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Modelling of the viscoelastic behaviour of 
amorphous thermoplastic/glass beads 

composites based on the evaluation of the 
complex Poisson's ratio of the polymer matrix 

A series of polystyrene/glass beads composites were studied by using dynamic mechanical spectrometry. 
From experimental data obtained under isothermal conditions, a simulation method of viscoelastic 
behaviour of amorphous thermoplastics reinforced by glass beads was devised. Such a theoretical 
approach confirmed the requirement of considering the Poisson's ratio as a complex component over all the 
temperature range. This could be related to the difference of many powers of ten between the moduli of the 
two phases. Thus, we suggest in this paper a method to evaluate the complex Poisson's ratio of the matrix. 
From these results, the influence of filler content on the magnitude of the mechanical relaxation related to 
the glass transition is taken into account. 

Nomenclature 
r, e, \.f' 
(5 ij 
U r , U 0, U IJ! 
A, G, v, K, E 

C, m, I a b 
p 
p 

1. Introduction

Spherical polar coordinates 
Stress components 
Displacement components 
Elastic properties: Lame con­
stant, shear modulus, 
Poisson's ratio, bulk modulus 
and Young's modulus, 
respectively 
Subscripts referring, respect­
ively, to composite material, 
matrix phase, spherical inclu­
sion phase 
Radius at spherical inclusion to 
matrix interface 
Radius at matrix to equivalent 
homogeneous medium inter­
face 
Volume fraction of inclusions 
Longitudinal and transverse 
velocities 
Mass density of the material 
Hydrostatic stress 

The elastic properties of a homogeneous and isotropic
material as a composite reinforced by glass beads are
usually described by four parameters i.e. Young's
modulus, E, the shear modulus, G, the bulk modulus,
K, and Poisson's ratio, v. Only two of these para­
meters are required for a complete description of the 
elastic properties of such a material. 

A great many investigations have been carried out on 
two-phase elastic models in order to describe the 
mechanical behaviour of homogeneous and isotropic 
materials [1, 2]. Among these two-phase elastic 
models, three are commonly used: 

(i) the variational models which give an upper
bound and a lower bound for the elastic moduli by 
minimizing the strain energy [3-5]; 

(ii) the self-consistent models which describe the
elastic mechanical behaviour of a composite material 
by applying the adequate boundaries conditions to 
a single composite sphere embedded in an equivalent 
homogeneous medium [6, 7]; 

(iii) the phenomenological models which lead to
a description of elastic mechanical behaviour by 
means of empirical or semi-empirical equations [8, 9]. 

In order to extend these various elastic models to 
describe the viscoelastic behaviour of material, Dickie 
[10] has developed a correspondence principle. This
correspondence principle states that the complex
moduli of composites may be obtained by substituting
phase elastic moduli for phase complex moduli in the
previous two-phase elastic models. Thus, in visco­
elastic materials, the mechanical properties are time
dependent. This time dependence is well known for
deformation in shear, G, and in uniaxial elongation,E [11]. For Kand v, some authors assumed that their
variations are time ( or temperature) independent.
With this assumption, experimental and theoretical
data are in good agreement for polymer-polymer
composites [12, 13]. This could be due to the slight
difference between the moduli of the two phases over
the time (or temperature) range. However, direct
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measurements of K and v have exhibited a time­dependent behaviour [14-18]. The purpose of the present work was: (i) to confirm the requirement of using complexcomponents K * and v * of each phase, especially when the moduli of the two phases remain very differ­ent over the time ( or temperature) range; (ii) to suggest a method to determine the complexbulk modulus, K *, and the complex Poisson's ratio, v *, of the polymer used as matrix versus temperature ( or time); (iii) to simulate the viscoelastic behaviour ofamorphous thermoplastics reinforced by glass beads and compare theoretical data to experimental results. 

