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Multiple-Access Channel Coding
with Non-Signaling Correlations

Omar Fawzi* Paul Fermét?

Abstract

We address the problem of coding for classical multiple-access channels (MACs) with the assistance
of non-signaling correlations between parties. It is well-known that non-signaling assistance does not
change the capacity of classical point-to-point channels. However, it was recently observed that one
can construct MACs from two-player non-local games while relating the winning probability of the
game to the capacity of the MAC. By considering games for which entanglement (a special kind of
non-signaling correlation) increases the winning probability (e.g., the Magic Square game), this shows
that for some specific kinds of channels, entanglement between the senders can increase the capacity.

In this work, we make several contributions towards understanding the capacity region for MACs
with the assistance of non-signaling correlations between the parties. We develop a linear program
computing the optimal success probability for coding over n copies of a MAC W with size growing
polynomially in n. Solving this linear program allows us to achieve inner bounds for MACs. Applying
this method to the binary adder channel, we show that using non-signaling assistance, the sum-rate
% ~ 1.5425 can be reached even with zero error, which beats the maximum sum-rate capacity
of 1.5 in the unassisted case. For noisy channels, where the zero-error non-signaling assisted capacity
region is trivial, we can use concatenated codes to obtain achievable points in the capacity region.
Applied to a noisy version of the binary adder channel, we show that non-signaling assistance still
improves the sum-rate capacity. Complementing these achievability results, we give an outer bound on
the non-signaling assisted capacity region that has the same expression as the unassisted region except
that the channel inputs are not required to be independent. Finally, we show that the capacity region
with non-signaling assistance shared only between each sender and the receiver independently is the
same as without assistance.

1 Introduction

Multiple-access channels (MACs for short) are one of the simplest models of network communication
settings, where two senders aim to transmit individual messages to one receiver. The capacity of such
channels has been entirely characterized by the seminal works by Liao [2] and Ahlswede [3] in terms of a
simple single-letter formula. From the point of view of quantum information, it is natural to ask whether
additional resources, such as quantum entanglement or more generally non-signaling correlations between
the parties, change the capacity region. A non-signaling correlation is a multipartite input-output box
shared between parties that, as the name suggests, cannot by itself be used to send information between
parties. However, non-signaling correlations such as the ones generated by measurements of entangled
quantum particles, can provide an advantage for various information processing tasks and nonlocal games.
The study of such correlations has given rise to the quantum information area known as nonlocality [4]. For
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example, in the context of channel coding, there exists classical point-to-point channels for which quantum
entanglement between the sender and the receiver can increase the optimal success probability for sending
one bit of information with a single use of the channel [5, [6]. However, a well-known result [7] states that
for classical point-to-point channels, entanglement and even more generally non-signaling correlations do
not change the capacity of the channel; see also [8], [6].

In the network setting, behavior is different. Quek and Shor showed in [9] the existence of two-sender
two-receiver interference channels with gaps between their classical, quantum-entanglement assisted and
non-signaling assisted capacity regions. Following this result, Leditzky et al. [10] (see also [I1]) showed that
quantum entanglement shared between the two senders of a MAC can strictly enlarge the capacity region.
This has been demonstrated through channels that are constructed from two-player non-local games, such
as the Magic Square game [12, [13] 14, [15], by translating known gaps between classical and quantum values
of games into MAC capacity gaps. Other instances of network channels for which entanglement increases
the capacity region were studied in [16] [I7]. This raises the following natural question: Can non-signaling
correlations lead to significant gains in capacity for natural MACs? Can we find a characterization of the
capacity region of the MAC when non-signaling resources between the parties are allowed?

Our Results We focus here on the MAC with two senders and we allow arbitrary tripartite non-signaling
correlations between the two senders and the receiver. This is the most optimistic setting, in the sense that
we only enforce the non-signaling constraints between the parties, and also the mathematically simplest
setting. Even if not all non-signaling correlations are feasible within quantum theory, the setting we study
here can be seen as a tractable and physically motivated outer approximation of what can be achieved
with quantum theory. In fact, the quantum set is notoriously complicated and deciding membership in
this set is not computable [I8]. We note that very recently, Pereg et al. [19] found a multi-letter formula
for the capacity of MACs with quantum entanglement shared between the two senders. Unfortunately,
this characterization is very difficult to evaluate for any fixed channel.

We denote by SNS(W, ky, ko) the success probability of the best non-signaling assisted (k, ko)-code
for the MAC W. Contrary to the unassisted value that we denote S(W, k1, k2), SNS(W, k1, ko) can be
formulated as a linear program; see Proposition [3.1] Furthermore, using symmetries, we have developed a
linear program computing SN for a finite number of copies of a MAC W with a size growing polynomially
in the number of copies; see Theorem and Corollary Using this result, we describe a method to
derive inner bounds on the non-signaling assisted capacity region achievable with zero error; see Proposi-
tion . Applied to the binary adder channel, which maps (21, x2) € {0,1}? to 1 +22 € {0,1,2}, we show
that the sum-rate W ~ 1.5425 can be reached with zero error, which beats the maximum classical
sum-rate capacity of %; see Theorem For noisy channels, where the zero-error non-signaling assisted
capacity region is trivial, we can use concatenated codes to obtain achievable points in the capacity region;
see Proposition Applied to a noisy version of the binary adder channel, we show that non-signaling
assistance still improves the sum-rate capacity.

In order to find outer bounds, we define a relaxed notion of non-signaling assistance and characterize its
capacity region by a single-letter expression, which is the same as the well-known expression for the capacity
of the MAC (see Theorem except that the inputs X; and X5 are not required to be independent; see
Theorem [5.5] This gives in particular an outer bound on the non-signaling assisted capacity region; see
Corollary The main open problem that we leave is whether this outer bound on the non-signaling
capacity region is tight. We give an example of a channel for which the relaxed notion of non-signaling
assistance gives a strictly larger success probability than non-signaling assistance but we do not know if
such a gap can persist for the capacity region.

We also study the case where non-signaling assistance is shared only between each sender and the
receiver independently. Note that no assistance is shared between the senders. We show that this capacity
region is the same as the capacity region without any assistance; see Theorem and Corollary



We note that a similar setting with independent entangled states between each sender and the receiver
was studied by Hsieh et al. [20]: a regularized characterization of the capacity region is obtained for any
quantum MAC in this setting. It is simple to show using their result that for a classical MAC, this type
of entanglement does not change the capacity region given in Theorem

Organization In Section [2| we define precisely the different notions of MAC capacities: the classical
capacity (i.e. without any assistance) as well as the non-signaling assisted capacity. In Section , we
address computational complexity questions concerning the probability of success of the best classical
coding strategy and the best non-signaling strategy for a MAC. In Section[d] we develop numerical methods
to find inner bounds on non-signaling assisted capacity regions, and apply those to the binary adder channel
and a noisy variant. In Section [5] we define our relaxation of non-signaling assistance, we characterize
its capacity region by a single-letter formula, and apply those to the binary adder channel. Finally, in
Section [6, we show that the capacity region with non-signaling assistance shared only between each sender
and the receiver independently is the same as without assistance.

2 Multiple Access Channels Capacities

2.1 Classical Capacities

Formally, a MAC W is a conditional probability distribution depending on two inputs in X7 and Xs, and
an output in Y, so W= (W (y[2122)) ;, e 3, wpcry yey Such that W(y[z1z2) > 0 and 35 oy, W(y|z122) = 1.
We will denote such a MAC by W : &} x X5 — Y. The tensor product of two MACs W : X} x A, — Y
and W' : X] x X} — Y’ is denoted by W @ W’ : (X1 x X[) x (Xo x X)) — Y x V' and defined by
(WeW')(yy'|z12)x2ay) = W (ylz1z2) W' (y'[2)25). We denote by W™ (y"|zjah) := [} W (yil1i22,),
for y" :=y1...yp € V", 2V =211 ... 71 € AT and 2 1= 291 ... 22, € AF. We will use the notation
(k] :={1,...,k}.

The coding problem for a MAC W : X} x Xy — ) is the following: one wants to encode messages in
[k1] into X7 and messages in [k2] into X independently, which will be given as input to the channel W.
This results in a random output in ), which one needs to decode back into the corresponding messages
in [k1] and [k2]. We will call e; : [k1] — X} the first encoder, es : [k2] — AXs the second encoder and
d: Y — [ki1] X [ko] the decoder. This is depicted in Figure

1
N
Yy (41, J2)
w d ———
$2/4
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Figure 1: Coding for a MAC W.

We want to maximize over all encoders e, es and decoders d the probability of successfully encoding
and decoding the messages through W i.e. the probability that j; = i; and jo = 49, given that the input
messages are taken uniformly in [k;] and [k2]. We call this quantity S(W, k1, k2), which is characterized
by the following optimization program:



o 1
S(W, k1, ko) := maximize T Z W (y|z1z2)er(z1|i1)ea(z2liz)d(iriz|y)

e1,e2,d
117227x17x27y

subject to Z 1(x1]i1) = 1,Viy € [k1]
1

Z $2‘Z2 =1,Viy € [k‘g] (1)

2EX:
Z d(jijely) = 1,Vy € ¥
j1€lk1],j2€[k2]
e1(z1li1), e2(waliz), d(j1j2ly) > 0
Proof. One should note that we allow randomized encoders and decoders for generality reasons, al-
though the value of the program is not changed as it is convex. Besides that remark, let us name

I, I, J1,J2, X1, X2,Y the random variables corresponding to 41, ¢, j1, j2, ¥1, T2,y in the coding and de-
coding process. Then, for given e1, es, d and W, the objective value of the previous program is:

P(Ji="h,Jo=1I k: N P(Ji=1,Jo =Dl =iy, I = iy)
11,12
1 . . , ,
= ks > er(wlin)ea(walin)P (Jy = iy, Jo = io|Iy = iy, o = g, X1 = x1, Xa = 2p)
11,12,21,%2

1 , , . . , ,
= T > Wlylziwe)er(ziliv)ea(walia)P (J1 = i1, Jo = iglly = i1, Iy = ig, X1 = 21, X3 = 22, Y = y))

12 i i1 w2,y

1
= ks Z W (ylz1z2)er(z1]in)ea(z2liz)d(ir, i2y) -

11,12,%1,22,Y

Since MACs are more general than point-to-point channels (by defining W (y|z122) := W (y|z1) for W
a point-to-point channel and looking only at its first input), computing S(W, k1, k2) is NP-hard, and it is
even NP-hard to approximate S(W, k1, k2) within a better ratio than (1 — 6_1), as a consequence of the
hardness result on S(W, k) shown in [6].

The (classical) capacity of a MAC, as defined for example in [21I], can be reformulated in the following
way:

Definition 2.1 (Capacity Region C(W) of a MAC W). A rate pair (R, R2) is achievable if:

lim S(W®", [2Rin] [2Rm]) = 1

n—-+00
We define the (classical) capacity region C(W) as the closure of the set of all achievable rate pairs.
The capacity region C(W) is characterized by a single-letter formula:

Theorem 2.2 (Liao [2] and Ahlswede [3]). C(WW) is the closure of the convex hull of all rate pairs (R;, Ra)
satisfying:
R < I(Xl : Y|X2) , Ry < I(XQ : Y|X1) , R+ Ry < I((Xl,XQ) : Y) ,

for (X1, X2) € X1 x Xy following a product law Px, X Px,, and Y € ) the outcome of W on inputs X1, Xo.



For the zero-error (classical) capacity, this leads to the following definition:

Definition 2.3 (Zero-Error Capacity Region Co(W) of a MAC W). A rate pair (R, R2) is achievable
with zero-error if:
Ing € N*,Vn > ng, S(W™, [2fam] Toftan]) =1 |

We define the zero-error (classical) capacity region Co(W) as the closure of the set of all achievable rate
pairs with zero-error.

We will also consider what we call the sum success probability Sgym (W, k1, k2), defined using IP’(J1=11)J2rIP’(J2:12)

rather than P (J; = I1, Jo = I3) as an objective value, which leads to the following optimization program:

. 1 . . .
Ssum (W, k1, k2) := maximize oo Z W (y|xr1za)er (z1]i)ea(z2]iz)di (i1]y)
11,12,T1,22,Y
1
t Sk Y Wylzma)er(z1]ir)ea(walia)da(izly)

11,82,%1,22,Y

subject to Z e1(z1)in) = 1,V € [k1]
T1EX]

Z 62(:132|i2) =1,Viy € [k‘g] (2)

TroEXo

Z di(jily) =1,Vy ey

J1€[k1]
> da(foly) = 1,¥y €Y
Jj2€[k2]

e1(x1)i1), ea(waliz), di(41ly), d2(joly) > 0

Note that we used independent decoders dj(j1|y), d2(j2|y) rather than a global d(jij2|y) here. This
does not change the value of the optimization program. Indeed, since the program is convex, an optimal
solution can be found on the extremal points of the search space. Thus, if we had used the variable
d(j1j2ly), we could always take it to be a function d from Y to [ki] x [ke]. Taking di,d2 as the first
and second coordinates of that function satisfies the equality d(j1j2|y) = di(j1]y)d2(j2|y), and therefore,
the value of the program is the same in both cases. Note that it is also true for the program computing
S(W, k1, ks).

As for the usual (joint) success probability, we can define its capacity region:

Definition 2.4 (Sum-Capacity Region Csym (V') of a MAC W). A rate pair (R, R2) is sum-achievable if:

lim Ssum(W®n7 |'2R1n“’ (2R2n‘|) =1.

n—-+o00
We define the sum-capacity region Cgym (W) as the closure of the set of all sum-achievable rate pairs.
However, it turns out those two notions of success define the same capacity region:
Proposition 2.5. C(W) = Csum (W)

Proof. Let us focus on error probabilities rather than success ones. Call them respectively E(W, k1, kg) :=
1 — S(W, k1, ko) and Egum (W, k1,k2) := 1 — Squm(W, k1, k2). Let us fix a solution eq,dy,e2,dy of the
optimization program computing S(W, k1, ko). Let us remark first that:



> W(ylziza)er (zalin)ea(waliz) = kiks

11,82,21,22,Y

thus, the value of the maximum error for those encoders and decoders is:

1 . . . .
E(W, k1, ko, e1,d1,e2,d2) =1 — —— Y Wiyleiwe)er (x1]ir)ea(waliz)da (ir]y)da(izly)
kika \ .
11,12,21,T2,Y
1
= it Z Wiylzizo)er (@i )ea(2liz) — Z W (ylzrza)er (w1 lin)ea(walia)di (ir|y)da(izly)
11,12,21,72,Y 11,12,21,T2,Y
= [ T Welmma@lie(lin) [ - b))
= Trks Yylrixs)e1(T1ft1)e2(x2|t2 1(21]y)a2(2]y

11,82,21,%2,Y

Similarly, the value of the sum error for those encoder and decoders is:

1
Esum(W, b, b, €1,y 2, dp) =1 = o D Wylzaz)er(wi]in)es(ws]ia)

dy(i1|y) + da(izy)
2

11,12,71,22,Y

1
 kike

di(i1]y) + da(izly)

Y. Wlylmiza)er(wi]i)ea(waliz) 1 - 5

11,12,71,%2,Y

However, for z,y € [0, 1], we have that:

r+y
2 )

l—zy>max(l—z,1—y)>1-—

and:

1—xy§(1—x)+(1—y)—2<1—w;_y> .

