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Optimal quantization with branched optimal
transport distances

Paul Pegon* and Mircea Petrache!

February 6, 2024

We consider the problem of optimal approximation of a target measure by an atomic
measure with N atoms, in branched optimal transport distance. This is a new branched
transport version of optimal quantization problems. New difficulties arise, since in clas-
sical semi-discrete optimal transport with Wasserstein distance, the interfaces between
cells associated with neighboring atoms have Voronoi structure and satisfy an explicit
description. This description is missing for our problem, in which the cell interfaces are
thought to have fractal boundary. We study the asymptotic behaviour of optimal quan-
tizers for absolutely continuous measures as the number N of atoms grows to infinity.
We compute the limit distribution of the corresponding point clouds and show in partic-
ular a branched transport version of Zador’s theorem. Moreover, we establish uniformity
bounds of optimal quantizers in terms of separation distance and covering radius of the
atoms, when the measure is d-Ahlfors regular. A crucial technical tool is the uniform in N
Holder regularity of the landscape function, a branched transport analog to Kantorovich
potentials in classical optimal transport.

Keywords. optimal transport, branched transport, quantization, optimal location, clustering, optimal
partitions, point configurations, Gamma-convergence, convergence of measures.
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Notation

General notations

#A
Bi(x)
Q4(x)

Qf
gd
Wy

M(X), M(X)

o

%

wAv
wlv
Pacs Ps

Cardinal of a set A

Open ball with center z and radius r > 0 in R¢ (superscript d will ofter be dropped)
=+ 0[—1/2,1/2]%, closed cube (superscript d will ofter be dropped)

= Q{(0)

Lebesgue measure on R?

— 2U(B(0))

Space of finite signed measures (resp. with compact support) over a Polish space X

Subset of finite positive measures (resp. with compact support) over a Polish space
X

Space of probability measures over X
=sup{[ ¢du: ¢ € €(X),|¢]lc <1}, norm (total mass) of a measure p

Narrow convergence of measures, in the duality with continuous and bounded func-
tions

Weak convergence of measures, in the duality with functions 6y = 4.
Greatest submeasure of both y and v
w and v are mutually singular

Density and singular part of the Radon-Nikodym decomposition of p = p...Z? + ps

We use the conventions 0° = +oo0 if b < 0, 0° = 1, and 400 x 0 = 0. With a slight abuse, when
p < % we will denote by p as well its density with respect to £

Notations on branched optimal transport

Fd

(from Section 2.1)

= Lip, (R*,RY), space of 1-Lipschitz curves endowed with the (metrizable) topology
of uniform convergence on compact sets



TP?  space of traffic plans on R%
TP(u~,p)  set of traffic plans P on R? with initial and final marginals 4~ and u* respectively
P, =P  weak-x convergence in . (T'?) in the duality with € (I'%)

Op(z) = [pa#7 ' ({z})dP(v), multiplicity at z w.r.t. P
Yp ={x:0p(z)> 0}, network associated with P
MY(P) = pr Op(x)*#' (), a-mass of a rectifiable traffic plan P

In all the paper, a will denote a fixed number in (0,1). When needed, we will explicitly assume that
a € (1 —1/d,1) where d is the ambient dimension, in which case we will denote by 5 = f(a, d) the
exponent

Bi=1+do—d=d(a—(1-1/d) € (0,1).

1 Introduction

In this work we study for the first time the asymptotics and uniformity properties of optimal quanti-
zation with interactions given via branched optimal transport distances, which we will also call, for
brevity, branched quantization. The fields of branched optimal transport and optimal quantization
both have a large variety of applications but have not been connected before. We give a very short
review and motivations of both, after which we point out why building a connection is interesting to
explore.

1.1 Branched optimal transport and optimal quantization motivations

Branched optimal transport (or branched transport for short) is an umbrella term for a class of
optimization problems, related to classical optimal transport, in which mass particles are assumed to
interact (as opposed to traveling independently) while moving from a source to a target distribution.
The interaction favours the transportation of particles in a grouped way by lowering the transporta-
tion cost, which is justified in many practical situations by an economy of scale. A consequence of this
assumption is that the particles’ paths form a one-dimensional network with a branched structure.
The most common model assumes a cost of the form ¢ x m® to move a group of particles of total
mass m over a distance ¢, where a € (0,1), so that the cost is a concave power of the mass. This
problem was first introduced in | |, in a discrete setting, to optimize communications network,
and was extended to two different continuous settings in [ ; | (both are actually equiva-
lent | ; ]). For an introduction to the theory of branched transport we refer to the book
[ ]. In pure mathematics, H-mass minimization over 1-dimensional flat chains (or more gener-
ally mass minimization amongst 1-dimensional flat G-chains) with fixed boundary provides versions

of branched transport, see e.g. [ : : ] and the fundamental results in | : :

; ]. We also mention [ | for a first result on the classification of groups G that
produce branching. This last work, together with the classification of homotopy groups of spheres
and the classification | | indicates that branched transport costs must commonly appear in con-
nections between vortices of nonlinear Sobolev maps. This has recently led to important insights
into weak density results such as [ |. Branched transport is also connected to size-minimization
[ | and the Steiner problem | |, network transport systems and urban planning | :

: ], superconductivity [ ], traffic flow optimization | |, models of tree roots
and branches [ ; : ], models of river systems [ |, amongst others. Finding the

optimal branched transport map is in general NP-hard (while for classical optimal transport the
complexity is O(n3logn) for n—point masses), therefore computational approximations are an inter-
esting direction of research, see for instance | ; ; ; ; ]. Finally, we refer



to | ; ; ; : ; ; ] for the most recent developments
of branched transport theory.

Classical optimal quantization deals with the question of how to discretize a given positive mea-
sure v € .4+ (X) (in which X = R? or X is a more general metric space), in such a way that the
discrete N —point approximant vy € . (R%) is at minimum distance according to a distance or cost
c: X x X — (0,00). Usually, it is a power of the distance over X = R? i.e. c(z,y) = |z —y|P,p > 1,
inducing the classical p-Wasserstein distance over probability measures that is widely in optimal
transport. The quantization problem can then be reformulated as a semi-discrete optimal transport
problem, see e.g. | |, which in the case of a uniform target density reduces to the study of
Voronoidal tessellations and power diagrams | ; |. We refer to general reference books
[ I, [ ] for an overview of the quantization problem, and to | ; ; ; | for
the first historical references. Applications of optimal quantization range from clustering | ],
[ |, to signal processing | |, to numerical integration and quadrature | |, to material
science | : : ], to spatial economy [ : ], where optimal quantization is
often referred to as optimal location [ : ; ; ]. Asymptotics and continuum
limits of the problem as the number of discretization points tends to infinity have been studied for
the classical optimal quantization problems by Zador [ |, by Bouchitté, Jimenez and Mahade-
van | : ], who introduced a I'-convergence approach, and by Gruber | ] who also
provides geometric information on optimal configurations.

Further problems that are not directly formulated as a quantization problem but can also be seen
as generalizations of the problem in other directions, appear in minimization of energies of a large

number of “charges” under Riesz-Coulomb interactions: see the book | ], and the crystallization
survey | ]. We mention the related problems of optimal unconstrained polarization | ],
jellium equidistribution | |, amongst others.

In this work, we focus on the case where the cost underlying the optimal quantization problem is
given by a branched transport cost. The motivations for formulating this new problem come both
from mathematically interesting new difficulties, and from its relevance for mathematical modelling
and its potential applications.

Mathematically, the most important difficulty with the optimal quantization problem via branched
transport, is that the regularity of interfaces is not known (rather thought fractal), and the interfaces
do not satisfy an explicit condition. This makes branched quantization much more challenging than
classical optimal quantization, and required us to give replacements for the main steps in the proofs
known in the classical Wasserstein setting. We expect that our approach may allow to study some
classes of problems involving random interfaces as well, since we do not make direct use of properties
of the shapes of the interfaces in our estimates.

In terms of modelling and applicability, in many clustering tasks the choice of classical distances
is only due to their being a simple first choice and computationally easy to handle. However,
complex clustering tasks are better approximated via hierarchical tree-like clustering structures,
such as those formed by branched transport networks. Many biological models such as the study
of plant root competition (a natural extension to models such as | |) would directly lead to
branched quantization formulations. The same goes for supply chains modelling, in which several
sources have to be optimized in order to supply a target density of users: in an urban area relying on
a transportation network, branched transport distances (or other H-mass generallizations) are much
more realistic than classical Wasserstein distances.

1.2 Main results

In this section we give simplified statements of our asymptotics and uniformity results for optimal
branched quantizers, using a minimal amount of definitions. For full definitions and background



results, see Section 2.

Loosely speaking, a traffic plans P between probability measures p, v, is a suitable measure over
1—Lipschitz curves transporting p to v. For a € (0,1) we define the a-mass M®(P) as the integral
of the a-th power of the transported mass flux ©p (called multiplity), over the network ¥p induced
by P, when the latter is 1-rectifiable (see full definition in Section 2.1). It is indeed proportional to
m® X £ when moving a total mass m over a distance £. Then for a given N > 1 we consider the
branched optimal quantization problem defined as

E¥(v,N) =inf {d* (u,v) : #sptu < N},

where d is the branched transport distance, given as the infimum of a-mass M*(P) amongst traffic
plans P transporting p to v. When £%(v, N) is finite, an optimizer uy for this problem is called an
optimal N —point quantizer of v.

Our first main result is a branched transport version of a result by Zador [ | valid for classical
quantization.

Theorem 1.1. Let v € .} (RY) be a measure which is absolutely continuous.

(i) If (un)Nen+ s a sequence of optimal N -point quantizers of v,

1 ¢, s
pvimy 2 G Maa@) e
{z:pn ({z})>0}

where Mo q(v) = [5 v(z)°* 1 da.
(i) The leading-order asymptotics of the optimal quantization error is given by

lim NP/AE (v, N = coqMy q(v)* i

N—oo

where cqq € (0,400) is the constant defined in (2.19) of Proposition 2.12.

The above theorem is a consequence of a more precise I'—convergence result of d“-distance to
the continuum along sequences with fixed support density, given in Theorem 3.1. The latter is a
branched transport analogue of the asymptotic result of | | for classical optimal quantization,
and from which it is inspired.

Our second main result pertains to uniformity estimates on the optimal quantizer’s support, adapt-
ing the general strategy of | ], which is valid for classical quantization, to the branched quanti-
zation case. We provide bounds on the covering radius and on the separation distance for the support
of optimal quantizers, both at the natural scale of N~1/¢ which is coherent with the principle that
for an optimal quantizer, roughly speaking, a ball-like set of volume ~ 1/N is assigned to each of
the N points in the quantizer’s support. The covering radius bound quantifies the property that
the atoms of an optimal quantizer are never farther than ¢; N~/¢ from the support of the quantized
measure v, and the separation bound indicates that the atoms of the quantizer are never closer than
coN~1/4 from each other.

Theorem 1.2. Assume a € (1—-1/d,1). Letv € 4 (R?) be a compactly supported d-Ahlfors regular
measure’ with constants c4,Cyq > 0 on R? and UN = Y icn M0y, be an N-point optimal quantizer
with atoms X = {x;}1<i<n. Then the covering radius and separation distance respectively enjoy the
following bounds:

w(sptv, X) := sup mind(z,2’) < coN 14, (1.1)
rEX spt v

"Meaning that car? < v(B,(z)) < Car? for every x € sptv,r € (0,diam(spt v)]) and some constants ca,Ca > 0.



5(X) = min d(z,2') > ek N7V, (1.2)

z,x’ Espt vixFa!
for some constants c1,co > 0 that depends on (a,d,ca,Cy,diam(sptv)) but not on N.

We follow the general strategy of [ |, which entails major extra difficulties. A crucial new
technical result is established in Theorem 4.1, where we give a uniform Hoélder control of the so-called
landscape function, a substitute for classical Kantorovich potentials in branched transport theory.
Recall that in classical optimal transport theory, so-called Kantorovich duality allows to transform

the problem into a dual version based on Kantorovich potentials (see e.g. [ , Chapter 1]). In
turn, Kantorovich potentials can be used to show that for optimal quantization with cost |z — y|P
interfaces of the quantization cells are straight (see e.g. in | D).