2. Experimental procedure2.1. Materials Composites specimens are based on polystyrene rein­forced by 6%-50% volume fraction of glass beads. Polystyrene (M O = 99 500, M w = 306 800) was pro­vided by Orkem Company; glass beads were supplied by Microbeads Company. Two different size distribu­tions of particles were used: the first over the range 1-45 µm and the second over the range 70-110 µm.These glass beads were dried in an oven at 100 °C andno particular treatment was performed on them. Thevolume fraction of particles was determined by burn­ing composites samples at 600 °C for 45 min.The composite was extruded at 200 ° C. This extru­sion was carried out in a twin-screw extruder from Leibtritz (LSM 30-34). Then the extrudate samples of varying volume fraction were moulded at 200 °C un­der high pressure (200 bar) and cooled at room tem­perature. In order to give the same thermal history to each sample, specimens were heated at temperatures higher than their glass temperature and then cooled to room temperature at the same cooling rate. The moulded samples were finally cut for experimental work to the following dimensions: 20 mm x 4 mm x 5 mm for dynamic mechanical analysis and ultra­sonic measurements. The surfaces of specimens were flat and parallel to one another. 

2.2. Dynamic mechanical spectrometry Dynamic mechanical spectrometry was carried out using a Viscoanalyser (Metravib Company, France). This apparatus provides the real, E', and imaginary, E", parts of the dynamic stress modulus and the inter­nal friction tan cp( = E"/E') as a function of the tem­perature (for one or several frequencies) or of the frequency (under isothermal conditions). Thus, frequency scans were performed by increasing the temperature from 30 ° C to 200 ° C at several fre­quencies over the range from 5-100 Hz. Several measurements were repeated for both frequency and temperature scans in order to verify that no physical ageing occurred in materials during experiments. 
2.3. Ultrasonic experimental technique In order to characterize our materials, we used the standard ultrasonic technique which measures the 

time-of-flight of a wave crossing the material. The wave pulse is established at one surface of the sample by a transmitting transducer. The transmitting re­ceiver is shut down for a short time so that it can receive the reflected signal from the surface. The dis­tance travelled by the pulse is known, and the time­of-flight is measured by timing the signal on its travel through the specimen, so one can calculate the velo­city of propagation of the ultrasonic wave. In isotropic materials, the velocities determined by this method are used to calculate the material moduli. Two indepen­dent velocities (longitudinal velocity, V L, and trans­verse velocity, VT) measurements are required to de­termine the complete elastic moduli of the isotropic material. From these two velocity values, one can calculate the Lame constant, A, and the shear modulus, G, using the following relations 
VL = ( A + 2f ) 112

[ E(l - v) ]112 p(l - 2v)(l + v) (l) 
( E )112 2p(l + v) (2) 

where. p is the mass density of the material. 

3. Results3.1. Ultrasonic elastic constant measurements From the calculation of A and G, Young's modulus, E,and Poisson's ratio, v, can be determined. Table I gives the ultrasonic elastic constants at room temper­ature of polystyrene matrix. 

3.2. Dynamic mechanical spectrometry 
3.2. 1. Polystyrene matrix Plots of log E' and tan cp of a polystyrene matrix at five frequencies, i.e. 5, 10.5, 22.3, 47.2 and 100 Hz, versus temperature are shown in Fig. l. The tan cp maxima and log E' plots related to the glass transition show a frequency dependence. It can be observed that the time-temperature dependence does not follow an Ar­rhenian law over the temperature range. In fact, it is well known that the relaxation related to the glass transition is not a thermorheologically simple process and is of WLF type [11]. TABLE I Ultrasonic elastic constants at room temperature of polystyrene matrix (p = 1.0535 kgm - 3) 

2295 

VT A G E (m s- 1) (109 Pa) (109 Pa) (10 9 Pa)
1146 2.78 1.38 3.69 

V 0.33 
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Figure 1 Plots of (a) log E', and (b) tan qi versus temperature for polystyrene matrix for various frequencies:(■) 5 Hz,(□) 10.5 Hz, 
(e) 22.3 Hz, (0) 47.2 Hz and ( +) 100 Hz.
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3.2.2. Composite materials 