This means that, for all ey, dq, ea, d2, we have:
Esum (W, k1, k2, €1, d1, ea, d2) < E(W, k1, ko, €1, d1, e, d2) < 2Equm (W, k1, k2, e1,d1, e2,d2)
s0, maximizing over all ey, d1, es, d2, we get:
Esum (W, k1, ko) < E(W, k1, ko) < 2Egum (W, k1, k2) .

Thus, up to a multiplicative factor 2, the error is the same. In particular, when one of those errors
tends to zero, the other one tends to zero as well. This implies that the capacity regions are the same. [

2.2 Non-Signaling Assisted Capacities

Three-party non-signaling assistance We now consider the case where the senders and the receiver
are given non-signaling assistance. This resource, which is a theoretical but easier to manipulate gen-
eralization of quantum entanglement, can be characterized as follows. A tripartite non-signaling box is



described by a joint conditional probability distribution P(z1x2(j172)|i192y) such that the marginal from
any two parties is independent from the removed party’s input, i.e., we have:

Vag, 1, dayins iz, u,1h, Y Plaima(fije)liviay) = Plaiza(jije)lihizy) |

1 1
Va1, g1, dayins i, yyih, Y Plarza(fige)livizy) = Plaixa(jije)liriby) (5)
T2 T2

Vo, xo,it,dn, g,y Y Plaima(jige)livisy) = Y Plaraa(juje)liviay’) -
J1.J2 J1,J2

This implies that one can consider for example P(xjx3]iiiz) since it does not depend on y, or even
P(x1]i1) since it does not depend on i2,y. Then, in our coding scenario, when the senders and the receiver
are given non-signaling assistance, it means that they share a tripartite non-signaling box, the behavior
of which is described by P. In this case, the expression ej(x1|i1)ea(x2liz)d(j172]y) in is replaced by
P(x122(j172)|i142y), as depicted in Figure 2]

Y )

| |

W er | e | d 1474 P(z122(j152)]i192y)

l(]ﬁ,jz) [ | \(]LJ'Q)

I

I

x2 x2

Figure 2: A non-signaling box P replacing ej, e2 and d in the coding problem for the MAC W.

The cyclicity of Figure [2]is at first sight counter-intuitive. Note first that P being a non-signaling box
is completely independent from W: in particular, the variable y does not need to follow any law in the
definition of P being a non-signaling box. Therefore, the remaining ambiguity is the apparent need to
encode and decode at the same time. However, since P is a non-signaling box, we do not need to do both
at the same time. Indeed, Yy, P(zix2litia) = P(x1x2]i1ioy) by the non-signaling property of P. Thus,
one can get the outputs x1,z2 on inputs i1, io without access to y, as that knowledge won’t affect the laws
of 1, x9. Then y follows the law given by W given those x1,xs. Finally, given access to y, the decoding
process is described by:

P(x1x2(jij2)liviey) — Plxix2(jij2)liriey)

P((j172)|t1t2yz122) = — = . ,
((rd2)liriay ) P(x122]i1i2y) P(xy22|irio)

so we recover globally P((j1j2)|i192yz122) X P(x122]i1i2) = P(x122(j172)|i172y) the prescribed conditional
probability. The non-signaling condition ensures that it is possible to consider the conditional probabilities
of each party independently. This clarifies how one can effectively encode and then decode messages
through a non-signaling box.

As in the unassisted case, we want to maximize over all non-signaling box P the probability of suc-
cessfully encoding and decoding the messages through W, i.e. the probability that j; = 41 and jo = ia,



given that the input messages are taken uniformly in [k1] and [ke]. We call this quantity SNS(W, k1, ko),
which is characterized by the following optimization program:

Z W (y|z122) P(z122(i172) |i1i2y)

11,12,%1,22,Y

SNS(W, key, k) = maxlijmize T

subject to Z P($1$2(j1j2)|i1i2y) = Z P(a?lxg (jljz)yllllgy)

1 1
> P(ayza(juga)liviay) = D P(wraa(jija)liisy)
o o (6)
> P(wiaa(ijo)liviay) = Y P(z1wa(fije)liriay)
Ji.32 Ji.32
> Plaama(jija)liviay) = 1
Z1,22,J1,J2

P(x122(j172)|i1i2y) > 0

Since it is given as a linear program, the complexity of computing SNS(I/V, k1, k2) is polynomial in
the number of variables and constraints (see for instance Section 7.1 of [22]), which is a polynomial in
| X1, | Xa|, | V|, k1 and ka. Also, as it is easy to check that a classical strategy is a particular case of a
non-signaling assisted strategy, we have that SNS(W, k1, ko) > S(W, k1, k2).

We have then the same definitions of capacity and zero-error capacity:

Definition 2.6 (Non-Signaling Assisted Capacity Region CNS(W) of a MAC W). A rate pair (Ry, Ro) is
achievable with non-signaling assistance if:

lim SNS(Wer, [2fim) [2fn]) =1 .

n—-4o0o

We define the non-signaling assisted capacity region CN3(W) as the closure of the set of all achievable rate
pairs with non-signaling assistamnce.

Definition 2.7 (Zero-Error Non-Signaling Assisted Capacity Region C¥S(W) of a MAC W). A rate pair
(R1, R2) is achievable with zero-error and non-signaling assistance if:

Ing € N*,¥n > ng, SNS(WE 2511 [25m]) = 1.

We define the zero-error non-signaling assisted capacity region CSIS(W) as the closure of the set of all
achievable rate pairs with zero-error and non-signaling assistance.

Independent non-signaling assistance One can also consider the case where non-signaling assistance
is shared independently between the first sender and the receiver as well as between the second encoder
and the receiver, which we call independent non-signaling assistance. The precise scenario is depicted in

Figure
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1% er | di | e | do w PY(z1j1liry) | P*(w2j2liay)
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Figure 3: Non-signaling boxes P!, P? replacing e1, d; and es, dy in the coding problem for the MAC W.

This leads to the following definition of the success probability SNOS& (W, &y, k2):

1
SNSSR(W, iy, ko) = m:})}ii’rlgize %Z z;m yW(y\ﬂflmz)Pl(xlil|i1y)P2($2i2!i22/)
1,12,21,L2,

subject to Y Pl(zijiliny) = Y P (w1ilihy)
1 xr1
> Pl@ijiliy) =Y Pl(aiiliny)
J1 J1
> Plarjiliy) =1
Z1,J1 (7)
> PP (2jalizy) = Y P*(waaliby)
T2 T2
> PP(zagalisy) =Y | P*(w2jaliny’)
J2 J2
> PP(xajalizy) =1

z2,j2

Pl(z1j1]iry), P?(v2g2]izy) > 0



As before, one can also consider the sum-success probability SNos® (W, &y, ks):

. 1 . iy
SNSSR (W, k1, ko) := maximize Z W (y|z122) P (2111 |i1y) ZP2<$2j2|12y)
Pl p2 2k1]€2 o -
11,12,21,22,Y J2
1
Y ke Z W(yfﬂflm)PQ(ﬂfziﬂiQy)Zpl(wljﬂily)
11,12,21,22,Y J1

subject to Zpl(frljl\ily) = ZPl(x1j1|i’1y)
Tl 1
> Plawjiling) =Y Pl(ziiliny)
Ji 7
> Plailiny) =1 (8)

Z1,J1

ZPZ(@jz\izy) = ZP2($2J'2|¢/23/)
x2 T2
> PP(wajfalisy) = Y P*(wajsliay’)
J2 J2
> P (wzjaliny) =1

x2,J2
Pl(z11liny), P?(w2jalizy) > 0
Definition 2.8 (Independent Non-Signaling Assisted Capacity (resp. Sum-Capacity) Region CNSs® (11/)

(resp. CNSSR (1)) of a MAC W). A rate pair (R, Rz) is achievable (resp. sum-achievable) with indepen-
dent non-signaling assistance if:

lim SNSsr(pyen [ofin] rofan)y =1

n—-+o00

(resp.lim SNS(WER, [2) [27en]) = 1)

We define the independent non-signaling assisted capacity (resp. sum-capacity) region CNSR (W) (resp.
CNSsr (1)) as the closure of the set of all achievable (resp. sum-achievable) rate pairs with independent
non-signaling assistance.

However, it turns out those two notions of success define the same capacity region:

Proposition 2.9. CNSsr (W) = NSk (177)

sum

Proof. Given non-signaling boxes P!, P2, the maximum success probability of encoding and decoding
correctly with those is given by:

1 . L.
SNSSR(W, ey, ko, P, P?) i= —— E W (y|z122) P (21i1 |iry) P (z9i2)izy) -
kik

11,12,21,22,Y

This should be compared to the sum success probability of encoding and decoding correctly with those,
which we call SYSSR (W, ky, ko, P1, P?) and is equal to:
1 . . 2 . . 2 . . 1 . .
1 > W(y|;v1:c2)P (@rinliny) 2., P7(wajalizy) + P~ (@ializy) 205, P (z151]iny)
kike 2

11,12,%1,22,Y
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Similarly to what was done in Proposition [2.5] we focus on error probabilities rather than success
probabilities. We have that:

1
iks Z W (y|z122) Z Pl(z1j1iry) P?(w2jaliny) =1,

11,12,21,22,Y J1,J2

so we get that ENSsR(W, &y, ko, P!, P?) is equal to:

1
ks Z W (ylz1z2) ZPl(wljl\ily)P2(x2j2li2y)—Pl(flillily)Pz(xziﬂizy) :
11,12,21,22,Y J1,J2
and thus:
ENSSR(W, ky, kg, PLP?) = Y W (yloas) PY(x11]iry) P*(22j2lizy) -

11,52,21,%2,Y (41,92)#(41,32)

On the other hand, since:

Y Pl(wujiling) P (wajaliny) — P (wrir]iny) Y PP(wajolioy) = > P(zijiling) P (zajoliay)
J1.J2 J2 JFi1,02

and:

> Pl(wujiling) P (wajaliny) — P (waialioy) > PH(zijiliy) = > P(zijilivg) P (zajaliay)
J1.J2 J1 Ju.j2#42

we get that ENSSR (W, kq, ko, P, P?) is equal to:

- Z W( |x P ) Zjlfil,jz Pl(xlj1|i1y)P2($2j2|i2y) +Zj1,j2;ﬁ’i2 P1($1j1|i1y)P2($2j2|i2y)
kik Yy|r1x2 5

11,12,21,22,Y

. . D (rayes P (@uiiliny) PP (z2j2lizy)
= > W(yleizs) > Plaujiliny) PP (w2jaliay) + S
kiks . = 2
11,12,%1,%2,Y J1741,J2 742
(9)
with S := {(j1,72) : 71 € [k1] — {i1}} U {(i1,52) : jo € [ko] — {i2}}. However, we have that:

Z PY(x1j1|i1y) P2 (x2jaizy) + (J1.J2)€ :

J1#01,52702
< Y Plapliy)PP(eagelisy) + Y Pl(wiiliny) PP (zajslisy)
J1Fi,JaF 2 (1.32)€S

= P (z1j1]iry) P (z22i2y)
(J1,72)7#(41,2)

(10)

L. . Z . SP1<x1j1‘@'1y)p2(x2j2|i2y)
<2 Z P1($1jl|11y)P2(332]2\22y) + (j1.J2)€ !

J1#i1,52702
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This implies that:
B (W, k1, ko, P!, P?) < ENSSR (W, ky, ky, PY, P?) < 2EQESR (W, by, ko, P1, P?)
and by maximizing over all P! and P?:

ENSSR (W, ky, ko) < ENSSR(W, Ky, k) < 2ENSSR(W, Ky, ko)

sum

Thus, as before, the capacity regions are the same. O

3 Properties of Non-Signaling Assisted Codes

3.1 Symmetrization

One can prove an equivalent formulation of the linear program computing SNS(W, ki, k2) with a number
of variables and constraints polynomial in only ||, |Xs| and |Y| and independent of k1 and ks:

Proposition 3.1. For a MAC W : X} x Xy — Y and kq, ko € N*, we have:

- 1
SNS(W,kl,kg): maximize —— Z W (ylx122)T2, 20,y

subject to Z Toi,zay = 1

T1,T2

1 _
Toraoy = k1 Z Tx1,02,y
x1 x1
E 2 _ E
T:m,xQ,y - k2 Tz1,22,y (11)
x9o x2
_ 2
§ Pzy,zy = k1 E :TJCLJCM/
1 1
_ 1
§ :pth = ko § :rm,xa,y
To To

1 2
0 <7y 20y S Ty woys oy w0y S Paa o

1 2
Payas — Txl,xg,y - T:pl,:vg,y + Tz1,@2,y >0

Proof. One can check that given a solution of the original program, the following choice of variables is a
valid solution of the second program achieving the same objective value:

Pavany = O Plmiwa(ivio)liviay) , 74,0, = Y Plaiwa(iiis)liviay) ,
1,02 Jist1,i2

ey = Y Plama(ifo)liviay) , pevws, = Y Plziza(jife)litizy) -

J2,81,02 J1,J2,01,12

(12)

Note that py, 4, is well-defined since )
non-signaling box.

P(z122(j172)|i172y) is independent from y by since P is a

J1,J2,81,%2

12



For the other direction, given those variables, a non-signaling probability distribution P(x12z2(j1j2)|i172y)
achieving the same objective value is given by, for j; # i1 and jo # is:

P(x122(iviz)irioy) = % ’
1
r -
Plorwa(iriz)liniay) = =pR s
13
N T%17x2:y_rx1’$2’y ( )
P(z122(i1j2)|i1i2y) = kikg(ko —1)

2
Pay,ao — Tacl,arg,y - rx1,az2,y + T2y ,20,y

krka (k1 — 1) (ko — 1)

P(z122(j1j2)|i112y) ==

O
This symmetrization can also be done for the program computing Sé\LSHSIR(W', k1, ko):
Proposition 3.2.
1
NSsr o ..
Ssum (I/Vv kl, k?) = 17{11?7?51’2’1171526 2]{31]{,‘2 mlzm;yw y‘ﬂfll‘z) (pm2 Te1y —i—pxl $2’y)
= 5 [ S Whalimrh b YW, e
= 3 i P2,k \YIT1)T 2y oo Lk \YIT2)T5, 4
1,y x2,Yy
with W} P2 kz(y‘$1 Z W y|x1x2)pm2, w2 ol (y|x2 Z W y|m1$2)px1
subject to :m y=1 Z Ty y =
prfl ke, mez =
T2
0 S Tzl,y < pi170 < 7"22@ < piz
(14)

Proof. One can check that given a solution of the original program, the following choice of variables is a
valid solution of the second program achieving the same objective value:

oy ZP (z1irlivy) . py, = ZPl(fEljﬂily) ;
J1,t1

m,y ZP (2iz]izy) , pm- ZP (z272li2y) -

J2,i2

(15)

Note that pl and pZ are well-defined since 2 jia Pl(z1j1]i1y) and D i P2(x2j2iay) are independent
from g since P! and P? are non-signaling boxes.
For the other direction, given those variables, non-signaling probability distributions P!(z171|i1y) and

13



P2?(x5j2iay) achieving the same objective value are given by, for j; # i1 and jo # is:

1

r
Pl(z1i1|iry) = 2711?! ,
1 1
. p -Tr
Pt =
2 .. TOQCQ Yy (16)
P (x9ialisy) := Tz )
2 2
. p -r
Plasii) = Pt
]

3.2 Properties of SNS(W, ki, ky), CNS(W) and CYS(W)

Definition 3.3. We say that a conditional probability distribution P(a"|z™) defined on X, A; X X[, X;
is non-signaling if for all a™, x™, 2™, we have

Vi € [n],ZP(al...&i...an|z1...xi...xn):ZP(al...&i...an\:ﬂl...:ﬁi..wn).
a; a;

Definition 3.4. Let P(a™|z") a conditional probability distribution defined on X}_; A; x X!_; &; and
P'(a™|2'™) defined on X_; A; x X7 ; X/. We define P ® P’ the tensor product conditional probabil-
ity distribution defined on X! (A; x A}) x X, (X; x X]) by (P® P') (ad} ...anal,|z12] ... xpal,) =
P(an|xn) . Pl(a/n|x/n).

