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Introduction

In nuclear imaging, some scanner prototypes based on Compton imaging allow the detection of different types of events. For instance,

• The MACACO camera [START_REF] Muñoz | Performance evaluation of MACACO: a multilayer Compton camera[END_REF] is a Compton telescope with three layers of plane detectors having different energy resolutions. Photon (or gamma) interactions in different combinations of layers lead to events with different spatial resolution properties.

• The WGI preclinical prototype [START_REF] Tashima | 3D Compton image reconstruction method for whole gamma imaging[END_REF] has a full-ring geometry with a scatterer detector close to the scanned subject and an absorber further away. In addition to Compton imaging, WGI performs positron emission tomography (PET) imaging by detecting annihilation photons in coincidence. With radio-isotopes emitting nearly simultaneously a positron and a (third) gamma, 3-gamma (3γ) imaging can be performed [START_REF] Mohammadi | Feasibility of triple gamma ray imaging of 10 C for range verification in ion therapy[END_REF]. The emission point can be localized near the intersection of the Compton cone-of-response (COR) of the third gamma and the PET line-of-response (LOR) of the annihilation photons.

• The XEMIS2 preclinical prototype [START_REF] Gallego Manzano | XEMIS2: A liquid xenon detector for small animal medical imaging[END_REF] is a Compton telescope using liquid xenon as a single continuous detection medium. It has been specifically designed for 3γ imaging.

All scanners described above detect distinct types of events during a single acquisition. To avoid the widespread term type, we call them classes of events hereafter.

In terms of image reconstruction, the WGI prototype separately considers Compton or PET image reconstructions [START_REF] Tashima | 3D Compton image reconstruction method for whole gamma imaging[END_REF]. With 3γ, a single back-projection is performed [START_REF] Mohammadi | Feasibility of triple gamma ray imaging of 10 C for range verification in ion therapy[END_REF]. For XEMIS2, a method has been proposed to transform 3γ data into TOF PET data in order to use conventional PET reconstruction methods [START_REF] Giovagnoli | A Pseudo-TOF Image Reconstruction Approach for Three-Gamma Small Animal Imaging[END_REF]. Only 3γ data were used while single or double γ events were discarded. For MACACO, all event classes were considered together in the reconstruction process. An extension of the MLEM algorithm was proposed lacking a theoretical derivation, where the update term is the sum of contributions from each event class and weighted by the sum of the sensitivities of each class [START_REF] Roser | Joint image reconstruction algorithm in Compton cameras[END_REF].

Here, we first introduce a theoretical framework for the reconstruction of a single activity map from multi-class events.

In particular, we derive a proper list-mode MLEM algorithm suited to the multi-class case. In a second stage, we consider 3γ imaging based on XEMIS2 as a specific case. As a preliminary step towards effective multi-class reconstruction, we generate a sensitivity map for each class using a dedicated Monte Carlo simulator.

Derivation of the multi-class list-mode MLEM

In what follows, λ λ λ := {λ j } j∈ 1,J denotes a voxelized density of events, where each λ j represents the expected number of emitted events from the jth voxel. As mentioned earlier, we consider a multi-class data approach, where the available information about λ λ λ arises from several distinct datasets.

Multi-class data

Let y y y := {y y y n } n∈ 1,N be the set of N collected data. It is composed of K ∈ N * disjoint classes of physically independent events. A class refers to a specific type of event that can be detected and identified. We assume that each observed event can be attributed to one class, so that the set y y y can be expressed as the union of K independent classes:

y y y := K k=1 y y y k n n∈ 1,N k , N = K ∑ k=1 N k , (1) 
where each y y y k n ∈ R d k is a measurement vector containing photon interaction coordinates and deposited energies for the nth event.

Multi-class likelihood

We assume that within each class k, the events y y y k n n∈ 1,N k are independent and identically distributed (iid) according to the probability density function of sampling y y y k from any point of the λ λ λ distribution:

y y y k n ∼ p k y y y k |λ λ λ ∀k ∈ 1, K . (2) 
The log-likelihood function then reads:

l(λ λ λ |y y y) := K ∑ k=1 N k ∑ n=1 ln p k y y y k n |λ λ λ = K ∑ k=1 l k λ λ λ |y y y k (3) 
where l k (λ λ λ |y y y k ) denotes the log-likelihood of the kth class. Under standard Poisson assumptions, we can decompose l k λ λ λ |y y y k as

l k λ λ λ |y y y k := N k ∑ n=1 ln J ∑ j=1 a k n j λ j -N k ln J ∑ j=1 λ j s k j , (4) 
where a k n j := A k j y y y k n defines an element of the system matrix specific to class k and voxel j, expressed as a continuous function of the nth measurement vector, and s k j denotes the sensitivity of voxel j for class k:

s k j := v∈Ω k A k j (v) dv ∀ j ∈ 1, J , k ∈ 1, K , (5) 
where Ω k denotes the continuous detection domain related to the kth class.

