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2 EMMANUEL FRICAIN
1. Introduction

This is a set of lecture notes to accompany a series of talks given as part of the Fields
Institute session on Truncated Toeplitz Operators from July—December 2021. To prepare
these notes, we intensely use two recent surveys on truncated Toeplitz operators [17, 32],
as well as [35, Chapter 13] and the founding paper [51].

Truncated Toeplitz operators on model spaces have been formally introduced by Sarason
in [51], although some special cases have long ago appeared in literature, most notably as
model operators for completely nonunitary contractions with defect numbers one and for
their commutant. This new area of study has been recently very active and many open
questions posed by Sarason in [51] have now been solved. See [6, 7, 9, 8, 16, 18, 31,
32, 33, 53, 54]. Nevertheless, there are still basic and interesting questions which remain
mysterious.

The truncated Toeplitz operators live on the model spaces Kg, which are the closed
invariant subspaces for the backward shift operator S* acting on the Hardy space H?
(see Section 2 for precise definitions). Given a model space K¢ and a function ¢ € L? =
L3(T), the truncated Toeplitz operator Ag) (or simply A, if there is no ambiguity regarding
the model space) is defined on a dense subspace of Kg as the compression to Kg of
multiplication by ¢. The function ¢ is then called a symbol of the operator. Note that
the symbol is never uniquely defined by the operator. From this and other points of view
the truncated Toeplitz operators have much more in common with Hankel Operators than
with Toeplitz operators.

We intend to give a short introduction to this fascinating area of research. Our objective
is not to be exhaustive but rather to make discover the different techniques and the beauty
of this theory through some key results.

The structure of the paper is the following. After a preliminary section with generalities
about Hardy spaces, model spaces, one-component inner functions (which will play a special
role here), Toeplitz and Hankel operators, and Carleson measures, first for the whole
H? and then for model spaces, truncated Toeplitz operators are introduced in Section 3.
Then, in Section 4, we discuss why it is worth studying truncated Toeplitz operators.
We explain how they appear in several natural problems in operator theory and complex
function theory. In Section 5, we describe the class of symbols, because one difficulty
with truncated Toeplitz operators, compared to the classical Toeplitz operator, is that
the symbol is never unique. In Sections 6 and 7, we give several useful characterization
of truncated Toeplitz operators and discuss some interesting connections with another
important class of operators, the so-called complex symmetric operators. In Section 8, we
give some estimates on the norm of a truncated Toeplitz operator, while in Section 9, we
obtain a complete description of the spectrum of a truncated Toeplitz operator associated
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to a symbol in H*. In Section 9 and 10, we discuss the class of finite rank and compact
truncated Toeplitz operators. Finally, in the last section, we discuss the important problem
of the existence of a bounded symbol.

2. Preliminaries

For the content of this section, [26, 43] are classical references for general facts about
Hardy spaces, while [46] can be used for Toeplitz and Hankel operators and [35] for model
spaces. We recall the main definitions and properties but we assume that the reader is a
little familiar with the theory of Hardy spaces and Toeplitz operators

2.1. Function spaces, multiplication operators and their cognates. Recall that for
1 < p < +o0, the Hardy space HP of the open unit disk D = {z € C: |z| < 1} is the space
of analytic functions f on D satisfying || f||, < +oo, where

27 0 1/p
I, = s ([ lsoeps )
0<r<1 0 ™

The algebra of bounded analytic functions on I, equipped with the sup norm, is denoted
by H>*. We denote also H) = zH? and H? = zH?. Alternatively, H? can be identified
(via radial limits) to the subspace of functions f € L? = L?(T) for which f(n) = 0 for
all n < 0. Here T denotes the unit circle with normalized Lebesgue measure m and f(n)
denotes the n-th Fourier coefficient of f. We also denote by C(T) the space of continuous
functions on T.

In the case p = 2, H? becomes a Hilbert space with respect to the scalar product
inherited from L? and given by

<ﬁmf34ﬂoﬂﬁmmo, figel?

The orthogonal projection from L? to H? will be denoted by P,. The space H? is precisely
the orthogonal of H?, and the corresponding orthogonal projection is P~ = I — P,.
The Poisson transform of a function ¢ € L' is

(2.1) / IC_ |Z=290 m(¢),

A classical property of Poisson integral (see [49, Chapter 11]) says that if ¢ € L' and ¢ is
continuous on an open arc I C T, then for every ¢ € I, we have

(2.2) lim (Pg)(2) = &(C).

z2—(
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For ¢ € L*, we denote by M,f = ¢f the multiplication operator on L?*; we have
|My]| = ||¢llo. The Toeplitz operator T, : H* — H? and the Hankel operator Hy :
H? — H? = L2 © H? are given by the formulae

T,= P.M,,  H,=P_M,.

We have T = Tz and H; = P, MzP_. In the case where ¢ is analytic, T is just the
restriction of My to H?.

Example 2.1. A particular important case is when ¢(z) = z. The corresponding Toeplitz
operator S = T, is called the shift operator and plays a central role in analytic function
spaces. Its adjoint S* = 1% is called the backward shift operator. One can easily check that

ET RN (G (CR

See [46] for a comprehensive study of the shift operator.

A well-known result of Brown-Halmos says that it 7' : H?> — H? is a bounded linear
operator on H?, then T is a Toeplitz operator if and only if T = STS*. We have an
analogue for Hankel operator : if H : H> — H? is a bounded linear operator from H?
into H2, then H is a Hankel operator if and only if HS = P_ZH, where Z : L* — L* is
the shift operator on L? (i.e. the multiplication by the independent variable z).

It should be noted that, while the symbols of M, and T} are uniquely defined by the
operators, this is not the case with H,. Indeed, it is easy to check that H, = Hy, if and
only if ¢ — ¢ € H*>. So statements about Hankel operators often imply only the existence
of a symbol with corresponding properties.

The definition of My, T, and H, can be extended to the case when the symbol ¢ is only
in L? instead of L™, obtaining (possibly unbounded) densily defined operators. Then M,
and Ty are bounded if and only if ¢ € L™ (and || My|| = ||T%|| = ||¢]|s). The situation is
more complicated for H,. Namely, Hy is bounded if and only if there exists 1 € L* with
Hy = Hy, and

[Holl = inf{[|]loc : Hy = Hy}
This is known as Nehari’s Theorem; see, for instance, [45, p. 182]. Moreover (but we
will not pursue this in the sequel) an equivalent condition is P_¢ € BMO (the space of
bounded mean oscillation on T), and ||Hy|| is then a norm equivalent to ||P-¢| pao-

Related results are known for compactness. The operators My and T}, are never compact
except in the trivial case ¢ = 0. Hartman’s Theorem states that Hy is compact if and
only if there exists ¢ € C(T) with H, = Hy; or, equivalently, P_¢ € VMO (the space of
vanishing mean oscillation on T). If we know that ¢ is bounded, then Hy is compact if

and only if ¢ € C(T) + H™.



MINI-COURSE ON TRUNCATED TOEPLITZ OPERATORS 5

We end this subsection by recalling some standard notation. If H is a Hilbert space,
then L£(H) denotes the algebra of linear and bounded operator on H. For x,y € H, the
rank-one operator x ® y is defined on H by the formula

(z@y)(h) = (hy)z, heH,
and for any A, B € L(H), we have
Az ®y)B = Ax ® B™y.

2.2. Model spaces and one component inner functions. Suppose now O is an inner
function, that is a function in H*> whose radial limits are of modulus one almost everywhere
on T. Its spectrum is defined by

(2.3) $(0) :={¢C €D : liminf [O(\)] = 0},

AED, A

where D™ denotes the closed unit disc. Equivalently, if © = BS is the decomposition of
© into a Blaschke product and a singular inner function, then s(0) is the union between
the closure of the limit points of the zeros of B and the support of the singular measure
associated to S. We will also define

7(0) =5(0) NT.

We define the corresponding shift-coinvariant subspace generated by © (also called model
space) by the formula
KB = HPNOHE = H’ N OH?,
where 1 < p < +00. We will be especially interested in the Hilbert case, that is when
p = 2. In this case, we also denote by Kg = K2 and it is easy to see that Kg is also given
by the following

Koe=H*©0OH*={feH?:(fg9)=0,Vge H*}.

The orthogonal projection of L? onto K¢ is denoted by Pg. It is well known (see [46, page
34]) that Po = P, — ©P,0. Since P, acts boundedly on LP, 1 < p < oo, this formula
shows that Pg can also be regarded as a bounded operator from L? into Kg, 1 < p < oo.
The famous Beurling’s Theorem asserts that all non-trivial closed subspaces of H? which
are invariant with respect to S* are of the form Kg for some inner function ©.

The spaces H? and Kg are reproducing kernel spaces over the unit disc ID. The respective
reproducing kernels are, for A € D,
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In other words, for every A € D, we have

f(A) = <f7k)\>27 fEH27
and

fO) ={f,k)2, [ € Ko,
Contrary to the situation of H?, evaluations at certain points ¢ € T may also be bounded in
Keg; this happens precisely when © has an angular derivative in the sense of Caratheodory
at ¢ [1]. Recall that means that © and © have a non-tangential limit at ¢ and |©(()| = 1.
Then it is known [1] that evaluation at ¢ is continuous on Kg, and the function k?, defined
by
1-8[0e()

1—-(z

belongs to Kg and is the corresponding reproducing kernel. In other words, for every such

(2.4) k?(z) = : (z e D),

points ¢ and every f € Ko, we have

f(¢) = lim f(r¢) = (f k)2

r—1-

Moreover we have [[k€]|s = [€/(¢)|/2. We denote by E(©) the set of points ¢ € T where
O has an angular derivative in the sense of Carathéodory.

Of course, when A € D, the function £ belongs to H*°, and thus to every L?, for p > 1.
In [1] and [25] precise conditions are given for the inclusion of k¢ into L? (for 1 < p < o0);
namely, if (ay) are the zeros of © in D and o is the singular measure on T corresponding
to the singular part of ©, then ke € L? if and only if

(2.5) Z ol [ oD

_ak|p T|C— TP

Moreover, if (2.5) is satisfied for p = 2, then ( € E(©) and in particular, |©(()| = 1.
The following result will be used in Section 12.

Lemma 2.2 ([7]). Let 1 < p < +0o0 and let © be an inner function. Then we have:

(a) E(©%) = E(0).
(b) 1nf Hk/\ |2 > 0.

AEDUE
(c) For )\ E D, we have
2
(2.6) ClIkS Iy < 15511, < 20131,

where C' = ||Po||;s_,» i5 a constant which depends only on © and p. Also, if
( € E(O), then k?Q € L? if and only if k? € L? and (2.6) holds for A = (.
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Proof. The proof of (a) is immediate using definition. For the proof of (b), note that, for
A€ DU E(O), we have

1= [6(0)] < 1 =000 = [k (V)] < [k [l21k ]l = (1 = [©(0)*)1/2/|4F |2,

©0)
51 > <1+|@<0>|)

It remains to prove (c). Using (2.4), we have k9° = (1 + O(\)O)k?, whence PokQ” = k.
Thus the result follows from the fact that Pg is bounded on L? and from the trivial estimate
I1+0O(\)O(2)] <2, z € T. Tt is easy to check that the above arguments also hold when
A=( € EO). O

which implies

Lemma 2.3. Let © be an inner function. Then
(1) Kg2 = Ko ® ©Kp.
(2) Ko - Ko C K.. In particular, if f,g € Ko and f or g is also bounded, then
fg c K@2.

Proof. (1) Observe that
H*=Ko®OH? =Ko ®O(Ko ®OH?) = Ko ® OKo © O’ H?,

which implies that Kg: = H?> © ©2H? = Ko ® O K.

(2) Let f,g € Ko, and write f = ©f;, g = Ogy, with f1,¢9, € HZ. Then fg € H' and
since fig; € HY, we also have fg = ©2f1g;. That means that fg € H' N ©2H} = K.
Finally, observe that if f or g is bounded, then f; or g; is also bounded and then fg €
H>NO%’H? = Kgs. O

It follows from Lemma 2.3 that for every A € D, (k§)? € Ke:.