160 180 

3.2.2.1. Influence of the volume fraction of glass beads. Fig. 2 shows log E', log E" and tan¢ spectra recordedat 5 Hz for composites reinforced by 6%, 15%, 21 %, 35% and 50% volume fractions of fillers with the size distribution 70-110 µm. With increasing volume frac­tion of fillers, the magnitude of the mechanical re­laxation is decreased and the tan ¢ maximum is shifted towards higher temperatures. The vitreous modulus is slightly increased while the rubbery modulus is enhanced with increasing filler content. 
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o 108 

Figure 2 Plots of (a) log E', (b) log E" and (c) tan qi versus temper­
ature at 5 Hz for polystyrene/glass beads 70-110 µm composites 
reinforced by(■) 6%, (□) 15%, (e) 21 %, (0) 35% and ( +) 50% 
volume fraction of fillers. 

3.2.2.2. Influence of the particle size for a constant 
volume fraction of fillers. Fig. 3 shows log E', log E" and tan ¢ spectra recorded at 5 Hz for composites reinforced by 50% volume fraction of glass beads with the two size distributions ( 1-45 µm and 70-110 µm). For 50% volume fraction of glass beads, the com­posite reinforced with the largest glass beads shows a higher magnitude of the relaxation than that exhib­ited by the composite reinforced by the smallest ones. Thus, for similar volume fraction of fillers, it can be observed that the reinforcement effect increases with decreasing average size of glass beads. Then, for sim­ilar volume fraction of fillers, the specific surface of the glass beads increases as their average size decreases. It can be concluded that the interface related to the specific surface of the glass beads could influence the dynamic mechanical behaviour of composite mater­ials. Thus, it can be suggested that the interface in such composite materials could tend to decrease the mo­lecular motion ability of the matrix and the interface contribution appears to be greater in composites rein­forced with the smallest glass beads. 
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4. Mechanical models
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Among the various two-phase models extended to the 
viscoelastic behaviour description of composites, 
Kerner's [6] and Christensen and Lo's [19] ap­
proaches were chosen. In fact, these two models give 
the best agreement between experimental and theoret­
ical data. Kerner's and Christensen and Lo's models 
provide, respectively, bulk modulus, K, and shear 
modulus, G. Using Dickie's correspondence principle 
[10] and the well known elastic relationships, the
complex Young's modulus, E *, and also the complex 
Poisson's ratio, v *, can be calculated from the follow­
ing relations 

E* 

v* 

9G* K* 
G* + 3K* 
3K* - 2G* 

2(G* + 3 K*) 

4.1. Kerner's model [6] 

(3) 
(4) 

In order to calculate the effective bulk modulus, 
Kerner-proposed a geometric model of the composite 
material. This model consists of the single composite 
sphere embedded in the infinite medium of unknown 
effective properties (Fig. 4). This model required that 
the effective homogeneous medium has the same aver­
age conditions of stress and strain as does the spher­
ical model of Fig. 4. The homogeneous material 
sphere is subjected to a hydrostatic stress, p, on its 
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100 120 140 160 Temperature (° C) 180 Figure 3 Plots of (a) log E', (b) log E" and (c) tan cp versus temper­ature at 5 Hz for(■) polystyrene/glass beads 1-45 µm compositesreinforced by 50% volume fraction of fillers, and for ( □) poly­styrene/glass beads 70-100 µm composites reinforced by 50%volume fraction of fillers. 