Lemma 3.5. If both P and P’ are non-signaling, then P ® P’ is non-signaling.

Proof. Let a” € X?Zl Aj, a™ e X?Zl .A;», " e X?Zl Xj, 2" e X;.lzl Xj{ and %; € X;, 2, € X/. Using the
fact that P, P' are non-signaling, we have:

/ A Al / / / /
g P(ayay ...a;ia; . ..ana,|x127 - .. 225 . .. TpTy,)
a;a’

1
:ZP(al...di...anml...:Ei...a:n)-P'(a’l...d;...a;|x'1...a:;...x/)
a;a

_ o . ) 11 1 Iy ’ ’

= EP(al...az...anxl...xz...xn) gP(al...ai...anxl...xi...xn) (17)
ai al

_ ~ - /o ! A~ / / ! /

= EP(al...az...anwl...xz...xn) . EP(al...ai...anxl...xi...xn)
i ol

/ !/ A Al / / ~ o0 /
= g (P®P') (a1a] ...6;a;. .. anap|o1 @) ... &85 ... ana),)
aid
so P ® P’ is non-signaling. O

Proposition 3.6. For a MAC W : X} x Xy — Y and kq, ko € N*, we have:

1. ﬁ < SNS(W, kl,kg) < 1.

14



. X, X
2. SNS(W, ki, ko) < min (11, 12l DL,

3. If k| < ky and k) < ko, then SNS(W, &/, k) > SNS(W, ky, ko).

4. For any MAC W’ : X{ x X} — )’ and ki, ko € N*, we have SNS(W W', kikl, kakly) > SNS(W, ky, ko) -
SNS(W’ k|, kb). In particular, for any positive integer n, SNS(W® k7 kD) > [SNS(VV, k1, k‘g)]n and
SNS(W @ W', ky, k) > SNS(W, ket ko).

NS 1 = _kika 1 . DPzy.zp
Proof. 1. Let us first show that S™(W, ky, k2) 2 ks Take poy oy = D Triasy T
2 . Pzy,z9 . Pzyxg . . .
Toraey = o and Ty ayy = |X1\|X E One can easily check that it is indeed a valid

solution of the linear program computing SNS(W, k1, ko). Thus we have:

1 1 1
NS
S (W, ky, ka) > ks E W (ylz122)7T2, 20,y Y xEx BAEA Ey W (y|z122)

T1,22,Y 1,22
1 1 (18)

" kiks xlzg;z | X1 || o] " kiks

Furthermore, in order to show that it is at most 1, let us consider an optimal solution of SN (W, k1, k»).
We have:

1 1
SNS(VVa ki, k2) = % Z W<y‘x1$2)7“m1,m2,y < @ Z W(y’xlx2)pr1,mz

x1,T2,Y z1,22,Y

(19)
klkg Z Pxy,20 ZW y’$1$2 k) k Z Priz =1,
1,72 1,22
since le,xz p$17$2 - kl ZxLxQ Til,xg,y = k1k2 le,wg Tfﬁlait%y = k1k2'
2. First let us show that SNS(W, kq, ko) < % (the case SNS(W, k1, ko) < % is symmetric):
NS
S(W, k1, ko) = k:lk > W(ylrrwo)re, vy < k:lk: > Wylwrwa)rl, 4,
1,22,y 1,22,y
k: k Z ZW ylzixe) | - ( ril’zg’y> since nonnegative terms.
172 x2,Y a:l x
(20)
1
kle Z Z W ‘J)le : (]{71 Zp$1,$2>
x2,Y 171 z1
|| | X1
k2k2 Z Pay,as Z (Z W(y‘$/1952)> = k2ky Z Pzy,z0 = T
T1,T2 y 1™ 29,29
Let us show now that SNS(W, ky, ko) < k'f;g:
1
SNS(VV, khkz) = kjlk Z y|:r1:v2 Txy,20,y < TZ <£I11%3}2(W y’$1$2)> Z Txy,20,y
x1,22,Y Yy x1,T2
’y‘ (21)
S kle Z Z Tzl@%y kle .
Yy T1,r2
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3. Let us assume that k] < k1 and that k}, = ko, since this latter case will follow by symmetry. Consider
an optimal solution of SNS(W, k1, ko) = k% 2irelky f(i1) with:

fliy) == ki Z W (y|z122) P(x122(i182) |i1i2Yy)

T1,72,Y,12

and P non-signaling. Let us consider § €  argmax Zz’leS' f(i1). Then, by construction, we have
S/ Clka )] S| =k,

that é >ies flin) =2 ﬁ Zme[kl] f(i1) = SNS(W, k1, k2), since we have taken the average of the k]

largest values of the sum.

Let us define the strategy P’ on the smallest set X; X Xo x (S X [ko]) x S x [ka] x V:

P'(x122(j1j2)|irizy) := P(x122(j1j2)lirizy) + C(x122]2]iri2y)

with C(z1x272]i1i2y) = o Z P(x129(j172)|i1i2y) - (22)
' jielk]-s

P’ is a correct conditional probability distribution. Indeed, it is nonnegative by construction, and
we have that:

Y. PlawsGip)liisy) = Y Plmza(iu)liviey) + Y Clarzzjalirizy)
x1,72,j1€S,j2 z1,72,j1€S5,j2 x1,72,j1€S,j2

= Y > Pl@mm(p)liiy) + ) Z Z (z122(j1J2)li1i2y)

T1,22J2 j1ES T1,T2 32]165 elki]-S

Z Z P(z122(j172)]i1i2y) + Z Z P(x129 ]1]2)|ZIZ2?J)

x1,22,J2 j1E€S z1,22,J2 j; €[k1]-S
= ) Plrma(jifo)livizy) = 1.

T1,2,J1,52

(23)

Let us show that P’ is non-signaling;:

(a) First with z:

> Pl(aiza(jije)livizy) = Y Plaraa(jio)liriay) + Z C(z12272li1i2y)

x1 1 1
=Y P(mma(ujo)liviay) + = Y > Pleraa(fijz)lirizy)
T 316[/61} -5
:Zp(x1$2(j1j2)|i/1i2y Z ZP 12 ]1]2 |21Z2y) ( )
T 1 Ji€lk1]=S 71

since P is non-signaling.

= P'(m1wa(jrgo)|ihizy) -

xr1
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(b) Then with zo:

> Plaraa(jra)liviay) = Plaawa(jije)liviay) + Y Clz1agalirisy)

T2 T2 $2
= P(mza(ido)livioy) + 7 > > Plaama(fia)livizy)
x2 ]le[kl} S 2

=Y P(mwa(iugo)linioy) + o Y. Y Plarza(jia)lirivy) (25)

x2 ]1E[k1] -5 72

since P is non-signaling.

— Z P'(x129(j172)|1172Yy) -

T2

(c¢) Finally with (j172):

Z P’ (x122(J172)|i1i2y) = Z Z P(z122(j1j2) \Z122y +Z Z C 561332]2\11129)

J1€S,52 J2 €S J2 j1€S
= Z Z P(z122(j1j2)|iri2y) + Z Z Z (z122(j1j2) liri2y)
j2 j1€S J2 ]165 1€lk1]-S
=Y ) P(aiza(fija)liriay) + Z (z122(5172)|i172y)
J2 n1E€S g2 ji€lk]-S (26)
= Z P(z122(j172)|iri2y)
J1,Jj2

= Z P(z129(j172)|i1129’) since P is non-signaling.
J1,J2

= Y Pllaiza(ia)liriay’) -
J1E€S,52

Thus P’ is a correct solution of the program computing SNS(VV, ki, ko), and it leads to the value:

1 C N
SNS(W, k), ko) > W h Z W (y|z122) P (2129 (i132)|i1i2y)
T1,22,Y,i1ES,i2
1 N,
2 % Z W (y|x122) P(z122(i172) |i192y) (27)

x1,22,Y,11 €S, i2

*foZl Z fZl *SNS(Wkl,k'Q).

neS lle[kﬂ

4. Consider optimal non-signaling probability distributions P and P’ reaching respectively the values
SNS(W, ky, ko) and SNS(W’, k), k5). Then by Lemma P ® P’ is a non-signaling probability
distribution on (X7 x X7) x (Xo x X)) x (([k1] x [k}]) x ([ka] x [K5])) x ([k1] x [K}]) x ([k2] x [Kb]) %
(¥ x )", which is trivially in bijection with (X7 x X)) x (X2 x Xj) x ([k1k]] % [k2kb]) x [k1k]] %
[kakh] x (¥ x V). This gives a valid solution of the program computing SNS(W @ W', kik}, kakh).
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Thus, we get that SNS(W @ W', k1k}, kokb) is larger than or equal to:

Z (W ® W’) (yy | 212 22h) (P ® P') (z12) woxhy (114 d95) |i1d), i2ibyy’)
12,228,y i14] 215
= > (W (ylerza) - W (|2 24)) (P(ava(ivia) iviay) - P (s (i)l i5'))

! ! NN A A
T1T,T2TY,yy’ 111,121

= > Wiyleiwa) P(zraa(ivi)|ivioy) | - > WY [aah) P (@b (i) [ ihy)
11,02,21,%2,Y x’l,x’z,y’,i’l,ié
= SNS(W, Ky, ko) - SNS (W, KL KS)
(28)
In particular, applying this n times on the same MAC W gives the first corollary, and the second
one comes from the fact that SNS(W @ W', k1, kg) > SNS(W, k1, ko) - SNS(W/,1,1) = SNS(W, ky, ko),
since SNS(W’,1,1) = 1 by the first property of Proposition
O

Corollary 3.7. 1. CN5(W) is convex.

2. If (R, R2) is achievable with non-signaling assistance, then R; < logy|Xi|, R2 < log, |Xs| and
Ry + Ry <logy |Y|.

3. If (Ry, Ry) is achievable with non-signaling assistance, then for all R, < R;, (R}, R}) is achievable
with non-signaling assistance.

Proof. 1. Let (Ry, Ry) and (Ry, Ra), two pairs of rational rates achievable with non-signaling assistance
for W, ie:

NS Rn Rin Ron NS Rn Rin Ran
ST (Wen 127 12 W)njroolands (Wen 1287 [2 ])nﬂool.
Let X € (0,1) rational and define Ry ; := A- R;+(1— ) -R;, let us show that (Rx 1, Ry 2) is achievable
with non-signaling assistance. Let us call respectively k; := 2%, ki = 28t kxi = 28N = k;\ . ki(lf/\).
We have Ry n = A-Rin+(1—\)-Ryn = (An)- R; + (1 — \)n- R;. This is the idea of time-sharing: for
An copies of the MAC, we use the strategy with rate (R1, R2) and for the (1 —A)n other copies of the
MAC, we use the strategy with rate (R, Rz2). There exists some n such that An, (1 —X)n, A\nR;, (1 —

)\)an are integers, since everything is rational. This implies that k;\”,lzrlgl_)‘)",k:f\‘i are integers.
Thus, thanks to the fourth property of Proposition we have:

SNS(WER KR, KL,) > SNS(WEOM gdn gny L gNS (@((=Xm) f(=An pl=Am)
— 1-1=1.

n—-+00

(29)

Thus in particular, since we have SNS(W®n, kX1, k';LQ) < 1, we get that SNS(Wen, kX1, /{:;‘2) njroo 1,

so (Rx1, Ry2) is achievable with non-signaling assistance. Finally, since CN5(W) is defined as the
closure of achievable rates with non-signaling assistance, we get that CN5(W) is convex.

2. By the second property of Proposition we have that SNS(W®, kD) < |i:§|. In particular, if
n
one takes Ry > log, | X1, then ky > |&;| and we get that SNS(W®n k7 k%) < (ﬁ) — 0, s0

ki n——+o0
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Ry > logy |X1| is not achievable with non-signaling assistance. Symmetrically, Ry > log, |X2| is not

achievable with non-signaling assistance.

Furthermore, if one takes Ry + R2 > log, | V|, then in particular k1 ks > |)|, so by the second property
.- yn y\" .

of Proposition , SNS(Wen kn kD) < ,L?%L = (k|1k|2) — 0. Thus, Ry + Ry > logy || is not

n—-+00

achievable with non-signaling assistance.

3. Since (Ry, Ry) is achievable with non-signaling assistance, we have SNS(W®n [2nfa] 12nkz]) =
n—-+0oo

1. But, for all positive integer n, we have that [27f1] < [27/1] and [27/%2] < [2"#2], so by the third

property of Proposition we have that SNS(W®n [2nfi] [onfa]) > SNS(py@n [onka] ronfi2]),

Thus SNS(W®”, [27F1] [27%2]  — 1 since it is upper bounded by 1, and so (R, R}) is achievable
o0

n—+
with non-signaling assistance.

O
Proposition 3.8. C)S(W) is the closure of the set of rate pairs (Ry, Rg) such that:
In € N*, SN (Wwen, [2fm] [2fen]) =1 .

Proof. 1t is clear that if (R, Rg) is such that Jng € N*,Vn > ng, SNS(Wen, [2f1n] [2F2n]) = 1) then in
particular In € N* SNS(W®n [2Fin] T2R2n]) = 1. So, C)'S(W), which is the closure of the former rate
pairs, is in particular included in the closure of the latter rate pairs.

For the other inclusion, consider a rate pair (Ry, R2) and let us assume that there exists some positive
integer n such that SNS(W®n [2Fin] [2F2n]) = 1. Let us show that for any (R}, R}) such that R} < R;
and R < Ry:

Ing € N*,Vn > ng, SN (We” [2Fan] [2Ren]) =1 |

which is enough to conclude, since we consider only closure of such sets.