A useful tool in the theory of model spaces is the notion of conjugation. Recall that a
map C' from a Hilbert space H into itself is a conjugation on ‘H if C'is anti-linear, isometric
and involutive, meaning that the following properties are satisfied :

(1) for every z,y € H and every A € C, C(ax +1y) = \Cz + Cy ;
(2) for every z,y € H, (Cz,Cy) = (y, ) ;

(3) C*=1.
It is easy to check that the map Cg defined on L? by
(2.7) Cof = OZf;

is a conjugation on L? which has the convenient supplementary property of mapping Ke
precisely onto Kg. In other words, its restriction to Kg is a conjugation on Kg. When
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convenient we shall write f for Cg f. It can be easily verified that
O(z) -6

Bz = 2290

z,A € D.
In particular, k¥ = S*©. Moreover, when © has an angular derivative in the sense of
Carathéodory at ¢ € T, we have

o O(z) —0(¢) _ -
kQ(2) = — = (O(Qk(z),  zeD.
In view of their main role in the study of operators on model spaces, we end this sub-

section by a discussion on a particular class of inner functions. Fix a number 0 < € < 1,
and define

(2.8) Q(0,e) ={ze€D:|0(2)| < e}

The function © is called one-component if there exists a value of ¢ for which Q(0,¢)
is connected. (If this happens, then ©(©,d) is connected for every ¢ < § < 1.) One-
component functions have been introduced by Cohn [23]. An extensive study of these
functions appears in [5, 4]; all results quoted below appear in [4]. See also [19, 20] for more
recent results on this interesting class.

The above definition is not very transparent. In fact, one-component functions are rather
special: a first immediate reason is that they must satisfy m(c(©)) = 0. This condition,
of course, is not sufficient, but it suggests examining some simple cases.

The set 0(0) is of course empty for finite Blaschke products, which are one-component.
The next simplest case is when ¢(0) consists of just one point. One can prove easily that
the elementary singular inner functions 6(z) = et (for ¢ € T) are indeed one-component.

Suppose then that © is a Blaschke product whose zeros a, tend nontangentially to a
single point ¢ € T. If

(2.9) inf 1€ = a4l

>0
n21 IC_an‘ ’

then © is one-component. So, in particular, if 0 < r < 1 and © is the Blaschke product
with zeros 1 — r™, n > 1, then © is one-component. If condition (2.9) is not satisfied,
then usually © is not one-component. A detailed discussion of such Blaschke products is
given in [4], including the determination of Carleson measures for such model spaces (see
Subsection 2.3).

2.3. Carleson measures for the Hardy spaces and for the model spaces. Let us
discuss first some objects related to the Hardy space; we will afterwards see what analogous
facts are true for the case of model spaces.
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A finite measure p on D is called a Carleson measure if H*> C L*(|u|) (such an inclusion,
if it exists, is automatically continuous). It is known that this is equivalent to H? C LP(|pl)
for all 1 < p < oo. Carleson measures can also be characterized by a geometrical condition,
as follows. For an arc I C T such that |I| := m(I) < 1 we define its associated Carleson
window

S(I)={2z€eD:1—|I| <|z|] <1and z/|2| € I}.
Then p is a Carleson measure if and only if

(2.10) sup ll(5(1) < 00
r
Condition (2.10) is called the Carleson condition. Note that Carleson measures cannot have
mass on the unit circle (intervals containing a Lebesgue point of the corresponding density
would contradict the condition (2.10)). These measures and condition (2.10) appeared in
the famous work of Carleson on H* interpolating sequences [13, 14].
Analogous results may be proved concerning compactness. In this case the relevant

notion is that of vanishing Carleson measure, which is defined by the property

. ul(S())
(2.11) \Hglo T = 0.
Then the embedding H? C LP(|u|) is compact if and only if p is a vanishing Carleson
measure.
Similar questions for model spaces have been developed starting with the papers [23, 24]
and [55]; however, the results in this case are less complete. Let us introduce first some
notations. For 1 < p < 0o, define

C,(©) = {p finite measure on T : K§ < LP(|u|) is bounded},

It is clear that C,(©) is a complex vectorial subspace of the complex measures on the
unit circle. Using the relations Kgz = Kg @ OKg and Kg - Kg C Kéz, it is easy to see
that 62(62) = Cg(@) and Cl (@2) C Cz(@)

Example 2.4. Let ( € E(O). Then the Dirac measure d, at point ¢ belongs to Cy(0).
Note that this is in contrast with Carleson measures for the Hardy spaces.

It is natural to look for geometric conditions to characterize these classes. Things are,
however, more complicated, and the results are only partial. We start by fixing a number
0 < € < 1; then the (O, ¢)-Carleson condition asserts that

(2.12) sup [A15)

< 00,
LT
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where the supremum is taken only over the intervals || such that S(I) N Q(O,¢e) # 0.
(Remember that (0, ¢) is given by (2.8).)

It is then proved in [55] that if u satisfies the (©,¢)-Carleson condition, then the em-
bedding K C LP(|u|) is continuous. The converse is true if © is one-component; in which
case the embedding condition does not depend on p, while fulfilling of the (0, ¢)-Carleson
condition does not depend on 0 < € < 1 (see Theorem 2.5 below).

As concerns the general case, it is shown by Aleksandrov [4] that if the converse is true
for some 1 < p < o0, then © is one-component. Also, © is one-component if and only if
the embedding condition does not depend on p. More precisely, the next theorem is proved
in [4] (note that a version of this result for p € (1, 00) already appears in [55]).

Theorem 2.5. The following are equivalent for an inner function ©:

(1) © is one-component.

(2) For some 0 <p < oo and0 < e <1, Cy(O) concides with the class of measures that
satisfy the (©,¢e)-Carleson condition.

(3) For all0 < p < oo and 0 < e <1, Cy(O) concides with the class of measures that
satisfy the (©, e)-Carleson condition.

(4) The class C,(O) does not depend on p € (0, 00).

In particular, if © is one component, then so is ©2%, whence C;(0?) = C»(0?) = Co(O).

Observe that the (0, €)-Carleson condition is less rigid than the Carleson condition (2.10)
because we only need to test condition (2.10) on a subclass of Carleson windows. This
can be explained by the fact that functions in Kg are in general more regular than an
arbitrary H? function; in particular, they can be analytically continued in a neighborhood

of T\ 0(0), and Q2(0,e) NT C 0(O). Note that a general characterization of Cy(©) has
recently been obtained in [41]; however, the geometric content of this result is not easy to
see.

3. Truncated Toeplitz operators

3.1. Definition of truncated Toeplitz operators. Let © be a (non constant) inner
function and ¢ € L. The truncated Toeplitz operator Ay = AS, introduced by Sarason
in [51], is a densely defined, possibly unbounded operator on Kg. Its domain contains
Ko N H*, on which it acts by the formula

(3.1) Apf = Polof),  feKeNH™.

Note that K¢ N H™ is dense in K¢ because it contains the reproducing kernels £, since
we trivially have the following estimate :

2
kS (2)] Sl——|/\|’ z,AeD.
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If A, thus defined extends to a bounded operator, that operator is called a TTO. The class
of all TTOs on Kg is denoted by 7(0). In other words,

T(@) = {A¢ : ¢ S L? and A¢ S E(K@)}
Example 3.1. When ¢ € L, then ¢f € L? for all f € Kg and so

[1Po(@f)ll2 < l[¢fll2 < [|@llooll.fl2-
In particular, A, is a TTO and ||Ag|| < ||¢]]co-

Example 3.2. The case when ¢(z) = z will play a special role. It will be denoted by Sg
and is called the model operator on Kg (see Section 4.1). In other words,

Se(f) = Pe(z2f), [ € Ke.

It is well-known that, in general, Toeplitz operators do not commute. This is also the
case for TTO but in a special case, TTO commute.

PI‘OpOSitiOl’l 3.3. Let ¢, w € H*°. Then A¢A1/) = A¢A¢ = ACWJ'
Proof. Let ¢, € H*®. Since ¢©H?* C ©H?, for every f € Ko, we have
ApAyf = Po(oPot0 ) = Pe(¢¥f) = Agy f-

Therefore Ay Ay = Agy. The second relation AyA, = Agy immediately follows by changing
the role of ¢ and 1. O

In particular, according to Proposition 3.3, if ¢ € H*°, then
Ag)S@ = S@Ad(?.
In other words, Ag is in the commutant of Sg when ¢ € H*. An important result says

that the converse is true (see Section 4.2).

Example 3.4. When O(z) = 2", for some n > 1, the space Kg consists of polynomials of
degree less or equal to n — 1 and the set {1,z,...,2" !} forms an orthonormal basis for
Keg. Moreover, any truncated Toeplitz operator A,, when represented with respect to this
basis, yields a Toeplitz matrix. Indeed, for 0 < j,k < n — 1, we have

(Ao, )y = (Po(977), 24

¢Zj> Zk>2
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and so the matrix representation of A, with respect to the basis {1, z,...,2" '} is the
Toeplitz matrix

60)  G(—1) §(-2) $(—n + 1)
o(1)  6(0) o(-1)

$(2) é(l) ‘

: b(—1)  (-2)
B ~e(1) 9(0)  b(-1)
o(—n+1) ... ®(2) () »(0)

It is worth pointing out in this particular case that since Kg is a finite dimensional
space, then A, € T(©) for all ¢ € L. Conversely, any n x n Toeplitz matrix gives rise to
a truncated Toeplitz operator on Kg.

3.2. An equivalent definition and some basic properties. The operator A4 can al-
ternatively be understood as follows. Note that the orthogonal projection Pg can be seen
as an integral operator on L? by writing that, for ¢ € L?, we have

(Pog)(N) = (Pog, kS )2 = (g, kS)2 = /ggdm, AeD.
T
Now, since for each compact subset K of I, there exists a constant C such that
sup [k (¢)] < Ck,
AEK
and since for fixed ¢ € T, the function A — k9 (¢) is analytic on D, the preceding integral
formula still makes sense, and defines an analytic function on D, even when g belongs to

the larger space L'. Moreover, for any ¢ € L?, we have ¢f € L' for all f € Kg. Thus we
can define the linear transformation

A¢ Ko — O(D)

(here O(D) denotes the analytic function on D) by the integral formula

(3.2) (Asf)(A /(bfk@dm feKeg,\eD.
Moreover, the Cauchy—Schwarz inequality yields

(3.3) [As YN < Ifllll@ll2llkS oo, A € D

Proposition 3.5. Let © be inner, let ¢ € L? and let Ay defined by (3.2). If Asf € Ko
for every f € Ko, then A, is bounded on Kg. Furthermore, in that case, the definitions
n (3.1) and (3.2) for Ay coincide.
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Proof. To show that the operator defined by (3.2) is bounded, we will use the closed graph
theorem. Suppose that (f,,),>1 is a sequence in Kg satisfying f,, — f in Kg and Ay f, = g
in Kg. First, it follows from (3.3) that, for every A € D, we have

(Asfn)(A) = (A f)(AN).
Second, since Ayf, — ¢ in Kg, we also have that (A,f,)(A\) — g(\) for every A € D.
Thus A,f = g and by the closed graph theorem, we conclude that A, is bounded on Kg.
For the proof of the second part of the proposition, observe that the bounded operators
defined by the formulas in (3.1) and (3.2) agree on the dense set Ko N H* and therefore
must be equal. [l

A basic computation shows that the adjoint of a TTO is itself a TTO.

Proposition 3.6. If ¢ € L* such that Ay € T(©), then A}, € T(0) and
Al = Ag.
Proof. Let f,g € Kg N H*. We have
(f, A59)2 = (Po(of), 9)2 = (¢f, 9)2
= (f,09)2 = (f, Po(¢9))2
= (f, Az9)2.
That proves that A} = Az, and in particular A} € 7(0). O

Example 3.7. When ¢ is in H*, it turns out that © H? is obviously invariant with respect
to Ty = My, and so Kg is invariant with respect to T = T5. It then follows that

Ay =T5|Ke.
In particular,
Se = 5| Ke.
Remark 3.8. The space 7(0) forms a linear space since we easily have
aAy + LAy = Anptpy a,B€C,p, € L2

However, the product of two truncated Toeplitz operators is not always a truncated Toeplitz
operator. See Example 10.4.

For the class of symbols in H*°, the TTO enable to define a functional calculus for Sg.

Proposition 3.9 (The H* functional calculus of Sz.-Nagy-Foias). Let T : H* — L(Ko)
defined by T(¢) = Ay, ¢ € H*. Then T is a contractive morphism of Banach algebra which
extends the polynomial calculus for Sg. In other words, for every ¢, € H*, for every
a, € C and for every p € C[X|, we have
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(1) T(a¢ + ByY) = aT(¢) + BT(Y) ;
(2) (o) =T()T(¥) ;

(3) T(p) = p(Se) ;

4) 1T < l|9]oo-

Proof. (1) follows from Remark 3.8, (2) follows from Proposition 3.3 and (4) follows from
Example 3.1. So the only point to check is (3). Let p be a polynomial, p(z) = Z]k;vzo a2k
Using (1), we have

T(p) = aT("),

k=0
and by (2), T(z*) = T(2)*. But T'(z) = A, = Se. Hence

T(p) =) xS = p(Se).

g

In Section 9, we will see that this functional calculus satisfies a spectral mapping theorem
for the subclass of symbols in H> N C(T).