� Spherical inclusion 

D Matrix Figure 4 Kerner's and Christensen and Lo's models: a single com­posite sphere embedded in an equivalent homogeneous mediummodel. 

outer boundary. This can be expressed by cr rr = p, at 
r = b. By means of the average elastic problem ana­
lysis, Kerner set the radial displacements as U ,i = A ir 
and U rm = A mr + Bm/r2 , where the subscripts i and 
m refer to inclusion and matrix, respectively. The 
corresponding stresses are found to be (5) CTrrm (6) 
The three constants of integration, A i , A m and Bm , are 
evaluated from the continuity conditions on displace­
ments and traction stresses at the interfaces. The cal­
culation of the effective bulk modulus, K c , of the 
homogeneous sphere, leads to the following relations 
Kc = Km + vi( K i - Km)/[1 + (1 - vJ 

{ ( K i - Km)/(Km + ½Gm)}] (7) 
where v i = (a/b) 3 is the volume fraction of inclusions. 

Previous workers [2, 7, 19] have shown that this 
approach leads to an exact solution for the effective 
bulk modulus of a homogeneous and isotropic com­
posite material. 
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4.2. Ch ristensen and La's model [19] Christensen and Lo determined the effective shear modulus based on the same geometric model as Kerner (Fig. 4). By means of the shear deformation equations of a homogeneous medium in simple shear deformation, Christensen and Lo assumed a general displacement for the heterogeneous problem in the form 
u, U, ( r) sin 2 0 cos 2 \j, 

U 8(r) sin 0 cos 0 cos 2\),
U,i,(r) sin0 sin2\j, 

(8a) 
(8b) 
(8c) 

where U ,(r ), U 8(r) and U ,i,(r) are unknown functionsof r to be solved from the equilibrium equations. It is interesting to note that the form in Equation 8a-c is consistent with the basic state of shear deformation. After some calculations, the equilibrium equations lead to: (i) in the equivalent homogeneous medium (r ;)c b)
U,e = 

(ii) in the matrix phase (a � r � b)

U,m =

and (iii) in the inclusion phase (0 � r � a) 
6vi 3 - - -- A2 r (1 - 2vd 

(9a) 

(1 0a) 

(1 la) 
(7 - 4v- ) Uoi = A 1 r - (1 _ 2v:/ 2 r

3 (l l b)
where v, v i and vm are values of Poisson's ratio. The nine constants (A 1 , A 2 , B 1 , B 2 , B 3 , B4 , D 1 , D 2 , D 3 ) are determined from the continuity conditions at the two interfaces. These conditions involve the continuity of the stresses CT "' CT ,8 , CT ,,i, and the displacements U" 
U 8 and U ,i, - Only eight conditions result from theinitial twelve continuity equations due to the redund­ancy of many of the forms. The continuity conditions give the equations with all other effective properties of the equivalent homogeneous medium such as A, v and G. In order to determine the effective shear modulus, 
G, by suppressing in the continuity equations all othereffective properties such as A and v of the equivalent homogeneous medium, Christensen and Lo have used a basic result obtained by Eshelby [20], i.e. for a homogeneous medium containing an inclusion, the strain energy, under applied displacement conditions, 

is determined by 
1 f o 7'il o u = Uo - 2 /Ti uie - l je ui )dS ( 12)

where S is the surface of the inclusion, U O is the strainenergy in the same medium when it contains no inclu­sion, T? and U ?  are, respectively, the tractions and displacements in the medium when it contains no inclusion and Tie and U ie are the correspondingquantities at the same point in the medium when it does contain the inclusion. The final solution for G is given by the solution of the quadratic equation 

