.1).

Lemma 10. If the family (pis1)i>s>0 C M(R) is solution to Equation (2.1), in the sense of Definition 8, then
the mapping (s,t) — ws. is continuous and for all ¢ € C}((s,00) x R) with compact support in time,

| [ @)+ ovt.a)) duarie + [ 665, 0)dste) =0
s R R

12



Proof. Assume that (s ¢)t>s>0 satisfies Definition 8 and let ¢ € C} ((s, 00) x R) with compact support in time,
we use f = 0u)(t,-) as a test function in Definition 8

/Oo/atw(tvx)dﬂs,t(:v)dt
/ /3“/’txdu55 +/°°/t/[R£T (D) dpss - (z)drdt
I

)dt
/ /(%w (t, z)dps,s (v)dt + OO/S / (8 op(t, ) + a(r, )0 (¢, z) (/{R Btz/J(t,y)Q(:E,dy)>> dps - (z)drdt

/ (/ ob(t :c)dt) i o () +/OO/R( [at it ) + a(r, 2)b(t, 7) + (/[R z/J(t,y)Q(;v,dy)>] dt) dts. (2)dr

—— [ vlssddnata) - 0.0(r.0) + alr.potra) + ( [ wlr)@ed)) ) (e

boy)

O

Theorem 11. For any measure i € M(R) the family (uMs 1)i>s>0 is the unique solution to (2.1), in the sense
of the Defintion 8, with initial distribution u.

Proof. We start by checking that for all s € R, ¢t € (s,00) — (M, f) is continuous for all bounded and
continuously differentiable function f. Due to the linearity, it’s sufficient to check that ym (uy Mg o f) = (1, f)-
—S

We write

(ks Mt f) = (s )] < ’</1'7 - /[R flx+t— S)ef;ta(711+75)d7du’ +

t
'<M,/ efs a(t',x+7'—s)dT /Mr,tf(y)Q(fL"f'T . S,dy)d7‘>
s R

< ‘<u,f> - / flz+t— S)ef:““’”””s)dfdu‘ + ( sup Mmf) Qllullrve=*(t - s).
R

TE(s,t)

The first part goes to 0 by dominated convergence and also the second term because the semiflow is bounded
for any function f bounded , which shows that ¢ € (s,00) — (UM, , f) is continuous. Let us take f € C}(R),
from 0, M f = ML f, we deduce by integration that for all z € R, we have that

s tf / Ms tLt
We deduce that, by Fubini’s theorem,
t
M) = o )+ [ s Mo Ea )i
So, we deduce from the identity (uM, ., ) = (1, Ms . f) that (uM, ) satisfies the existence part in Definition 8.

Let us now check the uniqueness. Let s € R and i, be solution to Equation (2.1) with ps s = p. Assume that
1 =0, we will use the Lemma 10 by showing that if for all £ > s, ps ¢ satisfies,

+oo
/ / (Ot 2) + Lowb(t,2)) dpies (2)dt = O,
s R
for all ¢ € C}((s,00) x R) with compact support in time, then us, = 0 for all t > s. The result will come for

any measure [i5 s not necessarily equal to 0 by linearity. If we can prove that for all ¢ € C1((s,00) x R) there
exists 1 € C}((s,00) x R) compactly supported in time such that for all (¢,z) € (s,00) x R,
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at'@[](tu ,T) + ‘Ct'@[](tv x)dﬂ's,t(x) = ¢(t= ,T),

then we get the conclusion. Let us take ¢ € C}((s,00) x R) and let T' > 0 such that supp(¢) C [0, 7] x R. Using
the same method as in Theorem 7, we can prove the existence of a solution 1 € C}([0,7] x R), and the proof
is complete. O

2.3 Proof of Theorem 5

Before proving the main theorem of this section, Theorem 5, we start by a very useful lemma which result
to a strong positivity about M, ;.