As we have just seen, the class of bounded analytic symbols already generates a rich
class of operators. Thus, the reader might wonder why we bother defining A, for ¢ € L?
(and possibly unbounded) when one can define Ay everywhere on Kg if ¢ € L>. We
did not go through all this trouble when defining Toeplitz operators on H?. Indeed for
Toeplitz operators, the symbol is unique in that 7, = T,, if and only if ¢; = ¢ almost
everywhere. Furthermore, one can show that for a symbol ¢ in L2, the densely defined
operator Tyf = P, (¢f), f € H®, has a bounded extension to H? if and only if ¢ € L.
For truncated Toeplitz operators, the symbol is never unique (see Theorem 5.1). Moreover,
as will see in Section 12, there are Ay with ¢ € L? that extend to bounded operators on K¢
but for which there is no bounded symbol that represents A;. Moreover, it is well known
that the set of bounded Toeplitz operators on H? forms a weakly closed linear space in
L(H?). To have a similar result for truncated Toeplitz operators (see Corollary 6.4), we
need to include such unusual operators with symbols in L?.

4. Why studying truncated Toeplitz operators?

Interest in truncated Toeplitz operators has been very strong over the past 15 years.
Besides the fascinating structure of these operators, they can be seen as a natural general-
ization of Toeplitz matrices (see Example 3.4). On the other hand, they naturally appear
in several questions of operator theory and functions theory.
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4.1. The Sz.-Nagy—Foias model. One of the main reasons that model spaces and trun-
cated Toeplitz operators are worthy of study in their own rights stems from the so-called
model theory developed by Sz.-Nagy—Foias, which shows that a wide range of Hilbert space
contractions can be realized concretely as Sg = A9 on some model space Ke.

Theorem 4.1 (Sz.-Nagy—Foias). Let T : H — H be a Hilbert space contraction. Assume
that

lim ||T"z||% =0, (x € H)

n—oo

and that the operators I — T*T and I — TT* are of rank one. Then there exists an inner
function © such that T is unitarily equivalent to S§ = S*|Ke.

Proof. Let Dr be the unique positive square root of the positive operator I — T*T i.e.
Dy = (I —T*T)"2. The key point of the proof is the following simple observation. Let
be any vector in ‘H. Then we have

IDrT 23, = (DFT"x, T x)y
= (I —T"T)T"z, T"z)x
= (I T"2|5 = 1T |3,

which, using the fact that || 7"z|| — 0, implies that the sequence (DrT"x),>¢ is in ¢?
and its £?-norm is equal to ||z||. Note that D7T"z belongs to the range of Dy, which is of
dimension one and thus can be identified by C.

Now, define a linear map U from H into H? by

o0

(Uz)(z) = > (DrT"z)2", (2 €D).

n=0
Since the sequence (DrT"x),>o is in ¢* and of norm ||z||, the map U is well-defined and
isometric from H onto its range E, which is a closed subspace of H?. Then we have

o

(UTz)(z) = Y (DrT )"

n=0

= S (DTTJI + Z(DTTTL—HI‘)ZTL—H)

n=0

= S* (f:(DTTnx)z”>

n=0

= (S*Ux)(2), (z € D),

which reveals that UT = S*U. This relations implies two things. Firstly, E is a closed
S*-invariant subspace of H? and, secondly, T is unitarily equivalent to S*|E. Note that E
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cannot be equal to H2. Indeed, if £ = H?, then we would obtain that the rank of I —TT*
would be the rank of I — S*S which is zero (because S is a contraction on H?), which
contradicts the assumption that I —TT™ is of rank one. Therefore, by Beurling’s theorem,
there exists an inner function © such that £ = Kg and this proves that T is unitarily
equivalent to S*|Kg = S§. O

We can restate the Sz.-Nagy—Foias theorem as follows.

Corollary 4.2 (Sz.-Nagy-Foias). Let T : H — H be a Hilbert space contraction. Assume
that

lim ||T""z|y =0, (x € H)

n—oo
and that the operators I — T*T and I — TT* are of rank one. Then there exists an inner
function © such that T is unitarily equivalent to Sg.

4.2. The commutant of Sg. We discuss now the commutant of Sg, that is the set
{S@}, = {A S E(K@) : ASe = S@A}

The description of this commutant was obtained by Sarason [50]. His work was motivated
by the study of interpolation problems for bounded analytic functions on the open unit
disc. The description of {Se}’ is a deep result known as the commutant lifting theorem
for Sg. The term ”"commutant lifting” stems from the following phenomenon. To find
solutions to the operator equation

(4.1) ASge = SeA
for an A € L(Kg), we "lift it” to the operator equation
(4.2) BS = SB,

where S is the shift operator on the larger space H? and B € L(H?). Then, we apply a
theorem of Brown-Halmos saying that B must be a Toeplitz operator T}, with ¢ € H*. We
then return to (4.1) to prove that A = AS. The main difficulty is to lift equation (4.1) into
equation (4.2). This can be proved using dilation theory, further developed by Sz.-Nagy—
Foias in an abstract context. In this note, following [45, Section 3.1.9], we will present
another approach, based on Nehari’s theorem, which uses a link between the commutant
of Mg and Hankel operators. This link is precisely stated in the following lemma.

Lemma 4.3. Let © be an inner function, and let A € L(Kg). Define
A, H? — H?

Then the following assertions are equivalent.
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(i) ASe = SeA.
(ii) A, is a Hankel operator.

Proof. First, let us verify that A, is a well-defined operator from H? into H2. Indeed, since
Ko = H>N O H?, we have APoH? C © H?, which implies that © AP H? C H?2.
Moreover,

ASg = SgA < APeS = PgSA, (on K@),
< APgSPg = PoSAPg, (on HQ)

Since 20 H? C ©H?, we have PoS(I — Pg) = 0, whence PgSPg = PoS and
APgSPe = APsS, (on H?).
Recall that Po = ©P_0 (on H?), where P_ = I — P,. Thus

ASe = SeA <= APsS = PoSAPs (on H?),
< APgS =0OP_0OSAPs
<= OAPoS =P ZOAPs
— AS=P_ZA,.

Here Z is the shift operator (i.e. the multiplication by the independent variable z) on L?(T).
The latter condition exactly means that A* is a Hankel operator (see Subsection 2.1). O

As we will see in Section 5, the symbol of a truncated Toeplitz operator is never unique.
In the proof of the commutant lifting theorem, we will need a special case of this.

Lemma 4.4. Let ¢ € H>*. Then Ag =0 of and only if p € OH>.
Proof. Assume that ¢ = Og for some g € H*. Then, for each f € Kg, we have
A9 f = Po(¢f) = Po(©fg) =0,

because ©fg € OH? = (Kg)*. Conversely, assume that AS = 0. Since for each f € H?,
QbP@HZf S ®H2, we get

Po(¢f) = Po(¢Pof) + Po(¢Pomf) = AJPof =0,

which implies that ¢ H?> C ©H?2. In particular, ¢ = gO, for some g € H?. But, taking the
absolute values of both sides shows that |¢| = |g| a.e. on T. Hence g € H*, and finally
¢ € OH>, O

We are now ready for the commutant lifting theorem for the operator Sg.
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Theorem 4.5 (Sarason, [50]). Let © be an inner function, and let A € {Se}', i.e. A €
L(Kg) and ASe = SeA. Then there exists ¢ € H* such that A = Ag).
Moreover, the following assertions hold.

(i) For any representation A = A9, with ¢ € H*, we have
| Al = dist(¢, ©H).
(i)
|A| = inf{[|¢]loc : A= AF with ¢ € H*}.
(iii) There ezists a particular choice ¢ € H™® such that
A=A7 and [A] = |9l

Proof. According to Lemma 4.3, the operator A, = ©APg is a Hankel operator. Since A
is bounded, we have

[Afll2 = ©APsfllo = [APefllo < Al [[fll2s  (f € H?),
which implies that A, is bounded and ||A.| < ||A|. Furthermore,
1Afll2 = [APe fll2 = [©APs fll2 = [|Afll2 < A I fll2, (f € Ke),
whence ||A|| < ||As||. Therefore,
||A||£(K@) = HA*”.C(H2,H3)-

Nehari’s theorem implies that there exists a function n € L>(T) such that A, = H, and
| ALl| = [|n]lee = dist(n, H>®). Hence,

(4.3) [All = [[Al = lInllec = dist(n, H>).
Since On € L*(T) = H?> ® H?, we can write
On=¢+1,
where ¢ € H? and ¢ € H?. But,
P_On=H,0=A,0=0APs0 =0,
which means ¢y = P_On = 0. Hence,

On=¢c H*NL>® = H™.
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Rewrite the last identity as n = ©¢, with ¢ € H>°. This is a rewarding representation. In
fact, for f € Kg, we have

Af = O(OAPsf)

= OA.f

= OHg,f

= OP O¢f

= Poof

= AJf,
whence A = Ag. Moreover, according to (4.3) and using the fact that |©] = 1 a.e. on T,
we have

(4.4) [A]l = ll¢lleo = dist(¢, OH™).
Since AQ(? = A, we have
1Al = l[élloc > nf{[|R]loc : A= AR, with h € H>}.
If h € H*® is such that A9 = A = A?), then according to Lemma 4.4, h — ¢ € ©H*. In
other words, there exists ¢ € H* such that h = ¢ + ©g. Thus,
dist(h, ©H>) = dist(¢, ©H™) = || A||,
and
12]los = Il¢ + Ogl| > dist(¢, OH™) = || Al.
Hence,
inf{||h|s : A= A, with h € H®} > ||A]],
which proves that
|A| = inf{||h||ls : A= AP, with h € H®} = dist(¢, OH>).
Finally, (4.4) shows that the infimum is attained, which ends the proof.
g

4.3. The Nevanlinna—Pick interpolation problem. We will now explain how we can
use the commutant lifting theorem to solve the Nevanlinna-Pick interpolation problem.

Given n points A1, A, ..., A, in the open unit disc D, and n points wy, wo, ..., w, in the
complex plane, we would like to know if there exists a function f in the closed unit ball of
H*° interpolating the points \; to the points w;, that is
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Before giving the answer to this question, we need an additional property of truncated
Toeplitz operators with symbols in H®°.

Lemma 4.6. Let ¢ € H* and A € D such that ©(\) = 0. Then

Agky = ¢(N)ka.

Proof. Observe that ky = k9 since ©(\) = 0. In particular, ky € Ke. Using Proposi-
tion 3.6, we have, for every f € Kg,
(Agkx, fla =(kx, Agf)2
=(kx, &f)2
=p(A)f(A)

=(@(N)kx; f)e-
Since this is true for every f € Ko, we conclude that Agky = ¢(A)kx. O

The following result answers the question of Nevanlinna—Pick interpolation.

Theorem 4.7 (Nevanlinna—Pick). Let (\;)1<;<n be n distinct points in D, and let (w;)1<i<n
be complex numbers. Then the following are equivalent.

(i) There exists a function f in H* such that

and, moreover, || flls < 1.
(ii) The matriz Q@ = (Qjr)1<jk<n, where

Qj,k‘:——a (j,k:17...,n),
1S nonnegative.

Proof. We do not follow the original proof but the one based on the commutant lifting
theorem of Sarason. We start by introducing the operator 7" which is exploited in the
proof of equivalence. Let B be the (finite) Blaschke product associated to the sequence
(Ai)1<i<n. It is not difficult to check that the sequence of reproducing kernels (ky,)1<i<n
forms a basis of K5. Note that Kg is finite dimensional. Hence we can consider the linear
bounded operator T from Kp into itself defined by

(4.5) Thy =@iky, (1<i<n).
Using Lemma 4.6 for S = A2 we have
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Since (ky,)1<i<n is a basis of Kg, we deduce that T'Sy, = SET. Hence, Theorem 4.5 ensures
that there exists f € H* such that T' = AJ’? and

(4.6) |7l = min{||gllec : T = A7, g € H*}.

For any function g which fulfills 7= AZ, we have

Ty, = Adky, = g)ky, (1 <i<n).
Therefore,
(4.7) g(\) = w; (1 <i<n).

To establish the connection between @) and 7', let a; € C, 1 < ¢ < n. Then, using the
operator T', we can write

1 - Wi, _
Yo am— = ST agg (s kay)e — (Tha, Thy o)
1— A\

1<i,j<n 1<i,j<n
= > ad@((I - T T)ky, k)
1<i,j<n

= (I =T*T)h, h)s,

where h = " | a;ky,. Hence, the matrix @) is nonnegative if and only if the operator
I — T*T is positive, which is equivalent to say that 7" is a contraction.