The expressions for coefficients A, B and C are given in the Appendix. Using the quadratic Equation 1 3, the exact solution for the equivalent shear modulus of the spherical model can be determined. 
4.3 Numerical results and discussion 
4. 3. 1. The Poisson's ratio of the matrix v m 

assumed to be real and constant over 
the analysed temperature range We attempt first to determine theoretically the com­posite dynamic mechanical behaviour knowing the properties of the polymer used as matrix and of the inclusions. The inclusions have elastic behaviour and a constant Young's modulus of 73 GPa over the ana­lysed temperature range. The Poisson's ratio, v i , of such fillers is 0.2. In a first approximation, the Pois­son's ratio, v m, of the matrix is assumed to be real and constant over the temperature range for the numerical simulation (v:U = vm ; v;;, = 0). Numerical results were carried out by developing a program computed with Fortran 2.4 language on Macintosh II Ci. Fig. S shows simulated log E' (Fig. Sa), log E" (Fig. Sb) and tan <p (Fig. Sc) curves for composites reinforced by 6% and SO% volume fractions of fillers for a given frequency of S Hz. For these simulations, the Poisson's ratio of the matrix is assumed to be a constant and real equal to 0.33 (see ultrasonic measurements). The experimental spectra are also plotted in this Figure. Fig. 6 shows simulated log E' (Fig. 6a), log E" (Fig. 6b) and tan <p (Fig. 6c) curves for composites reinforced by 50% volume fractions of glass beads at 5 Hz for various real values (from 0.33-0.499) of the Poisson's ratio of the matrix. As shown in Fig. S the magnitude of the experi­mental relaxation of the composite is significantly reduced by the addition of the glass beads. However, the numerical results obtained by using Kerner's and Christensen and Lo's models show no significant in­fluence of volume fraction of fillers on the internal friction coefficient tan <p. The effect of increasing the amount of inclusions on the magnitude of the re­laxation is not taken into account by the numerical simulation. This paradox could be related first to the fact that the Poisson's ratio of the matrix is assumed 
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to be real and constant over the analysed temperature range and secondly to the fact that the moduli of the two phases remain very different over all this temper­ature range. Moreover, the shift towards higher tem­peratures of the tan <P peak exhibited by experimental tan <P spectra with increasing the filler content, is not revealed by theoretical curves. Furthermore, Fig. 6 shows that, for a given content in inclusions, the real and constant values of Y m  have no influence ·on the maximum of tan <P· All these results lead us to consider v m as a complex parameter which is time and temper-
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Figure 6 ( ■, □, e, 0) Experimental and ( - -) theoretical plotsof (a) log E', (b) log E" and (c) tan cj> for polystyrene/glass beads composites reinforced by 50% volume fraction of fillers for various real values of the matrix Poisson's ratio: ( ■)  0.33, ( D) 0.40, ( e) 0.45 and ( 0) 0.499. 
ature dependent. Thus, in order to apply Dickie's correspondence principle to all mechanical para­meters, a method to evaluate the complex Poisson's ratio of the matrix v ! (  = v'm - iv;;,) is proposed in this paper. 