Lemma 12. Let s > 0 and x1,x2 € R with ©1 < z2, so for all y1,y2 € R with y1 < y2 and for all t > 0, there
exist n > 0 such that

M575+t]]‘[I17$2] 2 77]1[1/171/2]'
Proof. We use the Duhamel formula (2.6) with f =1, ,,), and for all s, >0

t+s
Ms,s-l—tﬂ-[ml,mz] (CE) > / efs a(r’sz+ri=s)dr /IRM"?S'i‘t]]'[zlwzﬂ (’y)Q(fI; +7 s, dy)dT
t+s T ’ ’ ’ rs+t ’ ’ ’
> / (ejs a(r! w47’ —s)dr ) (ejT a(r’ a+7' —7)dr ) / Lgy gy +t+5—7)Q(x + 71— s,dy)dr
s R
t+s rT ’ ’ s+t
> / 615 a(z+7'—s)dr j a(z+1'—s)dr’ / 1[11)12] (y +t+s— T)Q(IE +7 -5, dy)dT
s R
) t+s
> 62t inf(o,o+t) g/ ‘/[R ]1[961,902] (y +t4+s5— T)Q($ + 7 -5, dy)dT
. t+s
> rget e e 2/ / Lpyao) U+t 48 = T)ggr—s—c.otr—steq(y)dydT

s+t r+T17—5+€
Z ko 2t lnf(I ot & / / 11,12] (y + t + s — T)dydT

+7—5—¢€

z+t+e
> "5062)5 inf(e,atn) / / 11,12] )dudT
+t—e

. xz+t+e
> Hot62t mf(”*'”**)g/ 1[11)12] (u)du
r+t—e

So we have M o415, 2,)(x) > const. > 0 for all © € [x1 —t —€/2,29 —t +€/2]. Let n € N, 7 > 0 and
r€[ry —7/n—€/2,13—T/n+¢€/2], considering t = 7/n, we get that M ¢1 41y, 2,)(x) > co for some co > 0.
In the same way we have M (t—1)¢ 54kt L[z, ,20](®) > co > 0. Let us show by induction that

Ms,ernt]l[ml,wg] (.I) > 681[11—7—716/2,12—7—1-716/2]7

and we will conclude by taking n large enough. We already show it for n = 1. For n — 1 — n,

Ms,s+ntﬂ-[m1,m2] (I) = Ms,s-l—(n—l)tMs-l-(n—l)t,s—i-nt]l[;El,;Eg] (I)
> 0871M8+(n—1)t75+nt]]‘[11—T—(77,—1)6/2,132—7'-'1-(71—1)6/2]
> Cg]l[ml—‘l'—ne/2,wg—r+ne/2]'

Now, we have all the tools to demonstrate the main theorem, Theorem 5.
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Proof. Assumption (B3) For any tg,s > 0 and any € R, we have
S+t0 T ’ ’ ’
Ms 1o f(x) > / el o @t —s)dr / M siio f(Y)Q(z + 7 — s,dy)dr
s R
s+to fT a(r! o7 —s)dr! fs+t0 a(r! ot —s)dr’
> (e . ; ) (e - g )f(y+t0—T)Q(I+T—S,dy)dT
s R
stto T ’ ’ s+t ’ ’
> / el alwt! =s)dr’ o [T alwdr’ —s)dr / fly+to—7)Qx+ 7 —s,dy)dr
s R
) s+to
> e2tinf(aateg) 9/ / fly+to—7)Q(x + 7 — s,dy)dr
s R

. s+to
> kpe?t 1nf<m,m+to>£/ / JW+to — T)L(atr—s—eztr—ste)(y)dydr

s+to T4+T— s+e
> ket M@ atig) @ / / fly+to — 7)dydr
x

+T17—5—¢€
s+to x+to— s+e
> goet M@ etto) a/ / u)dudr
x+tog—s—e
) x+to—s+e
> ko(t — 5)e2t M@atto) g/ f(u)du.
x+top—s—e

We define v = 1(4,_s_c/2,t9—s+e/2)A, Where A is the Lebesgue measure. From this, we deduce that for all
to,s > 0, there exist cg > 0 such that, M o4, f(7) > co(v, f)1(—c/2,c/2)- Using Lemma 12, we have that
Ms,s-l—tf > C<V7 f>]]-(*R,R)'

Assumption (B5) We will build by induction two families (75") et (¢t *") indexed by n € N, ¢t > s,

z,y @,y
z,y € R such that ¢/ " is a probability measure on [0, ¢] which has a positive Lebesgue density s._>", ci_*
is a positive constant and (z,y,u) — ck ;" is continuous and for all f >0

Mg, f(z) > b, ”/ Moy f(y)ol’s(du). (2.11)

For n = 0: For y =  + ¢t — s, Duhamel formula (2.6) ensures that for any f >0
Mo f(@) 2 fly)elt rrsr—onr

It gives (2.11) with ¢! % = 6, and ¢} 0 = els a(ratr—s)dr,

For n — n + 1: The induction hypothesis ensures that

M, of(2) > / M f ()57 (u)du.