In branched transport there is no useful analogue of Kantorovich duality, but optimal Kantorovich
potentials have a partial analogue in the landscape function, which is in particular a (upper) first
variation of the branched transport distance d®. As a reference for the single-source landscape
function zp (corresponding to case N = 1 in our notation) see e.g. | ; ]. Tts basic properties
are recalled in Proposition 2.3. For general N > 1, in Theorem 4.1 we prove the following result,
which holds for quantizers that are mass-optimal, a condition that is weaker than optimality and
only requires the quantizer to be optimal among measures with a fixed support but with varying
masses (see Definition 2.6).

Theorem 1.3 (Simplified statement of Theorem 4.1). Let v € #.(R%) be a compactly supported
d-Abhlfors regular measure, and let P € TP (u,v) be an optimal traffic plan where p = Zf\il M0y,
is a N-point mass-optimal quantizer of v with respect to (x;)1<i<n. There exists a unique function
zp @ sptv — Ry that we call landscape function associated with P which locally coincides with
the single-source landscape functions zp=; for each source x;, and is B-Hdélder continuous for f =
1+da—de(0,1), with a Holder constant independent from N.

This theorem provides at the same time a definition of landscape and its Holder regularity in the
case of a source measure that is a mass-optimal quantizer. By definition, this landscape function
will inherit the same key properties as in the single-source case, as stated in Proposition 4.2. We
emphasize that in the proof of Theorem 1.2 we make crucial use of the uniform in N Holder control
of zp, without which we do not expect the same results to hold.

Finally, we remark that the notion of mass-optimal quantizers allows us to define analogues of
Voronoi cells in the context of branched transport, that we call branched Voronoi basins, which
exhibit striking differences to Voronoi cells (see Remark 4.5).

1.3 Structure of the paper

e In Section 2 we complete the definitions underlying our main theorems, recall important foun-
dational results in branched optimal transport and establish preliminary results on the optimal
quantization and partition problems.

e In Section 3 we prove our main I'-convergence and asymptotic results, Theorem 3.1 and Theo-
rem 1.1.

e In Section 4 we prove the above Theorem 1.3 on the regularity of the landscape function.

e In Section 5 we prove the uniformity results of Theorem 1.2.



2 Background and preliminaries

2.1 Background in branched optimal transport

In this section we set up the static “Lagrangian” model of branched optimal transport based on traffic
plans developed by | | and [ |. The main reference on branched optimal transport is
the book | |. The presentation, notation and definitions that we adopt in this paper have been
slightly simplified following more recent works such as | ; ; ; ].

Traffic plans

A traffic plan on R? is a finite positive measure P € .#*(I'Y) on the set of 1-Lipschitz curves
I'! := Lip; (R*,R?), endowed with the metrizable topology of uniform convergence on compact sets,
which is concentrated on the set of curves with finite stopping time:

P({y eT?: T(y) = +o0}) = 0, (2.1)
where for every v € I'?,
T() == inf{7 > 0 : v constant on |7, +00)} € [0, +00].

We denote by TP? the space of traffic plans over R?, and whenever ut e +(Rd) have equal
total mass we denote by TP(u~, u™) the set of traffic plans transporting p~ to put i.e. such that
(e0)sP = p~ and (exo)sP = pT where eg(y) == 7(0) and ex(y) = y(+o00) = v(T(v)) for every
v € T%. The measures p~ and put are respectively called the source and sink measures of P.

For every « € RY, the multiplicity

Or(e)i= [ #77 ({ah) dP ()

represents the amount of curves, measured by P, which visit x (each curve being counted as many
times as it visits 2). The network of P is the (possibly empty) countably 1-rectifiable set?

Yp = {zr e R?: Op(x) > 0}.
The traffic plan P is said rectifiable if there exists a 1-rectifiable set ¥ such that
A (y(RT)\ ¥) = 0 for P-almost every v € I'Y, (2.2)

in which case (2.2) holds with ¥ = ¥p. It is said simple if it is concentrated on simple curves, i.e.
curves v € I'Y such that + is constant on [s, t] whenever (s) = v(t) and s < t.
Finally, two traffic plans P, Py are said disjoint if there exists two disjoint sets A1, Ay € R% such
that for i € {1, 2},
A (y(RT)\ A;) = 0 for P;-almost every v € T'%, (2.3)

For rectifiable traffic plans P1, P9, it is equivalent to

A (Tp, NTp,) =0 or equivalently Op,. 7' L Op, 7. (2.4)

2Tt is countably 1-rectifiable by [ , Section 2.1] or [ , Lemma 6.3], meaning that it is included, up to a
#*-null set, in a countable union of Lipschitz curves.



Concatenation of traffic plans

We follow the presentation of concatenations provided in | , §3.3]. If (71,72) belong to the set
A% C T x T'? of pairs of curves which have finite stopping time and satisfy 1 (+00) = 72(0), we set
for every t € R

m(t) if £ €0,T(n)),

(71 :72)(1) = {72(,5 —T(y)) ifte[T(y),+00).

We denote this map by conc : A4 — T'?,
If P, Py € TP are such that (exx)iP1 = (e0)yP2, we say that P is a concatenation of Py and P;
if there exists a measure P € .#*(I'? x I'?), which is concentrated on A? and satisfies

P = conc#f’
(pi)ﬁf’ =P; where p; : (71,72) — ; for i € {1,2}.

We denote by (P; : P2) the set of concatenations of P; and Py. We will need some properties of
concatenations that are summarized in the following proposition, extracted from | , §3.3].

Proposition 2.1 (| , Lemma 3.6]). If P1,Py € TP are such that (e );P1 = (e0); P2, then:
(i) (P :Psg) is nonempty,
(71) (e0)sP = (e0)sP1 and (ex )P = (exo)3P2 for every P € (Py : P3),
(iii) for every P € (P : P3), Op = Op, + Op, and thus M*(P) < M*(Py) + M*(P3),
(iv) if P € (P1:P2) and P’ € (P'1 : P'3) then P+ P’ € (P1 +P'1 : Py +P'y).

The a-mass functional and the irrigation problem

For a € (0,1), the a-mass® of a traffic plan is defined as

Op(x)*d# (x) if P is rectifiable,
M (P) = { Jsp (2.5)

+00 otherwise.
If u* are two positive measures on R? of equal (finite) mass, the irrigation problem then reads as
inf  {M*(P)| P e TP(u~, i)}, (1%)
and we denote by d*(u~, u™) this infimum value.

Definition 2.2 (Optimal traffic plan). We say that P € TP(u~, u") is optimal if the infimum in
(I*) is finite and attained by P.

Let us state some known results that we shall use throughout the paper.

(1) Subadditivity, additivity and disjointness. The a-mass is subadditive in the sense that

VP, Py € TPY, M®(P; + P3) < M%(Pq) + M*(P2)

2.6
with equality when P; and P9 are disjoint. (2:6)

Besides, if P! and P? are optimal (for their own marginals) and are disjoint, then P + P2 is
also optimal.

3Tt is the equivalent for traffic plans, of the a-mass of currents.



(2) Irrigability and irrigation distance. Contrary to the classical optimal transport problem,
for some pair of compactly supported measures (u~, u*) and some exponent « it is possible
that (2.5) admits no competitor of finite a-mass, typically when the measures spread on a set
of large dimension while the exponent « is too small. However, when o« > 1 — é any measure
p € A (RY) is a-irrigable, meaning that d®(pu, ||p||0p) < 400, and there exists a competitor
of finite a-mass for any pair of measures u~, ut € .} (R?) of equal total mass, as shown? in

[ |. In particular

(e (1-1/d,1) and K C R compact)
—

(d* is a distance on #?(K) which metrizes the weak-x convergence on € (K)').

(3) Existence for the irrigation problem. Problem (I¢) always admits a solution. It results
for example from the existence of E* minimizers established in [ , Section 3.4], where
E® is a more complicated variant® of M®, knowing that E* > M® and that a minimizer of E®
is also a minimizer of M® with the same cost.

(4) Upper estimates on the a-mass. If o € (1 — 1 1), there exists a constant Cgor =
Cgot(a,d) € (0,400) such that for any compactly supported measures put of equal total

mass,

d*(u~, 1") < Cot diam(spt (™ — p 7))l — p~ || (2.7)
Indeed, it is proven in | ] that d*(do, 1) < CoT(a, d)/2 for every u € 2(Q%) and some best
constant CgoT(a, d) € (0,00), from which we deduce d*(p~, u*) < Crm® when diam(spt(u~ +
pt)) <rand ||u~| = ||¢T|| = m using the triangle inequality and the 1-homogeneity in space
and a-homogeneity in mass of the a-mass. Applying this to the measures g+ = p* — =~ A p™T
yields (2.7) since ||@*[| = [|u* — p~[|I/2, spt(ut — p7) = spt(a™ + f7), and d*(u~,p") =
a* (i, i),

(5) First variation of the a-mass. If P, P are traffic plans with M®(P) < oo, then

MO (P) < M) +a | Zo()d(B - P)(y). (28)
where
Zp(y) = / oy = / Op(2)* 4y (z) A (2). (2.9)
gl 7(R)
The proof of (2.8) relies on the concavity of m — m® on RT applied to Op = Op + (Op — Op)
and on Fubini’s theorem (we refer to [ , Chapter 11], [ , Theorem 3.1]). Notice that
the integral [ Zp d(P — P) is well-defined (possibly infinite) since by Fubini’s theorem we may
show that:

oo>Ma(P):/ Zp dP
Td

and [, Zp dP € [0, o).

4Tt is shown in the Eulerian model based on vector measures, but adapting the proof in our Lagrangian setting is
straightforward, or one can also invoke the equivalence of the models [ |

5 A reason for using this functional E* (denoted by £ in [ ]) was that one could establish its lower semicontinuity
(on suitable subsets) via another expression (so-called energy formula). Nowadays, one may instead prove lower
semicontinuity of M* and work with it directly.



(6) Single-path property. If P € TP(u,v) is an optimal traffic plan, it is simple and satisfies
the single-path property, which be stated in the single-source case where y = md, as follows:
for every x € ¥p, there exists a (unique) injective curve parameterized by arc length vp ; :
[0,¢] — R? such that P-a.e. curve v passing by z follows the trajectory of yp ,, meaning: if
tz(7y) denotes the greatest t € [0,T'(y)] such that v(t) = x,

for P-a.e. vs.t. € y(Ry), Fot.(5)] = TP (2.10)

where 4 denotes the unit-speed reparameterization of v € I'%. This fact is stated in | ,
Proposition 7.4].
Landscape function for a single source

Given an optimal irrigation plan P € TP (mds, v), following | | we say that a curve « is P-good
if, recalling the notation (2.9),

« Zp(7) < +oo,

o forallt <T(v),
Op(7(1)) = P({7 € T(RY) : v =7 on [0,1]}).

It is proven in | | that any optimal traffic plan P is concentrated on the set of P-good curves,
and that for all P-good curve v, the quantity Zp () depends only on the final point v(co) of the
curve, thus we may define the landscape function zp as follows:

)] Zp(y) ifyisan P-good curve s.t. = y(c0),
zp(7) = { +o0o  otherwise. (2.11)
We summarize the properties on the landscape function, extracted from | |, that we shall

need.

Proposition 2.3. If P € TP(mds, v) is optimal with M*(P) < oo, a € [0, 1), and zp is its landscape
function, then zp is lower semicontinuous and finite on Xp Usptv. Moreover:

(A) zp(x) > d(z,s) for every x € RY ;

(B) the a-mass may be expressed in terms of zp:

a*(m, ) =M (P) = [

Zp(7) dP(y) = / 2p(z) dv(z);

Rd
(C) if P € TP(mds, ) is a traffic plan concentrated on P-good curves, then:

M*(P) < M*(P) + a/Rd zpd(P —v),

and the inequality is strict if ©p — Op does not vanish H'-a.e. on ¥p;

(D) in particular, zp is an upper first variation of the irrigation distance, in the sense that for
every v € M+ (RY),

(7180, 7) < d°([v]|60r ) + / pd(7—v).
Rd
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2.2 The optimal quantization problem and mass-optimal quantizers

For « € (0, 1), the optimal branched quantization problem is the following:
E¥v, N) = inf {d* (u,v) : |||l = ||v|| and #sptu < N}. (2.12)
An admissible candidate uy in this problem will be called a N-point quantizer of v.

Definition 2.4 (Optimal quantizer). When £%(v, N) < 400 a solution of (2.12) will be called an
N -point optimal quantizer of v.

Theorem 2.5. For any finite positive measure v € .#T(R?) and any N € N*, the optimal quanti-
zation problem (2.12) admits a solution.