4.3.2. The determination of complex 
Poisson 's ratio of a polymer matrix The previous simulation suggested the requirement of using complex Poisson's ratio for the polymer matrix, 
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v * .  However, the challenge is to determine the behavi­our of v * over a large temperature range. Several workers have studied this problem by numerical and experimental analyses. The results obtained are some­times controversial. Two experimental techniques are commonly used: (i) mechanical technique, and (ii) ultrasonic technique. Some authors have reported Poisson's ratio values obtained by using original methods based on mechan­ical measurements [14, 21-23]. However, some dis­crepancies are shown by the use of direct and indirect methods of Poisson's ratio evaluation. For instance, Heydemann [21] has observed that, for polyvinyl­chloride, v EG calculated from E * and G *, runs through a minimum, while a direct measurement of this parameter did not show such an evolution versus temperature. These discrepancies between theoretical and experimental data could be related to different (i) samples, (ii) sample thermal histories, (iii) measure­ment frequencies, and (iv) strain levels. Furthermore, as Young's and shear moduli measurements display small uncertainties, the derivation of Poisson's ratio from these parameters measured separately leads to great uncertainties in the value of v. Moreover, Heydemann found that the minimum in v1w can dis­appear if the specimen reaches equilibrium at each temperature very slowly. Thus the shape of Poisson's ratio curve depends on the rate of temperature change during the measurements. But most of the complex elastic constant values were obtained by means of ultrasonic techniques. Some interesting results using this techniques were reported by Waterman and Kono. Waterman [15-17] used an ultrasonic pulse method to measure the velocity and attenuation of longitudinal and transverse waves of some polyethy­lenes. In this work the main interest was in the y transition, which is a secondary transition occurring at temperatures below the main glass transition. From the measured data the complex elastic moduli E *,G *, K * and v * were calculated. According to Waterman, a monotonic increase in v' from about 0.30 to 0.45, accompanied by a maximum in v" (0 < v" < 2 x 10 - 2 ), was observed in the transitionreg10n. Kono [18, 24] found that for polyvinylchloride and polymethylmethacrylate, the apparent activation en­ergy of the main relaxation in bulk was greater than that in shear. Then, it was suggested that molecular mechanisms involved in the two types of deformation could be different in character. For polystyrene, Kono [18] has shown that the storage bulk compliance falls from a low-frequency limiting value to a high-frequency limiting value in the glass transition, but this change is less than a factor of two instead of many powers of ten displayed by the shear compliance. In this work Kono found that v' increases continuously from 0.35 to 0.5 in the glass transition zone. The technique of evaluation of complex matrix Poisson's ratio, v ! , suggested here rests on the fact that bulk modulus, K * is a slowly varying function of temperature and time. This assumption agrees with 

Crowson and Arridge's work [25]. Thus, if the values of E!(0) and v!(0) are known at some starting point on the temperature, T, or time t, scale, it is possible toapproximate either v! (T) or v!(t) in a small interval of temperature or time adjacent to this point by 
K:f,( T) = K:f,(0) ---+ v:f,( T) = 1{1 - 2[v:,(0)]

x E;f,(T)} E;f,(0) for T E  [0, 8 T] (14) 
The experimental value of complex matrix Young's modulus, E!( T),  and the value of v! (T) calculatedfrom Equation 14 are then used for the next temper­ature interval. The values of Poisson's ratio are alter­nately calculated for the different temperature ranges. Thus, from a knowledge of experimental E ! ( T) andone single value of Poisson's ratio, v ! (0) ,  at the start­ing point, the complete set of viscoelastic v ! ( T) func­tions can be displayed. Fig. 7 shows vm ( =  [(v ;,,) 2 + (v::i) 2 ] 1 12 ) (Fig. 7a), v;,, (Fig. 7b) and v::i (Fig. 7c) variations versus tem­perature at 5 Hz for the polystyrene matrix. These data are in good agreement with Kono's results [16] for polystyrene. As shown in Fig. 7, the real part of the complex Poisson's ratio, v ;,,, of polystyrene increases continuously with temperature as a compliance. The imaginary part, v ::i , goes through a maximum in the transition region. The variation of tan v m( = v::i/v:U) with temperature is reported in Fig. 7d. Using the two models described above and using this method of evaluation of the complex Poisson's ratio of the polymer matrix, the dynamic mechanical behaviour of composites can be determined. Fig. 8 shows theoretical and experimental tan ¢ spectra for a composite reinforced by 50% volume fraction of fillers. The influence of filler content on the magnitude of the mechanical relaxation is now taken into ac­count by the numerical simulation, which was not the case considering the Poisson's ratio of the matrix as a real. But, some differences between experimental and theoretical tan ¢ spectra remains. Thus, the theoret­ical tan ¢ maximum is higher than the experimental tan ¢ peak exhibited by the composite, but signific­antly lower than those shown by the matrix. These differences in the magnitude of the relaxation between experience and simulation for the composite could be due to some "interface effects" between fillers and matrix. In fact, the magnitude of the relaxation could be related to molecular motion ability of the macro­molecular chains. Then, it can be suggested that the occurrence of additional interactions between fillers and chains in a composite could reduce the molecular mobility of the macromolecules. Such a mechanical model could allow the separation of the mechanical behaviour of the two phases in the composite. The properties of the thus-separated matrix could be dif­ferent from those of the non-reinforced polymer. By using a molecular model of deformation near Tg [26, 27], the molecular motion ability of the separated matrix could be quantitatively compared to those shown by the unfilled polymer. This approach will be developed in a subsequent paper. 
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Figure 8 ( ■ , □ ) Experimental and (- - )  theoretical plots of(a) log 
E', (b) log E" and (c) tan q> versus temperature for composites 
reinforced by ( ■ )  6% and ( □ )  50% volume fraction of fillers. 