(i) = (4i): Assume that there exists f € H™, ||f|l« < 1, such that f(\;) = w;,
1 <i < n. Hence, using (4.5) and Lemma 4.6, we have

Tk, = Wiky, = fA)ky, = Afky,,  (1<i<n).

Thus we get 7' = A7. Now, (4.6) implies that

1T < Iflloe < 1,

i.e. T is a contraction, and thus () is nonnegative.

(17) = (i): Assume that @ is nonnegative. Thus, 7" is a contraction. By (4.6), we
know that there exists a function f € H®, || f|lcoc < 1 such that T' = AJ]?. Thus, by (4.7),
f(\i) =w;, 1 <i < n, which gives (7). O

4.4. A link with truncated Wiener-Hopf operators. It turns out that truncated
Toeplitz operators on the model space K¢ are closed connected with another class of oper-
ators, the truncated Wiener—Hopf operators, which arise naturally in projection methods
to solve certain convolution equations. See [40]. Let us explain the link between these two
important classes of operators.
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Let ¢ € L'(R), a > 0, and let

(W, f)(a) = / Cole - 0f(t).dt, x € (0,2a),

for f € L>(0,2a). It is easy to see that W,,f € L*(0,2a), and then W,, is a densely defined
operator on L?*(0,2a). If W, extends to a bounded operator on L*(0,2a), then it is called
a truncated Wiener—Hopf operator.

To explain the link between a truncated Wiener—Hopf operator and a truncated Toeplitz
operator, it will be easier to go into the upper half-plane. We denote by H?(C,) the
Hardy space of the upper-half plane C; = {z € C : Sm(z) > 0} and if © is an inner
function in C,, the associated model space Kg is defined as Ko = H?*(C,) © ©H?*(C,).
Finally, we recall that if F is the Fourier transform, the Paley—Wiener Theorem says that
FLA(Ry) = H*(Cy).

Proposition 4.8. Let ©,(z) = ¢, a > 0, and let ¢ in the Schwartz class S(R). Then,
FASQ“F_l = W(,;.

Proof. Denote by U, the (unitary) operator of translation by a on L?(R), i.e. (U,f)(x) =
f(x+a), f € L*(R). Write

U,L*(R)) =L*(—a,+o0) = L*(—a,a) ® L*(a, +00)
=L*(—a,a) ®U_,L*(R,).

Apply the inverse of the Fourier transform and use the Paley—Wiener Theorem and the
well-known facts that F~'U, = ©,F ! and F~U_, = O,F ' to get

0,H*(Cy) = F'L*(~a,a) ® ©O,H*(Cy).
Multiply this equation by ©, gives
Ko,, = 0,F 'L*(—a,a) = O,F 'X(—aaL*(R).

It is easy to check that the operator T = ©,F 'x(_aq) is a partial isometry on L*(R).
Hence TT* is the orthogonal projection onto Im(7) = Keg,, (see [27, Theorem 7.22] for
this result on partial isometries). We deduce a nice formula for the orthogonal projection
onto Ke,, :

P@ga - @af_IX(—a,a)f@_a-



MINI-COURSE ON TRUNCATED TOEPLITZ OPERATORS 23

Let f € L*(0,2a). Then, we have
FAPF'f =FPo,, 0F 'f
=FOuF X(—aa) F(OapF ' f)
=U_oX(~aa)F(pF Uaf)
=U-aX(~a,0)P * Ua |
Let z € R. We get
(FAG=F 7 )(@) =X(-aw)(t — a) (@ *Unf)(z — a)

“xoan(@) [ T @ —a—y)fy+a)dy

—0o0

2a
:X(o,za)(x)/ olx —1t)f(t)dt.
0
In other words, fASZa}'_l = Ws. 0

Proposition 4.8 says that the class of truncated Wiener—Hopf operators (at least for
a class of symbols in the Schwartz class) is unitary equivalent to a particular class of
truncated Toeplitz operators (associated to the model space with inner function ©,,).
Therefore, truncated Toeplitz operators can be viewed as a generalization of truncated
Wiener—Hopf operators.

5. The class of symbols for a truncated Toeplitz operator

We know that the symbol ¢ of a Toeplitz operator T} is unique. As we already noticed
(see Lemma 4.4), the story for truncated Toeplitz operators is much different.

Theorem 5.1 (Sarason, [51]). Let © be an inner function. A truncated Toeplitz operator
Ay is identically zero if and only if ¢ € ©H* + ©H?. Consequently,

A¢1 = A¢2 <~ ¢1 — ¢2 S OH> + ©OH2.
Proof. Suppose that ¢ = ©hy + Ohy, where hy, hy € H?. Then, for f € Ko N H*®, we have
¢f =Ofhy + Ohyf.

The first term belongs to © H? and so Pe(© fhy) = 0. Moreover, since Ko = H*NOzH? C
©zH?, the second term belongs to zH?, and thus, we also have Pg(©fhy) = 0. Hence

Ag(f) = Po(of) = Po(Ofh1) + Pe(©fhs) = 0.

Conversely, suppose that A,(f) = 0 for every f € Kg N H®. Write the symbol ¢ € L? as
¢ =1 + X, where ¢, x € H%. In particular, we have A, = —As. Now, using the fact that
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¢ and y are in H?, it is not difficult to check the following identities on Kg N H™
AwS@ = S@Aw and AYSE) = SE)AE

In particular, we deduce that A, and Ay commute with both Sg and S§. We now need
the following well-known identity

(5.1) I — SeSg =ky ®@kp.
To check (5.1), note that for f € Kg, we have

Now use (5.1) to deduce

Ay(kg @ k§') = (kg ® k) Ay.
If we evaluate this operator identity at kS, we get

155 113A0k5 = (Aykg, k5 )2k -

In particular, we have A,k = ck§ for some constant ¢ € C. From here we can write

0=(Ay — kS
=Po(¢ — ¢)(1 - ©(0)0)
=Po (1) — ¢) — 6(0) Po((¢ — ¢)©)
=Po(¢ —¢),

the last equality following from the fact that (¢» — ¢)© € ©H? Thus ¢ — c € ©H% In
particular, if we apply the first part of the proof, we deduce A, = cI. But since Ay =
—A, = —cl, repeating the same arguments yields to x +¢ € ©H? and so Y + ¢ € OH2.
Therefore

p=¢+x=@—c)+(X+c) € OH? + OH2,
which completes the proof. U

In particular, the preceding result tells us that there are always infinitely many symbols
(many of them unbounded) which represent the same truncated Toeplitz operator. On the
other hand, if we denote by Gg = L?> © (OH? + W), it follows from Theorem 5.1 that
every truncated Toeplitz operator has a unique symbol ¢ € Gg. This space is sometimes
called the space of standard symbols. In the following result, we gather from [7, Lemma
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3.1] some interesting properties of this space. Some of them will be used in Section 12 for
the construction of a bounded truncated Toeplitz operator that has no bounded symbols.

Lemma 5.2 ([7], Lemma 3.1). Let © be an inner function and let Qo (respectively Ps, )
the orthogonal projection onto Ko @ zKg (respectively onto Sg). Then:

(1) Qo(®) =8 -B(0) ©;
(2) we have

Ko ® 2Ke = G ® Cqeo,

where go = [|Qe(0)|3'Qe(©);
(3) Qo and Ps, are bounded on LP for 1 < p < oco. In particular, qo € LP.

Proof. (a) Note that
Ko =ZH2NOzH? = 22 NOH? = O(H? N Oz17?) = OKe.
Therefore, we have
Ko ® 2Ko = Ko ® OKpg,
and then, Qo = Po + MgPeMe. In particular, we have

Qo(0) =Po(0) + MgPoMe(0) = Po(0(0)) + MgPol

=(0(0) + B)(1 - 8(0)0) =6 - (0) ©,

and (a) is proved.
(b) Since L2 = OH2 @ OH2 & Ko @ Ko, if follows that Go C Ko @ zKe, and thus

(5.2) Ko ® 2Ko = Qo(Geo + OH? + OH2 + CO) = 66 & CQo(0),

which proves (b). Note that according to (a), one easily see that Qe(©) # 0.
(c) If follows from the identity Qo = Pe + MgPeMe, that Qg is bounded on L* for all
1 < p < co. Further, according to (b), we have

(5.3) Pso = Qo — qo ® qo,
and since gg belongs to L>°, we deduce that Pg, is also bounded on L? for 1 <p <oo. O

Another interesting result observed by Sarason [51] is the following,.

Corollary 5.3. Let ¢ € L?. Then there exists a pair of functions ¢1, ¢y € Ko such that
Ay = Ay g Moreover, if ¢1, 02 is one such pair, the most general such pair equals
b1 + kS, ¢y — kS, where c is a complex number. In particular, ¢, and ¢y are uniquely
determined if we fix the value of one of them at the origin.
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Proof. Decompose the symbol ¢ as ¢ = ¢ + ¥y, with 1,9 € H?. Define ¢y = Poily,
¢ =1,2. Observe that 1; — ¢; and ¥, — ¢ both belong to © H2. Hence

¢ — (¢p1+ ¢2) = (Y1 — ¢1) + (b2 — ¢2) € OH® + OHZ.

Theorem 5.1 now ensures that Ay = A, 7.

Moreover, suppose that o1, s are in Kg and Ay = Ay 4. Then, according to Theo-
rem 5.1, we get that (1 —¢1)+(Fa—ds) is in O H>+O©H?2. In particular, ¢, —¢; € OH?>4H?2.
Observe now that the orthogonal projection Py maps ©H? 4+ H? onto CkS, which gives
that ¢; = ¢; + ck{ for some complex number c. Similarly, there exists a constant d € C
such that o = ¢ + dk§. We deduce that ck§ + El@ is in © H? + ©H2. But observe that

kS +dk® = ¢+ d — cO(0)0 — dO(0)O,

which yields c+d € ©H?+0©H?2. Take now any f € Ko, f # 0. According to Theorem 5.1,
we get

0=A4(f) =Pellc+d)f)=(c+d)f,
which implies that ¢4+ d = 0, or d = —¢. Therefore, Y1 =0¢1+ ck:é9 and @9 = @9 — Ek:((?. ]

Example 5.4. Let O(z) = 2® and note that Kg = \/{1, 2,2%}. As already mentioned
(see Example 3.4), in that case, the truncated Toeplitz operator on Kg can be viewed
as operators whose matrix with respect to the orthonormal basis {1, z, 22} is a Toeplitz
matrix. Suppose that A is a generic 3 x 3 Toeplitz matrix

o o9
S QX
Q@ o

Then consider p(z) = ez? + dz + a + bz + cz®. An easy computation shows that A = A,
The function ¢ is the standard symbol for A and we have ¢ = ¢+ 1), where ¢, 1) € Kg are

defined as ¢(z) = % + bz + c2? and ¢(z) = & + dz + €22

6. Algebraic characterization of truncated Toeplitz operators

A well known result of Brown-Halmos says that T € L(H?) is a Toeplitz operator if
and only if T'= ST'S*, where S is the shift operator on H2. Sarason obtained an analogue
of this result for truncated Toeplitz operators, where the compressed shift (or the model
operator) Sg plays the role of S.

Theorem 6.1 (Sarason, [51]). A bounded operator A on Kg belongs to T (©) if and only
if there are functions ¢,¢ € Kg such that

A= SeASE+ ks + ki @1
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In that case, we have A=A, 7.
The proof of this result is based on two lemmas.
Lemma 6.2. For ¢, € Ko, we have
Ayp— Sedy 556 = 0@ ki + kS @1,

Proof. Since Se commutes with A, and S§ commutes with A (see Proposition 3.3), we
have

Ay — Sedy 356 = Ay(I — SeS5) + (I — SeS5) Ay
By (5.1), we have [ — SoSg = k§ ® k§, which yields
Ayig = Sedy 556 = AgkS @ k¢ + kg ® A*Ek:f?