Proof. Take an integer N > 1 and v a finite positive measure on R, assuming without loss of
generality that it has unit mass. Suppose that £*(v, N) < +oo (otherwise there is nothing to prove)
and take (u")nen @ minimizing sequence with sup, ey d®(p",v) = A < 400. Let us show that it is
tight. Take ¢ > 0 and R > 4A /e large enough such that v(R?\ Bra) <¢g/2. If P" € TP(u",v) is
an optimal traffic plan, then

A > MY(P") > /Fd L(v)dP"(v)

> /F L)L yy(0)erN\ B v(00)€ B 2} AP (7)
R n
> 5(# (R?\ Bg) — v(R?\ Bg/s)),

which implies that
p'(R?\ Br) < 2A/R + v(R?\ Bgyy) <.

As a consequence, (1") admits a subsequence converging narrowly to some pu € 2 (R%). Necessarily,
i has at most N atoms as well and by lower semicontinuity® of d® for the narrow convergence of
probability measures p is a N-point optimal quantizer. ]

We will consider a class of quantizers which is broader than optimal quantizers and that we call
mass-optimal quantizers. They will be used to establish the full I'-convergence result in Section 3,
and may also provide a notion of Voronoi cells, called Voronoi basins, in the setting of branched
optimal transport (see Remark 4.5).

Definition 2.6 (Mass-optimal quantizer). Let v € .#(R%) be a finite positive measure and X =
{zi}1<i<n be a set of cardinal N. If ;1 is a measure supported on X such that the masses of its atoms
are chosen in the best way to approximate v in d* distance, i.e. d*(u,v) = d*(X,v) where

d*(X,v) = inf {d*(¢/,v) :sptp’ C X},
we say that p is an N-point mass-optimal quantizer with respect to {z; }1<i<n.

We will also need to decompose any traffic plan P € TP(u,v), where p is purely atomic, with
respect to the atoms of u, also called the sources of P.

In the compact case, lower semicontinuity of d* is obtained from [ , Chapter 3], see for example | ,
Section 1.2.3] for the case of R%.

11



Definition 2.7 (Restrictions and basins from a source). If P € TP (u,v) where p is purely atomic
and z is an atom of u, the restriction of P from the source x is defined by

P*:=PL {ycT?%:9(0) =z},

so that the following source decomposition of P holds:

P= Y P~

respt

The decomposition is said disjoint if all these restrictions (P¥),espt , are pairwise disjoint (as defined
in (2.3)). We also introduce the basin from x with respect to P as the support of the sink measure of
P

Bas(P, z) = spt((eco)sP”).

In the next lemma, we show that the source decomposition of an optimal traffic plan between a
measure and a mass-optimal quantizer is disjoint in the above sense, and that the corresponding sink
measures are mutually singular. This result plays a key role in the proof of equivalence between the
optimal quantization and optimal partition, and will also be crucial in Section 4 to define and study
the landscape function, and subsequently to show the disjointness of irrigation basins.

Lemma 2.8 (Disjointness properties of mass-optimal quantizers). Let = Y% | m;d,, be an N-point
mass-optimal quantizer of v € M (RY) with respect to X = {x;}1<i<y and P € TP(u,v) be an
optimal traffic plan. Then:

(i) the traffic plans P* are disjoint. In particular they are optimal (for their own marginals), and
N
M(P) =Y M*(P");
i=1

(i) the irrigated measures v; = (eco)yP™* are mutually singular.

Proof. Let us start by proving (i). Since P is rectifiable, so are the P*i’s; thus by (2.4) it suffices to
show that the measures Op=; 5! are mutually singular. By contradiction, assume that for some i # 7,
Op=; ' and Ope; #* are not mutually singular. We shall contradict the optimality of P. There
exists a Borel set A C ¥p and a constant mg > 0 such that s#1(A) > 0 and Ops; (z) A Op=; (z) > mo
for every x € A. Pick a point x € A with z # z; and x # z; and consider for k € {7, j} a traffic plan

P, <PL{yel?:4(0)=xz,2€~(Ry)} suchthat [P =mo.

For every ¢ € [0, 1], we will build a traffic plan P, obtained from P by taking a fraction ¢ of P;,
replacing for each curve v of P; the curve segment between x; and x by a segment of a curve ¥ of
P; from z; to . To do this, consider the map ¢, : v — miny *({z}) and the restriction maps

Ta 2 V0t T3 Y V() oo) Then
(eoc)s(rz ):Pj = (e0)s(r )sPi = moda,
and by Proposition 2.1 (i) there exists a concatenation Q € ((ry )yP; : (rF)sP;). For € € [0,1) set
P.=P+¢Q—-Py).
We shall do the converse operation for € € (—1,0), namely

P.:=P—c(Q ~P;), where Q€ ((r;)P;: (r]);P)).

12



Notice that for both possible signs of ¢, P. is rectifiable, ¥p_ C ¥p and

Op, =Op +cAO where AO =0 -0 (2.13)

(rz )y P (rz )y Pi”

Indeed if for example ¢ > 0 then by Proposition 2.1 (iii) we have ©q = e(r;)tu + @(Ti)uPi’ and
(2.13) follows because Op, = @(T;)ﬁpi + @(ri)uPi'

Now, the initial measure p. = (eg)sP. of P. is still supported on {z; : 1 < i < n} and its final
measure is still v, thus by mass-optimality of p,

0g d#t = M*(P) < M*(P.) = / (Op +cAO)* d#?.

R4 Xp

For k € {i,j}, by the single-path property recalled in (2.10), P-a.e. curve starting at z; and visiting
x follows a trajectory given by a single (simple, parameterized by arc length) curve 75 such that
Y(0) = zk, Ye(c0) = x and v, (Ry) C ¥p ; in particular, @(r;)qu = mol,, (r,). Since z;,z;,z are
distinct points, we get

A ({y € Bp : AO(y) # 0}) = A7 (1i(R4 ) Av;(R4)) > 0,

and as « € (0, 1), the function & — fzp (Op 4+ eAO)*ds#" is finite” and strictly concave on (—1,1).
But it is minimized at ¢ = 0: a contradiction. Consequently, Opz; #' and Opz; ! are mutually
singular for every ¢ #£ j.

Since P = YV, P% is a disjoint decomposition, by (2.6) we get that M*(P) = ¥~ | M*(P?%) and
the optimality of each P*i for ¢ € {1,..., N} follows from that of P.

Let us now prove (ii). For every ¢ € {1,..., N}, the traffic plan P* being optimal with a single
source, we may consider its landscape functions zpz; as in (2.11). By contradiction assume that
v; L v; does not hold for some 7 # j. Then we have:

m = [|D|| >0 where 7:=uv;Avj.

For k € {i,j} consider a plan P < P** such that Py € TP(mdy,, ), and define for e € (—1,1)\ {0}
the competitor
P.=P+ E(Pj — Pz)

Its initial measure (eg)sP. is still supported on {z; : 1 <4 < N} and its final measure is still v, thus
by mass-optimality of u we get

M*(P) = d*(X,v) < M*(P.)
< Y MU(P™) + MY (P — eP;) + M (P + cP;)

g
< Z M“(P*) 4+ M*(P*) — as/ zpei d(eso)Pi + M*(P*7) + ae/ zpr; d(eso)sP;
—y R? R?
=M*P) + ae/ (zpe; — 2zp=i ) dD,
Rd

where we have used the first variation inequality Proposition 2.3 (C) twice on the third line. The
inequality in the third line is strict for e € (—1,1) \ {0}, because for k € {i,j}, Op, < Ope thus
for every y € R? such that ©p,(y) > 0 we have |¢]|@p, < Ops;: this strict inequality holds on a
' -positive subset of Xpz. We can now choose € such that & [q(2ps; — zpe:) dD < 0, and we get
the contradiction M%(P) < M*(P). O

"Since |AG| < Op and M*(P) < +oo.
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2.3 The optimal partition problem and equivalence with optimal quantization

For « € (0,1) and any finite nonnegative measure v, we define

Co(v) == inf d°(||v||d,, ).
(v) = inf d*(|v]6:,)

Given a compactly supported measure v on R% and an integer N > 1, we define the optimal
(branched) v-partition problem as:

=1 7

N
inf {Z Co(rL Q) : (Q)i<icny C spty, v(RE\ UQZ) =0and v(Q;NQ;) =0(Vi # ])} . (2.14)

It may be equivalently written in terms of measures as:

N
inf Z Ca(Vi) : (Vi)1§i§N7 vV = Z 1% and 1%} 1 Vj (VZ 75 j) . (215)
=1 1<i<N

For more classical transport costs, e.g. corresponding to Wasserstein distances W), (p > 1), it is
straightforward to see that optimal quantization is equivalent to an optimal partition problem, where
the optimal partitions are given by Voronoi diagrams associated with a finite set of points. With our
branched transportation cost C (corresponding to the distance d®), the situation is a priori much
more difficult, since there is no clear decomposition of the target space into regions associated with
the atoms of a quantizer: on the contrary, in branched transport it is expected that several atoms
are first collected together along a graph, then irrigate some part of the target measure, so that we
cannot associate these irrigated points with a single atom. However, we have seen in Lemma 2.8 that
such situations do not occur for (mass-)optimal quantizers, resulting in the equivalence between the
optimal quantization and optimal partition problems.

Note that the existence of minimizers for (2.15) is not direct from functional analysis results, since
the condition v; L v; does not pass to weak limits of measures. To prove existence of solutions, we
introduce the following relaxed optimal partition problem

N
inf an(lli): (Vi)lgiSNal/: Z Vi e . (216)
=1

1<i<N

We shall see below that the optimal quantization problem and the original and relaxed partition
problems are equivalent (Theorem 2.9), and obtain existence to (2.15) in Corollary 2.10.

Theorem 2.9 (Optimal quantization ~ optimal partition). Given a measure v € .#+(R?), the
minimal values of the optimal quantization problem (2.12) and the optimal partition problem (2.15),
as well as its relaxation (2.16), are equal. Furthermore, when the optimal values are finite the
minimizers of these problems are related as follows:

(i) If uy = SN miby, is solution of (2.12) with optimal traffic plan P € TP (uy,v) then the
irrigated measures v; ‘= (€s0)sP* for 1 <i < N form an optimizer of (2.15).

(ii) If (vi)1<i<n is an optimizer of (2.15) and if for every i, x; € R? and P; € TP(||vi||ds,, vi) are
optimal, i.e. C*(v;) = d*(||vi]|0;,v5) = MY(P;), then un = SN ||vil|0z, is an optimizer for
(2.12) and P == "N | P; € TP(uy,v) is an optimal traffic plan.

(iii) The optimal partition problem (2.15) and the relaxed problem (2.16) have the same minimizers
and minimal value.
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Proof of Theorem 2.9. Denote by &5 (v, N) and £5,(v, N) the infima of (2.15) and (2.16) respectively.
Assuming that £%(v, N) < 400, take . = YN | m;8,, a minimizer of (2.12), which exists by The-
orem 2.5, and an optimal traffic plan P € TP(u,v). By Lemma 2.8 (ii), the irrigated measures
Vi = (exo)yP* are mutually singular and v = Zfil v;. In particular, (v4)1<i<n is a competitor for
(2.15). Besides, by Lemma 2.8 (i) the traffic plans P* € TP(m;d,,, ;) are disjoint and optimal,
thus:

N N N
ES(v,N) < Z C*(y;) < Zda(miém, i) = ZMQ(P%‘) = M*P) = £%(v, N). (2.17)
=1 =1 =1

Viceversa, assuming &5, (v, N) < 400, take a e-minimizer (v;)1<i<n of (2.16) for some fixed ¢ > 0.
We can form a competitor for (2.12) by simply taking for each v; a point z; that is optimal, i.e.
such that d®(||v;||0s,, ) = C*(v), and setting p == SV, ||vi]|0z,. Moreover, taking for every i €
{1,...,N} an optimal traffic plan P; € TP(||4]|0,,:), the traffic plan P := S, P; belongs to
TP (u, v) where p has at most N atoms, and therefore by subadditivity of the a-mass:

E%v, N) <d®(p,v) <M*(P) < iM“(Pi)
o N (2.18)
= d*(|vill0z. vi) = Y C* (1) = £ (v, N) +e.
=1 =1

Since € is arbitrary, this shows £%(v, N) = &5 (v, N) = (v, N) and (i) holds because of (2.17) in
the first part of the proof ; it implies in particular existence for the optimal partition problem and
its relaxation. Besides, taking now (v;)i1<;<ny a minimizer of the relaxed partition problem (2.16)
instead of an e-minimizer, and plugging it in the inequalities (2.18) (now £ = 0), shows that the
quantizer p built as above is optimal for v, and the traffic plan P (also built as above) is optimal
in TP(p,v). From (i) we deduce that the 1;’s are actually mutually singular and (v;)i1<i<n is a
minimizer of (2.15), which in turn implies (iii). O

As direct corollary of Theorem 2.5 and Theorem 2.9, we obtain existence for the optimal partition
problem.