Variations of the complex Poisson's ratio of the 
composite, v ! , versus temperature are reported in 
Fig. 9 for different filler contents. Before the relaxation 
related to the glass transition, the real part, v � ,  of 
v! increases with the volume fraction of glass beads. 
For T > Tg the real part v� tends to 0.5 for all com­
posites. This result is consistent with mechanical beha­
viour of isotropic and homogeneous material in a rub­
bery state. 
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Figure 9 Plots of  (a) v ; ,  and (b) vi  versus temperature for the different filler contents: ( ■)  6%, ( □) 2 1  % and ( •)  50%. 

5. ConclusionBased on experimental analysis of the dynamic mech­anical behaviour of polystyrene/glass beads com­posites, a model of the viscoelastic properties through the glass transition is proposed. The magnitude of the experimental main relaxation of the composite is significantly reduced on increasing the amount of fillers. A simulation based on Kerner's and Christensen and Lo's models does not furnish evidence for such influence of fillers when considering the Poisson's ratio of the matrix as a real constant over the analysed temperature range. This discrep­ancy could be related to great differences between the moduli of the two phases, which were enhanced with increasing temperature in the glass transition zone. From these results, it is proposed to consider vm as a complex parameter which is time and temperature dependent. In this paper, a method to evaluate the complex Poisson's ratio of the matrix v;;', ( = v;,. - iv.'.:,) has been proposed. Then, theoretical dynamic mechanical behaviour of composites was determined. Therefore, the influence of filler content on the magnitude of the relaxation is taken into account by this numerical simulation. Some differences remain between experi­mental and theoretical tan cp curves for the composite. This could suggest some "interface effects" leading to a reduction in the molecular motion ability of the macromolecular chains 
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Appendix The final solution for G of Christensen and Lo's model 

is given by the solution of the quadratic Equation 13 
A (iJ2 

+ 2B (iJ + C = 0 (13) 
where 
A = s (i� - t }4 - 5 vm) l1 1 V l 0/3 

- 2[63(i� - 1) 112 + 211 1 l1 3J v713 

+ 252(i� - 1 ) 11 2 v
513 - 5o (i� - 1)

x (7 - 12vm + 8v�) l12 V 

+ 4(7 - l 0vm) l1 2 11 3 (A l)  
B - 2(i� - t )(l - 5 vm) l11 V 1 013 

+ 2 [63(i� - 1) 112 + 211 1 11 3J v713 

- 252(i� - 1) 11 2 v 513 + 75 (i� - 1)
X (3 - Vm) l12Vm V + t(15 vm - 7)11 2 11 3 (A2)

C 4(i� - 1}5 vm - 7) 11 1 v 1 01 3 

- 2[63(i� - 1)112 + 2111 113J v713 

( Gi ) 513 ( Gi ) - 252 Gm 
- 1 112 V + 25 Gm 

- 1 
x (v� - 7) 112v - (7 + 5 Vm) 112 11 3 (A3) 

with 
11 1 = (49 - 50 vivm) (i� - 1) 

(A4) 
(A5) 
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G-173 = "cf(S - l O vm) + (7 - 5 vm) (A6)m 
and where v i = (a/b) 3 is the volume fraction of 
inclusions. 
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