Multi-class list-mode MLEM

To perform the estimation of λ λ λ , we must extend the list-mode MLEM algorithm [START_REF] Parra | List-mode likelihood: EM algorithm and image quality estimation demonstrated on 2-D PET[END_REF][START_REF] Wilderman | List-mode maximum likelihood reconstruction of Compton scatter camera images in nuclear medicine[END_REF] to simultaneously account for the K classes. The result is the following update equation:

λ (t+1) j := λ (t) j × 1 ∑ k s k j K ∑ k=1 N k ∑ n=1 a k n j 1 ∑ j ′ a k n j ′ λ (t) j ′ + ε k n , (6) 
where ε k n can be used to modelled random and scatter detections for each class. For a complete derivation of (6), we first need to express the log-likelihood of the complete dataset, along the same lines as in [START_REF] Parra | List-mode likelihood: EM algorithm and image quality estimation demonstrated on 2-D PET[END_REF]. In the multi-class framework, a specific property is that the latter is a sum over the K classes. The update equation ( 6) is then obtained from (3) within the model of the EM algorithm [START_REF] Dempster | Maximum Likelihood from Incomplete Data Via the EM Algorithm[END_REF] and allowing the decomposition of the auxiliary function Q(λ λ λ |λ λ λ (t) ) into a sum of lower bound approximation on the likelihood for each class:

Q k λ λ λ |λ λ λ (t) := E z z z k |y y y k ,λ λ λ (t) ln p k (y y y k , z z z k | λ λ λ ) ∀k ∈ 1, K (7) 
where z z z k denotes the latent data vector.

3 Application to three-gamma imaging

XEMIS2 camera

The above results can be applied to XEMIS2, in the context of 3γ imaging. This imaging modality makes use of an isotope that quasi-simultaneously emits a positron (leading to the annihilation in two photons of 511 keV) and a socalled third photon. In our application, scandium-44 ( 44 Sc) is used where the third photon is isotropically emitted with an energy of 1157 keV. The XEMIS2 camera is a preclinical prototype based on a continuous cylindrical liquid xenon (LXe) detector [START_REF] Gallego Manzano | XEMIS2: A liquid xenon detector for small animal medical imaging[END_REF]. The axial length of the active zone is 24 cm with an internal (resp. external) radius of 7 cm (resp. 19 cm). The design of the camera only allows to operate at low count rates resulting in low random rates. The energy resolution at 511 keV is 9% (FWHM) which would allowed to remove most of scattered photon using a tight energy window.

Classes of detections with XEMIS2

Based on the energy of the detected photons, K = 5 classes of events are possible:

• 1γ 511 COR events correspond to the detection of a single annihilation photon. Its emission position belongs to a COR with a half-opening angle β ∈ [0, π] given by the Compton scattering angle formula:

β := acos 1 - m e c 2 E 1 E 0 (E 0 -E 1 ) (8) 
where m e c 2 is the mass energy of an electron, E 0 is the total energy of the incident photon, i.e. E 0 = 511 keV for this class, and E 1 is the energy deposited in the detection medium during the scattering effect.

• 1γ 1157 COR events correspond to the detection of the third photon. Akin to the former case, it is possible to define a COR using eq. ( 8) with E 0 = 1157 keV.

• 2γ LOR events correspond to the detection of both annihilation photons. As standard PET imaging, the source of annihilation belongs to a LOR.

• 2γ COR events correspond to the detection of a single annihilation photon and the third photon (combination of 1γ 511 COR and 1γ 1157 COR ). The origin of the decay belongs to the intersection of the two CORs.

• 3γ events correspond to the independent combination of a 2γ LOR event with a 1γ 1157 COR one. The imaging procedures currently available for XEMIS2 (e.g., [START_REF] Giovagnoli | A Pseudo-TOF Image Reconstruction Approach for Three-Gamma Small Animal Imaging[END_REF]) only exploit 3γ events. The other classes correspond to partial detections. Yet, they could bring additional information to the image reconstruction process, and thus lead to estimated activity maps λ λ λ of enhanced quality using a suited multi-class reconstruction algorithm such as eq. ( 6). 

Monte Carlo simulator

Multi-class image reconstruction can be first assessed through simulation. To this end, a Monte Carlo simulator was implemented to generate 3γ emissions and their detection in a continuous medium, according to the geometry of XEMIS2.

It is based on a ray-tracing method, allowing us to simulate emissions from voxels within the field-ov-view (FOV) by randomly selecting three directional vectors to define the positron range, the trajectories of the annihilation photons along the LOR, and the third photon. Once a photon reaches the LXe zone, new random draws were performed to simulate the mean free path and the radiation-matter interactions that may occur, such as Compton scattering, Rayleigh scattering and photoelectric effect. Cross-section values were extracted from the XCOM database [START_REF]XCOM: Photon Cross Sections Database[END_REF]. We neglect the Rayleigh effect since its normalized cross-section is strictly lower than 10% over the entire energy range of interest i.e. for energies lower than 1157 keV. The resulting code, named Pollux, is open-source and freely available at mlatif/tep3g-pollux. Fig. 1 presents examples of detection for each event class obtained with Pollux.