Corollary 2.10. For any finite positive measure v € .4 (R?) and any N € N*, the optimal partition
problem (2.15) admits a solution.

2.4 Asymptotic energy scaling and asymptotic constant
From now on and in all the following results of the paper, we shall assume
ac(l-1/d,1)

where d € N* is the ambient dimension, and extensively use the exponent 3 = 3(«, d) whose expres-
sion we recall:

B=1+da—de(0,1).
We start by proving a general upper bound on the optimal quantization error by N points.

Lemma 2.11. Let v € . (R?) be a finite measure and o € (1—1/d,1). If v is supported on a cube
Q of edge length r, it holds:

E%v, N) < Cgot(a, d) NP/ ||v||.
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Proof. Without loss of generality suppose that Q = Q¢. Take n € N* such that n¢ < N < (n + 1)¢
and divide the cube Q into n? subcubes {Qi}1<i<pa of edge length % By concavity of Ry 3 m +— m®
and (2.7) we have

d d

E%v,N) < E%w,nt) < ¥l @i,1) < CBOT;O" D10
i—1 i=1
Cgot(o,d) _ v[N®  Cgot(a,d) _ o _ o
< BOTz()n 1,,d (Hnd’) - BOTQ()n Bllv||* < Cor(a, d)N~B/4||y||>. O

We show that the optimal N-point quantization error of the unit cube behaves as some negative
power of N times a nontrivial constant c, 4, when the Lebesgue measure is a-irrigable.

Proposition 2.12. Ifa € (1 —1/d,1), then there exists a constant coq € (0,400) such that

lim NA/4gx( 24 [0,1]%, N) = coa- (2.19)
N—+o00o
The proof is based on a classical result on subadditive processes in ergodic theory (see e.g. | 1.

Proof. Define for every Borel set A C RY and N € N,
S¥(A) = EX(LIL A, [ 2UA))).

Notice that for every N € N* by 1-homogeneity in space and a-homogeneity in mass of the a-mass,

we have

1

NP/dga (21 10,1)4, N) = NNl/dwga(gd L [0,1]%, N)
1 d 1/d1d S*(Qn)
= & NYdd Ny = 2228
where Qy = [0, N'/4? is a cube of volume N. By [ , Theorem 2.1], any nonnegative subadditive
translation-invariant function S defined on bounded Borel subsets of R? satisfies
d
N—~+o0 N neN* nd

hence it suffices to show that S is subadditive, the translation invariance being trivial. Subadditivity
is a direct consequence of the subadditivity of M® and the superadditivity of the integer part. Indeed,
take Ay, Ao two disjoint bounded Borel subsets of R?, then for any i € {1,2} an optimal quantizer y;
of Z%_ A; with at most [ .Z%(A;)| atoms, and an optimal traffic plan P; € TP (u;, %L A;). Since
Py + Py € TP(uy + po, L1 (A1 L Ay)) and the number N of atoms of iy + po satisfies

N < [Z2%(A1)] + | LY (A)] < | £Y (AU Ay)],
we obtain
SY(A; U Ag) = EX(LUL (A U Ag), | .Z2%AL U A)))
< d*(p1 + po, L7 (A1 U Ay))
<MY(P; + Po)
< M*(Py) + M®(Py) = SY(A;) + 8%(4s).

We have thus proven the existence of the constant c, g € [0, +00] of the statement. It is finite because
by Lemma 2.11,

. Sa([ovn)d) . Beoa d d
= _— = < .
Cavd nléllg* - nlélI\f;* n”€%([0,1]%,n%) < CeoT(a,d) < 400
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We next show that ¢, g is strictly positive. By | , Theorem 2.1}, the constant
e, = inf {d*(30,p) : p € P(RY), p < 2} (2.20)

is a strictly positive real number. Let uy = Zi]\il m;0,, be an N-point optimal quantizer of & [0, 1]¢
and P € TP(uy, 2%L [0,1]%) an optimal traffic plan. Using Lemma 2.8, noticing that for every
ie{l,...,N}, v = (e )i P¥ < £?. and using again the homogeneity properties of the a-mass, we
get:

ENLL[0,1]4,N) =Y d*(midy,, vs)

s

.
Il
—

1
mi e, g > N(1/N)*Tieq 4,

(]

Y
.MZ

.
Il
—

where the last inequality is due to the convexity of m +— mota (because o + % > 1). This implies
that cqqg > eq,q > 0 and concludes the proof.
O

3 I'-convergence and Zador-type Theorem

We are now going to provide an equivalent for the optimal quantization error of a compactly supported
finite measure v < .£¢ as the number of points goes to infinity, analogous to the classical Zador’s
Theorem (see | , Theorem 6.2], or the original papers [ ; ; 1), which states in
particular that

EW ()N~ 2 g W (2L [0,1)) ] o,
+2

where EW3 (1) == inf{Wa(un,v)? : un € #n} and Wy denotes the 2-Wasserstein distance over
probability measures. We shall also be interested in the limit distribution of centers of N-point
optimal quantizers uy, i.e. to the weak limit of
B 1

7 spt iy

<

KN -

SRS

{z:pn ({x})>0}

We tackle the two questions simultaneously by establishing a (stronger) I'-convergence result, inspired
from of [ ; ].

3.1 A I'-convergence result

We establish a I'-convergence result in the spirit of | |, in a form that is slighly more concise.
We do not follow the extended approach of | |, where the functionals depend on the quantizers
un and also on an extra variable that encodes the distributions of masses (as measures over Ry ),
since the I'-limit does not have a fully explicit expression in this case, and we are not able to derive
useful informations from it. Instead, the functionals Fn that we consider will depend solely on sets
> of N points, embedded in the space of probability measures through their empirical measures
% > sex Os, leading to the definition

Ly = {]1[255:#521\7} (YN € N*).

sEX
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We fix a compactly supported measure v € //lc+(Rd) such that v < Z%. We consider the sequence
of functionals Fy : Z(R%) — [0, +00] defined for every N € N* by

NA/Linf{d%(u,v) : sptpu C sptp} if p € L,

+00 otherwise.

Fn(p) = {

Determining the I'-limit of the sequence (Fy)n>1 amounts to seeking out the least (asymptotic)
energy to approximate, in the sense of branched optimal transport, the measure v by N-point quan-
tizers pun while prescribing the limit density of the centers (%) n>1, which will correspond to the p
variable. We shall prove that the I'-limit is the functional Fn, : 2(RY) — [0, 4-00] defined by

Falp) = caa [ S

3 dx
R pac (33) d

where we recall § =14 do — d, ¢o,q is the constant defined in (2.19) and pac = df?—’fd.

Theorem 3.1. Let v € 4 (R?) such that v < %% and o € (1 —1/d,1). The sequence of func-

tionals (Fn)n>1 I-converges to Fo as N — oo with respect to the narrow convergence of probability
measures.

We are going to use the following lemmas.
Lemma 3.2. Let v € .4 (RY) and a € (1 —1/d,1). It holds:

lim lim inf N%/4inf{€*(/,N) : v/ < v, ||v — V|| < 6} = liminf N?/9€%(v, N).
0—0 N—+o00 N—o+oco

Proof. Suppose that v is supported on a closed cube @ of edge length r > 0. First of all, it is clear
that
inf{E*(V,N) : v <, |lv— V| <8} <E*(v,N).

for every 6 > 0. Now, let us take a small A > 0. For every N large enough, by Lemma 2.11 and
subadditivity of the a-mass, we have for every v/ < v:
EYv,N+[AN]) < &YW ,N)+E*v -1V, [AN])
< EYV,N) + Clo, d)NPdp||y — o |* A=/,
hence for every § > 0,

liminf N%/?inf{£¥('N) : v/ < v, ||lv — /|| < 6}
N—+oo

> lim inf NA/dga(y, N + [AN])) — C(a, d)ré*\~5/4

—+00

>(1+ X4 liminf N¥9€%(v, N) — C(a, d)ré*X=P/4,
N—+o0
Taking the liminf as § — 0 and then A — 0 yields the result. O

Lemma 3.3. Let v € .#7(Q C R?) be a measure over a closed cube Q of edge length R such that
v< L a e (1-1/d,1) and (A;)1<i<s be a L% -essential partition® of Q with diam(A;) < r for
1< <I. We set

I

l// = ZngdLAz

i=1
where m; = v(A;)/ LY A;) if v(A;) > 0 and m; = 0 otherwise. There is a constant Chor =
Cgot(e, d) depending only on a and d such that

d*(v,v') < Cpor R P |l — v|*.

$Meaning .#¢ (QA U1<i<1 A; = 0) and fd(Ai N A;) = 0 for every i # 1.
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Proof. We know from [ , Proposition 0.1] (also | , Proposition 6.16]) that
d*(n=, 1) < CgorWi(n™, 1)’ < ChorWeo (™, pF)°

for every probability measures u* € 22(Q9) and some constant Chor = Chor(c, d). Applying it to

pu~ =v—vAv and ut =1/ — v AV after appropriate rescalings in mass m = ||~ || and distance
R, we obtain:

R7'm~a%(p~, 1u") < CporR™ " Woo(p™, )’
— d*(v,v) <d*(u", 1) < CporWoo (™, p)Pm* R,

By construction, v and ¢ have equal mass on each A;, thus the same goes for u~ and ™, and since
diam(A;) < r it implies that Woo (™, u™) < r. Since ||v — /|| = 2m, we obtain the desired result. [

We are now in the position to prove Theorem 3.1.

Proof of Theorem 3.1. We are going to prove successively the I' — lim inf and I" — lim sup inequality,
ie.

(g/
Vp € P(RY), V(o) nen == p,  liminf F(pn) = Foo(p), (3.1)
(g/
Vp e Z(RY),3(pn)Nen —2 p, limj\?upFN(pN) < Foolp). (3.2)
%/

Proof of the I'-liminf inequality (3.1). Let us take a sequence of probability measures py —> p,
assuming without loss of generality that liminfy Fy(pn) < +o0o. Up to taking a subsequence, we
may assume that Fy(py) converges to liminfy Fy(py) and

C = sup Fy(pn) < +o0.
NeN*

In particular we know that for every N € N*, py = % > sexny 0s for some set Xy of cardinal N,
and we take a mass-optimal quantizer uy of v with respect to X, as well as an optimal traffic plan
Py € TP(un,v), so that

Fn(pn) = NO/Q*(Sy,v) = NO/9d® (uy,v) = NO/IMY(Py) = NP/4 / | Zey dPy(Y),
r

recalling Zp, is defined in (2.9). A standard strategy to show (3.1) is to express this energy as the
total mass of some measure ey, which converges up to subsequence to some measure e, then show a
lower bound on e and use the lower semicontinuity of the norm on .# (R%). In our branched optimal
transport setting, in order to follow this strategy we will have to resort to outer measures rather
than measures. More precisely, we shall bound from below the energy Fn(pn) by the total mass
E}V(Rd) of some suitable outer measure E', that in some sense becomes a measure asymptotically
as N — +o0.

Notice that

Zoy () APy () = [ L) dPy (1),

CN—B/d > /

Td
so that by Markov’s inequality for every M > O:

(3.3)

=

P ({y: L(v) = MN—#/4}) <
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Consider an increasing sequence My tending to +oo and such that MyN—#/¢ — 0, and set
Py :=PyLTy where Ty :={y: L(y) < MyN—?/4}, (3.4)
We define for every Borel set A C R%:
En(A) = NP/IMO(PyLel(A),  En(A) = N/IMY Py Lell(A)).