So by the Duhamel formula (2.6), we obtain

t . , , , T+T+—s+¢€
Ms,tf(fE) Zﬂo/ efS a(r’tr’=s)dr / t Tn/ M, tf t ‘rn( )dudzdr

+7—s—¢€

t . , , , t r+T17+—s5+€
:HO/ efs a(t’,x+1'—s)dT / / Ciij’nMu tf( ) t— Tn( )dzdudr

+7—s—¢€

.
t U . , , , T+T17+—5+¢€
_ HO/ / efs a(t’,x+71'—s)dT / Czjyf,nMu tf( ) t— Tn( )dszdu
s Js

r+T—S5—€

t U X , , , T+T17+—5+¢€
T a(r, —s)d t—7,nt—T,
:/4,0/ Mutf(y)/ el alr!atr =s)dr / e, s " (u)dzdrdu,
s s

T+T—S5—¢€
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which gives (2.11) with

t u . , , , r4+T17+—s5+€
t—s,n+1 __ Ta(t!,x+7"'—58)dT t—T,n . t—7,n
Coy = HQ/ / eli ol ) / oy 5s " (u)dzdrdu,
s Js T

+7—s—¢€
and Ufﬂjys*”*l(ds) = E;Tys’"Jrl(s)ds, with
. T+T+—s+e
51;Tys,n+l _ t n+1 / f a ! 1}-‘1—7’ —s dr / Ci,_yT)nsi,_yT)n(u)dZdeu'
T+T—85—¢€
Assumption (B2) We take t > s > 0 and consider the function
2
T2
(o) = (1 (22) 1r )
Zo

Let us consider the generator £ defined by Lf(z) = f'(x) +a(x)f(z) + [; f(y)Q(x,dy) for all f € C}(R), and
(Ms.1)i>s>0 the associated semi-group. We clearly have for all f > 0 and for all t > 0

‘th(x) > Zf(.%‘) — MS,tf(x) > M&tf(x) A MS,tf(x) > Ht—Sf(x)v
where we used the relation M, L. f = 0: M, +f.

Liof) = A% (0= ()1 aga@) + altsr)in(@) + [ (1= LQ(a.dy)

0 To —xo

4 T !
> —— (1= ()1 _p 2y (2 inf —|—/£3:/ 1— 921 pro(z
> =2 (1= (P @) <( inf ) (o) + ot | (1= 9L 0)
4 T2 ! 2 2
> __(1 - (_) ) —x0,%0) + inf 1/}0 + ’i()]l( z0,20) L0 (1 - y) (1 + y) dy
Zo Zo (- m0@0) 1- =
4 T S [1/e)\? € 4
> (1— ()2 f 1 —-(=-(—)] ———=
- xO( (xO) ) —x0,%0) + <( g; mo)g> 1/}0 + Ko (— mo,mo)xo < 8 <5 (:TO) To 5))
4 T 8&06
> —(1—-(—)2 f 1 .
> (1= (@) + 00 0) (o) + 1

If 2k0€e® > 1520, then we have

2
Z¢o<x>z4<3> +( inf g) 1/)0(117)2( inf g> do(2).
Zo (—zo,x0) (—zo,x0)

_ 2kge?
1520

Now we suppose that 2xkge® < 15z, for |z| > Zo, we clearly have

Zwo(x)z( inf g) o (z),

(=z0,%0)

and for |z| < 21”‘505 o, we have \/to(z) > 2 o(z) > 23, from which we deduce

that

— 30 . 8ko€>
> (=
EwO(:E) - ( 6063 + (—irol,fwo)g 1522 ) Q/JO( )

So for Bo = —=2% + inf @, we obtain that Lig(z) > Botbo(z). With the relation 9, M1pg = M;Ltpo and the

3
K€ (710 10)

positivity of the propagator, we obtain 9, Mg > BoM 1o, and we deduce that, from the Grénwall’s lemma,

M{lﬁo 2 eﬁotwo.
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We set ¢ = MT¢0 to have that for all t >« >0
Moy isth > M Mpihg > 0t
We note that, because of Lemma 12, v > 0.