Sensitivity computation of XEMIS2

The mathematical expression of the voxelwise sensitivity (5) involves multi-integrals that cannot be evaluated analytically. We thus used Pollux to generate approximate maps of the sensitivity for an empty FOV. To this end, the whole FOV was discretized into 19 × 19 × 24 voxels of 5 × 5 × 10 mm 3 . M = 2 × 10 5 3γ emission points were uniformly generated in each voxel and the event class was recorded for each emission. Fig. 2 displays the sensitivity map obtained for each class for a transaxial cross-section at the center of the FOV, while Fig. 3 shows the same maps along the axial direction. The sensitivity distributions of the different classes are spatially heterogeneous, and tend to complement each other, which is an interesting observation in the perspective of multi-class reconstruction. For instance, the sensitivity maps of classes 3γ and 2γ LOR are maximal at the center of the FOV, while the trend is reversed for the sensitivity of 1γ 511 COR and 1γ 1157 COR . Let us remark that non-detected events can be gathered in a sixth class 0γ, whose "sensitivity map" (as displayed in Fig. 3) can rather be understood as a non-sensitivity one.

Table 1 displays the distribution of detected events by class, which represent 69% of the emissions that led to the detection of at least one photon. We note that approximately 13% of the emissions lead to the detection of 3γ , which is small compared to the partially detected events, totalizing almost 87% of all cases. Obviously, we expect the most informative events to be in the 3γ class, and the 2γ LOR events to be more informative than the other events on CORs. However, 3γ and 2γ LOR classes represent about a quarter of the detected events. 

Class

Discussion and perspectives

Our contribution focuses at designing an image reconstruction process for specific Compton imaging systems able to detect multiple classes of events, in the field of nuclear imaging. First, we introduced a theoretical framework for the reconstruction of a single activity map from multi-class events, from which we deduced the suited list-mode MLEM update equation. The latter is potentially applicable to several existing prototypes of Compton imaging systems, such as MACACO, WGI, and XEMIS2. Let us also mention that the multi-class version of MLEM could be extended to cases where a regularization term is considered, as proposed in [START_REF] Pierro | A modified expectation maximization algorithm for penalized likelihood estimation in emission tomography[END_REF], for instance. In a second part, we made a step further towards an application to XEMIS2, which is a preclinical prototype of a Compton telescope for 3γ imaging. In the XEMIS2 case, four distinct classes of partial detections coexist with the 3γ class. Using a dedicated Monte Carlo simulator, we determined a sensitivity map specific to each class, which is prerequisite to implement our multi-class version of MLEM. Besides, the obtained sensitivity maps clearly indicate that partial detections are far more frequent than perfect detections. Moreover, we noticed that some partial detection classes spatially complement the 3γ class. On the one hand, each partial detection is less informative than a full detection, but on the other hand, partial detections are more frequent. An interesting task will be to determine the amount of information brought by each class. This could be formally achieved by expressing the Fisher Information Matrix in the multi-class case, as an extension of the standard framework of [START_REF] Parra | List-mode likelihood: EM algorithm and image quality estimation demonstrated on 2-D PET[END_REF]. We could then anticipate which classes are worth to be incorporated, despite the increased computational cost. The next important step of our project will be the implementation of the proposed multi-class MLEM algorithm on the CASToR (Customizable and Advanced Software for Tomographic Reconstruction) platform [START_REF] Merlin | CASToR: a generic data organization and processing code framework for multi-modal and multi-dimensional tomographic reconstruction[END_REF]. Based on Pollux simulations, we are currently working at allowing continuous measurements and COR events within the CASToR framework. We also plan to implement a more realistic simulator using the GEANT4 toolkit [START_REF] Agostinelli | Geant4-a simulation toolkit[END_REF].
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 1 Figure 1: Examples of detection obtained with the Monte Carlo simulator dedicated to XEMIS2. The LXe continuous detection medium is represented by the hollow cylinder, and the studied image by the box in the center. Blue LORs and CORs are obtained from annihilation photon(s), and red CORs from the third photon.

Figure 2 :

 2 Figure 2: A cross-section of the sensitivity maps (%) for each class of event at z = 0.

Figure 3 :

 3 Figure 3: Mean sensitivity (%) along the axial direction for each class of event. The 0γ curve corresponds to the mean distribution of non-detected emissions.

Table 1 :

 1 Classification of detected events (≈ 69%) for emissions uniformly distributed within the set voxels in the discretized FOV.

	1γ 511 COR 1γ 1157 COR 2γ LOR 2γ COR 3γ
	% of detection 22.86 32.07 10.2 21.67 13.2
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