Observe now that, since ¢ € Kg, we have Azkd = Po(¢ — 0(0)¢O) = ¢. According to
Proposition 3.6, we have A*@ = Ay, and so A*Ekg) = AykS = 1, which gives the result. [

Lemma 6.3. Let ¢,v € Kg. For f,g € Kg N H*®, we have

o0

(Agishs )2 = 37 (U, SERS)2(SB. 9. )2 + (£, SB)2(SBES. 9)2)

n=0

Proof. By Lemma 6.2,
A SodyyzSs = 6 9K+ 0.
Thus, for any integer n > 0,

S A4 555" — S5 A, S5 = S50 ® SHES + Sok © S

Now sum both sides of the equation above from n =0 to n = N to get
N
Agg = Z (Sog ® Saks + Sok @ Sa) + SN+1A¢+7/}S* N+1
n=0
Thus, for f7g € Keg N H™,
N

<A¢+Efa g>2 = Z (<f> Sgk(()a>2<sg¢7ga >2 + <f7 Sg)w>2<sgkéaa g>2)

n=0

<A¢+¢S*N+1f S*N+1 >

It remains to show that the last summand on the right tends to 0 as N — oco. Using the
fac that A and Ay commute with S§, observe that

<A¢+¢S*N+lf S*N—i-l > < *N—Hf 56N+1A¢g>2+ <SgN+1Awf S*N—H >
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The desired conclusion now follows because S*¥ — 0, as N — oo, in the strong operator
topology (remind that for any h(z) = >, a,2" in H?, we have

0

Z a, 2"
n=N

2 (o)
|15V h||2 = =) lanl* =0, as N —o0.)
2 n=N

g

Proof of Theorem 6.1. 1t follows from Lemma 6.2 and Corollary 5.3 that every operator
in 7(©) satisfies the condition of the theorem. Suppose, conversely, that A is a bounded
operator on Kg that satisfies the condition

A—SeASH = RkS + kS @1,

with ¢,19 € Kg. Arguing as in the proof of Lemma 6.3, we deduce that, for every integer
N >0,

N
A= (580 ® SHkS + SakS @ Smw) + SYHASHVH.
n=0

Again use the fact that S(i)N — 0, N — o0, in the strong operator topology to see that

A= (S50 ® Sak§ + S5k @ Sv) .
n=0
where the series converges in the strong operator topology. Finally, by Lemma 6.3, we can
conclude that A = A, 5, and in particular, A € T(0©).
O

Theorem 6.1 admits an interesting corollary.
Corollary 6.4 (Sarason, [51]). The set T(©) is closed in the weak operator topology.

Proof. Suppose the net (A()) in T(©) converges weakly to the bounded operator A. By
Theorem 6.1, for each index «, there are functions ¢, 1, in Kg such that

(6.1) Al — Sg A SE = ¢ @ kS + k§ ® 4.

Moreover, by Corollary 5.3, the function v, can be taken to satisfy 1),(0) = 0. Then we
have

AR — SeAWSek = |Ik5 1500 — (kS , Ya)2k§ = [IKG 360
It then follows that the net (¢,) converges weakly, say to a function ¢ in Kg. The net
(o ® kS) thus converges in the weak operator topology, and so by (6.1), the net (k§ ® ¥,
also converges in the weak operator topology, implying that the net (v,) converges weakly,
say to a function 1 in Kg. Passing to the limit in (6.1), we obtain

A—SeASH = RkS + kS @1,
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and it follows by Theorem 6.1 that A= A, is in T(©). d

Remark 6.5. When Kg is finite dimensional (which means that © is a finite Blaschke
product), one can get more specific results using matrix representations. It has already been
noticed (see Examples 3.4 and 5.4) that if ©(z) = 2%, then the corresponding truncated
Toeplitz operators are the Toeplitz matrices (with respect to the standard orthonormal
basis {1,z2,...,2Y 71} of Kg). For more general finite Blaschke products, we have the
following result from [22].

Theorem 6.6 (Cima—Ross—Wogen). Let © be a finite Blaschke product of degree n with
distincts zeros Ay, Aa, ..., A\, and let A be any operator on Ke. If Ma = (r;j)1<ij<n s the
matriz representation of A with respect to the basis {ky,,k»,,-..,kx,}, then A € T(O) if
and only if

o) i = A+ = M)
e\ Aj— A |

for1<i,7<nandi#j.

7. Complex symmetric operators

7.1. Truncated Toeplitz operators are complex symmetric. A conjugation on a
complex Hilbert space H is a map C : H — H that is conjugate-linear, involutive (C? = I)
and isometric ((Cz,Cy) = (y,z) for every z,y € H). We now say that T' € L(H)
is C-symmetric if T = CT*C' and complex symmetric if there exists a conjugation C'
on H with respect to which T is C-symmetric. This class of operators received a lot
of attention during the past few years, in particular due to the works of Garcia—Putinar
[36, 37]. Among important examples of complex symmetric operators, we have the Volterra
operator, normal operators, Toeplitz matrices,....

However, note that Toeplitz operators cannot be complex symmetric in general. Indeed,
if an operator 7' is complex symmetric, then, in particular, it should satisfy

dim ker " = dim ker T™.
But, if for instance T' = T, with ¢ € H®, ¢ # 0, then ker T, = {0} and ker T} # {0}

(because Tky = Tk = p(A)ky). Thus, for every ¢ € H*, ¢ # 0, T}, is not complex
symmetric. However, the situation is dramatically different for TTO. It turns out that
truncated Toeplitz operators on Kg are Cg-symmetric, where Cyg is the natural conjugation

on Kg introduced in (2.7).

Theorem 7.1 (Sarason, [51]). Let © be an inner function and A, € T(©). Then we have
A¢ = C@AZC@
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Proof. According to Proposition 3.6, for every f,g € Kg N H*, we have
(CoA;Cof. g)2 =(Cog, A3Cof)2 = (Cog, Po(¢Co f))s

(Cog,9Cof)s = (077, §O=f)s

(G, 0f)2 = (81, 9)2 = (Po(¢f), 9)2

{

As(f): 9)2-
Hence A, = C@A;@C@. [l

Using the conjugation Cg, we can give an analogue of the characterization of 7(0) given
in Theorem 6.1.

Corollary 7.2. Let © be an inner function and let A € L(Kg). Then A € T(©) if and
only if there are functions ¢, € Ko such that

(7.1) A—S5ASe =p® SO+ 570 @ 1.
Moreover, in that case, we have A = A, 755

Proof. Assume that A satisfies (7.1). If we apply on the left and on the right Cg to both
sides of (7.1), we get

CoACo — CgS5AS6Ce = Cop @ CoS™O + CoS™"0 @ Co).
According to Theorem 7.1 applied to S§, we have CgS§ = SeCe, which gives
CoACg — S@C@AC@S{S =Cop ® CeS"O + CaS™0 ® Cot).

But on T, we have

CoS*0 =0%(2(6 —0(0))) =0(0 — 6(0)) =1 - 6(0)0 = kf.
Thus, if B = CgACe, we obtain
(7.2) B — SeBS§ = Co¢p @ ki + kg @ Cet).

Then it follows from Theorem 6.1 that B € T(0). In particular, there exists y € L? such
that B = A,. Now Theorem 7.1 implies that

A= CoBCo = CoACo = A% = Ay,

In other words, A € T(O).

Conversely, assume that A € T7(0©). Then B = CoACe € T(©) and the arguments
above can be reversed showing that A must satisfy (7.1).

Moreover, according to (7.2) and Theorem 6.1, we have CoACe = B = Ag_ 4 005 1t
follows that A = CoAc, 4,555Ce, and we get from Theorem 7.2 that

A= Ac $+Cot Ace¢+®'
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U

It should be noted that the matrix representation of a truncated Toeplitz operators A,
with respect to a modified Clark basis is complex symmetric (i.e. self-transpose). This
fact was first observed in [36] and developed further in [34].

It is suspected that the truncated Toeplitz operators might serve as some sort of model
operator for various classes of complex symmetric operators. An increasing long list of
complex symmetric operators have been proven to be unitarily equivalent to truncated
Toeplitz operators. For example, Sarason [52] proved that the Volterra operator on L*(0, 1),
a standard example of complex symmetric operator, is unitarily equivalent to a truncated
Toeplitz operator acting on the space Kg corresponding to the atomic inner function
O(z) = exp (%) Among other first examples of complex symmetric operators being
unitarily equivalent to truncated Toeplitz operators are : rank-one operators, 2x2 matrices,
normal operators, for k& € N U {oo} the k-fold inflation of a finite Toeplitz matrix. See
[32] for details and further examples. All these results yield to the following still open
questions:

Question 7.3. Is every complex symmetric operator unitarily equivalent to a truncated
Toeplitz operator? If not, which ones are?

One can also explore when a bounded operator is similar to a truncated Toeplitz operator.
In finite dimensions, it is proved in [18] that every operator on a finite dimensional space
is similar to a co-analytic truncated Toeplitz operator.

Question 7.4. Which operators are similar to truncated Toeplitz operators in infinite
dimensional spaces?

7.2. Another characterization of truncated Toeplitz operators and new exam-
ples. We now discuss another interesting characterization of truncated Toeplitz operators,
also given by Sarason [51], which yields to new examples of truncated Toeplitz operators.

We first start with three simple lemmas. In the following, we should understand (S*©)+
as the orthogonal complement of CS*© in Kg, that is (S*0)+ = Kg & CS*0.

Lemma 7.5. Let f € H?>. Then
(f € Ko and Sf € Ko) <= f € (5*0)™*.
Proof. First let us assume that f and Sf belong to Kg. We thus have
(f,S*©)y = (Sf,0)s = 0.
Hence f L CS*0O.
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Conversely, assume that f € Kg © CS*©. Remember that Ce(kd) = S*O, and then
kS = Co(S*O). We thus have
0=(f,50)2 = (Co(570),Cof)2 = (kg ,Co f)2 = (Cof)(0).
In other words, Co f = zg, for some g € H?. But since g = S*(Co f) and S*Kg C Kg, the
function g belongs indeed to Kg. Then we get
2f = 200(29) = 20229 = OZg = Cey.
In particular, we deduce that zf € Kg. O
The second result is a simple functional analysis result.
Lemma 7.6. Let X be a Banach space, V' a dense subspace of X, and let p : X — C be
a linear continuous functional on X, p #Z0. Then
(1) there exists vg € V' such that ¢(vy) = 1.
(2) ker o NV is dense in ker .

Proof. (1) Since V is dense in X, ¢|V is not identically zero, because otherwise by conti-
nuity ¢ would be identically zero, which contradicts the hypothesis. Then, in particular,
there is a vector v € V such that A = ¢(v) # 0. Now take vy = v/\.

(2) Let w € ker p. Then we can find a sequence (w,), in V such that ||w, —w||x — 0,
as n — 0o. Observe now that

|o(wn)| = lp(wn = w)| < lelllwn —wlx,

which implies that ¢(w,) — 0, as n — oco. Applying (1), let vy € V' such that ¢(vg) = 1,
and define u,, = w, — @(w,)vy. We easily see that u,, € V Nkerp, and

lun = vllx < [lwn = vllx + [ (wn)lllvollx = 0, as n — oo.

Lemma 7.7. Let © be an inner function. Then

(1) Ke N H*®N(S*O)* is dense in (S*O)*+.

(2) Ko NA(D) N (S*O)* is dense in (S*O)* .
Proof. Of course (2) implies (1) and so we only prove (2). Recall that by Aleksandrov’s
theorem (see [21, Section 8.5]), the space A(D) N Ko is dense in Kg. It remains to apply
Lemma 7.6 to V = A(D) N Kg and to the linear continuous functional

Q: K@ — C
h <h, S*@>2,

for which ker ¢ = (S*©)*.
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We can now give a new characterization of operators in 7(0).

Theorem 7.8 (Sarason, [51]). Let A € L(Kg). Then A € T(O) if and only if it satisfies
the relation

(7.3) [,5f € Ko = (ASf,S5f)2 = (Af, f)2

Proof. First, let us assume that A € T(0). According to Corollary 5.3, there are ¢, 9 € Kg
such that A = A, ;. To prove that A satisfies (7.3), it is sufficient, according to Lemma 7.5
and Lemma 7.7, to check that

<ASf,Sf>2 = <Afaf>27
for every f € Ko N H*® N (S*0)L. We have

(ASF,Sf)o = (A 5S5f, Sfha=(ApSf, Sf)2+ (Sf, ApSf)o.
Since f € (S*©)1, according to Lemma 7.5, Sf € Kg, and thus

(AsSf,Sf)2 = (Pe(02f), 2f)2 = (92f, 2f)2 = (0f, f2 = (Asf, 2

Similarly, we have

<Sf7Awa7>2 = <vap®(1/fzf>>2 = <Zf>¢2f>2 = <Ef7f>2 = <Aﬂf7f>2

Therefore, we deduce

(ASf, 82 = (Ag([f), )2+ (AGf, f2 = (Af, [)a-

For the other direction, suppose that A satisfies (7.3). We shall prove that A € T(©)
by showing that A satisfies (7.1). Let B = A — S§ASe. Note that for every function
f € (8*©)*%, we have Sof = Sf (by Lemma 7.5), and then

(B, f)2 =(Af, [)2 — (S6ASef, f)2
:<Af7 f>2 - <AS@f7 S@f>2

:<Af7f>2 - <A5fa Sf>2
=0.

By the polarization identity, we get
(Bf,g)s =0  whenever f,g € (S*O)*.