First, for all positive integer m, we have that SNS(WW®nm [2Finm] r9Rmm) — 1 By the fourth prop-
erty of Proposition, we have that SNS((W®n)#™ [ofinm roRan]my > [GNS(jy@n [ofin] Token])]™ =
1, so SNS((Wem)®™ [gRinym r9Ranm) — 1 since SNS(W, ki, ky) < 1 by the first property of Proposi-
tion But (W&)E™ = Wenm and [2Fan]m > [gRinm] [9Ran m > [9Ranm] g6 by the third property
of Proposition [3.6] we have SNS(W®nm [2finm] [9fznm]) > 1 go GNS(py@nm [ghinm] [gfznm]) — .

Then, consider some r € {0,...,n — 1}. By the fourth property of Proposition we have that:

SNS(W®(nm+T)’ "2R1nm“’ (2R2nm“) _ SNS(W(Xmm ® W@r’ |'2R1nm‘|’ |'2R2nm‘|)

30
2 SNS(W(Xmm’ |'2R1nm‘|’ |'2R2nm*|) -1 ’ ( )

Rinm R
80 SNS(vv@(nm—i—'r)7 |’2R1nm“’ (2R2nm] )R: 1. But (lenm‘l _ [QW(nm-l—?")*l _ [Qﬁ(nm-l—r)-‘ with § = % <
L and symmetrically [2f1mm] = [2ﬁ16(nm+r)]. Thus in particular, for all R} < 151% and R, < 1};%, we
have that for all n/ > nm, SNS(W®"' [2F17'] [2827"]) = 1. So for any (R}, R}) such that R} < R; and

R, < Ry, there is large enough m such that R} < 1fi and R, < 15’—1, and thus we get the expected

property on (R}, RS) for ng := nm. O

3.3 Linear Program with Reduced Size for Structured Channels

Although SNS(W, k1, k2) can be computed in polynomial time in W, k; and ks, a channel of the form
W®" has exponential size in n. Thus, the linear program for SNS(W®" ky, ko) grows exponentially with
n. However, using the invariance of W®" under permutations, one can find a much smaller linear program
computing SN (W™ ky, ks).
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Definition 3.9. Let G a group acting on X1, X5, Y. We say that a MAC W : X1 x Xy — )V is invariant
under the action of G if:
Yge G,W(g-ylg-z19-x2) = W(y|lr122) .

In particular, for W®" : X' x XJ' — Y™, the symmetric group G := S, acts in a natural way in any
set A raised to power n. So for o € S,,, we have that:

n n

W®n(0 Yo afo-xy) = HW(ya(i)|x1,a(i)$2,o(i)) = H W(@/ilwl,ixli) = W®n(yn’$?x3) )
i=1 =1

and so W®" is invariant under the action of S,,.
Let Z:={X, X, Y, X1 X YV, Xo X Y, X1 x Xo, X1 x Xo x V}. Let us call Og(A) the set of orbits of A
under the action of G. Then, one can find an equivalent smaller linear program for SNS(W, ki, k»):

Theorem 3.10. Let W : X} x X5 — Y a MAC invariant under the action of G. Let us name systematically
w € Og(Xl XXQX:))), u < OG(Xl XXQ),ul S OG(X1>,U2 € Og(XQ), vl e Og(Xl Xy), v? e Og(ngy), NS
Oc(Y). We will also call z4 the projection of z € Og(B) on A, for A, B € Z and A projection of B; note
that z4 € Og(A), since by definition of the action, the projection of an orbit is an orbit. Let us finally
call W(w) := W(y|z122) for any (x1,x2,y) € w, which is well-defined since W is invariant under G. We
have that SNS(W, k1, ko) is the solution of the following linear program:

SNS(W, k1, kp) = maximize b Z W (w)ry

rrlr2, 1R2
P weOg (X1 x X2 x))

subject to Z Ty = |v], Vv € Og(Y)

wiwy=v
Yooor=k Y e, V0P € O0q(X x V)
Wiw x y =02 wiw xy y =02
Yooormki=ke ) e, W' €0a(X x )
wiwy, y=vl wiwy, y=v'

V%, |
Z Dy = |;;2| k1 Z 2, Y2 € Og(Xs x Y)

. —n2 . —p2
’LL.UX2 —’UX2 'u)"u)xzy—l)

vy, |
S o= |£1| ky > r, Yol € 0g(X x Y)

wiuy, :v}(1 wiwy, y=ul
0<ry <rlk r2<ﬂp Yw € Og(X) X Xy x V)
= — Ty "w = "LU | WX1X27
X1 2
w
w‘X’X]prlX? — 1L =72 41y >0, Y € Og(X) x Xy x ) .
112

Corollary 3.11. For a channel W : X x Xy — Y, SNS(W®”, ky, ko) is the solution of a linear program of
size bounded by O (n'xﬂ"%l"y‘_l), thus it can be computed in polynomial time in n.

Proof. We use the linear program obtained in Theorem with G := S,, acting on W®™ as described
before. The number of variables and constraints is linear in the number of orbits of the action of S™ on
the different sets A € Z, where here Z = {AT", X7, V", AT x V", XJ x Y, A x X, A x &) x Y"}. For
example, for A € A" x A3 x V", we have that:
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n+ |||V -1
| ][ Y] -1
So the number of variables and constraints is O(n/*111*211YI=1) " Note also that all the numbers occur-
ring this linear program are integers or fractions of integers, with those integers ranging in [(|X1||X2[|Y)"],
thus of size O(nlog(|X1||X2||V])). So the size of this linear program is bounded by O(nl*tH¥2lYI=1) “and
thus SNS(W®™ ki, ky) can be computed in polynomial time in n; see for instance Section 7.1 of 22]. O

O, (A7 x A x V™) = ( ) < (n+ 2] A l|Y] — DRIl

In order to prove Theorem [3.10] we will need several lemmas. For all of them, A and B will denote
finite sets on which a group G is acting, and =& will denote the orbit of = under G:

Lemma 3.12. Let 7 € Og(A x B), and call v := 74 and p := 73. For = € v, let us call BY :

B}

{y: (x,y) € 7}. Then, |B?| = |B¥| =: ¢ for any z,z' € v, and furthermore, we have that ¢/ = ol
Symmetrically, the same occurs for AY := {x : (z,y) € 7} with y € u, where one gets that |AY| = \A¥'| =
= % for y,vy' € p.

Proof. Let x,2" € v. Thus there exists g € G such that 2’ = g - x. Let:
f : B* - B

T

y = g-y.
First, f is well defined. Indeed, if y € B* = {y: (z,y) € 7}, then g-y € {y: (g-z,y) € 7} = B¥, since

7 € Og(A x B). Let us show that f is injective. If g-y = g-v/, then ¢! - (g-y) = (¢g7'9) -y = v,
gt (g-y) =19, s0oy =y Thus we get that |B?| < |B¥|. By a symmetric argument with 2’ replacing z
and g~ ! replacing g, we get that |B*'| < |B?|, and so |B?| = |B¥| =: ¢/.

Furthermore, { BZ},¢, is a partition of 7, s0 Y _ |B¥| = |v|c¥ = |7|, and thus ¢’ = i7| O

TEeV

Lemma 3.13. For any (z,y) € A x B and v(, )¢ variable indexed by orbits of A x B, let us define the

V@)@

variable v , 1= COLEE We have:
1
va’yzm Z v, Yy €B .
zeA T€0G(AXB): 1=y
Proof.
Dovey= Y > v
xcA T€0G(AXB):T=yC z€A:(z,y)ET

= Z Z % since (z,y)% =7

T7€0G(AxB)irp=yC zcA:(xy)eT

G vy . (32)
= Z c? l by Lemma since y € 753
T€O0G(AXB): =y T
B |7 v, 1
S SR = i v P S
T€0g(AXB): =y T€O0G(AXB): =y
O

Lemma 3.14. For any 7 € Og(A x B), p € Og(B) and v, 4 variable indexed by elements of A x B, let
us define vy := 37, o, Vzy. We have:

SIS ) S

T€OG(AXB): =1 yep ze A
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Proof.

Z Ur = Z Z ”:v,y:zzvx,y .

TEOG(AXB): =N T7€0G(AXB): =W (T,y)ET yep xc A
L]

Proof of Theorem 0 Let 74, 200,72 72 Dz, 2, @ feasible solution of the program defined in
1,72,Y 1,22

T1,22,Y7 " T1,22,Y’

Proposition and call S := ﬁ > wraay W(YlT122)T2 25y its value. Define:

— E 1 . § : 1
Tw = Tﬂ@lax%y y Ty = rxl,xg,y )

($17$27y)€w (ZBl,ZEZ,y)Gw
) ) (33)
rw = § : Txhazz,y ) Pu = E : p$1,$2 .
(z1,72,y)Ew (z1,22)€U

Let us show that 7, 7L, 72, p, is a feasible solution of the program defined in Theorem [3.10} and that its
value S* := ﬁ Yow W(w)ry, = 5.
First, we have S* = S. Indeed:

S* = %%:W(w)rw = %%:W(w) Z To1e2,y

(z1,22,y)EW

1 .
= Yo > W(yleima)ray ey  since W(w) = W(y|aaz) for all (z1,29,y) € w (34)
172 7 (x1,22,y)EW
1
= % Z W(y|$1x2)ru’c1,x2,y =5.
x1,T2,Y

Then, all the constraints are satisfied. Indeed, thanks to Lemma [3.14] we have for the first constraint:

Z Twzz Zrm,m,yzzle-

wiwy =v YEV 1,T2 yev

For the second constraint (and symmetrically for the third constraint), we have:

Z Z Z Ta1,m0y = Z k1 Z Tey,x0,y = k1 Z Tw -

w:wXQy:v2 (z2,y)€v? 71 (z2,y)€V? 1 wiw xy y =02

For the fourth (and symmetrically for the fifth), we have:

2. = D D e = D ];prl,mz Y D per

Wiw iy y =02 (z2,y)€Ev2 21 (z2,y)Ev? x1 :EQGUX y:(z2,y)€v? Z1
1 0|
= E o] E Pz thanks to Lemma B.12] (35)
szv?Yz 2h

1 ]v2]
k1 |v3, | 2 m

u: uX2—vX2

Finally for the last constraints, we only need to compute:
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Z Pxq,20 = Z Z Pzq,x0 = Z ﬂpxl,xz = ﬂpw;ﬁ;@ )

W X, W, X
(w1,22,y)Ew (T1,22) Eway xy yi(T1,22,y) EW (z1,22) €Wy Xy 0| |
. . . . . o). 1 2 .

which implies that the linear mequahtles ON Py wos Ty w0,y Ty ways T e,y S€0 transposed respectively to

|wl 1 1
the values prXIXZ ,Tw, Ts, 72, Indeed, for instance, one has for any 1, z2,y that pyy 2, — Tar oy —
rgl,m,y + 721,20,y = 0. Thus for some orbit w:

Z 1 2
(pxl,wz - rwl,zg,y - Txl,acz,y + Tml,rz,y) > 0 ’
(z1,22,y)EW

w .

and then |w/|yl|)(2|pwxlx2 —rLl — 12 + 1y > 0, which was what we wanted to show.

Now let us consider a feasible solution rw,r,lu,r?u,pu of the program defined in Theorem [3.10, with a
value S* := k11k2 > w W(w)ry. Define:

1
. T S U CI PR
TOERY T (2, e, )G T TV T (2, e, y) G 36
Tg (36)
r2 = (@z2y)® D _ P@ia)©
= 1,22 .
ooy (21, 22,y)C] b (21, 22)Y|
2

Let us show that 74, 4y, 7 is a feasible solution of the program defined in Propo-

T1,T2,Y’ Txl7x27y7pl'1,l'2
— 1 Q%
sition and that its value S := =3  W(ylz122)75, 209 = S™.

Flrst we have S = S*. Indeed:

_ 1 _ 1 T(x17x27y)g
S= le Z W (ylz122)r2) 20,y = le Z W(y|$1$2)ﬁ

1,22,y ml,zg,y (z1,22,y)C

1 Tw

= 1% W(w)—
K Zw: (21 sz)ew (y| 1 2 kle Z z1 ;) cw ( )‘w| (37)

1
:mzw]www |w‘ = ZW

Then, all the constraints are satisfied. Indeed, thanks to Lemma [3.13] we have for the first constraint:

S renn = X o= -
Ty "

T1,T2 w;wy:yc

For the second constraint (and symmetrically for the third constraint), we have:

1 k

1 1 1

7 R YSEYell g Tw = TG E Tw = ]{,‘1 E r .
B |(£U2, y) ‘ |(ZI§‘2, y) | v Ty

1 wiwxyy=(x2,y) wiwx,y=(x2,y)¢ 1
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For the fourth (and symmetrically for the fifth), we have:

. 11 |(22,9)9
2 2 :
r == Tw = ki
le T1,T2,Y ‘(.%'Q,y)G’ Z w ’(qu,y)G| k ’ G ‘ Z Pu

wiwx,y=(x2,y)¢ ! <x27y)X2 “:“?\fz:(m’y)c
1 1 e
= I?W Z Pu = k: |J,‘G| Z Py since (r2,Y)x, = 3 (38)
1 2,Y Xo u;u)@:(l’%y)g‘ 1 71‘2

1
= kf Zpdflﬂfz .
1 z1

Finally, to conclude with the last constraints, one has only to see that for any x1, zo,y:

(21, 29, )° (w1, 22, )| G
= - = X xT
lonro )G P9 = [, an)] P = 100220 s

|w]

1,2 :
e, 2, 1Pty 250 Tws Tws T get transposed respectively to the

which implies that the linear inequalities on

1 2 : lw \ 1
Values puy vy, Tar w0,y "oy wa,ys Toy,a0,y- 10A€€d, for instance, one has for any w that o \prle — Ty —
1
2 _r 1 _ T 2 —
T + 1w > 0. But for any (21, 22,y) € w, one has that 74, 4, = T Tanaay = Tol To1eey = ﬁ Thanks
. . . Pwy x
to the previous inequality, we have that pg, », = walx2\’ and thus:
142
1 2
Drvcs = T moy = Ty myy + 7 = Py Tw Ty Twos
XT1,T2 T1,T2,Y x1,T2,Y 1,22,y - ’
lwa x| |wl o fw] ]
which was what we wanted to show. O

4 Non-Signaling Achievability Bounds

4.1 Zero-Error Non-Signaling Assisted Achievable Rate Pairs

We will now present a numerical method to find efficiently inner bounds on C)*>(W). Thanks to Corol-
lary -, we know how to decide in polynomial time in n, ki, ks whether SNS(W®”, ky, ko) = 1. However,

by Proposition [3.8] if SNS(W®™ ky, ky) = 1, then we have that <1°g(kl), 1Og(k2)) € CNS(W), which describes

a way of computing achievable points for that capacity region. More precisely, this leads to the following
result:

Proposition 4.1 (Inner Bounds on C)®(W)). Let us define the zero-error non-signaling assisted n-shots
capacity region Cé\lin(W) in the following way:

s = { (90,1050 gyn gy 1)

n

Then, we have that Vn € N CO <n(W) C CNS(W), and that one can decide in polynomial time in n, k1, ko
if (10g7(zk1)7 bg?(sz)) € Cp, 2, (W).

This implies that we can find efficiently achievable rate pairs for MACs.
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Application to the binary adder channel The binary adder channel Wy is the following MAC:
Vry,x0 € {0, 1},Vy S {0, 1, 2}, WBAC(y|x1x2) = 6y,:}c1+acg .