Assumption (B1) Let us take s € (0,7), for V = 1, we have £,V (z) < a(z)V (z) + Q. Lets us take ro > 0
such that for all || > r¢ we have a(z) < —Q + o — 1 := —Q + ap. So we have
LV (x) <apV(z)+ (A—ap+ @)]1(,7«017«0)(90).
So, if we chose x¢g > 2,/r¢ in the definition of 1o we get 1(_, ,,) < 419, so we finally obtain

LV (x) < oV () + Ooto(z),

—

with 6y = 4(A + Q). For the function ¢ = V — 1)y, we obtain Ls¢ < ap¢ which gives My s 7¢ < e®T¢. We
finally obtain

1+ eoT

My o7V < TV 4 00 M; o470 = 5

1— eOt()T
V+ <90Ms,s+T1/10 - TV> .

With the Duhamel formula (2.6) we have

s+T
My gia(@) = (e +t — s)efs T a(r,x+7—s)dr + / els alr s wtr'=s)dr / M; p(y)Q(x + T — s,dy)dr.
R

Since, L,V <a+ @ we obtain
M, bo(z) < M,V (z) < @Y = 5V, (2.12)
so, we have
s+T ~ s+T T ’ ’ ! =1 A
M, g yrtho(z) < ho(x 4+t — s)els almetr=s)dr o Q/ el alrh ot =s)dr’ (@+Q)(t=1) g
by dominated convergence we have lim Maexrto(@) — (). S0 we can find C, M > 0 such that

r——+00 V(z)

1— aoT
—— v< CLli_g,R);

Oo M sy 1P0 — 5

which gives (B1).
Assumption (B4) Let us take s > 0 and u € [s, s+ T]. We want to prove that M sy 1t S My 4utikr?) in

K. From Lemma 3 we have M, 1179 S Ms 457t on K, so it is sufficient to prove that M 117 S My utkrd
on K.
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u+kT
My oprrtb(z) = O(x + kT +u — s)eli ™ alratr—s)dr 4 / el alrlatri=s)dr / My kb (y)Q(x + 7 — s, dy)dr
s R
< p(x + kel T alrbs—watr—wdr
u+kT T ! ’ !
+ C1 / efs a(r’,ztr=s)dr / MT,qukTU)(y)Q(I +7 - U, dy)dT
s R
< CeATy(a + KT)ehi™ elretrmudr
u+kT u ’ ’ ’ T ’ ’ ’
+ 0 / efs a(t' 41 —s)dr efu a(t’,z+7’'—s)dr / Mr,u+kT¢(y)Q(33 +7—u, dy)dT
s R
L L
u+kT T+u—s ’ / /
+ CleAT/ efu a(t' —uts,x+7 —u)dr / Mr,u+kT7/1(y)Q($ +7—u, dy)dr
s R
S L L
ut+kT T+u—s / ’ /
+ Cl(}eAT/ efu a(t’,x+71'—u)dr / Mr,u+kT7/1(y)Q($ +7—u, dy)dr
s R
L L

u+kT
+ 01062AT/ efu a(t',z+7"—u)dr / MT,qukTﬂJ(y)Q(x + 7 — u, dy)dT.
s R

So, to conclude the proof we only need to check that

I:= / elu ar'atr —uydr’ / M ik (y)Q(x + 7 — u, dy)dr
s R

u+(k+1)T . , , ,
< / el a(r! @tr' —u)dr / Mf,u+(k+1)T¢(y)Q($ + 7 —u,dy)dr.
u R

First, we note that by continuity of a, there exist § > 0 such that, for all 7 € (s + T,u + T), we have
el7-ra(r et —u)dr > §. With the change of variable 7 < 7 + T we obtain

utT =T / ’ /
7 = / ef“ a(t’,z+7"—u)dr / Mq—,u+(k+1)T1/}(y)Q(x +7—-T —u, dy)dT
R

s+T
1 u+(k+1)T T ’ ’ dr’
< Scl / efu a(r’,z+7"—u)dr / Mq—,u+(k+l)T¢(y)Q(fE + 7T —u, dy)dr.
u R

So we set C' = max (CEQAT ,C1CeAT %Cl) and we finally get

My i (2) < C (Myusrrd(x) + My s (g nyrto (@) -

We obtain the result because in K, we have M, (x41)7% S Muutr7?-

_ Assumption (B0) We take ¢ = 619 which preserves (B1) and (B2) with ¢ = ¢ and gives the relation
¥ <V from (2.12). O
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3 Application to the growth-fragmentation equation

We apply our method to the following non-local equation

Owu(t, ) + 05 (g(t, 2)u(t, x)) + B(t, x)u(t, z) = /OO b(t,y,x)ult,y)dy, (t,z) € (s,00) X Ry, 3.1)

u(s, ) = us(x),

where the fragmentation kernel is of the form

b(t,x,y) = éka (%) B(t, x).