Note that the orthogonal projection in Kg with range (S*©)* equals I — ¢S*0 ®@ S*O©,
where ¢ = [|S*O||; 2. We have then

(I —cS*©®S*0)B(I —cS*0 ® S5*0) = 0,
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implying
A— S5ASe = B=cBS*O ® S*O + ¢S*0 ® B*S*0 — ¢*(BS*0, §0),570 ® S*O.
Defining ¢ = ¢cBS*© — ¢*(BS*0, 5*0),5*0 and ¢ = ¢B*S*O, we obtain
A—S5A50 = 9o ® S"O + 570 ® 1.
Corollary 7.2 finally implies that A € T(O). O

Using the above characterization, we can give another way of building bounded trun-
cated Toeplitz operators. For p € C3(0©) (see Section 2.3), denote by I’S the sesquilinear
functional on Kg X Kg defined by

I (f.9) / fgdp.

1/2 1/2
recal < (fireanl) ([l dnt) < crlelol,

because Ko < L*(|p|). In particular, there exists a bounded operator A, = A on Ke
such that

Observe that

(ASf.g)2 = /f@du-
T
The operator A, is another type of truncated Toeplitz operator.
Theorem 7.9 (Sarason, [51]). Let u € C2(0). Then A, € T(O).

Proof. According to Theorem 7.8 and Lemma 7.7, it is sufficient to show that for every
f e A(D)N Kg N (S*O)*, we have

(Au(S1), 512 = (Au(f), e
But since |Sf| = |f| on T, we get

(A(Sf), S f)s = /T S dp = /T P dp = (ALF),

That proves that A, € T(0).
U

Example 7.10. Assume that ¢ € T is an angular point of Carathéodory for ©. Then, we
know (see Subsection 2.2) that f — f({) is continuous on Kg. In other words, the Dirac
measure d¢, at point ¢, is in C5(©). By Theorem 7.9, the operator A;_ is in 7(©). Observe
that if f,g € Kg, then

(Asof.g)2 = /T fgdoc = F(Q)g(0) = (£, kE)alk, g,
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where k? is the reproducing kernel of K¢ at point ¢. In other words, As f = (f, k? >2k<@,
f € Ko, meaning that

As, = kS @ kL.
Thus, in particular, As, is a rank-one TTO. We will come back in Section 10 to this
operator.

A natural question, posed by Sarason [51, page 513|, is whether the converse of Theo-
rem 7.9 holds. In other words, does every bounded truncated Toeplitz operators arise from
a measure i € Co(0)? This question was settled in the affirmative in a beautiful paper by
Baranov, Bessonov and Kapustin [6].

Theorem 7.11 (Baranov—Bessonov—Kapustin). Let A € L(Kg). Then A € T(©) if and
only if A=A, for some ji € C5(0).

In the proof of this result (and in many results of [6]), a key role is played by the following
Banach space X defined by

(7.4) X = {Z TrYk - Th, Y € Ko, Z [z l2llyll2 < OO} ,
k k

where the norm in X is defined as the infimum of >, ||zk||2||yx||2 over all representations
of the elements in the form ), ;7.

8. Norm of a truncated Toeplitz operator

For Toeplitz operators, a classical result of Brown-Halmos says that if ¢ € L°°, then T},
is bounded and [|Ty|| = ||¢]|c- In contrast to this, we can say little more than

(8.1) 14l < ll¢lloos

for general truncated Toeplitz operators with bounded symbols ¢. For instance, observe
that Ag = 0 and so

[Aell < O]l = 1.

Nevertheless using Theorem 5.1, we can easily improve the estimate (8.1) and obtain
[As]l < inf{[|¢]lo : ¢ — 2 € ©H* + ©H?}.

The fact that there are many symbols that represent the same truncated Toeplitz operator
makes the problem of computing the norm difficult. However, it is possible to give lower
estimates of ||Ay|| for general ¢ in L?. Although a variety of lower bounds on ||Ay| are
provided in [39], we focus here on perhaps the most useful of these. Remind the definition
of the Poisson integral in (2.1).
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Theorem 8.1 (Garcia-Ross, [39]). Let © be an inner function and ¢ € L*. Then
sup{[(Pe)(N)| - A € D, ©(A) = 0} < [[Aq]l,

where the supremum above is regarded as 0 if © never vanishes on D.

Proof. Let A € D such that ©(\) = 0. Then kY = k, and we have

ky k
el = '<A¢ (sz) Tl
(1 — AR Po(0ks), k)]

(1= [AP)K ¢kx,kx> |
—[AP)

=[(Be) (A
Taking the supremum over all A in D such that ©(\) = 0 gives the result. g

Corollary 8.2. Let © be an inner function whose zeros accumulate almost everywhere on

T and let ¢ € C(T). Then ||As|| = ||@]]oo-

Proof. Let ¢ be an accumulation point of ©1({0}). Then there exists a sequence (\,,),>1 C
D, ©(A\,) = 0 such that A, — (, n — co. According to Theorem 8.1, for every n > 1, we
have

[(Bo)(An)| < [[As]l.
Now, since ¢ € C(T), letting n go to oo, we get from (2.2)

6O < [[ Al

But, this is true for almost every ¢ € T, which yields to ||¢]|cc < ||Ap||. Now combining
with (8.1) gives the result. O

Example 8.3. Let (¢,),>1 be a dense sequence in [0, 27] and let A, = (1 — #) eltn m > 1.
We easily see that (A,),>1 is a Blaschke sequence and if we denote by B its associated
Blaschke product, then its boundary spectrum o(B) is equal to T. Indeed, if ¢ € T,
t € [0, 27], we have by classical estimates

|et—)\n|§|et—et"\+ﬁ§|t—tn|+ﬁ

Since (t,)n>1 is dense sequence in [0, 27], there exists a subsequence (t,,),>1 such that
tn, — t, as £ — oco. Hence \,, — €' as { — oco. Now according to Corollary 8.2, for every
¢ € C(T), we have ||Af|| = [|}]] 0o-
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The norm of some truncated Toeplitz operators can be related to the norm of some
Hankel operators and certain classical extremal problems from function theory. We refer
the reader to the papers [38, 15] for more on this. Moreover, if © is a finite Blaschke
product (so that the corresponding model space Kg is finite dimensional) and ¢ belongs
to H*°, then straightforward residue computations allow us to represent Ay with respect
to any of the classical orthonormal bases of K¢ (the Takeneda basis, the Clark basis,...).
In any case, one can readily compute the norm of A4 by computing the norm of one of its
matrix representations. This approach was undertaken in the paper [38].

9. Spectral properties of A

The Livsic-Moeller Theorem identified the spectrum of the model operator Sg with the
spectrum of the inner function © (see (2.3)). The following result of P. Fuhrmann [28, 29]
generalizes this for the analytic truncated Toeplitz operators A,, where ¢ € H*>. As we
will see, the proof depends crucially on the famous Corona Theorem of L. Carleson.

Theorem 9.1 (Fuhrmann). Let © be an inner function and ¢ € H*. Then
7(Ag) = (A € C: nf(10(:)] + [9(=) — X)) = 0}
Proof. Let A € C satistying inf.ep(|©(2)] + [¢(2) — A|) = 0. Then there exists a sequence

(2n)n>1 C D such that [©(z,)] — 0 and |¢(2,) — A| = 0 as n — oo. Since ¢ € H*>®, we
have A} = Tj|Ke and so

(A5 = ADES |2 = 1 T5_5kS II2
= [|P+((¢ = N)(1 — O(2.)O)k,)
< 1P ((6 = M)z + 10z |1 P (6 = X)Ok=, )12
Now recall that for every ¢ € H®, we have P, (1ky) = ¢)(A\)ky. Then it follows

1(AG = ADES |2 < [16(20) = Nk, ll2 + (1610 + AN O (20|, 2
< Clo(zn) = Al +10(z0) D[z, |2,

where C' = ||§]|o + |A| + 1. Now dividing both terms by [|£2 ||» gives

E

e ol
AL — N[)—2= < C(|p(zn) — Al +10(2, Ints
H( o Mg, |, = CUetE) = A+ 18D e

Observe now that ”]]z@"”z =(1-10(2,))""/2 = 1 as n — +o0, which finally gives that

S}

Zn
—Hk@ I — 0, n — 0.
Zn

2

H(A;, — M)
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In particular,

inf{[|(A5 — A fl2: f € Ke, || fl2=1} =0.
Hence A — A is not bounded below and hence not invertible. Thus

e U(AZ) =o0(A,),
and so
(A e C:inf([0(2)] +[@(2) = Al) = 0} € o(Ay).

To prove the reverse inclusion, we will now show that

nf (10(2)] +16() ~ A) > 0 = A¢ o(Ay).

According to Carleson Corona Theorem, when inf.cp(|0(2)| + |¢(z) — A]) > 0, there exists
f,g € H* such that

f(2)0(2) +9(2)(0(2) =N =1,  zeD.
Hence, by Proposition 3.3, we get
AfAe + Ag(Ay — X)) = 1.
But Ag = 0 (see Lemma 4.4). Hence
Aj(Ay— ) =1

Since A, and A, commute because g and ¢ are in H*, we also have (A, — AI)A, = I, and
so Ay — Al is invertible, showing that A ¢ o(A,). d

Remind from (2.3) the definition of §(©), the spectrum of an inner function ©.

Corollary 9.2. Let © be an inner function and ¢ € H>* N C(T). Then
0(Ag) = ¢(s(0)).
Proof. Let A € C. According to Theorem 9.1, A € o(Ay) if and only if there exists a
sequence (2,)n,>1 C D satisfying
O(z,) >0 and @(z,) > A, asn — oo.

Passing to a subsequence if necessary, we may assume that (z,),>; converges to some point
zp € D~ (the closed unit disc). By definition, 2o € s(0) and since ¢ is continuous on D™, we
have ¢(z,) — ¢(20), n — oo. In particular, A = ¢(z9) € ¢(s(0)). Hence o(Ay) C ¢(s(0)).

Conversely, if A € ¢(s(0)), then there is 2y € §(0), such that A = ¢(2p). In particular,
there is a sequence (z,),>1 C D such that z, — 2z, and O(z,) — 0, as n — oo. By

continuity of ¢, we have once more that ¢(z,) = ¢(20) = A and so A € o(A4y).
O
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The natural polynomial functional calculus p(Seg) = A, can be extended to H* in such
a way that the symbol map ¢ — ¢(S¢) := A, is linear, contractive and multiplicative
(see Proposition 3.9). The above corollary says that we have a spectral mapping theorem
for symbols in H>* N C(T).

Note that in the case when ¢ € H, it is possible also to give an alternate description
of 0(Ay) in terms of cluster sets for ¢. See [35, page 294-296] for details. We can also
describe the point spectrum of A, and is adjoint. See [35, Corollaries 13.15, 13.17 and
13.18] or [27, Theorem 14.34 and Corollary 14.35].

Let us mention also another interesting new approach by Camara and Partington [12].
They give invertibility and Fredholmness criterion for truncated Toeplitz operators in
model spaces K§ of the upper half-plane, 1 < p < oo with essentially bounded symbols
in a class including the algebra C(R) + H*, as well as sums of analytic and anti-analytic
functions satisfying a ©-separation condition. Their approach is based on the equivalence
after extension of truncated Toeplitz operators to Toeplitz operators with 2 x 2 matrix
symbols.

Let us conclude this section by saying that in general determine the spectrum of a
truncated Toeplitz operator is a problem highly non trivial. We only know the answer for
particular class of symbols and a lot remain to do.

10. Finite rank truncated Toeplitz operators

Brown and Halmos [11] have showed that there are no nonzero compact Toeplitz opera-
tors on H?. In contrast, there are many example of finite rank (hence compact) truncated
Toeplitz operators. In fact, the rank-one truncated Toeplitz operators were first identified
by Sarason [51, Theorem 5.1]. For the proof of this result, we need the following two
lemmas. Remind from Subsection 2.2 the notation ffor f € Ko.

Lemma 10.1. Let © be an inner function.
(a) For A € D, we have
S5kS = Nk§ — OOKE
and
Sek® = A& — O(\)KS.
(b) For A € D\ {0}, we have

1 1
SekS = jkf’ — ik(‘?
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and — 1~

Proof. (a) For the first equality, note that for every f, g € H*®, we have S*(fg) = fS*(9)+
9(0)S* f, which yields to

SEkY = S* (1 —O(N)O)ky) = (1 — O(AO)S ky + kr(0)S*(1 — O(N)O).
But S*ky = Mk, and S*O = C@k:(?, and so
Sk = X1 —0(\)O)ky — O(N)Cokd = Nk — O(N)Coky.