Its classical capacity region C(Wgac) is well known and consists of all (R, Rg) such that R; <1, Ry <
1,R + Ry < %, as a consequence of Theorem Its zero-error classical capacity Co(Wpac) is not yet
characterized. A lot of work has been done in finding outer and inner bounds on this region [23] 24] 25]
20, 27, 28, 29], 301, 31, 32 B3]. To date, the best lower bound on the sum-rate capacity is logy(240/6) ~
1.3178 [32].

Thanks to Proposition we were able to compute the regions C(l)\lin(W) for n going up to 7, which
led to Figure[dl The code can be found on |GitHubl It uses Mosek linear programming solver [34].

Note that the linear program from Theorem has still a large number of variables and constraints
although polynomial in n. Specifically, for n = 2, it has 244 variables and 480 constraints; for n = 3, it
has 1112 variables and 2054 constraints; for n = 7, it has 95592 variables and 162324 constraints; finally,
for n = 8, it has 226911 variables and 383103 constraints.

1K

0.75

= 05 -
- C(Wiao) |
-+ -Best Inner Bounds on Co(Wpac)
0.25 | e =
Co.=2(Waac) ,
= Ch23(Waac)
— C(l)\f§7(WBAC)
| | | Y
00 0.25 0.5 0.75 1

Ry

Figure 4: Capacity regions of the binary adder channel Wpac. The black dashed curve depicts the classical
capacity region C(Wgac), whereas the grey dashed curve shows the best known inner bound border on the
zero-error classical capacity region Co(Wgac), made from results by [32], 28, 27]; see [32] for a description
of this border. On the other hand, the continuous curves depict the best zero-error non-signaling assisted
achievable rate pairs for respectively 2,3 and 7 copies of the binary adder channel.

The first noticeable result coming from these curves is that the zero-error non-signaling assisted sum-

rate capacity beats with only 7 copies the classical sum-rate capacity of 3

2
constraint, with a value of NL%Q) ~ 1.5406, coming from the fact that SNS(W]_Q)@ZC, 42,42) = 1 and Propo-

sition . This implies that C(I;IS(WBAC) has larger sum-rate pairs than C(Wgac), and that CNS(Wgac)

is strictly larger than C(Wgac). This sum-rate can even be increased up to % ~ 1.5425, since we

even without a zero-error
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have computed SNS(W]?EC, 72,72) = 1, which is the largest number of copies we have been able to man-
age with our efficient version of the linear program from Theorem [3.10] This should be compared with
the upper bound on the non-signaling assisted sum-rate capacity coming from Proposition [5.6] which is
logy(3) ~ 1.5850 for Ry = Ro.

Another surprising property is the speed at which one obtains efficient zero-error non-signaling assisted
codes compared to classical zero-error codes. Indeed, with only three copies of the binary adder channel,
one gets that SNS(WBACA 5) = 1, which corresponds to a sum-rate of %@(5) 1.4406, which already
largely beats the best known zero-error achieved sum-rate of log,(240/6) ~ 1.3178 [32]. These results are
summarized in the following theorem:

8
a consequence, we have that C(Wgac) € CN(Wgac).

Theorem 4.2. We have that <1°g2(72), logy (7 )> CNS(WBAC) but <1°g2(72) M) ¢ C(Wgac), and as

1032( 2)

Proof. Since 28~ 5 = 72 and numerically SNS(WL?:C, 72,72) = 1 thanks to Corollary |3.11} we get that
(log28(72) 10g2(72)) ecy S(Wgac) by Proposition . However, log28(72) +log28(72) > % S0 (710&8(72), 71%28(72)) ¢

C(Wgac) by Theoremnapplied to Wgac. Since C(Wgpac) C CNS(WBAC) and C%)VS(WBAC) C CNS(WBAC),
we thus get that C(Wgac) € CN5(Wgac). O

4.2 Non-Signaling Assisted Achievable Rate Pairs with Non-Zero Error

We have analyzed the non-signaling assisted capacity region through zero-error strategies and applied it
to the BAC. However, if some noise is added to that channel, its zero-error non-signaling assisted capacity
region becomes trivial (see Proposition . Thus, the previous method fails to find significant inner
bounds on the non-signaling assisted capacity region of noisy MACs.

In this section, we use concatenated codes to obtain achievable rate pairs, and apply it to a noisy
version of the BAC:

Definition 4.3 (Concatenated Codes). Given a MAC W and a non-signaling assisted code P, define
WIP] : [k1] x [ko] — [€] with W[P](jli1ie) := Zm,xg,y W (y|lx1z2) P(x122]|i112Y):

Y

1 19
W([P] = w P(z1224]i1i2y)

I || T

L2
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Note that W[P] is a MAC since W[P](jl|i1i2) > 0 and:
ZW J(ilivia) = Y W(ylsrzz) Y | Plarwajliviay)

1,22,y J

= Z (Z W(y|m1x2)) P(x1x2]i1i2) since P is non-signaling (39)

1,22

= Z P(l’lxglilig) =1.

x1,T2

The following proposition states that combining a classical code to a non-signaling strategy leads to
inner bounds on the non-signaling assisted capacity region of a MAC:

Proposition 4.4. If P is a non-signaling assisted code for the MAC W, we have that C(W[P]) C CNS(W).
Proof. Let (R, Ry) € C(W[P]). Then, by definition, we have that:
lim S(W[P)®", [2M7], [22"]) =1 .

n—+o0o
Let us fix ¢ > 0. For a large enough N, we have S(W[P]®N, [2faN] [2R2N7) > 1 — 2. Let us call
01 := [271N] and £y := [272N]. Thus, there exists encoders e : [81] [k1], €2 : [l2] — [k2] and a decoder

d: [l — [t] x [EQ] such that:
i g > WIPI(ilivia) Y. eilit|ar)ea(iz|az)d(arasli) > 1 —¢ .
11,12,] a1€[€1],a26[f2]

In particular, we have:

51162 Z W(y|ac13:2) Z P(x1x2j|i1i2y)el(i1|a1)eg(i2|a2)d(a1a2]j) Z 1—¢.

1,22,y 11,12,7,01,02

Let us define P(z122(b1bs)|aragy) := Yiring P@1majliviay)er (in]ar)es(iz|az)d(bibz|j). Then, one can
casily check that P is non-signaling, and thus:

SNS(W®N 61,52) > — Z W y|$1.732 Z P xlscg(al,ag)\alagy) >1—c.
$175E2:y ay,a2
This implies that hrf SNS(W®" [2fn] 12727y = 1, ie. (Ry, Ro) € CNS(W). O
n——+0oo

But if (Ry, Ro) € CNS(W®"), we have that (£t 2) € ¢NS(W). Thus, applying Theorem [2.2{on W& [P]

no'n

Thanks to Proposition [4.4] we have for any mon- signaling assisted code P, C(W®”[P]E CNS(Wwen).

leads to inner bounds on CNS(W):

Proposition 4.5 (Inner Bounds on CN3(1W)). For any number of copies n, number of inputs k; € [|A]|"]
and ks € [|X2|"], non-signaling assisted codes P on inputs in [k1], [k2] for W®" and distributions g1, g2 on
[k1], [k2], we have that the following (Ry, Re) are in CNS(W):

I((I,I2) : J)

I(I : J|Iy) I J|h)

Ry < ( , Ry <
n n n

for (I, I2) € [k1] X [k2] following the product law ¢ X g2, and J € [¢] the outcome of W®"[P] on inputs
11, I>. In particular, the corner points of this capacity region are given by:

<1(11:J|12)7I(12:J)> and (I(IlrJ) I(Iz:J|11)> _

n n n
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Proof. The achievable region comes from the Prewous discussion. We just need to prove that the corner
points are of the given form. If Ry = I(Il , constraints on Ry and Ry + Rs leads to a maximum

Ry = min (1(12;3“1), H(Th)T) _ f“l;{“”). However, I((I1,I) : J)—I(I, : J|I) = I(I : J) by the chain

rule. We only need to show that I(Iy : J) < I(Iy : J|I1) and the proof will be complete, since the other
corner point is symmetric. We have:

I(Iy: J) = H(Iy) — H(I|J) = H(I|I) — H(LL|J) < H(I|I,) — H(I|JI,) = I(I : J|I) ,

the second equality coming from the fact that I; and I» are independent, and the inequality coming from
the fact that H(A|BC) < H(A|B) for any A, B,C. O

Application to the Noisy Binary Adder Channel We will now apply this strategy to a noisy
version of the BAC. We will consider flip errors e1,e5 of inputs z1,x2 on Wgac, which leads to the
following definition of WRAC e, e,:

VY, 21, T2, WBAC 1,22 (Y|T122) 1= (1 — €1)(1 — €2)Whac (y|z122)
+e1(1 — e2)Waac(y|T122)
+ (1 — e1)e2Wgac (y|r172)
+ e182Waac(y|7172) -

(40)

First, let us note that the zero-error non-signaling assisted capacity region of Wpac e, ¢, is trivial for
€ (0,1):

Proposition 4.6. If e1,e5 € (0,1), then CYS(Wpace, 2,) = {(0,0)}.

Proof. 1f SNS(W®™ ki, ky) =1, then Vy™, o, a8 : WE(y"|aTah) > 0 = 7an g0 yn = pan gn. Indeed, we
have for an optimal p,r that:

1
SSWE ki k) = 1o D WO R g < g Y WO ey = 1

$1,$2 " mlaIQ "

which implies the previous statement. But, for WB AC 21 25 ODE CAN easily check that for all y", 27, x5,
Wen(y"|alzl) > 0 since £1,e2 € (0,1). Indeed, you just have to flip the inputs to a valid preimage of the
output. Thus if SNS(WBAC 1,607 ,k1,ke) = 1, we have that YY", o, w5, e ap gn = papen. In particular,
this implies that Zx?wg Tap o yn = Zzy,zg D a8 s therefore 1 = kiko, so ky = 1 and ke = 1. Thus
SNS(Wen gnfl onf2y — 1 implies that (Ry, Ra) = (0,0). O

We have then applied the numerical method described in Proposition to WBAC ¢, ¢, for the sym-
metric case €1 = €9 = ¢ := 1073, Since it is hard to go through all non-signaling assisted codes P and
product distributions q1, g2, we have applied the heuristic of using non-signaling assisted codes obtained
while optimizing SNS(W®" &y, ko) in the symmetrized linear program. We have combined them with
uniform g1, g2, as the form of those non-signaling assisted codes coming from our optimization program is
symmetric. We have evaluated the achievable corner points for all kq, ko < 2" for n < 5 copies which led
to Figure [}

Compared to the noiseless binary adder channel, we can first notice that the classical capacity region
is slightly smaller, with a classical sum-rate capacity of 1.478 at most. On the other hand, although the
zero-error non-signaling assisted capacity of Wpac ¢ ¢ is completely trivial, we have with our concatenated
codes strategy found significant rate pairs achievable with non-signaling assistance. In particular, we
have reached a non-signaling assisted sum-rate capacity of 1.493 which beats the best classical sum-rate
capacity. Thus, it shows that non-signaling assistance can improve the capacity of the noisy binary adder
channel as well.
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Figure 5: Capacity regions of the noisy binary adder channel Wgac ¢ - for e = 1073, The black dashed curve
depicts the classical capacity region C(Wpac,,) which was found numerically using Theorem The
red point depicts the zero-error non-signaling assisted capacity region (Proposition . The blue curve

depicts achievable non-signaling assisted rates pairs obtained from C(Wgye . .[P]) through the numerical
method described in Proposition

5 Relaxed Non-Signaling Assisted Capacity Region and Outer Bounds

A natural question that arises when studying the strength of non-signaling assistance is whether a result
similar to Theorem can be found to describe by a single-letter formula the non-signaling assisted
capacity region of MACs. In particular, dropping the constraint that (X;, X2) is in product form in
Theorem seems to be a particularly good candidate to characterize the non-signaling assisted capacity
region of MACs, as this looks quite similar to allowing correlations between parties.

We have not been able to show the equivalence between this region and the non-signaling assisted
capacity region; however, it turns out to be equivalent to the capacity region defined by a slight relaxation

of non-signaling assistance, which we call SVS(W k1,ke). In particular, this will give us the best known
outer bound on the non-signaling capacity.
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Definition 5.1. o .
SNS(W, ky, kg) := maximize T Z W (ylz122)r2, 20y

P
Z1,22,Y

subject to Z To1woy < 1

1,22

Z Pxq,x0 = k1k2

w12 (41)

E Payay = K1 E :Tm,m,y
z1

1

§ Pay,zo = K2 § Tzi,29,y
z2

2

0 S 74$11I2,y S p$11$2
The following proposition shows that this is indeed a relaxation of the non-signaling constraint.

Proposition 5.2. SNS(W, ky, ko) < SNS(W, ky, k2).

Proof. Let us take a solution (p$17x2,rx17x2,y,7’:16173027?4,7'3261@2’?!)3516)(1@26;(2,@/63; of the linear program com-
puting SN (W, ky, k2). Let us show that (g, s, Ty ae.y)z €4y zaeds yey 18 @ solution of the linear program
computing SNS(W, k1, ko) with a same objective value, from which the proposition follows.

They have indeed the same value, since the definition which is the same for both programs depends
only on 74, 4, 4. Let us show that all constraints are satistied for (e, o) 71 ,00,y) 21 €X1 20 € X0,y -

We have ZIM@ Tr1,a0y = 1 < 150 the first constraint is satisfied. We have then that:

2
E Pzxi,z0 = kl E Toi,woy = kle § Txy,x0y = k'lk2 5
z1,%2 1,22 z1,%2

so the second constraint is satisfied.
For the third constraint (and symmetrically the fourth constraint), we have:

_ 2
E Pryas = k1 § :r$1,$2,y > ki E :Tl’lal’%y :
1

1 1

Finally, we have directly 0 < rz, 4,y < Dz 20, 50 the last constraint is satisfied. O
We can now introduce the relaxed non-signaling assisted capacity region CW(W):

Definition 5.3 (CNS(W)). A rate pair (R1, R») is achievable with relaxed non-signaling assistance if:

lim SNS(Wen, [2fan) [oRen]) =1 |

n—-4o00

We define CNiS(W) as the closure of the convex hull of the set of all achievable rate pairs with relaxed
non-signaling assistance.

Remark. One could show as in the non-relaxed case that CVS(W) is convex without taking the convex hull
in its definition.

A direct property that follows from this definition and Proposition is the fact that the non-signaling
assisted capacity region is included in the relaxed non-signaling assisted capacity region.

Corollary 5.4. CNS(W) C CNS(W).
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We present now the main result of this section, the characterization of CW(W) by a single-letter
formula.

Theorem 5.5 (Characterization of CW(W)) CW(W) is the closure of the convex hull of all rate pairs
(R1, R2) satisfying:

R < I(Xl : Y‘XQ) , Ry < I(XQ : Y|X1) , Ri+ Ry < I((Xl,XQ) : Y) ,
for (X1, Xs) following some law Px, x, on X1 x Xa, and Y € Y the outcome of W on inputs Xi, Xs.
Remark. Note that the only difference with the classical capacity region of MACs in Theorem is that

the joint distribution of X; and X5 does not have any product form constraints here.