We remark that
En(R?) = Fn(pn)

and EY (and also Ey) is an outer measure (being countably subadditive) and a priori is not a measure:
it is possible that for two disjoint Borel sets Ay, Ag, the plans P/ L ez (A4;) and P’y L e }(A2) are
not disjoint. However, E\, becomes additive when dist(A;, A2) > 0 and N becomes large enough.
Indeed, if MyN—8/d < %dist(Al,Ag), which is the case for NV large enough, then for every curve
v € Ty Next(Ay), i € {1,2},

71(R) N72(R) =0,

which in turn implies that P’y L ezl (A1) and Py L ez (As) are disjoint, and thus by (2.6):

M (Ply L e} (A1 U Ag)) = M*(Ply L e (A1) + M*(P)y L el (As))

En(A1U Az) = En(A1) + Ex(As). (3.5)

Notice that this additivity property does not hold a priori for Ex, which was the point for restricting
it and use F' instead.
We know that v-a.e. point x € spt v satisfies

][ v —v(z)|de — 0 and v(z) € (0,400). (3.6)
Qr(z)

Fix such a point z, take § > 0 such that p(0Qs(x)) = 0 (this is true for all but countably many §’s),
where Qs(z) denotes the closed cube x + 6[—1/2,1/2]¢, and consider the slightly smaller §' = 76 for
€ (0,1) (which we will send to 1 later). We denote for every N € N*

nns = #(EN N Qs(x)), vN = (€0o) 2Py,

and we define the ¢§’-rescalings around x
1 y—x v d
Vg = ﬁ (y — (V)ﬁ <]. A I/(:L')g I—Qé’(w)) s

. 1 y—x VN d
UN§ = 5d ( 5 )u (1 A mg I—Qé’(m)) .

For N large enough Qg (z) + B(0, MyN~P/4) C Qs(z) because My NP/ converges to 0, hence we
have the lower bounds:

N=PIE(Qy(x)) = M*(Ply &I(Qaf(w)))

> d%((e0)4(Phy L e (Qur(2))), v L Qi () (3.7)
> E%vn L Qs (), nn) (3.8)
> E%vn ANv(x )fdl_Q(;/(x),nN)

= v(2)*" T EY Uy 5, ny).
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where (3.7) follows from the definition of d%, (3.8) and (3.9) from the facts that the source measure
of P’y L e }(Qs (7)) is a submeasure of uy L Qs(z) (thus has at most ny atoms) and that E%(v,n)
is decreasing in n and increasing in v.

For every N € N*, vy 5 is a submeasure of vy because vy < v, and by (3.3) and (3.4) we know
that ||vy — vy | < C/Mn Notoo, 0, thus multipliying (3.9) by NA/?, passing to the liminf in N

and using Lemma 3.2 yields:

N \P/d 8/d
}\i[minf EN(Qs(x)) > v(x)*(67) T lim inf () EYvng,nN)ny
—400

N—+4oco \ NN

(57_)1+day(x)a 5/d
= —"———7— liminf E vy 3.10
p(Qs(x))P/d R bs2m) (310)

because

7;\]; = pn(Qs) — p(Qs(x)),

since py %, , and p(0Qs(x)) = 0. Notice that vy < .Z?_Q; and by (3.6) that ||vs| — 1 = .2%4Q1)

hence ||vy — 2L Q1] == 229, 0. We divide by 6%, pass to the limsup as § — 0, and then take 7 — 1
recalling that ¢’ = 74, and use Lemma 3.2 again, obtaining

_ lim infy B} (Qs(x)) . 5° 8/d d 1o, 114
lim su > v(x)*limsup ——————— lim inf n”?/*E* (L L , 1
ol 2UQs(z))  — (=) 550 P(Qs())PTd nroe ( oA (3.11)
_v(@)?
= pac(m)/j/dca,d:

which holds for .#%-a.e. (thus v-a.e.) = by Radon-Nikodym Theorem.
Now, we conclude by applying a covering argument. For fixed e € (0, 1) we consider the collection
Q. of cubes Qs(), 6 € (0,1], z € R such that

o (et Ap(z)” (e~ tAv)®
@) (eVpac(@))P7? _fQ(s ) (eVpae)p/d &

..\ liminfy En(Qs(z v(x)™
(if) f/g(czfsv((ac))5 > ca’dpacémiﬁ/d — e

For any fixed R > 0, the set of cubes Q. form a fine cover of Z%-a.e. Kp = {r € R? : v(z) >
0} N QR(0) because of (3.11) and the fact that for #?-a.e. x € Kp we have

lim (et Av) B (et Av(x))®
0=0.JQs(x) (eVv paC)ﬁ/d B (eVv PaC(w))ﬁ/d

thanks to Lebesgue differentiation theorem applied to % € L'(KR). Then, using the Vitali-
Besicovitch covering theorem, there exists a countable family of disjoint cubes (Qs,(zi))i<r C Qe,
I € NU {400}, that cover K up to a .Z%negligible set. Using above properties (i) and (ii) of the

collection Q., we get that for every J < I,

lim inf By (Kp) > lim inf £
lim inf By (Kp) = lim inf N<1L<JJQ6 x)

(L2 )hmmfZEN (Qs; (1))

@ (o) st

2 D Cad 7 370
i<J “ Pac(wi) P14 '
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_1/\1/) d
> C‘“dz/@s e eV pacyrt L R A Q)

Taking J — I, then ¢ — 0 and R — 400, by the Monotone Convergence Theorem we get:

v(z)®

et 10 7 E0)

hmmffN(pN)> lim liminf Ey(Kg) > lim cad/
K

N—4o00 R—+00 N—+o00 R—+o00

Proof of the I'-limsup inequality (3.2). Let us remark that the subsets
A=Z.R)NLIRY), and A :={pc A:sptpissome cube Q and essinfgp > 0}

are dense in the F,, energy for the narrow convergence of measures. First of all, it is clear” that
Z.(RY) is dense in energy. Then let us approximate any p € Z.(R?) by measures in A. Assume that
it decomposes as p = pac.Z% + ps where p; L £?, and ps # 0 (otherwise there is nothing to prove).
We know that there exists p. s for € € (0, 1) which are absolutely continuous with respect to Z4L ().,

/

‘5
where €. are nondecreasing subsets of R? such that .Z%(€).) < ¢, and such that Pse — ps, and

| pesll = [lpsl|. We set d
Pe = PacL + Ps,e-

Notice that (pe)ac = pac so that

v(x)®

-Foo > -Foo Z « 7(1 )
(p) = (pe) = caa /Rd\ﬂg Pac(x)P/d x

) e—0

and by the Monotone Convergence Theorem we get Foo(p:) —— Foo(p). Now to approximate any

p € A by measures in A’, set for every € > 0

pe = pVe
o level
. ty .
It is clear that ||pe|| = 1 and p. — and by the Monotone Convergence Theorem again we get
E—r

¢,
Foolps) —2 Foo(p). As a consequence, to prove the I' — limsup inequality it suffices to find a

recovery sequence for any given p € A’. Several steps are standard and inspired from | ], thus
some of the constructions will be quickly done.

Step 1. (Building approximation sequences.) Take p € A’, whose support is by definition a cube @ and
assume that Foo(p) < 400 (otherwise there is nothing to prove), which implies that sptv C Q.
Consider the collection of subcubes of Q of edge length AN /4 given by:

{(Qni:iel} ={AN"YYE+Q) CQ:kezi},

where A > 1 is taken large (and will be sent to +oo later) and define piecewise constant
approximations of v:

d v(Qn;i) .
VN = vNiZLQn,; where vy;=———~ (Viel).
; LY Qn,)
9a- . . Pl—Q1/5 Cg d
Simply consider the family —2 p for any given p € Z(R?).

I/LQ1/cll o
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Notice that vy — v in Lt (Rd). Let us build suitable N-point approximations of p by putting the
appropriate number of points 1y ; in each cube @ n ;. The number ny ; should be approximately

given by
Np(Qni) = NANYNdpn: = Xlpn,; where py, = M (Viel).
’ ’ ’ B ()N
Since
SNl <D Mo = NP(Q \U QN,i) =N+ on10(N)
iel iel iel
and

#I ~Nyoo NT> N
then for N large enough, we may choose for every i an integer ny; such that

L)\d,oNﬂ-J <npy; < L)\deﬂ-J +1 and ZnN,Z- = N. (3.12)
el

Notice that if we took A large enough, /\de’i > Mk > 1 where s = essinfg p, so that we may
assume ny; € N* for every i € I.

For every i € I, we take X ; included in the interior of Qn; as the support of a ny ;-point

-1
quantizer of £ L Qn,; which is dy-optimal, where dy = (ZiGI VSN) NB/d=1 e
ENLLQn,inn) < d¥(Eni, L7 Qni) < EN(LL Qniinn) + 0N, (3.13)

and we eventually define

1
Yy = |_| Yni and py = N Z ds.
el SEXN

(g/
We know that py ——>— p because by (3.12):
N—+o0

1 1 N
suplpn (Qni) — p(Qni)| < — sup|ny; — Apn | < — —=2125%
icl N el N

0.

By the triangle inequality and (3.13) we find the following:
Fn(pn) = N/4d*(Sy,v) < NP/ (Sy, vn) + NP/9d* (v, v)

< Nﬁ/dda<U XN, Z VN,z‘ng—QN,i) + N/ (v, v)
el el

< Nﬁ/dZ(ga(VN,igdl—QN,iv nN,i) + Vzoﬁz'(sN) + N/d (v, v)

el
< Nﬂ/dZSO‘(VN7i$d|_QN,i,nN,i) (3.14)
el
1
+ NA/Q% (v, v) + ~ (3.15)

Step 2. (Bounding (3.14).) We have for every i € I:

EX(vni L Quiynng) = V3 (NN (Q nyy),
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and therefore, if we set pn == 3, pNilQy, and Xy = U;e; @nyi,

NP/ Z EYvNni L L Qniynni)
iel

<Y NI ATEN Q1 [N pwal)

i€l

/ £)E%(Qu, X (x) )N da
iel QN

</x pﬁ(;ﬂ/d‘f&@w N (@) )\ (2))7/ da.

Now note that gy > k > 0 for a.e. x € Xy, so that

£(Qn WA @D @) < s E(Qun)ln+ YIS ouall +e(),

where () Azteo, by Proposition 2.12. Besides, (px) and (vy) converge to v in L' (R) thus'®
(v§;) as well. Therefore by reverse Fatou’s Lemma, taking the superior limit as N — 400 then
the limit A — +oo yields

hmsupNB/dzga vN L L Qninn) < Ca,d/ Lf)f/ddm
Nost00 ey Q p()

Step 3. (Bounding (3.15) and conclusion.) We apply Lemma 3.3 to the measures v and v/ = vy:
d*(v,vn) < Cpor R PANTY 4P |lv — uy]|,

so that
NAAY (v, vy) < Chor RPN ||lv — vy .

Taking the limit N — 400, since vy — v in L', we get:

lim sup N#/4d% (v, vy) = 0. (3.16)
N—+o00

By Step 2. and (3.16) we thus have

limsup Fy(pn) < Ca,d/ /(@) p dr = Fo(p),
N—+oo Q p(m)ﬁ/

as desired.

O

Remark 3.4. There are alternative approaches for the I'-liminf part of the proof if we assume that the
measure v is d-Ahlfors regular (see (4.1)), since we may use the Holder regularity of the landscape
function and its consequences (in particular the bound on the diameter of basins in terms of their
masses) that are established in Section 4. Indeed, we may use directly the outer measures F defined
for every Borel set A by

En(A) == NP/IMO Py L el (A)),

%Tndeed, there are all supported on the compact set @ and (v%) converges to v* in Ll/O‘(Q).
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rather than the restrictions E', or even use the measures defined by

en(A) = / zp, dp.
A

The relevance of restricting the plans (and thus of passing from Ey to EY), is that we can then
guarantee that EY, satisfies additivity for sets at positive distance and N large enough. But one may
check that this property holds directly for En thanks to Corollary 4.3 and Lemma 4.4. It is even
easier with ey which is by definition a measure, although in this case we need to adapt the series of
inequalities (3.7)-(3.9) which give the lower bound.

Also note that similar considerations using Holder regularity of the landscape function under
Ahlfors regularity hypotheses may also apply to Proposition 3.5 to replace the outer measure E by
En or ey in the statement on the equi-distribution of energy at the macroscopic scale.

3.2 Asymptotics of the quantization error and support of optimal quantizers

From the I'-convergence established in the previous subsection, we may obtain the asymptotics of
the optimal quantization error (a branched optimal transport variant of Zador’s theorem) and the
limit density of the centers of optimal quantizers, i.e. to establish Theorem 1.1.

Proof of Theorem 1.1. Take for every N € N* a N-point optimal quantizer uy of v. Since v is
concentrated on some closed cube @, it is straightforward to see that by optimality all the pn’s must
be concentrated on @ as well. Thus the sequence of probability measures (u3;) converges narrowly,
up to subsequence, to a measure p. Since for every NN,

‘/—"N(,U/?V) = iIlf]:N,

by Theorem 3.1 the measure p minimizes the I'-limit F, and

Jlim NOeE (v,N) Nl_lg_loofN(NN) Foolp) = Cad /K O dz.