Since SgCo = CoS§ (see Theorem 7.1), we obtain the second equality by applying Cg to

the first one: _
SeCoky = Co(AR — O(N)Coky)

= ACok — ONKS.
(b) For A € D\ {0}, we have
Sokf = Po(2kS) = Po(2(1 — O(N)O)ky) = Po(zk)).
Since (1 — Az)ky = 1, we have

(kx—1),

>l =

Zk‘)\ =

and we obtain | .
Sekf) = iP@(kA —1) = i(l<;§> — k),

which is the first equality. As in (a), the second equality is obtained from the first through
an application of Cg. O

Lemma 10.2. Let © be an inner function. Assume that © has an angular derivative in
the sense of Carathéodory at the point ¢ € T. Then the equalities of the preceding lemma
hold with C in place of .

Proof. Since © has an angular derivative in the sense of Carathéodory at the point ¢ € T, it
is known that k9 — k:?, as A tends nontangentially to ¢, in the H? norm. Now, we obtain
the conclusion by letting A tend nontangentially to  in the equalities of Lemma 10.1.

0

Theorem 10.3 (Sarason, [51]). Let © be an inner function. The operators
(i) k?@l;é:fl% for A e D,
(ii) k© @ k9 :A:_@A for A € D,
(iii) kE@K = A
at (€T

ro4%e_1, Where O has an angular derivative in the sense of Carathéodory
¢ ke
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are truncated Toeplitz operators having rank one.

Proof. (i) We consider first a point A € D\ {0} and apply the criterion of Theorem 6.1 to
the operator kY ® k9. By Lemma 10.1,

So (kS ® K9)S2 = Sk © Sok®

_ l @_l e I S
— (ka X%)@(Alg O

~ ~ O\ o\
= kP QKD -k @ KD — ;)kfébk?nt%k?@k?.

Thus
0 o 1.6 = =S oA G © 10 e
kY @ kY — Se(ky @ kY)Ss = ky ® kY + D (kY —kg) ® kg ).

By theorem 6.1, k9 ® l::\f) = A, with symbol

)\ =
wz%(k?—kg)%rk?
According to Theorem 5.1, we have

Akg) = Al—m@ = Al and Ak)\@ = A(I_W@)]@\ = Ak‘p

whence kY ® kY = Ay, with ¢, written as a function of the variable z € T, equals to

(M) o

Taking the limit as A — 0, we find that k§ ® kS is the truncated Toeplitz operator with

symbol 8

z

(ii) Conjugating the identity proved in (a) conclusion, we find that for every A € D

K@K = (K @ k®) = A7, = Ay,

where 1(z) = ?S?
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(iii) Let ¢ be a point of T at which © has an angular derivative in the sense of Carathéodory.
By Lemma 10.2, the first part of the proof of (i) can be repeated with ¢ in place of A to

show that k; ® k? is the truncated Toeplitz operator with symbols

%(k? — ko) + kS

Using that E? = f@(g)k?, we see that k? ® k? is the truncated Toeplitz operator with
symbol k,‘? + E — k§. As above in the proof of (i), we can replace k§ by 1, obtaining the
symbol &9 + k& — 1. O

It turns out that Sarason proved [51, Theorem 5.1] that Theorem 10.3 gives all the
possible rank-one operators in 7(0). In other words, any truncated Toeplitz operators of
rank one is a nonzero scalar multiple of one of the above. We should also mention the
somewhat more involved results of Sarason [51, Theorems 6.1 and 6.2] which identify a
variety of natural finite-rank truncated Toeplitz operators. Finally, the full classification
of the finite-rank truncated Toeplitz operators was given by Bessonov in [8].

We would like to finish this section by giving an example of a rank-two operator A €
T(©) such that A% ¢ T(©).
Example 10.4. Let © be an inner function such that dim(Ke) > 3. Consider A =
kS @ kS + kS @ kS. Then A € T(O©) but A% ¢ T(0).

Indeed, the fact that A € T(0O) follows directly from Theorem 10.3. Let us now check

that A? is not a truncated Toeplitz operator. Argue by absurd, and assume that A? €
T(©). We have

A2 = (S, KS)a(kS @ k) + (kS K )2(kS @ k)

+IKS N3 (ks @ k') + |1k 15k @ K.
As k§ @ k§ and k§ @ k§ are in T(O) and ||k[]2 = ||k§]|2 (because Cg is an isometry),
it follows that the operator B := k§ @ k§ + k§ ® k§ is in T(©). It now follows from
Theorem 6.1 that the operator B — SgBS§ has rank one or two. By Lemma 10.1

Se(k§ @ k) S5 =Sekg © Sok§
=(~0(0)ks) ® (—=6(0)kg) = [8(0)]*kg’ © kg’
and so L
B — SgBSE =k @ k& + (1 — |0(0)]))k @ kS — SokS ® Sokd

Observe that k§ is a cyclic vector for the operator Sg. Indeed, let f € Kg and assume
that f 1 S2kS for all non negative integers n. Then, we have

0= <f7 P@(an(J@>>2 = <f7 Zn(l - W@DQ = <f7 Zn>2
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which says that all the Taylor coefficients of f at the origin vanish, hence that f = 0.

In particular, we get that kY and Sek§ are linearly independent. If k§ is not a linear
combination of kY and SekS, then the operator B — Sg BSg would have rank three which
is not possible. Hence there are scalar a and b such that l;? = ak$ + bSekf. Applying Se
to the last equality and using Lemma 10.1 again, we get

—O(0)kS = aSekd + bSZkKS.

Since k§ and Sek$ are linearly independent, b # 0. Hence S3k§ is a linear combination of
kS and Sek§. By the cyclicity of k§ for Sg, we obtain that dim(Kg) = 2, a contradiction.
Therefore, A? is not in T(©).

11. Compact truncated Toeplitz operators

Surprisingly enough, the first result about compactness of truncated Toeplitz operators
dates from 1970. In [1, Section 5] Ahern—Clark introduced what are, in our terminology,
truncated Toeplitz operators with continuous symbol, and they proved the following result.

Theorem 11.1 (Ahern-Clark). . Let © be an inner function and ¢ € C(T). Then A, is
compact if and only if ¢p|o(©) = 0.

This result has been rediscovered more recently in [33]; see also [32]. We follow the proof
given in [33].

Proof. Suppose that ¢|c(©) = 0. Let € > 0 and pick ¢» € C(T) such that ¢ vanishes on an
open set containing o(0) and ||¢ — ¢||s < €. Since ||[Ay — Ayl < [|[¢ — Y| < €, and the
set of compact operators is norm closed in £(Kg), it suffices to show that A, is compact.
Take a sequence (f,,),>1 in Kg that tends weakly to zero, and let us check that A, f,, — 0
in norm.

To this end, let K denote the closure of 1)~!(C \ {0}), and observe that K C T \ o(O).
Then, we know that for every ( € K, the function

1
1—-C(z
belongs to K¢ and for every f € Kg, we have

F(Q) = {f k)2

and

1—10(0))?
k218 = 5 ~ el
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In particular, since (f,), converges weakly to zero in Kg, we have f,(¢) = (fn, ]{??>2 -0
as n — oo and there exists a constant C' > 0 such that for every n > 1, || full2 < C. Since
O is analytic on a neighborhood of K, we obtain

(11.1) (Ol = [{fas k)2l < [ fall2 IR ]2 < C?EEV ©(¢)] < o0,

for every ¢ € K. By the Dominated Convergence Theorem, it follows that

VAufull2 = | Po(0f)I2 < o fll? = /K 21 ful? dim — 0,

as n — 0o, whence Ay f,, tends to zero in norm, as desired.

Conversely, suppose that ¢ € C(T) and Ay is compact. Let

Y

Ky = —&—
1B ]2

be the normalized reproducing kernel for K¢ at point A, and define

_ 2
1- A2 |1-8me()
F = 4
N e r=o VA N v I
Observe that F)(z) > 0 and
1 2m

— F\(e®)dt = 1.
21 Jo )‘(e)

Suppose that & = ¢ € ¢(0). By definition, there is a sequence (\,),>1 C D such that
A — & and [O(\,)| — 0. If [t —a] >0 > 0, then

| L= A2
F it <C R e L] B
R TSk

for some positive absolute constant Cs. In particular, since |O(\,)| — 0, as n — oo, we
get

(11.2) sup Fy,(e") =0, asn — oo.
jt—al>5

First we show that

(11.3) lim '(p(g) - — (e Fy, (") dt| = 0.
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To do this, note that

o0 — 5 [ oterm e ~| [ 60 B a
S LR G LACE R
) G RCRL
< gr [ 100 — 9B () et

+2[|¢llc sup Py, (e").

jt—a|>6
The first integral can be made small by the absolute continuity of ¢ (choosing an appro-
priate ) and the fact that F), always integrate to one. Once d > 0 is fixed, the second
term goes to zero by (11.2). This verifies (11.3).
Next, we show that

(11.4) lim [ ¢F), dm = 0.

n—oo T

We need the fact that x), — 0 weakly in Kg. To prove this, note that, for every z € D,
we have

) =W 1)
SR CIPS D ERE T WA
and since A\, — ¢ € T and ©()\,) = 0, n — oo, we get that

K, (2) = 0, as n — 00.

On the other hand, since (ky, ),>1 is norm bounded (it is of norm 1 for every n), we deduce
that s, — 0 weakly in H?, whence in Ke.
Now to verify (11.4), observe that

/¢F>\n dm‘ = [(Pkr,, fan )2l = [{(Po(0kr,), kx, )2l = [(Apkia,, Fa, )2l
T

Then, an application of Cauchy-Schwartz inequality yields

[om, dm' < [Agmn, lallmalls = Auin, o
T

Now use the fact that A, is compact and k), — 0 weakly as n — oo to conclude that
| Apkir, |2 = 0. This proves (11.4).

Combining (11.3) with (11.4) shows that ¢(§) = 0 for every ¢ € 0(0©), and completes
the proof the theorem. [l
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Remark 11.2. Note that Theorem 11.1 admits a more precise version: if ¢ € C(T), then
the essential spectrum of Ay is

(11.5) 0e(Ag) = ¢(0(0),
and

|Aglle = sup [o(¢)]-
¢€a(®)

This can be proved using the explicit triangularization theory developed by Ahern and
Clark in [1] (see also the exposition in [46, Lecture V]). Recently, Garcia—Ross—Wogen
gave an algebraic proof of these formulae using the unital C*-algebra generated by Se.

Thinking of Hartmann’s theorem, it seems plausible to believe that continuous symbols
play for compact TTOs the role played by bounded symbols for general TTOs. However,
as we will see in the next section, there exist inner functions © for which even rank-one
operators might not have bounded symbols (not to speak about continuous). So we have
to consider only certain classes of inner functions, suggested by the boundedness results in
the previous section. In this sense one has the following result proved by Bessonov [9].

Theorem 11.3 (Bessonov). Let © be an inner function and let ¢ € C(T)+ H*>. Then

0e(Ap) = ¢(0(0)).
Here we should understand ¢(c(©) N'T) as
6(0() = {¢ € C: limint (F0)(2) - ¢+ 100 =0,

where P is the Poisson extension of ¢, see (2.1).

The main step in the proof of Theorem 11.3 is an application of a corona Theorem for
the algebra H* + C(T) obtained by Mortini and Wick [44].

If we impose some conditions on the inner function, one can get some characterization
of compact truncated Toeplitz operators. Remind here, from Subsection 2.3, the classes of
Carleson measures C,(0), p > 1.

Theorem 11.4 (Bessonov). Let © be an inner function such that C1(0%) = Cy(0), and let
A be a truncated Toeplitz operator on Kg. Then the following are equivalent:

(1) A is compact.
(2) A= Aye for some ¢ € C(T).

In particular, this characterization of compact TTO applies when © is one component.
One can see that instead of C(T) the main role is played by ©C(T). We give below
some ideas about the connection between these two classes.
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Theorem 11.5 (Chalendar-Fricain-Timotin, [17]). Let © be an inner function such that
C2(0) = C1(8?) and m(a(©)) =0, and let A € T(O). The following are equivalent:

(i) A is compact.

(i) A=A, for some ¢ € C(T) with ¢|o(©) = 0.
Proof. (ii) = (i) is proved in Theorem 11.1.

Suppose now (i) is true. By Theorem 11.4, there is a ¢» € C(T) such that A = Ag,. By
the Rudin-Carleson interpolation theorem (see, for instance, [30, Theorem I1.12.6]), there
exists a function ¢; € C(T)NH® (that is, in the disk algebra) such that |0 (©) = ¥4 |0(O).
Then one checks easily that ¢ = ©(¢) — 1) is continuous on T, ¢|o(©) = 0, and Ay = Aoy
(since Agy, = 0). O

In particular, Theorem 11.5 applies to the case when © one-component, since for such
functions we have Cy(©) = C1(0?) and m(p(©)) = 0 [2, Theorem 6.4].