where « is the fragmentation distribution which verifies k() > £ > 0 for £ > 0 and is continuous. For any
k >0, we set

1
nkz/ 2Fr(2)dz.
0

We note that the conservation of mass during the fragmentation leads to impose n; = 1, so we have g > 1. We
also note that theses assumptions on k leads that

Ya > 1, Ne < 1. (3.2)
Indeed, Na = 1+ fol(zo‘ — Z)ﬁ(z)dz < 1+ ﬁfol(zo‘ — Z)dz =1+ ﬁﬁ < 1. In this section we detail an
example for illustrative but non-exhaustive purposes, we study the case g(t,x) = go(t) + g1(t)x where gg, g1 are
T-periodic continuous functions and B(¢,z) = Bo(t) + 51 (t)x where By, 51 are T-periodic continuous functions.
We also assume that there exists ¢ > 0 such that go(t), 81(¢) > c.

Theorem 13. There exist constants C,w > 0 and a unique T-periodic Floquet family (Vs i, hst, Ar)s<t C
L' x O} x R with (Vs,s,hs.s) = ||hs,sllec =1 for all s >0, such that for any initial condition us € L'(R,dx) the
corresponding solution u(t,x) of equation (3.1) verifies for allt > s

< C ugll 2 e,

u(t,.)e A=) ( /[R hs,s(ar)us(x)dx) Vst

This result allows in particular completing a result of [21] which states that, for g1 = Sy = 0, 81 independent
of ¢, and k symmetric, we have the comparison

L1

where, for a function a(t) T-periodic we use the notation

1 T
a= T/o a(s)ds,

and, for any positive constant gg, A(go) is the principal eigenvalue of the operator

Gula) = g (z) = Frau(a) + 51 [ () (% )y

Indeed, this result is proved in [21, Proposition 6.2] under the condition that the Floquet eigenelements exist,
but the author explains that his method does not allow him to ensure this existence.

Similarly as in Section 2, we associate to the PDE a semiflow through the Duhamel formula

M, f(x) = f(Xg4(2)) e~ J2 AT Xor@dr (3.3)

t 1
+/ e_fsu:@(T',Xs,q—/(w))dT/B(T,Xsﬂ.(;[:))/ My f(2Xs - (2))k(2)dzdr
s 0
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where t
Xsi(z) = wels +/ go(T)efsT 9dr,

is the solution to the characteristic equation

{ 0s Xsp(x) = —g(s, Xs(2))
Xt,t(x) = x.

The construction of this semiflow through a fixed-point argument is very similar to the construction in Section 2,

and we do not repeat it for the sake of conciseness. We also refer to [3] for such a construction but with coefficients
independent of time.

For proving Theorem 13, we will apply Theorem 2, by finding directly the eigenvectors of the generator L;
defined by

1
(Lef)(@) =gt 2)f () + ﬁ(tvx)/ k(2) f(zx)dz = B(t, ) f (2).
0
which verifies the relation dsMs.f = —LsMsf for all f € C* N B(V) with V(z) = 1 + 2% for a certain
a > 1. More precisely, we search a family (h:);>o of C! functions, and a constant Ap > 0 which verify
hs = A=Y M, 1hy. This equality gives
Oshs = (A\p — Ls)hs.

Lemma 14. There erist A\r € R and t — ug,t — vy two T-periodic functions with C* reqularity such that

hs(z) == u_s +v_sx satisfies hs = eAF(S*t)M&tht.

Proof. We look for Ar € R and periodic functions u; and v; such that h; defined by hi(x) = u_s + v_sx satisfies
Oshs = (A\p — Ls)hs. We start by looking for particular solutions to the equation

8S<Ps - _£s<Ps

under the form ¢;(x) = m_; + n_;x. Such solutions need to verify the following ODE system
1y Bo(=t)(mo —1)  go(—t) my iy
. = . = At . 3.4
(n) (51(—15)(770 —1) gi(-0)) \n ) =AO ) (34)

Let us define the flow mapping
=t ot )
mo my

where n;, m; are solution of (3.4). If we can prove that Zr is a strictly positive matrix, then the Perron-Frobenius

theorem ensures that =7 admits A > 0 and ZO > 0 such that
0

- (uo) _ Uo
= (o) =2 ().

and we easily check that the result follows by setting

__log A Ut  _apt= (U0
Ap = T and (vt>—e = w )
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Let us then prove that =Z; has strictly positive entries for any ¢ > 0. Consider that mg > 0 and ng > 0.
Tt

B tinuity of ¢
y continuity of ¢ — <mt

>, we have that there exists ¢ > 0 such that m; > 0 for ¢ € [0,¢). Let us set
wy = e~ I 91(_“)d“nt, we have

Wy = B1(—) (0 — 1)e™Jo OB, > e(ng — 1)e™ Jo ar(mwdupy,,
and we obtain that w; > 0 in [0, €). We deduce that n, > 0 for any ¢ € (0, ¢€). Let us consider the set
X={T>0]|ns>0, my>0, Vs€(0,T)}.