The proof of Theorem |5.5| will be divided in Proposition (outer bound part) and Proposition
(achievability part). But first, let us apply these results to the binary adder channel.

Application to the Binary Adder Channel Let us determine the relaxed non-signaling assisted
capacity of the binary adder channel which will be plotted in Figure [6]

Proposition 5.6. CN5(Wgac) has the following description:

cNs (Wgac) = U (Ri,R2): Ri < h(q),Ro<h(q),Ri+R<q+h(q)} .

;2
23

Remark. Note that for ¢ = %, the bound becomes Ry <1, Ry < 1,R1+ Ry < % and when ¢ = % the bound
becomes R; < logy(3) — %, Ry <logy(3) — %, R1 + Ry <logy(3).

Proof. We use the characterization of C™S provided by Theorem

Let us consider an arbitrary Px, x, = (poo, Po1, P10, p11). First, we have that I((X1,X2) :Y) = H(Y)—
H(Y|X1X5) = H(Y) since Y is a deterministic function of (X7, X2). Then, we have that I(X; : Y|X2) =
H(Y|X3) — HY|X1X2) = H(Y|X3) for the same reason. Furthermore, given Xy, Y is a deterministic
function of X7, so we have I(X; : Y|Xs) = H(Y|X2) — H(Y|X1X2) = H(X1]|X2). Symmetrically we have
as well I(Xsy:Y|Xy) = H(X2|X1). In all:

CNS(WBAC U {(R1,R2) : Ry < H(X1|X2),Ry < H(X2|X1),R1 + Ry < H(X1 + X2)}

Pxy x4y

Let us call BI<PX1X2) = H(XﬂXg),BQ(PXle) = H(X2|X1),312(PX1X2) = H(X1 + XQ) the three
bounds. Let us call Py +, = = (p11, P10, P01, P00). One can notice that:

(X1]X2) = H(1 = X1]1 — X3) = H(X1]|X2) = B1(Px, x,) ,
(1= X3l = X1) = H(X2|X1) = B2(Px, x,) (2)
(Yl +Y2) :H(l—Xl—l-l—Xz)
H(Q—(Xl—i-Xg)) H(X1+X2) :Bl2(PX1X2) .

Since Bi2(Px,x,) = H(X1 + X2) = H(poo, p11, po1 + P10), it is concave in Px, x, as H is concave and
(poo,pu,pm +p10) is linear in PX1X2~ AISO, BI(PXng) = H(X1|X2) = —D(PX1X2HI® PXQ) 1s concave
in Px,x, as the divergence D is jointly convex and I ® Py, is linear in Px,x,. By symmetry, Ba(Px, x,)

31



is as well concave in Px, x,. Let us consider any of those three bounds, which we call B. We have by
concavity of B and the fact that B(Px, x,) = B(Px,x,):

B(PX1X2)+B(PY1Y2) SB(PX1X2+PX1X2> :B<q 1—q 1—g¢q q> 7

B(PXle): 9 2 e 1

272 7 2 72
with ¢ = poo + p11. This holds for the three bounds at the same time, so we can restrict ourselves to
the distributions of the form (q 1 7, 14 Q) for some ¢ € [0,1], i.e., Px,x,(0,0) = Px,x,(1,1) = £ and

202
PX1X2(07 1) PX1X2(1 0) Tq
We have Py (0) = Py(2) = 4 and Py(1) =1 — g, so:

Bus(Px,x) = H(Y) = —qlog (%) — (1 = @) log(1 — )

= —q(log(q) — 1) — (1 — ¢)log(1 — q) (43)
=q+h(q) .

We have Px,(0) = Px, x,(0,0) + Px, x,(1,0) = £ + 15¢ = 1 50 Px,(1) = 1. Thus:
1 1
Bi(Px,x,) = H(X1]|X3) = §H(X1|X2 =0)+ §H(X1|X2 =1).

We have Py, |x,—0(0) = PX%Q((S)’O) = ¢ so H(X1|X2 = 0) = h(q). On the other hand, we have
2
P 1,1
Px,x,=1(1) = % = g so we get as well H(Y|X2 = 1) = h(q), and B1(Px,x,) = H(X1|X2) = h(q).
Symmetrically, we also get Bs(Px,x,) = h(q). Therefore, we get that CNS(Wgac) is the closure of the
convex hull of:
U {(R1,Re) : Ry <h(q),Ra <h(q),Ri+ Ry <q+h(q)}.
q€(0,1]

However this set is already convex, so we have:

NS (Wpac) = U {(Ri,Re) : Ri < h(q), Ry < h(q),Ri+Ra<q+h(q)}
g€[0,1]

Finally, we can restrict ourselves to q € [2, :2,)] since h is increagsing from 0 to % (thus ¢ — g+ h(q) as
well), and the fact that ¢ — ¢ + h (q) achieves its maximum for ¢ = % with % (%) log,(3) and then
decreases (whereas h is decreasing from % to 1), which completes the proof. O

As before, one can also define a symmetrized version of the relaxed linear program computing the
value SNS(W®" ki, ks) in polynomial time in n and compute the zero-error n-shots capacity region by
looking at the rates where SNS(W®" ki, ko) = 1. We have computed this up to 7 copies of the binary
adder channel, which led to Figure [6}

The first noticeable result coming from these curves is that the values SNS and SNS differ. While
the highest sum-rate of M ~ 1.5406 is achieved on 7 copies of the binary adder channel with
zero-error and non-signaling assistance, coming from the fact that SNS(W AC,42,42) = 1, we have that
SNS(W2T ., 44,44) = 1 > SNS(WET,, 44, 44) =~ 0.9581 which implies that a sum-rate of 21282044) ~ 1 5598
is achieved on 7 copies of the binary adder channel with zero-error and relaxed non-signaling assistance.
It also largely beats the best found sum-rate of W ~ 1.5425 achieved on 8 copies with the regular
version. However the fact that the non-signaling assisted capacity region is strictly contained in the relaxed
one is still open, as the same rates could potentially be achieved by the cost of using more copies of the
channel.
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Figure 6: Comparison of relaxed and regular non-signaling assisted capacity regions of the binary adder
channel. The black dashed curve depicts the classical capacity region C(Wpac), whereas the grey dotted
curve depicts the relaxed non-signaling assisted capacity region CN°(Wgac) as described in Proposition
In particular, the curved corners are obtained by taking Ry = h(R2) for Ry € [%, %] and symmetrically by
switching the roles played by R; and Ry. The continuous blue (respectively red) curve depicts the zero-
error (respectively relaxed) non-signaling assisted achievable rate pairs for 7 copies of the binary adder

channel.

5.1 Outer Bound Part of Theorem [5.5

In order to prove Proposition we use a connection between hypothesis testing and relaxed non-
signaling assisted codes as established in [8] for point-to-point channels.

Definition 5.7 (Hypothesis Testing). Given distributions P(?) and P() on the same space C, we define
B1_(PO, PM) to be the minimum type II error Y orec T, P (r) that can be achieved by statistical tests
T which give a type I error no greater than €, ie. ) .~ T,PO(r)>1—¢.

In other words, we have that:

B1_. (PO, P1)) = minimize Z T.PY(r)
" reC
subject to Z T, PO (r>1-¢ (44)
reC
0<T.<1.

Lemma 5.8. For any relaxed non-signaling assisted code (pu; zo, 1,00,y )z1€Xn a0eXo,yey With (K1, k2)

T1,T9

messages and a probability of success 1 — ¢, if Px, x,(z1,22) = pkle and Y € Y is the outcome of W on
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inputs X1, Xo, we have:

1
Br-e (Px,x,v: Px,x, X Py|x,) < o
1

Bi-e (Px,xovs Px,x, X Py|x,) < ™

—_

Bi—c (Px,x,v, Px,x, X Py) <
k1ko

Remark. These three bounds are actually achieved with the same statistical test.

Proof. This result is a direct generalization of Theorem 9 in [§] for point-to-point channels, itself a gener-
alization of Theorem 27 in [35] without non-signaling assistance.

Let us name Wy := W and Wi a MAC yet to be defined. The coding strategy described by 7, 45 4
and pg, 4, leads to a probability of success on channel i € {0, 1} is given by:

1
1—¢= k:lT Z Txl,xz,ywi(ymle)

1,22,y

Tﬂfl,xz,y Dz XL1,T2 :
— E 7}) Wi(y|xi122 )leQ since 0 < 7z 2oy < Doy jzo (46)
T1,82,Y:Pap zq >0 P12

p(El T2
= g Toin T122 ’
1, Q’y ’ )kle )

Z1,22,Y

Tzq,29,y

With Ty 2y = Pay,ez

if Pzxy,2o > 0; and Tfl,IZ,y := 0 otherwise.
If now Y is the output of the channel W;, the joint distribution of X, Xo,Y is given by P)((izxgy(xla T2,Yy) =
Wi(ylz12) Px, x, (1, 22) = Wi(y|zi2) 5.
On the other hand, we have that for all x1,x2,y, 0 < Ty, 2,4 < 1since 0 < 74 25y < Duyzp. SO we get
that:

1l—g= Z T$17x2,yP)(2X2Y(:1:1,x2,y) )

1,22,y

: 0
Since 30, 4oy Txl,-TnyP)((l)XQY(xl?xQ?y) >1—¢epand 0 < Ty 4,y <1, we have:

/81—60(P(0)7P(1)) < Z Txl,xQ,yP)((ll)XQY(xlvaay) =1- €1 -

x1,T2,Y

Let us now consider three general cases, depending on the fact that W; does not depend on z1, x2
or both: Wy(y|z122) = QW (y|za); Wi(y|z122) := QP (y|z1); Wi(y|z120) := QO (y). These will give
respectively the three bounds we want.

First, let us consider the case where Wi (y|z122) :== QM (y|z2) (the second case where W1 (y|z29) ==
Q@ (y|z1) being symmetric), we have that:

p 3
1l—¢e1 = Z Txl,rg,yQ (ylz ) -~ 3?2 = k1k2ZQ (y|z2) ZTm,m,ypm,m

x1,x2,y
(1)
klk g:y@ (y]z2) ZTILIQ,Z] = k k ZQ (ylr2)— prl,wz (47)
pxl,xg (1 pxl,:pg - 1
x —=2 —
/ﬁ Tk ZQ (v]2) L= ik R
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For the third case, when Wi (y|z122) := Q¥ (y), we have:

_ Poyay _ 1 (0)
1—¢e1 = Z Tm,xg,y@ ) ey ko % ZQ (y) Z T$17$2,ypm1,m2

z1,22,Y T1,T2 (48)

1
- kll@%:Q(O) W) D revasy < e k ZQ(O)

Z1,T2

In those three cases, we have respectively P)((ll)XQY = Px,x, X Qg/l‘)XQ;P)ﬁXQ X Q(YQ\)XJPX% X Q§9).
Specializing those cases with Q§/1|)X2 = PY‘X2;Q§3|)X1 = Py‘Xl;Qgﬁ)) := Py and using the fact that
B1—eo (P(O), P(l)) < 1 — &1 concludes the proof. ]
Lemma 5.9. For any relaxed non-signaling assisted code (p;]c1 20> 21,20,y )z €X1 mac X yey With (K1, k)

messages and a probability of success 1 — ¢, if Px, x,(z1,22) = klk” and Y € Y is the outcome of W on
inputs X1, X, we have:

I(Xl : Y|X2) + h(E)
1—¢ ’
I(XQ : Y|X1) + h(E)
1—¢ ’
I((X1,X2):Y) 4+ h(e)
1—¢ '

Proof. Thanks to Lemma with the fact that Px,x, = Px,|x, X Px, = Px,|x, X Px,, we have already:

log(k1) <

log(ka) < (49)

log(k1) + log(kz) <

Bi-e (Px,x2v (Pxy)xs X Pyx,) X Px,) <

Bi-e (Px,xov (Pxy)x; X Pyix;) X Px;) <
1
- klkz

Tl -z -

Bi—c (Px,x,v, Px,x, X Py) <

Following the steps of section G in [35], since any hypothesis test is a binary-output transformation,
by data-processing inequality for divergence, we have that:

d (1 —¢||Br-c (Px,x2v (Pxyxs X Pyx,) X Pxy))
=d (B1-c (Px,x2v Px,3x0v) [|1B1-¢ (Px, %07, (Pxy (x5 X Pyix,) X Px,)) (51)
< D (Px,x,v ]l (Px,1x, X Pyix,) X Px,) = I(X1 : Y|X2)

where the binary divergence d(al|b) := alog ($) + (1 — a)log (%) and satisfies, d(a||b) > —h(a) —
alog(b) and thus:

9

1\ _ d(al|b) + h(a) _ d(alb) +h(1—a)
o stz

a a
This leads to:
1 I(X; :Y|X2) + h(e)
< .
log ((B1-< (Px,x2v (Px,1xs X Pyix,) X Px3))) l—¢

log(k1) <
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Similarly for the two other inequalities, since D (PX1X2y|| (PX2|X1 X Plel) X PXl) =I(Xy:Y|Xy)
and D(PX1X2YHPX1X2 X Py) = I((Xl,XQ) : Y), we get:

I(Xl : Y|X2) + h(€)

log(k1) < 12 |
log(k2) < I(Xy : }?i—) + h(e) | -

log(k1) + log(kz) < 1AL Xi)_: i/) +he)
O

In order to show additivity of the outer bound, we use the following lemma.

Lemma 5.10. For any distribution Pxpxp of (X7, X7), if Y™ € Y™ is the outcome of W™ on inputs
X1, X7, we have:

n
I(XT:Y™X3) <> I(X1,: Vil Xa,)
i=1
n
I(X3:Y™X]P) <> I(Xg,: Vil Xay) (53)
i=1
n
(X7, X5) ™) < SO I((X1 Xo) £ Vi)
i=1
Proof. Consider n copies of the MAC W. Let us write X1 —; := X11...X1;-1X1,41... X1, and Z" :=
Z1...%y,. We have:
I(XT - Y"XY) = I(XT: Y| X3)

n
=Y I(X]:Y;|X5Y""!) by the chain rule

=1
3 BN (54)
= I(X1,; VX3V 4+ I(X i Vi XPYTIX )
=1 =1

n
= I(X1;: Y| X357
i=1

where the last equality comes from Lemma As a result,

n
I(XT:Y'|XE) = ) H(Y|X3Y'™) — HY|X3Y'™'X1,)
i=1

n
=Y HYi|X5Y" ") — H(Yi| X2, X1,4) since Xp ;Y""! — (X1, Xa,) — ¥; Markov chain.
=1

n n
<Y H(Yi|Xa;) — HYi| X0, X1:) = Y I(X1,: Yi|Xa,) .
i=1 i=1
(55)
Symmetrically by switching the roles of X; and Xo, we get the second part of Lemma [5.10
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For the sum-rate case:

I((XT,X5): Y™) = > I((X7, X4) : ¥;[Y*™") by the chain rule

n n
= ZI((Xl,i,Xz,z') YY) + ZI((Xl,finZfi) DYiYTTRX X )
=1 i=1

=3 I((X14, Xo;) : Yi|Y"™!) since (X1,-4, Xa, i) = V"' X1,Xp; — V; Markov chain.
=1

n
=Y HY[Y"™) - HY;|[Y "' X1, X,)

n
=Y HY|Y"™") - H(Yi| X1, Xa,) since Y™ — (X145, X24) — ¥; Markov chain.

n

<Y HY:) - HYil X2, X1,:) = > I((X14, X2,) 1 Vi) -
' i=1

We next prove a technical lemma that was used in the previous proof.