As a consequence of minimality, p is absolutely continuous with respect to .2? and the Euler-Lagrange
equation can be written as:
1
v(w)® = (Mp)**i

for Z%-a.e. x € Q, for a constant M which is given by

e
1

M= M,q4v) = /Ku(a:) °“ta dx.

In particular p = Ma,d(y)_lyE and

aul=
Il
N
__—
R
o]
+ e
|
N————
o]
Jr
=
|

lim NP/2€ (v, N) = cq.aMa.a(v)*

3.3 Equidistribution results at the macroscopic scale

From the I'-convergence result and its proof, we obtain convergence of measures (or outer measures)
of interest to understand uniformizing features at the macroscopic scale.

Proposition 3.5. Let (un)nen+ be a sequence of N-point optimal quantizers of v.
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(A) The empirical measures converge as follows:

o

(g/
Hiy = Moa(v)~'veta

In particular if v = L% X for some Borel set X satisfying £%(X) =1, we obtain
1
Aoty 0 B) = Z°(B),

for every Borel set B C X such that £%(0B) = 0.

(B) The energy outer measures (EY) converge in the following sense:

o
lim Ey(B) = cqaM, d(u)a+tli/ vota
N—+o0 ’ ’ B

for every Borel set B such that £%(0B) = 0. In particular if v = £%1_X for some Borel set
X satisfying LX) > 0 then

lim  EN(B) = caaMaa(v)*"1.2%(B).
Proof. The first item (A) is a direct consequence of Theorem 1.1. For (B), we follow the proof of the

I' — liminf inequality in Theorem 3.1 and apply the covering argument to the subcollection Q. C Q.
of cubes Qs(z) which are included in a given open subset Q C RY. We therefore get:

liminf By (Q) > cq.aM, d(l/)oﬁ'% / veta.
N—+400 ’ ’ Q

If B is a Borel set with Z%(0B) = 0, we may apply the above inequality to B, := {z : d(z, B) > &}

and Bs. = {z : d(z,B) > ¢}, and using the asymptotic additivity of E} to the sets B and Bs.

which are at positive distance, we obtain

cmdMa,d(u)o‘Jré / vta < liminf Eiy(B<.) < liminf Ey(B) < limsup Ejy(B)
B<. N—+too N—+o0 N—+4o00

= limsup EEV(B UBxse) — E;V(B>€)

N—+o0
< limsup En (R?) — lim inf Efy(Bs.)

N—+o0 N—+o00
< CavdMaad(V)OH—é/ VOHF% - Ca,dMa7d(V)(a+il)/ Uoﬂr%
K B>s

e
1

1
= ca,dMajd(l/)a"’d / vota.,
Rd\B>E

Taking the limit € — 0, we get the desired result of (B). O

4 Landscape function for mass-optimal quantizers

This section is devoted to the landscape function, its definition and Hélder regularity. We stress
that the classical definition of landscape function from [ ], recalled in Section 2.1, is only given
in the case of a single source u = md, and, as already said, an optimal traffic plan with several
sources may in general not decompose disjointly according to its sources. This poses a serious issue
to define and study the landscape function in such a case. An attempt at defining the landscape
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function for several sources (even in a more general setting) has been made in [ , Chapter 4],
but the construction is quite technical and the Holder constant computed there actually explodes
when the number of sources tends to infinity. However, in the case of optimal quantizers or even
mass-optimal quantizers, the disjointness result established in Lemma 2.8 allows us to give a simple
ad hoc definition of landscape function, and, following the approach of | ], we are able to show
its Holder regularity with a Holder constant that is uniform in the number of sources, a crucial
information to establish the uniform regularity properties in Section 5.

4.1 Uniform Holder regularity

Our main result is the following:

Theorem 4.1 (extended version of Theorem 1.3). Let o € (1—1/d,1) and v € 47 (RY) be a measure
which is d-Ahlfors reqular with constants 0 < cq < Cyu, t.e.

car? <v(B,(x)) < Car? (VY € sptv, Vr < diam(sptv)), (4.1)

and let P € TP(u,v) be an optimal traffic plan where p = Efvzl m;dy, s a N-point mass-optimal
quantizer of v with respect to {z;}1<i<n. There exists a unique function zp : sptv — Ry that we
call landscape function associated with P satisfying:

(i) for everyi € {1,...,N}, zp=; = zp everywhere on Bas(P,x;);

(ii) zp is [-Hdélder continuous where we recall f = 1+ da —d € (0,1), with a Hélder constant
smaller than a constant Cp = Cy(ca,Ca,a,d).

Proof. Let us start by setting a candidate landscape function which is uniquely defined v-almost
everywhere on sptv. The measures v; = (es)yP* are mutually singular and sum to v thanks to
Lemma 2.8, thus we may define a Borel function z : spt v — R such that for every i € {1,...,N}:

z = zpw; 1V;-almost everywhere.

Let us show that z admits a Holder continuous representative through Campanato estimates,
following the strategy of | |. Take a point = € sptv. For every r € (0,2 diam(spt )] we denote
by z.(z) = fBT(m) zdv the mean of z on B,(x), and by Zz.(z) the central median of z on B,(x)
with respect to v, defined as the midpoint of the interval of values ¢ € Ry such that B,(z) may be
partitioned into two subsets A Ll B = B,(z) with equal mass, i.e. v(4) = v(B) = v(B,(z))/2, and
such that z > ¢ on A and z < ¢ on B. Consider two such sets A, B for the central median ¢ = z,(x)
and define the following variation of v:

N
ﬁ::y—yLA—i—l/l_B:Zﬁi
i=1
where for every i € {1,...,N},
v =v;—v; LA+ L B.

By Lemma 2.8 again, we know that the P*i’s are disjoint and thus optimal traffic plans with single
source x;, thus we may use the first variation inequality (D) of Proposition 2.3 for every i € {1,..., N}
to obtain:

da(H&zHéazla 171) < da(miéxi, I/i) + « </ zpe; dy; — / ZpTi dl/l>
B A

:Ma(Pxi)+a(/lgzdyi—Adei).
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We set P := 3" | P; where P; € TP(||#]0,,,#) is an optimal traffic plan for every i € {1,..., N}.
Summing (4.2) over 4, using the subadditivity of the a-mass and the disjointness of the P*i’s together
with (2.6) yields:

N N
M*(P) < > M*(P;) = > d*(|[#llda,, %)
=1 =1

< év; (MQ(P“)—F@ (/Bzdui—/Azdyi)> (4.3)

:MQ(P)—FQ(/Bde—/Azdl/>.

Notice that P € TP(fi,7) where fi := >V, ||#4]|0s,. Take an optimal traffic plan Q € TP (7, ) and
consider a concatenation .
P e B:QC TP(i,v),

which is defined thanks to Proposition 2.1 (i). Since spt(# — v) C B,(z) and |7 — v|| = v(B,(z)) <
Car®, by Proposition 2.1 (iii) and the branched transport upper estimate (2.7) we have:

M?(P') < M%(P) + M*(Q) < M%(P) + Cgort 2r (Carh)°. (4.4)

Now we remark that f is still supported on {z; : 1 <7 < N} and p is a mass-optimal quantizer of v
with respect to the z;’s, so that M*(P’) is greater than M*(P), thus by combining (4.4) and (4.3):

M (P) < M®(P') < M*(P) + 2CgorCoritde
<M*(P) + « (/ zdv —/ Zdl/> + 2CBOTCﬁT1+d“.
B A

This implies that

0<« (/ zdv —/ zdy) + QCBOTCﬁT1+da,
B A

/ |z — zp(2)| dv = / zdv — / zdv < 2071 CgoTCGrt T

hence

and finally
[ ema@lavs [ e n @l B @) o) - 5 (o)
By () Br(x)

< 2/ |z — Z,(2)| dv < 4o~ CgorCGriTe. (4.5)
By ()
We now use Campanato estimates: for every = € sptv, r < 2diam(sptv) and ' € [r/2,7],

lzn(2) — 20 ()| s]i IRl

" 4.6)
-1 a,14+do (
4o CBOTCAT < CTB’

1
Sv(Brf(x))/ L N LA

24+2CorCY

oo , and as before § =1+ da —d € (0,1). Applying (4.6) to radii
r27", 727" ! for n € N, we deduce that (z.9-n)nen is a Cauchy sequence, which in turn implies
(using (4.6) again) that the following limit exists for every x € sptv:

where we have set C :=

2p(2) = lim 2(v) = lim o zdv.
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By triangle inequality (4.6) yields

= CrB
|2 (%) — zp ()| < Z|Zr2—n($) = Zp-n) (2)] < 1_9-8
n=0
and combining with (4.5) we get

2
z—zp(x)|dr < CrP.
1, @l 5

Finally, take z,y € spt v such that r := |y — x| and use the last two inequalities to get:

lzp(y) — zp ()| < |2p(Y) — 20 (Y)| + |20 (y) — 2P ()]

CrP ][
< + z— zp(x

Cr® v(Bay(z)) 14 28+1(Cy fen)
S1-27 7 u(B,) 722r<x>'z‘zl°(x>'d”§< o )CT@

As a consequence, we get (ii) with

92(d+2) CBOTC};—HI

CH = .
(1 _ 27(1+da7d))acz24

Let us now prove (i). Since v-a.e. point of sptv is a Lebesgue point of z (with respect to v),
we know that zp = z v-a.e. thus zp = zpz; v;-a.e., but since zp=; is lower semicontinuous and zp
is continuous on sptv;, we have zpz; < zp everywhere on Bas(P,z;) = sptv;. Let us show that
we actually have equality. Given x € spty; such that zps; (x) < oo (otherwise there is nothing to
prove), consider a P¥i-good curve 7; from z; to z. Fix r < diam(spt v), take an optimal traffic plan
Q € TP(v(B,(x))dz,vL By(z)) and by Proposition 2.1 (i) take a concatenation

P’ € (v(B,(2))d+,)) : Q € TP(v(B;(2))dy,, v B (x)).

We build the competitor .
P:=P-PL {y(x) € B.(2)} + P

which belongs to TP(fi, v) for some measure fi which is still supported on {z;,1 <i < N}. Using as
above the first variation inequality (D) of Proposition 2.3 (applied to each P%i, j € {1,...,N}), the
subaddditivity of the a-mass and the mass-optimality of 1 we must have:

M®(P) < M*(P) < M®(P) — a /B 7P av(B(@) 2 () + M@

Since M%(Q) < 2Cgotr!T it implies

20
BOT ’rﬁ

= ZP(x) < zp, ($)7
CA

Vr € (0, diam(sptv)), f zp dv < zp#; (x) +
By (x)

hence zpe; = zp on Bas(P,x;) for every i € {1,..., N}, i.e. (i) holds true.
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4.2 Applications of the landscape function

We now generalize the properties of the single-source landscape function of Proposition 2.3 to our
setting. First, we extend the notion of P-good curve when P is a traffic plan with N sources
{z1,...,xn} such that the traffic plans P*’s are disjoint: we say that a curve 7 is P-good if it starts
at some source x; and it is P*i-good.

Proposition 4.2. Assume o € (1—1/d,1). Let v be a compactly supported d-Ahlfors reqular measure,
i be a N-point mass-optimal quantizer with respect to X = {x;}1<i<ny and P € TP(u,v) be an
optimal traffic plan with M*(P) < oo, a € [0,1). We consider a nonempty subset X' C X and we
set:

o= pl X V' =vL | J Bas(P,s) P'=> P
SEX sEX!

The landscape function zp : spt v — Ry given by Theorem 4.1 satisfies:
(A) zp(x) > d(x,X") for every x € sptv/;

(B) the a-distance writes as:

d¥(X', V) =d*(u,v) = MY (P') = /Rd zp(x) dv ();

(C) if P e TP(jin,7) is a traffic plan concentrated on P’-good curves, then:

M®(P) < M*(P’) + a/Rd zpd(v —v),

and the inequality is strict if for some x; € X', Opa; — Opai does not vanish S -a.e. on Xpae;;

(D) in particular, zp is an upper first variation of the irrigation distance, in the sense that for
every v € M+ (RY),

d*(X',p) <dY(X', V) + a/d zpd(D — V).
R
Sketch of proof. The results follow rather directly from Proposition 2.3, Theorem 4.1 and the opti-
mality of the P¥i’s stated in Lemma 2.8. For (A) it suffices to note that for every x € spt v there exists
x; € X such that zp(z) = zp« (x), and thus using Proposition 2.3 (A) we find zpe; () > d(x,x;) >
d(z, X'). For the remaining points, we merely apply the corresponding points from Proposition 2.3 to
the traffic plans P%, z; € X’, and combine it with the disjointness properties from Lemma 2.8. [

Corollary 4.3. Under the assumptions of Theorem 4.1 and using the same notations, the basins
Bas(P,x;) are closed subsets of sptv which form a partition of v, in the sense that they are v-
essentially disjoint and that their reunion is equal to sptv.