We clearly have e € X. Let us suppose that sup X < oo, so there exist 7" > 0 such that ng > 0 and ms; > 0
for any s € (0,7*). As the functions are increasing we clearly have ur«, v~ > 0 and by continuity, there exist
d > 0 such that us > 0 and vs > 0 for all s € (0,7* + §), and we obtain that sup X = oo, so = is positive. [

We will now prove that the operator M, s verifies Assumption A with ¢ = hg and V(z) =1+ 2%, a > 1.

Proof of Theorem 13. The proof consists in verifying Assumption A and then apply Theorem 2 to conclude.
Assumption (A1) We compute

aTto(s)

LV (z) =a® <T +ari(s) + Po(s) (e — 1)

e = 4 r(s)atm )

IO&

We clearly have lim %(S) +ari(s)+ W + cz(ne — 1) = —o0, since 1, < 1, so we can find z; > 0 and

—+o0
6 < 0 such that
Vo > a1, LsV(x) <dx® =46V (x)—4.

By continuity of the function v, we deduce that there exist 6y > 0 and R > 0 such that
Vo >0, LV(x)<6V(x)+ 0ol g

For the function ¢ =V — 6y1g g, we obtain Ls¢ < d¢ which gives M sy7¢ < e ¢. We finally obtain
My,s47V < TV 4 00 My o7 (Lo, r1) -

By construction of 1) = hg we have M 71 = e’ T4 and in particular M sy7 (]l[oﬂ]zb) = e)‘FT]l[QRHD, which
finally gives M o7V < 9TV + eAFT901[07R]¢. So we get (A1) with a = e < 1 and 6 = e T6,.

Assumption (A2) By construction of hg we have My, o179 = e’ T1), so we get (A2) with 8 = e T >
1>a.

Assumption (A3) We would like to prove the Doeblin condition that is, for s > 0 and a compact C, there
exist k € N, and a measure v € P(C) such that

Ms,s-i—ka 2 C<V7 f>]]-C

Let us take s € Ry and C = [0, R] with R defined on (A1). For all 7 € [s,t] we have from (3.3)

M1 f(2Xar(2) > F (Xrp(2Xar (@) (@) e I 80 Xem @)a' > £ (X (X, L (2)) () e I ol IHAENX, o (@)dr”,
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Functions gg, g1, Bo, 81 are continuous and periodic, so they are bounded and we deduce that there exists B € R
such that for all z € C and 7' € [s,t] we have 3 (7', 2X; (2)) < B. We deduce that for all z € C we have

e~ [ Bo(T)+B1(T)2X, (@)dr" > o(s=)B_ We obtain by using the Duhamel formula (3.3) again that

M f(z) > e(s_t)Bﬁc/ /0 (X (X5 () (x)) dzdr.

We have 0, X, +(2Xs (2))(z) = Xsyf(x)ef: ™ < X, -(R). We note that there exists a; > 0 and az > 0 such that
for all s < t3 <tg <t we have, a1 X < Xy 1, < 02X . So,by the change of variable u = X, (2 X, - (x))(x)
we obtain

st(x) 1
M, > els t)BKac/ / ——————dzdt
tf( Tt(o GQXSt(R)

s, t(x) 1
> els— t)BIiC/ / —————dzdT
a1 X, t(O a2Xs t(R)

st ()

t—s
> (o™ t)BﬁC/ f(z)dzdr
a2Xs,t(R) a1X; ¢(0)

So we proved
Ms,tf(x) Z Csyt<ys,ta f>7

L=s__e(s=1)B e and vs+(dz) = Ta, X, . (0)<e<Xs,,(0)dT-

with ¢ = ST

Assumption (A4) For all n € N (v, w> = e\ T = w which gives (A4) with d = 1.
As announced at the beginning of the proof, the conclusion follows from applying Theorem 2. O
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