Lemma 5.11. For any distribution Pxpxp of (X7, X3), if Y™ € Y™ is the outcome of W™ on inputs
X1, XY, we have: '

I(X1 i Y| X1, X5y =0,
Proof. Let us show that, conditioned on any particular instance of X;,; = z;1, X3 = xg,Yf_l =y
X1 i and Y; are independent.

We have:
P (Y =yl X1, = i1, X5 = ah, Y = yi_l) =P Y =yl X1 = w31, Xo = w2) = W(ys|w1,522,) ,
by definition of the law of ¥;. On the other hand, we have that:

n
P(XT = a7, X3 =a5,Y" = y,) = P(X] =27, X3 = o) [ [ W yslo1,m2,) -
j=1
Thus, we have:

P(Xy1i=wi1, Xy = a3,V =¢y7) = Z P(XT =2, X3 = 273) H W (yjlz1,72,5)
j=1

n
T1,—i3%Lo3Yis--:Yn

- n
= Z P(XT =af, X3 = a3 H (yjlw1522,5) H ZW%’@“LJ@,J) (56)
7=1

T1,—4,Ty Jj=i
i—1
> P(XT =af, X5 = ab) [[ Wyl j2a,) -
T1,—5,TY j=1

And then:
Sy PXT = 2, X3 = ) [Tj2) W (yjla gz )

P (X1 =21, X1; = 21, Xy =25, Y] L=y = T .
S vy POXT = a7, X5 = 2) TT52) W (yjlan jwa,)
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But:

P (X1 =214, Y; =yl X1 = 251, X3 =28, Y =y 1)
S BXT = o, X3 = o) [Ty Wyl g,)

Do _pan P(XT =21, X3 = aB) [ 123 W(yjlw1,22,5)

=P (X1 = x| X1 = 31, X3 =¥, Vit = yi_l) W (yil|z1522,)
=P (X1 =71 4|X1; =21, X0 =25, Y] =y P (Vi =yl X1 = i1, X5 = oy, YT =yt
(57)
Thus, conditioned on any particular instance of X ; = x;1, Xy = 2%, Yf_l =L X1,—; and Y; are
independent, and so I(X1 —; : ;| X1, X3Y"1) = 0. O

Combining the previous results gives the desired outer bound.

Proposition 5.12 (Outer bound part of Theorem [5.5)). If a rate pair is achievable with relaxed non-
signaling assistance then it is in the closure of the convex hull of all (R, R2) satisfying:

R < I(Xl : Y|X2) , Ry < I(X2 : Y|X1) , Ri+ Ry < I((Xl,XQ) : Y) ,
for (X1, Xs) following some law Px, x, on X1 x Xa, and Y € ) the outcome of W on inputs X7, Xs.

Proof. Consider (R, R2) achievable with relaxed non-signaling assistance: we have a sequence of relaxed
non-signaling assisted codes for n copies of the MAC W with k; = 21 ky = 272 messages and an error
probability e, j 0, along with associated distributions of X' X5Y™.

n—-+0o0

Thus combining Lemma [5.9] and Lemma we have that:
TIXY - YMXS) + hlen) _ 120 1K, YilXa) + hien)

Ry < )
n 1—¢e, n 1—¢,
Ry < lI(Xgl : Yn’X{l) + h(En) < EZ?:I I(XQJ' : E|X1,i) + h(€n) ’ (58)
n 1—¢, n 1—¢,
PRy < LIOXEX3) Y™ b hlen) _ 130 T((X, Xo) < Vi) - hlen)
n 1—¢, n 1—¢,

Then let us consider some random variable @ uniform on [n| and independent from (X7, X5, Y™).
Then we can write:

n n
ZI(XM Y| Xa,) = ZI(XM HYiXo,Q =) = nl(X1q : Yo|Xa,Q) -
=1 =1

Since Y conditioned on X g and Xg g still follows the law of the MAC W (y|z1z2), we can take
X1 = X1,0, X2 = X2, and then the output of the channel Y satisfies Y = Y, and thus we obtain:

I(X) : Y| X, Q) + Men)

R <
1= 1—¢,

Doing this similarly on the other conditional mutual informations, we get:
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I(Xy: Y|Xy, Q) + Men)

R <

1—¢,

I(X5:Y[X1,Q) + —h(i”) (59)

Ry 1—¢
I((X1, X2) : Y|Q) + Men)

n

Ry + Ry <

1—e¢y,
By taking the limit as n goes to infinity, since the limit of g, is 0, then the limit of hen) i5 0 as well

n
and we get that (Rp, R2) must be in the set of rate pairs such that:

Rl g I(Xl : Y|X27Q) )
R2 < I(Xg : Y|X1,Q) 5 (60)
Ri+ Ry < I((X1,X2) : YQ)

for some uniform @ in a finite set, (X7, X2) any joint law depending on @, and Y the output of W on
inputs (X1, X2).

Finally, in order to show that this is the right region, one has only to see that the corner points of this
region, such as for instance (I(X; : Y|Q), (X2 : Y|X1,Q)), are finite convex combination of the points
(I(X1 :Y|Q = q), (X2 : Y|X1,Q = q)) which are all in the capacity region of the theorem by taking
(X1X2) ~ Px, x,|Q=q- This implies that (R, Rp) is in the convex hull of that region, so we can drop the
random variable Q and the proof is completed. O

The main consequence of that outer bound on the relaxed non-signaling assisted capacity region is
that it holds also for the non-signaling assisted capacity region thanks to Corollary [5.4}

Corollary 5.13 (Outer Bound on the Non-Signaling Assisted Capacity Region). If a rate pair is achievable
with non-signaling assistance, then it is in the closure of the convex hull of all (R, R2) satisfying:

R < I(Xl : Y|X2) , Ry < I(X2 : Y|X1) , Ri+ Ry < I((Xl,XQ) : Y) ,

for (X1, Xs) following any law Px, x, on X1 x X3, and Y € ) the outcome of W on inputs X7, Xs.

5.2 Achievability Part of Theorem

In order to construct the relaxed non-signaling assisted code for achievability, we will need the notions
of jointly and conditional typical sets. We will consider the following typical sets defined in Chapter
2.5 of [36]: 7;”(X1,X2,Y), 7;n<X17X2)7 7;71(}/)7 7;”(X1|:L‘721), ﬁn(Xzquf)a 7;n(X1|$1217yn)7 7;n(X2|$§L7yn)7
T (X1, X2|y™). Recall that:

Definition 5.14 (Typical set and conditional typical set). We have the following definitions:

1. T X1, Xo) = {(2], 28) : |7(x1, x2|2}, 25) — Px,x, (%1, 22)| < ePx, x,(x1,x2) for all (z1,z2) € X1 X Xz}
_ He(zrimei)=(z1,72)}|
n

2. Wy € TY), T2 (X1, Xoly") := {(af,23) : (af,25,9") € T2(X1, X2, Y)}

where 7(z1, 2|z}, xh) : . This definition generalizes for any ¢t-uple of variables.

A crucial property of such typical sets is the typical average lemma:
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Lemma 5.15 (Typical Average Lemma [36]). Let (z7,25) € 7*(X1,X2). Then for any nonnegative
function g on X; x Xs:

(1~ OBlg(X1, X2)] < = 3" gl 2) < (14 )E[g(X, Xo)]
=1

In particular, with this tool, we can derive the following properties:

Lemma 5.16 (Properties of typical sets [36]). We have, among others, the following statements about
typical sets:

—_

: v(l{ba l‘g) € 7;”(X1,X2), 2—n(1+5)H(X1,X2) < PX{IXQ" (i'?f, :Eg) < 2—n(1—£)H(X17X2).

2. lim P((X?,X5) € T2M(X1, X)) =1.

n—-oo
3. [T (X1, Xo)| < 2n(1HO)H(X1.X2).

4. For n sufficiently large, |T2%( X1, Xo)| > (1 — )2n(1 ) H(X1,X2),

5. If (2, 28) € T(X1, X2) then 2} € T*(X1) and o € T*(X2).

6. Vy" € T(Y), T (X1, Xo|y™) C T'(X1, X2).

T (g, 2 ) € TRX, X, ¥), 2 MHOHELNY) < Py (o, afy") < 27n(-DHXIY)

8. V" € TV T2 (X1, Xaly?)| < 21049000,

9. For € < € and n sufficiently large, we get Vy" € T2(Y), |7 (X1, Xaly™)| > (1 — g)2n(1—) H (X1, X |Y)

Proof. We reproduce the proof of the last statement here to emphasize on the fact that there is an ng such
that for all n > ng and for all y™ € 7}(Y'), the property holds.
For any € > ¢’ > 0, let us show that there exists n such that we have:

Yyt e T2HY),P((XT, X3, y") € T (X1,X2,Y)) >1—¢,

where X7, X3 are drawn from the distribution Pxnxpynzyn. This will imply the statement. Indeed,
we have that:

P((XT,X3,y") € T"(X1, Xo,Y)) = > Pynxpiyn(2f, 23]y")
(a7 23 )T (X1, Xa|y™) (61)

< T2 (X, Xy |21 H LX)

since Pxnypjyn (27, 25[y") < 2~ 1= H(X0,X0lY) qg (22 28 y™) € T(X1, X2,Y). Thus, we have that
1T(X1, Xoly™)| > (1—)2n(1=)HELX2lY) 1 order to prove our result, we take the proof in Appendix 2A
of [36]. We take y™ € T7(¥) and (X7, X3) ~ Pxrxpjyn (o7, 25[y") = [[[2) Px,xa|y (21,0, ¥2,i]yi). Applied
to our choice of variables, we have the following result :
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P((X?ngvyn) §Z En(XbX?vY))
=P (3(w1,22,y) : |7(z1, w2, Y| XT, X3, y") — Pxyx,v (21,72, y)| > ePx, x,v (21,72, y))

< Y P(Im(@r, 22,y X7, X5, 0™) — Pxyxoy (21, 32,9)| > €Px, x,v (21, 72,y)) by union bound,

1,22,y
(e - FA N
1,22,y PX1X2y(x1, x2, y) (62)
= 2 P( m(, o2, Y1 XT, X5,07) mlyly”) 1‘ > 6)
T1,T2,Y PX1X2|Y 1'171'2’:1/ (y|y PY(y)
m(@y, x2, y| XT, X3, y") _ 1+€
= Z P( m(yly™) > 1+¢ /PXlelY($1,a72|y)

7T$17$27yX , X3y 1—¢
! Z P< Llyl) : )< 1— /PX1X2IY(931’952!y)> 7

1,22,y

since y" € T(Y) and thus 1 —¢’ < ”( V") < 1 4+¢. However, since ¢ < e, we have 111"9, >1land =5 < 1.

Py (y)
. X7 XD
We will show that for all x1, 29,y with Py (y) > 0, we have ("Bl’mf(@'yﬁl’) 24" o PX1X2|Y($17$2’Z/) in

probability, with a convergence rate independent from y" € 77(Y'), which will be enough to conclude the

proof.
Let us fix some x1, 22,y with Py(y) > 0. Since y" € T7(Y'), we have in particular (1 —&")Py(y) <

(yly") < (1 +¢€)Py(y). Thus N := [{i : y; = y}| = n7(y|y™) > (1 — £') Py (y)n. Then we have:

m(xy, wo, y| XY, X5 y") 1 . .
= — Z; with Z; == 1/x. . xv. \— dS: =iy =),
m(yly™) N zéZS e v (X1,6,X2,i)=(z1,m2) {i:yi =y}

Thus, all Z; with ¢ € S are independent and follow the same law:

P 1 with probability Px, x,y (21, z2[y)
""" 10 otherwise

Furthermore, we have E[Z;] = Px, x,|y (21, 72|y), and all Z; have the same variance 031 oy < 00
(depending only on X1, Xs,Y, 21, x9,y). Thus we can apply Chebyshev inequality:

2
1 O21 a2y
Pl|= > < .
( N = 7]) = Np?

However, since N > (1 —&') Py (y)n, we get:

Z Z; — PX1X2|Y(:E1? SE2|y)
€S

2

7'['(271,1'2,?/|X?,X§1,yn) UIl 2|y
P - P T1,x > < d — 0
(B WA L B2 20 S SRy G
Thus, we have ﬂ(m’“’in’X;’yn) —  Px, x,|y(z1,72|y) in probability with a convergence rate inde-
? 71—(yh'! ) n—-+o0o 142
pendent from y™ € T2(Y). O

Proposition 5.17 (Achievability part of Theorem . If a rate pair is in the closure of the convex hull
of (R1, Ry) satisfying:

Ry <I(X1:Y|Xy), Ry <I(Xy:Y|X1), Ri+ Ry <I((X1,X3):Y),
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for (X7, )&) following some law Py, x, on A1 x Aa, and Y € Y the outcome of W on inputs X, Xo, then
it is in CNS(W).
Proof. Let us fix e, € (0,1) such that &/ < ¢ < % Let n € N which will be chosen large enough during
the proof.