We also have the following result which is contained in [9, Proposition 2.1]; it was
revisited in [17].

Proposition 11.6 (Bessonov). Let © be an inner function.

(i) If p € ©C(T) + ©H>, then A, is compact.

(ii) If ¢ € C(T) + H°, then the converse is also true.
Proof. (i) Assume that ¢ € OC(T) + ©H>. Hence 6¢ € C(T) + H>, which implies by
Hartmann’s theorem that Hg, is compact. On the other hand, since C(T) + H* is an
algebra and © € H* C C(T) + H*°, we deduce that the function ¢ = ©O¢ also belongs

to C(T) + H*°. Another application of Hartmann’s theorem gives that the operator H, is
also compact. The fact that A, is compact follows now from the relation

(11.6) Ay = <®H@¢ — H,)|Ke.
To prove (11.6), observe that for every f € Kg, we have
(0Hg, — Hy)f =OP_(0¢f) — P_(¢f)
=0(0¢f — PL(0¢f)) — (0f — Py(6f)
=P.(¢f) — OP.(0¢f)
=Po(of)
=Ay(f)-
(ii) Assume now that ¢ € C(T) + H* and also that A, is compact. Then, by (11.6),

the operator © Hg,|Ke = Ag + Hy|Ke is also compact, whence Hg,|Keg is compact. Let
us now remark that

(11.7) Hg, = HyOPey> + Hg,Po|H?,
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where Pgp2 denotes the orthogonal projection from H? onto © H?. Indeed, let f € H?,
and decompose f as f = Og; + g2, where g; € H? and g, € Ko. Then

Hg,f =P-(0¢0g1) + P-(O¢g»)

=P_(¢g1) + P-(06g)
=Hysg1 + Hg,92,

and it remains to observe that g; = OPgpf and g, = Pof. Now it follows from (11.7)
that Hg, is compact, and Hartmann’s theorem implies that ©¢ € C(T) + H™. O

Finally, let us mention that the problem of deciding when certain truncated Toeplitz
operators are in Schatten-von-Neumann classes S, has no clear solution, yet, even in the
usually simple case of the Hilbert—Schmidt ideal. In [42], Lopatto—Rochberg give criteria
for particular cases. For the case of one-component inner functions ©, a conjecture is
proposed in [9] for the characterization of Schatten—von Neumann TTOs in Kg. It states
essentially that a truncated Toeplitz operator is in S, if and only if it has at least one
symbol ¢ in the Besov space B,%p (note that this would not necessarily be the standard
symbol). This last space admits several equivalent characterizations; for instance, if we

define, for 7 € T, A, f(z) = f(7z) — f(2), then
1A fI[p

T |1—7|2

1/p _ )
By = {f e Lf: dm(T) < oo} .
The conjecture is suggested by the similar result in the case of Hankel operators [47,
z+1
Chapter 6]. It is true if O(z) = 377, as shown by Bessonov in [10]. Bessonov also proposes
some alternate characterizations in terms of Clark measures.

12. Problem of the existence of a bounded symbol

Recall that a famous result of Brown-Halmos says that a Toeplitz operator T, on H? is
bounded if and only if its symbol ¢ is in L>°. Moreover, we have ||T,|| = ||¢||. In other
words, the map ¢ — T}, is isometric from L onto the space of bounded Toeplitz operator
on H?. In the case of truncated Toeplitz operators, the map ¢ — Ag) is again contractive
from L*> into 7(©). It is then natural to ask whether it is onto, that is whether any
bounded truncated Toeplitz operator on Kg possesses an L*>° symbol. This question was
addressed by Sarason in [51]. As one may expect, the answer will depend on the inner
function ©. In [7], Baranov, Chalendar, Fricain, Mashreghi and Timotin give an answer to
this question by constructing an example of a rank-one truncated Toeplitz operator that
has no bounded symbols. The construction is based on the following crucial lemma.
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Lemma 12.1 ([7], Lemma 5.2). Let © be an inner function and 1 < p < co. There exists
a constant C depending only on © and p such that if ¢,70 € L? are two symbols for the
same truncated Toeplitz operator, with ¢ € Ko ® ZKg, then

10ll, < CU[¢llp + ll¢ll2)-
In particular, if ¢ € LP, then ¢ € LP.

Proof. Remind that Gg = L? © (OH? + ©H?). By hypothesis and Theorem 5.1, we have
Pso ¢ = Pgsgt; therefore, using (5.3),

¢ = Qo9 = Pso® + (},90)290 = Pse + (¥, go)290-
By Lemma 5.2, we have

IPeetlly < Cill¢llp,

while

1{0; go)2gellp < [[0ll2llgo]lp,

whence the lemma follows. O

In Theorem 10.3, it is proved that if ( € F(©) (remind that it means that © has an
angular derivative in the sense of Carathéodory at (), then k? ® k? is a rank-one truncated

Toeplitz operator with symbol k:ce + E — 1. Lemma 12.1 suggests to look for the symbol
in K@ @D ZK@.

Lemma 12.2. Let ¢ € E(O) and define ¢¢ = ¢ (C)@zk?Q. Then ¢ belongs to Kg ® 2Ke
and Ay, = k? ® k?.

Proof. First note that if ¢ € F(O), then by Lemma 2.2, ( € F(©?) and k?2 € Kg2. Now,
using that Kgz = Ko ® ©Kg, we can write k?Q = [+ Og, with f,g € Kg. Then

02k®* = O(zf + O29) = O2f +zg = Co(f) + Z7.

Since Co(f) € Ko, we deduce that ¢, € Ko @ 2Ko.
It remains to prove that ¢ is a symbol for k? ® k:?. According to Theorem 5.1, this
is equivalent to ¢ — (k€ + E — 1) € ©H? + ©H?2. First note that for almost all points
2z, € T, we have
1 1 ¢ 1
1_Zz+1—z§_§2—1+1—2§_

1.
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Hence

b — (KO 1+ F — 1) =(O0)0(2)7— 02(()0%(z) (1 ~0(Qe(:) , 1-0(Q)8() 1)

1—-(z 1—Cz 1—-(z
~oe( — ST, BUIOL) , SE0E)
_0(0)B(2)  ,_0(0)8(z) , B({)B(2)  O()6(2)

T a1 Gae T - T 1-C
_0(0)6(z) _

o )

=0(¢)6(2).

Therefore ¢ — (k¢ + % —1) € ©H? and then Ay, = A0 15, = k@ @ kS
¢ the

We are now ready to answer negatively to the question of Sarason.

Theorem 12.3 (Baranov-Chalendar-Fricain-Mashreghi-Timotin, [7]). Suppose that © is
an inner function which has an angular deriwative in the sense of Carathéodory at ¢ € T.
Let p € (2,00). Then, the following are equivalent:

(i) the bounded truncated Toeplitz operator kz? ® k? has a symbol Y € LP;

(i) ko € LP.
In particular, if k:? ¢ LP, for somep € (2,00), then k?@k’? 15 a bounded truncated Toeplitz
operator with no bounded symbol.

Proof. According to Lemma 12.2; a symbol for the operator k? ® k’? is ¢¢ = WC @I?Q.
Since by Lemma 2.2, ¢ € L? if and only if k€ € LP, we obtain that (i) implies (i).
Conversely, assume that the bounded truncated Toeplitz operator k? ® k:? has a symbol
Y € LP. Since ¢, is a symbol in K¢ @ 2Kg, we may then apply Lemma 12.1 and obtain
that ¢ € LP. Once again according to Lemma 2.2, we get that k? € L?, which proves that
(i) implies (ii). O

To obtain a bounded truncated Toeplitz operator with no bounded symbol, it is now
sufficient to have a point ¢ € T such that (2.5) is true for p = 2 but not for some strictly
larger value of p. It is easy to give concrete examples, as, for instance:

(1) a Blaschke product with zeros a; accumulating to the point 1, and such that

1— 1 — |ag|”
Z |ak| 00, Zﬂ:oo for some p > 2;

|1—(lk|2
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2) a singular function o = cr0¢, with cr < oo, ( — 1, and
k Ck k
Ck Ck
— < 00, E ——— =00 for some p > 2.
z,€:|1—Ck|2 11— Gl

As we have just seen, one can construct some inner functions © for which there exists

some bounded truncated Toeplitz operators with no bounded symbols. On the contrary, it

z+1
z—1

truncated Toeplitz operator has a bounded symbol. This follows from results obtained by

is also proved in [7] that for the singular inner function ©;(z) = exp (27), every bounded
Rochberg [48] on the Paley—Wiener space. That of course yields the following question:
can we characterize inner functions © for which every bounded truncated Toeplitz oper-
ator on Kg has a bounded symbol? In [6], Baranov-Bessonov—Kapustin gave interesting
characterizations of such inner functions in terms of set C,(©), and also some factorization
properties. We will now detail a little bit some of their results.

Theorem 12.4 (Baranov-Bessonov-Kapustin, [6]). Let A € T(©). Then A admits a
bounded symbol if and only if A= A,, for some u € C1(0?).

This result should be compared with Theorem 7.11.

Proof. Let us assume that A = A,, where ¢ € L>. Then A = A, with dp := ¢ dm. Notice
now that for every f € K., we have

[1ntdut= [ 1f161dm < ol 11
T T

whence Kg, — L'(|p|), proving that p € C1(6?).

Conversely, assume that A = A,,, where pp € C1(0?). Consider £ the subspace of L!
formed by functions which are finite sums of functions of the forms z 7, with xy, yx € Ko,
and define the functional ¢ on £ by

€zf*—>/deu,

Let us check that ¢ is well defined and continuous (if £ is equipped with the L'-norm).
Note that for every xx,yx € Ko, we have 2,7 = 21O z7k, where 7, = Co(y) € Ko C H>.
In particular, ©Zz,7r = zxJr € H'. On the other hand, writing x; = ©zzy, we also have

OzxLys = ©%222,y, € ©%2HL.

Thus Ozx,yy € H' N O©*zH' = KJ,. Moreover, since p € C1(0?) C C5(0), it can be
proved (see [6, Proposition 3.2]) that |©| = 1, |u|-almost everywhere. Thus, for any f € &,
we have Oz f € Ké)z, and we obtain

[ 11l = [ 0=\l < Cf11
T T
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In particular, ¢ is well defined and continuous, and so, by Hahn-Banach Theorem, it can
be continuously extended to L'. Hence, there exists a function ¢ € L* such that

/deuzﬁ(f):/TMdm, Vfek.

It follows that, for every x,y € K,

(Ayz, )5 = / v dp = ((xg) = / 2o dm = { Ayr, ),
T T
and thus A, = A,, with ¢ € L*. O

It follows immediately from Theorem 12.4 and Theorem 7.11 that if C1(0?%) = Cy(0),
then every bounded truncated Toeplitz operator admits a bounded symbol. Baranov—
Bessonov—Kapustin have showed that the converse is also true and they also make an
interesting connection with a factorization problem involving the space X (see (7.4)).

Theorem 12.5 (Baranov—Bessonov-Kapustin, [6]). Let © be an inner function. The fol-
lowing assertions are equivalent:

(i) every bounded truncated Toeplitz operator on Kg admits a bounded symbol;
(i) C1(O7) = C2(0?);
(iii) for any f € H' NO*22H!, there exists xy,y, € Ko with

=Y aye and Y |lzgllallynllz < oo
k k

If © is a one-component inner function, then all classes C,(©) coincide (see [4, Theorem
1.4]). Moreover, if © is a one-component inner function, the ©? is, too, hence C(0?) =
C5(©?). An immediate consequence of Theorem 12.5 is then the following.

Corollary 12.6. Let O be a one-component inner function. Then every bounded truncated
Toeplitz operator on Ko admits a bounded symbol.

Question 12.7. Does the converse is true? That means: assume that every bounded
truncated Toeplitz operator on Kg admits a bounded symbol. Does it follows that © is
one component?

Let us notice that it is shown in [3, Theorem 8] that the condition C(0?) = C5(6?)
implies that all the Clark measures o,, a € T, (associated to ©) are discrete. It implies
immediately another class of counterexamples to the existence of a bounded symbol.

Corollary 12.8. Let © be an inner function and assume that for some o € T, the Clark
measure o, is not discrete. Then there exist a bounded truncated Toeplitz operator on Kg
that do not admit a bounded symbol.
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Let u be a continuous singular measure. It is well known (see [35, Chapter 11]) that

there exists an inner function © such that

1[0 _ [ 1P
T-6EP ~ hlz—qP

dpu(¢)-

In particular, we get that p is the Clark measure o; associated to © at point 1. By

Corollary 12.8, we know that there exist a bounded truncated Toeplitz operator on Kg

that does not admit a bounded symbol.
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