Proof. The basins are closed since by definition Bas(P,x;) = sptv; where v; = (ex)sP* for every
i €{1,...,N}. Furthermore, v = % | v; implies that spt v = Y, spt ;.

Let us show that for every i # j, v;(Bas(P,z;)) = 0, which implies the result, since for k # [ we
can then write

M=

v(Bas(P,z,) NBas(P,z;)) = » vj(Bas(P,xy) N Bas(P,;))

INA

t o,
N Il
—~~ =

Bas(P,z;)) + Z vj(Bas(P,zy)) = 0.
J#k
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Suppose by contradiction that v;(Bas(P,z;)) > 0 for some i # j. Take as competitor

P =P_P%L {'Y : fy(oo) € BaS(P,«Tz‘)} +Q7
P;;

where Q € TP(vj(Bas(P,z;))ds,;,v; L Bas(P,x;)) is chosen so that Q-a.e. curve v is a P*i-good
curve, which is possible because zp=; is finite everywhere on Bas(P,x;) by Theorem 4.1. Since
P’ € TP(y/,v) where 1/ is concentrated on the z;’s, by mass-optimality of the quantizer u, we have:

M®(P) = d*(1,v) < d°(i/,v) < M*(P').

Notice that P’ is rectifiable, Yp,; C Ypr; and Xq C Ypei, since every P¥-good curve is S -ae.
included in Yp=;. Besides, the P**’s are disjoint by Lemma 2.8, which implies thanks to (2.4) that
the networks Ype;’s are J#!-essentially disjoint. Thus the traffic plans (P/)**’s are disjoint. We
apply the upper first variation inequality Proposition 4.2(C) to the variation given by replacing
P* — (P')% = P% — P;; and P* — (P')* = P% + Q, and we get:

M®(P) = d°(u,v) < d*(,v) < M*(P')
— MO(P) + (M°(P" — Py;) — M°(P™)) + (M°(P" + Q) — M®(P™))

<MYP) — a/ zpe; dvj + a/ zpe; dvj
Bas(P,z;)NBas(P,z;) Bas(P,z;)NBas(P,z;)

= M°(P) —oz/

zp dvj + a/ zp dv; = MY(P),
Bas(P,z;)NBas(P,z;) Bas(P,z;)NBas(P,xz;)

where we used Theorem 4.1 in the last equality, and and Proposition 4.2 and noticed that the
inequality is strict since Op,; does not vanish 7 La.e. on Xpe; (or similarly that ©q does not vanish
#'-a.e. on Yp=;). This is a contradiction. d

The measure of basins can be controlled from above and below for optimal plans associated with
mass-optimal quantizers.

Lemma 4.4. Under the assumptions of Theorem 4.1 and with the same notations, for every source
x; of P, we set

’y_$i|
O(P.x;) = =z
(Pwi)i= max ==

Then we have for every x;:

CBas diam(Bas(P, z;))? < v(Bas(P, z;)) < C4 diam(Bas(P, z;))%, (4.7)
1, Ca \7 ..
5 diam(Bas(P, z;)) < §(P,x;) < <2c ) diam(Bas(P, z;)), (4.8)
Bas
cy diam(Bas(P, z;))” < sup zp, < O diam(Bas(P,z;))?, (4.9)

Bas(P,z;)

1

a—1 _1 B
where cpas = 274 (CH + iff%) ,CH = 2_5(}'3_1 and Cy = 2cg2C4.
Proof. The upper bound in (4.7) follows from the upper d-Ahlfors regularity of p.

For the lower bound in (4.8), consider a point y € Bas(P, x;) such that |y —z;| = max,cpagp,2,)|¥ —
x;|, which exists because Bas(P,x;) is compact. T:ake a P%i-good curve «; from x; to y and set
r = |y — ;]. We build a competing traffic plan P by removing PL {y € T'Y : y(c0) € B,(y)}
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then adding an optimal traffic plan Q € TP (v(B,(x;))ds,, v B-(y)). By optimality of P and mass-
optimality of the source measure u, using the first variation inequality Proposition 4.2 (C), and the
branched transport upper estimate (2.7), we get

2C)
a/ zp dv + Cot(2r)v(Br(y))* > 0 = zpdr < 18?5 P,
Br(y) Br(y) acy
which yields by Theorem 4.1,
20
zpei (y) = zp(y) — ][ zp dv +][ zpdr < OgrP + %rﬂ = C'rP. (4.10)
Br(y) Br(y) Qacy

Now recall the definition of landscape function in the single-source case:
C'rB > zpz; (y) = Ope: () 1 dx
W= [ o o
> 1 (vi(Ry))v(Bas(P,z;))* ! > rv(Bas(P, z;))* L.

As a consequence

v(Bas(P,z;)) > (C’rﬁ*l)ﬁ = Z*dC’ﬁ(ZT)d = cBaS(Qr)d

1

where cpas = 274 (CH + 201501) “. Notice that diam(Bas(P, z;)) < 2r by the triangle inequality,

acA
which yields (4.7) and (4.8). As for (4.9), the lower bound comes from (4.11) and the upper Ahlfors
regularity, while the upper bound comes from (4.10), which implies by the triangle inequality that
for every y' € Bas(P, x;)
zp(y) < Cyly —/|° + C'rP < 20+F
d(a—1) a—1
= 2 )c%as P

8

coNg

< 20cal ( A )d diam (Bas(P, z;))".
2CBas

< Oy diam(Bas(P, z;))?
_1 B
where Cy = 2c5LC 4. O

Remark 4.5 (Voronoi basins). In the case aw = 1, if v has a compact convex support © and P is an
optimal traffic plan between v and a mass-optimal quantizer p = Zﬁil m;0,, associated with the
points {z;}1<i<n, then the basins will be exactly the Voronoi cells (2N V;)1<i<n given by

Vie{l,...,N}, V;:= {x: |z — x| = IISI}iSIlN‘HZ—(L‘ﬂ}. (4.12)

When a € (0,1), the basins (Bas(P, z;))1<i<n thus extend the notion of Voronoi cells to the case of
branched optimal transport, which we may call (branched) Voronoi basins. These Voronoi basins are
also closed sets which form a partition of the given measure v, as stated in Corollary 4.3, but they
are much more complicated in several regards:

e They need not be convex polyhedra, but are rather thought to exhibit fractal pairwise bound-
aries.

e Classical Voronoi cells do not actually depend on the measure v or its support but may be
computed directly from the points {x;}1<i<n through (4.12), taking the intersection with the
support afterwards. On the contrary, there is a priori no reason for Voronoi basins to behave
in the same way, and it is well possible that the Voronoi basins for v and v/ > v are not nested.

e Computing Voronoi basins is much more difficult, as the problem of optimizing the masses
given the points does not admit an explicit solution in the form of (4.12).
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5 Uniform properties of optimal quantizers and partitions

In this section we investigate the uniform properties of optimal quantizers at the microscopic scale, i.e.
at the scale of N~/ when the measure v that is quantized is d-Ahlfors regular. Roughly speaking,
we are going to show that the atoms of a IN-point optimal quantizer are distributed somewhat
uniformly at this scale, being well-separated and leaving no big hole in the support of v, and that the
basins are somewhat round, having inner and outer balls of comparable size. We also show uniformity
bounds on the masses and energies associated with each atom.

5.1 Delone constants for optimal quantizers

In this section we prove Theorem 1.2. Given a set X C R? and X C R? a finite set of points, we
define the covering radius (also called mesh norm or fill radius) of X by X, as

w(X, X) = sup min d(z, ).
rex T'eX

It is the smallest » > 0 such that the closed balls of radius r with centers in X cover X. The
separation distance (corresponding to 1/2 of the packing radius) of X is defined by

0(X) = i d n.
( ) z,x’g}%g;&m’ (CE,ZL‘)

A set with finite covering radius and nonzero separation distance is called a Delone set with respect
to X, and (w,0d) its Delone constants. Given a d-Ahlfors regular measure v, the following theorem
shows that the atoms of optimal N-point quantizers are Delone sets with respect to spt v, providing
bounds comparable to N~1/4 on its Delone constants.

Our proof of Theorem 1.2 is inspired from ideas of | ], dealing with classical optimal transport
costs. We stress that the situation in the branched optimal transport case is much more involved,
since the ground cost is not explicit (it depends on all the trajectories and is part of the optimiza-
tion defining d®), and the shapes of basins are not known at all (they are thought to have fractal
boundaries). Thus, we shall need to estimate

e the cost for merging a “small” basin to a “neighbouring” basin ;

e the gain to remove part of a “large” basin.

The landscape function, its uniform Holder regularity and its consequences established in Section 4
will play a crucial role.

Proof of Theorem 1.2. We proceed by proving successively the following.

(a) At least one basin is not too large: there is a constant ¢a (not depending on N) such that
VN € N*,3j < N, diam(Bas(Py,x;)) < &N .

(b) At least one basin is not too small: there is a constant ¢; (not depending on N) such that
VN € N*,3j <N, diam(Bas(Py,x;)) > &N .

(¢) All basins are small: there is a constant ¢y (not depending on N) such that
YN € N*Vi <N, diam(Bas(Py,z;)) < coN 4.

(d) All atoms are far from each other: there exists a constant ¢; such that
YN eN V1 <j#k<N), dxjz)>cNd.

Notice that (1.1) follows from (c), since the basins form a covering of spt i by Corollary 4.3, while
(1.2) is merely a rephrasing of (d).
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Proof of (a) and (b). First note that by Corollary 4.3, the basins form a partition of v, thus
N

v(Bas(Py, z;)) = ||v|,
=1

J

thus there exists an index j € {1,..., N} for which

v(Bas(Py,zj)) < — < diam (spt )¢,

vl _ Ca
N =N

and by Lemma 4.4, this implies that
diam(Bas(Py, z;) < (HI/H(CBaSN)_l)% = & Ni where & = (C’A/CBaS)_é diam(spt v).
Similarly, there exists an index i € {1,..., N} such that

C 4 diam(Bas(P v, 2;))? > v(Bas(Py, x;)) > H;H > CNAdiam(sp‘c v)e,

which implies that

diam(Bas(Py, x;) > &N~i where & = (CA/CA)% diam(spt v).

Proof of (c). Applying (a) we take j7 < N such that

=

diam(Bas(Py,z;)) < éaN™ (5.1)

Suppose that for some t > 1 there exists ¢ < N such that
1
diam(Bas(Py,z;)) > téaN 4.

We are going to show a contradiction when ¢ is too large (not depending on N). For this, let us build
a better competitor than py. We shall add an extra point g of Bas(P y, x;) to irrigate a “costly” ball
around ¢, then remove the point x; and irrigate the former basin Bas(Py,z;) from a neighbouring
basin Bas(Py, zy).

Let us find a “costly” ball. Consider

q € arg MAXBag(Py,a;) 2PN

which exists because zp, is Holder-continuous thanks to Theorem 4.1 and basins are compact sets
thanks to Corollary 4.3. We consider the ball B S (q) for some small € € (0,1) to be fixed later.
Elcy

Now, we want to remove the point z; from the quantizer y1 and to irrigate the basin Bas(Py, z;)
from another basin that is not too far, in order to control the extra cost. By (5.1) and Ahlfors-
regularity of v, for s > 1 we have

(xzj) \ Bas(Py,xj)) > CA(ség)dN_l - CAégN_l = (cAsd — C’A)égN_l.

This is strictly positive if we take for example s := (2C4/c A)%, in which case there exists a point p
such that
p € Bas(Pn, xx) N By, y-1/a(7;) \ Bas(Py, ;) for some k # j, (5.2)

because the basins form of covering of spt v.

We are now ready to build our competitor P%;, modifying Py according to the following sketch;
the addition of curves (which increases the a-mass) are labeled by (A), while the removal of curves
(which decreases the a-mass) are labeled by (R).
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(R1) Remove all curves starting at x;.
(R2) Remove all curves ending in B_;, y-1/4(q)-
(A1) Re-irrigate Bas(Pn,z;) by
e bringing a mass m; from xj to p following a P3F-good curve 7,

o then concatenate an optimal traffic plan Q! € TP (m;d,,vL Bas(Py,z;)).