We consider n independent random variables (Xi,;X2;Y;) ~ Px, x,v, with Px, x,v (214,224, ¥i) =
W(yi|:c1,ix27i)PX1X2 (mLi, LUAQ,i). We call PX{lxgzyn the law of their product. We have then PX{"XQ (J)?, x%) =
[T Px,x,(z1,i, 22,4). IfY is the output of W®™ on X' X7, we have that:

n
Py py (@l 25, y") = WO (y"afa}) Pxpxg (af, 25) = WO (" |2528) T | Py xa (216, 220)
i=1
n . (63)
= [T W (ilz1i224) Pxyxo (1,6, 2,6) = [ [ Py xov (@10, 22,6, i) -
i=1 =1

Thus, Y follows the product law of Y;, i.e. Yy =yn
Let us consider C4, Cy, C3 some positive numbers independent from n and € which we will define later,
ky = 27 ky = 2" iptegers with (R, R2) positive rates such that:

1
Rl SI(Xl :Y|X2)_E_Cl€’
1
R2 < I(XQ : Y|X1) - E —CQE, (64)
1
Ri+ Ry SI((Xl,XQ):Y)—E—ng’E .

We define a solution of SNS(W®n 2nfi onR2) in the following way:

2"(R1+R2)PX{1X§L (27 ,25)

— if (2%, 22 eTnXlXQ
px7117x2 e Z(z?,zQ)ETE’"(Xl,XQ) PXILXEL(xl,IQ) ( 1> 2) € ( ’ )

0 otherwise
and
r L px?,:pg‘ if (x?a‘fg)yn) S 72’1(X1;X27Y)
S 0 otherwise

By construction, the constraint 0 < Tap o yn < Pgp gn 18 satisfied. We have also that:

Z Pa? 2 = Z

n n
7% (2,25 )ET

2Bt R2) Pyn o (27, 23)

= 2”<R1+R2) = kiks .
() 2@ at)eTr (X1, %0) Pxpxg (21, 23)

If (2,25, y") € TN X1, X2,Y), we have that (27, 2%) € T2 X1, X2) € T*(X1, X2), so in that case:

Qn(R1+R2)pX{LX; (7, x3)

T ad yn = .
152> N
Z(r?,x?)ETJ(XLXQ) PXfXS (xl ) x2)

If y" g 7;7/1(}/); then for all (x?a'rgL (x?,x?,y”) ¢ 7;7’1(X17X27Y)7 S0 ZI?@; Talafym = 0 <1in that
case.
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Otherwise, if y" € 7/(Y), then:

n n
(ep.03) €T (X1, Xalym) Pxpxp (21, 23)

_ R1+R
> " Tap gy gn = 2MTR)

oy g (ap ap)eTn (X1.X) PXpxp (27, 25)
n(Ri1+Rz2) Z(x?:IS)EE"(XLXz\y") PX?XS (z7,25)

Z(ﬂfvxg)eTa"(thz) PX?XEL (x?v .1’5‘) (65)
< gy iy 2R TR (X, Xoy")|
> 9—n(l+e)H(X1,X2) [T (X1, X5)|

_ on(Ri+Rat2eH (X1, X2)) | T (X1, Xo[y")|
|72 (X1, Xo))|

<2

since (z7,x%) € T'(X1, X2)

But [T2%( Xy, Xo|y™)| < 21+ HXXN) and for a large enough n we have that |77%(X7, Xa)| >
(1 —g)2r1-9H(X1,X2) > 2”((1_€)H(X1’X2)_%), so in that case:

1 H(X1,XalY
on(l+e)H(X1,Xo]Y) :2n(Rl+R271(X1,X21y)+%+035) <1

2n((1—s)H(X1,X2)—%) -’

Z ron oo < o1+ Ry+2eH(X1,X2))
T1,Lo,Y" —

n n
T1HTo

since I(Xl,XQ : Y) = H(Xl,XQ) — H(Xl,X2|Y) and R1 + R2 < I(Xl,XQ . Y) — % — 036, with
03 = H(Xl, XQ‘Y) + 3H(X1,X2)

Let us focus on the constraint Zx? Panap > k1 Zﬂf Tyn ap g (the symmetric constraint ng Dapap >
ko ZI;L Tap ap g Will be achieved for symmetric reasons).

Let us fix («3,y"). If (af,y") € T2H(X2,Y), then for all 27, (2, 25,y") &€ T (X1, X2,Y), thus
Tan o m = 0 and the constraint is fulfilled. Let us assume that (z3,y") € T2} (X2,Y). Since 740 4 n >0
implies that (27, 2%,y") € T}(X1,X2,Y"), we have that:

P D DR T D DR R
zy P ETH(X1|zg y™) 2P €T H(X1lzg y™)
Thus:
, , n n n n
2ap Paf.ay 1 Zaerrealey Dxpxg(128) 1 Daiemroagy Pxpxp (a1, 28)
- n n n n
k1) oy Tapagan R leez’f(xllx;yn) Pxpxp (@, 28) = k1 3 p, e7n(xjay ym) Pxpxg (27, 23)

S 1 2R HXGXR) T (X (o) S gn(—Ri—2eH (X1, X)) T (Xal23)]
=k 27 H X X0) [T (X [z, ym)| T [T (X |23, y™)]

>
(66)

But| 774 (X1 |25, y)| < 2n(HHEIX2Y) and for alarge enough n we have Vo € TH(Xo), |T(X1|23)| >
(1—e)2n(1=a)H(X1|X2) > on((1-e)H(X11X2)=3) o we get with Oy 1= 2H (X1, X2)+ H(X1|XoY) + H(X1| X5)
(symmetrically Cy = 2H(X1, X2) + H(XQ’XIY) + H(X2|X1))

n n o n
Zl’l le:IQ > 2n(H(X1|X2)—%—H(X1|X2Y)—R1—Cla) — 2n(I(X1:Y|X2)—%—Cla—R1> > 1 .
kl Zm’f rm?vzg7yn

For a large enough n, all constraints are satisfied, thus (pw;gmg, rz?,mg@n) is a valid solution. Then:
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NS 1

NS (17 Ry onR Wwe

STEVER, 21, 278 2 on(R1+Rz) Z My et ey )Ty gy
(a7 25 ,y™) €T} (X1,X2,Y)

1 Z Pxpxpyn(2f, 25, y") 2Rt R2) Pyn o (27, 23)

b = 67
n(Ri+Fa) Pxpxp (@1, 28) Xy ap)ersx,x) Pxpxp (@, 25) (67

(27,259 €T (X1,X2,Y)

n n n
Z(m?,xg,yn)eT;(Xl,xg,Y) PX{LX;Y" (27, 25, y")

— 1,
D (an ap)eTr (X1, X2) Pxpxp (2], 23) n—+o0

since typical sets cover asymptotically the whole probability mass. Thus, since SW(W@D", onf gnkzy <

1, we get that SVS(W®”, onf gnkz) —J>r 1. Thus for sufficiently large n we can achieve a rate pair
n——+0oo

arbitrarily close to the outer bound. Finally, since CNiS(Wlis closed and convex, a rate pair that is in the
closure of the convex hull of the initial region is also in CN3(W), and thus the proof is completed. O

6 Independent Non-Signaling Assisted Capacity Region

The goal of this section is to show that independent non-signaling assistance does not change the capacity
region of a MAC W, i.e. that CNSSR(W) = C(W). In order to prove this result, we will need some
properties in the one-sender one-receiver case from [6]. Specifically, let us first recall the definition of the
maximum success probability S(W, k) of transmitting k& messages using the channel W:

S(W.k) = maximize %ZW(y|x)e(x|¢)d(i|y)

1,T,Y
subject to Z e(z|i) = 1,Vi € [k]
zeX (68)
> djly) =1,y ey
Jelk]

e(zli),d(jly) = 0
Then, the following characterization of S(W, k) can be derived:

Proposition 6.1 (Proposition 2.1 of [6]). S(W, k) = %Sgr)lgz?éigkfw(& with fu (S) 1= 32, ey maxzes W(ylz).

As in the MAC scenario, one can consider non-signaling assistance shared between the sender and the
receiver, which leads to the following maximum success probability SN>(W, k):

1
NS o .. .-
S (W, k) = maximize g W (y|x)P(xiliy)

Z7x7y

subject to Y P(ajliy) = > P(ajli'y)
ip(fﬂj\iy) = ip(leiy’) (69)
iP(:ﬂj\iy) = 1]
;Zxﬂiy) >0
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A symmetrization can also be done to simplify the expression of the linear program defining SN (W, k):

Proposition 6.2 (Appendix A of [6]).
SNS (W k) = maxnnlze Z W (y|z)rsy
subject to ZTWJ =1
x

D =k
X
0<ryy <pz

Finally, the main tool we will use from [6] is the following random coding technique, which describes
how to find a classical code with a success probability close to the non-signaling assisted one:

Theorem 6.3 (Theorem 3.1 of [6]). Given a solution 7, p of the program computing SN°(W, k), we have

that:
Eg |:fI/V€(S):| > % <1— <1— > ) ZW Ylz) Ty,

for the multiset S obtained by choosing ¢ elements of X 1ndependent1y according to the distribution
Pa
(?)$6X

We can now state our result on independent non-signaling assistance, which says that even in one-shot
scenarios, the success probability with and without that assistance are close:

Theorem 6.4. For any {1, k1, {2, ko:

min o <1 - fﬁ) N 1— <1 - l<:2> Squm (W, k1, k2) < Squm (W, €1, £2)

In particular, this will imply that the capacity regions are the same:
Corollary 6.5. CNSsr(W) = C(W).

Proof. We will show that CNSSR(TW) = Cyum (W), which is enough to conclude thanks to Proposition
and Proposition 2.9] We apply Theorem [6.4] on the MAC wen.
Let us fix k; = 270 ky = 27F2 and ¢4 = 22 Lty = 2"n 2. Since:

k 1\* k 0 y4
i _ B > 2 _eEF)>1 -
z(l (1 k>>£(1 e")*l 2%

andl—m: %2 =1— 5, we get:

2n?

]. 27’LR1 2nR2
(1 - > Shmr (W, 2 gnfiy < g, <W®", -, > :

2n n n

As1— % tends to 1 when n tends to infinity, we get that Ve > 0,dN € N,Vn > N:

(1 - 8)SNSSR(W®n 2nR1 2nR1) < Ssum(W®n» 2n(R1—@)’ 2n(Rg—@))

sum
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Thus, if lirf SNSse (p®n onki onki) — 1 we have that for all R) < Ry and R) < Ry:
n—-+0o0

lim Ssum(W®” onf onfiy > — ¢
n—-+

Since this is true for all € > 0, we get in fact that liI_’I_l Ssum(W‘Xm,Q”R’l, Z”Rll) = 1. This implies
n—-+0oo
that CNSSR(W) C Csum (W), and thus that the capacity regions are equal as the other inclusion is always

sum

satisfied. ]
In order to prove Theorem [6.4] we will need the following lemma:

Lemma 6.6. If S1, S5, are classical codes (i.e. multisets with elements in X7, Xs) of size ¢1, fa:

fwr  (S1) fwz  (S2)
Ssum(VV, 61,62) > 1 S2.42 + S1,01 ’
2 fl €2

1 13

where Wézb is the channel defined by Wéz,b (Ylz1) = ¢ 2oii W (y|215%) and similarly for ngjl

Proof. Let us define ej(z1]i1) == 1 Sy and ea(xaliz) = Lgio_, - Then for fixed y, let us take ji €
C2
argma, (S WOISTSE)), i € argma, (i, WIST S5} and then define d(il) = 1

J1=4%>
d(j2ly) == 1,—jv. We have then: {
1 1, v+ 1,
Ssum(W 61742) W ' Z W(y‘xle)]lSil:xlﬂS;Q:xg%
11,12,21,22,Y
Z ’SHSZQ Zl Zl+112 =% _ L Z ZW |Szlsl2 _|_ZW |Sz152)
flg 2 flfg
11,12,y o

=523 <H;?X > W(ylS)'S7) + max ) W(y!SfSi)) (71)
Y i2 i1

| (S, max, |5, WISESE)| 0, max, |45, WISt sy
~2 2 " 0
1 (X, maxi, W4, 0, (4]S7) L Xy max, WS (ws5)) _ 1 (Jw,,, (51) s fwz, ,, (S2)
2 0 0y 2 a ly '

We have now all the tools to prove Theorem [6.4}

Proof of Theorem[6.4 Let us consider an optimal solution 7,72 p!, p? of the program of Proposition
computing SNOSR(W, kq, ko).

Let us fix some multiset Sy with elements in X5 of size £5. Note that ! and p' are a feasible solution
of the program of Proposition computing SNS(W§27Z2, k1). As a result, we can apply Theorem and

get the following statement. For the multiset S; obtained by choosing ¢; elements of X} independently

1

according to the distribution <p,:11> , we have:
r1E€EX]
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fwy , (SD] gy 1\ 1
) ! !
Es [e 25 (1‘ (%) ) o o Wha e,

m17y

Now, let S5 be the multiset obtained by choosing ¢s elements of X independently according to the
2
distribution <pk”22> . We have:
T2EX2

Es,

12
1 1 1 i
kil Z Wég,fg (y|x1)’ri?1,y] = ESQ [kl Z E Z W(y|x1322)ri;1’y]

1,y 1,y ig=1

1
5 [E w0

Xon~v
2 x1,Y

L2
1 1 o 1
SEP LN o3 SRS

t9=1 x1,Y

1 Pg% 1 1 1 1
Tk Z k—;W(y|m1x2)r$17y Tk ZWpQ,kz(y‘xl)Twl,y :

T1,22,Y Z1,Y

Thus in all, we have:

fwy , (51) k 1\ 1
: 1 1 1
ES2 [Esl 2 12 2 ES2 Z 1 - <1 — ka1> . k—l J;UWSQ7€2(y$1)TII’y
=—(1—-(1-— ‘Eg, |— > W
0 ( ( l<:1> ) So [kl % 5ot YlT1)T0, (73)
ky 1\") 1 . .
2 o <1 - (1 - 161) ) : ]ﬁ;Jsz,kQ(y’iﬂl)Tzl,y ;
fwz  (S2)
and symmetrically for Eg, |Eg, Sléil . Since there exists classical codes 57,55 such that:

i

1 (w50 Sz, (55) L (Fwr () fwz, (S2)
_ 2 + 1 ZE5152 2,42 + 1,61
% ly 0 lo

by applying Lemma we get:

ST Sx
Soum (W, 01, £2) > © ETAY N fug; o, (58) S B | fwy, ,,(51) . fwz , (52)
2 121 lo ) 9 A A

Jwr  (51) [fwg , (52)]
1 ES2 S S50 S
k 1\ 1 k 1\?2) 1
(6 (- (8) ) o 2 (1- (- 5) ) 5 Do)

Lo
x2,Y
N 1\ ke 1\2) )\ ne
> —(1-(1-— —|1—-({1-— S SR (W, kq, ks) .
~ min <£1< < ]{71) >7€2< ( k‘g) sum ( s 1, 2)
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Remark. In the whole proof of Theorem [6.4] as well as the properties it depends on, we have never used
the fact that the output of the channel y was the same for both decoders d; and do. This implies that the
result also holds for interference channels, i.e. two-sender two-receiver channels W (yjy2|xex2). Specifically,
non-signaling assistance shared between the first sender and the first receiver and independently shared
between the second sender and the second receiver does not change the capacity region of interference
channels.

7 Conclusion

In this work, we have studied the impact of non-signaling assistance on the capacity of multiple-access
channels. We have developed an efficient linear program computing the success probability of the best
non-signaling assisted code for a finite number of copies of a multiple-access channel. In particular, this
gives lower bounds on the zero-error non-signaling assisted capacity of multiple-access channels. Applied
to the binary adder channel, these results were used to prove that a sum-rate of % ~ 1.5425 can be
reached with zero error, which beats the maximum classical sum-rate capacity of % For noisy channels,
we have developed a technique giving lower bounds through the use of concatenated codes. Applied to the
noisy binary adder channel, this technique was used to show that non-signaling assistance still improves
the sum-rate capacity. We have also found an outer bound on the non-signaling assisted capacity region
through a relaxed notion of non-signaling assistance, whose capacity region was characterized by a single-
letter formula. Finally, we have shown that independent non-signaling assistance does not change the
capacity region.

Our results suggest that quantum entanglement may also increase the capacity of such channels. How-
ever, even for the binary adder channel, this question remains open. One could also ask if such efficient
methods to compute the best non-signaling assisted codes can be extended to Gaussian multiple-access
channels. Finally, establishing a single-letter formula for the non-signaling assisted capacity of multiple-
access channels is the main open question left by this work. It remains open even for the binary adder
channel. Proving that non-signaling assistance and relaxed non-signaling assistance coincide asymptoti-
cally would directly answer this question and show that the capacity region is described in Theorem
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