(A2) Add an optimal traffic plan Q? from md, to vL (B N} (q) \ Bas(Pn,z;)), where m is the
Elco

mass of the latter and € > 0 is a small number to be chosen later (independently from N and

t).
We start by doing the modifications along the existing network, corresponding to (R1), (Rz2) and the
first part of (A1). Setting 'y, = {y: y(0) = x;} and Ty == {y : y(+o0) € B _ = (q)}, we define
EC2
/N =Py — PNLFq —PyL (ij \ Fq) + mjév.
Secondly, we add the new curves and pieces of curves corresponding to the second part of (A1) and
(A2). We set v/ == (ex)sPly, and Q! := Q! + 14(v/ — m;0p) where ¢ : R? — I' denotes the canonical
injection which sends a point = to the constant curve v, = x. We define our competitor P} by
Py =P% +Q? where P} c Pl : QL
We estimate the gain and cost of these operations. First of all, we have
M*(Ply) < M*(PY) + M*(Q%) < M*(PYy) + M*(Q%) + M*(Q")
< M*(Ply) + CgotC4(etéa N~ Y1+ 4 Cpor0G(Ga(1 + s) N~/ d)lHda (5 3)
— M(Ply) + CiN (@) (1 4 (er) 1+,

for some constant C; which does dot depend on N. The a-mass of P’y may then be estimated
through the first variation formula Proposition 4.2 (C):

ME(PYy) < MO (Py) — o= [ py dle)sPr LT, \Ty) + ey )
Bsténgl/d(q) Rd (5 4)
<MYPy) — zpy dv +mjzp, (p).

B,z n—1/d(0)

Let us estimate zp (p) from above and zp, from below on B_;; n-1/4(¢q). By Lemma 4.4, we know
that
zpn(q) > cm diam(Bas(PN,xi))fB > cH(tég)’BN_ﬁ/d,
thus for every y € B_;; y-1/a(q)
2oy (y) > cu(téa) N~ — Cyly — g/
> (e — PCw) (&) P NP/ > (e /2)(te) P NP/,
provided we have chosen £ < (cy/2Cy). Besides, by Lemma 4.4 again and (5.2),
zpy(p) < sup |zpy (y) — 2Py (P)] + sup zpy (Y)
y€Bas(Py,x;) y€Bas(Py,x; )
< Cr((s + 1)eN"Y4P 4 Oy (6 N~1/)0 (5.6)
=CN—P/M
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for some C' which does not depend on N. Reporting (5.5) and (5.6) in (5.4) yields
M®(Ply) < M®(Py) — (ci/2)(t2)° NP/ d¢ 4 (eteoe N~ 4 CN /A0 (8, N~/ 4
< MQ(PN) o N—(a-‘r%)(CbEdtlera - 03)’

for some constant Cy, C3 > 0 which do not depend on N.
Injecting this into (5.3), we get

M*(Py) < M*(Py) + N_<O‘+5)(Cl +C5+Cy (Et)lﬂia _ ngdtlera)‘

Notice that because 1 4+ da —d = > 0, it is possible to choose € small enough, independently from
N and t (e.g.'! €% = (C2/2C1) A (cur/2CH)) so that

M (Py) < MO (Py) + N~(F0)(Cy + Cy — (Co/2)e+00),

Now, if ¢ is too large, depending on the constants C7,Cs, Cs, e which we stress do not depend on
N, it leads to M*(P?}) < M*(P ), which contradicts the optimality of pn, because by construction
the target measure of P} is v, and its source measure is an N-point quantizer. As a conclusion, (c)
holds true.

Proof of (d). Taket > 0 and suppose that there are two atoms x;, xj, of un, with j # k, such that
d(zj,xp) < tN—1/4 We are going to show a lower bound on ¢ > 0 (not depending on N). Applying
(b), choose an index ¢ < N such that

diam(Bas(Py, z;)) > G N—1/d,

Up to interchanging j with k, we may assume that i # j (k may be equal to i, but it will not matter).
The strategy is very similar as what we did above: we shall add an extra point g € Bas(Py,z;) to
irrigate a “costly” ball around ¢, while removing the point x; from the quantizer and irrigating the
basin Bas(Py, z;) from the close point x.

Consider

q € arg MAXBas(P y,az;) 2P

which is possibly because zp,, is Holder-continuous thanks to Theorem 4.1 and basins are compact
sets thanks to Corollary 4.3. Take some small ¢ € (0,1) that we shall fix later. We build a better
competitor thanks to the following construction.

(R1) Remove all curves ending in B_; y-1/4(q), of total mass m.
(A1) Add an optimal traffic plan Q' € TP(mdy, v B_; y-1/4(q)) to irrigate vL B_; y-1/4(q) again.

(Ay) Irrigate Bas(Py, ;) from the point zj instead of z; by concatenating a (unit-speed parame-
terization of) the segment [z, ;] to all curves starting at x;.

The removal (R;) produces the new traffic plan
Py =Py —-PyLT,; where I'y:={y:7(cc)€ B, y-1/4(q)}-

We show by Lemma 4.4, as in (5.5) above, that for every y € B_; y-1/4(q)

2Py (y) = (e /2)(tér) NP/,

" Recall that we had the condition e? < (cxr/2CH) for (5.5).
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provided we have chosen ¢ < (cy/2Cy). Thus the cost gain can be estimated by using the first
variation formula Proposition 4.2 (C):

M*(Py) < M*(Py) — 2py dv

B, n-1/a(4)
<M*(Py) — Caleer N~V N (cp /2) NP4
< M*(Py) — C1e?N—(a+3),

(5.7)

For the addition of the (pieces of) curves (A;) and (A2), we denote by 7 ; the unit-speed pa-
rameterized segment from zj to zj, Py, = Py L {y : v(0) = z;}, mj = [P}y ,|l and we set
Q2% = M0y, ; + (Lo eg)y(Ply — Py ;). We define our competitor P} by

Py =P+ Q! where P% e Q?:P).
From (c), we know that

P <my < Ca(diam(Bas(Py, z;)))? < CacdN ™1

~—

and we compute, using (5.7

M*(P}) < M*(P%) + M*(Q') < M*(Ply) + M*(Q') + M*(Q?)
M®(Py) + CgotC4(eet N~ 4 (/) (1N~
Ma

(Py) + N~(F0) (e 4+ Coeltdo 1 4),

IN

IN

Taking £ > 0 such that £® < ¢y /2Cy and £# < C1 /203 (e.g. take £ to be the minimum of the two),
we get Coe'td < (C1)/2¢% and thus

M®(PY) < M*(Py) + N~ (D)t — (01 /2)e%),

which leads to a contradiction if ¢ is too small (independently from N). Hence ¢ is lower bounded
by some constant ¢; > 0 and (d) holds true. Finally, we remark that the constants ¢y, co that we
computed depend only on (o, d, c4,Cy,diam(spt v)). O

5.2 Inner and outer ball property of the basins

Proposition 5.1. Assume o € (1 —1/d,1). Let v € .#;(R%) be a d-Ahlfors regular measure with
constants 0 < cqg < C4. Let uy = Zfil m;0z, be a N-point optimal quantizer of v and P an optimal
traffic plan in TP (un,v). There are constants ¢,C > 0 depending only on (o, d,ca,Ca,diam(sptv))
such that for alli e {1,...,N},

Bas(Py, z;) C B(z;, CN~V%), (5.8)
and
B(zi,cN~Y%) C R\ | J Bas(Py, ;). (5.9)
j#i

Remark 5.2. In particular, if v = 2% L Q for some open bounded set € with Lipschitz boundary,
then for every source x; such that d(z;, dQ) > ¢cN~Y% (5.8) and (5.9) rewrite as

B(CC,‘,CN*l/d) C Bas(Py, ;) C B(a?i,CNfl/d).
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Besides, this translates as uniform inner and outer ball properties of optimal partitions (solutions
to (2.14)). Indeed, by the equivalence between the optimal quantization and optimal partition
problems stated in Theorem 2.9, solutions (£;)1<i<n to (2.14) are actually .#?-equivalent to the
basins (Bas(Px, x;))1<i<n associated with some traffic plan Py with sources {x;}i1<i<n.

Finally, we remark that the number of points such that d(z;,dQ) > ¢N~-V4 is N + O(N'~1/4)
because the other points convey a mass ~ N~! by Proposition 5.3, and their basins are included in
{d(-,09) < C'N~1/4} for some ', a set of volume ~ N~'/¢, However, without extra assumptions
on , some points z; may very well belong to R\ Q. This is ruled out for example when € is convex,
but then it is not clear whether x; € Q for all x;’s.

Proof of Proposition 5.1. The outer ball property (5.8) holds with C' = co(C'a/(2¢Bas))*/%, by (4.8)
in Lemma 4.4 and (c) in the proof of (1.1). For the inner ball property (5.9), assume that for
some i # 7, d(z;, Bas(Py,z;)) < eN~Y4 We shall find a lower bound on ¢ that depends only on
(a,d,ca,Ca,diam(sptv)). If € < ¢1/2 where ¢; is the separation constant in (1.2), then taking a
point # € B(x;,eN~Y%) N Bas(Py, z;), we have

d(z, ) > d(x;, xj) — d(zi, ) > (e1/2)N~H4,

thus taking v; a Pn-good curve from z; to z, its length is greater than (01/2)]\7*1/‘1 hence

1
zpy (@) = / 0! > (o /2)N~Y 4y (Bas(Py, z;))* "t > 5cl((JAcg)@—lJv—ﬁ/d.
v ooN
As a consequence, setting ¢ = c1(Cacd)*t and ¢’ = (¢ /2Cy)Y?, for every y € B(z,d’N~1/4)n
spt v, by Theorem 4.1,
2y (y) 2 2oy (2) = Culy — 2l = o 2N7P/,

If ¢ < ¢” we build a competitor P’y by removing from Py all curves going to B(z,eN —1/d) and adding
an optimal traffic plan Q € TP(m.d,,,v L B(z,eN~Y4) where m. == v(B(z,e N~"/%)). Using the
first variation formula Proposition 4.2 (C) and the subadditivity of the a-mass, we get by optimality
of un

M®(Py) < M®(Ply) < M*(Py) — a/ zpy dv + Cot(2e N~V (Cpe? N1
B(z,eN—1/d)

< M*(Py) — (acac /2)e N~ (0T3) 4 20gor0qet TN —(atd),

We get a contradiction when ¢ is smaller than some constant ¢” > 0 (depending only on «, d, c4,
d, CgoT, C4) because d < 1 + da. During the reasoning we made, recall that we assumed ¢ < ¢1/2
then € < ¢, thus we must have:

e > c:=min{c/2,", "},

and (5.9) holds with this constant ¢ > 0. O

5.3 Uniformity bounds for masses and energies

Proposition 5.3. Assume a € (1 —1/d,1). Let v € .#F(R?) be a d-Ahlfors regular measure with
constants ca,Ca > 0. Let py = SN | midy, be an N-point optimal quantizer and Py € TP (uy,v)
be an optimal traffic plan. There are constants ¢,C > 0 depending only on (o, d, ca,Cy,diam(sptv))
such that for alli € {1,...,N},

eN~t< m; < CN~!

and
eN~@F/d) < q%(m;6,,, v L Bas(Py, ;) < CN~(@+1/d),
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Proof. The upper bounds come from the fact that, by Theorem 1.2, for every i € {1,...,N},
Bas(Py, z;) has diameter less than co N~/ thus

m; = v(Bas(Py, x;)) < CaciN 7L,
and thus from the usual estimate of branched transport cost we get
do‘(miémi, vl Bas(PN, xz)) < CBOT(CQN_l/d)(CAcgN_l)a.

The lower bounds results from Proposition 5.1, which implies that (¢, C being the inner and outer
ball constants):
v Bas(Py,z;) > vL Bz, cN~V9),

and thus
v(Bas(Py,z;)) > cac® N7

Since v is d-Ahlfors regular on R?, it may be written v = f. 2% X with c4/wq < f < C4/wq on some
Borel set X C sptv. Therefore, wdCf_llV L Bas(Py,x;) is a measure which is absolutely continuous
with respect to Lebesgue, with density in [0, 1], and total mass greater than m = wgca/ Cac®N-1,
thus

d*(m;dy,, v L Bas(Py,x;)) > ea7dma+é,

where e, 4 > 0 is the constant from the optimal shape problem studied in | |, whose definition
is given in (2.20). O]
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